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Abstract Toeplitz covariance matrices are used in the analysis of stationary
stochastic processes and a wide range of applications including radar imaging, tar-
get detection, speech recognition, and communications systems. In this paper, we
consider optimal estimation of large Toeplitz covariance matrices and establish the
minimax rate of convergence for two commonly used parameter spaces under the
spectral norm. The properties of the tapering and banding estimators are studied in
detail and are used to obtain the minimax upper bound. The results also reveal a funda-
mental difference between the tapering and banding estimators over certain parameter
spaces. The minimax lower bound is derived through a novel construction of a more
informative experiment for which the minimax lower bound is obtained through an
equivalent Gaussian scale model and through a careful selection of a finite collection
of least favorable parameters. In addition, optimal rate of convergence for estimating
the inverse of a Toeplitz covariance matrix is also established.
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102 T. T. Cai et al.

1 Introduction

Estimation of a Toeplitz covariance matrix and its inverse arises naturally in the analy-
sis of stationary time series which are used in a wide range of applications in many fields
including engineering, economics, and biology. For example, stationary Gaussian pro-
cesses is one of the most fundamental models in statistical signal processing and
Toeplitz covariance matrices are used for radar imaging, target detection, speech rec-
ognition, and communications systems (see, e.g., [12,14,22,24]).

The problem of optimal estimation of large covariance matrices has drawn consid-
erable recent attention. In the present paper, we consider estimation of large Toeplitz
covariance matrix and its inverse under the matrix spectral norm in the high dimen-
sional setting. Suppose we observe independent and identically distributed (i.i.d.)
p-variate random variables Xj, ..., X, with covariance matrix X, , which has a
Toeplitz structure,

o) [oa] gy - (Ip_z Op—1
o1 o0 [ea] Op-2
o) [ea] o0
Ep xXp = (D
Op—2 0o o]
O’p_l (Tp_z e .. O"l O’O
The goal is to construct rate-optimal estimators based on the sample {X1, ..., X, }

and establish the optimal rate of convergence. We assume both n and p are growing.
However, unlike many other covariance matrix estimation problems, the results also
hold for a fixed sample size n. For example, n can be taken to be 1 as is common in time
series analysis. For a matrix A its spectral normis defined as | A|| = supj,,=; [[Ax]l2.
The minimax risk of estimating X over a given collection F under the spectral norm
Il - || is defined as

R(F) = inf sup E[|S — Z|°.
Y XeF

In the present paper, we establish the optimal rates of convergence of R(F) over
two commonly used parameter spaces and introduce a rate-optimal tapering estimator.

It is clear that the Toeplitz covariance matrix X, is uniquely determined by the
sequence of covariances (0,,) = (09,01, ...,0p—1, -..). A natural parameter space
to consider is the following collection defined in terms of the rate of decay of the
covariance sequence (0,),

Gp (M) = [ < lowl = Mn + D77, 52 > 0} @)
where 0 < 8, M < oo, and £ > 0 denotes that X is positive-semidefinite. It is well
known that the Toeplitz covariance matrix X is closely related to the spectral density

f given by
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Optimal rates of convergence for estimating Toeplitz covariance matrices 103

fx) = % oo+ 2 Zom cos(mx) |, x € [—m, 7],

m=1

which is a real-valued and even function on [—, 7]. Another natural parameter space
to consider is a set defined in terms of the smoothness of the spectral density f. The
parameter space Fg(My, M), defined in Sect. 2, contains Toeplitz covariance matrices
whose corresponding spectral density functions are of Holder smoothness f.

Our analysis establishes the minimax rates of convergence for estimating the
Toeplitz covariance matrices over the parameter spaces Gg(M) and Fg(Mo, M). We
first introduce the tapering and banding estimators and study in detail their properties
under the matrix spectral norm. The optimal tapering estimator is constructed and its
rate of convergence is derived. Somewhat surprisingly, our results show that the band-
ing estimators and tapering estimators are fundamentally different in the context of
estimating Toeplitz covariance matrices over a range of parameter spaces Fg (Mo, M),
in the sense that the best banding estimator cannot achieve the same rate of conver-
gence as the one attained by the optimal tapering estimator because of a large bias. In
other words, banding is strictly sub-optimal and in particular is not as good as tapering
for estimating Toeplitz covariance matrices over a range of Fg (Mo, M). However for
estimation over the parameter spaces Gg(M), with the same choice of the banding
and tapering parameters, the two estimators attain the same rate of convergence. This
phenomenon is different from those in the estimation of other types of covariance
matrices. In addition, we also establish in this paper the optimal rate of convergence
for estimating the inverse of a Toeplitz covariance matrix.

The problem of estimating Toeplitz covariance matrices and its inverse exhibits
interesting new features different from those in other related covariance matrix esti-
mation problems. This is particularly true for establishing minimax lower bounds.
In this paper, the lower bound is obtained through a novel construction of a more
informative experiment which is shown to be exactly equivalent to a Gaussian scale
model. A minimax lower bound for the more informative model, which immediately
provides a lower bound for the original problem, is derived by carefully constructing
a collection of least favorable spectral densities and by applying Fano’s Lemma. This
two-step technique is quite different from those used to establish the optimal rate in
other covariance matrix estimation problems (see, e.g., [9,10]).

By combining the minimax lower and upper bounds developed in later sections,
the main results on the optimal rate of convergence for estimating a Toeplitz covari-
ance matrix can be summarized in the following theorem. Here for two sequences of
positive numbers a, and b,, a, =< b, means that there exist positive constants ¢ and
C independent of n such that ¢ < a, /b, < C.

Theorem 1 The minimax risk of estimating the Toeplitz covariance matrix ., , over
the collections Gg(M) or Fg(Moy, M) satisfies

2B
’2 _ log(np) 2B+1
= np

inf supE Hf),,xp — Xpxp
pxp Hp

under the condition (7), where Hg = Gg(M), or Hg = Fg(Mo, M) defined in (6).
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104 T. T. Cai et al.

In addition to the Toeplitz matrices considered in the present paper, estimation of
large covariance matrices under other structural assumptions has been actively stud-
ied in the recent literature. The most commonly considered assumptions are “sparse”,
where only a small number of entries in each row/column are nonzero, and “bandable”,
where the entries of the matrix decay as they move away from the diagonal. Many
regularization methods have been proposed and studied under these assumptions. For
example, Bickel and Levina [2,3] proposed a banding estimator for estimating banda-
ble covariance matrices and a thresholding estimator for sparse covariance matrices
and obtained rate of convergence for the two estimators (see also [13,16]). Cai et al.
[9] established the optimal rates of convergence for estimating bandable covariance
matrices and introduced rate-optimal tapering estimators. Cai and Zhou [10] derived
the minimax rate of convergence for estimating sparse covariance matrices under the
spectral norm. In particular, a new general lower bound technique was developed.
Cai and Liu [6] introduced an adaptive thresholding procedure for estimating sparse
covariance matrices that automatically adjusts to the variability of individual entries.
Estimation of sparse inverse covariance matrices has also drawn considerable attention
due to its close connections to Gaussian graphical model selection (see [7,21,27]).
The optimal rate of convergence for estimating sparse inverse covariance matrices was
established in [8].

The rest of the paper is organized as follows. In Sect. 2, tapering and banding esti-
mators are introduced and studied. In particular, a minimax upper bound for estimating
Toeplitz covariance matrices under the spectral norm is obtained. Section 3 establishes
a minimax lower bound which matches in terms of the rate of convergence the mini-
max upper bound derived in Sect. 2. The upper and lower bounds together yield the
optimal rate of convergence. Section 4 considers estimation of the inverse of a Toeplitz
covariance matrix and establishes the optimal rate of convergence for estimating the
inverse under the spectral norm. Section 5 discusses connections and differences of
our work with other related problems. The proofs are given in Sects. 6 and 7.

2 Methodology and minimax upper bound under the spectral norm

In this section we introduce tapering and banding procedures for estimating the
Toeplitz covariance matrix X, , based on a random sample of p-variate Gaussian
observations X1, ..., X, i N (i, Xpxp). The properties of the tapering and banding
estimators under the spectral norm are then studied and used to establish the minimax
upper bounds.

Given a random sample {X1, ..., X, } from a Gaussian distribution with a Toeplitz
covariance matrix X,y p,, the sample covariance matrix is

n

E;Xp = (05 1=s.=p = n—1 (Xl - X) (Xl - X)T &)
=1

where X = % >/ X; is the sample mean. Note that £* is translation invariant, thus
we shall assume EX; = 0 hereafter. When the covariance matrix X, is Toeplitz, an
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Optimal rates of convergence for estimating Toeplitz covariance matrices 105

immediate improvement of the sample covariance estimator is to average the entries

in the diagonals of E;xp. ForO <m < p —1, set

. 1
o = > o @)

s—t=m

and define the Toeplitz matrix ) by > = (Gst)1<s,1<p With 65y = Gj5—s). Then > is
an unbiased estimator of X.

We shall construct tapering estimators of the Toeplitz covariance matrix X, , based
on the unbiased estimator % as follows. For a given even positive integer k < p/2, let
w = (wm)o<m<p—1 be a weight sequence with the w,, given by

1, whenm < k/2
Wy = 2—27'”, whenk/2 <m <k.
0, Otherwise

Define the tapering estimator 31 of the Toeplitz matrix ¥ by Sk = (651) where
Ost = Gls—1] = Wls—1|Ts—1]-
For the tapering estimator it is easy to see
E6, = wpnomnm.

Similarly, for a given integer 0 < k < p —1, abanding estimator 5 ,f can be defined
as £ = (62) with

68 =68, =61y I(s—1] <h). 5)

It is clear that the tapering estimator 4 is different from the banding estimator B,
which is an unbiased estimator of E,f = (aslf)lfs,tfp with aff = oI (|s—t] < k).
Note that both tapering and banding estimators have been used for other covariance
estimation problems and the two estimators share similar properties (see, e.g., [2,9]).

As mentioned in Sect. 1, the Toeplitz covariance matrix is closely connected to the
spectral density of the stationary process. In addition to the parameter space Gg (M)
defined in (2) in terms of the rate of decay of the covariance sequence (o;,), another
natural parameter space to consider is defined in terms of the smoothness of the spec-
tral density f, which is commonly used in the analysis of periodic time series (see,
e.g., [15,17,19,20,23]). The smoothness condition determines the consistency and
rate of convergence in various estimation settings. Let § = y + « > 0, where y is
the largest integer strictly less than 8,0 <« < 1, and 0 < My, M < oo. Define

Fp Mo, M) = {2 () f oo < Moand | £V ¢+m) = V0|

IA

MK, S > o} , (6)
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106 T. T. Cai et al.

where X (f) is a p x p Toeplitz matrix uniquely determined by Fourier coefficients
of f. The smoothness parameter B of the spectral density f is closely connected to
the rate of decay of the covariances o;, as m increases. For a non-integer 8, Gg(M) is
a subset of Fg(Mo, M) for some constants My and M; depending on M. However,
for the two parameter spaces Gg(M) and Fg(Mop, M), in general neither is a subclass
of the other. Their connections and differences are further discussed in Sect. 5. The
optimal rate of convergence for estimating the Toeplitz covariance matrices X,
over the parameter space Fg(My, M) critically depends on the value of .

We study the performance of both the tapering estimator > and the banding esti-
mator 3 ,f over the two parameter spaces Fg (Mo, M) and Gg(M). The analysis is quite
similar for the two parameter spaces, but the asymptotic behaviors of the tapering and
banding estimators are more interesting over Fg(Mo, M) than Gg(M). We therefore
will mainly focus our analysis on Fg (Mo, M). We begin by establishing the following
risk bounds for the tapering estimator > under the spectral norm.

Remark 1 Throughout the paper we shall assume that

( P )ﬂ <p/2 )
log (np) -0

The purpose of assumption (7) is to rule out the naive estimator (4). The right hand
side p/2 in (7) can of course be replaced by cp for any positive constant ¢ < 1.

To simplify the notation, from now on we shall write ¥ for X, , if the dependence
on p is clearly understood. Throughout the paper we denote by C, ¢, Cy, c1, Ca,
¢, ... etc. generic constants, not depending on n or p, which may vary from place to
place. Let | x| denote the largest integer less than or equal x.

Theorem 2 The tapering estimator p of the Toeplitz covariance matrix X with
k < p/2 satisfies

N 2 2

sup EHEk—EH <C +Ck™% )

klog (np)
Fp(Mo,M) n

p

for some constant C > 0. Consequently, by setting an optimal choice k = k, =

1
L(logn([l’w))zﬁ+l |, we have

log(np) ) #+1
) . 9)

N 2
sup ]EHEk*—EH §C1( p

Fp(Mo,M)

The upper bounds given in Theorem 2 are proved by using the connections between
the spectral norm of a Toeplitz matrix X and the supnorm of the corresponding spectral
density f. Indeed,

o
I1ZI <27 fllc = sup oo—i-ZZcrmcosmx ) (10)
[—.7] m=1
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Optimal rates of convergence for estimating Toeplitz covariance matrices 107

See, for example, Chapter 1 of [4]. Note that
R 2 . .2 . 2
B8 - x| =2k | % —ESi| +2 | - 5

The variance term E||ik — Eflknz and the bias term ||Ef]k — 3|12 can then be
bounded from above by the supnorm of the corresponding spectral densities of the
Toeplitz matrices Sy —EX; and ESy — 2, respectively. For the variance part, we
apply a large deviation result for spectral density estimation from [1] and show that

. .2kl
E Hgk _]Eng < cklog np)
np

The upper bound for the bias term ||IEfIk — 312 is of order k2 due to a well
known result for the tapering estimators from harmonic analysis (see [28]). Set k =

= (5 g(np))z»““ 1, then the tapering estimator achieves the rate of convergence
log(np) 28/(2B+1)
(Logtnn), .

Remark 2 The tapering estimator f)k* in (9) is not guaranteed to be positive semidef-
inite for a given sample. By using results on circulant matrices, one can construct a
new estimator %V¢* based on Zk* such that Ve is positive semidefinite, Toeplitz
and attains the upper bound in Eq. (9). See Sect. 5 for details.

We now turn to the performance of the banding estimator. The analysis is simi-
lar, but the result is somewhat surprisingly different. It is interesting to note that the
best banding estimator is inferior to the optimal tapering estimator for estimating the
Toeplitz covariance matrices over Fg(Mo, M). Assume that

(nplog(np))/@P+D = 0(p*) (11)

for some k < % The following theorem is established by extending a major result of
[26] in which a condition similar to (11) was imposed, together with the fact that the
banding estimator may have a large bias as shown in Lemma 3. The details are given
in Sect. 6.3.

Theorem 3 Under the assumption (11), the banding estimator (5) satisfies

28
2B+1 ~ 2
( "p ) inf  sup ]EHEE—ZH — 00.
log(np) k- Fy(Mo,M)

Let us now consider the parameter space Gg (M) defined in (2). It can be shown that
the tapering estimator attains the same rate of convergence as the one for Fg (Mo, M).
Furthermore, in contrast to estimation over Fg(Mo, M), for estimating X over the
parameter space Gg (M) the banding estimator achieves the same rate of convergence
as the tapering estimator.
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108 T. T. Cai et al.

Theorem 4 For k < p/2, the tapering estimator Sy or the banding estimator f],f of
the Toeplitz covariance matrix X satisfies, for some constant C > 0,

o kI
sup E Hz - EH < cklogp) o
TeGp(M) np

where ¥ = 3y or f),f Consequently, by setting an optimal choice of k = k, =

i
L(logl;lp))zﬁ“ |, we have

2
log(np) ) g

. 2
sup EHEk*_EH §C1< np

eGp(M)

The parameter spaces Gg (M) and Fg(Mo, M) are similar, but they also have subtle
differences which lead to distinct risk properties for the banding estimator over the
two parameter spaces. For a Toeplitz covariance matrix X € Gg(M), due to the rate
of decay of the sequence of covariances (o;), the bias component of the risk of the
banding estimator by f has the upper bound

R 2
sup HEEE - EH < Ck™%,
Gg(M)

which is the same as that of the tapering estimator ) in terms of the rate of conver-
gence. The bias bound above is different from the case of Fg(Mo, M), for which as

shown in Lemma 3 the banding estimator b3 ,f satisfies

R 2
sup HEEE - EH = (logk)2 k=28,
Fp(Mo, M)

whereas the maximum squared bias of the tapering estimator S is of order k=2F.
There is no significant difference in the variance behavior between the banding esti-
mator 3 ,f and the tapering estimator . We shall omit the proof of Theorem 4 for
reasons of space.

3 Minimax lower bound under the spectral norm

The problem of optimal estimation of large covariance matrices poses new technical
challenges, partly due to the difficulty in obtaining rate-sharp minimax lower bounds.
For estimating Toeplitz covariance matrices, it appears difficult to derive a rate-sharp
minimax lower bound directly. In this section we shall establish a minimax lower bound
for estimating Toeplitz covariance matrices by first constructing a more informative
model under which independent random variables are observed, and then deriving a
lower bound for the more informative model through an equivalent Gaussian scale
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Optimal rates of convergence for estimating Toeplitz covariance matrices 109

model. The minimax lower bound for the more informative model then immediately
yields a lower bound for the original problem.

Recall that in the original experiment, we observe an i.i.d. random sample {X{, ...,
X, } from a p-variate Gaussian distribution with the Toeplitz covariance matrix X given
asin (1). Now let us consider an “enlarged” experiment in which one observes an i.i.d.
random sample {Y1,...,Y,} from a (2p — 1)-variate Gaussian distribution with a
circulant covariance matrix ¥ = ¥ p—1)x(2p—1) matrix where

o)) o1 [op) “tt Op—) Op—] Op—] Op—2 - 02 o1
[ea] (o)) [ea] Op—20p—-1 Op-1 (o))
. (o} o] (o)) . Op—2 Op—1
Y =
Op—2 00 o1 lop) Op—1 Op-—1
O'p_] O’p_z e e o1 oo o1 () e Gp—2 O'p_]
ie.,
v Ols—1] when |[s —#| < p — 1
(E)St = h < < 2 2 .
02p—1—|s— Whenp <|s —t| <2p —

Denote the vector of the first p coordinates of Y; by Y;l) and the last p — 1 coor-
dinates by Yl@. Then Y; can be written as Y; = (Y;l), Yl@) and YEI) has exactly the
same distribution as X;. The second experiment with the random sample {Yy, ..., Y,}
is clearly more informative than the first one with {Xi, ..., X,,} because in the second
experiment one can always make inference simply based only on {Ygl), ceey Y,(ll)} and
ignore {Yﬁz), R Y,(12)}.

The major advantage of the more informative experiment is that it is easier to ana-
lyze. Itis important to note that the second experiment in which we observe the random

sample {Y1, ..., Y} is exactly equivalent to a Gaussian scale model under which one
observes
12 27 . iid
Zij =Sp(f) o1 &j, with§;; ~ N (0, 1), (12)

for|j| < p—1,andi =1,2,...n. Here

p—1
Sp(f)x) = % 00+220m cos mx (13)
m=1

is the partial sum of f with order p. This can be seen as follows. Define

2w
P = for |jl<p—1.
vj =5 forlil<p
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110 T. T. Cai et al.

It is well known (see [5]) that the spectral decomposition of ¥ can be given by
Y= z )leljll;
ljl=p—1

where A ; are real eigenvalues and u; are real orthonormal eigenvectors. The eigen-
values are

rj= > orexp(—ivjk) =2x8,(f) (v;). ljl<p—1
|kl<p—1

where S, (f)(x) is the pth order partial sum of f given in (13). The eigenvectors
u; of the circulant matrix ¥ are given by u), = (2p — 1)""/2(1,..., 1) and for
j=1...,p—1,

1/2
u;- = (217 — 1) (1, cos(v)), cos(2v;), ..., cos((2p — 2)v;)), (14)

2 1/2
u’_j = (2p — 1) (0, sin(v;), sin(2v;), ..., sin((2p — 2)v;)), (15)

which in fact do not depend on the entries o; of the matrix ¥. In particular, the set
of eigenvectors do not depend on the set of eigenvalues A ;. This is the key advantage
of working with the circulant matrix Y = f](z p—Dx@2p—1) over the Toeplitz matrix
X pxp-

Define the (2p —1) x (2p — 1) orthogonal matrix U by U = (U_(p—1), ..., U(p—1))
and set

1
Z,=—UY;, fori=1,2,...,n.
1 /\/E 1

Note that Z; are independent (2p — 1)-dimensional zero-mean Gaussian variables
and each Z; has a diagonal covariance matrix with values A ; /27 along the diagonal.
Hence Z; can be equivalently written in the form of the Gaussian scale model given
in (12). Notice that the transformation is invertible and independent of the unknown
parameter f, thus the experiment of observing the random sample {Yq,...,Y,} is
exactly equivalent to observing {Z;;, |j| < p—1, i =1, ..., n} under the Gaussian
scale model given in (12).

We shall work with the Gaussian scale model (12) to establish a minimax lower
bound. It is clear that for any statistical problem an optimal procedure based on a more
informative experiment performs at least as well as the best procedure based on a less
informative experiment. Hence, for our problem of estimating ¥ under the spectral
norm, a minimax lower bound for the above more informative model automatically
provides a lower bound for the original model. The following lower bound is obtained
through this technique.

@ Springer



Optimal rates of convergence for estimating Toeplitz covariance matrices 111

Theorem 5 The minimax risk for estimating the Toeplitz covariance matrix X over
Fp(My, M) under the spectral norm satisfies

2

~ 2 np T 1428
s s ae(20)
log (np)

inf sup E
2 Fg(Mo,M)

for some constant ¢ > 0.

After the construction of the more informative model, there are two additional major
steps in establishing the minimax lower bound. The first step is to construct a finite
collection of least favorable spectral densities to reduce the lower bound problem for
estimating ¥ over the whole parameter space to the one for estimating the spectral
density over this finite parameter space. The second step is to use Fano’s Lemma to
obtain a lower bound for estimating the spectral density under the Gaussian scale
model (12) over the finite parameter space. This lower bound then yields immediately
the desired lower bound for the original problem of estimating a Toeplitz covariance
matrix under the spectral norm.

Similarly, the same lower bound can be obtained for the parameter space Gg(M).

Theorem 6 The minimax risk for estimating the covariance matrix ¥ over Gg(M)
under the operator norm satisfies

28
~ 2 T 1428
inf sup EHE—EH EC(L) .
$ Gp(M) log (np)

The upper bounds given in Theorems 2 and 4 together with the lower bounds stated
in Theorems 5 and 6 show that the minimax risk of estimating the Toeplitz covariance
matrix ¥, , over the collections Gg(M) or Fg(Mp, M) satisfies

log(np) ) e
, (16)

. 2
inf supIEHE[,Xp—E,,X,,H x( p

prp Hﬂ

where Hg = Gg(M) or Fg(Mo, M). The results also show that the tapering estimator

A 71 . .
k wi € taperin arameter K = attains tne optimal rate or conver-
> with the tapering p ter k IO;(ZP) 26+T | attains the optimal rate of

2B
gence (logn(—;’p)) 28+T over both Gg(M) and Fg(Mo, M), while the banding estimator

) f with the same choice of k is rate optimal over Gg(M), but not for Fg(Mo, M).
These results show subtle differences between tapering and banding estimators and
between the two parameter spaces Gg(M) and Fg(Mo, M).

4 Estimation of the inverse Toeplitz covariance matrix

As mentioned in Sect. 1, the inverse £ ~! of the Toeplitz covariance matrix X is of
significant interest in many applications. The results and analysis given in the last two
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112 T. T. Cai et al.

sections can be extended to establish the optimal rate of convergence for estimating
% ~! under the spectral norm.

For estimating the inverse X px p» We require the minimum value of the spectral
density f to be bounded from below by a positive constant so that the minimum
eigenvalue of X, , is bounded away from zero for all p. For a given constant § > 0,
define

Ly={f:inf f0) > 22}
x 2
Define the parameter spaces
Pg =Fg (Mo, M)NLs and Qg =Gg(M)N Ls. (17)

Recall that for any f € Fg(Moy, M), we have || f|lcc < Mo and for f € Gg(M),

we have || f]lco < M/(B). Note that for every Toeplitz matrix X

Amin () = 27 inf f(x) (18)

where Amin(X) denotes the smallest eigenvalue of ¥ (cf. [5], Proposition 4.5.3).
Equations (18) and (10) imply

8 < Amin (£) < Amax (¥) <7,

where n = 27 max{My, M/ (Br)}.
The following theorem gives the minimax rate of convergence for estimating £ .

Theorem 7 The minimax risk of estimating the inverse of the Toeplitz covariance
matrix £~ over the class Pg or the class Qp defined in (17) satisfies

2
2 1 B
inf supE HQ xT H = (M)
Q np

where Rg = Pg or Qg.

In fact, the optimal rate of convergence is achieved by the inverse of a slight mod-

ification of the tapering estimator %, = %, with k, = L(log(np))mIJ Set
- e 1
$ _ Yy for Apin(X) > log(np) (19)
I otherwise

and let Q* = 2! Then Q* is rate-optimal, i.e.,

28
log(np) ) 2B+T

2
supEHQ - H §C(
np
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Optimal rates of convergence for estimating Toeplitz covariance matrices 113

for some constant C > 0, where in this case Rg = Pg or Qg. The proof can be found
in Sect. 6.6.

Minimax lower bound for estimating the inverse

It is interesting to note that it is not necessary to have a completely separate lower
bound derivation for estimating the inverse £ ~!. The following simple argument yields
a minimax lower bound for estimating ¥ ~! based on the lower bound for %, Wthh
is already established in Sect. 3. Let Rg = Pg or Qg. For any estimator Qof -
define

f]pmj = aigllein{nﬁ — AN
€Rg

In other words, 5~ is the closest matrix to €2 such that 3 proj 18 in the parameter

space Rg. The true g‘l’; in Rg, so ||Q >N > ||Q E;rl()] || and hence
2foz= fam] oty o2
Also note that
e L LA

Since both 3. proj and X are in the space R g, their spectral norms are bounded from
above by a constant 1 as commented earlier, we conclude that

-1 -1
ot

> 7]_2 . Hﬁ:proj - EH .

Therefore the minimax risk for estimating ! can be bounded from below as

A%

R 2
inf supE ”SZ —-x! H

1
—1nfsupEHEpm]—E” >—1nfsupE”2 EH
Q 'Rﬂ 4

n* g 4’7273

( np )_2/3+1
ZC\——
log (np)

for some constant ¢ > 0.

Note that the above simple argument can also be applied to some other covariance
matrix estimation problems such as that in [9-11] to more conveniently establish a
minimax lower bound for estimating the inverse covariance matrices.
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5 Discussion

This paper introduces a rate optimal tapering estimator and establishes the minimax
rate of convergence for estimating the Toeplitz covariance matrices over the param-
eter spaces Fg(Mo, M) and Gg(M) under the spectral norm. The results also show
interesting differences between the tapering and banding estimators for estimation
over Fg(Moy, M). A key step in the lower bound argument is the construction of a
more informative model for which the minimax lower bound is easier to obtain. The
more informative model is shown to be equivalent to a Gaussian scale model and the
lower bound for this model is established by carefully constructing a collection of
least favorable spectral densities and by applying Fano’s Lemma. Spectral analysis
of times series plays a major role in the technical arguments for establishing both the
minimax upper and lower bounds.

The problem of estimating Toeplitz covariance matrices is quite distinct from other
covariance matrix estimation problems such as those of estimating bandable or sparse
covariance matrices. In those problems technical analyses rely much more heav-
ily on the random matrix theory and the lower bound techniques are significantly
different from what is used here (see [9-11]). For example, here a major step in
the lower bound argument is the construction of a more informative experiment. To
the best of our knowledge, this is not needed in other covariance matrix estimation
problems.

As mentioned in Sect. 2, the tapering estimator flk* in (9) is not guaranteed to
be positive semidefinite for a given realization. Through a circulant matrix, a new
estimator V% can be constructed such that it is positive semidefinite, Toeplitz and
attains the upper bound in (9). The construction is as follows. Recall that for the taper-

np
log(np)

fr. () = %(80 +2 Zﬁ;‘zl & cos(mx)). Define

~ i . [
ing estimator Xy, with k, = [( )2#+1 |, the corresponding spectral density is

Few () — [ i @), if fi, @) =0

0, otherwise

Let

AN ~ANe
2(2?£1)><(2p—1) =2m Z e (Uj) “j“/j (20)
[j1<p—1

where v; = (27j)/(2p — 1) and u; are defined in Egs. (14) and (15). Now define a
2New
pxp

: S\New : : : FNew S\New .
It is clear that prp is a Toeplitz matrix. Since f x) >0, E(Zp—l)X(Zp—l) is non-

negative which implies is non-negative too. The following proposition shows

np_y=2/(2p+1)
log(np) )

: : StNew
new estimator by selecting the first p rows and p columns of P D)X (2p—1)°

$"New
Xpxp
that it attains the optimal rate of convergence (
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New

Proposition 1 The estimator 3. pxp

satisfies

El

)2/3/(2/3+1)

~ 2 1
supE H Zgﬁ’;j - EH <C (M
Hgp np

where Hg = Gg(M) or Fg(Mo, M).

The parameter spaces Fg (Mo, M) and Gg (M) are similar, but also have subtle dif-
ferences, which lead to different risk properties for the banding estimators over these
two parameters spaces. Forany M > 0 and noninteger 8 > 0, it can be shown that there
exists some constants My and M depending on M such that Gg(M) C Fg(My, M1).
However in general this is not true for integer B (see, e.g., [28]). Conversely, it is easy
to see for any ¥ € Fg(My, M) we have |oy,| < Mm~P, where M is some constant
depending only on Mo and M. Therefore Fg(Mo, M1) C Gg—1(M) for some constant
M depending on My and M.

The problem of estimating a Toeplitz covariance matrix is closely connected to
the problem of estimating the spectral densities. For example, an upper bound for the
risk of estimating the spectral density f under the supnorm automatically provides an
upper bound for estimating the Toeplitz covariance matrix ¥ under the spectral norm
through the classical bound

1 =2 <271 f = flloo-

However, despite their close connections, the two problems are different. For exam-
ple, it is usually not true that ||ﬁ) -2 > c||f — flloo uniformly over all f and f for
some constant ¢ > 0. The lower bound argument for the matrix estimation problem
is more involved than that for the spectral density estimation problem.

Golubev et al. [15] studied the asymptotic equivalence between the spectral density
estimation and a Gaussian white noise model, which suggests it should be possible to
provide an asymptotic equivalence theory for the Toeplitz covariance matrix estimation
problem. Observe a sample X; = (y(1), ..., y(p))’ from a real Gaussian stationary
sequence y(¢) with Ey(¢) = 0 and autocovariance function o, = Ey(¢)y(¢ +m) with
the spectral density f(x) = % ;C;;O:—oo omexp(ihx), i.e.,

X~ Np(0, Z(f)

where X (f) is the p x p Toeplitz covariance matrix with entries (X)  x = ojx—j|, for
Jj.k=1,..., p. Let F be a set of spectral densities defined by

]—':{f:fef/g(Mo,M), and iI;ff(x)Ze}

for 8 > 1/2, and some positive constants €, M and M. It was shown in [15] that the
experiments given by observations

X~ Np(0, 2(f)
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and
dZ, =log f(x)dx +2nl/2p_l/2dWx,x €|—m, ]

with f € JF are asymptotically equivalent. This suggests the experiment of observing

j.id.
Xis o, X N0, 2())
is asymptotically equivalent to
dZ, =log f(t)dt +27'/* np)~Y2dW,, t € [-n, 7]

under a certain smoothness assumption. Applications of the asymptotic equivalence
theory include sharp asymptotic minimaxity in estimating ¥ by expecting that

~ 2 ~ 2
iqfsupIEHE—EH :(1+0(1))4n2inAfsupIEHf—fH
s F /F o0

and

1 2 2 2
inf supE— HE—ZH =(1+0(1))inSUPEHf_fH
£ F P F foF :

due to the following facts,

[ Eooxooll =27 || flloo

and
1 o0 o0
2 2 2 2 2
||f||2=g/f =3 Z=+2Y ol
m=—00 m=1

Itis an interesting and important topic for future research to establish the asymptotic
equivalence rigorously.

6 Proofs of main theorems

In this section, we first prove the risk upper bounds for the tapering procedures in
Sects. 6.1 and 6.2, and show that the banding estimator has inferior risk properties
in Sect. 6.3, then establish the minimax lower bounds in Sects. 6.4 and 6.5 for the
parameter spaces Fg and Gg, respectively. In Sect. 6.6, we prove Theorem 7, which
gives minimax risk results for estimating the inverse of a Toeplitz covariance matrix.
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6.1 Proof of Theorem 2

It follows from the triangle inequality and Eq. (10) that

2 N N 2 N 2
EH < 2H2k—EEkH +2H1Ezk—2H

2 f f ? f ’
< 87 (HEfk(x) = |+ B - f<x>Hoo)

where

fx) = (00 +2 Z Oy COS mx) , and fk (x) = ! (00 +2 Z Oy COS mx)

m=1 m=1

We shall establish following upper bounds for the bias and variance separately,

sup [E i) — | < i e
Fp 00
and
supE HIEfk(x) - fk(x)H2 < CM. (22)
]:ﬂ 0 np

These two bounds together immediately imply Eq. (8) of Theorem 2. A trade- off
) 25+|

between the bias and variance leads to an optimal choice of k = k, = (log(np)

28
which yields the rate of convergence (10‘(’;(—””)) 2T as stated in Eq. (9) of Theorem 2.
We now establish Eqs. (21) and (22). It is relatively easy to derive the upper bound
(21) for the bias. Note that

| k
Efi(x) = I (wocro +2 z WO COS mx)

m=1
1 L £ 2m
=5 ao+22crmcosmx+2 Z (2—7)0',”0081’")6
m=1 m=k /241

Since E fk (x) is the de la Vallée Poussin mean of f, we have

[EA) - ro| =c it T = fWl (23)

T €TriPoly (k)
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where TriPoly(k) is the collection of all trigonometric polynomial with degree no
more than &, and the right hand side of (23) can be further bounded as

inf T — Y
T TriPoly (k) I Sl =

for f € Fg(Mop, M) (cf. Vol 1, Chapter 3.13 and page 117 of [28]). Consequently, we
obtain the desired upper bound in Eq. (21).

To study the variance part, we need the following large deviation bounds, which is
proved in Sect. 7.1.

Lemma 1 ForeachobservationX;,l = 1,2, ...n, the corresponding estimated spec-
tral density fk(l)(x) has the following property

1}»[ \/% (A" @-Ef" @) = t] sexp(—air?) foro<i< cz\/g

and

p[\/%f,f” (x) —Ef" (x)‘ > t} < c3exp (—cat)

uniformly over all x and the parameter space Fg(Mo, M).

Lemma 1, together with certain continuity property of fk (x) =1 Zl W (l)(x)
yields the following desired upper bound for the variance part.

Lemma 2 The estimator fk of spectral density satisfies

o A 2 klog (np)
supE B i) — | = c=2 12
fﬁ 00 np
The detailed proofs of Lemmas 1 and 2 are given in Sect. 7.

6.2 Proof of Proposition 1

and SN in Sect. 5, we define

Similar to the definitions of E(Zp Dx2p—1) pxp

Taper
Zp-1yx@p—1) OY

Taper
S hxep-n =20 D Efi (vj)ujul,
lil<p—1

where v; = (271j)/(2p — 1) and u; are defined in Egs. (14) and (15), and define a

Taper Taper
new matrix ¥ ,.°," by selecting the first p rows and columns of X 2p—)x@p—1)° Note
Taper

that X, )

= EEk*, where k, = (log(np)) 7 , then
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28
_ 1 2B+1
< ¢ (M)
np

Taper
H szp - ZPXP

F<om|r-Eh

o0

from Theorem 2. By the triangle inequality, we have

2 2
N N Taper Taper
R I e RSl L
thus it is enough to show that
2 log(np) 28/(2B+1)
New Taper gnp
E|Sp -2 < (T) 4
to establish Proposition 1.
Now we establish Eq. (24). Note that
2
New Taper &S New Taper
AR HES A T

2
= @0 (max Y (1) - B, ()]

< o2 | Y ~Bf|

(25)

By the triangle inequality, we can write

FNew 212 FNew 2 _ .k
f Efe.|| =<2|f fl +2|f —Ef
00 %) 00

Since f is non-negative and fNew is the positive part of fk*, it is easy to see that

|7 =1 < L - 11

then we have

~ ~ 12 ~ 2 ~ 112
e N L I TR N

N 2 _2p
<2E | fi. - f|_+Cki
o0
which, together with Eq. (25), immediately implies
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2
SNew < Taper
2|8 - 51 :

"< onE[ - R,

log(np)

28/(2p+1)
)

R 2
<8’E | fi - f|_+ce¥ =c (
o
where the last inequality follows from Theorem 2.

6.3 Proof of Theorem 3

This theorem is a consequence of the following three auxiliary lemmas. The proofs
of the first two lemmas can be found in the Appendix. We omit the proof of the third
lemma, since it is similar to the tapering case which was shown in Sect. 6.1. A key
step in the proof of Lemma 3 is to follow an example in page 315 of [28] by explicitly
constructing a covariance matrix X, or equivalently the corresponding spectral den-
sity, for which the bias of the banding estimator by ,f is much larger than k2. Lemma
4 is an extension of a major result in [26].

Lemma 3 The bias of the banding estimator p) ,? in Eq. (5) of the Toeplitz covariance

matrix ¥ with k < & satisfies

. 2
sup HIEZ,? — EH > Ck™%F (logk)2
Fp(Mo, M)

for some constant C > 0.

Lemmad4 Let ¥ = I,y p, the identity matrix. The banding estimator EA],? with k =

O (p*) for some k < % and k — oo as p — o0 satisfies

klogk
np

N 2
E|gf-x| zc

for some constant ¢ > 0. Moreover, if k > p*, the banding estimator satisfies

p*logp
np

~ 2
E E,f—EH >c

for some constant ¢ > 0.

Lemma 5 The banding estimator f),f defined in (5) satisfies

klog (np)
np

A N 2
sup EHE,?-EE,?H <cC (26)

Fp(Mo, M)

for some constant C > 0.
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It suffices to show that for each fixed pair (k, p) there exists some X, or equivalently
some f € Fg(Mo, M) such that

28
log(np) ) 2B+1

np

2
(log np) 21~

~ 2
el

for some constants C > 0 and € < ﬁ
. 1 1
Firstly we consider banding X2 estimators with k < (np)%+1 (log np) FF ),
It follows from Lemma 3 and Eq. (26) that

A 2 ~ 2 N ~ 2
st sl = fost s x5t e

klog (np)
1 wp

> Ck=%f (logk)> — C

Hence, for some € < ﬁ and all sufficiently large n or p,

E

28

~ 2 1 2B+1 2

ol e () i
np

28 28
1 2841 2 1 2B+T 2
—C (M) (log np) 2P+ ‘>0 (M) (log np) 2F+1 €
np np

1 1
When k > (np) % (log np) 19 = 0(p“), let T be the identity matrix, then
Lemma 4 implies

E

2

A 2 klogk 1 25+1 2 __

E,f—):” L Gklog 2C?)(og(m!?)) (log np) 71~
np np

6.4 Proof of Theorem 5

Define fy = My/2 and f; (with period 2r) as follows,

fi = fot el [A (M) LA (pr—<—05>ﬂ ,

€n,p €n,p
€n,p = 21/ ks 27

1
wherei = 1,2, ...ky/2 withk, = L(IOQZP))2ﬂ+1J,andA(u) = exp(—ﬁ)l{‘zukl}.
It is easy to see that

A e C®(R) N Fy (efl, 1/2) and A(x) >0 = x € (—1/2,1/2)  (28)
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and f; is positive and even, then f; € Fg(Mo, M) by setting 7 to be a sufficiently
small positive constant. Let Fyup = { fo, f1. ... fk./2}-

As we have seen that there is a close connection between autocovariance matrix
and spectral density function, now we reduce the lower bound problem for estimating
covariance matrix under the spectral norm to the one for estimating spectral density
under the supnorm. The careful construction of f; in Eq. (27) is crucial to establish
the following lemma.

Lemma 6 There exists some positive constant ¢ such that
) . 2 ) - 2
1r}f5upIEHE—E” zcmfsup]EHf—fH .
= -7:;‘3 f -Fmb ©

It is then enough to show

2

. x 2 np IR
inf sup E ”f — fH >c (29)
f fsub o0 log (np)

to establish Theorem 5.

We now establish the lower bound for the spectral density estimation in Eq. (29).
Recall that we have already constructed a more informative model, which is exactly
equivalent to a Gaussian scale model where one observes

2 j

- 12
Zl] = Sp(f) (2[7 1

)si,-, with &; "4 N (0. 1),

for |j| < p—1,andi = 1, 2,...n. For the above more informative model we will

) _ 2 . .
give a lower bound of order (i ;’(’; p)) 426 which of course is also a lower bound for

the original model. It is easy to see that

_ 28
L ) 8 )2 - np T+2B 30
15 = £il% = co (zell ) =z e g o) : (30)
In Sect. 7.4 we prove the following lemma.
Lemma 7 Let Py denote the joint distribution of (Z;; :i =1,...,n,|j| < p—1)
indexed by function f. Then
k/2
k—*ZK(IP’ﬁ,IPfO)§a~10gk*,ae(0, 1/8). (31)
i=1

By the Fano’s lemma (cf. [25]), Eq. (30) and Lemma 7 immediately imply Eq. (29),
which then yields Theorem 5 together with Lemma 6.
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6.5 Proof of Theorem 6

The proof of Theorem 6 is similar to that of Theorem 5, except that we need to show
that the trigonometric coefficients of f; belongs to the parameter space Gg(M), i.e.,

|omi| < C(B)Tm P!

uniformly foralli =0, 1, ..., k/2, where the constant C (8) only depends on . Note
that

— | — 0.5 | — 0.5
Om,i = / refp |:A (x—en’p(z ))—l-A (x—+ np (i ))j| cos (xm)dx.
, €n,p €n,p

(—=m,7]

Since the length of the support of A(u) is 1 and A(u) < e~ !, then there exists a set
I; with measure €, , such that

|6m,,~| < /tef,p e ldx = ref’p 227! “€np = 2‘1,'6716,1?21, (32)

I;
which implies |0y, ;| < C(ﬂ)rm_ﬁ_1 for m < k. For those m > k, since A is chosen

such that all derivatives are bounded and vanish at —1/2 and 1/2, we apply integration
by parts and immediately obtain |0, ;| < C (B)tm A1,

6.6 Proof of Theorem 7

Since we have included the lower bound derivation in Sect. 4, here we only need to
show the upper bound. Note that

> 1 = —1 —1? = —1 S

e I e R
- (121l = 2012

<[z 2 ===

-1 ||2 < C for some C > 0, then we

It follows from the assumption (17) that || X
have

N 2 ~ 20 ~ 2
e I P R
Let Ro = E{|="12I1E — =% - I{Amin(E) < 8/2}} and write
~ l2 - 2 - 12 - 2 ~
e [z - 2 = {J [ [ 5 ) - o] 4
- 2
§C1EHE—ZH + Ro
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where Amin(2) denotes the minimal eigenvalue of 3. The risk upper bound is then
established by showing that

_ 28
Ro=o ( P ) o (33)
O =
log (np)
and

2 — 3

~ np +
EHE _EH = C(log(np)) ' 3

The following lemma is helpful to establish Egs. (33) and (34). Its proof is very
similar to that of Lemma 2 and thus omitted.

Lemma 8 For any positive constant 81, the tapering estimator f]k* satisfies

supP(Hf]k* — EH > 51) < Cpnp)~"
Rp

forall D > 0.

It is easy to establish Eq. (34). Indeed,

- 2 R 2 N 1
E|f-x| <E[%-3| +(P()»min(2*)5 ))nl— &
log (np)
R 2 . 1
sE”E*—EH +CIP’(HE*—EH>8— )
log (np)

_28 _28_
<C( np ) 25+1 o ( np ) 2541
~  \log(np) log (np) ’

where the last inequality follows from Lemma 8.
To show Eq. (33), we apply the Cauchy—Schwarz inequality to Ry and have

o= (e[ 551 e (i 25])”
< Gogop? (=5 - » H4)]/2 (3 <8/ (39)

where the second inequality follows from the definition of ¥ in (19). Since
Amin () > 8 for p sufficiently large, we have

{,\min(ﬁ*) < 5/2} - {H 5, — 2” - 8/2}

@ Springer



Optimal rates of convergence for estimating Toeplitz covariance matrices 125

then
POmin(S0) = 8/2) <P (| 2. - 3 = 52)

which decays to 0 than any polynomial of np from Lemma 8. It is trivial to see

4

~ 4 - 4
oo <sfs sl <

Frobenius

which, together with Lemma 8 and Eq. (35), proves the negligibility of R in Equation
(33), thus we complete the proof of Theorem 7.

7 Proofs of auxiliary lemmas

In this section we collect proofs for some auxiliary lemmas.

7.1 Proof of Lemma 1

Write
AU 1 »
k()(x) = E z Wy, pCp(m)e ixm
Im|<p
where
1 ()5 (1)
Cp(m) = Ezs—t:m XX for |m|'§ k—1
0 otherwise
and
p—m] for |m| < k/2
winp = 1 el G for k/2 < m| < k.
0 otherwise

Define [|W[loo = 5= 3 <k Wi, p and [|Wl2 = 5= (X, w2 )12
The key technical of the proof of Lemma 1 is Theorem 2.1 of [1], from which we
have

2
~ A t t
P {j:(fk(l) @) —EfY ()a, = z} < exp [—EG (K)} (36)
forall x and r > 0, where a, = W, A= % l‘rlullif’ and

1, t=0
G = {2t‘2[t “log1 401, t>0"
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The proof of Lemma 1 can be completed by studying @, A and G as follows. Note
that for any f € Fg(Mo, M) we have || flloc < Mo, and fork < p/2,

IWleo <k and [[W], < k'/? (37)

then we have a, > c\/% for some ¢ > 0. Consequently (36) implies that

P+ x) —EFP (x))ﬁm < exp L (L)
k k kK~ |~ 2 cA) |’

Equation (37) implies A = %, then there exist some constants c¢j, ¢ > 0 such
that

P [i\/% (fk(l) x) —Ef (x)) > t] <exp (—c1t2) , for0<t< Cg\/%.

(38)

For ¢t > 1 itis easy to see that tG(i) > ¢o > 0 for some ¢y > 0. Therefore we
conclude that for ¢ > 1 there exists some constant ¢3 > 0 such that

P {ﬂfk‘” ) —EfP (x))\/% > t] < exp (—c3t)

Clearly, we could choose a large enough constant c4 to complete our proof, i.e., for
allr >0

P {\/% A0 —EA" 0] = t] < caexp (—c30) (39)
uniformly over x and the parameter space Fg (Mo, M).
7.2 Proof of Lemma 2

Set A to be the uniform grids on [—m, 7] with Card(A) = (np)’, and define

xeA

1
R A k 2
G = [SUP ’fk (x) — Efk(x)’ =b (E log (np))z}
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where b is a positive constant to be specified later. Write

supEHIEfk(x) fk(x)H <supEsup‘fk(x) Efk(x)‘

X€eA

~ ~ ~ ~ 2
+supE  swp |/ —EAM = i 0) +EAO)
Fp |x—yl=2z(np)=

=R+ R+ R;3 (40)

where

Ry = supEsup ’fk (x) — Efk(x)‘ {G}, Ry =supEsup ’fk (x) — Efk(x)‘ G‘
Fp x€A Fp x€A

R; =supE sup )fk x) —Efie(x) — fr () + Efk(y)‘ .
Fp |x—yl<m(np)™d

Note that
k
R1 < c—log(np). 41
np
We will complete the proof of Lemma 2 by showing that
k
Ry =0\ —log(np)), (42)
np
k
and Rz =o | — log(np) ). 43)
np

We first establish Eq. (42). Equation (39) of Lemma 1 yields

E [exp (\/% (A" @ -EL" @) t)] < explest?) for [t] < cq

which implies

P[ JZE e —Efi) zt] <2exp(—e7i) forr =egVn.  (44)

where fk(x) Zl Wi (l)(x) See, for example, Chapter 3.4 of [18].
When log(np) = o(n), letb > /(D + 5)/c7 for any positive value D. Equation
(44) implies

P{G} < 2(np)’ exp (—C7b2 log (np)) =0 ((np)*D) )
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If log(p) > c9n for some constant cg > 0, then we have log(np) = 0(%) by
noting k = (log(np )1/(1+2/3) Write Z; = \/>(f(l) Ef(l)(x)) and its truncation

Zl = Zi{1Z;| < b1/log(np)} for some large constant by andeach! = 1,2,...,n

Note that Z IT —[EZ, is subgaussian because of log(np) = 0(%) and the tail probability
(38), then there is a constant cqq such that

P{G} < (nP)5]P’[\/§‘fAk(x) —]Efk(x)‘ > b\/long)]
< (np)® [p’% T zbml —i—n]P’{Ile zblm}}

= ap)* [y ™0 0 apy e ] = o (p)7P).

The last step holds by setting the constants b >+/(D+5)/cio and by > /(D+5)/c1o.
Therefore we conclude that P{G¢} = o((np)~P) for any positive value D.

Moreover,
4
1
— ) E
(271) sup

k
ao—ao+22 —a)mom) cosmx

m=1

~ ~ 4
Esup | fe (¥) ~ Efi(o)

k
=c (Z |Gm wm0m|) =c EZ wm“m 4
m=0 m=0
4
< ck EZ(— > o )
t—s=m

IA

O
()

where in the last step we used the normality assumption. The Cauchy—Schwarz inequal-
ity then implies

R,

IA

[ (sup(fm) Eﬂ(x)\) P{GC}T

XEA

Kt 12 k
19) ((—2 (np)D) ) =o0 (— log (”P))
n np

uniformly over the parameter space Fg (Mo, M) by letting D large.
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We now establish Eq. (43). Note that

k-1 2
Rz < supE sup Z(Z |G — WO | [cos mx — cosmyl)
Fp Ix=yl<2m(np)=> =1
k—1
< 2k sup Z E sup |6 — Wmom|? |cos mx — cos myl2 .
Fp m=1 |x—yl<2m(np)=>

Since w;,;, < 1 and | cosmx — cosmy| < m|x — y|, we have

t—s=m
(np)lospzlm |: tvzm _Um 2:|

(np)lo p Z

crak
~ (np)!°

k
K=o (— log (np)) .
np
Equations (40)—(43) all together complete the proof of Lemma 2.

7.3 Proof of Lemma 6

Since

sup IEHE ZH >supEHE EH
Fp(Mo, M)

it is enough to show that

A 2
inf sup E ” DY H > cR (Fyup) (45)
S Fan

to establish Lemma 6, where R(Fyup) = inf 7supg, , Ellf — fl%.

The estimator 3 in (45) can be arbitrary, but we show that it is enough to consider
estlmators of the Toephtz form in the parameter space .7-'“,;, as follows. For any esti-
mator Z we define & sub to be the closest matrix in Fy,; to 3 in terms of the spectral
norm. For ¥ € Fy,, we have

22—z =[5 -2]+ ]2~ 2

> H ﬁ\:sub - EH
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which implies

A 1~
|2 =]z 3 [# =], “)

Thus a minimax lower bound for estimators of the Toeplitz form in Fy,;, provides
a lower bound among all possible estimators up to a constant factor 1/2, i.e.,

1 N 2
1nf sup E ”Z by H >— inf supE H Youb — EH . a7
2 z’\:sube-?'—sub Fsub

To establish Eq. (45), it is then sufficient to show that

R 2
inf sup E H Ssub — 2 H > an (Fsub)- (43)

mbej:mb Fmb

for p sufficiently large.
A key tool to establish Eq. (48) is the following fact,

(Zvy, vy)

Il > sup —————= =27 sup |Fp(f)x) (49)
xe[—m,m] (Vx, Ux) xe[—m,m)
where v, = (e, ¢!?*, ..., €!P*) for any Toeplitz matrix ¥ of size p x p, and

p—1
Fp(f)(x) = % 00 +2Z (1 — %) O COS MX

m=1

Define
2:Bk* = [Umwm]pxp
where
1 when m < Bk,/2
wm=1{2—2 when Bk,/2 <m < Bk,
0 Otherwise

i.e. X is a tapering matrix of X, and

Bk
Tpi(f)(x) = (Uo +2 Z W O COS mx)

m=1
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By the triangle inequality and Eq. (49) we have
H f;sub - X H = H f:sub — XBk H - ”EBk - E”
> 27 | Fyp(Toi(£) = Fylfsun)|_ = 1E5c = B

> 21 | FpCfun) = £ = 1 = ToeP o = | To(H) = Fo T (/)] ]

— =8k — 21,
=27 | Fp(fon) = f | = 27 1f = Toe( Do
+27 | T (f) = Fp(Toe ()| o + 1Z8x — Z1I] (50)

From Eq. (29) we have seen that

- 2 - 2
inf s @0’ E[F,(H - £ 2 4xinfsupE|F - /]
S A fo S fip2} o f Foun o0

_ 2

1+28

202( P ) )
log (np)

which will be helpful to show that 27 || F, ( fsu;,) — flleo is the dominating term in
Eq. (50) as follows. From Eq. (21), we have

B
B ~Tip
sup | g — =) < CB PP = e (2 51)
Fub log (np)
~p
_ n
27 sup I f — Toe(f)lloo < 21CBPIP [ —L— (52)
" log (np)

which can be made to be bounded by €4/ R(Fsup) for any ¢ > 0 by setting the constant
B sufficiently large. The term || Tpi(fi) — Fp(TBi (fi)) lloo is negligible, since

27 | Tor(fi) — Fp(Tae(fi) | o
Bk

<2 Z OmOm,i n cosmx
m=1 p
= o0
1 S rB2k>?
S - W] (el By (N e B ES
"’ p — p "

where the second inequality is due to the bound |0, ;| < 21’67165;1 in Eq. (32). This
value also can be made to be bounded by ¢/ R(Fsyp) for any € > 0 by setting the
constant t sufficiently small after setting the constant B.

Equations (50)—(53) imply (48), which together with Eq. (47) yield the proof of
Lemma 6.
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7.4 Proof of Lemma 7

Note that fo = Mo/2 is a constant function, hence S,(fo) = fo for all p. Since

1
K(N(O,m),N(O,Uo)):E(Z—O—]—logﬂ)y

00
we have
k/2 k/2
Sp () (8 Sp (f) (1)
_ZK(Pﬁ,PfO)_n >y (L()’)—l—log p (ﬁ()J))’
i=1|jl<p-1 (1) Jo (2
(54)

where 7; = 2 show that

(S,,(f,-)(tj) ~ 1)  log S

4 R W2 : .
Sfo(t)) o)) = Vg(sp(fz)(l,;) fo(t;))*, foralliand j,

(55)

and

k/2
Z D (S — fot))* < Ct*log (np), (56)

Ol 1ljl<p-1

which are crucial to bound (54) and prove Lemma 7.
We first establish Eq. (55). Since S, is a linear operator, we may write

Sp(fi)=fot+rel, [sp [A (M)]”P [A (M)H
n,p np

Then
S, A 0.
(G-

Since a — log(1 + a) < a®> when |a| < 1/4, consequently we have

ISy (f) = foll = 27€1,

(Sp(fi)(fj) B 1) g Sp(f)t)) _ (Sp(fi)(tj) B 1)2
So(t)) So(tj) So(t))

-2 () — fot))?
_Mg p\JiI\Lj 0

@ Springer



Optimal rates of convergence for estimating Toeplitz covariance matrices 133

Now we show Eq. (56). Recall that S, (f;)(t;) — fo(t;) = Zm 11 Opm,i cos(t;m),
then we write

k/2 k/2 p—1
n 4
kMZZ 2 U = fo)? = 72520 D0 | 20 omicosttjm)
0 i=11jl<p-1 0 i=1 |jl<p—1 \m=1
Since
) 2p—1

2 2 ,
’ :8 /,1< s < —1’
2p_lj§1(pm(2p_l)§0m (2[)—1) mm/> 1L =M, m = p

where ¢, (x) = cos(xm), the Parseval’s identity yields

k/2 kj2 p—1
2 n 4 2p—1
zzK(Pﬁ»Pﬁ))f;W PIDIA

P 0 i=1 m=1

k/2
n4 2p-—1 2
T T S B DXCERIe)
0 i:l[—rr,n]
which is bounded by

k/2

n4 2p—1
tr 2 [ = far < Capreft = e tog ).

i=1_x 1]
Equations (54)—(56) together imply
k/2
= 2 K@y, Pp) < Cr?log (np),

i=1

which can be bounded by a-logk = ﬁ log(np)(14o0(1)) by choosing t sufficiently
small. We then establish Lemma 7.

Acknowledgments We thank Zongming Ma for a helpful discussion which led to Proposition 1.

8 Appendix

We prove Lemmas 3 and 4 in this appendix.
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8.1 Proof of Lemma 3

To show for the banding estimator the bias part has lower bound k ~2# (log k)2, we only
need to construct a special spectral density f € Fg(Mo, M) for each fixed pair (k, p)
with k < p/2 such that ||Efl,f — Yoo > kP (log k) for some positive constant c.
Here we only give a special spectral density for0 < 8 < 1. The construction is similar
to an example in [28] (page 315, example 10). Define the function

sin(tx)
t

n
O(x, N,n) =2sin Nx Z

t=1

Clearly
_ cos(N —n)x cos(N —n—1)x
Q= n + n—1
+cos(N —1Dx  cos(N + 1)x cos(N + n)x
1 1 n

is a purely cosine polynomial with terms of rank varying from N —n to N +n. On one
hand the polynomial Q is uniformly bounded in x, N, n, say || Q|lcc < A.On the other
hand, at x = 0 the sum of the firstn terms of Q(x, N, n)is1/n+---+1/2+1 > logn.
For each pair (k, p) with k < p/2, let us define

fx) =24+47""P0(x, k, 4" (57)

with k € [4!, 4" ‘H). Clearly, A < f(x) < 3A, therefore it is indeed a spectral density
since the Toeplitz matrix ¥, , corresponding to f(x) is positive definite for any p.

It’s not hard to check that for each M and M, we may pick a constant C > 0 such
that Cf (x) € Fg(Mo, M) uniformly for all pairs (k, p) with k < p/2. Now we show
that for this function the desired bias lower bound is of order k—2# (log k)? as follows,

HEfJf — EH > sup

xe[—m,m]

P
2 Z (1 — %) O COSMX

m=k—+1

g m 1
>2C.47F. 1— —)—
B 2 ( p)m—k

m=k+1

v

C C
—4 "B logk > —kPlogk.
g 0Bk =gk o

For B > 1 the desired special spectral density exists similarly. We omit the proof
for the limit of space.
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8.2 Proof of Lemma 4

We will modify the Woodroofe and Van Ness’s proof [26] a little to a stronger statement
of which our first claim here E|Zf — 2|> > cklog K is just a simple consequence.
Only a brief proof is given here. For more details, refer to [26]. According to (49), we

have that ||EB Z| = supe(—r.pilo0 — 1 + 2Zm 1(1 m)am cosmA|. Here we
will prove a stronger result, as p — 0o

1/2
np . -
sup — 1 in probability.
(4k log k) rel—m.7]

k—1
Go—1+2> (1 —ﬂ)&mcosmx
m=1 14

Recall that &,, = 157 S x Ox® where x{ are i.i.d. standard nor-

p mn
mal forall/ =1,...,nand s =1, ..., p. We could write

(7)1/ ( Go— 1 +ZZ( )am cosmk) Zpy(A) —rp(A) +1p

where 0 < A < 7, and

14
2,00 =p Y Zpi(0) (58)
t=1
n k—1
Zps() =2km)" 2D XX cos (vh) (59)
=1 v=1
n k—1
=20km) " 2D wunip 0/ )XV X1, cos (v2) (60)

=1 v=1

with i r(x) = 1{|x]| < 1}, and

n P k—1
rp(A) = 2(npk)~'/? Z Z Z XI(QUX(I) cos (vA)

I=1 t=p—k+2 v=p—t+1

n p
tp= k)~ 23> [P 1]

=1 t=1
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In the proof of our second claim, we need to replace uniform kernel by another
kernel but the remaining part of the proof is similar. Since for p =1, 2, ...

k—1 n p
_ 1 J
Esup|r,)| <20p)” 2> B> > x 8 x
A v=I I=1 t=p—v+1

2
n J4
B O
ED > X3,x7| <wn
=1 t=p—v+1

and k = O(p") for some k < %, we have sup; | —rp(A) + 1| = op((logk)_l) as

p — o0. Hence it suffices to consider the processes Z,(A),0 < A < 7 defined by
(58) and (59). The random variables Z, 1 (), Zp 2(A), ..., Zp p(A), 0 < A < 7, have
the desirable property of k-dependence, which we will now exploit. Define g = g, =
lk(log k)* | where |-] denotes the greatest integer function. We may write p = gd +r
where 0 <r < g.Letusdefinefori =1....,d.

Upi() = q V2 (Zpi—1)g+100 + -+ Zpig—1 ()
Vi) = k2 (Zp igmiei1 Q) + -+ + Zpig(W)
Vp,O()\) = Zp,dq+l()¥) +---+ Zp,p()\)
d d
Up() =d™ 2D U,i(0) and V,(0) =d™ ">V, ()
i=l1

i=1

Then clearly
2y = @d /P (Up0) + K/) 2V, 00) + ™ 2Vp0 00

The proof of maxp<i<z [Vpom)| = o(pl/z(log k)~1) is similar to the proof for
sup; |[rp (L) = op((log k)~1). Next we will truncate Up.,i(A) and V), ; (1) as follow

Up,i(W) = Up i O){1Up: (W) < p?)
Vi) = Vi {1V, ()] < p*)
Upi(W)' = (Upi(W) — EUp (M) Var(U,;(0))'?
Vi) = (Vi) — EVpi(W))/ Var(V,:(0))'?

andletU,(1), U,(A)", V,(1)', V,(1)" be d~1/2 times their respective sums. Note all
of them are sums of independent identically distributed random variables.

Before showing V), (1) is negligible, we need some lemmas. For the proof of these
lemmas, please refer to [26]. The first lemma is a standard result of trigonometric
polynomial and the last two are based on Lemmas (10) and (11), which are not hard
to prove.
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Lemma9 Let p(A) = Zﬁz_k oy exp(ivd) be a trigonometric polynomial. Define
Aj=m(j/rk),|j| < rk. Then

max p(L) < max p( /(A =3ar"
Jl=r

[r=m

Lemma 10 The random variables Z, 1 (A), ..., Z, ,(X) have zero means and covari-
ance
k—1
Cov(Zp,1(M), Zp1(02) = (4/k) D _(cos vA2)(cos A1)
v=1

Ifti <th <t3 <tgand0 < A; < m, then
4
E(Zp (M) Zp.y(h2)) = 0 = E(H Zps, (x»)
i=1

Moreover, there exists a constant C for which

4
E(H Zps (m)
i=1

Lemma 11 Let h(p) = kip and 0 < X, < m. If h(p) — o0 as p — o0,
then (2/k) Z];;g)cosvkp = O(h(p)_l) as p — oo; if liminf h(p) > 1, then
m2/k)| S0 cosva,| < llwwirl3 = 2.

<C l'ft1=l‘2andt3=t4

<Chh) ™ ifth =t #£n#n

Lemma 12 Let 0'1% (A =Var(Zy1(X)), then a[% (A) is uniformly bounded and
olz,(k)—>2 as p — 00

uniformly on [k~ logk, ]

Lemma 13 Let y, (A1, A2) be the correlation of Z, 1 (A1) and Z ) 1(A2),0 < A; < m,
then

sup [¥p (A1, 22)| = O((logk)™?)
[A1—A2]>(logk)2k—!

lim  sup |y,(A,20)] <1
P00 a ol =k

@ Springer



138 T. T. Cai et al.

Based on Lemma (10), it is not hard to see IE|VP,,-(A)|4 < C and E|Up,,-()\)|4 <
Cq(nk)~!. According to Lemma (9), the fact that V(1) is negligible follows from

P(Vy(rp,j) # Vp(hp,j), forsome j) — 0 (61)
max Vop ) = Vphp )| < O(1) max |Vp(hp. )|+ o(1) (62)
max |Vp(kp,j)’/| = 0, (logk) (63)

J

as p — oo where A, j = mj/lklogk], j =0,..., klogk]. Equation (61) follows
from E|V,, ;(A)|* < C since

. — 4 —
P(Vy(hp.)) # Vp(hpj). forsome j) < D" p~PE|V, (0, )|" < Cp~'/5.
i

Equation (62) can be shown to follow similarly. Since for ¢ > 0,

P (max [VpOp, )| = elogk) < Z P(|Vy(hp, )| = 2(2logk)!/?)
j ,
j

when p is sufficiently large, Eq. (63) is then an easy consequence of the first part of
Lemma (14) below.

Lemma 14 Let ®(-) denote the standard univariate normal distribution function
and @, (-, -) to denote the standard bivariate normal density with correlation r. If
0 <zp — ocoandz, =o(ogk) as p — oo, thenas p — 00

P(|V,(W)'] = zp) ~2(1 — ®(zp)) as p — oo uniformly on [0, 7]

o0 o0
P(xU,(M)" = 2, 2Up(M2)" > zp) ~ //‘Pr,,(k.,kz)(iyl, * y2)dyidy>
Zp Zp
x uniformly on S,
P(xU, (L) = zp, i =1,...,0) ~ (1 = ®(zp))" uniformly on S,

oo 00
P(xU,(A)" = zpi=1,...,v) ~ (1 — cI’(Zp))v_z//<,0r,,(>\.,)»2)
Zp 2p

x (£y1, £ y2)dy1dys uniformly on S, ,

where Sp = {(A1,212),0 < A; <7 and | — A2| > k1), Spo =1{(1,...4),0 <
A < andmin; . |A; —Ajl > k_l(logk)z} and S;;,v ={(A1,...Ap), A2 — A > k1
and Aj — hi—1 > k~'(loghk)?i =3,...,v}.

As a consequence, we have P(|U,(1)"| = zp) ~ 2(1 — ®(zp)) as p — oo uni-
formly on [0, i ]. The result of Lemma (12) is also truefOra;()\)’ = Var(Up,i()\)’).i.e.
uniformly bounded and
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Uﬁ(k)’—) 2 as p—> 00

uniformly on [k~ logk, ).

Please refer to [26] for full details. Basically Lemma (13) and the truncation are
used to prove this lemma.
Now it is enough to show

1 1/2
sup U,(X) — 1 in probability
(410gk) re[—m,m] r

To further simplify it, we note that P(U,(Ap, ;) # Up(A,, ;), for some j) — O
by the same argument (61) above for V(1 ;). By the fact ]EIUP,,-()L)|4 <Cq (nk)’]
and Lemma (10) it is easy to see that

UpW)'op(W) — Up(n)) =d"* (EU, (1)) = o(1)

According to Lemma (9), it is enough to show
lim P (max |U,(0p, )| o,,(,\p,j)’) > (1+e)v2Qlogh)'? =0,  (64)
J
lim P (max |UpOp )| ap(,\,,,,»)/) < (1 —e)V2Qlogh'?=0  (65)
J

To establish (64), let S be the set of integers j for which 1 < j < |klogk] and
Apj = k! log k. Then if ¢ = 2¢’ is given, we find from last two parts of Lemma (14)
that for p sufficiently large

(mag UpGup, )" [ 0pChp, ) = (1 + V22 logk)l/z)
JE
<> P(|Uy0p.)"| = (1 + &) 2logh)'7?)
Jjes
< dklogk(l — ®((1 +&)2loghk)'/?)) = o(1)
and
P(m;g |UpGep )| 0pChp. ) = (14 €)v/2(2log k)l/z)
J
< D P(Uy(p. )| = c2logh)'/?)
JjgS
< 2(logk)?(1 — @(c(2logk)'/?)) = o(1)
as p — 0o, where ¢ > 0is a lower bound for 2/01%()»)’ . This establishes (64). Equa-

tion (65) could be established using Lemma (14). Full details are given in the technical
report of [26]. Therefore we finish the first part of Lemma 4.
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To show the second claim, E||f?,§ - 3|? = c”:l# for k > p“, first we set
ko = p* and note that

(20 -2)
ko xko

where (f),f — Xk xko 18 the upper kg x ko submatrix of f),f — X. Note the subtle
difference between the right hand side of the inequality above and that in the (60) at
the beginning of this proof. This time we need to replace the uniform kernel in the
expression of Z, ; (1) by another kernel. Z, ; (1) can be written as

ﬁE—EHz > sup

- re[—m, 7]

ko—1
og— 1+2 Z (l — kﬂ) Om cosmhl|,

m=1 0

n ko—1
_ ) 1
Zpi() =20kom) 2D w0, (0/ko) X[V X[, cos (v1)
=1 v=1

where kernel wp, (x) = I{|x] < 1}%. The proof is pretty similar to that of the

first claim if we could prove the following fact corresponding to Lemma (11).
Lemma 15 Let h(p) = korp and 0 < A, < 7. If h(p) — o0 as p — 00, then
ko—1

2/ko) D" wp(v/ko)* cosvr, = O(h(p)™") as p— oo
v=0

Iflimh(p) > 1, then

k—1

Z:cup(v/ko)2 Cos VA

v=0

Tm(2/ ko) < |owiangie 3 =2/3

where ®yiangle (x) = 1{[x| < 1}(1 — [x]).

Once this is proved, there is no difficulty in showing the desired result, following
the steps in the above proof (refer to [26] for details)

— 1

ko—1
Go—1+2> (1 _ kﬁ)ﬁmcosmk

m=1 0

12
np
( 2 ) sup
2 || rriangle “ ’ ko log ko re[—m.m]

in probability. Finally note that E || by ,f -3? > ck‘ﬂ:—gko is just a consequence of it.
The Lemma (15) cannot be shown directly using the method in [26] since the require-
ment of the kernel in that paper is not satisfied by our kernel, namely that its second
derivative at 0 does not exist. Hence we prove it in details. First of all notice that to
prove Lemma (15) we only need to show

ko—1

2/k0) S Ouiangie(v/ ko) c0s vip = O(h(p)™) as p—>o0  (66)
v=0
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o k—1 ..
and Tim(2/ko)| 3"y Z @triangle (v/k0)? cos vA,| < || @triangiell3 = 2/3 because it is
easy to see that

ko—1
2/k)) Y. |ouiangie0/k0)* = 0p(0/k0)*| = O = o(h(p) ™)
v=0

noting the facts h(p) = koi, = O(p“) and k < % The proof of

k—1

2
z wtriangle(v/ko) cos U)\p
v=0

im(2/ ko) < | tsiangte |5 = 2/3

is straightforward (cf. [26], p. 1562) and here we only focus on the proof of the fact
(66). Let W(y) be the Fourier transform of the kernel wriangle (). i.€.

B » 1 —cosx
W(y) = 2m) l/e lxywtriangle(x)dx = x2 =0

Routine Fourier analysis yields

ko—1 T
_ sin [ (ko — D) (y + 4,)]
ky! i ko)? cos vi, = / W, (y)d
0 ; Wiangle (V/ ko)~ COS VA J sin [27]()] n )Lp)] p(V)dy

where W, (y) = Zm__oo W x W(koy + 2mkoy), * denotes convolution in Li(R)
space. Notice W, () is non-negative and A, < 7, we have

/

2|y‘<)lp

sin [(ko - D+ Ap)]
sin [2—1(y + Ap)]

Wp(y)dy

< |sin (%, /4)] /W (y)dy = G /W*W(y)dy

p/4 ’kO

2 -
= Toin (o 4] g e @ = OGP
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Notice that W x« W(y) = W, we have

sin[(ko — DG + 1]
- W, (y)dy < ko / W, (y)dy
) / sin [271(y 4+ 2p)] ’ P
[yI>Ap 2|y|>h(p)/ko
< / W s W(dy
2|yl>h(p)
o0
<c / y2dy = 0(h(p)™")
h(p)/2

The two inequalities above show the desired result and Lemma (15) is thus proved.
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