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Abstract For the canonical heat kernels p;(x, y) associated with Dirichlet forms
on post-critically finite self-similar fractals, e.g. the transition densities (heat ker-
nels) of Brownian motion on affine nested fractals, the non-existence of the limit
lim, o 14s/2 p:(x, x) is established for a “generic” (in particular, almost every) point
x, where d; denotes the spectral dimension. Furthermore the same is proved for any
point x in the case of the d-dimensional standard Sierpinski gasket with d > 2 and
the N-polygasket with N > 3 odd, e.g. the pentagasket (N = 5) and the heptagasket
(N =17).
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1 Introduction
It is a general belief that the heat kernels on fractals should exhibit highly oscillatory

behavior as opposed to the classical case of Riemannian manifolds. For example, on
the Sierpinski gasket (Fig. 1), the canonical “Brownian motion” has been constructed
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52 N. Kajino

Fig. 1 Sierpinski gasket

by Goldstein [11] and Kusuoka [22], and Barlow and Perkins [3] have proved that
its transition density (heat kernel) p;(x, y) is jointly continuous and subject to the
following sub-Gaussian estimate

&) p e, )P\ T
) < pilx,y) < mexp(—(T)
(1.1)

1

L exp( — (p(x, y)do ) To—1
tds/2 cit

fort € (0, 1];herecy, c2 € (0, oo) are some constants, ds := 2logs 3andd,, := log, 5
are called the spectral dimension and the walk dimension of the Sierpinski gasket,
respectively, and p is the shortest path metric in the gasket which is easily seen to
be equivalent to the Euclidean metric. In particular, for any point x of the Sierpinski
gasket we have

c1 <t (x,x) <2, €0, 1], (1.2)
and Barlow and Perkins have conjectured in [3, Problem 10.5] that the limit

lim #%/% p; (x, x) (1.3)
110

does not exist, but this problem has been open since then. The main purpose of this
paper is to prove this conjecture, namely:

Theorem 1.1 Let the heat kernel p;(x,y) and d; = 21logs 3 be as above. Then the
limit lim, o 1%/2 p,(x, x) does not exist for any point x of the Sierpinski gasket.

We can consider the same problem for a class of finitely ramified self-similar frac-
tals, called affine nested fractals. (See Sect. 4 for their definition; typical examples of
affine nested fractals are shown in Fig. 2, and see Figs. 3, 4 and 5 below for further
examples). By the results of Fitzsimmons, Hambly and Kumagai [9], an affine nested
fractal K admits a canonical Brownian motion on it, and the associated (jointly con-
tinuous) transition density p;(x, y) satisfies the two-sided sub-Gaussian bound (1.1)
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On-diagonal oscillation of heat kernels on p.c.f. fractals 53

Fig.2 Typical examples of affine nested fractals. From the left, two-dimensional level-3 Sierpinski gasket,
three-dimensional standard (level-2) Sierpinski gasket, pentagasket (5-polygasket) and snowflake. In each
fractal, the set V() of its boundary points is marked by solid circles

with certain d; and d,, and a suitably constructed geodesic metric p on K. In partic-
ular, the on-diagonal estimate (1.2) holds for any x € K, and then it is natural to ask
whether the limit lim, 19s/2 p:(x, x) exists or not. We address this question in the
present article, and the following theorem summarizes our main results. Recall that
a self-similar measure on K is defined as the image of a Bernoulli measure on the
corresponding shift space through the canonical projection; see [18, Section 1.4]. See
Examples 5.1 and 5.3 for the precise definition of the d-dimensional level-/ Sierpinski
gasket and the N-polygasket, respectively.

Theorem 1.2 Let Vy be the set of boundary points of our affine nested fractal K.

(1) Assume #Vo > 3. Then the limit lim; g td»?/zpt (x, x) does not exist for any
x € K \ S, where S, is a Borel subset of K satisfying v(Sy) = 0 for any self-
similar measure v on K. (Syisexplicitly defined by (4.4) and (3.1)and satisfies
Vo C Sx.)

(2) The limit lim; o 1%/2p,(x, x) does not exist for any x € Vo when K is either
— the d-dimensional level-l Sierpinski gasket withd > 2,1 > 2, or
— the N-polygasket with N > 3, N/4 & N.

(3) The limit lim; o tdx/zpt (x, x) does not exist for any x € K when K is either
— the d-dimensional standard (i.e. level-2) Sierpinski gasket with d > 2, or
— the N-polygasket with N > 3 odd.

Remark 1.3 The above description contains some ambiguity in the choice of a “canon-
ical” Brownian motion on K since an affine nested fractal may admit more than one
self-similar diffusion compatible with its symmetry. For example, according to [9,
Section 2, especially Proposition 2.3], on the two-dimensional level-3 Sierpinski gas-
ket in Fig. 2 one can construct self-similar diffusions which are invariant under the
symmetries of the space and have two different resistance scaling factors, one for
cells containing a boundary point and the other for those containing the barycenter.
In fact, Theorem 1.2-(1) is true for any choice of a self-similar diffusion on K (to
be more precise, of a regular harmonic structure on K) that is invariant under certain
symmetries of K, whereas Theorem 1.2-(2),(3) concern only the case where all cells
have the same resistance scaling factor. See Sects. 4 and 6 for details.

Under a slightly more general framework than in Theorem 1.2-(1), Barlow and
Kigami [2] have proved a similar oscillation in the asymptotic behavior of the
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eigenvalues of the associated Laplacian. The heart of their argument is to construct
a pre-localized eigenfunction of the Laplacian (i.e. an eigenfunction of the Laplacian
which satisfies both Neumann and Dirichlet boundary conditions on Vj), based only
on the symmetry of the fractal and the Laplacian. We prove Theorem 1.2-(1) by mod-
ifying their argument to construct a pre-localized eigenfunction which is non-zero at
a given specific point, and the construction is again based only on the symmetry.

Unfortunately, since Vy C S, Theorem 1.2-(1) tells us nothing about the non-
existence of the limit lim, o 19s/2 p:(x, x) for x € Vj. Theorem 1.2-(2) asserts this
non-existence in the particular cases of the d-dimensional level-/ Sierpinski gasket
and the N-polygasket, and its proof is based on a simple geometric argument which
makes full use of the specific cell structures of these fractals.

Note that S, is defined through another subset S of K given by (4.4), which is the
set of “points lying in some axis of symmetry of K. For the 2-dimensional standard
Sierpinski gasket and the N-polygasket with N odd, we have S C V,, by virtue of
which Theorem 1.2-(3) follows from Theorem 1.2-(1),(2). A similar argument applies
also to the case of the d-dimensional standard Sierpinski gasket with d > 3 although
S ¢ V, in this case (see Theorem 5.2). It is quite likely that Theorem 1.2-(3) can be
generalized to other affine nested fractals, but they are beyond the reach of our method.

Similar oscillatory phenomena have been proved in [12,21,24] for the simple ran-
dom walks on self-similar graphs by using the method of “singularity analysis”, and
their results can be considered as giving sufficient conditions for the non-existence of
the limit lim, o #%/2 p; (x, x) for x € Vj, in view of the local limit theorem [6, Theo-
rem 31]. Their sufficient conditions, however, require some concrete calculations of
certain rational functions associated with the simple random walk and seem difficult
to verify for a general d-dimensional level-/ Sierpinski gasket. Also their results do
not apply to fractals with “less symmetric boundary” such as the N-polygasket with
N # 3,6,9. An important point of Theorem 1.2-(2) is that it has successfully treated
all Sierpinski gaskets and polygaskets in a unified way without depending on concrete
calculations.

In fact, we can conclude the non-existence of the limit lim; o 19/2p, (x, x) for any
point x of the fractal if the eigenvalues of the Laplacian possess a certain property, as
treated in a forthcoming paper [17]. This result in particular applies to the two-dimen-
sional level-3 Sierpinski gasket and the hexagasket (6-polygasket, see Fig. 5), which
are beyond the scope of Theorem 1.2-(3). The property of the eigenvalues required
there, however, again seems difficult to verify for a general d-dimensional level-/ Sier-
pinski gasket since some concrete calculation is necessary. Moreover, the property can
be verified only by the method of spectral decimation, which does not work for the
N-polygasket, N # 3,6, 9. In this sense, the method of this paper is the only way
established so far to obtain Theorem 1.2-(2),(3) for the N-polygasket, N # 3, 6, 9.

This paper is organized as follows. In Sect. 2, we introduce our framework, recall
basic facts about the heat kernel p;(x, y) and present our key criterion for the non-
existence of the limit lim, o 14s/2 p:(x, x). Following the framework of Barlow and
Kigami [2], in Sect. 3 we state and prove Theorem 3.4 which generalizes Theorem 1.2-
(1), and then we verify in Sect. 4 that Theorem 3.4 actually applies to the case of affine
nested fractals to imply Theorem 1.2-(1). We recall the definition of the d-dimen-
sional level-/ Sierpinski gasket and the N-polygasket in Sect. 5, and Sect. 6 is devoted
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On-diagonal oscillation of heat kernels on p.c.f. fractals 55

to the proof of Theorem 1.2-(2),(3). In fact, in Sect. 6 we establish the assertions of
Theorem 1.2-(2),(3) also for the (N, I)-polygasket, which is a post-critically finite
self-similar fractal introduced in [5] as a generalization of the N-polygasket.

Notation In this paper, we adopt the following notation and conventions.

(1) N={1,2,3,...},ie.0 ¢ N.

(2) The cardinality (the number of elements) of a set A is denoted by #A.

(3) We set sup@ := 0, inf@ := oo and 0° := 1. All functions in this paper are
assumed to be R-valued.

(4) Ford € N, R? is always equipped with the Euclidean norm | - |, and O(d)
denotes the d-dimensional real orthogonal group. For g € O(d), det g denotes
its determinant.

(5) Let E be a topological space. The Borel o-field of E is denoted by B(E). We
set C(E) :={u | u: E — R, uiscontinuous} and |[u|lcc 1= Sup,cp [u(x)],
u € C(E).For A C E, its interior in the topology of E is denoted by intg A. If
o is ametric on E, we set dist,(x, A) :=infyes p(x,y) forx € Eand A C E.

2 Preliminaries

In this section, we first introduce our framework of a self-similar set and a Dirichlet
form on it, and then present preliminary facts.

Let us start with the standard notions concerning self-similar sets. We refer to [18,
Chapter 1] for details. Throughout this paper, we fix a compact metrizable topological
space K, a finite set S with #S > 2 and a continuous injective map F; : K — K for
eachi € S. Weset £ := (K, S, {Fi}ies). Also we arbitrarily take a metric p on K
compatible with the topology of K and fix it throughout this paper.

Definition 2.1 (1) Let Wy := {0}, where ) is an element called the empty word,

let Wy, := 8" ={w;---wy | w; € Sfori € {1,...,m}} form € N and let
Wi := Unmenuioy Wi

2 Weset Y := SN = {wjmws... | wj € Sfori € N}, which is always
equipped with the product topology, and define the shift map 0 : ¥ — X
by oc(wiwws--+) = wrw3zws---. Fori € S we define 0; : ¥ — X by
oi(wiwrws-++) = iwwyws --- and set {*° := iii ... € X. Furthermore for

w=wiwmws...€ X and m € NU {0}, we write [w], ;= w| -+ wy € Wy,.
(3) Forw =w;---w, € Wy, weset F, := F,, 0---0F,, (Fp :=idg), Ky, :=
Fy(K), 04 =0y, 000y, (0p :=idx) and X, := 0y, (2).

Definition 2.2 £ is called a self-similar structure if and only if there exists a contin-
uous surjective map w : ¥ — K such that F; om = 7w o 0; forany i € S. Note that
such 7, if exists, is unique and satisfies {7 (w)} = ﬂmeN K|, forany w € X.

In what follows we always assume that £ is a self-similar structure.

Definition 2.3 (1) We define the critical set C and the post-critical set P of L by

C::n_l(Ui’jes,i# KiNK;) and P :=,cn0™(C). 2.1
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56 N. Kajino

L is called post-critically finite, or p.c.f. for short, if and only if P is a finite set.
2) Weset Vo :=n(P), Vy := UweW,,, Fy (Vo) form € Nand Vy := J,,eny Vin-

Vo should be considered as the “boundary” of the self-similar set K; recall that
Ky,NK, = F,(Vo)NF,(Vp) forany w, v € W, with ¥,,N X, = A by [18, Proposition
1.3.5-(2)]. Note that V,,,_; C V,, for any m € N by [18, Lemma 1.3.11].

From now on our self-similar structure £ = (K, S, {F;}ics) is always assumed to
be post-critically finite with K connected, so that #Vy > 2 and V, is dense in K.

Next we briefly describe the construction of a Dirichlet form on K ; see [ 18, Chapter
3] for details. Let D = (Dpq) p,qeV, be a real symmetric matrix of size #Vy (which
we also regard as a linear operator on R") such that

(D1 {u € RY | Du = 0} = Rly,,

(D2) Dp, = Oforany p,q € Vo with p # q.
We define €O (u, v) := =3, ey, Dpgtt(q)v(p) foru, v € R, so that (€©, R")
is a Dirichlet form on LZ(VO, #). Furthermore let r = (r;);cs € (0, 00)S and define

1
EM (u,v) == Z —EO o Fylyy vo Fyly), u,veR"™ (2.2)
T,

weW,, w

for each m € N, where ry, 1= ry, Fu, - - - T, for w = wjwy ---wy, € Wy, (rg :=1).

Definition 2.4 The pair (D, r) with D and r as above is called a harmonic structure
on L if and only if £ (u, u) = infyer vt )y =u EW (v, v) for any u € R"; note
R EMm+D (y, v) for any m € NU {0} and any
u € RV If r € (0, 1) in addition, then (D, r) is called regular.

(m) — mi
that then £ (u, u) = min__pv,,

In the rest of this paper, we assume that (D, r) is a regular harmonic structure on L.
Letdy € (0, 00) be such that 3, ¢ 7% = 1, and let u be the self-similar measure on

K with weight (rl.d Yies, i.e. the unique Borel measure on K such that u(K,,) = rff,”
forany w € W,. Wesetd; := 2dy/(dy + 1), which is called the spectral dimension.
In this case, {£ (m)(u|vm, ulv,,)}meNuioy is non-decreasing and hence has the limit in
[0, oo] for any u € C(K). Then we define

F = {u e C(K) [limy 00 E™ (uly, , uly,) < 0o},

E@w, v) = limy 00 E™ (uly,, vly,) €R, u,veF, (2.3)

so that (£, F) possesses the following self-similarity: for any u, v € F,

1
uoF; € Fforanyi € S and E(u,v) = E —EwoFj,vo F)). 2.4)
-

: i
ieS

By [18, Theorem 3.3.4], (£, F) is a resistance form on K whose resistance met-
ric R : K x K — [0, 00) is compatible with the original topology of K, and then
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[20, Corollary 6.4 and Theorems 9.4], (2.4) and £(1, 1) = Otogether imply that (£, F)
is a strong local regular Dirichlet form on L*(K, ). See [18, Definition 2.3.1] or [20,
Definition 3.1] for the definition of resistance forms and their resistance metrics, and
see [10, Section 1.1] for the definition of regular Dirichlet forms and their strong
locality. Furthermore by [20, Theorem 10.4] (or by [18, Section 5.1]), the Markovian
semigroup {7;};¢(0,00) ON L*(K, ) associated with (£, F) admits a unique continu-
ous function p = p;(x,y) : (0,00) x K x K — [0, 00), called the heat kernel of
(K, u, €, F), such that for each f € LZ(K, n) and t € (0, c0),

Tzf=/pz(-,y)f(y)du(y) pu-a.e. (2.5)
K

Also by [18, Corollary 5.3.2] (or by [20, Theorem 15.10]; see the proof of Lemma 2.5
below), there exist ¢, ¢ € (0, 0o) such that for any x € K,
c1 <t%Pp(x,x) 2, 1€ (0,11, (2.6)

where d; = 2dy /(dy + 1) is the spectral dimension defined above.
Now we prepare several preliminary lemmas. The following lemma is standard.

Lemma 2.5 There exist c3, c4, ¢5 € (0, 00) such that for any (t, x, y) € (0, 1] x K x
K,

|pe(x, %) = pi(y, )| < e3R(x, y) /2= @ +2/4 2.7)

R(x, du+1. 1/dy
%) ) 2.8)

pi(x,y) < cgt /2 eXP(—CS(
Proof (2.7) is immediate from [20, (3.1) and Lemma 10.8-(2)] and (2.6) (or from
[16, Lemma 5.2]). We easily see from [18, Lemmas 3.3.5 and 4.2.3] and (2.4)
(see also [18, Lemma 4.2.4]) that ces?4 < p(By(x, R)) < c75% for any (s, x) €
(0, diamg K] x K for some cg, ¢c7 € (0, 00), where diamg K := SUP, yek R(x,y)
and Bs(x, R) := {y € K | R(x,y) < s}. Therefore an application of [20, Theorem
15.10] yields (2.8). O

Remark 2.6 The power 1/dy in the exponential in the right-hand side of (2.8) is not
best possible in general. Under the same framework, Hambly and Kumagai [16] have
obtained a sharp two-sided estimate of p;(x, y).

Lemma 2.7 Let U be a non-empty open subset of K and set uly = plgw),
Fv = {u € F | ulgknu = 0} and gv = E\FyxFy- Then EY, Fy) is a
strong local regular Dirichlet form on L>(U, j1|y) whose associated Markovian semi-
group {T,U},E(o’oo) admits a unique continuous integral kernel pv = th (x,y) :
(0,00) x U x U — [0, 00), called the Dirichletheatkernelon U, similarly to (2.5).
Moreover, pY is extended to a continuous function on (0, 00) x K x K by set-
ting pY = 0 on (0,00) x (K x K\ U x U), and p,U(x,y) < p:(x,y) for any
(t,x,y) € (0,00) x K x K.
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58 N. Kajino

Proof This is immediate from [20, Theorem 10.4]. O

Lemma 2.8 Let U be anon-empty open subset of K. Then for any (t, x, y) € (0, 00) x
UxU,

pie,y) = pl(x,y) < sup  sup py(x,2)+ sup  sup ps(z,y). (2.9)
s€lt/2.1] zeU\U s€lt/2,1] zeU\U

Proof This is immediate from [14, Theorem 5.1] (or [13, Theorem 10.4]) and the
continuity of the heat kernels p;(x, y) and th (x, y). O

Finally we relate the non-existence of the limit lim, o 1972 p,(x, x) to properties of
eigenvalues and eigenfunctions of the Laplacian. Let A be the non-positive self-adjoint
operator (“Laplacian”) associated with the Dirichlet form (£, F) on L?*(K, ) and
let D[A] be its domain. Recall that D[A] C F and that foru € F and f € L*(K, nw,

u € D[A]land — Au = f if and only if E(u,v)z/fvdp.foranyvef.

K
(2.10)

Let {¢, },en be a complete orthonormal system of L?(K, ) such that for each n € N,
©n s an eigenfunction of A, i.e. ¢, € D[A]and — Ay, = A, @, for some A, € R. Such
{@n}nen exists since A has compact resolvent by [20, Lemma 9.7], and then neces-
sarily {A,},en C [0, 00) and lim,,—, o A, = 00. Therefore without loss of generality
we assume that {A, },cn is non-decreasing, and note that A1 = 0 < A5.

Lemma 2.9 Letx € K. Then the limitlim; o t%/2 p, (x, x) exists if and only if so does
the limit

- 2 neN, a <k Pn (x)?
lim

h—00 Ads/2 @11

Proof [20, Proof of Lemma 10.7] tells us that

prxy) = D e gD, (x.y) € (0.00) x K x K, (2.12)
neN

where the series is uniformly absolutely convergent on [T, 00) x K x K for any
T € (0,00). Let x € K and set Ny (1) = >, on 5 < @n(x)? for & € R. Then
pr(x,x) = f[O,oo) e MdN, (1) for any t € (0, 00) by (2.12), and the assertion fol-
lows by Karamata’s Tauberian theorem [8, p. 445, Theorem 2]; note that (2.6) and
[7. Theorem 1] yield 0 < infye(1,00) A~%/2Ny () < sUpj (1 00) A~ #/*Ne(A) < 00.
O

Lemma 2.10 The limit lim, o 1%/2 p(x, x) does not exist for any x € K satisfying

@n(x)?

d;/2
n

lim sup > 0. (2.13)

n—oo A\
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Proof Let x € K satisfy (2.13), and for A € R let N (X) be as in the previous proof.
Then since

Nx ()Ln) - Nx()w - 1) ®n ()C)2

> lim sup
XZS/2 s 00 AZS/Z

lim sup >0,

n—oo

the limit (2.11) cannot exist and hence neither does the limit lim, o td‘v/zp[ (x,x) by

Lemma 2.9. o

Lemma 2.10 will play fundamental roles in the proofs of our main results below.

3 Symmetry group and oscillation at ‘‘generic” points

Throughout this section and the next, we follow the framework described in the previ-
ous section. Namely, £ = (K, S, {F;}ics) is a post-critically finite self-similar struc-
ture with K connected and #S > 2, (D, r = (r;);es) is a regular harmonic structure
on L, and p is the self-similar measure on K with weight (ridH)ies. Also, (£, F) is
the resistance form on K associated with (D, r) asin (2.3), R : K x K — [0, 00) is
the resistance metric of (£, F),and p = p,(x, y) : (0, 00) x K x K — [0, 00) is the
heat kernel of (K, u, &£, F).

In this section, we establish the non-existence of the limit lim, ¢ 19s/2 p:(x, x) fora
“generic” point x € K under the assumption of a certain symmetry of (K, u, £, F),
following closely the arguments in [18, Section 4.4] and [2, Sections 5 and 6].

Letus start with the following definition. Note that 7 (A) € B(K)forany A € B(X).

Definition 3.1 For each Z C K, we define Z, € B(K) by
Zy:={x € K | limy,_, oo dist,,(m (" (w)), Z) = 0 for any w € n_l(x)}, 3.1

which is independent of a particular choice of the metric p on K.

Then we have the following easy proposition. Note that any Borel measure on
K vanishing on V, is of the form v o 71 with v a Borel measure on ¥, since
Tls\z-tv,) © 2 \ 77(Vy,) — K \ Vi is a continuous bijective map with Borel
measurable inverse. Recall that a Borel measure v on X is called o-ergodic if and
only if voo ™! = vand v(A)v(Z \ A) =0 forany A € B(X) with o~ (A) = A.

Proposition 3.2 Let Z be a closed subset of K. If v is a o -ergodic finite Borel measure
on ¥ and satisfies von V(K \ Z) > 0, then v o n~1(Z,) = 0.

Proof Since Z is closed and v o 7 NK \ Z) > 0, we can choose ¢ € (0, 0o0) so that
vor l({x e K| dist,(x, Z) > ¢}) > 0. Define A € B(X) by

A= ,eN UmZn a‘m(n_l ({x € K | dist,(x, Z) > 8})).

Then 0 ~!'(A) = A and 77'(Z,) C ¥ \ A. By virtue of v o o~ = v, a version
[4, Proposition I1.5.14] of the Borel-Cantelli lemma yields v(A) > 0 and hence we
have v o 7~ 1(Z,) < v(Z \ A) = 0 by the o-ergodicity of v. O
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60 N. Kajino

The following definition is fundamental for the arguments of this section.

Definition 3.3 (1) We define the symmetry group G of (L, (D, 1), ) by

g is a homeomorphism from K to itself, g(Vo) = Vo, wo g = u,
uoguog leFandEwog,uog)=~E,u) foranyu € F

’

2t

(3.2)

which clearly forms a subgroup of the group of homeomorphisms of K.
(2) For a finite subgroup G of G and i € G, we define S(G, h) and S,(G, h) by

S(G,h) = U (xeK |h'g(x) =x}, S«(G,h):=(S(G,h)U Vp)s.
geG
(3.3)
(3) ForgeGandu: K — R, wedefine Tou :=uo g’], so that 7, defines a linear
surjective isometry Ty : L2(K, ) — L*(K, 1) by virtue of wo g = p.

In the situation of Definition 3.3-(2), S(G, h) is closed in K, V., C S«(G, h) since
o™ (" (V,y)) = P for m € N U {0} by [18, Proposition 1.3.5-(1)], and Proposi-
tion 3.2 says that S,(G, h) may be considered as “measure-theoretically small” if
S(G, h) # K. Keeping this observation in mind, now we state the main theorem of
this section.

Theorem 3.4 Suppose that a finite subgroup G of G and h € G\ G satisfy S(G, h) #
K and h_l(q) € {g(q) | g € G} for any g € Vy. Then the limit lim; o tdS/zp,(x,x)
does not exist for any x € K \ S«(G, h). If in addition the limit lim; o 1972 p(x, x)
does not exist for any x € S(G, h) \ Vo, then neither does it for any x € K \ V,.

In view of V,, C S.(G, h), Theorem 3.4 tells us nothing about the non-existence
of the limit lim, o #%/? p; (x, x) for x € Vi, which we will establish in Sect. 6 below
in the case of certain examples such as Sierpinski gaskets and polygaskets.

The rest of this section is devoted to the proof of Theorem 3.4. The essential part
is the proof of the following two lemmas.

Lemma 3.5 Suppose that a finite subgroup G of G and h € G\ G satisfy S(G, h) # K
andh_l(q) € {g(q) | g € G} forany q € Vy. Then for each x € K \ (5(G, h) U V),
there exists an eigenfunction ¢, of A such that ¢ |y, = 0 and ¢, (x) # 0.

Proof We follow [18, Proof of Theorem 4.4.4]. We define Rg, Rg ., Rg » by

RG = (#G)71 deG Tg, RG,h = RGThfl — RG, Rg,h = ThRG — RG,
34

sothat [ (Rg pu)vdp = [ uRE vduforu,v e L*(K, w),and Rg_pu, RGveF
and E£(Rg pu,v) = E(u, R ,v) for any u, v € F. Moreover for u € C(K) and
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g € Vo, h"(q) = g~ '(g) for some g € G and hence Rzk;,hu(q) = Rgu(g~'(q)) —
Rgu(qg) = 0, from which it follows that Ré,h(]:) C Fx\v-

Letx € K\ (S(G, h)UVy). Since VoU{g(x) | g € G} is finite and does not contain
h(x), we can choose u € Fg\y, so thatu > 0, u(h(x)) =1 and u(g(x)) =0for g €
G.Then (#G)Rg hu(x) = 3, (u(hg(x)) —u(g(x))) > u(h(x)) = 1. Let {9} nen
be a complete orthonormal system of L2(K, ;1) consisting of eigenfunctions of the
non-positive self-adjoint operator on L%(K, u| K\V) associated with (€ K\ F, K\Vo)s
such {g0},en exists by [20, Lemma 9.7]. Then letting u,, := > }_; ([ uppdp) ey for
n € N, we see from [20, (3.1)] that ||u — un||gO < (diamg K)E(u — uy, u — uy) — 0
as n — o0. Thus lim, o R ptn(x) = Rg pu(x) > #G)™!, and it follows that
RG,h(p?(x) # 0 for some j € N. Now by using Rah(f) C Fk\v, and (2.10) for
(EX\WVo, Fk\v,) we can easily verify that ¢, := RG,hgo? € Fk\v, is an eigenfunction
of A with ¢, (x) # 0. O

Lemma 3.6 Let w € X and y € K \ V. If liminf,,_, o p (7 (6™ (w)), y) = 0 and
the limit lim; o tdé‘/zpt (y, y) does not exist, then the limit lim; tds/zpt (m(w), m(w))
does not exist, either.

Proof Set x := 7 (w). By the assumption we have limy_, o R (77 (6" (w)), y) = 0 for
some strictly increasing sequence {m}rcy C N. Let k € N be large enough so that
R((a™ (@), y) < distg(y, Vo)/2 =: Dy, and set wy, := [y, %k = Fy!(x) =
7 (o™ (w)), T = r;k(dHH) and K,f = Ky, \ Fu, (Vo). Then K,f is open in K since
K\ Kk[ = Fyu, (Vo) U Uweka\{Wk} K,,. By [19, Theorem A.1] there exists cg € (0, 1]
such that R(Fy, (x1), Fy(x2)) > cgryR(x1, x2) for any w € W, and x1, x, € K, and
therefore

R(x, Fu,(q)) = cgru R(xk, q) = csDyru,, g € Vo. (3.5)

Letr € (0, t,jl]. Then Lemmas 2.5, 2.7, 2.8 and (3.5) together yield

1
0 < pi(x,x) — pré(x, x) < deat ™2 exp(—cy (mn)"4),  (3.6)
K\ V( _ _
0 < por (i, 1) — P (e, 1) < dea(et) ™57 exp(—cy () ~1/44), (3.7)
| Pt Ok X1) = P (0, )| < 3R G, ) V2 (i) ~ D/, (3.8)
o 1+1/dy 2 Kl _ ds /2 ,K\Vo
where ¢, = cs5(cgDy) . Since 1%/“p, " (x,x) = ()™ “py;  (xk, xk) by

(2.3) and (2.4), it follows from (3.6), (3.7) and (3.8) that for any ¢ € (0, rk_l],

6972 py (x, x) — ()™ o (v, V)| < deaexp(—cy (ger) ~1/H)

+c3R (e, P () B4 (3.9)

Set Ay := lim sup; o td‘/zp,(y, y) —liminf; o tdf/zpt(y, y) € (0, 00) and choose
ty € (0, 1] so that 4c¢q exp(—cyty_l/d”) < A, /6. The definition of Ay tells us that
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tldx/zpzl (v, y)— tgx/zp,z(y, y) = Ay/2forsometi, t» € (0, ¢,]. Setting t = #1/7; and
t = tp/7 in (3.9), from limg_, oo R(xx, y) = O we easily see that

tim inf (117072 pr g, (. ) = 12/ 70 pryj (2, )) = 4,/6 > 0,

in view of which the limit lim, o td‘v/zpl (x, x) cannot exist since r,:l = rﬁf“ -0

ask — ocobyr € (0, 1)5. o
We also need the following easy lemma.
Lemma 3.7 (V). = V.. (Here (Vp),isof course givenby (3.1) with Z = Vj).

Proof We have V, C (Vo)4 since o™ (7~ (V,,)) = P for any m € N U {0} by
[18, Proposition 1.3.5-(1)]. Let x € (Vo)« and @ € 7~ (x). Then from =~ (V) = P
and lim,,, oo dist, (7 (6" (w)), Vo) = 0 we see that lim,,_,  dists(c™ (@), P) = 0,
where § is a metric on X compatible with the product topology of X. Since P is finite
and o (P) C P, there exist n € N and wy, vy € W, for k € {1, ..., #P} such that
P = {wv® | k € {1,...,#P}}, where wv™ := wovv... € ¥ forw,v € W,
in the natural manner. Take ¢ € (0, co) such that [t]3, = [k]3, for any 7,k € ¥
with (7, k) < &, and choose N € N so that dists(6""(w), P) < ¢ forany m > N.
Then for each m > N, §(c""(w), wy,, v,fZ) < ¢ for some k,, € {1,...,#P}, hence
[c™(w)]zn = [wg, v,fjhn, and it turns out that vg, = wg,,, for m > N. Thus

oV (@) = wiy v € Pand x = Fyly, (10" (@))) € Vi. O

Proof of Theorem 3.4 Letx € K\S«(G, h),sothatx &€ V,,andletw € n’l(x).Then
lim sup,,, _, o, dist, (7w (0" (w)), S(G, h) U Vp) > 0, and by the compactness of K there
exist y € K \ (S(G, h) U Vp) and a strictly increasing sequence {my};rcny C N such
that limy_, 0 (7 (6"*(w)), y) = 0. By Lemma 3.5 we can take an eigenfunction ¢,
of —A with eigenvalue A € (0, 0o) such that ¢y |y, = 0, ¢, (y) > 0and fK (pf,du =1.
Letk € Nbe large enough so that ¢y, (7w (6% (w))) > ¢y (y)/2, and define ¢, € C(K)

—d —
by Q"X»le[w]mk = r[w];’k @y o F[w]lmk and ‘px,k|K\K[m]mk := 0 (recall py|y, = 0). Then
fK <p§’kdu = 1, and (2.3) and (2.4) easily imply that ¢, x is an eigenfunction of —A

with eigenvalue X/ r[dafﬂ(l. Now since limg— 0 A/ rfiﬁ:kl = oo and
2 my 2 2
@x k(%) _ @@ @)’ ey 0
ds/2 Ads/2 = 4)ds/2 ’
dy+1
(’\/ r[aﬁmk)

the limit lim, o tdf/zp, (x, x) does not exist by Lemma 2.10.

For the proof of the second assertion let x € S,(G, h) \ Vi and w € 7 ). By
Lemma 3.7 we have lim sup,,,_, ., dist, (7 (6" (w)), Vo) > 0, which together with the
compactness of K yields y € K \ Vp such that lim inf,, , » p (7 (¢ (w)), y) = O.
Then y € (S(G,h) U Vo) \ Vo = S(G,h) \ Vo by x € S,(G, h), and the second
assertion follows since the non-existence of the limit lim, o t%/2 p(y, y) implies that
of the limit lim, o tdf/zp, (x, x) by virtue of Lemma 3.6. O
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4 The case of affine nested fractals

In this section, we recall the definition of affine nested fractals and show that Theo-
rem 3.4 is applicable to them. Throughout this section, we follow the same framework
and notation as in the previous section, and furthermore we assume the following:

d € N, K is a compact subset of RY, and F; = fi|k for @
some contractive similitude f; on R? for eachi € S. '
Recall that f : RY — R? is called a contractive similitude on RY if and only if there
exista € (0,1), U € O(d) and b € R such that f(x) = aUx + b for any x € R?.
According to [18, Theorem 1.2.3], any finite family of contractive similitudes on R?
actually gives rise to a self-similar structure satisfying (4.1) by taking the associated
self-similar set.

Notation For x, y € R? with x # v, let 8xy - R? — R? denote the reflection in the
hyperplane Hyy, :={z € R | |z — x| = |z — yl}.

First we prove that Theorem 3.4 is applicable if #V) > 3 and gyy|x € G for any
x,y € Vo with x # y, following [18, Proof of Theorem 4.4.10]; see Theorem 4.3
below. Later we will see that affine nested fractals with #V{y > 3 satisfy this condition.

Lemma 4.1 Assume that g, (Vo) = Vo for any x, y € Vo with x # y, and define

Go = {8uy18uy  Guuy I M EN, i,y € Vo, xi #yis i €{1,...,n}},  (42)
G1:=1{8x1y18x2y2 " 8xouysn | R EN, xj, 3 € Vo, x; #yi, i€{l,...,2n}}. (4.3)

Then forn € Nand x;,y; € Vowithx; # yi, i € {1,...,1}, 8xy18xy> " &xuyn €
Go \ G1 if and only if n is odd. Moreover, Gy > g — gly, is injective and #Go <
#Vo)l.

Proof Without loss of generality assume > pevo P = Oga. Let g € Go and choose
n € Nandx;, y; € Vowithx; # y;sothatg = gy y,8x,y, * - * &x,y,- Lhen g € O(d) by
g(Vo) = Vp, and we have det g = (—1)", from which the first assertion is immediate.

Next let Hp := {Zpevo app | (ap)pev, € RY0}, which is a linear subspace of RY.
Sinceeach g € G is theidentity on the orthogonal complement of Hy, Gg > g — glv,
is injective with g|y, : Vo — Vj bijective and hence #Go < (#Vp)!. O

Proposition 4.2 Assume that g, (Vo) = Vo forany x, y € Vo with x # y, and define

S::{xeK

8x1y18x2y2 * * " 8xauoiyou—1 (X) = X for some n € N (4.4)
and x;i, y;i € Vowithx; # vy;, i € {1,2,...,2n — 1} ’
Then we have the following statements (recall that S, isgivenby (3.1)with Z = §).

(1) Sisclosedin K andintg S = @. If #Vy > 3 then Vo C S and V, C S,.
(2) Ifv is a o-ergodic finite Borel measure on X and satisfies v o (K \ S) > 0,
thenvon~1(S,) =0.
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Fig.3 Some examples of affine nested fractals. From the left, snowflake, the Vicsek set, and some modified
Sierpinski gaskets

Proof (1) Without loss of generality assume .y, p = Oga, and let Hg be the
linear subspace of RY generated by K. Then for any g € Go \ G, gluy is
a linear isometry of Hg with determinant —1 by Lemma 4.1, and therefore
intg{x € K | g(x) = x} = ¢ by virtue of the second assertion of [18, Lemma
4.4.5-(3)], which is in fact valid without assuming g(K) = K. Now since S =
UgeGO\G| {x € K| g(x)=x}and #Gy < oo by Lemma 4.1, S is closed in K
andintg S = 0. If #V > 3, then g,y 8y,8.,(x) = x for any distinct x, y, z € V
and hence Vy C S, which easily implies V, C S.

(2) Since S is closed in K, this is a special case of Proposition 3.2. O

Now a simple application of Theorem 3.4 yields the following theorem.

Theorem 4.3 Assume #Vo > 3 and that g,y|x € G for any x,y € Vo with x # y.
Then the limit lim; 1%/2 p,(x, x) does not exist for any x € K \ Sy. If in addition
the limit lim; o 1972 p(x, x) does not exist for any x € S\ Vo, then neither does it
forany x € K \ V,.

Proof Set G1lgx = {glk | g € G1} and let h € Go \ G;. Then by the assump-
tion and Lemma 4.1, Gi|g is a finite subgroup of G, hlx € G \ Gi|x and
K # S8 = UgeGo\Gl{x € K | glx) = x} = S(Gi1lk,hlk) D Vo, whence
Sy = S«(G1lk, hlg). Moreover, gy,8x,(x) = y and gy,g.; € G for any distinct
x,y,z € Vp and therefore {g(q) | g € G1lx} = Vp for g € V. Now the assertions
follow from Theorem 3.4. O

Next we recall the definition of affine nested fractals and apply Theorem 4.3 to them.

Definition 4.4 (1) A homeomorphism g : K — K is called a symmetry of L if and
only if, for any m € N U {0}, there exists an injective map g™ : W,, — W,
such that g(Fy, (Vo)) = Fym ) (Vo) for any w € Wy,.

(2) Weset Gy := {g | g is a symmetry of £, g = f|x for some isometry f of R¥}.

(3) L is called an affine nested fractal if and only if it is post-critically finite, K is
connected and g.y|x € G forany x, y € Vo with x # y.

(4) We call a real matrix L = (Lpg)p.qevy Gs-invariant if and only if L,, =
Lg(pyg(q) forany p,q € Vpand g € G;. Alsoa = (g;)jes € (0, 00)3 is called G, -
invariant if and only if a; = a; for any i, j € S satisfying g(F; (Vo)) = F; (Vo)
for some g € G,.
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By [18, Propositions 3.8.7 and 3.8.9], if £ is an affine nested fractal, then L =
(L pg) p.qeVy is Gs-invariant if and only if L ,, = L, whenever |p —q| = |p’ — ¢'|.

Theorem 4.5 Assume that L = (K, S, {F;}ics) is an affine nested fractal with
#Vo = 3 and that both D = (Dpg)pgev, and r = (r;);es are Gs-invariant. Fur-
ther assume that

#E(VO)NF;j(Vp) <1 foranyi,je Swithi # j. 4.5)
Then the limit lim; o t%/2 p(x, x) does not exist for any x € K \ S,. If in addition
the limit lim, o %72 pi(x, x) does not exist for any x € S\ Vo, then neither does it
forany x € K \ V,.

Proof In view of Theorem 4.3, it suffices to show G, C G. Let m € N U {0} and
suppose i o g(Ky) = u(Ky) forany w € Wy, andany g € Gs. Leti € S, w € W),
and g € Gy. Since g is a symmetry of £, g(F;(Vp)) = F;j(Vp) for some j € S,
and by [18, Proposition 3.8.20] there exists g; € G such that g o F; = Fj o g;. Then
n(g(Kiw)) = noF;(gi(Ky)) = r (g (Kw)) = rif w(Ky) = rir, i _ = n(Kiw).
Thus for any g € G, u o g(Ky ) = u(Ky) for any w € W, and hence wog=u,
which together with [18, Corollary 3.8.21] implies that Gy C G. O

Remark 4.6 (1) The following fact is known for the existence of G -invariant har-
monic structures (see [18, Section 3.8] and references therein for details):

If L is an affine nested fractal and satisfies (4.5), then for each Gg-invariant
r € (0, 00)3, there exist a unique A € (0, 00) and a unique (up to constant multi-
ples) Gg-invariant real symmetric matrix D = (D pg) p qev, satisfying (D1), (D2)
such that (D, Ar) is a harmonic structure on L.

(2) TItis quite unclear whether the assumption (4.5) can be removed from Theorem 4.5
(or more specifically, from [18, Proposition 3.8.20]; see the previous proof and
[18, Proof of Corollary 3.8.21]), although (4.5) should be regarded as a technical
assumption to avoid nonessential difficulties, as noted in [1, Remark 5.25-2.(c)]
and [18, p. 118].

(3) The non-existence of the limit lim; /21), (x, x) may or may not occur when
#Vo = 2. Of course this limit exists for any x in the case [18, Example 3.1.4] of
the unit interval [0, 1] with its usual Dirichlet form. On the other hand, Exam-
ple 4.7 below presents an affine nested fractal with #Vy = 2 to which Theorem 3.4
applies.

1ds

Example 4.7 Following [18, Example 4.4.9],1et S := {1, 2, 3, 4} and define f; :
Cfori € Sby fi() == 3@+ 1), L@ = e =1, ) = e+ 1) and
fa(2) = F(z — 1). Let K be the self-similar set associated with { f;};cs, i.e. the
unique non-empty compact subset of C = R? that satisfies K = Uies fi(K), and
set F; := filk,i € S. Then L = (K, S, {Fi}ies) is a self-similar structure, and we
have P = {1°°,2°°} and Vy = {—1, 1}. Defining g, h : C — C by g(z) := —z and
h(z) := 7, we easily see that g|g, h|g € Gs, and thus L is an affine nested fractal.
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Fig. 4 Sierpinski gaskets. From the left, two-dimensional level-/ Sierpinski gasket (I = 2, 3, 4) and three-
dimensional level-2 Sierpinski gasket

Let D = (Dpg)pgevo i= (7' 1)) r € (O, D) and r = (ry)ies = (3. 4.r7).
Then (D, r) is clearly a regular harmonic structure on £, and similarly to the proof of
Theorem 4.5 we can verify g|x, h|x € G. Now since h|g # idx, S({idg}, hlx) =
{x €e K| h(x) =x}# K and h(q) = q for g € Vy, Theorem 3.4 implies that the
limit lim, o 1%/2p,(x, x) does not exist for any x € K \ Sx({idg}, hlk).

5 Examples

In this section, we apply Theorems 3.4 and 4.5 to basic examples. Note that by
[18, Theorem 1.6.2], if £L = (K, S, {F;}ics) is a self-similar structure, then K is
connected if and only if any i, j € S admit n € N and {ix};_, C S withip =i
and i, = j such that K;, | N K; # ¥ forany k € {1, ..., n}. Recall that, given
a post-critically finite self-similar structure £ = (K, S, {F;}ics) with K connected
and a regular harmonic structure (D, r = (r;);cs) on L, we always equip K with the
self-similar measure © on K with weight (rid yies, where dy € (0, 00) is such that

d
Diesti’ =1

5.1 Sierpinski gaskets

Example 5.1 (Sierpinski gaskets) Let d,/ € N,d > 2,1 > 2, and let {qk}ZZO C
R be the set of the vertices of a regular d-dimensional simplex. Further let § :=
(G, € NUON! | 3¢_ iy <1 —1),and foreach i = (ix){_, € S we set
gi = qo+>j_, (ix/ 1) (qx—qo) and define f; : R — R?by f; (x) := i+~ (x—qo).
Let K be the self-similar set associated with { f;};cs and set F; := fi|x. Then £ =
(K, S, {Fi}ics) is a self-similar structure, which is called the d-dimensional level-I
Sierpinski gasket (see Fig. 4 above). This is an affine nested fractal satisfying (4.5),
and we have P = {iy° | k € {0, 1,...,d}} and Vo = {qx | k € {0, 1, ..., d}}, where
i = (I — l)l{k}(j));?:1 € S. Moreover, Gy = {g|x | g € Go} (recall (4.2)).

Define D = (Dpy) p.gevy by Dpp := —d and Dy, := 1for p,q € Vo, p # q.
Note that any G,-invariant real symmetric matrix satisfying (D1), (D2) is a constant
multiple of D. By the symmetry of £ and D, there exists a unique r € (0, 0o) such that
(D, r = (ri)ies) with r; ;= r is a harmonic structure on L. Moreover, [18, Corollary
3.1.9] yields r < 1, so that (D, r) is a regular harmonic structure on L.
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The d-dimensional level-2 Sierpinski gasket (i.e. the case of [ = 2) is also referred
to as the d-dimensional standard Sierpinski gasket, for which we can easily verify that
r = (d +1)/(d + 3) and hence that dy = 2log, 3(d + 1). Unfortunately, however,
it seems impossible to calculate the value of r explicitly for a general d-dimensional
level-/ Sierpinski gasket.

For this example, the assumptions of Theorem 4.5 are clearly satisfied and hence
the non-existence of the limit lim; o 19s/2 p:(x, x) is assured for any x € K \ S. In
fact, since the d-dimensional level-/ Sierpinski gasket possesses a quite large group
of symmetries, we can conclude a slightly stronger result as follows.

Theorem 5.2 Let L = (K, S, {F;}ics) be the d-dimensional level-1 Sierpinski gasket
withd > 2,1 > 2 and lft (D, r) be the harmonic structure on L as in Example 5.1.
Define a closed subset S of K by

A

- n]c{o ,,,,, ), #1=3 Ui,jel,i;éj{x € K1 8giq; (x) = x}. .
Then the limit lim, g tdS/zpt(x,x) does not exist for any x € K \ S’* (recall
that S, is given by (3.1) with Z = S). If in addition the limit lim, o 1/? p, (x, x) does
not exist for any x € 3\ Vo, then neither does it for any x € K \ V.

Proof Foreach I C {0,...,d} with #1 = 3, we define h; := gqiq_,'|1< and G; =
{idk, 8q:q484iq; 1K » 84iq; 8qiar |1k }» Where I = {i, j, k}, i < j <k, so that G is a sub-
group of G and h; € G\ G;. Theorem 3.4 implies that the limit lim, o 1%/ p,(x, x)
does not exist for any x € K \ Sx(Gy, h), which yields the first assertion since

,,,,,,,,,,

by the compactness of S(Gy, k). Similarly to the second paragraph of the proof of
Theorem 3.4, the second assertion follows from Lemmas 3.6 and 3.7. |

Note that S C Vi if and only if [ = 2; indeed, if [ > 3 then by setting i :=
. _ in{l—1,d A
(KDY, € S we have m(i%) = go + (1 = D™ 0 g — g0) € S\ Vi,
whereas we easily see S C Vi, when [ = 2. This fact will be used in the next section
to show that the limit lim, ¢ 19s/2 p:(x, x) does not exist for any x € K when!l = 2.

5.2 Polygaskets

Example 5.3 (N-polygasket) Let N € N satisfy N > 3 and N/4 ¢ N. Let § :=
{0,1,..., N — 1}, and foreach i € S we setgq; := e2m(/NV=T ¢ € = R2 and define
fi :C— Chby fi(z) :=qi + an(z — qi), where

1—(1+2sin %)~ if Nis odd,

oy = 5.2
N il — (1 +sinF)~" if Nis even. (>2)
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Fig.5 N-polygasket (N =5, 6,7, 9). From the left, pentagasket (N = 5), hexagasket (N = 6), heptagas-
ket (N = 7) and nonagasket (N = 9)

The self-similar structure £ = (K, S, {F;}ies), with K the self-similar set associated
with {f;}ies and F; := fi|k, is called the N-polygasket. The 3-polygasket is noth-
ing but the (two-dimensional standard) Sierpinski gasket, and the N-polygasket for
N =5,6,7,9 (Fig. 5) is called the pentagasket, hexagasket, heptagasket and nona-
gasket, respectively. Again L is an affine nested fractal satisfying (4.5), and it holds
that P = {i® |i € S}and Vo = {q; | i € S}. Moreover, G, = {glx | ¢ € Go}.

Remark 5.4 The N-polygasket is suitably defined also for N € N with N /4 € N, but
then it satisfies #Vy = oo, which is why we have excluded this case in this paper.

In fact, Example 5.3 is a special case of the following example adopted from [5].

Example 5.5 ((N,[)-polygasket) Let N,/ € N, N > 3,/ < N/2 and set § :=
{0,1,..., N—1}.Fork € Z,let [k] denote the unique i € S such that (k—i)/N € Z.
Define an equivalence relation ~ on ¥ = SN by saying @ ~ t if and only if either

{w, 7} = {wili +11°°, w[i + 11[i + 1 —11°°} for some (w,i) € Wy x S (5.3)

orw = t.Let K := ¥/ ~ be equipped with the quotient topology and let7 : ¥ — K
be the quotient map. For i € S, since iw ~ it whenever w,7 € ¥ and w ~ T,
we can define a continuous injective map F; : K — K by F;(n(w)) = n(iw),
w € X, so that F; om = 7w o o;. We further define P and Vj as in Definition
23. Then P = {i*® |i € S}, Ky, N K, = Fy,(Vp) N Fy (V) for any w, v € W, with
TN, =¥, and 71Ky, \ Fiy (V) = Xy \ oy (P) for any w € W,. By using these
facts, we easily see that K is a compact metrizable topological space and hence that
L:= (K, S, {Fi}ies) is a post-critically finite self-similar structure with K connected.
We call L the (N, [)-polygasket. Let q; := m(i®) fori € S,sothat Vo = {q; | i € S}.

For o = (wn)men € X, define oo~ € % by ol = ([wom + 1D men and
o~ = ([—om])men. Then o' ~tland o= ~ 7~ for any w, 7 € ¥ withw ~ 7,
and therefore we can define continuous maps g,/ : K — K by g(w(w)) := 7 (wl)
and h(1(w)) = m(w”), w € X. Clearly g(Vo) = h(Vo) = Vp and gV = h? =
ghgh = idk, and hence G := {idg, g, ..., gV "', h, hg, ..., hg"~'} is a subgroup
of the group of symmetries of £ which is isomorphic to the dihedral group of order
2N (recall Definition 4.4-(1)). We set G := {idk, g, ..., g™ ~1}, which is a subgroup
of G.
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A simple calculation similar to [23, §4.3] immediately shows the existence of a
unique r € (0, 00) and a unique (up to constant multiples) real symmetric matrix

D = (Dpq)p.qevo With (D1), (D2) and Dy(p)g(q) = Di(pintg) = DPpq: P-4 € Vo,
such that (D, r = (r;);es) with r; := r is a harmonic structure on L. In fact,

2N
r= <
N +2I(N = 21) + /(N = 2I(N —21))2 + 812N

1 54

and thus (D, r) is a regular harmonic structure on £. Then we also have GCG.

Theorem 3.4 clearly applies to this example to yield the non-existence of the limit
lim, o 1%/ pi(x, x) for any x € K \ Sx(G, h). We remark that S(G,h) C V, if
and only if N is odd, which will be used in the next section to show that the limit
lim, o t%/2p,(x, x) does not exist for any x € K when N is odd.

Note that for N € N with N > 3 and N/4 ¢ N, the N-polygasket is nothing but
the (N, [N/47)-polygasket, where [a] := min{n € Z | n > a}, and that we have
Gy =G,8 =8(G,h) and S, = S.(G, h) in this case.

6 Further results for Sierpinski gaskets and polygaskets

The purpose of this section is to prove the following theorem.

Theorem 6.1 Let L = (K, S, {F;}ics) be either the d-dimensional level-l Sierpinski
gasket withd > 2,1 > 2 in Example 5.1 or the (N, l)-polygasket with N > 3,1 < N/2
in Example 5.5. Also let (D, r) be the harmonic structure on L described there. Then
the limit lim; o 19s/2 p:(x, x) does not exist for any x € V,.

Corollary 6.2 Let L = (K, S, {F;}ics) be either the d-dimensional standard Sier-
pinski gasket with d > 2 in Example 5.1 or the (N, l)-polygasket in Example 5.5 with
N > 3o0dd andl < N/2. Also let (D, r) be the harmonic structure on L described
there. Then the limit lim; tdf/zp, (x, x) does not exist forany x € K.

Proof This is immediate from Theorems 3.4, 5.2 and 6.1 since S c V. for the
d-dimensional standard Sierpinski gasket and S(G, h) C Vi for the (N, I)-polyg-
asket with N odd, where S is given by (5.1) and G and 4 are as in Example 5.5. O

The rest of this section is devoted to the proof of Theorem 6.1. First we prove the
following lemma, which reduces the proof of Theorem 6.1 to the case of x € Vj.

Lemma 6.3 Under the same framework and notation as in Sect. 3, let ¢ € Vo and
suppose {g(q) | ¢ € G} = Vo and that r; = r for any i € S for somer € (0, 1).
Then there exist co, c1o € (0, 00) such that for any m € NU {0}, any x € V,,, and any
te(0,1], withny p, . =#w e W, | x € Ky},

|”lx m(r(dH"l‘])mt)ds/z ds/2

Priag+im, (x, x) — 152 pi(q. q)| < co exp(—ﬂof_l/d”). (6.1)
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Proof Letm e NU{0}, x € V,, and set Wy, , := {w € W), | x € K,,}. We also set
= (Ky \ Fu(V))U{x} forw € Wy, y and U* := UweW U;, which is open in

K Foreach we Wy, xeKy,NVy,=F,V),and henceby {g(q) | g € G} =

we can choose g, € G so that x = F,(g,,(q)). Further let U := (K \ Vp) U {g}. We

claim that for v € W, x and for any (¢, y, z) € (0,00) x K x K,

Py gm0 2) =14l (Fy 0 go(). Fu 0 gu(2), (6.2)

weWm,x

which together with (2.8), Lemmas 2.7 and 2.8 easily yields the assertion. Note here
that ny ,, < #n_l(x) < #C < #S#P < oo by [18, Proof of Lemma 4.2.3] and that
R(Fy(y), Fy(z)) = csryR(y, z) forany w € W, and y, z € K for some cg € (0, 1]
by [19, Theorem A.1]. Thus it remains to show (6.2).

For each bijective map t : Wy, , — W, , we define R, : U — U* by Re|yy =
Fr(w) 0 &r(w) © g,;l o Fujl |ux. Then R; is a homeomorphism with R;l = R,-1,and
Ulyx o Ry = plyx since r; = r for i € S. Moreover, regarding Fy»+ as a linear
subspace of C(U*), we have u o R; € Fy~ and E(u o Ry, u o R;y) = E(u, u) for any
u € Fyx by (2.3),(24)andr; =r,i € S. It easily follows from these facts that

TV (woRy) = (T wyo Ry, te€(0,00), ueL* (U ulyx).  (63)

On the other hand, for a Borel measurable function u : U — R we define a Borel
measurable function (yu : U¥ — R by txulyz == uo g,;l o F,;]|U“")» w € Wy x.
Then f Ux (eu)?dp = nx,mrdH m f U u?du, hence i, defines an injective linear operator
4+ L2(U, nly) — L*(U*, u|y~), and furthermore tyu € Fyx and E(eu, tyu) =
nyxmr~"E(, u) for any u € Fy by (2.3) and (2.4). Based on these facts and (6.3),
we can easily verify that for any ¢ € (0, 00),

TV (LU i) C ) &' T =T gy (6.4)

from which (6.2) immediately follows. O

Remark 6.4 In the situation of Lemma 6.3, there exist c11 € (0, 00) and a continuous
log(r—%#=YY-periodic function G : R — (0, 00) such that for any x € Vi,

pr(x,x) = n;lt_dA'/zG(— logt) + 0(exp(—cnrsz/dSt_l/d”)) ast | 0, (6.5)

where my :==min{fm ¢ NU{0} | x € V,} andny :=#w e W, | x € Ky}.

Indeed, it suffices to verify (6.5) for x = ¢ in view of (6.1). We easily see from
(6.1) and (2.6) that, for each x € V,, ny = ny (= #w € W, | x € K, }) for any
m € N U {0} satisfying x € V,,. In particular, n; | = n, = 1, and (6.1) withm =1
and x = ¢ immediately shows (6.5) for x = ¢, similarly to [15, Theorem 5.3].

The assumptions of Lemma 6.3 are clearly satisfied for the d-dimensional level-/
Sierpinski gasket and for the (N, [)-polygasket. Thus it suffices to prove the non-
existence of the limit lim, o t%/2p,(x, x) for x € V. We first treat the case of the
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d-dimensional level-/ Sierpinski gasket. The proof for the (N, /)-polygasket will be
provided later.

Lemma 6.5 Let L = (K, S, {Fi}ics) be the d-dimensional level-l1 Sierpinski gasket
withd > 2,1 > 2andlet (D, r) be the harmonic structure on L as in Example 5.1. Then
there exists an eigenfunction ¢ of A such that p(qo) = 1 > |¢(q1)| and p(qr) = ¢(q1)
foranyk € {2,...,d} (recall Vo = {qr | k € {0, 1,...,d}}).

Proof Let G be the subgroup of G generated by {g.y|x | x,y € Vo \ {q0}, x # y},
which is finite by Lemma 4.1, and let Rg := (#G) ™! dec T,, so that R (F) C F,
E(Rgu,v) = E(u, Rgv) foru, v € F and [, (Rgu)vdp = [ uRgvdp foru, v €
L*(K, w). Then we easily see that Rgu € D[A] and ARgu = RgAu for any u €
D[A], and therefore there exist {¢,},en C Rg(F) and {¥,}yen C (Tiagy — RG)(F)
such that {¢,},en U {¥,}hen 1s a complete orthonormal system of L*(K, ) con-
sisting of eigenfunctions of A. Note that then for any n € N, ¢,(qx) = ¢,(q1) for
kel{2,...,d}and ¥, (g0) = 0.

Suppose that |¢,(g0)| < |¢n(q1)| for any n € N. Let t € (0, 00), and forn € N
let A, A, € [0, 00) be such that —Ag, = A,¢, and —Av, = A, ¥,. Then since
pr(g(x), g(y)) = ps(x,y) forg € Gand x, y € K, from (2.12) we get

Pi(qo0.q0) = D e pu(g0)* = D e pn(qn)?

neN neN
< > (e on(@) + e M"Y (g)?) = piqr, q1) = pi(qo, o),
neN

which means that 1,,(q;) = 0 for any n € N. On the other hand, choose u € F
so that u(q1) = 1 and u(gx) = O for k € {2,...,d}, and set v := u — Rgu €
(Tiax — R)(F). Then v(gy) > 0, but setting v, := > j_, ([ v¥xdu)y forn € N,
we have ||v—vn||gO < (diamg K)E(v—vy,, v—1v,) = 0asn — oo by [20, (3.1)] and
hence v(g1) = 0. This contradiction shows that [¢;(g0)| > |¢;(g1)| for some j € N.
Now the function ¢ := (¢; (o) 'o ; has the desired properties. O

Proof of Theorem 6.1 for the d-dimensional level-1 Sierpinski gasket We follow the
same notation as in Example 5.1 during this proof. It suffices to show the assertion for
x = qo by virtue of Lemma 6.3. We set
A:i={u e C(K) | ulgo) = 1> lulq)l, u(qr) = u(q) fork € {2,...,d}}, (6.6)
and for u € A we define du € C(K) by

Sulk, == ulgnZ-1kuo F7, i = (i, €5, ©6.7)

so that ®u € Aand ® : A — A. Then ®(F N .A) C F N A by (2.3). Furthermore
for u € A we can easily verify that

/(¢”u)2du < cur®™ for anyn € N, (6.8)
K
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where ¢, := [ u?dp ] ,enuio (1 + #S — Dugn") € (0, 00).

Now for the eigenfunction ¢ € A of A as in Lemma 6.5, let 4 € (0, c0) be such
that —A¢g = A¢ and define ¢, := (fK(CD”qp)zdu)_l/zd>”(p for n € N. Then for each
neN, [ 2du = 1, g, is an eigenfunction of —A with eigenvalue A /r@#+D1 by
(2.4), and (6.8) yields

@n(qo)? pdan 1

()\/r(dy—&-l)n)djﬂ - )\d_v/2 fK(q)n(p)ZdM = C¢Adx/2 > 0.

Therefore Lemma 2.10 implies that the limit lim, o 19s/2 p:(qo, qo) does not exist. O

Lemma 6.6 Let L = (K, S, {F;}ics) be the (N, [)-polygasket with N > 3,1 < N/2
and let (D, r) be the harmonic structure on L as in Example 5.5. (Recallthat ¢; =
(i) fori € Sandthat Vo = {¢q; | i € S}).

(1) IfN = 4, then there exists an eigenfunction ¢ of A such that p(q;) = ¢(g31) =0
and ¢(qo) = —¢(q21) = 1.

(2) If N # 4l, then there exists an eigenfunction ¢ of A such that ¢(qo) = 1,
@) = ¢(gn-1) € (=1, 1) and ¢(q) = ¢(gn-2) € (=1, 1).

Proof Let g, h: K — K be the homeomorphisms defined in Example 5.5. Similarly
to the proof of Lemma 6.5, there exist {¢;, },eN, {¥n}neny C F such that ¢, o h = ¢,
and Y, oh = —, forany n € N and {¢,},,en U {¥,1}1en 1S a complete orthonor-
mal system of L>(K, i) consisting of eigenfunctions of A. Then in the same way as
the second paragraph of the proof of Lemma 6.5, we have |¢;(q0)| > |¢;(g;)| and
Vi (q) # 0 for some j, k € N.

(1) Since ¥ (q0) = Vi(q2) = 0 and ¥y (q31) = —Vi(qr) by Yk o h = —, the
function ¢ := (Iﬂk(ql))_lwk o gl has the desired properties.
(2) Let ¢ := (¢j(q0)) 'gj, so that ¥(g0) = 1 > [V (gD, ¥(q) = ¥(gn-1)

and V¥ (q2) = Y¥(gn—2). If N = 3I, then it suffices to set ¢ := 1 since
g = qn—; and gn—_2; = ¢q;. Thus we may assume that N # 3/, 4l, so that
qi, gN-1, q21, gn—21 are distinct and N > 5. Define ¢ € C(K) by, for each
ieS={0,1,...,N—1},

YyogoF ! ifi =0ori =N/2,
VgNyog o Fl._l if 0 <i < N/2and is odd,
olk, = V(@)Y og o F7! if0<i < N/2andiiseven, (6.9)

gy og = o 7! ifi > N/2and N — i is odd,
V(g og o Fl._1 ifi > N/2and N — i is even.

Then ¢(q0) = 1. ¢(q1) = ¢(gn-1) = ¢(qu) = ¢(gn-u) = ¥ (q)* € [0, 1) by
N/2 ¢ {l, N —1,2l, N — 2l}, and ¢ is an eigenfunction of A by (2.3) and (2.4). O

Proof of Theorem 6.1 for the (N, l)-polygasket We will use the same notation as in
Example 5.5 during this proof. Again it suffices to show the assertion for x = ¢g
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by virtue of Lemma 6.3. Similarly to (6.6) and (6.7), we define A C C(K) and
®: A—> Aby,if N =41,

A:={u e C(K) | ulqo) =1, ulgr) = ulgs) = 0},

| (6.10)
Qulg, = Liy(uoF, ', ieS={0,1,...,N—1},
and if N # 41,
u(go) =1, u(q) = ulgn-1) € (—1,1)
A=juecCK ,
| and uigan) = ulgy ) € (=1, 1)
uoF! ifi =0,
L Niel, i el O (6.11)
ou| u(gu(ga)' " uog™"oF; if0 <i < N/2,
UK. .= . .
57 Yutguigu)¥"luo g7 o F7Y ifi > N2,
[u(g) uog™ o F! ifi =N/2
fori € § ={0,1,..., N—1}. Then we can easily show the non-existence of the limit
limy 40 /% p; (g0, o) by applying Lemma 2.10 to ¢, := ([, (®"p)dp) *@" ¢,

where ¢ is the eigenfunction of A given in Lemma 6.6, in exactly the same way as in
the previous case of the d-dimensional level-/ Sierpinski gasket. O
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