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Abstract We prove that, for a general class of random operators, the family of the
unfolded eigenvalues in the localization region is asymptotically ergodic in the sense
of Minami (Spectra of random operators and related topics, 2011). Minami conjec-
tured this to be the case for discrete Anderson model in the localized regime. We
also provide a local analogue of this result. From the asymptotics ergodicity, one can
recover the statistics of the level spacings as well as a number of other spectral sta-
tistics. Our proofs rely on the analysis developed in Germinet and Klopp (Spectral
statistics for random Schrddinger operators in the localized regime, 2010).
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0 Introduction
On ¢2(Z4), consider the Anderson model

H, = —A+ AV,

where
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868 F. Klopp

e —A is the free discrete Laplace operator

(—Au)y = D wm foru=(uy),cz € @: (0.1)

|m—n|=1
e V, is the random potential
(Vo) = wptty for u = (up)peza € €2(Z7). (0.2)

We assume that the random variables (w,), <7« are independent identically distrib-
uted and that their common distribution admits a compactly supported bounded
density, say g.

e The coupling constant A is chosen positive.

The Anderson model was introduced in [1] to describe a single electron’s motion in
adisordered crystal. When one omits particle interactions, it is the paradigmatic model
for the behavior of quantum particles in a disordered medium. Since their introduc-
tion, random operators have been (and still are) the object of a huge literature both in
physics (see e.g. [26,27]) and mathematics (see e.g. [21,33]). One of the most studied
questions is the occurrence of a localized phase. Physically, this phase corresponds to
a region of energies in which the electrons are trapped in the medium i.e. diffusion is
suppressed. Mathematically, this phase corresponds to a region, say, S, of the spec-
trum of the Hamiltonian in which the quantum evolution group does not propagate
to infinity. This can be expressed by the fact that the operator X et H‘Uls(Hw)1| x|<C
stays bounded uniformly in time; here, X is the position operator. Actually the dynam-
ical localization property one can generally show is much stronger (see assumption
(Loc) in Sect. 1.1). This dynamical localization property implies that the spectrum
of H, must consist only of eigenvalues. The associated eigenfunctions are generally
exponentially decaying (see Lemma 2.1 in Sect. 2.1.1). This entails that an eigen-
value essentially only depends on the local configuration of the potential i.e. on the
local potential in the region where the eigenfunction associated to the eigenvalue does
live. So, by virtue of the Heisenberg uncertainty principle, nearby eigenvalues should
roughly behave as independent random variables. Thus, properly renormalized, the
eigenvalues should look like a Poisson cloud. This has been proved to be true locally
near a typical energy (see e.g. [8,15,29,32]) in the sense that the locally renormalized
eigenvalue process converges weakly to a Poisson process. In the present paper, we
show the asymptotic ergodicity of the renormalized eigenvalues i.e. that the process
of the renormalized eigenvalues tested against a uniform random variable converges
in law to a Poisson process almost surely (see Theorems 0.1, 1.1, 1.5 and 1.6). This is
a global signature of the i.i.d behavior of the eigenvalues in the localized phase. It, in
particular, implies the convergence of the empirical distribution of the unfolded level
spacings to the exponential function (see Theorem 1.2) or enables one to compute the
asymptotics of the empirical distribution of the level spacing (see Theorem 1.4) or that
of any marginal of the eigenvalue or renormalized eigenvalues process.

We now recall some well known facts on the Anderson model (see e.g. [21]) and
state a version of our main result for this model. We will turn to general operators in
the next section.
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Asymptotic ergodicity in the localized phase 869

One has

e for almost every w = (w,), <74, the spectrum of H, is equal to the set ¥ :=
[—2d, 2d] + supp g;

e there exists a bounded density of states, say E — v(E), such that, for any contin-
uous function ¢ : R — R, one has

/(p(E)v(E)dE = E((d0, ¢(Hw)d0))- 0.3)
R

Here, and in the sequel, E(-) denotes the expectation with respect to the random
parameters, and P(-) the probability measure they induce.
Let N be the integrated density of states of H,, i.e. N is the distribution function
of the measure v(E)d E. The function v is only defined E-almost everywhere. In
the sequel, when we speak of v(E) for some E, we mean that the non decreasing
function N is differentiable at E and that v(FE) is its derivative at E;

e for A large, w almost surely, the spectrum of H,, is pure punctual i.e. only made
of eigenvalues; the associated eigenvalues are exponentially decaying; moreover,
one has dynamical localization in the sense described above.

For L € N,let A = Ay = [—L, L]? be a large box and |A| := #A = 2L + 1) be

its cardinality. Let H,(A) be the operator H,, restricted to A with periodic boundary

conditions. The notation |A| — +o0 is a shorthand for considering A = Ay in the

limit L — 4-o00. Let us denote the eigenvalues of H,(A) ordered increasingly and

repeated according to multiplicity by E1(w, A) < Ex(w, A) < -+ < Ejpj(w, A).
For ¢ € [0, 1], consider the following point process

[A]
B(w,t,A) = Z3|A|[N(E,,(w,/\))—z]~ 0.4)

n=1

The values N(Ej(w, A)) < --- < N(Ey(w, A)) < --- < N(Ejp|(w, A)) are
called the renormalized or unfolded eigenvalues or levels (see e.g. [30]).
We prove

Theorem 0.1 For sufficiently large coupling constant A, w-almost surely, when
|[A| — 400, the probability law of the point process E(w, -, A) under the uniform
distribution 1jo,1)(t)dt converges to the law of the Poisson point process on the real
line with intensity 1.

This proves a conjecture by N. Minami (see [28,31]); a weaker version of Theorem 0.1,
namely, L2-convergence in w when d = 1, is proved in [31].

Theorem 0.1, in particular, implies the convergence of the level spacings statistics
already obtained for this model under more restrictive assumptions in [15] (see also
Theorem 1.4 in the present paper for more details). Indeed, in Theorem 0.1, we do not
make any regularity assumption on the density of states E +— v(E).

Actually, Theorem 0.1 is a prototype of the general result we state and prove below.
Essentially, we prove that the claim in Theorem 0.1 holds in the localization region for
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870 F. Klopp

any random Hamiltonian satisfying a Wegner and a Minami estimate (see assumptions
(W) and (M) in Sect. 1). To do so, we use the analysis made in [15]; in particular, our
analysis relies on a slight generalization of one of the approximation theorems proved
in [15], namely, Theorem 1.16.

It is also interesting to compare Theorem 0.1 to the local eigenvalue statistics that
have been obtained in [29] for the discrete Anderson model (see also [8,15,32] for
similar results for other models). There, one studies Z(w, f, A) for fixed ¢. It is shown
that E (w, t, A) converges weakly to a Poisson process (under the assumption that N is
differentiable and has a positive derivative at the energy E = N ~!(r)). That is, for any
P e N*,any (I,)1<p<p measurable subsets of R and any (k)< ,<p integers, one has

: - D (DR
P({w: V1 < p < P, (B(w.1, M), 1,) =kp}) \A|j+oo le » k—p! 0.5)
p:

Actually, the study done in [15] gives a result stronger than (0.5) under slightly weaker
assumptions.

In the present paper, we study the process for a “random” ¢ but obtain an almost
sure convergence result. This gives access in particular to the level spacings statistics
(see Theorems 1.2 and 1.4) but also all the marginals of the process under very mild
assumptions.

1 The results

Consider H,, = Hy+V,,,aZ4 -ergodic random Schrodinger operator on H = L%(RY)
or Ez(Zd) (see e.g. [33,35]). Typically, Hp, the deterministic part of the random Ham-
iltonian H,,, is the Laplacian — A, possibly perturbed by a periodic potential. Magnetic
fields can be considered as well; in particular, the Landau Hamiltonian is also admis-
sible as a background Hamiltonian. We assume that Hy is essentially self-adjoint on
Cgo (R or Co(Z9) (the space of sequences with compact support) and that the operator
has at most polynomially growing coefficients. For the sake of simplicity, we assume
that V,, is almost surely bounded; hence, almost surely, H,, has the same domain as Hy.

1.1 The setting and the assumptions

For A, a cube in either RY or Z9, we let Hy,(A) be the self-adjoint operator H,,
restricted to A with periodic boundary conditions. As in [15], our analysis stays valid
for Dirichlet boundary conditions.

In the sequel, we shall denote by 1;(H) the spectral projector of the operator H
on the energy interval J. E(-) denotes the expectation with respect to w.

1.1.1 Independence at a distance

Our first assumption will be an independence assumption for local Hamiltonians that
are far away from each other, that is,
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Asymptotic ergodicity in the localized phase 871

(IAD) There exists Ry > 0 such that for any two cubes A and A’ such that
dist(A, A’) > Ry, the random Hamiltonians H,,(A) and H,(A’) are sto-
chastically independent.

Remark 1.1 This assumption may be relaxed to assume that the correlation between
the random Hamiltonians H,,(A) and H,,(A’) decays sufficiently fastas dist(A, A") —
+00. We refer to [15] for more details.

1.1.2 Eigenvalue estimates

Let X be the almost sure spectrum of H,,; its existence is guaranteed by the ergodicity
assumption of H,,. Pick I arelatively compact open subset of X. Assume the following
holds:

(W) a Wegner estimate holds in 7, i.e. there exists C > 0 such that, for J C I, and
A, acube in R9 or 74 , one has

E oy (Ho(M))] = CIJT[A] (1.1)

(M) a Minami estimate holds in 7, i.e. there exists C > 0 and p > 0 such that, for
J C I,and A, acube in R? or Z4, one has

E[tr(1;(Hyy(A))) - [tr(1y (Hy(A) — 111 < C(JTTIAD'P. (1.2)

Remark 1.2 The Wegner estimate (W) has been proved for many random Schrodinger
models e.g. for both the discrete and the continuous Anderson models under rather
general conditions on the single site potential and on the randomness (see e.g. [19,21,
22,36]) but also for other models (see e.g. [17,24]). The left-hand side in (1.1) can be
lower bounded by the probability to have at least one eigenvalue in J.

Weaker forms of assumption (W) i.e. when the right-hand side is replaced with
C|J|*|A|? for some a € (0,1] and B > 1, are known to hold also for some non
monotonous models (see e.g. [16,20,23]). This is sufficient for our proofs to work
if one additionally knows that the integrated density of states is a Holder continuous
function.

On the Minami estimate (M), much less is known. For the discrete Anderson model,
it holds in arbitrary dimension with / = X (see [4,7,18,29]). For the continuous
Anderson model in any dimension, in [8], it is shown to hold at the bottom of the
spectrum under more restrictive conditions on the single site potential than needed
to prove the Wegner estimate (W). These proofs yield an optimal exponent p = 1.
Indimension 1, regardless of the random model under consideration, in [25], itis shown
that the Minami estimate holds at energies in the localization region (see assumption
(Loc) below) provided a Wegner estimate is known. In this case, the exponent p can
be taken arbitrarily close to 1.

Finally, let us note that the left-hand side in (1.2) can be lower bounded by the prob-
ability to have at least two eigenvalues in J. So, (M) can be interpreted as a measure
of the independence of nearby eigenvalues.
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872 F. Klopp

The integrated density of states of H,, (see the introduction) can also be defined as
the limit

#{e.v. of H,(A) less than E
NE) = lim e of Hy(A) less than E} (1.3)
|A|—+oc0 |A|

By (W), N(E) is the distribution function of a measure that is absolutely continuous
with respect to to the Lebesgue measure on R. Let v be the density of state of H,,
i.e. the distributional derivative of N. In the sequel, for a set I, |N(I)| denotes the

Lebesgue measure of N(/) i.e. IN(I)| = / v(E)dE.
I

1.1.3 The localization region

Let us now describe what we call the localized regime in the introduction. For

L > 1, A denotes the cube [—L/2, L/2]d in either R? or Z4. In the sequel, we

write A for Ay i.e. A = A and when we write |A| — 400, we mean L — +00.
For H = L?(R?) or £%(Z%) and a vector ¢ in H, we define

lollx = MA@ @ll2 where A(x) = {y; |y —x| <1/2}  if H =L*RY),

(1.4)

Let I be acompact interval. We assume that / lies in the region of complete localization
(see e.g. [12,13]) for which we use the following finite volume version:

(Loc) forall £ € (0, 1), one has

3
sup sup B[ D e 150 f(Ho(AL)Lagyll2 | < +o0.  (15)
L>0 suppfcl 7d
If1<1 ve

Remark 1.3 Such regions of localization have been shown to exist and described for
many random models (see e.g. [2,3,13,16,17,20,23,24,35]); a fairly recent review
can be found in [21]; other informational texts include [12,33].

Once a Wegner estimate is known (though it is not an absolute requirement see
e.g. [6,10,11,14]), the typical regions where localization holds are vicinities of the
edges of the spectrum. One may have localization over larger regions (or the whole)
of the spectrum if the disorder is large like in Theorem O.1.

The assumption (Loc) may be relaxed; we refer to Remark 1.3 of [15] for more
details.

For L € N, recall that A = A and that H,(A) is the operator H,, restricted to
A with periodic boundary conditions. The notation |A| — +o0 is a shorthand for
considering A = Ay in the limit L — +o0.
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Asymptotic ergodicity in the localized phase 873

Finally, let E1(w, A) < Ex(w,A) < --- < Ex(w, A) < --- denote the eigen-
values of H,,(A) ordered increasingly and repeated according to multiplicity. Actually,
the Minami estimate (M) implies that @ almost surely the eigenvalues are simple.

1.2 The results

For the finite volume approximations, we state our results in two cases. In the first
case described in Sect. 1.2.1, we consider a macroscopic energy interval i.e. the energy
interval in which we study the eigenvalues is a fixed compact interval where all the
above assumptions hold. In the second case described in Sect. 1.2.2, the energy inter-
val shrinks to a point but not too fast so as to contain enough eigenvalues, that is,
asymptotically infinitely many eigenvalues.

We also consider another point of view on the random Hamiltonian. Namely, under
assumption (Loc), in I, one typically proves that the spectrum of H, is made only
of eigenvalues and that to these eigenvalues, one associates exponentially decaying
eigenfunctions (exponential or Anderson localization) (see e.g. [12,13,21,33]). One
can then enumerate these eigenvalues in an energy interval by considering only those
with localization center (i.e. with most of their mass) in some cube A and study the
thus obtained eigenvalue process. This is done in Sect. 1.2.3.

1.2.1 Macroscopic energy intervals

For J = [a, b] a compact interval such that N(b) — N(a) = |N(J)| > 0 and a fixed
configuration w, consider the point process

Ej@. t, A) = D SINUIAIN En@.A)—1] (1.6)
En(@.M)e]

under the uniform distribution in [0, 1] in ¢; here we have set

N()—=N() _ N()—-N()

NO= o “N@ = IND)|

(1.7)

Our main result is

Theorem 1.1 Assume (IAD), (W), (M) and (Loc) hold. Assume that J C I, the loca-
lization region, is such that |N(J)| > 0.

Then, w-almost surely, as |A| — +0o0, the probability law of the point process
8y (w, -, A) under the uniform distribution 1jo 11(t)dt converges to the law of the
Poisson point process on the real line with intensity 1.

First, let us note that Theorem 0.1 is an immediate consequence of Theorem 1.1 as
it is well known that, for the discrete Anderson model at large disorder, the whole
spectrum is localized in the sense of (Loc) (see e.g. [21]).

A number of spectral statistics for the unfolded eigenvalues are immediate conse-
quences of Theorem 1.1 and the results of [30]. For example, by [30, Proposition 4.4],
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874 F. Klopp

Theorem 1.1 implies the convergence of the empirical distribution of unfolded level
spacings to e (see [15,30,31]), namely,

Theorem 1.2 Assume (IAD), (W), (M) and (Loc) hold. Assume that J C I, the loca-
lization region, is such that |[N(J)| > 0. Let N(J, w, A) be the random number of
eigenvalues of Hy,(A) in J. Define the renormalized eigenvalue (or level) spacings in
the following way

Vn,  SNu(@, A) = |A[(N(Ent1(@, A)) = N(Ey(w, A))) = 0.

Define the empirical distribution of these spacings to be the random numbers, for
x>0

#{E,(w, A) € J s.t. SN (w, A) > x}
N, w, A) '

DRLS(x; J,w, A) =

Then, w-almost surely, as |A| — +o0o, DRLS(x; J, w, A) converges uniformly to
e lxz().

We refer to [30] for more results on the statistics of asymptotically ergodic sequences.

As in [15], one can also study the statistics of the levels themselves i.e. before
unfolding. Using classical results on transformations of point processes (see [5,34])
and the fact that NV is Lipschitz continuous and increasing, one obtains

Theorem 1.3 Assume (IAD), (W), (M) and (Loc) hold. Assume that J = [a,b] C I
is a compact interval in the localization region satisfying |N (J)| > 0.
Define

1 dN
e the probability density vy (-) := mv()h() where n = TE is the density of
states of Hy;

o the point process éj(a), t,A) = z 5u(t)|A|[En(w,A)—t]-

Ep(w,A)e]

Then, w-almost surely, the probability law of the point process Ej(w, -, A) under
the distribution v (t)dt converges to the law of the Poisson point process on the real
line with intensity 1.

We note that, in Theorem 1.3, we do not make any regularity assumption on N except
for the Wegner estimate. This enables us to remove the regularity condition imposed
on the density of states v in the proof of the almost sure convergence of the level
spacings statistics given in [15]. Thus, we prove

Theorem 1.4 Assume (IAD), (W), (M) and (Loc) hold. Pick J C I a compact inter-

val in the localization region such that [N(J)| > 0. Let N(J, w, A) be the random
number of eigenvalues of H,(A) in J. Define the eigenvalue (or level) spacings as

Vi, SEp(w,A) = [Al(Enti(w, A) — Ex(w, A)) =0
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Asymptotic ergodicity in the localized phase 875

and the empirical distribution of these spacings to be the random numbers, for x > 0

#E,(w,N) € J s.t. SE(w, A) > x}
N(J, w, A) '

DLS(x; J,w, A) =

Then, w-almost surely, as |A| — 400, DLS(x; J, w, A) converges uniformly to the
distribution x — g, j(x) where g, j(x) = WE_J)I fj e~ INDIxv )y, \)da.

1.2.2 Microscopic energy intervals

One can also prove a version of Theorem 1.1 that is local in energy. One proves

Theorem 1.5 Assume (IAD), (W), (M) and (Loc) hold in I. Pick Eq € 1.

Fix (Ip) A a decreasing sequence of intervals such that sup;, |x| —— .
|A]—+o00

Let us assume that

IN(Eo + I, )

if ¢ = o(L) then - 1.
|N(E0+IAL)| L—+00

(1.8)

Then, there exists T = T(p) such that, if, for A large, one has

IN(Eo+ Ip))| - 1Ia]7 "7 > 1 and |A|5-|N(EO+IA)||A|—>+ 400 (1.9)
— 400

Sfor some & € (0, 1) and p € (0, +00] satisfying
55
L (1.10)
1+p
then, w-almost surely, the probability law of the point process Egy+1, (@, -, A) under
the uniform distribution 1o 1)(t)dt converges to the law of the Poisson point process
on the real line with intensity 1.

The exponent t = t(g) can be computed explicitly (see (3.62)). The first condition
in (1.9) requires that AV is not too flat at Ey. How flat it may be depends on the exponent
0, thus, in part on the value of 7 if § is not less that 7. Indeed, if § < 7, then (1.10) is
satisfied for any p > 0 and actually, we can take p = +0o0 i.e. drop the first condition
in (1.9); note that this is what happens in the case of macroscopic intervals. If § > 7,
a condition on the flatness of N kicks in.

Condition (1.8) is necessary as we don’t impose anything else on how the density
of states of the intervals Eo+ I be have; they could oscillate which could presumably
ruin convergence.

As a consequence of Theorem 1.5, using the results of [30], one shows that one
has convergence of the unfolded local level spacings distribution at any point of the
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876 F. Klopp

almost sure spectrum if one looks at “large” enough neighborhoods of the point; here,
“large” does not mean that the neighborhood needs to be large: it merely needs not to
shrink too fast to 0 (see (1.9)). In particular, the conclusions of Theorem 1.2 hold true
for the eigenvalues in Eg + I satisfying the assumptions of Theorem 1.5.

1.2.3 Results for the random Hamiltonian on the whole space

In our previous results, we considered the eigenvalues of the random Hamiltonian
restricted to a box. As in [15], one can also consider the operator H, on the whole
space. Therefore, we recall

Proposition 1.1 ([15]) Assume (IAD), (W) and (Loc). Fix q > 2d. Then, for any
& € (0, 1), w-almost surely, there exists C,, > 1 such that E(C,) < 0o, such that

1. with probability 1, if E € I N o (H,) and ¢ is a normalized eigenfunction asso-
ciated to E then, for any x(E, w) € RY or 74 that is a maximum of x — |olx,
one has, for x € RY,

lpllx < Coll + [x(E, @)/ 26~ =Bl
where || - || is defined in (1.4).
We define x (E, w) to be a center of localization for E or ¢.
2. Pick J C I suchthat |N(J)| > 0. Let N/ (J, A, w) denotes the number of eigen-

values of H,, having a center of localization in A. Then, there exists f > 0 such
that, for A sufficiently large, one has

NI, A, w) | < 1
IN(DIIA] ~ logf |A|

In view of Proposition 1.1, w-almost surely, for L sufficiently large, there are only
finitely many eigenvalues of H,, in J having a localization center in Az. Thus, we can
enumerate these eigenvalues as E{ (w, A) < E'zf(a), A <... < El{,(w, A) where
we repeat them according to multiplicity. As in the finite volume case, @ almost surely,
these eigenvalues are simple.

For t € [0, 1], define the point process E;(a), t, A) by (1.6) and (1.7) for those
eigenvalues. As a corollary of Theorem 1.1, we obtain

Theorem 1.6 Assume (IAD), (W), (M) and (Loc) hold. Assume that J C I, the local-
ization region, that |N (J)| > 0.

Then, w-almost surely, the probability law of the point process E; (w, -, A) under
the uniform distribution 1o 11(t)dt converges to the law of the Poisson point process
on the real line with intensity 1.

Theorem 1.6 also admits an corresponding analogue that is local in energy i.e. a coun-
terpart of Theorem 1.5.
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Asymptotic ergodicity in the localized phase 877

1.3 Outline of the paper

Let us briefly outline the remaining parts of the paper. In Sect. 2, we recall some
results from [15] that we build our analysis upon. The strategy of the proof will be
roughly to study the eigenvalues of the random operator where the integrated den-
sity of states, N (-), takes value close to t. Most of those eigenvalues, as in shown
in [15], can be approximated by i.i.d. random variables the distribution law of which
is roughly uniform on [0, 1] when properly renormalized. We then show that this
approximation is accurate enough to obtain the almost sure convergence announced
in Theorem 1.1.

Theorem 1.5 is proved in the same way and we only make a few remarks on this
proof in Sect. 3.7. Theorem 1.6 is deduced from Theorem 1.1 approximating the
eigenvalues of H,, by those of H,(A) for sufficiently large A; this is done in Sect. 3.8.

Section 4 is devoted to the proof of Theorems 1.3 and 1.4. It relies on point process
techniques, in particular, on transformations of point processes (see e.g. [5,34]).

2 The spectrum of a random operator in the localized regime

Let us now recall some results describing the spectrum of a random operator in the
localized regime that we will use in our proofs. They are mostly taken from [15].

2.1 LI.D approximations to the eigenvalues

The first ingredient of our proof is a description of most of the eigenvalues of H,,(A)
in some small interval, say, /4 : it holds with a probability that tends to 1 faster than
any negative power of |A|. The description is given in terms of i.i.d. random variables
that we construct explicitly: they are the unique eigenvalue inside 7 of the restrictions
of H,(A) to disjoint cubes that are much smaller than A. The distribution of these
random variables is computed in Lemma 2.2 in Sect. 2.2.

2.1.1 Localization estimates and localization centers

We first recall a result of [15] defining and describing localization centers, namely,

Lemma 2.1 ([15]) Under assumptions (W) and (Loc), for any p > 0 and & € (0, 1),
there exists g > 0 such that, for L > 1 large enough, with probability larger than
1 —L77,if

1. @u.0 is a normalized eigenvector of H, (A1) associated to E,, ,, € I,

2. xp(w) € AL is a maximum of x = ||@n wllx in AL,

then, for x € A, one has
”(pn,w”x < Lqe—lx—x,,(a))lf

where || - ||y is defined in (1.4).
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878 F. Klopp

Moreover, define C(¢) = {x € A; |¢llx = maxy,ea ¢l } to be the set of locali-
zation centers for ¢. Then, the diameter of C(¢j(w, A)) is less than Cy(log IAI)l/g.

For each eigenfunction ¢, we define its localization center in a unique way by ordering
the set C(¢) lexicographically and taking its supremum.

2.1.2 An approximation theorem for eigenvalues

Pick & € (0, 1), R > 1 large and p’ € (0, p) where p is defined in (M). For a cube

1
A, consider an interval Iy = [ap,bpa] C 1. Set £/, = (Rlog|A|)¥. We say that the
sequence (I5) 4 is (&, R, p”)-admissible if, for any A, one has

” 1
IAIINUM)| =1, INUDIAITYT? =1, INU)IT @) < 1. (2.1)

The reduction theorem we will use is a modified version of [15, Theorem 1.15], namely,

Theorem 2.1 Assume (IAD), (W), (M) and (Loc) hold. Let A = A be the cube of
center 0 and side length L.

Pick p' > p and p" € (0, m
of intervals that is (&, R, p"")-admissible, say, (In)x such that £}, < {py < L and
1.
IN(I)| 7 84 — 0as |A| — oo.

Forany p > 0, for L sufficiently large (depending only on (¢, R, p”, p) but not on
the admissible sequence of intervals), there exists

) where p is defined in (M). Pick a sequence

e adecomposition of Ay into disjoint cubes of the form NAg, (v;) == v; + [0, a1,
where £y = a(1 4+ OWn/|AL]) = £a(1 + o(1)) such that
- UjAg, (vj) C AL
dist (Mg, (7)), Moy () = ) if j #k,
dist (Ag, (vj), 0AL) = Ly,
— |AL\UjAg, (v)I S IALIE, /L,
e a set of configurations Z, such that
—  Zp is large, namely,

P(Zp) > 1—|AI7P —exp (_C|N([A)|(1+p)/(l+p”)|A|€0[l\p’)

— exp (—el AN ) @2)

so that
A "
o forw € Z,, there exists at least |£—d| (1 + 0 (|N(1A)|1/(l+p )Zf[l\)) disjoint boxes

(A¢y (v)));j satisfying the properties:
1. the Hamiltonian Hy,(Ay, (y;)) has at most one eigenvalue in I, say, E,(w,
Agy (¥)))s
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2. Ay, (yj) contains at most one center of localization, say Xk; (w, L), of an
eigenvalue of Hy,(A) in I, say Ek,- (w, A);

3. Ay, (yj) contains a center x; (w, A)ifand only if o (Hy (Mg, () NN # U
in which case, one has

|Ex, (@, A) — En(w, A, )| < |A]7R and dist(y, (@, L),
AL\ Ao, (7)) = €y 2.3)

1
where we recall that £, = (R1og|A])¥;
e the number of eigenvalues of H, () that are not described above is bounded by

p=p" , _
CIN(A)|IA (|N<1A)| 7 gD LN (1) T (WA)d“ﬂ;‘) L 24)
this number is o(|N (Ip)||A]) provided

_ _ ="
INUp)|” T+ () &« by < [N(Tn)|~ 40007 2.5)

We first note that the assumptions on (/p)a in Theorem 2.1 imply that |Io] — 0
and |N (Ip)| must go to O faster than logarithmically in |A| (see the right-hand side
of (2.5)).

We note that the statement of Theorem 2.1 is essentially void except if the probabil-
ity lower bounded in (2.2) does not go to 0. This will depend on the choice one makes
for the length scales £5 and on the size of N(Ip) (resp. |I5| the two being linked
by (2.1)). How to make this choice depends on the problem one wants to analyze. An
example of such a choice is given in [15].

Let us now briefly explain how the length-scale £ = £, will be chosen in the
present analysis (see Sect. 3.2). We will use Theorem 2.1 on intervals /5 such that
IN(Ip)| < |A|7% (for some o € (0, 1) to be chosen) and set £, =< |N(Ix)|™* for
some u € (0, 1). Thus, logé/A = log(log|A]) < log|A| =< logfa and (2.5) is
satisfied if the exponent u is chosen so that

" p_p//
//</’L< / m "
14+p d(l+ pH(A + p”)

(2.6)

This is possible as p’ > p and p” € (0, m).

When comparing Theorem 2.1 with [15, Theorem 1.15], we see that we have intro-
duced a new parameter o’ > 0. The main benefit is that this will enable us to take p”
and p small (at the expense of taking p’ large) and, thus, take « close to 1.

1
Note that the left-hand side inequality in (2.5) implies that | N (Ip)|1+" E‘j\ — Oas

pl_T‘:: < 1. With these choices, there exists x € (0, 1) such that the bound (2.4) then

becomes

@ Springer



880 F. Klopp

CIN(Ip)||AI'"% Q2.7)

Notice that (2.6), o’ > p and p” > 0 imply that u € (0, 1/d).
We still have one parameter to choose, namely, «. We will choose it in such way
that the lower bound in (2.2) tends quickly to 1. Pick @ € (0, 1) so that

1+ p , 1 1
—dup’, —. 2.8
max(l_'_p,/ 1174 u+1+p/,)<a (2.8)
This is possible as p’ > p, p” € (0, m) and (2.6) imply

+p /
1+ p” d 1+p//_ :

l<p+

Thus, as €5 < |N(Ip)|7" and |[N(15)] < |A|7¥, one computes that

" d N
|N(1A)|(l+p)/(l+0 )|A|£Ap > |N(1A)|(l+p)/(l+p Y—dp A

> |A|1—01[(1+P)/(1+p”)—dp'll]’

and

AN M) 0 07 >IN VPO A log | A /S

> |A|1*0tl1/(1+,0”)+/t](10g |A|)1/§.

Hence, as, by (2.8), | —« [11%;” — dp//,L] >0and |l — « [fp” + M] > (0, the lower

bound in estimate (2.2) becomes
P(Zp) = 1= [A|7P. (2.9)

In the proofs of Theorem 1.1 and 1.5, we will use Theorem 2.1 on intervals 7 of
weight N(/p) and with length-scales £ chosen as just explained (see Sect. 3.2.1).
We will need some additional restrictions on the exponents p’, u and « that will be
introduced in Sect. 3.2.1.

We will not give a self-contained proof of Theorem 2.1. In the appendix, Sect. 5,
we only indicate the (very few) modifications that are to be made to the proof of [15,
Theorem 1.15] to obtain Theorem 2.1.

2.2 Distribution of the unfolded eigenvalues

The second ingredient of our proof is the distribution of the unfolded eigenvalues for
the operator H,, restricted to the small cubes (A¢(y)), constructed in Theorem 2.1.
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Pick 1 « ¢/ « £. Consider a cube A = Ay centered at O of side length £. Pick
an interval Ix = [ap, ba] C I (i.e. I, is contained in the localization region) for ¢
sufficiently large.

Consider the following random variables:

o X =X(A,Ip) = X(A, I, ) is the Bernoulli random variable

X = le(A) has exactly one eigenvalue in 7, with localization center in A,_,

e E = E(A,I,) is this eigenvalue conditioned on X = 1.

Let ¢ be the distribution function of E. We know

Lemma 2.2 ([15]) Assume (W), (M) and (Loc) hold. For k € (0, 1), one has

IP(X = 1) — INUDIAI S (AN + INUDIALC T + [ Ale™ "
(2.10)

where N (E) denotes the integrated density of states of H,. One has
@) =) P(X = DI < Ix — yllallA]

Moreover, setting N(x,y, A) :=[N(ap + x|Ip|) — N(ap + y|Ia)]|A|, one has

(9 (x) — 9(3) P(X = 1) = N(x, y, A)|
S AAIAD"™ + N, y, ME + [Ale™ " 2.11)

Estimates (2.10) and (2.11) are of interest mainly if their right-hand side, which are
to be understood as error terms, are smaller than the main terms. In (2.10), the main
restriction comes from the requirement that N (Ix)|A| > (JA|[Ix])'T# which is
essentially a requirement that N (/) should not be too small with respect to |/, |.
Lemma 2.2 will be used in conjunction with Theorems 2.1. The cube A in Lemma 2.2
will be the cube Ay in Theorem 2.1. Therefore, the requirements induced by the other
two terms are less restrictive. The second term is an error term if £ < £ which is guar-
anteed by assumption; this induces no new requirement. To guarantee that the third
term in the right-hand side of (2.10) be small compared to |N(/5)||A|, one requires
that [N(Ip)||A] 3> €4e=®)" This links the size of the cube A = A, where we apply
Lemma 2.2 to the size of | N (I )]|. The right choice for £ (that is conditioned by The-
orem 2.1) is £ =< |N(15)|™*. In our application, we will pick £’ = (log £)!/% for some
& € (0, 1) coming from the localization estimate (Loc); so taking k > & ensures that
the third term in the right-hand side of (2.10) is small compared to |N (I5)||A|. For
further details, we refer to the comments following the statement of Theorem 2.1 and
Sect. 3.2.1 for details.

In (2.11), the main restriction comes from the requirement that N(x, y, A) >
(|A||[IA])'*P. This is essentially a requirement on the size of |x — y|: it should not
be too small. On the other hand, we expect the spacing between the eigenvalues
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of H,(Ap) to be of size |[Az|~'. Note that, here, we keep the notations of Theo-
rem 2.1. Recall that the cube A in Lemma 2.2 will be the cube A, in Theorem 2.1,
hence, a cube much smaller than Ay. So to distinguish between the eigenvalues,
one needs to be able to know ¥ up to a resolution |[x — y||Ip| ~ |AL |~1. This will
force us to use Lemma 2.2 on intervals /o such that |[N(/p)| < |A|™% for some
a € (0,1) close to 1 (see the discussion following Theorem 2.1 and Sect. 3.2.1).
Moreover, the approximation of ¢ (x) — ¥ (y) by N(x, y, A)/P(X = 1) will be good
if [x — y| > (ALI[IAD) ™" =< |AL|7X for some x > 0.

2.3 A large deviation principle for the eigenvalue counting function

Define the random numbers
N(p, A, w) :=#{n; E,(w, A) € I\}. (2.12)

Write Ip = [aa, ba] and recall that [N(Ip)] = N(bp) — N(ap) where N is the
integrated density of states. Using Theorem 2.1 and standard large deviation estimates
for i.i.d. random variables, one shows that N (I, A, w) satisfies a large deviation
principle, namely,

Theorem 2.2 Assume (IAD), (W), (M) and (Loc) hold. Recall that p is defined in
Assumption (M).

For any p” € (0, p/(1 + (1 4+ p)d)), § € (0, 1) and §' € (0,1 — &), there exists
8" > O such that, if (I5) a is a sequence of compact intervals in the localization region
1 satisfying

1. INUMIIAIP = 0as |A| - +oo
2. INUM)| AN = 4o0as |A| » +o0
3. INUM)| A"V = 400 as |A] — +o0,

then, for any p > 0, for |A| sufficiently large (depending on p”, § and §' but not on
the specific sequence (I5)p), one has

B(INUa. A, @) = INUDIAN = INUDIAIY) < A7, @13)

This result is essentially Theorem 1.8 in [15]; the only change is a change of scale for
[N (Ip)|in terms of |A| (see point (1)). Up to this minor difference, the proofs of the
two results are the same.

Assume that, for J, an interval in the region of localization /, one has the lower
bound |N (x) — N(y)| = |x — y|"+*" for (x, y) € I? and some p” € (0, p/(1 + (1 +
p)d)). Then, as K — |N(K)| is a measure, thus, additive, for K C J the region of
localization, one may split K into intervals (K); such that [N(Ky)| < |A|~%, and
sum the estimates given by Theorem 2.2 on each K} to obtain that

P(INGK, A @) = INCGONIAI = INGONIAI™) S A7
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Though we will not need it, this gives an interesting large deviation estimate for inter-
vals of macroscopic size.

3 The proofs of Theorems 1.1, 1.6 and 1.5

We first prove Theorem 1.1. Theorem 1.6 is then a immediate consequence of Theo-
rem 1.1 and the fact that most of the eigenvalues of H,(A) and those of H,, having
center of localization in A differ at most by L~7 for any p and L sufficiently large
(see Sect. 3.8). Theorem 1.5 is proved in the same way as Theorem 1.1 in Sect. 3.8;
thus, we skip most of the details of this proof.

We shall use the following standard notations: a < b means there exists ¢ < 00 so
thata < ¢b; (x) = (1 + |x|2)%. We write a < b whena < band b < a.

From now on, to simplify notations, we write N instead of N, so that the density
of states increases from 0 to 1 on J. We also write E instead of E.

For ¢ : R — R continuous and compactly supported, set

1

Lonl@)i= Lo i= [ B0 4 3.0
0
and
(@A e) = S pUAINE(, &)~ 1] (32)
En(w,A)eJ

To prove Theorems 1.1 and 1.5, it suffices (see [31]) to prove
Theorem 3.1 Forg : R — R continuously differentiable and compactly supported,

w-almost surely,

+oo
_ _ =)
Loalp) | = exp /(1 P )dx . (3.3)

—00

Then, a standard dense subclass argument shows that the limit (3.3) holds for com-
pactly supported, continuous, non negative functions. This completes the proof of
Theorem 1.1.

3.1 The proof of Theorem 3.1

The integrated density of states N is non decreasing. By assumption (W), it is Lips-

chitz continuous. One can partition [0, 1] = U M I, where N\ is at most countable
me

and (I,,)mem are intervals such that either

e I, isopenand N is strictly increasing on the open interval N ~!(,,); we then say
thatm € M*;

@ Springer



884 F. Klopp

e [, reduces to a single point and N is constant on the closed interval N “L(1,); we
then say that m € M.

We prove

Lemma 3.1 For the limit (3.3) to hold w-almost surely, it suffices that, for any
m e M™%, for o : R — R* continuously differentiable and compactly supported,
w-almost surely, one has

“+00
Lo, 1,,,0 (@) — exp —/ (l—e_‘p("))dx — 0. (3.4)
|Al>+o00

—00

Proof Asform e MO, I, is a single point, one computes

Loa(@) = Z/ 0.0 g (3.5)

meM™*
I

Assume J = [a, b]. Fixt € I, = (N(am), N(by)) for some m € M*. Form e
MO, N is constant equal to, say, N, on I,,. Assume that ¢ has its support in (—R, R).
Then, for |A| large (depending only on R), one computes

(E(@,1,A),9) = D #{Ex(@, A) € Ly)p(IAI[Ny — D)])
meMO
+ D> D @UAIIN(Ex(@, A) = D]

meM+t E,(w,AN)ely,

> @UAIIN(Ey(, A) — D))

E,(w,N)el,
> @(UNUWIIAIIN, (Ex(w, A))
E,(w,Nely,
— (t = N(am))/IN(Ln)DD)
= (B4, @, (t = N@an))/INUn)l, A), ¢)

On the other hand

N (bm) 1
e—(Elm(w,(t—N(am))/IN(Im)I,A)’</>>dt — |N(Im)|/e_<Elm(w»tﬂA)»(/’)dt.

N(am)

Recall that, as the measure defined by N is absolutely continuous with respect to the
Lebesgue measure, we have

Z IN(In)| = IN()| =L
meM+
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Thus, by Lebesgue’s dominated convergence theorem, as Nt is at most countable,
we get that, if the necessary condition given in Lemma 3.1 is satisfied, then w-almost
surely, we get

li L = N(I li L .
afim Lo (@) %| Ul B Lo, 8 (9)

Thus, we have proved Lemma 3.1. O

From now on, we assume that N is a strictly increasing one-to-one mapping from J
to [0, 1] and prove Theorem 3.1 under this additional assumption.

Therefore, we first bring ourselves back to proving a similar result for “local” eigen-
values i.e. eigenvalues of restrictions of H,(A) to cubes much smaller than A that
lie inside small intervals i.e. much smaller than J. The “local” eigenvalues are those
described by points (1), (2), (3) of Theorem 2.1. Using Lemma 2.2 then essentially
brings ourselves back to the case of i.i.d. random variables uniformly distributed on
[0, 1].

Theorem 2.1 does not give control on all the eigenvalues. To control the inte-
gral (3.1), this is not necessary: a good control of most of the eigenvalues is sufficient
as Lemma 3.8 below shows. Theorem 2.2, which is a corollary of Theorem 2.1 and
Lemma 2.2, is used to obtain good bounds on the number of controlled eigenvalues
in the sense of Lemma 3.8.

3.2 Reduction to the study of local eigenvalues

Assume we are in the setting of Theorem 1.1 and that N is as above i.e. N is a strictly
increasing Lipschitz continuous function from J to [0, 1]. Recall that v is its derivative,
the density of states.

3.2.1 Choosing the right scales

To obtain our results, we will use Theorem 2.1 and Lemma 2.2. Therefore, we split
the interval / into small intervals and choose the length scale ¢ = ¢ so that we can
apply both Theorem 2.1 and Lemma 2.2 to these intervals. We now explain how this
choice is done.

Recall that p is defined in (M) and pick (po’, p”) such that

p ” p

N Y
d —p " “Trap+rn 9

1
o' > p+1+max (p, E) and

The computations done right after Theorem 2.1 (see also [15, section 4.3.1]) show
that, for « € (0, 1) satisfying (2.8) and u € (0, 1/d) satisfying (2.6) for I (in the
localization region) and £ = £, such that

INUA)| = [AIT* and £a =< [N(p)[TH (3.7
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if, in addition, I satisfies
IN(a)| = [Ip]"F7", (3.8)

we can apply Theorem 2.1 and Lemma 2.2 to 1.
In addition to (2.6) and (2.8), we now require p and « to satisfy

p— ,0// 1(p— ,0” 1
d 1+ = —d —. 39
A+ —p 1 +2(1+p” w)=g 6P
This is possible as (3.6) implies that
p—p" , L (p=p" p—p" p—p"
" _d/”L'O <5 " _d/’L'O and " ’ < / AN
I+p 2\1+p d(1+p")2p'=p) d(1+p")(1+p")

We now define two more exponents that will be useful in the sequel:

e define B by
1 +p 1 2 p—=p”
’3:1_&+1+~ d,u,o——>2—a Ty dup >0
(3.10)
using the second inequality in (3.9);
e pick « satisfying
1 1 "
max (1, — ) < < —2 (3.11)
dap dap”

which is possible by (3.6) as @ € (0, 1).

3.2.2 Reduction to small energy intervals

Partition J = [a, b] into disjoint intervals (Jj A)1<j<j, of weight [N(J; aA)| ~ [A]™*
so that jo =< |A|%.
Define the sets

B={1<j<jn INUI S ™) and G=1{1,..., ja}\ B.
(3.12)

The set B is the set of “bad” indices j for which the interval J; 5 does not satisfy the
assumptions of Theorem 2.1, more precisely, does not satisfy the second condition
in (2.1) (that is (3.8)) for the exponent p”.
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For j € B, one has
[j.al = IN(j )P = A7/ e,
Thus, one gets
#B < |A|0t/(l+p”) a1

Fix o’ € (o, min[1, (1 +20")/(1 + p")]). For j € G, write J; o = [aa, bp) and
define

a}\:inf{azaA;N(a)_N(aA)Z|A|,a/],
Kja:= [a;vb;\] CJja where /
by = sup {b <bp; N(bp) — NOb) > |A|™ }

that is, K A is the interval J; » where small neighborhoods of the endpoints have
been remove.
Thus, our construction yields that

1. the total density of states of the set we have remove is bounded by

SN+ D INUa N\ Kja)] S [A]ete/ 050D
jeB jeG

FIAITT <A@, (3.14)
2. forjeG,teN(Kjp)and E € Jj a for j' # j, one has
IAIIN(E) — 1] 2 |A]'.

Note that one has

I=INDI= D0 INU)I+ D INU L= D INK 140 (JAI7 ).
jeG JjeB jeG
(3.15)

Recall (3.2). Thus, for A sufficiently large, by point (1) above, as ¢ is non negative,
one has

1

/,(E(co,z,z\),wd, _ z e E@LNW) g 1 o (|A|7<a’fa>)
0 TEGN(K; 0)
=> e (Ei@L0.0) gy 1+ o (|A|—<a’—a))
TEON(K; »)
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where, as ¢ is compactly supported, by point (2) above, for | A| large, one has

(Ejlw,1,A), ¢) = Z P(|AIIN (Ep(@, A)) —1]).
E,,(w,A)er?A

Point (1) and (3.15) then yield

1
/e—<s<w,r,A),¢>d, -y e—{EI@LN0) gp 4 0 (|A|—(a’—a>)
0 TEONT; )
1
=3 |N(J,~,A)|/e‘@ff.A(‘"’”A)"”dr +0 (jaI7e)
jeG 0

(3.16)
where EJ_/.YA(a), t, A) is defined by (1.6) for J = J; a.

3.2.3 Asymptotic ergodicity uniformly for the small intervals

Following the proof of Lemma 3.1, the above computation shows that the limit (3.4)
will hold w-almost surely if we prove that, @ almost surely, one has

1 400
sup /e_@’jvf\(“”t’A)’(p)dt—exp —/(l—e*‘/’(x))dx - 0. (3.17)
jeG , |A|—+00
—o0

To prove (3.17), we first prove a weaker result, namely, almost sure convergence along
a subsequence.

Lemma 3.2 Pick (o) 1>1 any sequence valued in [1/2, 2] such that o, — 1 when
L — +o0.

For k > 1 satisfying (3.11) and for ¢ : R — R continuously differentiable and
compactly supported, w-almost surely, one has

1 +00
sup /e%wﬁ“m @LA)Ger) gy exp | — / (1 - e_‘p(x)) dx - 0
jeG L—+o00
0 —00
(3.18)

where, for a > 0, we have set, ¢, (-) = (o -).

Indeed, Lemma 3.2, (3.16) and (3.15) clearly imply the claimed almost sure conver-
gence on a subsequence; more precisely, it implies that, for (¢z)z>1 a sequence such
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that oy — 1 when L — 400, w-almost surely,

+00
Lo, A (Pa) — exp —/(l—e“"(x>)dx — 0. (3.19)
L—+o00
—0Q

which is the claimed almost sure convergence on a subsequence for the choice of
sequence oy, = 1.
To obtain the almost sure convergence on the whole sequence, we prove

Lemma 3.3 Fix « satisfying (3.11). Then, for some ' > 0, for ¢ : R — R* con-
tinuously differentiable and compactly supported, w-almost surely, for L sufficiently
large, one has

<L (3.20)

sup |£w,AL/ (p) — »Ca),ALK (QoaL/)
Le<L'<(L+1)«

where ap) = |Ap/|/|ALx].

As ay — 1 when L — +o00, equation (3.17) and, thus, Theorem 3.1, are immediate
consequences of (3.19) and (3.20).

3.3 The proof of Lemma 3.2

The proof of Lemma 3.2 will consist in reducing the computation of the limit (3.18) to
the case of i.i.d. random variables that have a distribution close to the uniform one. The
number of these random variables will be random as well but large; it is essentially
controlled by Theorem 2.2.

The reduction is done in three steps. First, using Theorem 2.1, we introduce a family
of i.i.d. random variables, the distribution of which is controlled by Lemma 2.2. Sec-
ond, in Lemma 3.4, we show that the Laplace transform of the process defined by these
random variables is close to the Laplace transform of the process we want to com-
pute; therefore, we use the description given by Theorem 2.1. Finally, in Lemma 3.5,
we show that Laplace transform of the process defined by the new random variables
converges to that of the Poisson process; therefore, we use the distribution computed
using Lemma 2.2.

Pick R large in Theorem 2.1. The construction done in Sect. 3.2.2 with the choice
of scales £, and exponents u, o, p’ and p” explained in Sect. 3.2.1 implies that, for
J € G (see (3.12)), one can apply

e Theorem 2.1 to the energy interval /5 := J; A for H,(A), the small cubes being
of side length £ = £;

e Lemma 2.2 to the energy interval /5 := J; 5 and any of the cubes A¢(y) of the
decomposition obtained in Theorem 2.1.

For j € G and (A¢(yk))k, the cubes constructed in Theorem 2.1 (we write £ = £4),
define the random variables:
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o Xji=X(A¢(yk), Jjn) is the Bernoulli random variable

Xjk= le(A((yk)) has exactly one eigenvalue in J; 4 with localization center in A,_,

where £ = €5 and ¢/ = Z’A are chosen as in Theorem 2.1 and Sect. 3.2.1; thus,
£p =< |A|** and ¢/, =< (log|A])¢ (for some £ € (0, 1));
° lz:j,k = E(A[ (¥x)» Jj,A) is this eigenvalue conditioned on the event {X; ; = 1};

and the point measure

=arp ._ }
@1 A) = Z SlN(Jj,A)IlAl[N/,.VA(Ej.k)—z]' (3.21)
ki Xjx=1 :

We prove

Lemma 3.4 There exists x > 0 such that, for any p > 0 and R > 0, there exists a
set of configurations, say, Zx such that P(Zp) > 1 — |A|7P and, for A sufficiently
large, one has

1 1
(& —(EF? (w.1,0), _
sup  sup /e (& th(w,t,A)#P)dt_/e EFA@00 | <z X
0

</’ectR a)jGEZGA 0
(3.22)
where we have defined
is continuously differentiable s.t.
Cro=1¢: R>R* * Y i . (323
’ suppp C (—R, R) and |l¢|lct < R

and

Lemma 3.5 Forx > 1satisfying (3.11), forp € CIR andforany (ap)>1 asequence
valued in [1/2, 2], one has

1
—(EPP (w,t,Ark).Pa; )
>3 u ([ [ Fh ey,
jeG L>1 0

+00 2

—exp —/ (1—e*“"’L(x))dx < 4o00.

—00

Let us now complete the proof of Lemma 3.2 using Lemmas 3.4 and 3.5.

Fix k, ¢ and («r)r as in Lemma 3.2. Picking p > 1, as all the integrands are
bounded by 1 and as P(Z,) > 1 — L~", (3.22) and the Borel-Cantelli Lemma imply
that
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1

E ( lim sup sup /e_mjf
L>1 jeG 0

1
P —(gepr Ak o
A (.1, AL )’%L>dt _/e (& STja, (wt L%),® L>dl —o0.

0

Moreover, as oy, — 1 when L — 400, Lemma 3.5 and the Dominated Convergence
Theorem clearly imply that, for ¢ € C;~ | g» one has
) :0’

[ & @A) b
/e Hjape CHPEEIRL 4 e (— / (l—e*‘/’%(x)) dx)
0

—00

E { lim sup sup
L>1 jeG

and

+o00 +o0
LEIJIrloo exp <— / (1 —e P (")) dx) = exp <— / (1 - e_‘p(x)) dx) .

—0o0 —00

These three estimates clearly imply (3.18) and complete the proof of Lemma 3.2.

3.4 The proof of Lemma 3.4

For j € G, we let ij\ be the set of configurations w defined by Theorem 2.1 for the
energy interval In = J;j a. Then, for any p, if A is sufficiently large (independently

of j € G), (2.9) gives a lower bound on IP’(Z ) this uniformity is warranted by
Theorem 2.1: the size of the cube A necessary for the result to hold does not depend
on the admissible sequence; it depends only on the parameters of admissibility that
are the same for all the intervals (J; A) jeG-

Let /\fb A be the set of indices n of the eigenvalues (E, (w, A)), of H,(A)in Jj o

that are not described by (1)—(3) of Theorem 2.1. Let N s o, A A be the complementary
set. Both sets are random. By (2.5) and our choice of length scales (see the comments
following Theorem 2.1), the number of eigenvalues not described by (1), (2) and (3)
of Theorem 2.1, say, N b oA = #N iA is bounded by, for some x > 0,

Np A <IN DIATE (3.24)

whereas, by (2.13) in Theorem 2.2, the total number of eigenvalue of H,,(A) in J; 4,
say, N(Jj A, A, o) satisfies, for some § > 0, for any p > 0 and |A| sufficiently large
(independent of j € G),

(’N(]j’A, A,a))

- 1’ > |A|—3) <|Al7P. (3.25)
IN(J; n)IIA]

Let now ij\ be the set of configurations w where one has both the conclusions of
Theorem 2.1 and the bound
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N(Jja, A, w)

— 1] < |AI7S. (3.26)
IN(Jja) A

By (2.9) and (3.25), this new set still satisfies (2.9).
Define the point measure:

—8 .
gy (@1, A) = > SINUMIIAING;  (Enle,A)—1]
. neN?*

o, j. A

and recall that, (A¢(yx))x are the cubes constructed in Theorem 2.1 (we write £ = £ )
and we have defined the random variables:

o X = X(A¢(yk), Jj ) is the Bernoulli random variable

Xjk= le(Ag(yk)) has exactly one eigenvalue in J; » with localization center in A,_,/

where £ = £, and ¢/ = E/A are chosen as described above;
° Ej,k = E(Ay (¥x)» Jj,A) is this eigenvalue conditioned on the event {X; ; = 1};

and the point measure Ea’:’i (w,t, A) by (3.21).
Let us now give an estimate of the number

Ng{f,’.fA =1k Xjp=1} (3.27)

It is provided by

Lemma 3.6 For any p > 0, for |A| sufficiently large (independent of j € G), one
has

) 1/3
P (N7 5 = INGLAIAL 2 [N M AP < e INGIATES < 5=,

Proof Lemma 3.6 follows by a standard large deviation argument for the i.i.d. Ber-
noulli random variables (X ) as, by Lemma 2.2 and our choice of J; 5 and (¢', £)
(for ;€ (&, 1) in Lemma 2.2, & being the exponent fixing ¢/ = Z’A in Theorem 2.1),
their common distribution satisfies
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P(Xjr=1 = INUjnIllAel(d +o(1)).
The proof of Lemma 3.6 is complete. O

Thus, one may restrict once more the set of configurations w to those such that, for
some § > 0,

app
No.ja .

1| < A (3.28)
IN(Jj, M)A

and call this set again Zi. By Lemma 3.6 and (2.9), the probability of this set also
satisfies (2.9) for any p > 0 provided | A| is sufficiently large (indep_endent of j € G).
We now define the set Z, of Lemma 3.4 as Z, = ﬂ . Z[]\. As for |A| suf-

J

ficiently large, all the sets {le\} jec satisfy (2.9) and as #G < |A|, we obtain that
Z satisfies (2.9). Moreover, for w € Z,, for all j € G, one has the conclusions on
Theorem 2.1 in J; A as well as (3.26) and (3.28).

We now prove

Lemma 3.7 For some x > 0, for A sufficiently large, one has,

1 1
= —(z8 LA, _
sup  sup /e (B p@10).0) 50 /e (8] p (@1 )fﬂ)dt <IAIX, (329)

tpeCtR JjeG

weZ;,’\ 0

and

1

1
—(88 1,A), —(EF (0,1,M), -
sup sup /e (80! )(p)dt—/e (B @0, SIAITX (3.30)

+  jeG
peCip J 1o 0
weZy

Clearly, by summing (3.29) and (3.30), we obtain (3.22). Thus, we will have com-
pleted the proof of Lemma 3.4 when we will have completed the proof of Lemma 3.7.
Before proving Lemma 3.7, we state and prove a simple but useful result, namely,

Lemma 3.8 Pick a sequence of scales (Lp)p>1 such that L, — +oo. For p > 1,
consider two finite sequences (xfz)lsnsz and (yﬁ)lfmsMp such that there exists
1 < K, <min(Np, M) and sets X, C{1,...,Npytand Y, C{1,..., M} s.t.

l. #X,=#Y, =K, and [(N, — K,) + (M, — Kp)|/L, =t a, — 0,

2. there exists a one-to-one map, say ¥V, : X, > Y, such that, forn € X, one
has |xi = yg | < €p/Lp. €p €10, 1]
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Fixn € (0, 1). Set (1) = 30" 8,

p such that affl > R, one has

M
oy and Eyt)=>,", 81,1y —r)- Then, for

Lyl

1

1
sup P CHORFP _/e—<3’}$(t),<p>d, < 4“2 +eRenKp _ 1. (3.31)
0

+
9eCi 0

Proof of Lemma 3.8 Let X, = {1,...,Ny}\ X, and ¥, = {l,..., M} \ Y,. For
(n,m) € )~(p X ?p, define

o= [+ apINy = KpI T =11 if X # Die. Ny — Kp > 1,
n ? if not;

= [om+apiM, — Kyl =1 Y, #Bie M, —K, > 1,
) if not.

Then, by point (1) of our assumptions on the sequences (x}), and (y},),,, one has

1
0 < /648;(:),@0,, _ / o~ (EbD.0) 4
0

[0,1]\[(Uy,€X n)U(Umer "]

< (Np— Kp)alIN, — Kp1™" + (M, — Kp)al[M, — Kp]™' =24 (3.32)
and, similarly

1
0< /e—@i(ﬂwd: - / e @094 <247 (333)

0 [0 1N\, 5, IOUW,, 7 In]

neX meY

On the other hand, forz € [0, 1]\ [(U m] and p such thata’7 ! > R,

one has

ne)?,,llf) U(UmeY

Ly dist(t, X, U¥p) = a Ly sup (IN, = K171 [N, = K1) zal ™! > R,

Thus, for p such thatag_1 > R,fort € [0, 1]\ [(U
(see (3.23)), one has

IHUU I’]andweClR

neX meY

(E50.0) = D @Lplxh —1]) and (E).¢) = > e(Lylyh — 1))

neXp meY,
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Now, by point (2) of our assumptions on the sequences xP), and (ym)m, one has

sup  sup (B0, 9) — (Ep(0), )| <ep Ky sup [¢'llo < Rep K.

+ 0 rel0,1] +
et 1¢Uex, ) veCin
1€, cq, )
(3.34)
Hence, as ¢ is non negative, we obtain, for p such that a'7 ts R,
sup / (e—<s;,<z>,<p> _ e—<5;<z>,<p>) d| < eRer Ko _
9eCip I
[0,1]\[(U,1€X 1‘)U(U,,€y )]
(3.35)
Combining (3.32), (3.33) and (3.35) completes the proof of Lemma 3.8. O

Remark 3.1 Lemma 3.8, and, in particular, the error term coming from (3.34), can be
improved if one assumes that the points in the sequences are not too densely packed.
This is the case in the applications we have in mind. Though we do not use it here, it
may be useful to treat the case of long range correlated random potentials where the
error estimates of the local approximations of eigenvalues given by Theorem 2.1 can
not be that precise anymore.

The proof of Lemma 3.7 As underlined above, the statements of Lemma 3.7 are
corollaries of Lemma 3.8.
To obtain (3.29), for p = |A|, it suffices to take

o xi =Eyw,A)forne N, (UND .,
o i =Ey@ AforneN ;.

Assumption (2) in Lemma 3.8 is clearly fulfilled as (yn )n 1s a subsequence of @x),.
Assumption (1) is an immediate consequence (3.24) and (3.26). Moreover, by (3.26),
in the notations of Lemma 3.8, using (3.7), we get that a, < p~* for some x > 0
independent of j € G. Thus, we can apply Lemma 3.8 uniformly in j € G and
obtain (3.29).

Let us now prove (3.30). Notice that, by Theorem 2.1, one has N7\ > NJ ; .
Moreover, to each n € J\/ w,j,A» ONE can associate a unique k(n) € [1, N app A] such
that X y(») = 1 and the first part of (2.3) hold.

To prove (3.30), for p = |A|, it suffices to set

o xj = Ej,k(n) for k(n) such that X () = 1,
o Y =E,(w, A)forne Nj’]’A

So we may take K, = Ng o A" By the first part of (2.3), we know that assumption (2)
of Lemma 3.8 is satisfied with ¢, = |A|~2. Thus, gp-Kp SIAIT L
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That assumption (1) is satisfied follows immediately from (3.24) and (3.28). The
uniformity in j € G is obtained as in the proof of (3.29) except that one uses (3.28)
instead of (3.26).

This completes the proof of Lemma 3.7 and, thus, of Lemma 3.4. O

3.5 The proof of Lemma 3.5

Let us recall a few facts that will be of use in this proof.

Write Ay = A¢(0) and define the random variables X and E as in the beginning
of Sect. 2.2 for Iy = Jj A and the cube Ay. Recall that the cube A = A is much
larger than A¢. Now, pick N7\ independent copies of E, say (Ex)j - Nere, (see

the beginning of Sect. 3.3). Then, the random process Eaji’ " is the process

=app o N
B (@ 1 A) o= >, 8N} MIIAING, , (Br)—11
lgkaf)”}’A i

By Lemma 3.8 and (3.28), it thus suffices to study the point process

B, 1, j, A) 1= > BN MIAIING, (B -1 (3.36)
1<k<|AIIN(Jja)l '

Recall that ijYA is defined by (1.7) for J = J; 5. Pick ¢ € CﬁR (see (3.23)). As the
random variables (Ek)lskS‘N(jj‘A)HA‘ are i.i.d., one computes

1 1

E /e_<E(“’”’j’A)"p>dt :/(D(t, A, Jj A, @)dt (3.37)
0 0
and
1 2 11
E /e_(E(w”’j’A)"p>dt =//q>(z,r/,A,J,,A,¢)dtdr’ (3.38)
0 00
where

D@ AT p @) = [] _]E(l _e—wuN(J,-.A)nAuNJ,_A(E>—t1>)]'N(’f-A)”A'
k] s S0 -

(3.39)
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and

O, t', A, Jj A, @)

[1 _E (1 _ e—¢<|N<J,«.A)||A\[NJ_,,A<E>—z])—¢<|N<Jj,A>||A|[NJ,,A<E)—z’]))]“"“f*“”"'

(3.40)

If E — Ny, , (E) were the distribution function of the random variable E, the random

variables Ny, , (E) would be distributed uniformly on [0, 1] and the desired result
would be standard and follow e.g. from the computations done in the appendix of [31].
The distribution function of E is described by Lemma 2.2. As we only consider
J € G, we know that [N(Jj )| > |Jj,A|1+p// for some p” satisfying (3.6). Recall
that & € (0, 1) is the exponent defining ¢/, from Theorem 2.1. Choosing x € (£, 1) in
Lemma 2.2, for x € J; o (take y = 0), using (2.10) and (3.9), the estimation (2.11)
becomes,, for some B’ > 0, for |A| = |A| sufficiently large,

|(1+ k) - INULDIALD(x) — INUjDIAING, , ()]
s L qup—a!
SIAING )17 Al S INja)| e (341)
where, by (2.10) and the same computation as in (3.41), one has

_PX(Agy, Jja, U) = 1)
IN(Jj,a)l Al

KA — 1 and |KA| SJ |N(Jj,A)|(p_p”)/(l—’_p”)—d#p.

(3.42)

Using (3.41),as ¢ € Cf:R, from (3.5) we derive

log ®(z, A, Jjn. @) log [1 _E (1 _ e—ga(N(Jj,A)A|[<1+KA>-ﬁ(E>—r]>)”
[N lA]

1

1o dnp—a—
SN p) 107 " (3.43)

The random variable 19(E ) is uniformly distributed on [0, 1]; thus, we compute

1
o) (1 _ e*¢(|N<J,~,A)|\A\[(wm-ﬁ(é)fﬂ)) - / (1 _ efgo<|N<J,-,A>||A|[<1+KA>HJ)) du

0
IN(j MIAIL+xa) 1]

= : / (1 - eﬂp(u)) du
(I + ) INjnIA]

=INUj M)Al
+00
_ ! / (1 - e—W)) du (3.44)
(I +xn) NG )IA]

—00
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if we assume that ¢ satisfies

R

———— << lHkp— . (3.45)
IN(Jj, Al A] IN(Jj a)lIA]
The last equality in (3.44) holds as ¢ has its support in [—R, R].
Recall that, by (3.7), one has
-1 o dpp—a!
IN(UJjMDINAL = INUj ) ", INU G )IANN T a) e
= IN(Jja)IP (3.46)
where B is defined by (3.10).
Moreover, by (3.42), one has
lkal IN(j I AL S INU 1P (3.47)
as, by (3.10), one has
1 p=p" 1
I——+ —dup=p+—-—-—1>p>0. (3.48)
a 14 p” o

Thus, recalling that [N (J; A)| — 0 as |[A] — +00, (3.40), (3.41) and (3.45) yield,
for | A| sufficiently large,

+00
1
log®(t, A, Jip, ) = ——— 1—e ) du+ 0 (INUJ; p)IP 3.49
0g (1, A, Jjas ) (1+KA)/( ) du+ 0 (INUjIF)  (3.49)
—00

if we assume that ¢ satisfies

R+1

_— <t <l - (3.50)
IN(Jj,a)lIA] IN(Jj,aA)IIA]

Note that, in (3.49), O (IN(Jj,»)|?) is independent of j, thus, so is the smallest size
of A one should choose for (3.49) to hold under assumption (3.50).

Let us now estimate log ®(z, ¢, A, Jj,n,@). We proceed as above. Using (3.41)
and ¢ € C1+ g» from (3.40), we derive

log®(t,1', A, Jj A, ®)
IN(Jj, M)A

= log [1 _E (1 _ e—w(N(Jj,A)[<1+KA)-19(E”)—z])—w(|N(J,-,A>||A|[<1+KA>0<E>—HJ))

A+p 1
FO(NJjp) T 10 )] (3.51)
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Moreover, for r and ¢’ satisfying (3.45) such that additionally

2R

— < |t 1], (3.52)
IN(Jj M)A

as above, one computes

E (1 _ e—w(wu,-,m\[(1+KA)-19(E)—z])—w(wu,-,m||A|[<1+KA>0<E>—H]))

1
— / (1 _ e—<p<|N(1,-.A)||A|[(1+KA)u—t])—<p<|N(J,-,A>||A|[(1+KA>u—r’])) du
0

+

2 (0.¢]
= 1—e¢%)du. 3.53
(1+KA>|N(J,-,A)||A|_/( ) du 329

oo
As above, we obtain that, for |A| sufficiently large,

+o00
log ®(t,t', A, Jjn,9) =2 / (1 — eﬂ"(”)) du+0 (IN(J;)IF)  (3.54)

—00

if we assume that ¢ and ¢’ both satisfy (3.50) and (3.52).
Again, in (3.54), O (IN(J,-,A)I’S) is independent of j, thus, so is the smallest size
of A one should choose for (3.54) to hold under assumptions (3.50) and (3.52).
Finally notice that ®(¢, A, J; A, ¢) and ®(, t', A, Jj,a, ¢) are both bounded by
1 and that the measure of the sets of ¢ € [0, 1] satisfying (3.50) and the measure of
the sets of (¢, 1) € [0, 112 satisfying (3.50) for 7 and ¢’ and (3.52) are both larger than

1-0 (|N(Jj,A)|°‘71(1_°‘)). Thus, thus, taking (3.7) into account, we have proved

Lemma 3.9 Fix R > 0. Fix p' and p" satisfying (3.6). Fixa € (0, 1) and u € (0, 1/d)
satisfying (2.6), (2.8) and (3.9).
For | A| sufficiently large (depending only on R, p’, p”, a and 1), one has

1 +00
/d)(t,A,Jj,A,(p)dt—exp (— / (l—e_"”(x))dx)
0

<|A7PE (3.55)

sup  sup
zpeC]JfR jeG %
and
1 1 400
sup sup //QJ(I, t', A, JjA, p)dtdt' —exp | -2 / (1 — e_‘p(x)) dx
veCiR 1S9 15 0 oo
SIA[TP (3.56)

where B is defined in (3.10).
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Let us use Lemma 3.9 to complete the proof of Lemma 3.5. For L > 1,let A = Ap.
Fix (ar)1>1 asequence valued in [1/2, 2]. Then, for ¢ € CiR, the sequence (¢q, ) 1>1
is bounded in CLR. Thus, by Lemma 3.9, for k > 1 suchthatkafd > 1and (@r)r>1,
any sequence valued in [1/2, 2], we have that

1 oo 2
Z Z]E /e_@(“”t'j’AL")’%L)dt—eXp _/ (l—e_%‘L()‘)) dx < 400.
jeG L>1 0 —00
Thus, we have proved Lemma 3.5. O

The additional restriction we impose on « in (3.11), namely the upper bound, is not
used in Lemma 3.5. It will be of use in Lemma 3.3.

3.6 The proof of Lemma 3.3

Fix « satisfying (3.11). Clearly, by (3.15) and (3.16), to prove Lemma 3.3, it suffices
to show that, for some ¥’ > 0, w-almost surely, one has

1 1

sup /;(sJ,,ALK @nA).0) _/e*@mx @6AL) ) 4| < p =
jeG

LF<L/<(L+1)< 10 0

(3.57)

where a;r = |Ap/|/|ALx|. Notice here that we chose the same partition of J into
(Jjap)j forall L < L” < (L 4 1)* which is possible as |[A /| = |Ap<|(1 + o(1)).

The strategy of the proof of (3.57) goes as follows. In Lemma 3.10 below, we
prove that, with a good probability, for all j € G, most eigenvalues of H,(A;/) and
of H,(Ar«) in J;j A, have center of localization in Az _1)«; this will be obtained
as a consequence of the description given by Theorem 2.1. Thus, by Lemma 2.1, the
Minami and Wegner estimates (M) and (W), with a good probability, these eigen-
values of H, (A /) and of H, (A «) are close to one another. We then use Lemma 3.8
to compare the point measures E]j,ALK (w,t, Ar/) and E (w, t, Ar«) and, thus,
derive (3.57).

We prove

Ji Ak

Lemma 3.10 Pick k > 1 satisfying (3.11) and p > 0 arbitrary. There exists k' > 0
such that, with probability at least 1 — L™P, for L sufficiently large, one has

1. ifL“ < L' <(L+1)“and j € G, to each eigenvalue of H,,(Ar) in Jj 5, with
localization center in A -1y, say, E, one can associate a unique eigenvalue of
Hy(Ape)in Jj a,., say, E', such that |E — E'| < L34,

2. ifL* < L' <(L+1)*andj € G, to each eigenvalue of H,(A <) in Jj Apc With
localization center in A1y, say, E, one can associate a unique eigenvalue of
Hy(Ap)in Jj o, ., say, E', such that |E — E'| < L=3,
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3.
up H N(japes A M-, 0) 1'
L¥ <L/ <(L+1)¥ N(Jj,AL/mAL",A(L—l)",w)
jeG
‘N(Jj,ALmAL’»A(Ll)‘(aw) B 1H < .
N(Jj e AL, o) ~ '

We postpone the proof of Lemma 3.10 and use it to apply Lemma 3.8 to &; e (w, t,
Ap)and E Ak (w,t, Arv). By Lemma 3.10, with probability at least 1 — L™7, the
assumptions of Lemma 3.8 will be satisfied if, using the notations of Lemma 3.8, we
take

e X, tobetheeigenvalues of H,(Ar/)in J;j a,, withlocalization centerin Az _1)«,
e Y, tobe theeigenvalues of H,(Ap«)in J;j s, withlocalization centerin A _y«.

Indeed, Lemma 3.10 then provides the estimates
0<a, SL™, 0<K,<CL*' and 0<g, <L

Hence, with probability at least 1 — L7, (3.20) is an immediate consequence of
Lemma 3.8 (where one of the functions ¢ has been replaced with ¢y, ). Taking p > 1
and applying the Borel-Cantelli lemma, this completes the proof of Lemma 3.3. O

Proof of Lemma 3.10 To prove Lemma 3.10, our main ingredients will be the Minami
estimate (M), the Wegner estimate (W), Lemma 2.1 and Theorem 2.1. Pick L’ such that
L¥ < L' < (L + 1)¥. Slicing the interval J into intervals of size L_I’pfl_“d(l‘mfl),
for each slice, the Minami estimate tells us that the probability to find two eigenvalues
in this slice is bounded by CL~(P+<d)(1+,™") A the number of slices is bounded by
CLpp71+Kd(l+p71), we know that, there exists C > 0 such that, with probability at
least 1 — L7,

(P1) no two eigenvalues of Hy,(Ay/) in J are at a distance from each other smaller
than €~ =P~ —kd(1+p7h)

Fix & € (0, 1) arbitrary. By Lemma 2.1 and the Wegner estimate, we know that, for L
sufficiently large, with probability at least 1 — L™7,

(P2) forany j € G, if E is any eigenvalue of Hy,(A/) (resp. Hy,(Apx))in Jj A,
associated to a localization center in A (7, —1y«, then there exists E "an eigenvalue

of Hy(ALx) (resp. Hy(Az))in Jj.5,. such that [E — E'| < e ="
Indeed, if E is an eigenvalue of H, (A ') associated to the normalized eigenfunction

¢ and the localization center xg, letting /7 be a (smooth) cut-off supported in the ball
B(xg, L®~D/2) we have

_L-DE/3

Lol 2a 0 — 1]+ I(Ho(A L) = EYW10)l120a,0) < € IWLOlL2a -
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. . k—1)&/3
Thus, H, (A 1<) has an eigenvalue, say, E’ at distance at most e’L( < from E. More-

over, by the Wegner estimate (W), the probability that any eigenvalue of H,,(Ar«)
falls into (JJ'J\LK +e T, 1]) \ Jj A« is bounded by CL =LV g,

by (3.7),onehas [Jj o, | = N(Jja ) < L~9¢ Thus, inverting the roles of H,, (A 1«)
and H,(A/), we get (P2).

Combining (P1) and (P2), as for L large one has e L™ « [ —pp~'—xd(+p7h)
we see that, with probability at least 1 — 3L™", for any j € G, there exists ¥; a
bijection between the eigenvalues of H,(Ay’) in Jj A, associated to a loc. center
in A —1y< and the eigenvalues of H,(A«) in J; o, associated to a loc. center in
A -1y« satisfying |W(E) — E| < e LTV Thus, we get that, with probability at
least 1 — 3L~7, one has (1) and (2) of Lemma 3.10 as well as

N(Jjapes Aps A=ty @) = N(Jja e e, Ap—1y, o). (3.58)

thus, the first part of point (3) in Lemma 3.10.

To complete the proof of Lemma 3.10, we use Theorem 2.1 with R > 0 satisfying
R > a’_l(p,o_1 + kd(1 + ,0_1)). For all j € G, we apply Theorem 2.1 to H,(L)
and J;j A, where H,(L) is either H,(A /) or H,(AL<). We then know that, with
probability at least 1 — L7, the eigenvalues of H, (L) corresponding to localization
centers in Az 1)y« are described by (1), (2), (3) except for at most N (J;j YLk (=)
of them. The number of cubes (A¢(y))), constructed in Theorem 2.1 that intersect
AL/ \ A(L_I)K or ALK \ A(L_I)K is of order |AL/|(d_1/K)/d£_d (Where { = EL/),
that is using (3.7), of order |Ap/|@=1/K)/d=dap The condition (3.11) guarantees that
1- L —dap >o0.

Moreover, for each such cube A;(y), the operator H,(A¢(y)) puts at most one
eigenvaluein J; A, . . The Wegner estimate implies that the probability that H,, (A¢(y))
puts at least one eigenvalue in J; ,, is bounded by C|J; 4, ¢4.

Hence, by a standard large deviation principle for independent random variables
(see e.g. [9]), with a probability at least 1 — L7, the number of eigenvalues described
by by (1), (2), (3) of Theorem 2.1 with localization center in Ay \ Az —1)« is bounded
by C|Jj Al |Ap|“@=1/9/d Using (3.7) and the definition of G (see (3.12)), for
Jj € G, we have

e A LA TSN )T A @10
= ALIINUja Ol Ay |~/ edFar /e
SIALINU Ol AL

"

as, using (3.11), (2.6), @ < 1 and 1 4 p < p’, one computes ﬁ — 2 > 0.
Thus, we obtain that there exists x > 0 such that, with probability atleast 1 — L™,

(P3) except for at most C|Ap«||N(Jja.)lIAr/|~% of them, the eigenvalues of
H,(A /) and those of H,(A«) are associated to a center of localization in
A(L_])K .
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Now, with a probability at least 1 — 3L~7, using (P1), (P2) and (P3), we see that

INUjape Ay A=ty @) = N(Jjape A, )| S IALL Nl 1AL
and

IN(jape: Ay A—iy, ) = [Acl INUj a0l | STAL N INU a0l 1AL X

This completes the proof of point (3) of Lemma 3.10, thus, the proof of Lemma 3.10.
(]

3.7 The proof of Theorem 1.5

This proof follows the same analysis as the proof of Theorem 1.1. The only difference
comes in the second step of the reduction when one splits the interval Eg 4 /5 into
smaller intervals (see Sect. 3.2.2). As |Ip| — 0 and, thus, |N(Eq+ I5)| — 0, one has
to modify this part of the reduction and, as we will see now, a new condition comes
up because of the possible difference of asymptotics for |N(Eg + I5)| and |14 ].

Let us first follow the construction done in Sect. 3.2.2 under an assumption more
restrictive than the second assumption in (1.9), namely, that [N(Eg + I5)| =< |A|_5.
Pick @ > & such that the conditions on the exponents p’, p”, u, o, B and « in
Sect. 3.2.1 be satisfied; this can be done by picking o’ large. Split the interval N (Eo +
1) into subintervals of size |A|™% (see Sect. 3.2.2). Then, the estimate of the size of
B defined by (3.12) for Ey + I becomes

#B < |A[*(+0) T 004D (3.59)

where p is defined in Theorem 1.5.

On the other hand, for the density of states measure of the sets of energies that we
don’t control (i.e. those corresponding to the indices in B) to be much smaller than
IN(Eog + Ip)], we need to require that

#B - |AIT* < A7 (3.60)

that is, using (3.59), it is sufficient that the exponents satisfy the inequality

"’8 i
LR (3.61)
1+p 1+4p”
Define & to be the set of (o', p”, w) satisfying (3.6), (2.6) and (3.9) and
"
T = P (3.62)

Sup / " > O
(o.p g L+ p—dup'(1+ p”)
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As « can be chosen arbitrary in the interval defined by (2.8) and (3.9), we will be able
08
1+p
Once this condition, hence, condition (3.60), is fulfilled, the analysis is the same as
in the macroscopic case. In particular, the analogues of Lemmas 3.2 and 3.3 hold.
Let us return to the general case when we only know that for some 6 € (0, 1)
satisfying (1.10), one has [N (Eo + IM)||A|2 — 400. Then, we define 8y as

to find («, p”) satisfying (3.61) if

<T.

8o = inf{8’ > 0; |N(Eo + I)||A]Y — +o0).

Thus, by assumption (1.9), one has 9 € [0, §] where § is defined in Theorem 1.5.

. 031
Pick any 61 > dp such that 157

< 7. We can then analyze the process associated

to the energies in Eg + I5 by quitting this interval into intervals of size (computed
with respect to the density of states) of order |A|~%!, with at most O (|A|*1~%) such
intervals. The exponent §; — §p can be made arbitrarily small, we can glue the results
in the same way as in the macroscopic case.

Let us complete this section with a remark on how condition (1.8) is used. It
is needed to obtain the results corresponding to Lemmas 3.3 and 3.10. In Lem-
mas 3.3 and 3.10, the number of eigenvalues we take into account is asymptotic
to [N(Eo+1a,,)||AL | and we want these number to be close to each other for all the
cube of side-length L’ in [L¥, (L + 1)¥]. Therefore, we need that [N (Eg + In, )| ~
IN(Eq + Ia;)| which is (1.8). This will now imply that the error estimate in the
analogues of Lemmas 3.3 and 3.10, instead of being of size an inverse power of L,
will simply be o(1) (coming from condition (1.8)). But this does not modify the final
result.

3.8 The proof of Theorem 1.6

Theorem 1.6 follows from Theorem 1.1, Lemma 3.8 and the fact that most eigenvalues
of H,, in J with localization center in A are very well approximated by an eigenvalue
of H,(A) in J, and vice versa.

Write J = [a, b]. Using the techniques of the proof of Lemma 3.10, one proves
the following result for the eigenvalues of H,, in J having localization center in A

Lemma 3.11 Fix x € (0, 1). There exists x' > 0 such that, w-almost surely, for L
sufficiently large, one has

1.

NT(J, A, o)

— 1| < |
N(J. A, )

2. toeach eigenvalue of H,(Apr) in Jp := [a + L7342 b — L734/2) with localiza-
tion center in Ap_rx, say, E, one can associate an eigenvalue of H, in J with
localization center in Ay, say, E', such that |E — E'| < L=24;
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3. toeacheigenvalue of H, in Ji, with localization centerin A x, say, E, one can
associate an eigenvalue of H, (A1) in J, say, E', that satisfies |E — E'| < L=%4.

One then uses this to combine Theorem 1.1 and Lemma 3.8 to obtain Theorem 1.6.

4 The proof of Theorems 1.3 and 1.4

These proofs are simple and rely on general theorems on transformations of point
processes (see e.g. [5, Chap. 5.5] and [34, Chap. 3.5]).

4.1 The proof of Theorem 1.3
As in the proof of Theorem 1.1, it suffices to consider the case when J is an interval
in the essential support of v, that is, N is strictly increasing on J. In particular, one
has v(#) > O for almost every ¢ € J.

If ¢ is a random variable distributed according to the law vy (¢)dt, then 7 := N (t)
is uniformly distributed on [0, 1]. Thus, the process E,(w, , A) under the uniform

law in 7 has the same law as the process E;(w, Ny (t)~, A) under the law vy (¢)dt.
Rewrite the point measures Ej(w, Nj(t), A) and B (w, t, A) as

Ej@.N;(t). A= D Spwn and Ej@.t. A= D 8w
En(w,AN)eJ En(w,A)e]

where
Xp(@, 1) := [N(DIA|[Ny(En(@, A)) — Ny ()] = [A[[N(Ep(@, A)) — N(1)]
and
Xn(w, 1) == v(O|A[Ep(@, A) —1].
Thus, one has
Xn(w, 1) = wp(En(@, 1);1) and  Xp(w, 1) = xa (X (@, 1) 1) (4.1)

where

X
wa(x;t) = |A| |:N (l + m) — N([)]

and

xa(xi 1) = v(0)|A] [N—l (N(r) + |XT|) - r]

where N~ is the inverse of the strictly increasing Lipschitz continuous function N.
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Note that, if N(J, A, w) denotes the number of eigenvalues of H,(A) in J, one
has

1 -1 xl‘l
T En(w,AN)e]

Following the notations of [34], let M, (IR) denote the space of point measures on the
real line endowed with its standard metric structure. Actually, by Minami’s estimate
(M), we could restrict ourselves to working with simple point measures.

The point processes Ej(w, Nj(t), A) and E(w, t, A) under the law v (t)dr are
the random processes (i.e. the Borelian random variables) obtained as push-forwards
of the probability measure v (t)dt through the maps t € R — Ej(w, Nj(t), A) €
MpR)and t € R Ej(w,t,A) € M »(R). We denote them respectively by
Z/(w, A) and 2y (w, A).

One can extend the mapping x € R — xa(x,f) € R to a map, say, x, A on
point measures in M ,(R) on the real line by mapping the supports pointwise onto
one another and computing ¢ using (4.2) i.e.

Xw’A (z a’l8x'l) N Z anéxw»/\ (x";t(Ziz a”b‘)ﬁl))
n n

where ¢ (Zn a,d xn) is defined as

_ ! -1 _ X
t(zanaxn)_N(J,Aw)Ez N (N(En(a))) |A|).

n n(w,AN)eJ

For fixed A and w, the map xu A : M,(R) — M,(R) is measurable as the map
t — xa(x,t) is. Moreover, by the computations made above (see (4.1) and (4.2)),
one has

Xo.n(By(@, A) = Ej(w, A). (4.3)

For any x € R, t almost surely, one has A (x;f) — x as |[A| — +oo. Hence, as
|[A| — 400, Xw,n tends to the identity except on at most a set of measure 0 in M , (R).
On the other hand, Theorem 1.3 tells us that, @ almost surely, E;(w, A) converges
in law to the Poisson process of intensity 1 on the real line. Thus, we can apply [5,
Theorem 5.5] to obtain that, w-almost surely, X j(w, A), that is, E j(w, t, A) under
the measure v (¢)dt, converges in law to the Poisson process of intensity 1 on the real
line. This completes the proof of Theorem 1.3. O
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4.2 The proof of Theorem 1.4

To complete this proof, recalling the notations of Theorem 1.4, we notice that, for
x >0,

{E, e J; IA(Ept1(w, A) — Ep(w, A)) > x}
={Ey € J; vIO|A|(Ent1(w, A) — Ex(w, A)) = v(t) x}.

Thus, integration with respect to v, (¢)dt over J, Theorem 1.3 and the same compu-
tations as those made to obtain Proposition 4.4 in [30] lead to, w-almost surely

#{E, € J; vOIA[(Epg1(w, A) — Ex(@, A)) = v(1) x}

DLS(x; J, w, A) =/

N(J,w, A)
J
xvy()dt — "INV, (1) dt.
|A]—+o00
J
This completes the proof of Theorem 1.4. O

5 Appendix
We now indicate how one should modify the proof of [15, Theorem 1.15] to obtain
Theorem 2.1.

One just needs to modify the way one estimates the set S¢, 1 that is the set of
disjoint boxes of the decomposition A¢(y;) C Ay containing at least 2 centers of

localization of H,(Ar). Here, A = Ap. It follows from [15, Lemma 3.1] (taking into
account ¢/, < £,) that, using independence and Stirling’s formula,

P(H(Se,.L = k) S ('A?('/n)(IIAIe‘f\)(”’”"

k
[ALl d~(1 e|ALl k _
<fle—= ) ([Ip)edH)d+mk — ( ZZ2E N (1, 1+p"z <27k
N(eu,f\ (11a1€5) p (Ipn) <

if we choose

k>K:= [ZeN(IA)|AL| (N(IA)‘flff"zj’(")} +1. (5.1)

1+p
A L ogi A

K = Al NN €, _of 1AL (5.2)
o ¢
A A
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if the right-hand side inequality in (2.5) holds. As a consequence, as p’ > p, we get
that

P#(Sp.) > K) <27K.

So that, with probability larger than 1 — 2-K we can assume that the boxes Ae(y)),
except at most K of them, contain at most one center of localization.

We now control the number of centers of localization that may be contained in these
K exceptional boxes. In a box of size ¢, the deterministic a priori bound on the number
of eigenvalues guarantees that this number is bounded by Ei (up to a constant). Using
this crude estimate the number of eigenvalues we miss with these K boxes is bounded
by

p=p" %
Ked < N()IAL (N(IA)Hﬂ” ffi“*’”) = o(N(In)|ALD,

provided the right-hand side inequality in (2.5) holds.
The remaining part of the proof of Theorem 2.1 is identical to that of [15, Theorem
1.15]. O
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