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Abstract Smorodinsky and Laurent have initiated the study of the filtrations of
split-word processes, in the framework of discrete negative time. For these filtrations,
we show that Laurent’s sufficient condition for non standardness is also necessary,
thus yielding a practical standardness criterion. In turn, this criterion enables us to
exhibit a non standard filtration which becomes standard when time is accelerated by
omitting infinitely many instants of time.

Mathematics Subject Classification (2000) 60G15 - 60A99

1 Introduction

We shall be interested in filtrations, in the setting of discrete, negative time: given
a probability space (2, A, IP), a filtration is an increasing family F = (F;),<o of
sub-o-fields of A; observe that the time n ranges over all negative integers. (Equiva-
lently, one could consider decreasing families of o -fields indexed by positive integers,
known as reverse filtrations; but we find it more convenient to let time run forward,
with n + 1 posterior to n, at the mild cost of dealing with negative instants.) As discov-
ered by Vershik [13], in this framework very subtle phenomena occur in the vicinity of
time —oo.

For a simple example, suppose that the o-field N, F, is degenerate and that, for
each n, F;, is generated by F,,_1 and by some Bernoulli random variable U, which
is independent of F,_; and uniformly distributed on the 2-set {0, 1}. Under these
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270 G. Ceillier

hypotheses, it may happen that F contains more information than the natural filtration
of the Bernoulli process U = (U, ), (this is similar to weak solutions in SDEs); but
something more surprising is also possible: that F is not generated by any Bernoulli
process whatsoever. Such filtrations have been called non standard by Vershik, who
has given in [13] a necessary and sufficient criterion for standardness, and several
examples of non standard filtrations. The rigorous definition of a standard filtration
will be recalled later, in Sect. 4.

All filtrations considered in this study have an additional property: for each n, F,
is generated by F,_; and by some random variable U, which is independent from
Fn—1 and uniformly distributed on some finite set with r,, elements. Such a filtration
is called (ry,)-adic. For these filtrations, as shown by Vershik [13], standardness turns
out to be tantamount to a simpler, much more intuitive property: an (r, )-adic filtration
F is standard if and only if F is of product type, that is, F is the natural filtration of
some process V = (V;),<o where the V,, are independent random variables (In this
case, it is easy to see that the process V can be chosen with the same law as U.). So,
at first reading, ‘standard’ can be replaced with ‘of product type’ in this introduction.

When time is accelerated by extracting a subsequence, that is, when (F},), ez~ 1S
replaced with (F,),,c o where Q is some infinite subset of the time-axis Z™, a standard
filtration always remains standard, but a non standard one may become standard (or
not). Examples of this phenomenon were first studied by Vershik in the framework of
ergodic theory, and then, in a probabilistic setting, by Laurent [5]. Lacunary isomor-
phism theorem [2] states that, from any filtration (F;,),c7z- (such that F is essentially
separable), there exists Q C Z~ such that (F,),¢ is standard.

By varying the parameters in an example initially due to Vershik [13] and later
modified (in the dyadic case) by Smorodinsky [9], Laurent [5] has described a family
of filtrations, the split-word filtrations; he has shown some of them (the fastest ones)
to be standard, and some other ones (the slowest ones) to be non standard; but an
intermediate class was left undecided. We continue his study, and show that all these
intermediate filtrations are in fact standard. This yields an easily verifiable necessary
and sufficient condition for a split-word filtration to be standard.

As the family of split-word filtrations is stable by extracting subsequences, this
criterion makes it simple to observe on these examples the transition from nonstand-
ardness to standardness when time is accelerated. We find that this transition is, in
some sense, sharp: in Example 2, we exhibit a non standard filtration F such that, for
every infinite subset Q of Z~ with infinite complementary, the corresponding extracted
filtration (F,)ne o is standard. This F is as close to being standard as possible, for, if
Q C Z~ is cofinite and if G is any filtration, the extracted filtration (G,),cq clearly
has the same asymptotic properties (standardness, product type, etc.) as G. To our
knowledge, in the earlier literature, the best result in this direction was the existence
of a non standard filtration F such that (F2,),<o is standard (examples are given by
Vershik [13], Gorbulsky [3] and Tsirelson in an unpublished paper).

In this paper we study the filtrations of split-word processes. These processes are
inspired by examples given by Vershik [13, example 2,3,4] and have been introduced
and studied in terms of probability theory by Smorodinsky [9] in the dyadic case and
by Laurent [5] in the general case.
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The filtration of the split-words process 271

The distribution of a split-word process depends on an alphabet A of size N > 2
and on a sequence of positive integers (£;),<o such that £p = 1 and, for every n < 0,
the ratio r, = £,1/£, is an integer r, > 2. The sequence (X,), <o of split words is
indexed by the nonpositive integers. For every n < 0, the law of X, is uniform on the
set of words of length £,, on A. Moreover, if one splits the word X,,_1, whose length
is £,_1, into r, subwords of length ¢,,, then the word X, is chosen uniformly among
these subwords, independently of everything up to time n — 1. More precisely, denote
by V,, the location of the subword X,, in X, _1. Then V}, is uniform in {1, 2, ..., r,}.
The split-word process is (X, Vi)n<o-

Call FXV = (F; X, V)n<0 the natural filtration of (X, Vi), <o. Clearly, every sub-
sequence (]-"n ),,EQ with Q C 7Z~ is the natural filtration of a split-word process
with lengths (£,,/¢,,),c0 on the alphabet A where m = max Q.

The filtration FXV is (rn)-adic since for every n < 0,

FXV = J—'X ‘1/ V o (V,) with V,, independent of]-'

Moreover, the tail o-field F. i‘oX is trivial, thanks to proposition 6.2.1 in [5]. Yet, the

inclusion an - .7,5( Vs clearly strict since X is independent of (V},), <o. However,
the filtration XV may still be a product type filtration (generated by some other
independent sequence).

1.1 Results

Surprisingly, the nature of the filtration 7%V depends on the sequence (€n)n<o:

Theorem 1 The ﬁltration FXVis standard (or equivalently, is of product type) if and
only if, the series Z (rn)

diverges.

The ‘if” part of the theorem, which is new, will be proved in Sect. 3, and the ‘only
if” part in Sect. 4.

n(r
Note that the convergence of the series Z In(r»)

is equivalent to the condition A

of Laurent [5], who established the ‘only if’ partnof Theorem 1.

n(rn)
The condition that we call —A (the divergence of the series Z

), which
implies standardness, improves on Laurent’s sufficient condition of standardness:
(Vn) There exists o < 1 such that ry’ > N asn — —oo.

Laurent notices that conditions V are weaker than the condition

()

n

as n— —oQ, (V)

which does not depend on N. Laurent indicates that conditions V and A were previ-
ously introduced by Vershik [13, example 1], in the context of decreasing sequences
of measurable partitions.
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272 G. Ceillier

Since conditions V and A do not exhaust all possible situations, both Vershik and
Laurent asked what happens “between V and A”. In Theorem 1, we solve Laurent’s
question: condition A is in fact necessary and sufficient for the filtration of the split-
word process to be non standard.

After the completion of this paper, Anatoly Vershik drew our attention to the paper
[4], where Heicklen obtains a result equivalent to Theorem 1. The (r;,)-adic filtrations
studied by Heicklen were introduced by Vershik [11] as follows. (We mention that
both Vershik and Heicklen index sequences by the set of nonnegative integers whereas
we index them by the set of nonpositive integers, and that this is the only difference
between their presentation and ours, given below.)

Let A be a finite alphabet and (G,), <o the decreasing sequence of groups defined
by

0
Gn= > Z/rLZ.

k=n+1

Let G denote the union over n < 0 of the groups G,,. For every n < 0, the group G,
actson A (on the left) by canonical shifts. Namely, forevery g € G, and f € A®,one
defines g- f € A by (g- f)(x) = f(xg) forevery x € G. Let Orbg, (f) denote the
orbit of a given f € AY under the action of G,,, that is, Orbg, (f) ={g-f; g € Gu}.

Let F = (F(x))reg € A% be arandom function whose coordinates F (x) are inde-
pendent and uniformly distributed in A. The filtration (F,), <o studied by Vershik and
Heicklen is the natural filtration of (O,),<o, where

0, = Orbg, (F).

For each n < 0, O,,_ is the union of r, orbits under the action of G,, one orbit
for each element of G,_1/G,. Almost surely, these orbits are all different since the
shifted functions g - F are different. Futhermore, conditionally on (O, _1, O,_2, ...),
the random variable O,, is uniformly distributed on these 7, orbits. This shows that
(Fn)n<o is an (r,)-adic filtration.

One can show that the tail o-field F_ is trivial and that the filtration of the split-
words process is immersed in (F,),<o. Informally, the word X, at time 7 is given by
the values at e (the identity of the group G) of the elements of O,. One gets X, from
X,—1 by splitting the orbits under G,_ into r,, orbits under G, and by choosing one
of these orbits uniformly randomly.

Thus, the standardness of (F,),<o when condition A fails implies that the natural
filtration of the split-words process is standard and, therefore, that it is of product type.
Heicklen’s proof relies on Vershik’s standardness criterion and uses the language of
ergodic theory. Although Heicklen’s result and our Theorem 1 are logically equivalent,
we believe that our proof is interesting because it relies on a constructive, direct and
probabilistic method.

This result has interesting applications in ergodic theory as we now explain. Recall
that entropy is a well known invariant associated to an automorphism of a probabil-
ity space (that is, a bimeasurable application preserving the measure). Vershik [12]
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The filtration of the split-words process 273

defined a much more elaborate invariant, named the scale. But computing this invariant
is a very difficult task, even in simple cases. However, Laurent showed that our result
provides the exact scale of a dyadic transformation [7]: more precisely, the scale of
this transformation is the set of sequences (r,,), <o fulfilling condition A.

Using Vershik’s theory, one can deduce from Theorem 1 that the filtration of the
split-word process on any separable alphabet (endowed with an arbitrary measure) is
standard under condition —A, see [6] for a proof.

1.2 Examples

Condition —A forces the length ¢, to grow very quickly as n goes to —oo. If a
given sequence (¢,),<o is —A, then every sequence (¢,,),<o such that (Inr;,) /€, >
(Inry)/Ly is —=A as well. No similar property holds for the sequence (£,),<o only,
nor for the sequence (r,,), <o only. Indeed, the first example of this section provides a
sequence (r,,), which is —=A and such that (r,%)ngo is A.

Example 1 (A standard split-word filtration) Let £g = 1 and €,_; = 2% for every
n < 0. That is to say

by, = 222-. where the fig. 2 appears |n| times.
Then for every n < 0,
Fp = L1/l = 2ttt
Therefore

by — 4L
log, (ry) /€y = nz—nﬂ — 1,
n

which proves that (r) is —A.

Theorem 1 has another interesting consequence which we now explain. Recall that,
by the lacunary isomorphism theorem [2], from any filtration (F;),<o (such that Fy
is essentially separable), one can extract a filtration (F,),eco which is standard. In
[13], Vershik provides an example where (F;,), <o is non standard whereas (F2,),<0
is standard. In [3], Gorbulsky also gives such an example. Theorem 1 provides an
example of a non standard filtration (example 2 below) in which the transition from
the non standard case to the standard case is very sharp: (F,),e is standard for every
infinite subset Q of Z~ with infinite complementary.

Example 2 (A non standard filtration close to standardness) Set o = 1 and £,,—1 =
4‘/Ef0r every n < 0. That is to say

2

by = 4% Where the fig. 2 appears |n| — 1 times.

@ Springer



274 G. Ceillier

Then the filtration (]:,EX’V))n <0 is not of product type. Yet, if ¢ is a strictly increasing
application from —N into —N such that ¢ (n) —n — —oo as n — —o0, then the

Sfiltration (fqgfn’)v ))ngo is of product type.
Proof On the one hand
log, 1y P log, £n—1 . 2
b Ay N

which is the general term of a convergent series, thus (£,),<o is A. On the other hand

the filtration (fq(ﬁ)((r;)v ))ngo is the filtration of a split-word process of length process
(€)n<o = (Lpm))n<o- The ratios between successive lengths are, for n < 0,

=1/ = Lop-1)/Lpn)-

If¢(n) —n — —oo whenn — —oo, then ¢p(n — 1) < ¢ (n) — 2 infinitely often. For
these n,

e n
T R A S

T = = =
" Ly Lon) Lom)

hence

logyry o ,2 o0 logy Loy
8 Lon) Lo

This shows that a subsequence of (log, (r;,)/€,,), converges to infinity, hence that (€},),
is —A. O

2 Laurent’s method and tools

In this section, we introduce the tools used by Laurent to prove that under condition
V, the filtration of the split-word process is of product type. Laurent used a canonical
coupling to build explicitly a sequence of innovations (V,),<o which generates the
process (X, Vi)n<o-

Definition 1 If (), <o is a filtration, and (U, ), <o is a sequence of random variables
such that for every n < 0,

Fn = Fn-1 Vo(Uy,) with U, independent of F;,_1,

one says that (U, ), <o is a sequence of innovations for (F,),<o-

This method is strengthened in Sect. 3, where we consider a partial canonical cou-
pling to improve on condition V.
We remind the reader that sequences are indexed by the nonpositive integers.
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The filtration of the split-words process 275

2.1 Change of innovations

We start with a complete definition of split-word processes.

Definition 2 (Split-word process) Let (1), <o denote a sequence of integers such that
r, = 2 forevery n < 0. Set £y = 1 and, for every n < 0, £,,_1 = ry{,. Let A denote
a finite set, called the alphabet, with cardinal N > 2.

A split-word process is any process (X, Vi,)n<o such that, for every n < 0,

* X, is uniformly distributed on Al

e V, is uniformly distributed on {I,...,r,} and independent of the o-algebra
FE =0 (Xps Vs m <n =1,
e if the word X,,_1 (with length [,,_{ = [,r,) is partitioned into r,, subwords of length

l,, X, is the V,,th among those r,, subwords.

The sequence (X, ),<o is a inhomogeneous Markov process indexed by the negative
integers and generated by the innovations (V},),<o. The existence of such a process
(X5, Vi)ngo is guaranteed by Kolmogorov’s theorem.

To prove that, under some conditions, the filtration of the split-word process is of
product type, one has to switch from one set of innovations to another. Lemma 2.1
provides a general method to build new innovations.

Lemma 2.1 (Change of innovations) For everyn < —1, let {¢]} },, denote a family of
permutations of {1, ..., ru11), indexed by the elements w of A*, and let

Vr:+l = ¢§,I(Vn+1)~

Then (Vn/)n<0 is a sequence of generating innovations for (X,)n<o. This means that,
for every negative integer n < —1, the following properties hold:

e The random variable V,;_H is uniformly distributed on {1, ..., rp4+1}.

!
* The random variable V, 41 is independent of .7-',5( V. and therefore also of .7-',5( v
* The random variable X, 1 is a measurable function of X,, and V, 11

Proof of lemma 2.1 For every negative integer n and every v such that 1 < v < 41,
a simple computation proves that

PV, = | FCV =PV = (9% ) OIFSY T = 1/ruq.

This shows the first two properties. The third property follows from the fact that X, 4|
is the kth subword of X,,, where k = ((p’)’(n)’1 ). O

2.2 Canonical word and coupling
To build the innovations which generate the process (X, ),, <o, one can use, and improve

on, Laurent’s construction under the stronger condition V. This uses the notions of
canonical word and canonical coupling, which we recall below.

@ Springer



276 G. Ceillier

f(i)lgl,p}ingExample of canonical I B Il A " C || A || D || C || A | w

qu’w

[A[BI[CIDJAJA[C| P\, W
[A[BICIDJAIBIC] ¢

Definition 3 (Canonical alphabets and canonical words) For every integer M > 2,
the canonical alphabet on M letters is Ay = {1, ..., M}. Canonical words on A,
are the words whose ith letter is congruent to i modulo M. Hence, the letters of Ay
appear in order and are repeated periodically.

Canonical words will usually be denoted by the letter c. For example the canonical
word of length 11 on A3z is 12312312312.

Notation 1 (General notations) To simplify the definition of the canonical coupling,
one identifies any ordered alphabet B of size M > 2 with Ay according to the rank
of each letter in the alphabet B.

The ith letter of a word w is denoted by w(i). Let w = (w(i))1gi < denote a word of
length r. For every 1 < i < r, H(w, i) denotes the number of instances of the letter
w(i) among the (i — 1) first letters of w:

H(w,i) = Z Liw()=wi))-
1<j<i

Definition 4 (Canonical coupling) Let w denote a word of length r on an ordered
alphabet B of size M > 2. The canonical coupling associated to w is the permutation
@y of {1, ..., r} defined as follows: for every i < r,

0@ =w@)+ Hw, )M if w@)+ Hw,i)M <.

After this process has been applied to every i, one chooses ¢, (j) for the integers j
such that w(j) + H(w, j)M > r, in an increasing way and in order to make ¢,, a
bijection. (So ¢, (j) is the smallest £ which does not belong yet to the range of ¢,,.)

Later on, we apply the notions of canonical word and canonical coupling to some
alphabets A® with £ > 1 (Fig. 1).

By construction ¢,, is one of the permutations ¢ such that ¢ - w := wo ¢~ is as
close as possible to a canonical word. Lemma 2.2 makes this statement more precise.

1

Lemma 2.2 (Comparison of w and ¢ o ¢,) Let ¢ be the canonical word of length
r > 1 on an ordered alphabet B of size M > 2. Then forevery | <i <randw € B’,

c(py(@)) =w(@) ifandonlyif w(@)+ H(w,i)M <r.
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The filtration of the split-words process 277

Proof of lemma 2.2 By definition of ¢, the number of instances of j in c is

K k>0 j+k-DM<r= I 1= L1704
i = max{k =2 0: - Sy = = :
j J M M

Ifw(@)+ Hw,i)M < r,then ¢, (i) = w(i) + H(w, )M, thus c(py (i) = w(i) by
definition of c.

Otherwise, w(i) + H(w, i)M > r, hence the number H (w, i) of instances of w (i)
among the i — 1 first letters of w is at least the number K, ;) of instances of the letter
w(i) in c¢. According to the first case, ¢,, sends the ranks of the K,,(;) first instances
of w(7) in w on the ranks of the instances of w(i) in c. Since ¢,, is bijective, the rank
of every instance of the letter w(i) in ¢ has an antecedent by ¢,, that is less than i.
Therefore the letter in ¢ with rank ¢,,(i) cannot be w (i), that is, c(¢, () # w(i).

O

Lemma 2.2 implies Lemma 2.3 below, which is a slight improvement on Laurent’s
Lemma 6.3.2 of [5].

Lemma 2.3 Let X denote a uniform random word of length r on an ordered alphabet
B of size M > 2,V a uniform random variable on {1, . .., r}, independent of X, and
¢ the canonical word of length v on B. Then,

P[X (V) # c(ox(V)] < M/r +2(M/r)'/3.

Proof of lemma 2.3 Since X(V) < M and {X(V) = clpx(V))} = {X(V) +
H(X, V)M <r},

{(X(V) =clex(V)} D{H(X, V)M <r — M},

hence, for every positive s,
(X(V)=clex(V)}D{HX, VMKV =14+ Ms}N{V -1+ Ms <r— M}
Taking complements, one gets
(X(V) #cleox(V)} C{HX, V)M >V =1+ Ms}U{V -1+ Ms >r— M},
which yields
PIX(V)#clox(VNDIKPIHX, V)M >V — 1+ Ms]+P[V -1+ Ms>r—M].
Since r + 1 — V and V are both uniformon {1, ..., r},

PlV-14+Ms>r—-—M]=P[V<MG+DI<MGs+1)/r
On the other hand,

PIHX,V)M >V =1+ Ms]<P[|HX,V)—(V-1)/M| > s].
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278 G. Ceillier

Since V and X are independent, conditionally on V the distribution of H(X, V) is
binomial Bin(V — 1, 1/M). The conditional expectation of H(X, V) is (V — 1)/M
and the conditional variance of H (X, V) is

(V—D(M—1)/M> < V/M,
hence the Bienaymé-Chebychev inequality yields
PIH(X,V)M >V — 1+ Ms] <E[V]/(Ms®) = (r + 1)/ 2Ms°) < r/(Ms").
Finally,
PIX (V) # clox (VDI < M(s + D)/r +r/(Ms?).

This upper bound for s = (r/M)?/3 implies the statement of the lemma. O

2.3 Adapting Laurent’s proof

Let us state a slight improvement on Laurent’s result [5, proposition 6.3.3]:

Theorem 2 Ifr, > N b gs n — —o0, then the natural Sfiltration of (X, Vi)ngo is
of product type.

Let us introduce notations for the proof. From now on, a word of length ¢,, on the
alphabet A will often be seen as a word of length r,,; | on the alphabet A+1.
Proof of theorem 2.

e Choice among sub-words: for every x in A1 and v in {1,...,r,}, denote by
fn(x, v) = x(v) the vth letter of x seen as a word of length r,, on the alphabet Aln
So Xy = fu(Xn—1, Va).

» New innovations: let ¢, be the canonical word of length r,, on the alphabet A%
(for some fixed order on A®"). Let gy, , be the canonical coupling associated to
X,_1 seen as a word of length r,, on A% Set V) =ox, , (Va).

* Construction of a sequence (X)), <o approximating (X,),<o: set

X, = fulen=1, V) = fulcn—1, 0x,_; (Vn)).
The key point is to show that
PX,=X1]—>1 as n— —
by bounding above

PIXn—1(Va) # cn—1(@x,_; (Va))].
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The filtration of the split-words process 279

Applying Lemma 2.3 to X,,_; seen as a word of length r,, on the alphabet A%, one
gets that,

PLX, # X1 < Ny + 2N /1)1,

Hence P[ X, # X, ] — 0 since N <« r,.

Define an application f, : A%l x {I,...,r,} — A% by fl(x,v)
Ju(x, §0x_l(v/))-Then fy;(Xn—la Vy;) = X, and fy:( S Vr;)o' 0, r:H—l(' ) V,;,_H)(Xm) =
X, for m < n < 0. Therefore, under the assumption V, one has,

P[Xn # fy( - Voo frg (- Vo DX)] < PlXam # X,
— 0 as m — —oo.

This implies the convergence in probability:

X, :mgn—loof’;( . 1Vn/)ofr:—1( . sV,:_l)O"'o r:’[_l,-l( : er:,_H)(X;n)

= li)rgoof,ﬁ( Voo fru O Vi o fu( e Vi) (em—1)

m

and proves that the innovations (V/)x<, determine the words (X;)x<, and the inno-
vations (V; = 90;(/371 (Vk’))kg,,. Thus, the filtration (f,gX’V)),,go is generated by the
innovations (V,),<o- O

3 Improving on condition V
3.1 Statement of the main result

As said before, there is a gap between the conditions V and A under which the prob-
lem has been solved by Laurent. Our next theorem bridges the gap between the two
conditions.

Theorem 3 [f the series Zln(rn) /L, diverges (condition —A), then the filtration

n

(]:,SX’ V))ngo is of product type.
Remark 1 Laurent [5] states condition A as the convergence of the series

In(ry!)
Z anl '

n

The inequalities %rln(r) < In(!) < rin(r), valid for every r > 2, ensure that the
series

In(ry) In(r,!)
anl" andzlzr

n n n n—1
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280 G. Ceillier

both converge or both diverge. Hence Laurent’s condition A and the condition A
which we stated in our introduction and used since, are indeed equivalent.

Condition —A is easy to express, but less handy to prove things. The equivalent
wording below, which is closer to Theorem 2, is more convenient.

Proposition 3.1 (Rewording of condition —A) Condition A fails if and only if there
exists a sequence (cty), <o of nonnegative real numbers and an increasing application
¢ : —N — —N, such that the following properties hold:

1. Foreveryn < 0,ryp) = N¥ntom,
2. The series Z oy diverges.

n

Furthermore, when they exist, the sequence (a,),<o and the application ¢ can be
chosen in such a way that the additional properties below hold:

3. Whenn — —00, rgm) > N*%w (in particular; rypy — +00).
4. The series Zazn diverges.

n
5. Foreveryn < 0,0 <o, < 1.
6. For every n < —2, the ratio aylyn)/Lyn+1) is an integer.

The proof of this result can be found in Sect. 3.4.

3.2 Construction of the new innovations

The construction of the new innovations uses a partial canonical coupling. This tool
sharpens the canonical coupling that was introduced in Sect. 2.2 and which has to be
kept in mind.

Under the hypotheses of Theorem 3, the ratios (r,,),<o are no longer big enough
for the innovations associated to the canonical coupling to approach the entire word
X, in only one step. Therefore several steps are necessary to get a good information
on the word.

Definition S (Partial canonical coupling) Let w be a word of length £r on the alphabet
Aand A € {1, ..., ¢} an integer. Denote by w the word extracted from w by splitting
w into r sub-words of length ¢ and keeping only the first A letters of each sub-word.
In other words, if w = (wy, ..., wy,), then

W= (W, ..o, Wh, Wet 1y vy Weths oo vs Wer—1)lp1s -+ s Wer—1)e4+2)

is the word constituted of the letters w; such thati = j mod £ with 1 < j < A.

Let ¢y be the canonical coupling of w towards the canonical word ¢ of length r on
the alphabet A*. Since ¢ belongs to &, (the symmetric group on r letters), one can
apply it to the r sub-words of w of length £. The permutation (pﬁ/ ¢ = @y 1s called the
partial canonical coupling of rate A /£ associated to w (Fig. 2).
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A5 o iane s i

Bl [A[ Jcl |c] IIA-W% I}].

[BIA]
- A[Clog-%
[AIBICIA]B] ¢

Fig. 2 Example of a partial canonical coupling. In the proof, this coupling will be considered with ¢ =
Z¢(2n)v A= ps T =Tep2n), W = X¢(2n)—l and w = X¢(2")—1'

~~
w

/n
E-

[AL_IB[ JCTJAMMNCI |w<¢——

[B__TA[ _JCTICT JANMX.»— [BIAICICIA] Xy

@
xﬂ2n1-1

[AL_JB[_JCI_JAMMIC] 1X,&—— RAIBICIAIS &; Xyen-

=y

Xﬂzn] E E c¢(3n:"‘|

An

D xﬂl n#1)

Fig. 3 Description of the method.

Proof of theorem 3. Assume that — A holds. Fix ¢ and (), <o which fulfill conditions
1,2,3,4,5 and 6 of proposition 3.1. We now construct new innovations (V,) n<0 Which
generate the same filtration than the process X.

Let us define new innovations (V})x<o as follows. For every k < 0, define V, =
(p;“(i" (Vi) = ¢z, (Vi) if there exists an integer n (necessarily unique) such that
k = ¢(2n), and V; = Vj otherwise.

Lemma 2.3 will be used to show that with probability close to 1, the first a2, € 2n)
letters of the words X (2,,) and those of fi521)(Cg2n)—1, V(; (2n)) coincide (Fig. 3).

3.3 Proof of the main result

This proof is split into three steps.
First step: X 4(2,41) comes from the beginning of X 42, infinitely often

One focuses on the events

A, = {X¢@n+1) comes from the first ez, €20 letters of Xg 00}
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One computes P[A, ] by counting: the number of possible choices for the innova-
tions Vi forgp(2n) + 1 <k < ¢p@n+1)is

¢(2n+1)

H rk = Ly n) /Ly @n+1)-
k=g (2n)+1

The number of cases such that A, occurs is the number of sub-words of length
Ly@2n+1) entirely included in the first ap,€p (2, letters of Xy 24): this number is
a2,y 2n)/Lp2n+1) thanks to the additional hypothesis that o2, €4 21)/€¢2n+1) 1 an
integer. Therefore P[A,] = a2, and the series >, P[A,] diverges.

Moreover A, is a (deterministic) function of Vi for ¢ (2n) +1 < k < ¢(2n + 1),
hence the events A, are independent and the Borel-Cantelli lemma ensures that almost
surely, A, occurs for infinitely many n.

Note that A, € F, (;/ (,Zn +1) for every n since V|| = Vj for every time k which is not

one of the integers ¢ (2n).
Second step: Use of lemma 2.3

Our purpose is to prove Lemma 3.2.

Lemma 3.2 Foreveryn < 0, set Iyon) = {1, ..., a2uly2n)} and fix aword Cyony—1
of length Lyny—1 = rpn)le@n) on A such that C~'¢(2n),1 is the canonical word of
length rgn) on the alphabet A%nto@n  The probability for Xpon)Up@ny) (the first

aznlyn) letters of Xy an)) to be the V(/Z(Zn)th sub-word 0fé¢(2n)_1 converges to 1 as
n tends towards —oo. That is to say,

P [X¢(2n)(1¢(2n)) = foen (Cpean—1, Vé(zn))(hp(zn))] — 1, asn— —oo.

Proof of lemma 3.2 Note that X 2,)(Jp@2n)) i the Vi 2, th letter of )~(¢(2n),1 seen
as a word of length r4(2,) on the alphabet A%nton (where )~(¢,(2n)_ 1 is built from
Xpn)—1 according to Definition 5 and the caption of figure 3.2). Hence

P [X¢(2n)(1¢(2n)) = foen (Cpan)—1, V,,Z(z,,))(1¢(2n))]

=P [5(¢(2n)—1 Vo) = é¢(2n)—1((ﬂ)~(¢(2n)71 (V¢(2n)))]

Lemma 2.3 applied to )~(¢(2,,)_ 1 seen as a word of length r42,) on the alphabet
A%ntoen provides

£ [5(</>(2n>—1(V¢(2n>) # foem (Coan-1. V¢/>(2">)(I"’(2"))]
g Na2n5¢(2n)/r¢(2n) + 2(N052ng¢(2n)/r¢(2n))1/3.

From proposition 3.1, each term converges to 0, hence lemma 3.2 holds.
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Third step: Use of the innovations to recover (X,), <o

Our aim is to show that, for every m < 0, X,, is a function of the innovations
(Vi)kgm - Consider once again the events

Ay = {X@2n+1) comes from the first oo, £y 2, letters of X 2n) ).
If the event A,, occurs and if
Xpn Upan) = Foen (Copam—15 Van) Upan),
then
Xpnt1) = font1 (5 Vianiny) © -+ 0 foem G Viam) (Copan—1)-

Moreover, since A, depends only on (ng @uy+1 7 Vdg n +1)), it is independent of
{XgmUpen) = foen (Coem—1. Vi) Upen)} Thus

PlXg@n+1) = fon+) (s Viaurny) © 0 foem ¢ Vgam) (Copam—1) | An
> P XgnUpen) = foen(Coen—1, V(;(2n))(1¢(2n))],
which tends to 1 as n goes to —oo by lemma 3.2.
Some formulas below will be easier to read thanks to the introduction of the func-
tion g, which associates X,,+1 to (X, V,: L) Namely, for every integer n < 0, every

word x in A% and every integer 1 < v < ry,, define

gn(x, V) = fu(x, 9z (v)) if n is one of the integers ¢ (2k),
= fu(x,v) otherwise.

Let X :p n) be the word of length £42,) Whose first a2, £4(2n) letters are those of
the word f21) (Cp2n)—1, V(/; (2n)) and the others are set to 1. Then, by lemma 3.2,

P[X¢(2n)(1¢(2n)) = Xz/p(Zn)(I(l’(Z'l)):I — 1 asn— —o0.
Forn < m <0, call X;,m the offspring of X:p(zn) at time m, that is,

X;,,,n = gm-1(, Vn/1) o 8gm—2(, Vn/‘l—l) 0---0 g¢(2n)+1(‘7 Vé(zn))(x(;;(zn)q)

Then,
P[Xn # X1yl An] <P XpnUo@n) # X Upen)lAn],
hence P [ X,y # X}, ,|An] = 0, as n goes to —oo.
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Lemma 3.3 below, which will be proved at the end of Sect. 3.4, enables us to use
Borel-Cantelli’s lemma twice.

Lemma 3.3 Let (ay),>0 and (by), >0 denote two bounded sequences of nonnegative
real numbers such that the series Z by, diverges and such that a, < by,. Then there
n
exists an increasing application 60 : N — N such that the series Z ag(n) converges
n
and the series Zn bo ) diverges.

Continuation of the proof of theorem 3
Since the series Z P(A,) diverges and, for every fixed m < 0,
n

P[X,, # X,, ,|A;] = 0, whenn — —o0,

our last lemma applied to the sequences (IP[A;]),<n and (P[X,, # X,’n’n; AuDngm
provides a deterministic increasing application # : —N — —N such that

Z P [Xm # X}/n,@(n); AH(n)] < oo and Z P [Ag(n)] = 00.

n<m n<m
By Borel-Cantelli’s lemma, the events {X,,, # X ;n e(n)} N Ag(n) occur only for a finite

number of times n, whereas the independent events Ag () occur infinitely often. Thus
for every word x in Alm | almost surely,

{Xm = x} = limsup Apuy N {X], gy = X}-

n——oo

This proves that {X,, = x} belongs to Y ", hence X,, is a function of the innovations
(Vy:1)m <0- ]

3.4 Proof of some auxiliary facts

Proof of proposition 3.1 Assume that (a,),<o and ¢ exist such that 1 and 2 hold.
Then, for every n < 0,ryn) = N 2anlypm) hence logy r¢m) = 20,€4p(n)- Therefore

Z loggN r'n S Z logy o) > 22%’
n n

n Lo

and the last series diverges hence condition —A holds.

Conversely, assume that condition —A holds. Let 8, = ;{logN (rn) /€. Then,
rn = N4t hence r,, /N?Pntn = N2Batn,

Since Zn <0 B, diverges and ano |n|2" converges, there exists an increasing

application ¢ such that the series Z Bon) diverges and such that By ;) > 291 (n)|
n
for every n < 0.
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Replacing, if necessary, ¢ by ¢ given by p(n) = ¢(n — 1), one can ensure that the
series Z By 2n) diverges as well.
n

Since r, > 2 for every n, £y = 2= hence Bom) = 20 () |¢p(n)| implies that
Bomlom) = |¢(n)| = In|. Hence,

romy/N*Pemtomw = N2Pswlom > N2l > 1)

and this sequence converges to +00. Furthermore, defining o, = min(By ), 1), one
sees that (o), fulfills conditions 1-2-4-5 (condition 3 being a consequence of condi-
tion 4).

We now show how to build from («,,),, a sequence (c;, ), such that condition 6 holds
as well.

Recall that from the construction above, r, = N*¥ and By pm) = 1),
hence gy = NHOWI > 27900 Also o, > 22| ().

These inequalities implies that the ratio 0, = &, €g ) /€ n+1) 18 such that

¢(n+1)—1

On = 0y H Tk | T (n+1)
k=¢(n)+1
> 2¢(”)|¢(n)| 2¢(n+1)=¢(n)—1y—4p(n+1)

— 2—3¢(n+1)—1 |¢(I’Z)|

Since p(n + 1) < —1 and |p(n)| > 2 for every n < —2, this shows that g,, > 8 for
every n < —2.
Thus, 80,/9 < lon] < on and the sequence («},), defined by

o — L2nlymn)/Lyn+1)]
Loy /Lopmn+1)

is such that gcxn < cx;l < «, for every n < —2. Therefore it fulfills the condi-
tions already satisfied by the sequence (&y),<o and the additional condition that

o, Lym)/Lym+1) 1s an integer for every n < 0. O

Proof of lemma 3.3 Call B any finite upper bound of the sequence (b;),cN. Since
ap < by, for any positive integer k, there exists an integer Ni such that for every
n > Ni,a, < b,27%. We now define a sequence of disjoint intervals of integers
Je = {ik, ..., jk}, as follows. Set j_; = —1 and letk > 0.

Once jx—1 is defined, let iy = max{jr_; + 1, Ni}. Since the series Zn b, diverges
and 0 < b, < B for every n € N, one can choose an integer ji > i such that

Jk . .
B < Z by < 2B and let Iy = {ik, ..., ji}. Note that Zne]k b, > B and

n=iy

< k
Znelk an < 2B/2F.
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Calling Q the set UkeN Ix, one gets

Dlan=> > a,<2B> 1/2¢ =4B,

neQ keNneJy keN
and
PIEDIDIED WIS
neQ keNneJy keN
which completes the proof of the lemma. O

4 Proof of non standardness under A

The non standardness of the split-word process was established by Laurent in his thesis
[5] and a similar result was obtained by Vershik in [13] in the context of decreasing
sequences of measurable partitions. In this section we give a simplified presentation
of Laurent’s proof.

The proof of this result involves a subtle notion on filtrations, which is stand-
ardness. The notion of standardness was first introduced by Vershik for decreasing
measurable partitions. This notion has been adapted to continuous time filtrations by
Tsirelson [10], it has been formulated by Dubins, Feldman, Smorodinsky and
Tsirelson [1] for continuous time filtrations and by Emery and Schachermayer [2]
for discrete time filtrations.

Many necessary and sufficient conditions for standardness have been established,
for instance Vershik’s self-joining criterion and various notions of cosiness. All these
criterions are based on coupling methods. Checking them in specific cases is often a
technical task. Yet, these criterions are the key tool to solve some difficult problems.
For example, Tsirelson defines and uses a notion of cosiness to prove that the filtration
of Walsh’s Brownian motion is not Brownian since it is non standard.

By definition, a filtration F = (F,), <o indexed by n < 0 is standard if, modulo
an enlargement of the probability space, one can immerse F in a filtration generated
by an i.i.d. process. Recall that a filtration F = (F,), <o is immersed in a filtration
G = (Gn)ngo if, forevery n < 0, 7, C G, and F;, and G, _; are independent condi-
tionally on F,,_1. Roughly speaking, this means that G,,_; gives no further information
on F, than F,,_ does. Equivalently, F is immersed in G if every F-martingale is a
G-martingale.

Laurent negates the so-called I-cosiness property to prove that under A, the filtration
is non standard and therefore non of product type.

We follow the method that Smorodinsky [9] used to prove the non-existence of a
“generating parametrization” in the case where r,, = 2 for every n < 0. This method
still works in the general case and provides the non standard behaviour of the filtration.

The purpose of this section is to show that if the sequence (r,),<o is A, then the
filtration V) is non standard. Note that A holds for every bounded sequence (7).
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4.1 Preliminary notions

We first recall the notion of I-cosiness, due to Emery and Schachermayer [2].

Definition 6 (Immersion and co-immersion) Let F = (Fy)pgo and G = (Gu)ugo
denote two filtrations defined on the same probability space.

e Fisimmersed in G if every martingale in F is a martingale in G.
e F and G are co-immersed if F and G are both immersed in F Vv G.

Definition 7 (I-cosiness) Let F be a filtration on a probability space (€2, A, P). One
says that F satisfies the I-cosiness criterion if for every random variable ¥ measurable
for Fo with values in a finite set and for every real § > 0, there exists a probability
space (2, A, P) and two filtrations 7' and F” on (22, A, P), such that the following
properties hold.

e The filtrations " and F” are both isomorphic to F.

* The filtrations F’ and F” are co-immersed.

* There exists an integer ng such that 7, and 7/ are independent.

* The copies Y’ and Y” of Y by the isomorphisms of the first condition, verify P[Y’ #
Y’ < 6.

The proof of the non standardness of the filtration FX-V) uses the easy part of the
equivalence between I-cosiness and standardness.

Theorem 4 (Corollary 5 [2]) A filtration is standard if and only if it satisfies the
I-cosiness criterion and is essentially separable.

To prove the non standardness of F X.V) it is therefore sufficient to show that
FEV) does not satisfies the I-cosiness criterion. The tools of the proof are introduced
just below.

Let ng be a negative integer which will be fixed later.

Definition 8 (Definition of Aut,) The intervals of integers {1,..., ¢}, {€x +
Lo, 26, ..., &y — b+ 1, ..., £,} are called blocks of {1, ..., ¢,} of length ¢.
Every permutation of the ¢,/¢,, blocks of length ¢,, which induces for every

k € {n,...,np} a bijection between the blocks of length ¢; is called an automor-
phism of {1, ..., ¢,} adapted to {r,,11, ..., 4, }. One denotes by Aut, the set of those
permutations.

One can enumerate the automorphisms adapted to (r,), <o, by induction, as fol-
lows. By definition, an automorphism a in Aut,_; is built from a permutation o of
{1,...,ry} and from r,, automorphisms (ax)1<k<r, in Aut,. One gets a from o and
(ar)1<k<r, by setting, forevery 1 < j <rpandevery 1 < k < ¢,

a((j — Dlp +k) = (0(j) — Dby +a;k).

Therefore #(Aut,—1) = #(&,,) #(Aut,))" = r,!(#(Aut,))"™. By induction

no no
#(Aut,) = H (rg )Tk — H (r)bn/ -1

k=n+1 k=n+1
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Note that

no
#(Aut,) = exp({,S,) where S, = Z
k=n+1

In rk!

by

We now define a semi-metrics based on the Hamming distance.

Definition 9 (Semi-metrics e, on A') Recall that the Hamming distance on Al is
defined by

df (x,x"y =#k e (1,...,0,} : x(k) # x'(k)}.

One defines an action of the group Aut,, on A%, seen as (A%0)% /0 by

a-x:xoa_l,

and a semi-metrics e, on Abn by

N o 1 . H N .
ep(x,x") = g—mm{dn (a-x,x"); a € Aut,}.
n

The quantity e, (x, x") is the smallest proportion of letters which are different
between the words x” and x oa~! as a goes through Aut,,. Our next result is a recursion
relation, useful to compute e;,.

Lemma 4.1 For everyn < 0,x = (wy, ..., wy,) and x' = (w}, ..., w;n) where w;
and w;. belong to A®n,

. 1 <
en1(x,x) = min [ — D e (wj, w);)
066,’171 n O

Proof of lemma 4.1 Using the decomposition of every automorphism a of Aut,_ into
a permutation ¢ of {1, ..., r,} and r,, automorphisms ax, 1 < k < r, in Aut,, and
the additivity of the restricted Hamming distance, one sees that £,_je,—1 (x, x’) is the
minimum over these o and a; of the sums

n
D di @ - wj whp),
=1

hence

n
Lh_1en—1(x, X/) = min (¢, Zen(sz w(/,(/’))
j=1

0e6,,
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To prove that the filtration FX>") is non standard under the assumption A, by denying
the I-cosiness criterion, one considers X’ and X” two copies of (X;), <o such that:

« The associated filtrations 7/ = F&) and 7’ = F&X) are co-immersed;
* There exists an integer m < ng such that (X} )r<n and (X})x<n are independent.

Our proof of the non standardness of FX-V) includes three steps:

* We prove the inequality P[X, # X, 1> Ele,(X,, X;)].
* We bound below E[e, (X}, X,)] when X, and X, are independent.
e We negate the I-cosiness criterion.

4.2 Proof of the inequality IP’[X;,O £ X;{O] > Elen(X),, X))] forn < ng
For n < ng one denotes by
M, :P[X;/go #Xgolf/n V]://n]a Ly :en(X,/17X;,/)~
By construction, (M;),<n, is a martingale. Loosely speaking, this martingale mea-
sures the influence of the past before time n on the word at time ng. The key step is to
prove that (M;), <, is bounded below by (L), <n,-
Let us prove that (L,,),<x, is a sub-martingale in the filtration 7' v F". Letn < no.

Using the co-immersion of the filtrations 7’ and ", the conditional law of X/, given
F'u—1V F",_1 is uniform on the r, sub-words of X/, of length £,,:

1 &
LX, | FnavF —) = - Z Sf,,(x/nfl,i),
ni=1

where f,(x, v) denotes the vth sub-word (of length ¢,) of x, for x € Abr=1 and
1 < v < ry (as in the proof of Theorem 2). Furthermore,

1 &
LXNF 1 vV F pmy) = - Z S fu(x_, -
n .
J=1

Therefore, the conditional law of (X, X])) given F',_; VvV F”,_| can be written as
follows

1
LXK XDIF et VF ) = = 30 Cij (5,0x1_ i X))
BRSNS

. . . . , " .
where (Ci,j)1<i, j<r, 15 a bistochastic matrix measurable for 7, _, v F |.In partic-
ular,

1 . .
E[Ln|.7:/n_1 VF o] = r_ Z Cijen (fn(X,/q_lv i), fn(X;,/_l, ]))
"I<ij<m
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This quantity is the image of the matrix (C;, ;)1 j<r, by a linear form. Since bisto-
chastic matrices belong to the convex hull of the permutation matrices, one gets

'n

, 1. . p .
E[Ly|F p1 VF'ho1]l = — inf €n (fn(Xilflv i), fn(XylL]’O—(l)))a

n 0€6,, 0
hence
E[Ly)|F noi vV F no1l = en1 (X1, Xp—1) = Ly—1,
thanks to the recursion relation verified by the semi-metrics e,. This shows that

(Ln)n<ny is a sub-martingale in the filtration 7' v F”.
Since M, = I{Xéo £X) ) > Ly, one gets, for every n < ng

Mn = E[Mn0|]:/n \/]:”n] = E[Ln0|]:/n \/]:Hn] = an

yielding the inequality P[X, ~# X} 1> E[e,(X,,, X}))] by taking the expectations.

This inequality is going to be used to prove that the probability P[ X ;0 #*X ;[0] can
not be made as small as one wishes if the processes X’ and X" are independent until
a given time 7.

4.3 Bounding below E[e,(X), X,))] when X/, and X/ are independent

The purpose of this subsection is to prove the next inequality:

Lemma 4.2 Let (X;)r<o and (X}))i<o be two copies of the split-word process that
are independent until time n. Then, for every a > 0 and n < ny,

no
In(ry!
P [en(X;, XH<1-N"' - oe] <exp (e,,(s,, - 2a2)), where Sy = > n(re!)
k=n+1 k-1

The proof is based on Hoeffding’s large deviations inequality, see [8] for a proof
of this inequality.

Lemma 4.3 (Hoeffding) Letq in 0, 1{ and (ex)1 <k <n denote n independent Bernoulli
random variables of parameter q, and Z,, their average. Then, for every real o > 0,

P(Z, < g — o] < exp(—2na?).
Proof of lemma 4.2 One applies lemma 4.3 to the variables
& =lix;#xgay, 1 <i <l
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Since X}, and X/ are independent and uniform on A, the ¢; are independent and
Bernoulli with parameter gy = 1 — 1/N. Thus, denoting by d,{{ the Hamming dis-
tance on A%,

1
P [E—df(xil, X)) <gn — Ol} < exp(—2£,0%).
n
For every a in Aut,, a - X" has the same law as X" and is independent of X’. Since,

by definition e, (X}, X!) = min{d? (X!, a - X!); a € Aut,}, one gets

n’

1
[en(X),, X)) < gy —a] = [Ela € Aut,, e—d,f[(X,;,a X)) <gn—a
n

hence

1
Plen(X). X)) < gy —e] < D P[;df(xg,a X)) < gy —a
n

a€Aut,

_ 1 H / "

= fi(Aut,) P E_d" (X, X)) <gyn —«
n

< exp(£y Sy) exp(—2¢,a%),

since i(Aut,) = exp(£,Sy). O
Choice of the integer o Under assumption A, by remark 1 after Theorem 3, one

can choose ng < 0 such that

In(re!)

by

no
S_oo <2(1—1/N)?, where S_o = Z

k=—00
Once ny is fixed, choose a real @ such that /S_/2 <a <1 —1/N.
Since S, — 202 < S—oo — 202 < O and ¢, > £, for every n < ng, lemma 4.2
yields
P [e,(X), X!) < 1—1/N —a] < exp (z,,(s,, - 2a2))
< exp (b (S0 = 20%)) = B,

with 8 < 1. Hence, E[e,(X,,, X;)] > (1 — B) (1 — 1/N — @), which is positive.

4.4 Negation of the I-cosiness criterion

If (X', V') and (X", V") are two copies of the split-word processus whose filtrations
are co-immersed and independent until time n < no,

PIX), # X1 > Elen(X). X)) = (1= )1 — 1/N — o).
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and this lower bound is positive, contradicting the I-cosiness criterion. Thus the filtra-
tion of the split-word process is non standard. O
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