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Abstract Let S be a simple random walk starting at the origin in Z*. We consider
G = S[0, 00) to be a random subgraph of the integer lattice and assume that a resis-
tance of unit 1 is put on each edge of the graph G. Let Rg(0, S,) be the effective
resistance between the origin and S,,. We derive the exact value of the resistance expo-
nent; more precisely, we prove thatn ™' E (Rg(0, $»)) ~ (log n)_% . As an application,
we obtain sharp heat kernel estimates for random walk on G at the quenched level.
These results give the answer to the problem raised by Burdzy and Lawler (J Phys A
Math Gen 23(1):L23-L.28, 1990) in four dimensions.

Mathematics Subject Classification (2000) 82B41

1 Introduction and main results
1.1 Introduction

Let S be the simple random walk starting at the origin on Z¢. We consider S[0, 00) to
be a random subgraph of the integer lattice; namely, we let G = (V(G), B(G)) be the
graph with

V(@) ={S :k =0} B(G) = {{Sk, Sk+1} : k = 0}.

The fractal nature of the graph G has been studied in a number of papers in both the
physics and mathematical literature (see [1,8] and reference therein). One particular
quantity of interest has been the effective resistance for G assuming a unit resistor on
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192 D. Shiraishi

each edge in B(G). Let Rg(0, S,,) be the effective resistance between 0 and S,,. It was
shown in [1] that there exists a constant ¢ = ¢4 > 0 depending only on dimension
such that

E(Rg(0, S,)) ~cn ford =5

1
cn(logn)_% < E(Rg(0, Sp)) < —n(logn)_% ford =4 (L.1)
c
log E(Rg(0, S 5
limsupw < - ford =3,
n—o00 IOgl’l 6
where we use E to denote expectation, and we write a, ~ b, if lim,_, Z—: = 1.

Thus, d = 4 is a critical dimension for the effective resistance on G. For the remainder
of this paper, we focus our attention on the four dimensional case.
For d = 4, it was conjectured in [1] that there exists a p > 0 such that

E(Rg(0, S,)) _ .,
— ~ (logn)~ ",

Y(n) =

and they called p the resistance exponent where we write a,, & b, if loga, ~ logb,.
1 1 ¢ . 1 .

By (1.1), we know that 3 < p < 5 if it exists, where 3 is the loop-erasing exponent

and % is the exponent for cut-times (see [1]). One of the main result in this paper is

Theorem 1.2.3, which shows p = % This gives the answer to the problem raised in [1]

in four dimensions. We give a heuristic reason why p = 1 here. Let T} < 7> < - - - be
the sequence of cut-times. Since the expected number of cut-times up to z is of order

n(log n)_% (see [6]), we have to estimate the following quantity;
dn
3 Ro (51,51,
j:

where a,, = Ln(logn)_%J.Itis clear that Rg(STj, STf+1) > 1 foreach j. Thus, in order

to prove p = %, all we need is to show Rg(St;, S7;,,) is not large even if Tj 41 — T}
is large. Indeed there is j such that T; 1 — T is of order (log n)%. For the purpose,
we study the shape of the random walk trace between such successive cut-times 7'
and 74 that are far apart and show that the random walk trace near ST/‘ and STj "
intersects typically, namely the “long range intersection” occurs between them (see
Fig. 1). By this intersection, we can find a path on the trace connecting STj and STj “
whose length is not long and so we conclude Rg(S7;, S7;,,) is not large.

The effective resistance for G is strongly related to the heat kernel of X, where X
is the simple random walk on G (see [4], for example). By using Theorem 1.2.3, we
are able to obtain a sharp estimate for the heat kernel of X. It was shown in [9] that
for d = 4, there exists a ¢ > 0 such that for all § € (0, 1),

-3 3-8 G() -1 -1
n~2(logn)"27° < p;,"7(0,0) < cn"2(logn)~ %, forlarge n almost surely,
(1.2)
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Exact value of the resistance exponent 193

Fig. 1 A shape of S[T}, Tj 1]
when T, — T is large

f ST j+1

where p,? @ (x, y) denotes the quenched heat kernel of X (see Sect. 1.2) for a defini-
tion of X and its heat kernel). As we can see, the power of the logarithm for the upper
bound on ngn(w) (0, 0) is different from one for the lower bound in (1.2), and the exact
power of this logarithmic correction was not known. In this paper, we show that this

logarithmic correction is equal to ¥ (n)% (Theorem 1.2.2). Combining Theorem 1.2.2
and Theorem 1.2.3, we conclude that the exact power of the logarithm of the heat
kernel of X is —Alf at the quenched level, improving (1.2).

The organization of the paper is as follows. In Sect. 2, we study asymptotic behav-
ior of Rg(0, S,,) in order to obtain Theorem 1.2.1. It is worth emphasizing that the

resistance has oscillations of order (log log n)_% almost surely as in (1.7). This is due
to the fact that G has the above mentioned long range intersections infinitely often. In
Sect. 3, we prove Theorem 1.2.2. To do this, we study the connectivity of G around the
long range intersection point. We show that once the long range intersection occurs,
then the trace near the intersection point is relatively sparse. Thus, although the trace
contains large scale fluctuations, they give no effect on the asymptotic behavior of X.
Finally, we show p = % (Theorem 1.2.3) in Sect. 4.

Throughout the paper, we write a, = O(b,) if a, < cb, for some constant ¢ > 0.
If we wish to imply that the constant may depend on another quantity, say €, we write
Oc(by). We use ¢, ¢, cq, . . . to denote arbitrary positive constants which may change
from line to line. If a constant is to depend on some other quantity, this will be made
explicit. For example, if ¢ depends on €, we write c¢.. We write a,, < b, if there exist
constants ¢y, ¢ such that

ciby, < ay < by
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194 D. Shiraishi

1.2 Framework and main results
Let S = (S,)n=0 be the simple random walk on Z* starting from 0, built on underlying
probability space (€2, F, P). Define the range of the random walk S(w) to be the graph
G(w) = (V(G(w)), B(G(w))) with vertex set

V(G(w)) :={Sp(w) : n = 0},
and edge set

B(G(®)) := {{Sp(@), Sp1(w)} 1 n = 0},

where w is an element of Q2. (For simplicity, we often omit w.)
We define a quadratic form & by

1
Ef,g=5 2 ((f@—fy)g —g).
2 1yev (@),
{z,y}eB(G)

If we regard G as an electrical network with a unit resistor on each edge in B(G), then
E(f, f) is the energy dissipation when the vertices of V (G) are at a potential f. Set

H2={f eR"9D . &(f, f) < o0}.

Let A, B be disjoint subsets of V(G). The effective resistance between A and B is
defined by

Rg(A, B)" = inf{E(f, f): f € H, fla =1, flp = O} (1.3)

Let Rg(z, y) = Rg({z}, {y}).
In this article, the main object of study will be the following function y/;

E (Rg(0, S,
x/f(n)=w. (1.4)

Let pg(x) be the number of bonds that contain z, i.e.,

ng(x) = t{{x, y} € B(G)}.

We extend pg to a measure on G by setting ug(A) = > ug(x) for A C G.
€A

We denote the simple random walk on G(w) by
X = (Xm0, P,z € V(G@)),
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and its heat kernel (transition density) with respect to (g by pg(w) (x,y),1.e.,

G(w) _ pG@y _
p; Nz, y) = P (X =y) .
" . " LGw)(Y)

To define X we introduce a second measure space (5, ]_-"), and define X on the product

Q x Q. We write @ to denote elements of Q.
The following theorems are our main results in this paper.

Theorem 1.2.1 v is slowly varying and

Rg(0, Sp)

— 1 in probability.
ny (n)

Furthermore, there exists ¢ > 0 such that for P-a.s. realization of G,

Rg(0, Sp)(w) < cnyr(n) forlargen,

1

Rg (0, Sp)(w) < cnyr(n)(loglogn)™2  for infinitely many n,
Rg(0, $p)(w) > nyr(n)(loglog n)_7 forlargen.

Theorem 1.2.2 There exist c|, c; > 0 such that for P-a.s. realization of G,
_1 1 G(w) 1 1
cin”2 (Y(n)? < py, (0,0) <con”2 (Y(n))2,

for large n.

Theorem 1.2.3

¥ (n) ~ (logn) 2.

(1.5)

(1.6)

(1.7)
(1.8)

(1.9)

(1.10)

We will give the proofs of Theorems 1.2.1, 1.2.2 and 1.2.3 in Sects. 2, 3 and 4

respectively.

For the convenience of the reader, we list the notations we will use and in which

subsection they can be found.
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196 D. Shiraishi

Notation  Meaning Subsection

Gkl Random walk trace between k and [ 2.1

J— E Rg ”(OaSn)

W (n) w 2.1
E(Rg(0,S,

v (n) E(Rg(0.5,)) 12

an.r [n(logn)"] 2.1

by, [n(loglogn)” ] 2.1

bjn bn,—j—js 2.3

Yk 1{Rg (0, Sx) < €nyr(n)} 3.1

~ h"v7 ~

Y > Y 3.2
k=0

_ bn.7 -

Y > Y 3.2
k=n

dy Le?n] 32

2

¢ (n) foglogn). 32

an L3n] 3.2

Z fl <i <C:S8[0,a, 1N Slt; — an, ti +an]l #90} 3.2

ki {S10, an1 N S[t;i — an, ti + anl # 0} 3.2

K; 1{/is a local cut-time between a,, and t¢c — a,} 32

~ fi N ti+3an,—1

A; > K, >1, > K >1 3.2

l=ti73uny_1 I=t;
Rr]z Rgo,n (0, Sp) 4.2
R RG, 2, (S, S20) 42

2 Proof of Theorem 1.2.1
2.1 Approximation of the resistance

We first give some notations that are used in this paper. For 0 < k <[ < oo, let
Gkt = (V(Gk.1), B(Gr,1)) be the graph with

V(G ={Sjk=j =1} BGr)={{Sj,Sj+1}: k=j<I}

(We use Gk oo when we consider S[k, co) as a graph.) We write Rg, (-, -) when we
consider the effective resistance on the graph Gy ;, where a unit resistance is put on
each edge of the graph Gy ;. Let

2.1)

Throughout this paper, we use key tools called cut-times which we will explain below
in order to divide an electrical circuit into two disjoint ones.

We call a time k a global cut-time (for S) if S[0, k] N S(k, 00) = @. Let0 < j <
k <1 < o0o. We call a time k a local cut-time between j and [ if S[j, k] N S(k, ] = @.
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(We allow the case in which j and / depend on k.) We call k a local cut-time between
j and oo if S[j, k] N S(k, 00) = @.

We write
anr = |n(logn)"], forneN,reR (2.2)
and
byr = [n(loglogn)"], forneN,r e R. 2.3)
Lemma 2.1.1
¥ (n) ~ Y (n).

Proof Let I, = I(n) be the indicator function of the event {n is a global cut-time}
and B, be the event

B, ={ly =0 forallk € [n —an —¢, nl}.
If there exists a global cut-time 7 € [n — a, —¢, 1], then by definition, we have

IRg,, (0, Sn) — Rg(0, Sp)| = |Rg, (0, S7) + Rg, , (ST, Sn) — Rg, (0, S1)
_RgTyoo(STV Sn)l = |RQT,,, (STv S}’l) - RgTVOO(STa Sn)|
< 2n(log n)76.

Therefore,

|E (Rg,, (0, Sp) = Rg(0. 5)) |
<|E (Rg,, (0. S,) — Rg(0, S,): By) |+ |E (Rg,, (0. S,) — Rg(0, S,): By) |
< nP(By) + 2n(logn)~°.

Since P(B;) = O (M), (see, [6, Lemma 7.7.4]) we have

logn
— loglogn
y(n) —¥@m)| =0 I .
ogn
By the fact that
¥ (n) = c(logn)~? 2.4)
(see the proof of Lemma 2.2.2 in [9], for example), we obtain the lemma. O

Cut-times fill the role of separating the random walk trace in the proof of
Lemma 2.1.1. By using this technique, we will show (1.5).
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198 D. Shiraishi

Proof of Theorem 1.2.1 (1.5) Let N = I—ann,zj' Fori € {1,..., N}, let J; be the
indicator function of the event ’

A ={I;y =0, forallk = (i — Day,—2,..., ([ — Day,—2 + an,—6}
U{lx =0, forallk =ia, —2 —an —6,...,ian,—2}.

Then we have

N

|Rg(01 Sl’l) - Z Rg(,',l)an _psiay o (S(i—l)an.,29 Sian.,2)|
i=1 ’ ’

N
< n(logn)™* +n(logn)™> > ;. (2.5)
i=1

However, it is known (see, [6, Lemma 7.7.4]) that

N
E (Z Jl-) = O ((logn)(loglogn)).
i=1

Therefore, it follows from (2.4) that

N
E (zl RS0, v 2 Sy 2+ s,-an,_g) ~ i (n), 2.6)
2 |

and for any € > 0,

N N
P (n(logn)2 S Ui anlﬁ(n)) <p (Z J > cg(logn)i)
i=1

i=1
. /N
<ce(logn)"2E (Z Ji)
i=1
< ce(logn)~2 loglog . 2.7)

On the other hand, by independence and (2.4),

N
Var (Zl Rg(i—l)anv,z,ianw,z (SG—D)ay, -2 Sian.z))
i=
N
= Z Var (Rg(i—l)a,,y_z,iany_z (Sti—1)ay, 2> Sitln.—z))

I
<N

IA
M=

—

2
E ((Rg(i—l)a”‘z‘iau,z (S(i_l)an.72 ’ Sian,—Z)) )
< en®(logn) 2y (n), (2.8)
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where we use Rg([._l)an ity 2 (SG-Dyan 2+ Sian ) < n(log n)~2 and (2.6) in the third
inequality. Thus, for any fixed € > 0 it follows that for large n,

P (IRg(0, Sy) — nyr(n)| = enyy(n))

<P (n(logn)2 % Ji > %nw(n))

i=1

N
+P (| > RG v iy S—Day - Siay ) = nY ()] = gnwn))
i=1 ’ ’

N
Var (Z Rg(i—l)any_z,ian’_z (SG—1yay, 2+ Sian,—z))

(ny (n))?

< celogn)~2 (loglogn) + e

< ce(logn)~2 (loglog n),
where we use (2.4) in the third inequality. This implies (1.5). O
Proposition 2.1.2  is slowly varying.

Proof By Lemma 2.1.1, it suffices to prove the result for 1. What we have to show is

o Prnl) _
m =

B 1 forallr € (0, 1). 2.9)

We first show (2.9) when» € QN (0, 1). Let r = % € QN (0, 1), where p,g € N
satisfy 1 < g < p and ged(p, q) = 1.
By modifying the proof of Lemma 2.1.1, we have

Y(n) ~ Y k), y(Lrnl) ~ ¥ (Lrk))

for alln — p < k < n. Hence we may assume that % =NeN.
Let

By the similar argument as in (2.5), we know that

q loglogn
‘E (Rgo,_iq , S/q)) —E (lé) joi—lvfi (Sji_is S./i))' =n0 ( logn )
L loglogn
E (R 0,8,))—E Rg. . (Si_,,S; =n0 .
‘ ( gO,n( n)) (,é) gjifl,ji ( Ji—1 Ji ))' n ( logn )
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Therefore,
—_ _ loglogn
¥ (jg) =1/f(11)+0(—1 )
ogn
_ _ log1
V() =¥+ 0 ( "Ig °g").
ogn

Since ¥ (n) > c(log n)_% and Y (n) ~ J(n), we have

¥ (jg) ~ ¥ (n).

For r ¢ Q, it follows that for all € > 0, there exist r{, r» € Q such that

r 2
l—e<s—<ls—=<l+e
r r

Let F,, be the event
F,={lxy =0 forallk € [|rn] —an —e, lrn]l}.
Then,

E (Rgmrnj ©, SLVHJ)) =E (Rgo,mu 0, Sirny): F") +E (RgO,LrnJ 0, Sirnp); Fnc)

loglogn )
=n0 ( 10gn ) +E(RgO,LrnJ(O’ SLrnJ)’Fi’{l:)

logl
0 ( oglogn
logn

) + an,—6 +E (Rgo.ernJ (0’ SU’Z”J))‘

Therefore,

A

Vlrn)) < 2P (rn)) +0 (
(1 +20)% (Lran)).

loglogn
logn

IA

Similarly, we have

(1 =2e)¥(lrin)) < ¥ (Lrn).

Since (2.9) holds for r = r{, rp, we have

1= 26 < timinf 2 i qup L) o
n—oo Y (n) n—oco Y (n)
and hence we have (2.9). O
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Remark 2.1.3 Note that for r € (0, 4), we have
Y ) ~ Y (an,—)- (2.10)

Indeed, by modifying the argument in (2.5),

N loglogn
E(._1 RG - vyan,—ian, s (S("—l)“nfr’ Si“"~-')) -k (Rg(ln ©. S"))‘ =n0 ( logn )

1

where N = |

“_|. Hence,

Aan,—r

Ny (an,—) = n(m)| = nO (l"glﬂ)

logn

Since E(n) > c(log n)_% , we have

Na, _, W(_an,_r) 1+0 loglogn .
no Y (logn)?

Therefore, (2.10) holds.

Proposition 2.1.4 Forall € > 0,

u 3
P (Rgy, (0, 8,) = (1 +nF(m) = 1 = O ((logm)~3).

Proof Let N = | -2

Aan,—2

|. We have

N
RgO,n 0. 8) = > Rg(i—l)an _osiay _o (S(l'—l)an,fz’ Sian,72) + RgNan om (SNan,72’ Sn)
i=1 e '

=

< 1 RGi 1y oy » (SG=1)ay 2> Siay _») +n(logn)=2. (2.11)

1=

Therefore, by (2.4),
P (Rg,, (0, Sy) = (1 + e)nyr(n))

N _
<P (21 RS iy o (S 2> Sian2) = (1 + §e>nw<n>) . @12)
1=
It follows from (2.6) that

N € o
E (Z:l Rg(i—l)an,,z,ian.,z (S(i—l)an,fzv Sian,z)) = (1 + 3) ny (n),
=
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for large n. So the right-hand side of (2.12) is bounded above by

N
P (| Zl Rg(ifl)a,l,,z.ia,,,,z (S(l'—l)an,,27 Sianefz)
1=

N _
—E (Zl RGi 1y ian > Si—Dan 2> Sian,z)) | > mp(n))
i=

W M

9 Var (ZzN:I Rg(i—l)an,_z.ian__z (S(i—l)an,fzv Sian,—z))
€ (nyr(n)?

< cc(logn)™1, (2.13)

where we use (2.4) and (2.8) in the second inequality. O

Remark 2.1.5 By Proposition 2.1.4 and the Borel-Cantelli lemma, it follows that there
exists ¢ > 0 such that for P-a.s. w,

Rg,,, (0, Sp)(@) < cn(n), (2.14)

for large n. Indeed, let M, := maxo<k<i<n Rg,,(Sk, Si). Then we have

(SG—Dan.—2+ Sian —2)-

Day —p.iay 2

N
M, < 2n(log n)~*+ > Rg,_
i=1
Therefore, it follows from (2.13) that
P (M, <20(m) =1-0 ((log n)—%).

By the Borel-Cantelli lemma, for P-a.s. w, My (w) < 2819 (2F) for large k. Now
(2.14) can be shown by using the monotonicity of M,.(See also the proof of Theorem
1.2.1in[9].)

2.2 Oscillations of the effective resistance

In this subsection, we give the proof of (1.7). Comparing (1.7) with (1.5), we know
the effective resistance Rg (0, S,,) has at least oscillations of order (log log n)’% at the
quenched level. These oscillations are due to the fact that the random walk trace has
“long range intersections” infinitely often (see Lemma 2.2.3 below). We now begin
with several lemmas.

Lemma 2.2.1 There exists ¢ > 0 such that for P-a.s. w,

Ofk;rll'g 1 Rg, ,(Sk, S (w) < Cbn,_%lﬂ(n), (2.15)
n=7
- rr}aSngSn Rg, (S, SD(w) < Cb,,,_%I//(n)- (2.16)
n=3
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Proof The proof of (2.15) and (2.16) are similar, we will only prove (2.15). Let

= L e J Let € > 0 be an arbitrary positive number. Assume that

ok I Rgy, (S 8 = + b, 1P (n).
n—z

Recall that ¥/ (n) ~ ¥ (b, 1) (see Remark 2.1.3), and hence we have

n,—3

€ —
Ofk;‘;g’b(n Rgy., (Sk, 1) = (1 + 5) by 1V (bnﬁ%),

D=

for large n (depending on €). This implies that there exist 0 < kg < Iy < bn’_ 1 such
that

[N

ngo-lo (Sko’ Slo) z (1 + ;) n,— W( 7)

However, we know
y 2
Rg, 1 (Sko» Sip) = 2. Rg .., (Sij_y» Si;) +2n(logn)~==,
j=1

where i; := ja, _p for j =1,2,..., N. Therefore, for large n,

3R, (50208) = (1498, 47 (b, ).

Jl’

So, by the similar argument as in (2.13), we have

P (Oskgllgz 1 Rg,, (Sk, S = (1 +€)b,,,_51/f(n)>

T2

N i
< P(Z Rg[j,ljj (Sij—l’ Sij) z (1 + %) b’h*%vf (b"v;))

N N
= (ZRIII(’/] )_ (z jll(lrl’Si.f))
j=1 =1

bu—yan2¥ (b.-y)

(b7 ()

< ce(logn)™ 3 (loglog n)%.

IA

Ce

Using the Borel-Cantelli lemma (see the proof of Theorem 1.2.1 in [9]), we get
(2.15). O
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Remark 2.2.2 Similar arguments as above give

P ( max  Rg, (S, S1) > (1 + e)n%(n)) < cc(logn) 2, (2.17)
0<k<l<n ’
forall ¢ > 0.
Lemma 2.2.3
P ({S [0, bn’_%] ns [n ~b, 1, n] £ V)} i.o.) —1 (2.18)

Proof Let Si, S> be independent simple random walk in Z* starting from the origin.
Noting that the time-reversal of S [bn’_ ! /2, bn’_ 1 ]and S [bn’_ 1 n] are two indepen-
dent simple random walks from S, |, . By the translation invariance,

)’,—7

P (S [bn’_%/z, bm_%] ns [n ~b, 1. n] £ (/))
_ 1 2 _ _
=P (s'[0.5, 1/2]n82[n=2b, y.n—b, 1]#0).
Using [6], Theorem 4.3.6, we have

P(s'[0.6, y/2]ns?[n -2,

b _1/2 n—b, 1

2 s —a
T 15 : )
gloen™ 30 30 P(s=4), =
=y

e =hy]#9)

By the local central limit theorem, (see, [6]. Theorem 1.2.1) it follows that

2
> > P (Sjl = S,%) > c(loglogn)~!,
S0

P (S [bn,_%/z, bn’_%] ns [n —b, 1, n] " (2)) > ¢(logn)~ (loglogn)~".

By the second Borel-Cantelli lemma, we get the result. O

Proof of Theorem 1.2.1 (1.7). By Lemma 2.2.1 and 2.2.3, for P-a.s. v,

max Rg, ,(Sk, S) (@) < cbnﬁ%W(n), forlargen
max __ Rg, (Sk. S)(@) < cb, 1Y (n) forlargen
. .

,%] NS — bn,—%’ n] # @ for infinitely many n.
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This implies that
Rg, (0, Sp)(w) < 2c‘bn 7%$(n) for infinitely many n,

and we get the result. O

2.3 Lower bound of the effective resistance

In this subsection, we will show (1.8). To do this, we first show that there exist three
global cut-times 7 (j = 1, 2, 3) such that each T/ is in [0, n] and T — TG =D >
bp,—7. Then we divide G 7@ into three disjoint parts and give an appropriate lower
bound for the sum of three i.i.d. random variables instead of Rg(0, S,) (Proposi-
tion 2.3.4). We now begin with several lemmas.

Lemma 2.3.1 Forany € > 0, it follows that

loglogn
P (Rg(0,8,) < (1 —e)ny(n)) = Oc| —— ). (2.20)
(logn)2
Proof Let N = | J. By the similar argument as in the proof of Theorem 1.2.1

(1.5), we have

n
Aan,—2

P (Rg(0, Sp) = (1 —€)ny(n))

N N
< P(Zl RS 10y s ian, (SG=D)ap s+ Sian_») <(1 — €)nyr (n)+n(log n)~*+n(logn) 2 Z J,-)
i=

i=1

N
<P (Zl ROty sian > (SGi=Day 2+ Siay—2) < (1= %)"W”))
Fo

+P (n(logn)f2 % Ji = inw(n))

i=1
N 1
= P( RSy _yian s (SG=Day 2+ Sia, ) = (1= %)nw(n)) + ce(logn) ™2 loglogn
i=1 o
< ce(logn)f% loglogn.

This implies (2.20). O
Let § > 0. Define the events

B = {S [0, 3bn’,1,5] ns [n —ay,—6, OO) = @}

B, = {S [0, bp.—2-2s + an’_ﬁ] ns [219,1,_1_5, OO) = @}
By = {S[0.3b4,3-35] N S [bn,—2-25. 00) = B}

By = {S[0, by,—4—45 + an,—6| N S [2bn,—3-35, 00) = 01}
Bs = {S [0, 3bn,,5,55] ns [bn,,4,45, OO) = @}

Bs = {S[0, by,—6—65 + an,—6] N S [2bn,—5—55, 00) = B}.

(For the simplicity, we write Ej,n =by _jjsforj=1,...,06).

@ Springer



206

D. Shiraishi

Lemma 2.3.2 There exists ¢ > 0 such that

P(BS) < c(logn)"'(loglogn)™' =% j =1,--- 6.

2.21)

Proof We will prove (2.21) for j = 1, the other cases are proved similarly. Let !, §*

be be independent simple random walk in Z* starting from the origin. Then,

P(BS) = P (sl[o, 35101 N 82 — ap — — 3b1.p, 00) # @) .

Using [6] Theorem 4.3.6, we have

P (8'[0.3B1,4] N 8 [ — @y, — 3b1,1, 0) # 0)

3El.n o8

<c(logn)™'' S 3 P (SJ] - s,f),

Jj=0 k:n—an,,()—:;B],n

for some ¢ > 0.
It follows from [6] Theorem 1.2.1 that

o0 o0

351,,, 351,,,
> > P (Sjl = S,?) <> > C/(j-i-;k)z < c(loglogn)~'9.
j:

0 k:n—an,,6—351.” Jj=0 k:n—an,,6—351.n

Hence, the result is proved.

Define the indicator function

1{k is a local cut-time between 0 and 255,,[}, 56,,, <k< 56,,[ +ap,—6,

Y =

It is easy to see that on the event By N B> N --- N Bg,

Yy =0forallk € I® :=

Y = L.
Let
Ji = I{Yk = 0forallk e IV :=[b ,,,Eﬁ,n+an,_6]}
Bo=1{Yi =0forallk € IV := [y, by +an o]}
Is =1{Yk=0forallkel(3) (520 B2.n + an. ] |
{ [

n—an—o.n]}.

@ Springer

1{k is a local cut-time between 3bs , and 253 ,,}, b4 <k < bgp + an, 6,
1{k is a local cut-time between 3b3 , and 2b1 .}, b2, <k < b2, + an. 6,

1{k is a local cut-time between 351,,, and oo}, n—ap—¢ <k<n.

(2.22)

(2.23)

(2.24)
(2.25)
(2.26)

(2.27)
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Lemma 2.3.3 There exists ¢ > 0 such that

~ ~ S~ . (loglog n)?
P (J1 N AN A A 52) < =200 (2.28)
(logn)
Proof By definition of f, it follows that J, Ly vvns f4 are independent. Also we know

E(z) < cloglogn.
logn

(See [6, Lemma 7.7.4]). Therefore,

P(j1+f2+f3+f422)=P(J~i=jj=1f0rsomelgi<j§4)

= > rlh=d=1)
1<i<j<4
= > p(i=1)r(i=1)
I<i<j<4
(log logn)2
(logn)?
O
Let
pmax _ max{0 <k <n:k isaglobal cut-time} if {} #¢
o if {} = 0.
Proposition 2.3.4

1
P (Rg(O, Stmax) < gbﬁ,nw(n)) < c(logn) "' (loglogn)~'~%. (2.29)
Proof By Lemma 2.3.2 and 2.3.3,

1—
P (Rg (0, STnmaX) = §b6,n‘/f(n))
. S
<P ([Rg (0. 57 = §b6,nw<n>] NBINBy NN BN {Ji+ Ty + T+ = 1])

~+c(log n)71 (loglogn)™ 1-5
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Assume that By, ..., Bg and fl + ...+ f4 < 1 hold. Since Y; = I; on the event
B1 N By N...N Bg, there are at least three “good” intervals, namely, there are at least
three intervals of 7V, ... [ 4 which contain global cut-time. Hence,

1_— ~ ~ ~ ~
P ([Rg (0, STnmax) < g;;6,,,1//(n)] NB NByN---NBgN [11 th+ i+ < 1})

1—
<P ([ Rg (0, STnmax) < §b6,n1ﬂ(n)] N {there are at least three “good” intervals of 1 m ™ })

Assume that there are at least three “good” intervals of I, ..., I'®_ Without loss
of generality, we may assume /", 1®) and I® are good intervals. Then there exist
T e 1U) for j = 1,2, 3 such that TWisa global cut-time. If

1—
Rg (0, STnmaX) < gbﬁ,rﬂ//(n)a
then

1—
Rgo,T(l) O, Srm) + RgT(l),T(z) Srwy, Sro) + RgT(Z),T(3) Sra, Sre) < §b6’n1//(n),

Since |TV) — bg_5; »| < n(logn)~® for j = 1,2, 3, it follows from (2.4) that

1—
Rgﬂﬁﬁ,n (O, SEM) + Rng),nﬁét,n (Sgﬁ’n, Sg“) +Rg;4‘n$2‘n (Sg“, SEZ,n) < Ebﬁ,n‘ﬂ(n),

for large n. By (2.10), Lemma 2.1.1, Lemma 2.3.1 and independence,

1—
P (Rgo,%,n (0, Sthn) +Rgg6,n$4,n (Sgﬁ,n’ SEALn) +Rg§4,n’52,n (SE4,n’ SEZ,ﬂ) 5 §b6,n1ﬁ(n))
1-—-
=7 (RQO,Z@n (0’ SEGJI) = Ebﬁ,nl//(n))
PR S 5% < 15
. gZG,n-EAt,n ( be.n’ b4,n) —= 5 6,n1/f(n)

1-
x P (Rga.)lﬁz,n (SEM’ ng.n) = Ebé,nw(n))

3
_ c(log logn) ‘

(logn)?
This implies (2.29). O

Proof of Theorem 1.2.1 (1.8) Since for any § > 0,

1
E —_—y < OO
5 H
P k(log k)

@ Springer



Exact value of the resistance exponent 209

it follows from Proposition 2.3.4 and the argument using the Borel-Cantelli lemma
that for P-a.s. w and large n,

Rg (0, Sgma) (@) = nyr(n)(loglogn) ™.
However, we know
Rg (0, Symax)(w) < Rg(0, Sp)(w).

Hence, the result is proved. O

3 Proof of Theorem 1.2.2
3.1 Heat kernel estimate w.r.t the resistance metric

In this section, we will prove Theorem 1.2.2. It is known that the effective resistance
Rg(-,-) is ametric on G (see, for example [4] and the references therein). We write

Bg(z,R)={y € G: Rg(x.y) <R}, Vg(z,R)=png(Bg®, R)), R=>O0.

For € > 0, we set

Ve = 1{Rg(0, 50 = Eny ()},

We now state the key proposition. The proof will be given in the next subsection.

Proposition 3.1.1 There exist € € (0, 1) and ¢ > 0 such that
P (f’ > cn) —0 ((logn)_%(log 1ogn)“), 3.1)

for some o > 0.

Remark 3.1.2 Tt follows from (3.1) and the Borel-Cantelli lemma that for P-a.s. w,
Y () < cn, (3.2)
for large n. On the other hand, it follows from (1.8) that for P-a.s. w,
Rg (0, Sp)(w) > €*nyr(n) forall k > 2n(loglogn)’. (3.3)
Indeed, by (1.8), for P-a.s. w,

Rg (0, Sp)(w) > kyr(k)(loglog k)~7 for large k.

@ Springer



210 D. Shiraishi

Assume k > 2n(loglogn)’ and n is sufficiently large so that
from (2.10) that

W >n. It follows

a1k k
kv doglogh)y ™ = 5 o oe 7V ((loglogkﬂ)'

Recall that B, = {Ix = Oforall k € [n — a, —¢, n]} in the proof of Lemma 2.1.1.
Then it follows from P(B,) = O (M), (see [6, Lemma 7.7.4]) and (2.4) that for

logn
large n <1,
Iy (1) = E (Rg(0, Sp)
> E (Rg(0, S)); B)
> E (Rg(0, Sy); BS) — n(logn)~°
= E (Rg(0, S»)) — E (Rg(0, S,); By) — n(logn)™®
> ny(n) — cnloglogn — n(logn)f6
logn
> %nw(n)

Therefore, if k > 2n(loglog n)7, then for P-a.s. w,

1 k k 1
Rg (0. S () = 2 (loglog k)7 4 ((log log k)7) = é_lm/j(n)

which gives (3.3) when € < % Therefore, for P-a.s. w,

Ye(w) < cn (3.4)

M2

k=0

for large n.
We now give a proof of Theorem 1.2.2, assuming the above proposition.

Proof of Theorem 1.2.2. By Remark 2.2.2, it follows that for P-a.s. w,
Rz (0, S, < ,
[max Rg(0. 5)(@) < cniy (n)
for some ¢ > 0. Therefore,
{Sk:0 <k <n} C Bg (0, cny(n)).
However, it is known (see [2] (2.22) and [3] (4.1), for example) that for P-a.s. w,

#{Sk(w) : 0 <k <n} <xn.
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Hence,
cn < Vg (0, cnyr () (o),
for some ¢ > 0. By a simple reparameterisation,
Gin (Y(n) " < Vg (0, n) (), (3.5)

for some ¢ > 0. (Here we use the fact ¥ is slowly varying. See Remark 2.1.3.)
For the upper bound, we have

Bg (0. 2nv ) = (¢ : Rg(0, S0) < nyr(m),
and
Vg (o, eznl//(n)) <8t {Sk : Rg(0, Sp) < e2mp(n)}
< 8¢ {0 <k <00 : Rg(0,Sp) < ean/f(n)}
o0 ~
<8> Yi.
k=0
Therefore, it follows from (3.4) that for P-a.s. w,
Vg (0, ezmp(n)) (w) < cn forlarge n.
Hence, by a simple reparameterisation,
Vg(0,n)(w) < con (1p(n))*1 , for P-as. w. 3.6)
By Proposition 3.1 and Proposition 3.2 in [4], we can conclude that for P-a.s. w,
_1 1 G(w) _1 1
cin” 2 (Y(n)?2 < py,"(0,0) < con”2 (Y (n))2  forlarge n, 3.7
for some ¢y, ¢ > 0. (Note that since we consider the resistance metric on the graph

G(w), we can apply the results in [4] as v(R) = R (W(R))*] ,r(R) = R. See [4] for
details.) O

3.2 Proof of Proposition 3.1.1

In this subsection, we will give the proof of Proposition 3.1.1. In order to prove this
proposition, we now make some preparations. Let

2bn,7 o

Py 7
k=n
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To prove Proposition 3.1.1, it suffices to show that there exist e € (0, 1) and C > 0
such that

P(7=Cn)=0 (M) (3.8)
(logn)?2

for some « > 0.

Before we proceed the proof of (3.8), we give a guideline intuitively. Since the
random walk trace has long range intersections as in (2.18), it is possible that there
exists a k € [n, b, 7] such that ?k = 1. So it is not trivial to show that the number of
such times are of order O(n). To do this, we study the connectivity of the trace near
the long range intersection point and show that the trace is relatively sparse around
the intersection point. The key fact is Proposition 4.3 in [7] which gives a uniform
estimate for the probability that the simple random walk escapes from the recurrent
set satisfying a certain condition, called slowly recurrent set in [7]. This proposition
enables to analyze the shape of the trace around the long range intersection point, and
we can obtain (3.8).

Let € € (0,1) (the exact values of this number will be determined later) and
d, = |€%n]. We write

2b,7—n
N=|—].
dy
Then
2 7
N < e—z(loglogn) .
Let
Ij=[n+( —Ddy.n+ jd,] forl<j=<N, (3.9)
Iy, =[n+ Ndy, 2b, 7). (3.10)
Then
N+1
[n. 26,71 C | 1)
j=1

We call a time k “bad” if ¥y = 1 and a interval / ]’ “bad” if there exists k € [ j’ such
that & is bad. Let

L:tt{lgjgN—i—l:I]/-isbad}. 3.11)
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Assume that ¥ > 2Cn. (Again the exact value of C will be determined later.) Then
L>—. (3.12)

So assume that L > 26—5 Under this assumption, we choose the intervals

/ / / .
Ijl’ Ijz’ ""ch as follows:

j1=min{1§j§N+1:I/’~isbad]. (3.13)
For i > 2, define
ji=min {k > jioy o dist (17, 17) = n, 1 s bad ), (3.14)

where dist(1;, I]) denotes the distance between /; and 1] with respect to the Euclidean
2C

distance. Since L > <7, wecan define j; atleastfori =1,..., C. Let
T={(1,--sjo):1<sji<jp<---<jc=<N+1,
dist (1}1,71, I]/-i) >n foralli =2, ,c}. (3.15)

Then, we have shown the following lemma.

Lemma 3.2.1

P(Pz2en) = % P(Iisbadforall1 <i=C).  (3.16)

We now estimate the right-hand side of (3.16). Fix (ji, ..., jc) € Z and let
ti=n+(i—Dd, fori=1,...,C. 3.17)
Then
I}[ =, ti +d,] i=1,...,C.
Lemma 3.2.2 Assume that € < % Then,
P (1}, is bad forall 1 < i < C)
< P (Rg(0, S;,) < eny(n) foralll <i <C) +5(10gn)_%,

for some ¢ > 0.
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Proof By Lemma 2.1.1, Proposition 2.1.2 and Remark 2.2.2, we have

P( maxd ngq] (Skv Sl) Z 2dnl/f(n)) S E(logn)i%

0<k<lI<d,

Therefore, if € < %, then

P (I]’.i isbad forall 1 <i < c)

<P (IJ/}' is bad and max Rg(Sk, S1) <2d,y(n)foralll <i < C)

t;<k<l<tj+dy,

+P ( max  Rg(Sk, S) > 2d, ¥ (n) for some 1 <i < C)
ti <k <I<ti+d,
< P (Rg(0, S;,) < enyr(n) forall 1 <i < C) + &(logn) 7,

for some ¢ > 0. O

By Lemma 3.2.2, all we need is to estimate

P (Rg(O, S;) <eny(n)forall 1 <i < C).

Let
I['=1[t; —an,ti +ay] i=1,...,C (3.18)
and
Z=t{1 <i <C:S8[0,a,1NS[t; —au, t; +a,] # 9}, (3.19)
where a, = L%nj. [Note that 17 are disjoint fori =1, ..., C. See (3.15).] We write
b = LBLED”, (3.20)
ogn
Lemma 3.2.3
P(Z22)=0(6m)?). (3.21)
Proof By definition,
P(Z>2)
< 1 Z’:( CP (S10, a, INS[t; —ay, ti +an]1#9, SI0, a, 1NS[ty — an, tx +a,) # 9).
<i<ks
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So it suffices to prove

P (S[0, @y] N S[t; — an. t; + an] # B, S0, dn] O Sltx — an. tx + an] # %)
=0 (@m?). (3.22)

foreachl <i <k <C.

Letl <i <k < C.LetS', S? denote independent simple random walks in Z*.
We write P to denote the probability law of S* assuming S (0) = x. We use EY for
expectation with respect to P*. If the x is missing then it is assumed that S1(0) = 0.
We have

P (S0, an]l N Slt; — an, ti +anl # 9, S[0, an] O Sltx — an, tk + anl # 9)
=P (sl[o, an] O S2[t; — 2ay, t;]1 # B, S'[0, @, N S?[1x — 2an, 1] # @) .
Define the event
S0, an] C C 1ogn
50, 00) N C fitogn € A itogn
D= Vn(logn)™! < |Szz,(72£¢,,| < %ﬁlogn )

dist (ka s STIO, oo)) > J/n(logn)~3

where A,, is defined in [7] Proposition 4.1 (we omit the definition of 4, since we do
not need the exact shape of it) and

Cp(z) = {y ezt lr—y| < n} C, = C,(0).

(] - | denotes the Euclidean distance.) Lemma 1.5.1 in [6] gives that

P (Sl[O, an] C cﬁlog,,) —1-0 (%) .

By Proposition 4.1 in [7],
P (sl[o, 00) N C fitogn € Aﬁlogn) =1-0 ((1ogn)—6).
It follows from Theorem 1.2.1 and Lemma 1.5.1 in [6] that

1
P (ﬁaogn)—1 = 184-23,| = Eﬁlogn) =1-0 (togm™).
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By Proposition 1.5.10 in [6],

P (dist (m s'[o, oo)) > \/ﬁ(logn)*) —1-0 ((1ogn)*4) ,
for all z € Z* with \/n(logn)~! < || < }/nlogn. Hence,

P(D%) = 0 ((log n)_4) . (3.23)
Therefore, it suffices to estimate
P (F,NFND),

where F; = {S1 [0, a,]1 N S2[t; — 2ay, t;] # (1}. By the Markov property,

P (F; N FyN D)

< E (E2 (1{MD}P;'2“‘7" (51[0, 00) N C i togn N 210, 23y

N (c itlogny=3 (Sg))c ” VJ))) .
(3.24)

It follows from Proposition 4.3 in [7] that

2

S, _ in _ c
Py (Sl[O, 00) N C Jiitogn N 210, 23,1 N (cﬁ(log,,)_3(sg)) ” (/)) < co(n),

(3.25)
on the event D. Hence,
P(F,NFrND) <cpn)P (F;).

If we repeat the same arguments as above, we have
P (F) < cp(n). (3.26)
This gives the lemma. O

By Lemma 3.2.3, all we need is to estimate
P (Rg(0,S,) <eny(n)foralll <i <C,Z=1)

+P (Rg(0, S;) < eny(n) foralll <i <C,Z=0). (3.27)
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First we will consider the first term of (3.27). Note that

P (Rg(0,S;,) < eny(n)foralll < j <C,Z = 1)

CcC-2 ~
<SP (Rg((), $,,) < enyr(n) forall 1 < j < C, E) (3.28)
i=1
iy (Rg(O, $,,) < enyr(n) forall 1 < j < C, Fc_l) (3.29)
4P (Rg((), Si,) < enyr(n) forall 1 < j < C, ﬁc) , (3.30)

where F; = {S[0, @,] N S[t; — an, t; + an] # 9}
Lemma3.24 Let1 <i <C —2ande € (0, }). Then

P (Rg(O, Si,) < enyr(n) forall 1 < j < C, F) < ép(n)(logn)~? loglog n, (3.31)

for some ¢ > 0.
Proof Letl <i < C — 2. We write

I'% {l{l is a local cut-time between 0 and [ + a,} ift;+ap <l <tj+ay +a,, —¢
l =

1{/ is a local cut-time between [ — a, and oo} iftip) —ay—6 <1<ty

(3.32)
and
ti+&n+an,76 _ tiy1
K= > K. K= > K. (3.33)
I=ti+a, I=tiy1—an,—6

By [6], Lemma 7.7.4 and independence,

P@:K:@:O@wﬂ.
Therefore, for 1 <i < C — 2,
P (Rg(0.S,)) < eny(w) forall 1 < j = C. F;)

<p (Rg(O, S.,) < eny(n) forall 1 < j < C, .

>~
v
N

+P (Rg(O, Si,) <eny(n) foralll < j <C,F,
+&(p (n))*.

>
v
N

Assume K > 1. (The case K > 1 can be dealt with similarly.) If there is no global
cut-time in [#; + a,, t; + a, + a, —e], then it is easy to see that

S[0, t; + an + an,—61 N S[t; + 2a,, 00) # 0.
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However, the similar argument to that in the proof of Lemma 3.2.3 gives that
P (810, + @+ an, 61 0 STt + 280, 00) £ 0, Fr) = 0 ((9m)?).

Hence, it suffices to consider

P (Rg(O, Si;) < eny(n) foralll < j <C, F K >1,

[ti + Gn, t; + an + an,—e] has a global cut-time) . (3.34)
If

Rg(0, S;) < eny(n)forall 1 <j <C,
then we have
Rg(St;1» Stiyn) < 2eniyr(n).

Assume that [#; +ay,, t; +a, + a,,—e] has a global cut-time and let T € [#; +ay,, t; +
an + an —e] be the cut-time. Then

Rg(StH—l’ Stf+2) = RgT,oo(Sli-H’ Sii+2)
= Rgti+&n,oc (S’i+l’ Sti+z)-

Therefore, if € € (0, %), then by Lemma 2.3.1, (3.26) and independence,
P (Rg(O, Si;) < eny(n) foralll < j <C, Fi,K > 1,
[ti + dn. 1 + @y + an,—6) has a global cut-time)
< P (Fio Ry gy oo (i Siia) < 2eny ()
< c¢(n)(log n)_% loglogn,

for some ¢ > 0. O

To complete the estimate for the first term of (3.27), it remains to give the bounds
of (3.29) and (3.30). Since the estimates for (3.29) and (3.30) are similar, we will only
consider (3.30).

Let

K; = 1{l is a local cut-time between a, and tc — a,} fora, <1 < tc — an, (3.35)

and for 1 <i < C — 2, define

- t 5 ti+3an,—1
A = > K >1, > Ki>1y¢. (3.36)
I=t;—3a,— I=t;
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Lemma 3.2.5
P (ﬁc n Ag) -0 ((¢)(n))2) fori=1,2,---,C —2. (3.37)
Proof Let1 <i < C — 2. It suffices to show that
5 ti+3an, -1 5
Plic. > Ki=0)=o0(@wm?).
I=t;

We write

Kl/ = 1{/ is a local cut-time between/ — a, —1 and [l + a, —1}.
By [6], Lemma 7.7.4 and independence,

tit+an,—6 ti+3an, -1
Pl X K= 3 K=0)=0(@m).
I=t; I=t;+3ay,_1—an,—¢

Hence, all we need is to estimate

B ti+3an, -1 _ ti+an,—6
PlFe, > K=0 Y K/ =1 (3.38)

I=t; I=t;

» ti+3an,—l ~ tl'+3a,,,,1
+P| Fc, > K/ =0, > K/ >1). (339

I=t; I=ti+3an,—1—an,—6
We will only consider (3.38). Assume that
t,‘+3an,,1 » ti+an,—6
Z K; =0, Z Kl/ > 1.
=t; I=t;

Then by definition of K; and K /it is easy to see that the following event occurs:

B1 U By U B3 := {S[t; —an,—1,ti + an,—6]1 N Slti + an,—1, tc — anl # 0}
U{Slan, t; + ap,—6 — an,fl] N S[t, tc — anl 75 @)
U{Slan, t; + an,—ﬁ] N S[t + an,—1,1c — apl # @}. (3.40)

However, it follows from the similar arguments as in (3.22) that

i 3
P (Fc, (3.40)) < k; P(Fe N By = 0 ((p(m)?).

This gives the lemma. O
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We are now in a position to estimate (3.30).

Lemma 3.2.6 Suppose That € € (0, %) and C > 120. Then we have

P (Rg((), S,) < enyr(n) forall1 <i < C, Fc) —0 (¢(n)(1ogn)—% loglogn) .
(3.41)

Proof By Lemma 3.2.5, in order to derive (3.41), we have only to show
P (Rg(O, i) < enyr(n) forall 1 <i <C, Fe, A; forall 1l <i <C — 1)
-0 (¢> (n)(log )2 log log n) . (3.42)
Choose ip € {2, 3, ..., C — 3} be a number satisfying that

lig+1 — lig = 2<§2ié173(ti+1 —1).

By definition of 7 [see (3.15)], we have r := t;, 1| — t;, > n. Assume that A,- holds
forall 1 <i < C — 1. Then there exist

T' e [t1, 11 + 3an 1]
T? € [tiy, tiy + 3an.—1]
T3 € [tigs1 — 3an. 1, tig41]
T* € [tc1 — 3an. 1, tc—1]

such that T, ..., T* are local cut-times between a, and tc — a,. Furthermore, by
modifying the proof of Lemma 3.2.3, we have

P (Fe. Sy, tip+110 (S0, @1 U Slic — an, 00)) #9) = 0 (¢(n)?) . (343)
Therefore, if we set
G =Grr G =Gyr2UGrs o,
then by (3.43), we may assume that
GtNG™ ={(Sr2, Sp3). (3.44)
Hence, by the parallel law for electrical resistance,

Rg+(St2, S73)Rg- (St2, S73)
Rg+ (ST2, ST’i) + Rg— (STZ, ST3) '

RG(Sy2, Sp3) = (3.45)
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Note that a resistance of unit 1 is put on each edge of the graph G™ and G~. By
definition of #;,, we have

(T? = TY +(T* = T3 > (t;, — ) + (tc—2 — tig+1) = (C = S)r.

Hence, because of the assumption C > 15,
2 1 4 3 C
(T —-THV (T =T )zgr.

Without loss of generality, we may assume (T2 —T1) > %r. We are now in a position
to derive (3.42). By the above consideration, all we need is to show

P (Rg(0, S;) < enyr(n) forall 1 <i < C, Fc, A; forall 1

Youn

<i<C—-1,6"NG" ={Sp2, Sp3})
-0 (¢(n)(1ogn)—% loglogn). (3.46)

Set

_ C

A ={Rg+(S72, S73) <2ryy(r), Rg-(S71,S72) > grlp(r)}.
Then, on A, because of assumption C > 120,

1
Rg+(S72, S73) < ERQ— (S72, S73).
Here we use the fact that S71 is a pivotal point on the graph G, i.e.,
Rgf (STZ, ST3) == Rgf (STZ, STI) + Rgf (STI 5 ST3)'

Hence,

Rg+(St2, S73)Rg-(S72, S73)
Rg+(S72, S73) + Rg-(S72, S73)
Rg+ (STZ, ST3)Rg— (ST2, ST3)

L Rg-(Sp2, S73)

Rg(STZ, ST3)

10
ﬁRg+ (STZ, ST3).

However, we are assuming
Rg(0, S;)) < enyr(n) Rg(0,S; ) < enyr(n).
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Therefore, it follows from |T2 — tipl < 3ay,—1 and |T3 — tig+1] < 3a,,—1 that
Rg(St2, S3) < 3enyr(n),

and
33
Rg+(ST2, ST3) S Een"ﬂ(n) S 46?“#(”)
Again it follows from |T? — #;,| < 3a, 1 and |T> — t;y11| < 3a,, — that
RG, o Stig Stgi) = Senyr(n). (3.47)

Ife < %, then by (3.47), Lemma 2.3.1 and the similar arguments to that in the proof
of Lemma 3.2.3, we have

P (Rg(O, S,) <enyr(n)forall 1 <i <C, Fc, A; foralll <i <C—1, A)
= P(Fe. R, . (Sigs Sigr) < Senv(m)
—0 (¢(n)(1og n)~? log log n) . (3.48)
Similar argument as in (3.22) gives that
P (Rg(O, S,) <eny(n)forall 1 <i <C, Fe, A;forall 1 <i <C—1, Af)
-0 (¢(n)(1ogn)—% log 1ogn) . (3.49)

So, we get (3.46). O

ByLemma3.2.4 and Lemma 3.2.6, we can conclude thatif e € (0, 1—10) and C > 120
then

(the first term of (3.27)) = O (¢ (n)(log )2 log log n) . (3.50)
Hence, it remains to estimate the second term of (3.27).

Lemma 3.2.7 Lete € (O, %) and C > 120. Then we have

P (Rg(0, S;,) <eny(n) forall 1<i < C,Z =0) = 0 (qb(n)(logn)—% loglogn).
(3.51)

Proof Lete € (0, ﬁ) and C > 120. Assume that Z = (. Then

S[0,a,1 NSty —an, ti +a,] =9 foralli =1,2,...,C.
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If S0, a, 1 N S[t; + an, ti+1 — an] # ¥ for some i, then the situation boils down to the
same case as Z = 1. Therefore,

P (Rg(0, Sy) < enyr(n) forall | <i < C,Z =0)

P (Rg(0, Sy) < enyr(n) forall 1 <i < C, S[0,a,] N Slt1, 00) = )

P (Rg(0, Sy) < enyr(n) forall 1 <i < C, S[0,dn] N Slt; + an, ti41 — dn] # 9 for some i)
P

0

+ IA

(Rg(0, ;) < enyr(n) forall 1 < i < C, S[0,@,] N S[t1, 00) = )

+ (¢(n)(10g n)_% log log n) .
Let
1{l is a local cut-time between 0 and 29211 if I € [n, an + an,—6]
Il/ = 1 1{/ is a local cut-time between 3“’@% and %} ifl € [% —ay,—6, a";”]
1{/ is a local cut-time between % and oo} ifl e[t —ay,—6. 111,
and
an+an,—6 ‘in% 131
o / /o / /o /
Iy= 2 I, 1= 2 I, 1= 2 1.
=day l:a’l;’I —p.—6 I=t)—an,—6

By [6], Lemma 7.7.4 and independence,
P (I(/i) = I(’j) =0forsomel <i < j< 3) =0 ((¢(n))2) .
Hence, we have only to estimate

P (Rg(O, Sy) < enyr(n) forall 1 <i < C, S[0,d,] N S[ty, 00) = 0, 1) = 1,1}y = 1)
+P (Rg(O, Sy) < enyr(n) forall 1 < i < C, S[0,a,1 N Sl, 00) = B, I}y, = 1, I}3, = 1)

+P (Rg((), S,) < enyr(n) forall 1 <i < C.S[0,d,]1N S[r1,00) =0, I3 > 1, [}, > 1) .

We will only consider the first term of the above. (The other terms are estimated sim-
ilarly.) Assume I(’l) > 1, I(/z) > 1. If there is no global cut-time in [a,, @, + an,—6],

then it is easy to see that
3a, +1t
S[0, @,] N S [“”TJ” oo) £ 0.
However, by the same proof as that of the case for Z = 1, we have the following.

3a, +t
P (Rg (0, 8;) < eny(n)forall 1 <i <C,S[0,a,]NS [“TJ” oo) + @.)

1
=0 (¢(n)(log n)~ 2 loglog n) .
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Hence, we can assume that there is a global cut-time in both [a,, a, — a,,—s] and
[@ — ay, -6, @] (Note that if there is no global cut-time in [“”;t‘ — an.—6,

@], then we return to the case Z = 1 again.) So let

T € [an, an + an,—6]

T/e[én"‘tl u 6an‘|‘tl:|
— Qp,—6,

2 2

be global cut-times. Since
Rg(0, S) < enyr(n),

we have
Rgy (0. S1) + Rg, ., (S7.S1) + Rg,, _ (S S) < enyr(n).

It follows from |7 — @,| < an ¢ and |T" — “FL| < b, _g that
Rgos (0, Sa,) + RG, e (S;,,,, S%) + R (S% S,]) < 2enyr(n).

Therefore, if we choose € € (0, ﬁ) then by Lemma 2.3.1 and independence, we can
conclude

P (Rg(0, 5) = enr(n) forall 1 i = C, 510,11 S[t1,00) = 0, 13y = 1, I} = 1)

= P(RGo,a,, ©. Sa,) + Rg_ an+i (Say » Sﬁnzﬂl )+ Rgén+z1 (S—’_"’;r” »Sn) = 2en1//(n))
=7 2

4P (Rg(o, Si) < enyr(n) forall 1 <i < C, S[0,an] N S[ry, 00) =0, I}y = 1,15y = 1,

[&n, an + an,_é] does not have a global cut-time)

+P (Rg(O, S;) < enyr(n) forall 1 <i <C, S[0,a,] N S[t;, 00) =B, 1(’1) > 1, 1(’2) > 1,
a t a t
dnth _ a, —6, ot 01 does not have a global cut-time
2

1
= 0 (¢ ogm ™2 loglogn) .

This gives the result. O

Proof of Proposition 3.1.1 By Lemma 3.2.1, Lemma 3.2.2, Lemma 3.2.3, (3.50) and
Lemma 3.2.7, if we fix € € (0, %) and C > 120, then

P(Y=2Cn)=0 (ﬂog n)~ 3 (loglog ")a) ’

for some « > 0. This gives the proposition. O
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4 Proof of Theorem 1.2.3
4.1 Preparations

We will prove Theorem 1.2.3 in this section. To do this, we first show the following
easy lemma.

Lemma 4.1.1 Assume that  satisfies the following condition: forall € € (0, 1), there
exists N = N, € N such that

( log2 )
v@2n) <ym)|{1l——"-(0—¢€)) foralln>N. 4.1)
2logn

Then it follows that for all € € (0, 1), we have

lim sup(log )2~y (n) = 0. 4.2)

n—oo

Proof Fix € € (0, 1) and assume (4.1). Let g(k) = log t/f(ZkN). Then by (4.1),

I—e¢
o0 =000 e (- g )

Therefore,
k=1 .
9®) < g() + 3 Tog (1 = s ).
=1

j=

If we choose M € N satisfying that

1— € _ 2
log<l— - 2 )5— _3 forall j > M,
2(j +logy, N)

then we have
1 2e
g(k)f—z 1—? (logk —log M) + g(1) forallk > M.

Hence, it follows that for large &,

3¢

(log k)~ g(k) < —% (1 - Z) ,

and

o

€ _l""\
Y(N) < kT2FF < (longN) 2 forallk > K,
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forsome K € N.Letn > 2K N. Then there exists k > K suchthat2*N <n < 2H1 N,
It follows from the fact v is slowly varying that

Y () < ey @N) < Eogm) .

This implies (4.2). O

Remark 4.1.2 Note that Lemma 4.1.1 is obtained by modifying Proposition 4.4.2 in
[6]. If we get (4.2) for all € € (0O, 1), then by (2.4), we can conclude that

¥(n) ~ (logn) 2.

Hence, in this section, we will derive (4.1) for all € € (0, 1).

4.2 Derivation of the resistance exponent

Fix € € (0, 1). In this subsection, we will show (4.1). Since ¥ (n) ~ ¥ (n) (see Lemma
2.1.1), it suffices to show that there exists N € N such that

_ _ log?2
v (2n) < Yr(n) (1 — gn(l — e)) foralln > N. “4.3)

21lo

(Indeed, once we get (4.3), the same argument as the proof of Lemma 4.1.1 gives that

¥ (n) ~ (log n)_% and we have the theorem.) Note that

E (Rg().,l (Ov Sn) + Rgnvzn (Srh SZn) - RQan (Ov SZn))
2n ’

Y(n) — ¢ (@2n) = 4.4

So, to get (4.3), we have to give a sharp lower bound of the right-hand side of (4.4).
Let

R}’ll = Rg0,n (0’ Sl’l)’ Ri% = Rgn,Zn (Sn’ Szn)

Let
n
N:=| ]+ 1.
Aan,—2
We set
Ij =[n—jay2.n—(j—Dan 2], forj=1,--- N—1
Iy = [0.n — (N = Day ] .
I} =[n+( —Dan2.n+ jan, |, forj=1-- N-1
I} = [n+ (N = Dan,—2,2n].
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We say j and k intersect if
S[n — jan,—Za n—(j— 1)61,1)_2] N Skn+ (k- 1)an,—2, n+ kan,—Z] #0.
Let

L = max (j+k),
N,

1<j, k<
j and k intersect

2 <] <2N,and 1 < j <[ — 1. We define the following events.

Al = A} = {j and I — j intersect}
A=A ={L=1)

A = A3 = {there is only one pair of (j, k) which attains the maximum of L}

At = A4 = {there is a local cut-time between 0 and 2n in IJ+1}
A3 A5 = { there is a local cut-time between 0 and 27 in 117 j +1}
A% = AS = max Rg .(Si, $;) < 4an, 2% (n)

i zeIJLlLJIjIUI}H ”’
AT =A] = [ max Rg .(Si, S;) < 4an,—2$(”)}

i lellz_j_lUl,z_jullz_j_'_1 ’
A8 = A} j { there is a local cut-time between 0 and » in I}_l}

{there is a local cut-time between n and 27 in 112_ j_l}

[Rgl (51 ) > (1 —é€)jan, zl/f(n)]

A=Al = [Rgn 2 (Swsp ) za-aa- j)a,,,_z%(m] ,

where t} =n—(j— 1)ay —2and tlzfj =n+{(—-j—Day-2.
Lemma 4.2.1 Fix[ and j. Then, on the event A' N A2 N ... N A,
R+ R2— R}, = {(1 =€)l — 16}ay, 2V (n). (4.5)
Proof Assume A' N A2N-..N A and let
T'elj . T*elj | T’el}; .T*el
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be local cut-times in the events A*, A8, A% and A3, respectively. Then

Ry + Ry — Ry,
= Rg,, , (S12.51) + Rg, 5 (Su. S13)
+RG,, 1o (Sr1.S712) + Rg s 1y (Sr3. S74) — Rg,y 4 (Sp1. S74)
> Rg,, , (S12.Sn) + Rg, 15 (Su S73) = Rg,y 4 (Sp1. S74)
> Rg,,, (S12,80) + Rg, 5 (Sn. S73) — 8an 29 (n)

= Rg, (St}, Sn) +Rg , (Sn, Stlz__)
J’ J - J
_Rgt}j2 (St_} , STz) - Rgﬂ,r},j (STs, Stlz_j) —8ay._2¥ (n)

> Rg, (St}, 5))+Rg . (S St[z_j) — 16ay, 29 (n)
!

1=j

> {(1 — &)l — 16}an, 29/ (n).

n,

By Lemma 4.2.1,
E(R)+ R~ R},)

2N
— IZZE (R} + R2— R} ; A?)

2N
> > E(R)+R:— R} ;A>NA%)
=2

N -1
>> > E(RY+R2—R),;:A'NnA%NA3)
=3 j=1
2N N
+ > > E(RI+R}-R);A'NnAZNA3)
I=N+1 j=I-N
N [(1—e)l]
>> > E(R!+R2-R);A'NnAZNA3)
1=3 j=lel]
2N N
+ > > E(RY+R:—R);:A'NAZN A3
I=|(14+€)N] j=I-N
N L(1-e)] -
>3 > (=&l —=16}a, 2y )P (A n--.nAl)
1=3 j=lel]
2N

N
+ > > {0 —el—16}a, oy mP (A'n---nAY) . (4.6)
I=[(1+€)N]| j=I-N
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Lemma 4.2.2 There exists ¢ = ¢ > 0 such that

p (Al n...n A“) > p (Al) (1 - c(logn)—%(loglogn)“)
for3 <I<N,el] <j=<[(-el], 4.7

and

P (Al N---N A“) P ( ) (1 —c(logn)_%(loglogn)“)
for [((1+€)N] <l <2N,I-N <j <N, 4.8)

for some o > 0.
Proof We will only prove (4.7). ((4.8) is proved similarly.) It is known that
1 1 —1;-2
P (A ) ~ S(logn)~"1 4.9)

if (7,1 — j) # (1, 1). (Note that the asymptotic convergence is uniform for /. See the
proof of Theorem 4.1 (a) in [5], for example.) Let3 <[ < N, |el| < j < [(1 —¢€)l],
and k = [ — j. To prove (4.7), we will show

p (A‘ A A") > p (A‘ A Ai’l) —¢P (A‘) (log n) ™% (log log n)°.
(4.10)

foralli =2,3,..., 11. We will only consider (4.10) fori = 11 since the case i = 11
is the most complicated and the other cases can be proved similarly. Let S!, $? be
independent simple random walks starting from the origin in Z*. Note that

P (A1 N (A“)C) —p (sl[o, an, 210 S2[( = Dan, 2, (I — Dan 2] # 9,

2
gO,(k—l)a —

(O S(k Day, ) < (I = G)kan,—za(n)),

where G2 denotes the random walk trace for S2. Define the event

5 |sL _2 /F,, (1oglogn)2 forallm =0,1,---,a,_»
1S t-2an >~ Si-2ay_»| < 3@ —2(loglogn)®, forallm =0,1,--- an2["
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By the large deviation estimate [see [6, Lemma 1.5.1], for example), we have P (BY) <
(logn)~1°. So

P (Sl [0, an, 2] N S2[( = 2)an,—2, I = an, 2] # 9,
Rgg,(k—l)a 9 (0’ S(Zk_l)an,—Z) < (1 - E)kan’—ZW(n))
<P (51 [0,a,,—2]N 52 [ = 2)an,—2, (I — Dan, 2] # 9,

2 - N —10
RGz o (0, S(k_l)anﬁz) < (1 — kan 29 (), B) + (logn)

=1+ (10gn)*]0.
Assume that
S'[0, an,—2] N S? [(1 = 2)an,—2, (I — Day, —2] # ¥ and B.
Then we have
18024, _,| < v/@n—2(loglogn)>.
So,
I<P (S‘ [0, @, —2] N S? [ = 2)an,—2, (I — Dan,—2] # 0,
Rz (0, kafl)awz) < (1= kan 2T (). 1S5y, | < Jan(loglog n)z)

< cpmP (Rgg P St tyay o) < = Okan 2V (n), 1Sy, 1< /an 2(log 1ogn)2)

+ c(log n)_é,

where the last inequality is obtained by the same argument as in (3.22).
Note that for any = € Z*,

P (151 2| = Van—2(loglogn)?) = 3 (an, ) (loglogm®

cC—/——
((j = Dan,—
1
< cj—2 (loglog n)8.
Hence, by the Markov property and Lemma 2.3.1,

P (Rgg,“{_”a” (0%, ) < (O = Okt 2T, S]] = Vanalog 1ogn)2)

— 1
2 8
<P (Rgg.wna,,_,z ©, S-1)q, ) <A — e)kany,zw(n)) cj2 (loglogn)
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1 —1 9
< cej—z(logn) 2 (loglogn)
1 it 9
= ce 77 (logn)™2 (loglog )™,
where we used j > |€l] in the last inequality. Therefore, by (4.9),
P(Alm.-.mA“) > P(Alﬁ~--ﬂA10) —P(Alﬂ(A“)")
>p(Aln...nAl° ! logm)~} (loglog n)?
> —ce¢(n)l—2(0gn) (loglogn)
—c(logn)~0—(logn)~10> p (A‘ .. ﬂAlO)
—Ce P (Al) (logn)fé(loglogn)“.

This gives (4.10) fori = 11. O

Proof of Theorem 1.2.3. As we mentioned before, we have only to show (4.3). By
(4.6), Lemma 4.2.2, (4.9) and N ~ (logn)?,

E(R)+ R}~ R},

N L(1=e)] o 1
>3 > {0 -l —16}an 29 ) (1 —€)Flogn) =12 (1 - c(logn)_f(loglogn)“)
=3 j=[el]
2N N - ]
+ Y Y (=l —16}ay 2P )1 — ) Logn)~l172 (1—c(logn)_7(loglogn)°‘)
I=(I+€)N] j=I-N

N 2N
> > (1—6e)s(logm)lay 2Y(m)+ > (1—4€)@N — DI~ S(logn) ', 29 (n)
=3 I=[(14+€)N]

> (1 - 7e>%<logn)“n$<n) + (1 — 6€)n(logn) "9 (n)(log2) — %(logn)‘lnwn)

= (1 — 6e)n(logn) ™'Y (n)(log2) — 76%(102; n) " 'ng(n)
> (1 —20e)n(logn)~ 'Y (n) log2,

for large n. Hence, by (4.4),

_ — _1—, log2
Y (n) — ¥ (2n) = (1 —20¢)(logn) llf(n)T,

for large n. This implies (4.3). O

Remark 4.2.3 By modifying the above arguments, it is not difficult to show that there
exists ¢ > 0 such that

U (2n) > Y(n) (1 — c(log n)—l) , 4.11)
and it follows from (4.1) and (4.11) that

Y (n?) =< ¥ (n). (4.12)
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