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Abstract We consider the 2-dimensional spatially homogeneous Boltzmann
equation for hard potentials. We assume that the initial condition is a probability
measure that has some exponential moments and is not a Dirac mass. We prove some
regularization properties: for a class of very hard potentials, the solution instanta-
neously belongs to H", for some r € (—1,2) depending on the parameters of the
equation. Our proof relies on the use of a well-suited Malliavin calculus for jump
processes.
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1 Introduction
The Boltzmann equation

We consider a spatially homogeneous gas in dimension 2 modeled by the Boltzmann
equation. The density f; (v) of particles with velocity v € R? at time ¢ > 0 solves
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660 V. Bally, N. Fournier

/2
8zft(v)=/dv* / dOB(|v — v, O fi (V) fr (v)) = fr(v) fi(wa)], (1.1
R2 —/2

where

;U vk UV — Uy , UV Uy UV — Uy
= R , = — R
e () e ()

and where Ry is the rotation of angle 8. One usually integrates 6 on (—m, ), but a
famous trick allows one to restrict the integration to [— /2, 7 /2] without loss of gener-
ality, see e.g. the argument in the introduction of [2]. The cross section B(|v —vy/|, 6) >
0 is given by physics and depends on the type of interaction between particles. We
refer to the book of Cercignani [9] for a good physical reference on the Boltzmann
equation and to the review papers of Villani [24] and Alexandre [1] for many details
on what is known from the mathematical point of view.

Conservation of mass, momentum and kinetic energy hold for reasonable solutions
to (1.1):

vVt >0, /fz(v)I/f(v)dv=/fo(v)l/f(v)dv, ¥ =1uv, v}
R2 R2

and we classically may assume without loss of generality that fRz fo(v)dv =1 and
Jr2 vfo(dv) = 0.

Assumptions

We shall assume here that for some y € (0, 1), v € (0, 1/2), some even function
b:[—n/2, 7/21\{0} — R4,

B(Jv = 4], 0) = [v — v.["b(6),
30<c<C, YOe(0,7/2], 077V <b®) <CO'™", (A(y,v))
Vk>1, 3Ck, VO0e(0,m/2], [pR@©O) < Cro~!7V7k,

This assumption is made by analogy to the case where particles collide by pairs due
to a repulsive force proportional to 1/r® for some s > 2 in dimension 3, for which

Yy =(s—5)/(s —1)and b(®) ~ 0|77, with v = 2/(s — 1). We aim to study here
hard potentials (s > 5), for which y € (0, 1) and v € (0, 1/2).

Weak solutions

For 6 € (—m/2, m/2), we introduce

1 1 fcosh —1 —sin6
A(G)_E(RQ_I)_i( sin 6 cos@—l)'
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Regularization properties of the Boltzmann equation 661

Note that v/ = v + A(0)(v — v,) and that for X € R2,

2 1 2 92 2
[A@XP = 2 (1 = cosd)[X|* < - |X [ (1.2)

Definition 1.1 Assume (A(y, v)) for some v € (0,1) and y € (0, 1]. A family
(f#)tef0,7] of probability measures on R2 is said to be a weak solution of (1.1) if for
allt € [0, T],

/ vfi(dv) = / vfo(dv) and / [v]? £, (dv) = / v fo(dv) < 00 (1.3)
R2 R2

R? R?

and if for any ¥ : R? — R globally Lipschitz continuous and any ¢ € [0, T,

/2
d
» / V) fi(dv) = / fi(dv) / fi(dve) / b(O)dOIv — v
R2 R? R? —n/2
[+ AO) (v — 1) — Y ()] (14)

The right hand side of (1.4) is well-defined due to (1.3), (1.2) and because
ffﬁz |0]1b(0)dO < oo thanks to (A(y, v)) withv € (0, 1). As shownin [17, Corollary
2.3 and Lemma 4.1], we have the following result.

Theorem 1.2 Assume (A(y, v))for somev € (0, 1) and y € (0, 1]. Assume also that
b(#) = b(cosb), for some nondecreasing convex C' function b on [0, 1). Let fo be a
probability measure on R? such that for some 8 € (y, 2), fR2 ell’ fo(dv) < oo. There
exists a unique weak solution ( f;);>0 to (1.1) starting from fy. Furthermore, for all
K €(0,8), sup,~¢ [p2 eV £, (dv) < .

The additional condition that b is nondecreasing and convex is made for conve-

nience and typically holds if b(6) ~ |0 |~1-v,

Sobolev spaces

For f a probability measure on R?, we set, for £ € R2, f(S) = fRZ &%) f(dx).
Recall that for r € R,

H"(R?) = {f,1|fllgr w2y < 00}, where ||f||§,,(R2)=/<1+|s|2>’|f<s>|2ds.
R2

Let us recall the following classical results. For f a probability measure on R?,

o f e H (R? foreveryr < —I;
e if f € H"(R?) for some r > 0, then f has a density that belongs to L?(R?);
e if f € H"(R?) for some r > 1, then f has a bounded and continuous density.
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662 V. Bally, N. Fournier

Main result

We need to introduce, for v € (0, 1/2) and y € (0, 1) satisfying y > v2/(l — 2v),

1 1-2
Cly,\):_|:\/(V+V+1)2+4(¥—V)—()/+U+1):| >0, (L.5)

2

ay ifa,, <2,
Gyv=1C+yA—-2v)—v?> (1.6)
y.v Try T a1 ifa,, > 2.

As we will see in Lemma 5.3, g, > 2in the latter case. We would like to comment on
these values. However, we believe that they have no physical or mathematical mean-
ing: we found these values for g, , after some very technical computations, which are
probably not optimal in many places.

Theorem 1.3 Assume (A(y, v)), for some y € (0,1),v € (0, 1/2), such that y >
vz/(l — 2v). Consider a weak solution (fi):c[o0,1] to (1.1) such that fy is not a Dirac
mass and, for some § € (y Vv, 1),

sup /e‘”'af,(dv) < 0. (1.7)
]
2

tel0, T
R

(i) Forallty e (0,T],

Vg € (0,q,.), VE€eR?, sup 1F(E) < Cror.g(1+1ED7Y,
1o,

Vr < gy —1, sup [|fillgr@r2) < 00,
[70,T]

Vg € (0,q,.), Vv e R* Ve >0, sup fi(Ball(vy,e)) < Cy.1.q€.
[t0,T]

(i) Ifv e (0,1/3)and y > Qv +2v2)/(1 — 3v), then qy,y > 1. Thus f; has a
density belonging to L>(R?) for all t € (0, T1.

(i) Iffinally v € (0,1/4) and y > (6v + 3v?)/(1 — 4v), then qy,v > 2. Thus f;
has a continuous and bounded density for all t € (0, T].

Discussion about the result

In the realistic case where y = (s —5)/(s — 1) and v = 2/(s — 1), point (i) applies if
s > 7, point (ii) applies if s > 8+4-+/33 ~ 13.75, point (iii) applies if s > 1342+/31 >~
24.14.

When at least point (ii) applies, this shows in particular that for all + > O,
H(f;) < oo, where the entropy is defined as H(f) := fRZ f(v)log f(v)dv. This
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Regularization properties of the Boltzmann equation 663

allows us to apply many results concerning regularization (see e.g. Villani [23] or
Alexandre-Desvillettes- Villani-Wennberg [2]) or large time behavior (see e.g. Villani
[24]) where the finiteness of entropy is required.

Until the middle of the 90’s, almost all the works on the Boltzmann equation were
assuming Grad’s angular cutoff, where the cross section B, which physically satisfies
foﬂ/ 2 B(Jv — v4],0)df = oo was replaced by an integrable cross section. A fully
general existence result was obtained by Villani [22] for true physical cross sections
without cutoff. As shown in Mouhot-Villani [20], no regularization may occur under
Grad’s angular cutoff. Intuitively, this comes from the fact that each particle is sub-
jected to finitely (resp. infinitely) many collisions on each time interval in the case
with (resp. without) cutoff. See however [15] where it is shown on a simplified model
that some regularization might occur under Grad’s angular cutoff, but for some very
soft potentials (i.e. with y < —1).

Here we deal with true hard potentials and we thus have to overcome the three
following difficulties: |w|¥ vanishes at 0, explodes at infinity and is not smooth at 0.
This lack of regularity is the basis of many technical complications.

The first papers on regularization for the homogeneous Boltzmann equation seem
to be those of Desvillettes [10,11], that concern Maxwell molecules, that is ¥ = 0.
This is the most simple case, since then |v — v, | is constant. For the one-dimensional
Kac equation, he proves that f; € C* for all + > 0, while for the 2D Boltzmann
equation, he shows that f; almost lies in H' for all # > 0. Still in the case of Maxwell
molecules, Alexandre-El Safadi [3] have shown, in the realistic 3D case, that f; € C*°
assoon ast > 0.In all these works, H ( fp) is supposed to be finite. Using a probabilis-
tic approach, Graham-Méléard [ 18] (for the Kac equation) and [14] (for the 2D case)
proved that if fj is a measure with some moments of all orders and is not a Dirac mass,
then f; € C* for all r > 0. The main advantage of these works is that the finiteness
of entropy is not required, but they still have not been extended to the 3D case.

Many papers deal with the case of regularized hard potentials, where |[v — v,|”
is replaced by something like (€% + |v — v4|»)?/2. In this situation, Desvillettes-
Wennberg [13], Alexandre-El Safadi [4], Huo-Morimoto-Ukai-Yang [19] have shown
that if H(fp) < oo, then f; € C* forall ¢t > 0 for any y € (0, 1), any v € (0, 2), in
any dimension. See Alexandre [1] for a review.

In the case of the Landau equation, which is a diffusion approximation of the
Boltzmann equation, Desvillettes-Villani [12] have obtained a very complete regular-
ization result, for frue hard potentials and initial conditions with a finite entropy. The
point is that for the Landau equation, the computations are much less intricate.

But to our knowledge, the only regularization result that concerns the homogeneous
Boltzmann equation for frue hard potentials is that of Alexandre-Desvillettes- Villani-
Wennberg [2]: in any dimension d > 2, if fj is a function such that H(fy) < oo,
then any weak solution satisfies /f; € H;;/CZ(RZ) for all t+ > 0, for any value of
y € (—d, 1) and any value of v € (0, 2). The main idea of this paper is very simple.
Since the entropy H (f;) is bounded below and nonincreasing as a function of time,
its derivative, called entropy dissipation, is finite. In [2], a lowerbound of this entropy
dissipation involving the regularity of 4/ f; is proved. Let us insist on the fact that
regularization is only one of the many applications of [2].
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664 V. Bally, N. Fournier

The main limitation of our study is that we work in dimension 2. Furthermore we
have to assume at least s > 7. The two main positive points of the present paper are
that (i) we deal with true hard potentials and (ii) we assume no regularity at all on the
initial condition (in [2-4,10,11,13,19], fj is already a function): we only suppose that
fo is not a Dirac mass. This is a necessary condition for regularization, since Dirac
masses are stationary solutions to (1.1).

If v > 0is small and y € (0, 1) is large, our result seems really competitive.
For example if y = (s — 5)/(s — 1) and v = 2/(s — 1), then (denoting by H"~ =
Nse(0,n H?),

e with s = 15 we obtain f; € H1/D~(R?),
e with s = 25 we obtain get f; € H(172/167)= (R2),
e with s = 101, we obtain f; € H®04/2599—(R2);

Let us finally mention that for any values of y € (0, 1) and v € (0, 1/2), our result
will never provide a better estimate than f; € H>~ (R?). Here again, we believe that
this is a technical limitation, but our tedious proof leads to such a maximal regularity.

It might seem surprising that we assume some smoothness on the angular cross sec-
tion b. In most works, the third line of (A(y, v)) is notrequired, see [2—4,13,14,18]. For
example, the lowerbound b(9) > O~ 17V is clearly sufficient if one uses a lowerbound
of the entropy dissipation: by monotonicity, one then can assume that b(#) = c6~'7".
Intuitively, the main idea is the following. Write b = bg + b1, with b; possibly non
smooth and bg(0) = ¢~ '~V. The collisions due to b produce smooth collisions,
from which the regularizating effect is deduced, while b; produce some (possibly)
non smooth collisions, which can only have a (non-quantified) regularizing effect.
We have not been able to make rigorous such considerations while using the pres-
ent method. However, the third line of (A(y, v)) does not seem so restrictive from a
physical point of view.

We conclude this subsection with a remark on regularized hard potentials: if v €
(0, 1/3), our method allows us to extend the result of Desvillettes-Wennberg [13] to
initial conditions with infinite entropy.

Remark 1.4 Assume that B(Jv — vy|, 0) = (€2 + |v — v4|2)Y/2b(8), for some € > 0,
some y € (0, 1) and some b satisfying the same conditions as in (A(y, v)) for some
v € (0, 1/2). With our method, it is possible to prove that for ( f;);<[0,7] @ weak solu-
tion to (1.1) satisfying (1.7) and such that fj is not a Dirac mass, for 0 < t9p < T,
SUP[. 7] |ﬁ(€)| < Co.r., A+ &) foralr € (0,1/v — 2). In particular if v €
(0, 1/3), we deduce that f, € L*(R?) so that H(f;) < oo for any ¢t > 0. Thus we can
apply the result of [13] and deduce that f; € C*(R?) for all 1 > 0.

Discussion about the method

Following the seminal work of Tanaka [21], we will build a stochastic process
(Vi)tero, 71 such that for each ¢+ € [0, T], £L(V;) = f;. This process will solve a
jumping stochastic differential equation. Then we will use some Malliavin calculus
to study the smoothness of f;, in the spirit of Graham-M¢léard [18]. When using the
classical Malliavin calculus for jumps processes of Bichteler-Gravereaux-Jacod [7],
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Regularization properties of the Boltzmann equation 665

one can only treat the case of a constant rate of jump, which corresponds here to the
case where y = 0. This was done in [ 14, 18]. We thus have to build a suitable Malliavin
calculus.

Recently Bally-Clément [5] introduced a new method, still inspired by [7] which
allows one to deal with equations with a non-constant rate of jump. They discuss equa-
tions with a similar structure as (1.1), but with much more regular coefficients. Here
we use the same method, but we have to overcome some nontrivial difficulties related
to the singularity and unboundedness of the coefficients. The nondegeneracy property
is also quite complicated to establish, in particular because |v — v,|? vanishes on the
diagonal and because (1.1) is nonlinear.

Plan of the paper

In the next section, we give the probabilistic interpretation of (1.1) in terms of a
jumping S.D.E. We also build some approximations of the process and study their
rate of convergence. Another representation of the approximating processes is given
in Sect. 3. In Sect. 4, we prove an integration by parts formula for the approxi-
mating process, using the Malliavin calculus introduced in [5]. We conclude the
proof in Sect. 5. An appendix containing technical results lies at the end of the

paper.

Notation

In the whole paper, we assume without loss of generality that
/vf()(dv) =0 and e =/|v|2f0(dv) > 0. (1.8)
R2 R2

Observe that ey > 0, because else, fi would be the Dirac mass at 0. We always assume

at least that (A(y, v)) hold for some y € (0, 1), some v € (0, 1). We denote by (f;)/>0
a weak solution to (1.1) satisfying (1.7) for some § > y. We consider ng such that

no € (1/8,1/(y v v)). (1.9)
For vg € R2 and r > 0, we denote by
Ball(vy,r) ={v € R?, lv —vo| <}
the open ball centered at vo with radius ». We will always write C for a finite (large)
constant and ¢ for a positive (small) constant, of which the values may change from
line to line and which depend only on b, v, v, 8, 9, T, fo. When a constant depends on

another quantity, we will always indicate it. For example, C;, or ¢, stand for constants
depending on b, v, y, 8, no, T, fo and fy.
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666 V. Bally, N. Fournier

2 Probabilistic interpretation and approximation

Recall that we are given a fixed weak solution (f;);c[0,7] to (1.1). We wish to build
a Markov process (V;);¢[0,7], solution to a jumping stochastic differential equation,
whose time marginals are equal to (f;)se[0,7]-

We consider a Poisson measure N(ds, d0,dv,du) on [0, T] x [—7/2,7/2] X
R2 x [0, 0o) with intensity measure dsb(0)d0 fs(dv)du. Then for a R2-valued Sfo-dis-
tributed random variable V() independent of N, we consider the R2-valued stochastic
differential equation, setting £ = [—7m/2, w/2] X R2 x [0, 00),

t
V, =V +//A(9)(V_ — W lp<|v,_ o} N(ds, db, dv, du). 2.1)
0 E

We will prove that this equation has a unique solution, which furthermore satisfies
L(Vy) = f; forallt € [0, T].

We also introduce some approximations of the process (V;);e[0,7]. We consider a
C° even nonnegative function x supported by (—1, 1) satisfying fR x(x)dx = 1.
Then we introduce, for x € R and € € (0, 1), (recall (1.9))

x((x — y)/é)dy.
€

Fe = [log(1/)]",  ¢e(x) = /((y V2e) ATe) 2.2
R

Observe that we have 2¢ < ¢ (x) < I'c forall x > 0, ¢ (x) = x forx € [3¢, e — 1],
¢e(x) = 2¢ for x € [0, €] and ¢p.(x) = I'c for x > I'c + 1. We find ¢y > O small
enough, in such a way that for ¢ € (0,¢p),3¢ < 1 < I'c — 1 and consider, for
€ € (0, €9), the equation

t
Ve = Vo+//A(9)(v;, = ) egr ve oy N(ds, dO, dv, du),  (2.3)
0 E

Next we introduce, for ¢ € (0, 1), a function /; : Ry + [0, 1] such that I, (x) = 1
for x > ¢ and vanishing on a neighborhood of 0. We will choose I, in the next section
as a smooth version of 1,>.}. We consider the equation

t
yed = v0+//A(9)(Vf§ — ULy ety L (BDN (ds, d6. dv, du). (2.4)
0 FE

The goal of this section is to check the following results.

Proposition 2.1 (i) There exists a unique cadlag adapted solution (V;)se[0,7] to
(2.1). For each € € (0, €y) and each ¢ € (0, 1), there exist some unique cadlag
adapted solutions (V)c[o,11 and (Vf’g),e[oj] to (2.3) and (2.4).

@ Springer



Regularization properties of the Boltzmann equation 667

(i) Forallt €[0,T], V; is f;-distributed.
(iii)) For any k € (v, 9), any € € (0, €p), any ¢ € (0, 1),

E | sup (e'v‘lk —I—elvfélk + e‘vfe.[‘K) < Ce.
[0,7]

(iv) Forany p € (v, 1], any € € (0, €g), any ¢ € (0, 1),

sup E [|Vf - vf*ﬂﬁ] < CpeCotl hv,
[0.7]

(v) Assume furthermore that for some a > 0, some K, for all vy € R2, for all
€€ (0,1],

sup fy(Ball(vg, €)) < Ke“.
[0,T]

This always holds with K = 1, « = 0. Then for any 8 € (v, 1], any € € (0, €9),
any ¢ € (0, 1),

sup E [lV, — Vflﬁ] < Clg,KeCﬁF‘yeﬁ“L”H‘.
[0,T]

Observe that ech is not very large: since rl = [log(1/e)]¥" with yno < 1 (recall
(1.9)), we have CT? < C,e ", forany n > 0.

To check this proposition, we need the two following Lemmas, of which the proofs
can be found in the appendix. First, we state some estimates concerning the expo-
nential moments for the linearized Boltzmann equation. The study of exponential
moments for the nonlinear Boltzmann equation was initiated by Bobylev [8], see also
[17] and the references therein. These results really use the nonlinear structure of the
Boltzmann equation and we can unfortunately not use them.

Lemma 2.2 Foranyk € (v, 1), anyv,V € R? for some constants C > 0, ¢, > 0,
C, >0,

/2
/ (e|V+A<9)<V—v>|“ _ e\w”) b©)d6 < V"
—/2
x [~ectviznvizeny + CeVI v < 2G|

/2

/

—1/2

o VHAO V=V _ €|V|”‘b(9)d9 < C e IVl (CelVIF,

Next, we state some regularity estimates for the cutoff function ¢..
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668 V. Bally, N. Fournier

Lemma 2.3 Consider the function ¢, introduced in (2.2).

(i) Forp € (0,1], forallx,y >0, all € € (0, €),
P 1Y (x) — ¥ ()] < CpTY 1x — yIP.
(i1) For everyl > 1, for every multi-index g = (q1, ..., q1) € {1, 2}1,
|90y, - - - Bu,, og @ (IWD]| < G (ﬂ{\vle(e,[‘efl]}h)l_l + 1|U|E(F€7],FE+1)F;1) .
|9y, - - - By, [BY (10D < C1 (1{|u|e(e,r5—1]}|v|”_l + 1\v|e(r€—1,re+l>rz_l) :
Proof of Proposition 2.1. We handle the proof in several steps. In Steps 1-5, we

assume that (V;);c(0.71, (V,5)iejo,77 and (Vf’g)te[o,r] exist and prove points (iii)—(v).
Points (i) and (ii) are then checked in Steps 6-7.

Step 1 We first check that for « € (v, §),

K €K €8k
supE[e‘V’l + eVl Vi ] < Ck.
[0,T]

Let us for example treat the case of (V);¢[0,7]. We have

13
K
A =e|vO|K+//[e|v:+A(9><v:—v>| _ew;q
0 E

Ty <gr (ve__opy N(ds, dO, dv, du). 2.5)

Taking expectations and using Lemma 2.2,

/2
E[elvﬂx] —F [e\vmk] +0/tds //2 b(@)d@/zfs(dv)
i R

xE [(e'Vf+A<0>(Vf—v>| - e'Vf'”) PLAVS — v|>}
t

B[]+ [as [ fuavE[orqve - e
R2

0

X (_CK]I{\V;|ZI,|VSE|ZC\U|} + CK(|VS€| Vi 1)K+V72eCK|U|K) :I

Butk+v—2 < 0,sothatfor |V| > M, (v) := max{1, C|v|, [C,eC<"I" /¢, ]/ C—v=r)},
we have

—celyys1 vi=ch)) + Ce (V] v D26 < o,
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Regularization properties of the Boltzmann equation 669

Changing the values of the constants, M, (v) < CKeCK‘U|K. Thus

t
B[] B[ ]+ . [as [ faw
0 R2
B[ AV = vDe ™ gy e

Since now ¢ (|V — v]) < (1 4+ |V| + |v])?, we deduce that ¢ (|[V — v|)
]l{IVISCKeCHv\"}eC”IU‘K < C,eCI"" whence

t

]E[elvfl“] < E[e‘W] +C,(/ds/fs(dv)E [e‘Vf'“]eCK'”‘”

0 R
1

=< C/( + C/( /dSE |:e|Vf|K] .
0

We finally used (1.7), that k < § and that Vy ~ fp. The Gronwall Lemma allows us
to conclude.

Step 2 We now prove (iii), for example with (V,);¢[0,77. Using (2.5) and Lemma 2.2,
we obtain

T /2
E| sup eVl SE[eWOlK:I"'/dS / b(G)dG/fs(dv)
[0,T]
VE+AO (VE—v) [ e
iAol v ‘¢Z(|V;—v|)]

0 —/2 R2
X ]E|:
T

< Cot G [Lds [ Ao [grave - upeds eS|

0 R
T

<cC, +CK/ds/fs(dv)eC””‘KE[eC”Vf‘K].
0 R

We used here that ¢! (|V — v])eCcIVITeCelvl® < (1 4 |V| + |v|)7 eCelV I eCeltl <
eCrlVIE gClvl Step 1 and (1.7) allow us to conclude, for x € (v, §).

Step 3 We set

h(u,v,0,w) = A)(w — vV)Lju<jw—vy) and ke (u, v, 6, w)
= AO)(w — V)L, 47 -y
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670 V. Bally, N. Fournier

and we prove that for 8 € (0, 1],

o0
/ [(h — he)(u, v, 0, w)|Pdu < C161P 1w — v|P (€7 1 {jy—v|<3e)
0
+Hw — v Ljy—y=r.—1)- (2.6)

[e ¢
/|he<u, v, 0, w) = he(u, v, 0, W) du < Cglo1PTY |w— . (2.7)
0

We note that |A(0)| < |0] (see (1.2)) and recall that ¢ (x) = x for x € [3¢, ¢ — 1],
that ¢ (x) < 3e for x € [0, 3¢] and that ¢ (x) < x for x > I'c — 1. The left hand side
of (2.6) is bounded by

o0

1017 1w — vl’s/ ‘]l{uSIv—wIV} - ]l{u5¢2’(|v7wl)‘ du
0

< 101w = vl [lv = wl” = ¥ (lv — w])
< 101P 1w — vIP (L juw—vi<se} + Lw—vizre—1)|lw — v]" — @Y (Jw — v))]
<101 1w — vI (Ljju—vi<3e;36)” + Ljjy—pzr.—1jlw — v|").

Similarly, using Lemma 2.3-(i) and that ¢ < I'¢, the left hand side of (2.7) is bounded
by

1017 |(w — v)— (@ — )P B (w — v +101P 1% — vI?|¢? (lw — v])—¢? (1% — v])|
< 101P|lw — ®IPFTY + Cl01PTY ||w — v| — |@ — v||? < Cpl01P|w — w|PTY.

Step 4 We now prove (iv). Let thus B8 € (v, 1]. Since x — x# is sub-additive, we can
write

t /2
]E[|Vf - vf@vg] s/ds / b(e)de/fs(dv)
0 —x/2 R2

o
X /duE [1he(u, v, 0, VES) — he(u, v, 0, V)IF]
0
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t /2
/ds / (1—I;(IGI))’Sb(G)dG/fs(dv)
0 —7/2

o0
X /duE [|he(u, v, 0, Vf’;)VB] .
0

Using (2.7) and that 0 < 1 — I (|0]) < 1yj9/<¢), We get

t /2
E [IVtE _ Vfﬂﬂ] < Cﬁl";’/ds / b(6)do|0|PE [Ive - VSE,;VS]
0 —/2
! ¢
+Cﬁ/ ds/ b(©)d0161” [ f(@d)E [¢7 (Ve —uDI Vo —vlf]
0 =z R2

Using (A(y, v)), since B > v and since ¢ (|V —v))|V —v|f < C(1 + |[v]® + |V |?),
this yields

t
E [|Vf — Vf*ﬂﬁ] < CpIY /E [IVE — vee P ds

0
t

+cﬁgﬂ*”/ds/fs(dv)1E[1+|V;’f|2+|v|2]

0 R2
t

< CplY /IE [IVE = VESIP ds + CpeP,
0
where we used (1.7) and point (iii). The Gronwall Lemma allows us to conclude.

Step 5 Let us check (v), for some 8 € (v, 1] fixed. Using again the sub-additivity of
x = xP, (2.6-2.7), (A(y,v)) and that 8 > v, we obtain

t /2
E[1V, — V&IP] 5/ / b(@)de/fs(dv)/du]E
—/2

x [Ihu, v, 0, V)—h (u, v, 0, Vf)lﬂ]
We infer from (2.6-2.7), (A(y, v)) and the fact that 8 > v that

t /2
E[|V, — V£IP] <cﬂ/ / b(@)d0|9|’3/ﬁ(dv)
0 —r/2

E (Vs — B (€ Ty, —pj<3e) + Vs — Uly]l{|vs—v|zr€—1}) + IV, — Vflﬁ)
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t t
< CpeP™V | dsE[fs(Ball(Vy,3€))] + CsT? [ dsE[|Vy — VEP
B Ble s
0

0
t

+Cﬂ/ds/fs(dv)]E[|Vs —Ul’g+y]l{|vs—u|zre—1})]-

0 R2

By assumption, we have

sup E[ fy(Ball(Vy, 3¢))] < 3*Ke”.
[0,T]

Next (1.7) and point (iii) yield, for « € (1/ng, §),

/ F@OE[IV — ol Ty —yioro—i))]
R2

< /fs(dU)E [(Vs] + |U|)’3+y]l{|vs\+|u|zré—1})]
RZ

<e el / S @OE[ (Vs + o7 eVt ]
R2

< C,(e*rg / fi(dv)E [eCK(IVsHle)”] < C,(efrg.
RZ
Thus we have

t
E[IV: — VEIP] < Cpue k(P 4 e7Te) 4 CpTY /dsIE[|VS - VA,
0

whence E[|V; — VEIP] < Cppe k(PP + e TE)eCsTeT by the Gronwall Lemma.
We easily conclude, since k > y and since I'f = [log(1/€)]“"™, with kng > 1.

Step 6 We now prove point (i). First, the strong existence and uniqueness of a solution

(Vf’g)te[o,n to (2.4) is obvious, since the Poisson measure used in (2.4) is a.s. finite
because since /; vanishes on a neighborhood of 0,

T
/ / Ly, qopouzr? dsbO)dof (dv)du < oo.
0 E

Similar arguments as in point (iv) allow us to pass to the limit as { — 0 (recall that
I (16]) — 1{p+£0)) and to deduce that there exists a unique solution to (V,);¢[0,7]
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to (2.3). Finally, we use similar arguments as in point (v) to prove the existence and
uniqueness of a solution (V;);c[0,7] to (2.1), by taking the limit € — 0.

Step 7 It remains to show that V; ~ f; for all # € [0, T']. To this end, we denote by g;
the law of V;. Then gg = fj by assumption. Using the Itd formula for jump processes
and taking expectations, we see that (g;):c[0,7] solves the following linear Boltzmann
equation: for all ¢ : R? — R globally Lipschitz continuous,

d
EL/W@&WW=/&W@/ﬁWW)
R2 R2

R2
/2
X / b(@)dolv — vi|” [ (v + A@) (v — vi)) — ¥ (V)].
—1/2

Of course, (fi)ie[0,7] also solves this linear equation. Thus (g/)se(0,7] = (fi)rel0,7]
by a uniqueness argument. The uniqueness for this linear equation can be derived from
the uniqueness of the solution to (2.1), by using the results of Bhatt-Karandikar [6,
Theorem 5.2], see [16, Lemma 4.6] for very similar considerations in a very close
situation.

3 Some substitutions

We will use some Malliavin calculus for the process (Vf’z),e[o,r], solution to (2.4).
Since ¢Z <T! <2r?, we can write

t /2 arY

vf’§=v0+////A(e)(vff—v)lg(|9|)]1{MS¢Z(‘Vi;_vl)}zv(ds,de,dv,du).

0 —7/2R2 0
Recall that the intensity measure of N is given by dsb(0)d0f;(dv)du. Our goal in
this section is to modify this formula in order to get an expression in adequacy with

[5]. First of all, we use the Skorokhod representation Theorem to find a measurable
application v; : [0, 1] — R? such that for all ¥ : R? — R,

1
/wmmmm=/wwﬁuw 3.1
0 R2

Next, we consider the following function G : x € (0, 7/2) > (0, c0)

/2

G(x) = / b(6)do

X
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674 V. Bally, N. Fournier

and its inverse ¥ : (0, 0c0) > (0, 7/2) (i.e. G(¥(z)) = z) and we set ¥ (z) = —1(—z)
if z < 0. Then for all ¢ : [—7 /2, w /2]\{0} — R,

/2
/ Iﬂ(é)b(é)dez/l/f(z?(z))dz. 3.2)
—/2 R,

Note that ¢ is smooth on (—o0, 0) U (0, 00). Since b(#) =~ |6] 1~V by assumption, we
have G(x) ~ v=!(x =" — (7/2)~") and thus ¥ (z) ~ (vz+(2/7)") /" ~ (1+2)~1/".
More precisely, the following estimates will be checked in the appendix.

Lemma 3.1 The function ¢ is C* on (0, 00). For all z > 0,

(i) cl+2)7V" <v@=<CcU+2)7,
(i) cd+2)""" = @l=ca+o "
(i) (9P @) < +2771 k=1,
(i) (AP < (1 +2)7 71 k> 1.

Observe now that for all z € R,
10| >¢ <— |z1 < G(). 3.3)

We choose I; in such a way that for I (z) = I (¥ (|z])),I; : R = [0, 1] is smooth
(with all its derivatives bounded uniformly in ¢) and verifies I (z) = 1 for |z] < G(¢)
and I; (z) = O for |z] > G(¢) + 1.

We can write, using the substitutions 8 = ¥ (z) and v = vs(p),

t 1 GE)+l 2r!
w“=%+// / /Mmmw?—mwm@

00 -G@&)-1 0

x 1 M(ds,dp,dz, du),

{u<¢? (VS —v5(0)))

where M is a Poisson measure on [0, 7] x [0, 1] x R, x [0, co) with intensity mea-
sure dsdpdzdu. These substitutions are used for technical convenience: for example,
it would have been technically complicated to use a smooth version of 19>} (With
¢ small), while it is easy to build a smooth version of 17> () (With G(¢) large),
see also Remark 4.2 below.

Consequently, there exists a standard Poisson process Jf’{ = Zkz 1 1 (T4 <1) with

rate
1 G+l a2rt
rec=[do [ dz [au=sG +orr
0 -G@O-1 0
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and afamily (R;*, Z{', Ug =1 of idd. [0, 11X [-G(§) — 1, G(0) +11x [0, 2T/ 1-
valued random variables with law k; }dpd zdu such that, with the conventions Z(l) =0
and Ty* = 0,

A
VoS = Vo+ DL ADZES) (V;f: — Ve (Rzi’;)) L ()
1 k—1

x 1 .
7€:¢ Y € p€¢
R (FERS)

Fort € [0, T], w € R?, (recall that ¢ < I';), define

1 G(O)+1

Gec(t,w) = dze! (lw — v (p)])

0 -G()—1

1
== /dp¢2/(|w—vt(p)|) e[1/2,1].

0

Considera C* function x : R+ [0, 1] supported by (—1, 1) such that f_ll x(x)dx=1.
Setting

& (Jlw — v (p)])
Ge,c(t,w, 0,2) = ger (T, W) x(z—G() —3) + %ﬂ{lz\sG(C)H}
€,

we see that foreach ¢ € [0, T], w € R2, ge,r (t, w, p, 2)dpdz is a probability measure
on [0, 1] xR,.Since x(z—G(¢)—3) =0for|z] < G()+1land x(z—G()—3) >0
implies [z] > G(¢)+1and thusI; (z) = 0, we see that forallk > 0, all  : R? — R4,

€ € & el
v (v ) vt 7

+1

1

€ € e d d

Z//lﬁ(VT;;-i—A(l?(z))(VTk’C— ec(p))I;(z)) ¢! (‘ veh v e;(p)‘) pes

k k
0 R,
1

k

0 R

*

Consequently, we can build, on a possibly enlarged probability space, a sequence
(RZ‘g, ZZ’g)kzl of random variables such that Voé’{ = Vp and for all k € {0, ...,
It =1y,
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/A :vii forall 1 € [T, TS,

ZA(&(Z SOV = e (REDIL(Z),

I\+1
c ((szl, BV T T;fl) = qec (5, Vit 0, Ddpdz.
Observe that by construction, we have

It
1 vo+ZA(z9<Z“))(V“ — vpec (REDI(Z))
k=1

for all r € [0, T']. The following observation will allow us to handle several computa-
tions.

Remark 3.2 Recall that M (ds, dp, dz, du) is a Poisson measure on [0, T] x [0, 1] x
R, x [0, 0o) with intensity measure dsdpdzdu. Forany ¢ : [0, T1xR?x[0, 1]xR >
Ry,anyt € [0, T],

Zx/f(T“ Vii RS, ZEOT(Z5)

t 1

o
— €<
— ////W(sﬂ VS_ s Py Z)Ig(Z)]l{uf(pz(‘V;;{—U_Y(I))D}M(dé" dp’ dZ, du)
0 0R, O

K

Remark 3.3 We finally compute the law of (R{"*, Z{%), ..., (R, Z{*°)). We can
write, for each k > 0,

= He(Vo. (T RYS, Z59), (T8 RES, 20,
for some function Hy : R? x (R4 x [0, 1] x R,)* — R2. Indeed, set Ho(v) = v and

Hip1 (v, (21, 015215 -+ o5 (Bt 1s Prt15 2k41) = Hi (v, (71, 015 21)5 - -+ (s ks 2K)))
+A@ (zk+1) (He (s (1, p1,20)s s (ks P 20))) — Vi (k1)) Xe (g

Conditionally on o (Vo, J*, t > 0), the law of ((R]™*, 4 zy O, .. (Rf’g, Zf’g)) has
the density

I
qu,;(T,f’g, Hie1 (Voo (T, o1, 21, - (T,f’_ﬂ, Pk—15Zk—1))s Pk» Zk)

with respect to the Lebesgue measure on ([0, 1] x R*)k.
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Regularization properties of the Boltzmann equation 677

4 An integration by parts formula

The aim of this section is to prove an integration by parts formula for Vf’g. Clearly,

on the event {Tf’z > t}, er,; = Wy, so that no regularization may occur. To avoid
this degeneracy, we consider (Z_1, Zy) with law N'(0, I;) independent of everything
else. We also introduce a C* non-decreasing function &, : R +— [0, 1] such that
P (x) =0forx <T'¢e —1and & (x) = 1 for x > I'c.. We may assume that the
derivatives of all orders of &, are bounded uniformly with respect to € € (0, €p).
Finally, we consider a C* function ¥ : R + [0, 1] such that ¥ (x) = 1 forx < 1/4
and W (x) = 0 for x > 3/4. We set

Jet
=08 = o (Vo)) + Zcbeqv;;in and GS° = w(xh). (4.1)
k=1 k
Observe that since supyq ;| [VES| = max{| Vo, |V;1;i ..., |V;J;i }, we have
1
€¢
IL{SUP[(),r] [V ¥ |<Te—1) =G" = Il{SUP[o,z] [Vl )<Te) 4.2)

Theorem 4.1 We set u;(t) := 124, Forany ¢ € CZO(RZ, R),any0 <19 <t <T,
any k € (1/no,98), any g > 1, any multi-index B € {1, 2},

= o (view (%) + i) 7]

14 _ _ I . —
< Cpipue T [ lloe [0 70 4 &7 g 720].

In the whole section, ¢ € (0, 1) and € € (0, €p) are fixed. We set for simplicity
A=rer, T = T,f’g, Ry = Rz’g, Zr = ZZ’Z, but we track the dependance of all the
constants with respect to € and ¢.

4.1 The Malliavin calculus

We recall here the Malliavin calculus defined in [5]. This calculus is based on the
variables (Zy)x>1 (they correspond to the variables (Vi )i>1 in [5]). The o-field with
respect to which we will take conditional expectations is

G=0W, Tk, R, k = 1).
The calculus presented below is slightly different from the one used in [5]: there one
employs as basic random variables (R, Zi)r>1, while here we use only (Zy)r>1.

This is because we have no information about the derivability of the coefficients of
the equation with respect to p. We also note that our coefficients depend on time, but
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since the bounds of the coefficients and of their derivatives are uniform with respect
to time, the estimates from [5] hold in our framework.

Recall that (Z_1, Zy) is independent of everything else and N (0, I5)-distributed.
We set

Zf = (Z—1$ ZOs le ey Z.]t)'

We now use Remark 3.3. Conditionally on G, the law of Z; has the following density

with respect to the Lebesgue measure on R? x (R,)”: setting z = (z_1, ..., 2J,)s
2, .2
_ lz_117+lzg!
Pe,c(2) = Wie 2 qu,g(Tk,Hk—l(Vo, (T1, R, z1),s - - -,
k=1

(Th—1, Rie—1, 2=1)), Ry 20,5
the normalization constant

Ji

Wy =|2m / |:H616,§(TkaHk—l(VO,(Tl»Rlazl)»~-~a

[0, 1) k=1

-1

X (Te—1, Ri—1, 2k—1)), Ri, Zk)j| dzy...dzy,

being G-measurable.

We denote by Ur : Ry +— [0, 1] a C* function such that U;(z) = 1 for |z] €
(1,G(&) — 1) and Uy (z) =0 for |z] < 1/2and |z|] = G(¢) — 1/2. We may of course
choose U in such a way that its derivatives of all orders are uniformly bounded (with
respect to ¢). Then we define

ng=my=1, m =Ur(Zx), k=1

Remark 4.2 Note that 73 is smooth with respect to Z; and that all its derivatives are
bounded uniformly with respect to ¢. This is the reason why we used the substitution
6 = ¥ (z) in the previous section.

A random variable F is said to be a simple functional if it is of the form
F = h(w7 (Zfl’ R ZJ;)) = ]’l((!), ZT)

for some ¢ > 0, some G-measurable 4 : {(w,z), w € Q,z € R? x (Ry)""@} > R,
such that for almost all w € @, forall k € {—1, ..., Ji(w)}, z — f(w, z) is smooth
with respect to zx on the set mx > 0. For such a functional we define the Malliavin
derivatives: for k > —1,

DyF =m0, h(w, Zy).
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Remark 4.3 We note that Remark 3.3 ensures us that Vf’g is a simple functional
for each ¢t € [0, T']. Indeed, Hy is smooth with respect to z; for [ € {1,...,k} on
{zi € (—=G(£),0) U (0, G(¢)), which contains {7; > 0}. This explains our choice
for 7.

Observe that if F is a simple functional, Dy F is also a simple functional (in par-
ticular because the weights 7 are smooth functions of Z). Thus for a multi-index
B = (ki, ..., kp) with length | 8| = m, we may define

DPF =Dy, ...DyF.

m

For m > 1, we will use the norm

|Flw=|F|+ > |DFF|.

1<|Bl=m

Given a d-dimensional simple functional F = (Fy,..., Fy), we set |F|, =
Zf: 1 | Fil,- The Malliavin covariance matrix of F' is defined by

Ji
o (F) = Z DiF; x DiFj, 1<i,j<d.
k=—1

Finally, we introduce the divergence operator L: for a simple functional F,
Ji
1
LF=->" [—Dk(nkDm + DyF x Dy logps,azt)} :
LTk

k=—

We now are able to state the integration by parts formula obtained in [5], of which the
assumptions are satisfied.

Theorem 4.4 ([5, Theorems 1 and 3]) Let G and F = (F}, ..., Fy) be simple func-

tionals. We suppose that det o (F) # 0 almost surely. Then for every ¥ € C;° R4, R)
and every multi-index B = (B1, ..., Bq) € {1,...,d}9, we have

E 9y (F)G) =E (¥ (F)Kp.4(F. G),
with the following estimate:

IGly (14 |Flyq)4©4FD

q J
[Kpa(F. O = Cpa—"———25 1+> > JlILFl,
[deto (F)] j=lki+-+kj<q—ji=1
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4.2 Lower-bound of the covariance matrix

The aim of this subsection is to show the following proposition. We denote by [ the
identity matrix of M>,2(R). As we will see below (see Subsect. 4.4), the Malliavin

covariance matrix of \/u; (t) (ZZ_I) + V,“ is nothing but u, (1)1 + a(Vf’g).
0

Proposition 4.5 Recall that u;(t) := e Forallp > 1,all0 <19 <t < T,
XN c,r?
E[(det 01 +0v9)) } < Cy peSrte
First, we compute the derivatives of er,; for t € [0, T]. If we have a family
(Mk)ke{l """" i1 in My, (R), we write Hljczl My = Mj...Ml.
Lemma 4.6 Let (Y;);c[0,1] be the M2y 2(R) -valued process defined by
Ji
Y, = H [I + A(l?(Zk))IC(Zk)] withY, =1ifJ; =0).
k=1
This process solves
Ji
Yo =1+ A(Z)(Z0)Yr,_,
k=1

and Yy is invertible for all t € [0, T, because 1 + A(0) is invertible for |0 < /2.
Set, for k > 1,

Hi = 0'(Z)A' 9 (Z) V5| — vr (Re)).
Then for k > 1, fort € [0, T,

DVt = m Y Yy Hil .

Proof Since Vf’c and Y; are constant on [T}, T;11), it suffices to check the result for
V;;g, for all j > 0, that is, on the set 7 > 0 (i.e. | Zx| € [1/2, G(¢) — 1/2]),

8, Vr) = Y1, Yy Hl o

Since V;Jfg does not depend on Z; if j < k, the result is obvious for j < k.

We now work by induction on j > k. First, V;If = V;/i] + A(l?(Zk))(V;k’fI —
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vt (R, ) (Zy). Derivating this formula with respect to zx yields (recall that | Zx| €
[1/27 G(é‘ - 1/2)] and thus I{ (Zk) = 1),

0, Vit =" (Z A @ (Z)(Vyt | = v (Ro) = Yr, Y7, Hy.

We now assume that the result holds for some j > k and we recall that due to Sect. 3,
Vit = Vit + A Z)) (Vi = oy, (R (Z)41). Hence

Tjt1

0, Vit = (I 4+ AW (Zj 1)) (Zj41)) Oy V;f

kSTt

= (I + A@(Zj+ ) (Zj10) Y1, Yg  Hi = Yr,,, Y7 ' Hy
as desired. O
We deduce the following expression.
Lemma 4.7 Forallt € [0, T],0 (V%) = Y,8,Y}, where

J
S = > mi¥p  HHE (Y.
k=1

Proof Due to Lemma 4.6, we have

Ji Ji
k
oV =>"x} [Y,Y;lek] [Y,Y;klﬂk] =Y, (anzYTlekH,f(YTkl)*) Yy,
k=1 k=1
whence the result. O

Next, we prove some estimates concerning (¥;);e[0,7]-
Lemma 4.8 Almost surely, for allt > 0, |Y;| < 1. Furthermore, for all p > 1,
E| sup [¥;'|” | <exp(C,I7).
[0,T]
Proof First, an immediate computation shows that

14 cosé
- <1
) =<

)

I+ A®)* = sup (I + A@@)E]> =

so that |Y;| < 1. Next, one can check that for 0 € (—r /2, 7/2),
(I +A@) ' = 2 4= exp(6%)
1+4cosh — - '
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ThusforO0 <t <T,
J; Jr

Y < [T+ A2 (Zi)) ') < exp (Z z?2<zk)lc<zk>) =:exp(L7).
k=1 k=1

We infer from Remark 3.2 that for some Poisson measure M with intensity measure
dsdpdzdu,

Ot — N T T
S— e

7

Lt 19 ()L (2)1 M(ds, dp, dz, du)

{u=ol (Ve —vs (o))

A

191, <rr\ M (ds. dp, dz., du).

0\8 0\8

*

Hence for any p > 0,

E[exp(pLr)] < exp | TYT / (€@ — 1dz | <exp(C,TTY),
R,

since ¥2(z) < (/2)* and since fR* 92(z)dz = f”ﬁz 6%b(0)d6 < oo by (3.2) and

Ay, v)). O

To bound S; from below, we need a lower-bound of f;. The following estimate is
probably standard and will be verified in the appendix. Recall ( 3.1).

Lemma 4.9 Onemay findro > 0andqo > 0 such that forany w € R?, anyt € [0, T,

1

fiQu, lv—w| = ro}) = /ﬂ{\v,(p)—w\zro}d,o > qo.
0

We now prove some basic but fundamental estimates.

Lemma 4.10 For & € R2, X € R2, consider
1 2 2 2 2
16X) =10 € [-7/2,7/2), (€. (1 + AO) T A O)X) = 67X Ig[2/128

For any &£, X € R2, we always have either (0,7/2] C 1(&,X) or [—7/2,0) C
1(§, X).
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Proof We may assume, by homogeneity, that | X| = |£| = 1. We have

1 (g 1[ —sinf
(I+AB)'A®O) = 5 (1+01080 Sing) =3 [—1 + P} :

14cos @ 1+ cos 6
—1 4 2 1] sin’6 2 2
&, (1 +a@)~'a'O)X) —4[—(1“059)2 (& X)% + (&, PX)
sin 0
—ZW (&, X) (&, PX)]

Since (X, PX) = 0 and |X| = || = 1, we always have either (£, X)? > 1/2 or
(&, PX)2 > 1/2. Thus for all 8 such that (¢, X) (§, PX) sin6 < 0O (this holds either
on [0, r/2] oron [—7m /2, 0]),

|: sin? 6 } sin? 6
>

2
<§,(I+A(8))’1A/(9)X> = 5 | e -

-8
We easily conclude, since |sinf| > |0|/2 on [—7/2, 7 /2]. O

We deduce the following estimate.

Lemma 4.11 There are some constants ¢ > 0, C > 0 such that for all ¢ € R?, all
1€[0,T]

Elexp(—§5,6)] < Cexp (—erllg)/ " n¢™1).

Proof Recalling Lemmas 4.6, 4.7, the definition of m; and using that Y7, = (I +
AW (Z)))Yr,_, on x> 0 (because 7 > 0 implies I (Z;) = 1), we see that

Ji Ji
£°5i6 = > 2 (V' Hi, s)z = > (U + A @) H, (Y;kil)*sf

k=1 k=1
Ji

> Z]l{|Zk|e[1/2,G(§)—1/2]}(0/(Zk))2
k=1

2
x (1 + A @D A @@V, = vr (RO, 1)

where & = (Yfl)*é. We observe that a.s., |&| > |&] because |Y;| < 1 by Lemma
4.8. We splitted Y7, = (I + A(¥(Zy)))Yr,_, in order to make rigorous the stochastic
calculus below (&7, , will be predictable). We recall that ro and gy were defined in
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684 V. Bally, N. Fournier

Lemma 4.9. Thus, due to Lemma 4.10,

Jy
£7SE > ;]1 |Zkle[1/2,G(§)— 1/2]}]1{0(zk)el(grk . Tk | ka(Rk))} (v Tk |1 (RO =ro}
L (Z))* 9 (Zrlen_, I*
128
_ e <
= 128 ;ﬂﬂzﬂeﬂ/z G-t/ 1 W(Zel Gr_y Vi —vr (Ro))
1

l 2492
X]l{w;k“_,—vrk<Rk>>\zro}(ﬂ (Z)0°(Ze)

29 t 1 0
_ Lkl 922 (0 (2))*1 1
= 133 @@ @) Lyzien/2.60-17201 5 yer e, ves —u (o)

0 0R, 0

X Lves o, oizro) Lusa? (Vs vy ()M (@8- dp, dz, du),

where M is a Poisson measure on [0, 7] x [0, 1] x R, x [0, co) with intensity mea-

sure dsdpdzdu. We used Remark 3.2. Since q)Z (x) > r(’)/ for x > rp we get £*S,& >
|$|2r0

L;, where
t 1 00
: 2 2
b 'Z////l9 @@ @) Lelen2.60-1208 pcrer 6, e o)
0 0R,0
x 1

WVES vy () [zro) Lury M (ds. dp. dz. du).

Using the It6 formula for jump processes, taking expectations and differentiating with
respect to time, we get, for x > 0,

1 o]

d B _ 92 ’ 2

EE xL, _ ///E xL, _ ot <z><ﬂ<z>>)ﬂ{lz‘e[l/z’cm_l/zl}
0 R, O

*

XL e ve —uom L ives —vp)izro) Lusry }]d”dzd'o :

The integration with respect to u is explicit. Using Lemma 4.10, we see that the set

(9() € 1, V¥ = v(p))} as. contains (#(2) € (0,7/2)) = (z € (0,00)} or
(9(z) € (—7/2,0)} = {z € (—o0, 0)}. Since (99)? is even, this yields

J 1 G@)-1/2

4 el —xL _Y —xL; (1 _ —xﬂ%z)(ﬂ’(z))z) ]

th[e ]5 ro/ / ]E[e (1 ¢ Lives —uyprizry | 4240
0 12

@ Springer



Regularization properties of the Boltzmann equation 685

Finally we use Lemma 4.9 to deduce

G()—1/2
%]E |:€7XL’:| < — rgqo / (1 — e*Xﬂz(Z)(ﬁ/(Z))z) dz | E [efoz] )
1/2
Since Ly = 0, this implies
G(5)—1/2
E [e_XL’] <exp | —trf qo / (1 - e_x’ﬂ(Z)(’?/(Z))z) dz
1/2
. % [HEn
Recalling that §*$,& > 73 L;, we get
G()—1/2
Elexp(—§*5,5)] < exp | —tr§ 4o / (1 e EPR OO @ 128) 4o
1/2

We observe that due to (A(y, v)),
G@)=1/22c™" = @/2)"") = 1/2=> ¢

for ¢ > 0 small enough. By Lemma 3.1, we have 92(2) (8 (2)? = c(1+272)~4v 2 >
cz74v =2 forz > 1/2. We thus have

eV
Elexp(~£"Si6)] < exp [ —1r 0 / (1P ) g
172

Butforz < |£]"/2*"), wehave |£|2z~4"~2 > 1, whence 1 e clEPT? >1—e¢.
Consequently,

Elexp(~£"8$:6)] < exp (et ((cc ™) A 16173 ~172)).

The conclusion follows. O
We are finally able to conclude this subsection.
Proof of Proposition 4.5. We recall that due to [7, p 92], for all p > 1, there is a

constant C), such that for all nonnegative symmetric A € M>,2(R),

|det A|™P < C, / |E[*P 26 AE g
£cR?
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686 V. Bally, N. Fournier

We set d; = det(u; (1)1 + O’(Vf’g)). Using Lemma 4.7, we have (T(V,E’g) =Y S Y},
whence d; = det?(Y,) det(ue (£)(Y} Y;)"'+S;). Lemma 4.8 and the Cauchy-Schwarz
inequality yield

E[d "] <E [det(Y,)zl’ det (ug(t)(Y,*Y,)*‘ + St)_p]

L oq1/2
c,rY *y oy —1 2p
< CrTUR | det (u;(t)(Y, Y,) +S,) .

Thus due to (4.3) and Lemma 4.11, since £*(Y;*Y,) "' = |(¥, )*€|> > |£)* by
Lemma 4.8 ,

1/2

Eld, "] < CpeCr'? / (£ [8P—2e—uc OIEP [e—s*sts] dt
|§|eR?
1/2
14 _ —
= Cperl / 61572 exp (—ug (0181 = il e 1) dg

HEI
172

=Gt | [ e Texp (~erlel ) e
5| eR?

To get the last inequality, observe that if |£|"/C+Y) > ¢V then |£|>7V/CTY) > =4V,
so that

M{(l‘)lg|2 — t§4+v|$|2 — t§.4+V|§|v/(2+v)|%_|2—v/(2+v) Z t|$|v/(2+v)
Thus for0 <ty <t < T, we have
Eld; "] < Cyp,per™

as desired. O

4.3 Upper-bounds of the derivatives

This subsection is devoted to the following estimates.
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Regularization properties of the Boltzmann equation 687

Proposition 4.12 Foralll > 1,all p > 1,

e 1P ) < Cipl?
E(ﬂ{sup[o,n vesisra S Vs i ) < Cpetre,

cp ecl,pFZ
€ © =
E ﬂ{sup[o.nlvsﬂsre}[f)“}’]|LVS )= Crr

Proof We will use the estimates from [5, Sect. 4]. In [5], the coefficients are bounded.

VS€’§’ < I'¢}, we do not need to take a

But, as long as we are on the set {supjy 7

supremum over all w € R2. For a function Y = [0, 00) x R2x[0,1] x Ry —> R (or
> R?) which is infinitely differentiable with respect to z € Ry and to w € R?, we
set, fore € (0,¢),l > 1,

Ui, p) = sup D (9fNY @ w, p, ).

{‘w|5r€}0§\ﬂ\+ksl

Letc(r, w, p, z) = AP (2))(w — v (p))I; (2), for which sup,,cr2 |Vye(t, w, p, 2)| =
|A(?(2)) I (z). Due to [5, Lemma 7], we know that

V(1) =1 sup [Vt
J1]

{supo,1 Vs *1<Te} 0

Ix1!

Ji
€, =l IxI!
= aupy v 1= S0P V5 |+c,(1+zc€(Tk,Rk,zk)) sup (6"

k=1
where
Ji Ji
£ =1+C Y IA@Z (Z0Er- = [ [(1 + CA® @) (Z0)-
k=1 k=1

First, we prove exactly as in Lemma 4.8 thatforall p > 1,0 <t < T,

E supEf < ecl’v’r‘y.
[0,7]

Due to Lemma 3.1, since |A(0)| < |6| and since the derivatives of I; are bounded
uniformly with respect to ¢, we have ., p, z) < Ci(1 + [z)7V/V(Tc + |v:(p)]) <
CiTe(14 1z])~Y¥(1 4 |v: (p)]). We thus have, using the Cauchy-Schwarz inequality,

1/2

2plxl!
Ji
E[Yi(1)?] < CpT2 4 CpyeCriTTPI'E {1 + (Z(l +1zZeh M+ |UTk(Rk)|)) }

k=1

1/2
< Cp.lecp‘IFZ]El:l +X,2”1X”] ,
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688 V. Bally, N. Fournier

where X; = z,{f:l(l +1Ze )~V (1 + |vg, (Re)]). We now prove that for any p >

1,E[X?] < CpeCr I'¢ which will end the proof of the first inequality. Using Remark
3.2, one may find a Poisson measure M on [0, T'] x [0, 1] x R, x [0, co) with intensity
measure dsdpdzdu such that

t 1 00
X = / / / / (L 12D A s DLy ey, oy e @M (ds. dp. dz. du)

0 OR, 0

t 1 0
s////(1+|z|)*1/”(1+|vs(p)|>11{ufpg}M(ds,dp,dz,du) = Xi.

0 0 R, 0

A simple computation shows that

t 1
E[X/] <T! /ds/dp/dz]E (R + 4120770+ o) = X7
0 0 R,

t 1
<cr7 [as [ap [ a1 DB [14EE + o]

0 0 R,

Since [ (1+ |z))7"/dz < oo and since fol lvi(0)|9dp = [2 V]9 f;(dv) < Cy for
allg > 1dueto (1.7), we conclude that IE[f(,p] <Cp r’ fot E[X?1ds + Cp '/, whence
E[X M<c » r’ eCrl? <C PecprZ by the Gronwall Lemma. This ends the proof of
the first inequality.

We now prove the second inequality. We use [5, Lemmas 11 and 12]. We introduce
the functions

1

1
gt,w)=1- ; /dp/dz]l{lz\<G(()+l}¢Z(|w — v (p)])
40 R,
1

1
=1- ﬁ/d;oqb;’(lw = v (P,
0

h(t, w, p) = ¢ (lw — v (p)]).

Then by [5, Lemma 11], fork =1, ..., J;,

———I+1
L7 < ¢ (Toghy " (Ti R

Ji
—1+1 —I+1
HUtsup Vo)t 3 [Toggll” (7)) + Tog, (Tj, R)D)-
[0,7] i
j=k+1
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Regularization properties of the Boltzmann equation 689

Making use of Lemma 2.3-(ii), one easily checks that (log h)l6 (t, p) < Cre~! and that
for any multi-index ¢ = (¢1,...,q1) € {1, 23, |8f]g5(t, w)| < Cﬂ";ley’l. Hence,
using the Faa di Bruno formula (5.5) and the fact that g.(z, w) > 1/2,

(ogg)-(1) < Cre’ .

Thus fork =1,..., J;,

I+1
ILZ|; < Cre'™! (1 + sup IVf’§|1+1) 1+ Jp).
[0,¢]

We now infer from [5, Lemma 12] that

I+1
Ji
sup [LVSS|, < Cz(l + s |LZk|l)(1 + D e (Th. R Zk))
=1,...,J¢

[0,¢] k=1

+1
x| 14 sup |V;’§|fﬁ sup EI+1
[0,1] [0.7]

Using the above estimates, we can upperbound supy ;| |LVf’§ |; with

Cre (1 + 7)) (1 + sup |Vf’§ll(’++1””+3))
[0,7]

J; I+1
x (1 +Te D 1(Zl(1 + |UTk(Rk)|)) sup £

k=1 (0,71

Thus using the Cauchy-Schwarz inequality and similar arguments as in the proof of
the first inequality, we get

12
E |:sup |LV§¢|,”} < € pe PV LT R [(1 + J;)2P]
[0,7]

Recall now that J; is a Poisson process with rate A = A, = 4(G(¢) + nrl <
CT!¢7" by (A(y, v)). Hence E[J/] < Cp(he e T + (hec T)P) < C,T¢P¢7"P. The
second inequality follows. O

4.4 Proof of the formula

We prove a final lemma to compute the norm of G f’g.

@ Springer



690 V. Bally, N. Fournier

Lemma 4.13 Recall (4.1). Foralll > 1, allt € [0, T],

€¢ 1 €81\l
G i < Cl]l{suplo_” VeS| <I,) |:1 + ]l{SUP[()_zJ |V;,§|21—‘€_1}(1 +Jp) ([S(;lg Vo 1)) :| .

Proof Using [5, Lemma 8], we have

|Gf’f|zs|Gf"|+cz( sup
{k=1,..., 1}

,,,,,

observe that by definition, =* € [1/4, 3/4] implies supy ; |Vs"*| € [[e — 1, Tel.
Recalling (4.2), we only have to prove that ||, < C;(1 + Jo)(supg ;) |VES ). But
of course, | |1 < e (VoD i+ X 19 (V5 Dl < (14 ;) supyg 1 19 (Vi Dlr.
It only remains to check that for all s € [0, T1, |®(|VS D < G VET |!. But this
is an immediate consequence of the chain rule (see [5, Lemma 8]) and the fact that
v > ®.(|v|) has bounded derivative of all orders, uniformly in €. ]

Finally, we have all the weapons in hand to give the

Proof of Theorem 4.1. We apply Theorem 4.4 with
F=V+ /M(ZZI) . G =G
0

We first note that for k > 1, Dy F = Dy VS¢ that D_ | F = NG (é) and DoF =

Ve () ((1)) We also have LF = LVf’g + Juc(t) (LLZZ_OI) A simple computation

shows that LZy = Zg, so that Dy (LZy) = 1;—o and thus so that D; Dy (LZy) = 0.
This yields |LZol; = 1 + |Zo|. By the same way, |[LZ_1|; = 1 4+ |Z_1]. Since
urg(t) <1,

IFli < C(L+VESID,  ILFl <2+ | Zo1] + | Zol + LV,
and o (F) =u (1) +0o(V°).

Using Theorem 4.4, we deduce that for  a multi-index with length ¢,

[E[0§(F)G77]| = CuEIK 11V Il
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Regularization properties of the Boltzmann equation 691

where

1G5 1y (1+ supyg 1V, g3
(det(ug ()1 + o (V)31

q J
< 1+> > Je+1Za0+1Zol + 1LV Ik

j=lki4+kj<q—ji=I

Kpq =

€¢ 13g+4>
<c1 y (14 supyg [V " lg+1) 9™ (1 a1 y )
- {SUP[O,z] [Vi™ |<Ce} (det(u; (t)] + G(VIEsC)))Sq—l {Sup[O,t] Vi *|=Te—1}

q J
< [1+>7 > []e@+1z-11+12Zol + 1LV )

j=1ki+tkj<qg—ji=1
due to Lemma 4.13. Using the Cauchy the Cauchy-Schwarz inequality, we obtain
E[Kg 4]l < Cqli121314,

where

1/4
€l 4(13g+¢%)
=B L 1ve z‘<r}(1+8UP|V lg+1) } ,

E | (det(ue (1) + o (V,4)) 434~ 1)]/

[
E[

1/4
5 {sup[o,,]wfﬂzrf—l}] ’

: 1/4
q J
heE |:1 - Z Z H(2 +1Zoal+1Zol + |LV16’{|ki)4]l{supmu IVSE’{SFJ:| ‘

j=lki+-4kj<q—ji=1
Making use of Lemmas 4.5 and 4.12, we immediately get, for0 <7 <t < T,
I < quCqFZ and I, < C,O’qecqrey
Recall now that J; is a Poisson process with rate 4FZ(G(§) +1) < CFZ;“’, S0

that E[J,p] < C,,FZ";'_”P for all p > 1. Using Proposition 2.1-(iii) with some
1/no < k < 8, and the Cauchy-Schwarz inequality, we obtain

18 1/8
I = Cy+ CE[JM] P [sumv:ﬂ > T, - 1]
[0,7]

1/8

K €8k K

< Cy+C TV Ve 4 Te= R |:sup eHIVs ] < Cyp(l+¢7ve72Te),
[0,7]
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Finally, using Lemma 4.12, we see that for j = 1,...,gand k; +---+k; < g — J,
1/4

J
E|[]@+1Z-11+ 120l + 1LV i)',
i=1

SUp[o,1] IVSE‘C [<Ce}

/ : 1/G45)
€,¢ 4j
<] |1 E[@+1Z-11+120l + 1LV 1) g e
i=

J , 1/(4))
< CqHE[l +ILVEHL ]

i=1

{suppo 1y Vs ¢ 1<Te}

- 1/(4j
j /(4))

Y i i(k:
S qucqre H(l + 4_4‘“}6_4/(161—"_1))
Li=1
W, 1/4j)
< quc,,rZ H§.74jv€74j(ki+l) < ququ‘Zé.fjvefq

_i:l

< CoeCale v,
whence Iy < C,eCaT ¢=1Ve =4 All this yields

E[Kpg] < CiyguceC™ £79%e™ (1 4+ ¢ V20

K

v _ _ _ _
< Cloquee ™ (£7070 4 ¢

For the last inequality, we used that T = [log(1/€)]™ and that yno < 1 < «np.
Theorem 4.1 is checked. O

5 Conclusion
We now wish to end the proof of our main result.

Lemma 5.1 Assume that for some o € [0, 2), some K > 0, forall € € (0, 1),

sup sup fs(Ball(vg,€)) < Ke“.
[0,T] vpeR2

Thenforn e (0,1—v)yandp > 1,for0 <ty <t <T,fore € (0,ep)and ¢ € (0, 1),
forq > 1, forall £ € R? with €] > 1,

17:6)] = ‘E[e”‘f)‘/z)]

+ |E|v+n€v+y+a + |E|€_n§1_v] )

< Cqo.n.p [|5|7q(e*‘1*’7§*"q +ePe2vay
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Proof We have |ﬁ(§)| = |E[ei<5’vf)]| by Proposition (2.1)-(ii). We set Xf =
Ve (O(Z_1, Zp) for simplicity and write

IA

@)l < [BeeW - 6|+ | [ei<s,v;) - ei(é,v,“)”
+ ']E [ei<5*vf€’{> _ e"(&Vf’“rXf)”
+ 'E |:ei<5,V,€-C+Xf>(1 _ thf)iH n ‘E I:ei<§’V’€YC+Xf>Gt5v§iH

= A+ + As.

First, we apply Theorem 4.1 with ¢ (v) = ¢'&V) and the multi-ind(;xes Bi={,..., 1
and By = (2, ..., 2) with length ¢, for which 8% ¥ (v) = (i§)¢! &) and 34, ¥ (v) =
(i&)9¢/&) For any k € (1/n0, 8),

— Y _ _ _ o
As < Cyrpxl€]79eCale (770 4 72701

(VeI -2
< Cqiompl&I79( e 171 4 £ 7VeP),

because I'c = log(1/¢)" and ynog < 1 < kng. Next, by (4.2) and Proposition 2.1-(iii),

Ay <P |:sup |Vf’§| >Te — 1:| < CpeTem D" < cevtoty,
0.7]

We could have chosen any other positive power of €. We also have, since ¢! €-*) —
O < JEllx — 1,

As < EE[1Xf1] < CIgIur () = Clele®™P2,
Proposition 2.1-(iv) (with 8 = 1) implies
Ay < BIE[IVS = Vel = ClgleC™ ¢ < ¢y lgle e
Finally, we note that for 8 € (0, 1],
"€ — T 6| < min(lg]lx - y1.2) < 2'7F1E1 e — yIP.

Hence using Proposition 2.1-(v) with 8 = v + 5 (which is smaller than 1),

Al < 21-BR [|$|V+"|Vf _ Vzlv+"] < Cn|E|v+n€v+n+y+aeC”Fg’
which we can bound by C,) €|V "€" ¥ T as usual. To conclude the proof, it suffices to

note that we obviously have e"te+Y < |g|V TNVt and |£|¢2HV/2 < |gle Y.
O
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Next, we optimize the previous formula.

Lemma 5.2 Assume that for some o € [0, 2), some K > 0, forall € € (0, 1),

sup sup fs(Ball(vg,€)) < Ke“.
[0,T] vpeR?

Assume that v € (0, 1/2) and that y > v?/(1 — 2v). Define

. (@ +p)(1 —2v) —1?
(@t y+v—Dv+1

p(a)

Then forallr € (0, p(a)), all0 < tg <t < T and all & € R?,

1716 < Cro €]

Proof We can assume that |£| > 1, because f; is a probability measure, so that
||]?,||00 = 1. Weuse Lemma 5.1 withe = |£| %and ¢ = ||, forsomea > 0,b > 0
such that a + vb = 1 — ny, for some small n; € (0, 1) to be chosen later. We thus get,
for some small n € (0, 1 — v) and some large p > 1, g > 1 to be chosen later, for all
1§l > 1,

|ﬁ(€;)| < Cq,to,n,p <|€|—q+a7]+(a+vb)q + |§|—q—ap+2vqb + |€|v+n—a(v+y+a)
+ |%.|l+anfb(lfv))
= Cq.i0.m.p (|§|—mq+an + |§|—q—ap+2q(1—m—a) + |§|v+n—u(v+y+a)
+ |E|l+an—(l—m—a)(1/v—l))

p— 1 _ _
= Cq.to.m.p (IEI Mmatl g |g1a=ap g pn—a@ty+e)

+ |§|1+a(n+1/u—1)—(1—m)(l/v—l)) '

Weused herethat) < an < land1—n;—a < 1.Letnowr € (0, p(«)). Itremains to
show thatone may findg > 1, p > 1,17, € (0,1),n€ (0,1 —v)anda € (0,1 —ny)
in such a way that

ng—1=r, (5.1

ap —q >, 5.2)
a+y+a)y—v—n=xr, (5.3)
I=nDA/v =D —=1—an+1/v-1)>r. (5.4)

It suffices to show that (5.3) and (5.4) hold for some n € (0, 1 —v), some 11 € (0, 1)
and some a € (0, 1 — ;) small enough. Indeed, it will then suffice to choose ¢ large

@ Springer



Regularization properties of the Boltzmann equation 695

enough to get (5.1) and then p large enough to obtain (5.2). Hence it suffices to check
that there is a € (0, 1) such that

av+y+a)—v>r and 1/v—2—a(l/v—-1)>r
But settinga = (1 —2v +v2)/[1 +v(v +y +a — 1)], we get
av+y+a)—v=1/v=2—a(l/v—1)=p(a) >r

To conclude the proof, it only remains to check that a € (0, 1). Clearly, a > 0. To
check that a < 1, it suffices to prove that 1 — 2v + v2 < 1+ v — 1), which always
holds for v > 0. O

The last preliminary consists of studying the function o > p(«).

Lemma 5.3 Assume that v € (0, 1/2) and that y > v*/(1 — 2v).

(1) The map o — p(w) is increasing on [0, 00). The function @ +— p(a)/a is
decreasing on (0, 00) and p(ay)/ay,, = 1, where a, , was defined by (1.5).
(i) Furthermore, we have, recalling (1.6)

qyy >14=ay,,>1 < v<1/3 and y > (2v+2v2)/(1 — 3v),
Qyw >24=ay,,>2 < v<1/4 and y > (6v+3v2)/(1 — 4v).

Observe that q, ., = p(2 A ay,y).

(iii) Forq € (0, qy,v), onemay findny > 1and0 = ap < a1 < - -+ < ay, such that
forallk € {0,...,n9 — 1}, ax € [0,2) and ax+1 < p(or), with furthermore
Qpy > q, all these quantities depending only on q, y, v.

Proof We start with point (i). To show that p is increasing, it suffices to note that its
derivative is positive if and only if (1 —2v)[(y +v — Dv+1] > v[y (1 —2v) —v?],
ie. 1 —3v+3v2 —v3 > 0, which always holds for v € (0, 1). We also have

pla) 1—2v N y(1 —2v) —v?
a  av+[y+v—Dv+1] oZv4ally+v—Dv+171

which is obviously decreasing, because under our assumptions, 1 —2v > 0, y(1 —
2v) —v? > 0and (y +v — )v + 1 > 0. Next, ay,, > 0 is designed to solve
vajz/‘v +v(y +v+Day, =y —2v) — vZ, whence

playy)  ay,(1—2v) 4y (1 —2v) —v? B
Ay,v Va}z,,v +u(y +v+ 1)‘1)/,11 +1 - Zv)ay,v

We now prove (ii). Due to (i), we clearly have a,, , > 1if and only if p(1)/1 > 1,
ie. [+ y)(A —2v) — vz]/[()/ +v)v+ 1] > 1, which is equivalent to v > 1/3 and
y > Qv +2v%)/(1 — 3v). By the same way, a,,, > 2 if and only if p(2)/2 > 1, i.e.
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(24 y)(1 —2v) —v2]/[(1 +y 4+ v)v + 1] > 2, which is equivalent to v > 1/4 and
y > (6v + 3v?)/(1 — 4v). Next we note that we always have gy = playy A 2).
Thus we have a,,, > 2 if and only if p(2)/2 > 1if and only if g, , > 2. Similarly,
ay,, > lif and only if p(1)/1 > 1if and only if g}, , > 1.

Let us now check point (iii). We fix g € (0, gy,).

We first assume that a,, < 2, whence ¢q,, = a,,. We fix q € 4, qy.v),
we observe that due to (i), p(¢’)/q’ > 1 and we consider n > 0 such that
(I = n)p(g")/q" = 1. Then by (i), we deduce that the sequence og = 0, opy] =
(1 — n) p(ay) takes its values in [0, ¢'] C [0, 2) and increases to ¢’. Thus for some
no, oy, > q. Of course, we have ax11 < p(ag) forall k € {0,...,np — 1}, so that
(ap, ..., oty,) solves our problem.

Next we assume that a, , > 2, whence g, , = p(2) > 2. We may assume that g €
(2, p(2)). We consider n > O suchthat (1—n)p(2)/2 = 1, whence (1—n)p(a)/a > 1
for all @ € [0, 2). Then by (i), the sequence ag = 0, ax+1 = (1 — ) p(ax) takes its
values in [0, 2) and increases to 2. Consider now x € (0, 2) such that p(x) = ¢ (recall
that g € (2, p(2)) is fixed). Then for ng sufficiently large, we have «,,,—1 > x and
thus o1 < g < p(opy—1). Hence («p, . . ., otpy—1, g) solves our problem. O

The last preliminary consists of an easy result on Fourier transforms. Recall that
for f a probability measure on R? and & € R?, we denote by f(£) = Ff(¢) =

Jg2 €'V f(dv).

Lemma 5.4 Let f be a probability measure on R?* such that |f(§-‘)| < K|&|7%, for
some a € (0,2). Then for all vg € R2, all € € (0, 1), one has f(Ball(vy, €)) <
CKyaEa.

This Lemma will be checked in the appendix. We can now give the

Proof of Theorem 1.3 Points (ii) and (iii) follow from (i) and Lemma 5.3. We fix
0 <ty <Tandgq € (0, qy,). The only thing we have to check is that for all § € R?,
allt € [19, T, |ﬁ($)| < Ciy,4q(1 4+ 1£])7%. Then the Sobolev norm estimate and the
ball estimate will follow (see Lemma 5.4). By Lemma 5.3, we may consider ng > 1
and 0 = ap < o] < -+ < ay, such that forall k € {0, ...,n9 — 1}, o € [0, 2) and
a1 < plag), with oy > g.

Step 1 First, we apply Lemma 5.2 with ¢ = a9 = 0. Since o1 < p(ap), we deduce
that

sup | fi(§)] < Clg|7 .

telto/no,T1

By Lemma 5.4, we deduce that supy,, /. 7 Supy,er2 fi (Ball(vo, €)) < Cy g€

Step 2 Define now (f,')re[0,7—1o/no] BY f;' = fi-+10/no- This is also a weak solution of
(1.1). It satisfies the same properties as ( f;):<[0,7], and the additional property that

sup sup ftl(Ball(vo, €)) < Cry,q€™.
[0,T—t9/nol vyeR?
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We thus can apply Lemma 5.2 with @« = o and r = ap < p(ap), to get

sip IHEI= sup fE) < Clel ™,

te2to/no,T] telty/no, T —to/nol

whence supya; /no. 71 SUPyer? f1(Ball(vo, €)) < Cyy q€*? by Lemma 5.4.

Step 3 Iterating this procedure (ng times), we deduce that

sup |1 (€)] < Cror|E] 7m0,

relt,T]
But f; is a probability measure, so that |?,($ )| < 1. Thus

sup | f1(€)] < Crr (1 + €)™,

t€lro,T]

which ends the proof since ap,, > g. O

Acknowledgments We are very grateful to the anonymous referees for their comments, which allowed
us to improve consequently the presentation of this work.

Appendix
Fourier transforms

We first check Lemma 5.4. This result is probably standard, but we found no reference
and the proof is short and easy.

Proof of Lemma 5.4 We use the Plancherel identity. Recall that
F(Uxg—exorelxlyo—eo+e)) (61, §2) = 451020 sin( 1 €) sin(§2€) / (5162).

Setting vo = (x0, Y0),

F(Ball(v, ) < / FU)Lo—eon el ivoeon el (V)
R2
sin(&16) sin(&2¢)

SC/"?@ 56
]RZ

< Ck / g e SO MED] e ¢, / [sin(ére) sinGpe)]
R2 R

d§

|&142] |16 |1Fe/2
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because |£| > /2|£1&2|. We handle the substitution £ = x /€ and get

2
| sin(xy)] ISin(Xz)I ISln(X1)I
o
f(Ball(vo, €)) = Cke x, [1+e/2 |x2|l+a/2 |xl|l+a/2 :
R2
We easily conclude, since « € (0, 2). O
Lowerbound

We now handle the

Proof of Lemma 4.9 Recall that by (1.8), we have fRZ [v|? fi(dv) = ey > 0 and
fRZ vf;(dv) = 0. First, we observe that for all w such that |w| > +/2eg + 1 =: a, we
have

filo, v —wl > 1) > fillv, vl < |w] — 1) =1 = fi({v, [v] > [w] — 1})
> 1—ep/(Jw| - 1) > 1/2.

Thus it suffices to prove the result for (¢, w) € [0, T] x Ball(0, a). We note that for
each r > 0, f; is not a Dirac mass. Indeed, since fR2 vfi(dv) = 0, the only possible
Dirac mass is 8¢, but this would imply fRz lv|? f; (dv) = 0.

Asaconsequence, we can find, foreach (t, w) € [0, T]x Ball(0, a), some numbers
1w > 0and g; ,, > O such that f;({v, |[v — w| > rr4}) > gr.w.

Now we prove that foreach (¢, w) € [0, T]x Ball(0, a), we can find aneighborhood
V, w of (¢, w) such that for all (¢/, w’) € Vi, fr({v, [v—w'| = riw/2}) = gr.w/2.
To do so, we first observe that it is clear from Definition 1.1 that 7 — f; is weakly
continuous. Hence for all continuous-bounded function ¢ : R — Ry, (t/, w’) —
fRz e(Jw” — v]) f(dv) is continuous. Consider now a continuous-bounded nonneg-
ative function ¢ : Ry — Ry such that 1{y>,, ,} < ¢ < 1yy>,/2}- By continuity,
there is a neighborhood V; ,, of (¢, w) such that for all (¢, w") € V, 4, there holds
Joz @' = v]) fir(dv) = L [z (lw — v]) £ (dv). which implies

SrQu, v —w'| = r/2) = 5 fillo, v —wl = 1w = grw/2.
Since [0, T] x Ball(0, a) is compact, we can find a finite covering [0, T'] x

Ball(O,'a) C U'_Vyw- We conclude choosing ro = min(ry 4, /2) A 1 and
qo = min(qy,w,; /2) A (1/2). o

Derivatives

We recall here the Faa di Bruno formula. Let/ > 1 be fixed. The exist some coefficients
al’ P> 0 such that for ¢ : R — Rand 7 : R — R of class C!(R),
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-1 r
b =T+ D D a7 V@, 6.5
j=1

r=1 i1+ +ir=l

where the sum is takenoveriy > 1,...,i, > 1 withi; +---+1i, =1.
We also need another formula. For [ > 2 fixed, there exist some coefficients

cﬁ;r“ i, € R such that for ¢ : R > R a C'-diffeomorphism and for 7 its inverse
function,
21—1 1 q
) — Lr @)
r=l+1 i14etig=r—1 =1
where the sum is taken over ¢ € N, over iy, ...,i; € {2,...,[} withij +--- +i5 =

r — 1. This formula can be checked by induction on/ > 2.

Regularity of the modified cross section

We still have to give the

Proof of Lemma 3.1 Due to (A(y,v)), we have c(x™" — (w/2)7") < G(x) <
C(x™" = (w/2)7"), forall x € (0, w/2]. Since ¥ is nonincreasing, we easily deduce
that for all z € [0, 00), (z/c + (/2)™") /Y < ¥ (2) < (z/C + (w/2)"")~V/V and (i)
follows. Next, we have |9/ (z)| = 1/|b(9(z))|. But b(x) € [ex~ 7Y, Cx~17"], so that
|9/ ()] € [0V (z)/C, 9V (2)/c]. Using (i), we deduce (ii). Next, (iii) is obtained
from (5.6): using that for any k > 2, |G® (x)| = [p%*~D (x)| < Cxlx|7V 7K, we get

2%k—1
PO@I=C X @It 3 wEre
r=k+1 i1+ tig=r—1
Since we have iy, ...,i; € {2,...,k} such that iy + --- + i, = r — 1, we see that

q < (r — 1)/2. Consequently, for k > 2,

2k—1
PP <G D @IV e
r=k+1
2k—1
=Ci Y, @IV < Gp @) TPV < e+ 12T
r=k+1

where we finally used (i). Since [AD )] < C; foralll > 1, (iv) follows from (5.5)
and (iii). O
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Regularity of the cutoff function
We now prove the regularity properties of our cutoff function ¢, stated in Lemma 2.3.

Proof of Lemma 2.3 We first prove (i). We recall that for any a,b > 0, there are
some constants 0 < ¢, < C,p such that for any x,y > 0, cqp|x*t? — yo+b| <
(x4 4y |x? — yP| < Cp|x@TP — y¥+b|. We also recall that ¢, is globally Lipschitz
continuous with constant 1, that ¢ (x) = I'c for x > I'c 4 1 and that ¢ (x) > x/2 for
x € [0, I'c 4+ 1], since ¢.(x) > x for x € [0, "¢ — 1] and since ¢ is non-decreasing.
We set Ac(x,y) = xﬁ|¢Z(x) — ¢Z(y)|. Ifx,y > T+ 1, then Ac(x, y) = 0. If now
x <I'c+1, then

Ac(x,y) < 2802 (0)197 (x) — ¢7 ()]
< 2P(¢P (x) + P (M)1dY (x) — ¢ ()]
< 28Cy 19877 (x) — ¢PT (v)]

C
< 2P ZEY (7 (x) + 7 (3 19F (x) — BE ()]

Cy.B
c
< 2P 2BV v (x) — e ()1
Cy.B
< opr By r7ix -yl
Cy.B

We used here that 8 < 1. Finally,if x > T'¢ + land y < T'¢ + 1,

xPITY — Y ()

(x = yIP + [y/P)TY — oY (»))

< |x = yIPTY + [y1P187 (x) — o7 ()]
C

< Ir =y 1Y + 2P XY e — )P

Cy.B

Ac(x,y)

IA

the last inequality being obtained as previously, since y < I'c + 1.
To prove (ii), we first observe that for k > 1,

1P (x)] < Ck (6]7](]1{)(6(6,36)} + Lje=13Ljxe3e,re—17) + ]l{xe(l“g—l,l"g-i-l)}) .
Using the Faa di Bruno formula (5.5), one easily deduces that for/ > 1,

log e (1”1 = €1 (Mpeqerar™ + Derr—trorn T2
and

Ilp? P < ¢ (]l{xe(e,l"e]}xyil + ]l{xe(rg—l,rgﬂ)}rzfl) .

@ Springer



Regularization properties of the Boltzmann equation 701

Using again (5.5) and that any derivative of order k > 1 of v + |v] is smaller than
Crlv|'~*, one easily concludes. O

Exponential estimates

Finally, we conclude with the

Proof of Lemma 2.2 We start with the first inequality. Recall that by (1.2),
JA@)V|? = 301y |2 We also have (V, A(0)V) = —1=522|V 2, 14(0)| < 10|
and 6%/4 < 1 —cos@ < 0% for 6 € [—n/2, 7/2]. Thus

5 5 1 —cosf 2 2
[V+AG)V — )" =|VI"+ ————(VI" + v]" =2(V,v))
+2(V,A@)V) —2(V, A@)v)
n 1 —cos@
2 2
< V(1= 6%/8) + 6%[v]* + 4]6]|V||v].

(lv]* = 2(V,v)) = 2(V, A(@)v)

An simple computation shows that

WV AG)V — o2 < [IVEA—62/16) it V] > 130[]/10] ] .

= L IVIZ+02l? +410(|VIv| if [V]<130]v|/|6]
In the case where |V | < 1, we observe that, since « € (0, 1),
[V+A@O)V =) <= (VI+I01(VI+ D)) < [VIC+101° + [v]).

We thus may write

/2
A= / (lV+AOV=IF V1Y) o)
—/2
/2
K K(1—02/16)¢/2
< - / (elVl _ elVIFa=0%/16) )]1{\9\2130|v\/\v|}b(9)d0
—m/2
/2
vy / (e(lV|2+92|UI2+4'9"V””W —e‘V‘K) Lyor<13opl/1vyb(0)do
—m/2
/2
+]1{\V\<1} / (e\V|K+CK\9\(1+|U|K) —e““) b(@)d@
—/2

=: —=A1(V,v) + Ar(V,v) + A3(V, v).
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We now compute carefully. First, we have

/2
K K(1_p2 K/2
ALV, v) = Tyvi=1,1vi=130p)) / (eIVI — VI a=e7/16) )]l{|9|31}b(9)d9~
—/2

Butfor |0 > 1 and |V| > 1,

I3 kK(1_p2 K/2 3 K(1_ K/2
VT pIVIF(1-67/16) > VIE _ LIVIF(=1/16)

> V(] = e IVIFA=A=1/16/T)y o 0 IV

whence, since b([1, 7 /2]) > 0 by assumption,

VI

A(V,v) = e lgvi=1,)vi=130/0))€ v

k/2
e.X

Next we observe that for x,y > 0, since «/2 € (0, 1), e“‘*«v)”/2 —
(K/2)yx’(/2_lexk/2eyk/2. As a consequence in Ay, since |8]|V| < 130]|v],

2002012 2 _ 20,2 2
UVIFHO I+ VI /= _ IVI* SCK(92|U|2 + 1011V IIvDIV ¢ 2,IVIE GCc O II= IOV v

< Ce@ > + 1011V V<2l VI eCrlvl,

Integrating this formula against b(6)d6 (on |#| € [0, min(zr/2, 130|v|/|V])]) and
using (A(y, v)) yields
A2V, 0) = Celluzn V26V [jumin(l, (ol/1V D)
+ Vvl min(1, (ol/1V)' )]

VK C K -2 2
< Celuzvi=ne! " eV 2 )

VIE Celol® /. d4— —4 2 2
+C Ay =1y zppe! T e (ot VYT 4 P VTR

_ 3 3
E CK]1{|V|ZI}|V|K+V 2€|V| eCK|U| .

We finally used that « + v —4 < k —2 < k + v — 2 < 0. Recall now that for
x >0,e¢* — 1 < xe*, sothat in Az, since |V| < 1,

K K K K K K K K
IVIHOI Q) _ (VI (VI GO+ _ 1y < ¢ j)< eCelol

Thus, using (A(y, v)) and that x > v,

/2
A3(V,v) < Celyyy<ye " / 01°b©)dO < C Ty <pe "
—/2
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We have proved that

AV, v) < —ceeV Tyt vi=130) + Celgvisn | VIV 2el VI eCelol

+C Ay e,

which ends the proof of the first inequality.

The second inequality is much easier. Since « € (0, 1), we have for all x, y > 0,

|ex" _ €yK| < K,|xK _ yK|€(XVy)K <|x— y|K€(XVy)K.

Thus, since |A(0)| < 0] < /2,

VHAOV=VF _IVI| <11 (V] + o)< elVIFOIVIFRDY < ¢ (g < oCelV X Calvl,

/2

Since Ln/z |01“b(0)d6 < oo by (A(y, v)), the second inequality holds true. O
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