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436 F. Merlevede et al.

1 Introduction and background results

In recent years there has been a great effort towards a better understanding of the
structure and asymptotic behavior of stochastic processes. For processes with short
memory one basic technique is approximation with independent random variables. In
this approach, after a suitable blocking argument, the blocks are approximated by inde-
pendent random vectors. For many examples including functionals of Gaussian pro-
cesses, Harris recurrent Markov chains, time series, and for results including moment
inequalities or central limit-type theorems with rate estimates, this method is very
fruitful. Moreover, recently, the traditional measures of dependence that quantify the
departure from independence have been fine tuned to include more examples than
those covered by traditional mixing classes (see [14]).

However, at this point, this method is not developed enough to handle Bernstein-
type exponential inequalities. For instance, by the traditional blocking methods most
of the exponential inequalities for tails of sums of weakly dependent random variables
are known to hold only in an interval close to the central limit theorem range. More-
over the results are often restricted to bounded random variables, as for example in
Adamczak [1] (see the inequality (1.10)).

In this paper we will develop new methods to enlarge the interval on which the
Bernstein inequality holds for some classes of weakly dependent random variables.
The dependence coefficients used are weak enough to include sequences that are not
necessarily strongly mixing in the traditional sense, so the results have a large appli-
cability. Examples that can be treated this way include classes of Markov chains,
iterated Lipschitz models and functions of linear processes with absolutely regular
innovations.

Concerning the traditional large deviations principle, it is known from the paper
by Bryc and Dembo [9] that it is not satisfied by many classes of weakly dependent
random variables. This is the reason why it is convenient to look at moderate devi-
ations principles, which are intermediate results between central limit theorem and
large deviations. We shall use the new developed Bernstein-type inequalities to obtain
sharp moderate deviations asymptotic results for some classes of dependent random
variables. The study will be made in the nonstationary setting.

We recall now some known results concerning the Bernstein-type inequalities. Let
us consider a sequence X1, X», ... of centered real valued random variables defined
on a probability space (€2, A, P), and set S;, = X1+ Xy +- - -+ X,,. We first recall the
Bernstein inequality for random variables satisfying Condition (1.1) below. Suppose
that the random variables X1, X7, ... are independent and satisfy

2.2

oO:
log Eexp(tX;) < ——— for positive constants o; and B, 1.1
g xp(tX;) < 2(1—1B) p Vi (o] (1.1)

for any ¢ in [0, 1/B[. Set V,, = 012 + (722 + .- +an2. Then

P(S, > +/2V,x + Bx) < exp(—x).

@ Springer



A Bernstein type inequality and moderate deviations 437

When the random variables X, X», ... are centered and uniformly bounded by M
then (1.1) holds with oi2 = VarX;, B = M and the above inequality implies the usual
Bernstein inequality

RSy = v) = exp (=22, +2yM) 7). (1.2)

It is well known that (1.1) also holds true when the variables are centered and satisfy:
there exist positive constants o; and B such that E| X; |k < k!aisz_2 /2 forall k > 2,
and that this last condition is satisfied by variables having exponential moments.
Assume now that the random variables X1, X», ... are independent, centered and
satisfy the following weaker tail condition: for some § > 0,y € (0, 1) and K > O,

sup E(exp(3] X;[")) < K. (1.3)

By the proof of Corollary 5.1 in Borovkov [6] we infer that there exist two positive
constants ¢ and ¢ depending only §, y and K such that

P(S, > y) <exp (—clyz/n) + nexp (—c2y”). (1.4)

More precise results for large deviations of sums of independent random variables
with semiexponential tails (i.e. (1.3) is satisfied for y € (0, 1)) may be found in
Borovkov [7].

Our interest is to extend the above inequalities to sequences of dependent random
variables. Let us first assume that X, X, ... is a strongly mixing sequence of real-
valued and centered random variables (see (2.4) for the definition of the strong mixing
coefficients «(n)). Assume in addition that there exist two positive constants y; and ¢
such that the strong mixing coefficients of the sequence satisfy

a(n) < exp(—cn") for any positive integer n, (1.5)
and there are constants b € ]0, oo[ and y» in ]0, +o¢0] such that

supP(|X;| > 1) < exp(l — (¢/b)"?) for any positive ¢, (1.6)
i>0

(when y, = +00 (1.6) means that | X;||oc < b for any positive 7).

Obtaining exponential bounds for this case is a challenging problem. To understand
the difficulty of the problem we shall mention a possible approach. One of the available
tools in the literature is Theorem 6.2 in Rio [25] which is a Fuk-Nagaev type inequality
(for a similar inequality, using the coupling coefficients t recalled in Sect. 2 instead
of the strong mixing ones, we refer to Theorem 2 in Dedecker and Prieur [14]). This
tail inequality is sharp for sequences of random variables with polynomial strongly
mixing rates and finite moments up to a certain order, and one could be tempted to
apply it to sequences with exponential or subexponential mixing rates. We shall argue
that for these cases the inequality does not provide optimal results. To explain the
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438 F. Merlevede et al.

situation, let y be defined by 1/y = (1/y1) + (1/y2). For any positive A and any
r > 1, Theorem 6.2 in Rio [25] yields that there exists a positive constant C such that

2 —r/2 2
Pl sup [Si|=4r ) <41+ +4CnrVexp [ —c , (1.7)
I <k<n rns? brry

where

s* =sup [ E(X}) +2 > |E(X; X))
i>0 .
Jj>i

Selecting in (1.7) r = AY/+D Jeads to

2

AV/v+D
+4Cnr"lexp| —em——— (1.8)

AW/ 1002
P( sup |S| = 41) < dexp - 2——8=
kell,n]

by

forany A > 1V (ns?)+D/(r+2),

For stationary subgeometrically (absolutely regular) Markov chains (Y;);c7 hav-
ing a petite set, and for bounded functions f (here y = y1), this gives the following
exponential deviation inequality for S, (f) = f(Y1) + f(Y2) + --- 4+ f(¥;). Under
the centering condition E(f(Y1)) = 0, there exist positive constants K and L such
that for any ¢ > 0 and n > ng(e),

P(IS, ()] = ne) < K exp (~L@ne) 7)), (1.9)

which is, for y € (0, 1], also the inequality given in Theorem 10 of Douc et al. [21]
in case where their drift condition implies subgeometrical ergodicity (and then (1.5),
see Sect. 2.1.1 for details on this drift condition). When y = 1, this yields a power
/1 in the exponential whereas in this case, Theorem 6 in Adamczak [1] provides the
following inequality: for any positive A,

1 . (22 A
P(S, ()l = A1) < Cexp (_E mm( —)) (1.10)

no?’ logn

where 62 = lim,, n~ ! VarS,,( f) and C is a positive constant (here we take m = 1 in his
condition (14) on the petite set). In addition, when y € (0, 1), the hope is to achieve
the power n? in the exponential term of (1.9) instead of n?/U+7)  since the gap is
filled asymptotically via the moderate deviations results (see Theorem 1 in Djellout
and Guillin [19] or Theorem 7 in Douc et al. [21]).

In this paper, we extend the inequality (1.4) to dependent sequences allowing us to
fill the gap above mentioned. To be more precise, we shall prove that, for ¢-mixing
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A Bernstein type inequality and moderate deviations 439

sequences satisfying (1.5) and (1.6) for y < 1, there exists a positive 1 such that, for
n >4and A > C(logn)"

]P’(sup [S;| > A) <@+ 1exp(=A"/Cy) + exp(—kz/(Cz + CanV)), (1.11)

j=n

where C, C1 and C; are positive constants depending on b, ¢, ¥; and y» and V is
some constant, depending on the covariance properties of truncated random variables
built from the initial sequence. In order to define precisely V we need to introduce
truncation functions ¢y.

Notation 1 For any positive M let the function ¢, be defined by ¢y (x) = (x AM) V
(=M).

With this notation, (1.11) holds with

V=Su%sug Var((PM(Xi))+22|C0V(¢M(Xi)»¢M(Xj))| - (112)
M=>0i>

Jj>i

Let us mention that in the case y; = 1 and y» = 00, a Bernstein type inequality
very close to (1.10) (up to a logarithmic term) has been obtained by Merlevede et al.
[24]. The case y > 1 will certainly give a different bound than (1.11) for the deviation
inequality as in the case for independent random variables (see for instance Theorems
3.1 and 3.2 in Liu and Watbled [23]). It is outside the scope of the present paper to
consider this case.

The main tool to prove (1.11) is our Proposition 2 allowing to derive a sharp upper
bound for the Laplace transform of the partial sums. The proof of this proposition can
be described as follows: the variables (suitably truncated) are partitioned in blocks
indexed by Cantor-type sets plus a remainder. The log-Laplace transform of each
partial sum on the Cantor-type sets is then controlled with the help of our Propo-
sition 1, and Lemma 3 of Appendix provides bounds for the log-Laplace transform
of any sum of real-valued random variables. The proof of Proposition 1 is based on
decorrelation arguments on the Cantor-type sets we consider together with adaptive
truncations (at each decorrelation step, the variables get truncated at different levels,
as in Bass [4], to compensate for the diminishing block size). The assumption y < 1
is crucial for the decorrelation steps. Proposition 2 alone does not lead directly to the
inequality (1.11) and it has to be combined with coupling to reduce the number of
variables considered in the partial sums. The strong mixing coefficients are thus not
needed in their full generality: Theorem 1 gives (1.11) when (1.5) (up to a constant)
is fulfilled by the dependence coefficients 7, as introduced by Dedecker and Prieur
[14], having exactly the coupling property in !, In Sect. 2, we also prove the mod-
erate deviations principle for the class of dependent sequences that we consider (see
our Theorem 2). Section 2.1 is devoted to some applications and further comparisons
with previous results are given (see Sect. 2.1.1). The proofs of Theorems 1 and 2 are
postponed in Sect. 3. Technical results are given in Appendix.
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440 F. Merlevede et al.

2 Main results

We first define the dependence coefficients that we consider in this paper.

For any real random variable X in ! and any o-algebra M of A, let Px m be
a conditional distribution of X given M and let Px be the distribution of X. We
consider the coefficient T (M, X) of weak dependence [14] which is defined by

T(M,X)=| sup

/f(x)PmM(dx) —/f(x)IP’x(dx)
fear(R)

) 2.0

1

where A1 (R) is the set of 1-Lipschitz functions from R to R.

The coefficient t has the following coupling property: If €2 is rich enough then the
coefficient (M, X) is the infimum of || X — X*||; where X* is independent of M
and distributed as X (see Lemma 5 in [14]). This coupling property allows to relate
the coefficient t to the strong mixing coefficient. Rosenblatt [26] defined by

a(M,o(X)) = sup IP(AN B) —P(A)P(B)|,
AeM,Beo(X)

(see Lemma 6 in [14]).

If Y is a random variable with values in R¥ equipped with the norm | - |; defined
by [x — ylx = Zf:] |x; — yi|, the coupling coefficient t is defined as follows: If
Y € LI(R¥),

T(M,Y) = sup{t(M, f(V)), f € Ai(RY)}, 2.2

where A (R¥) is the set of 1-Lipschitz functions from R¥ to R.
The 7-mixing coefficients tx (i) = (i) of a sequence (X;);c7 of real-valued ran-
dom variables are then defined by

. 1 . .
T (i) = lrélggkzsup{r(Mp,(le,...,Xje)), pHi<ji<-<j}
and t(i) = sup 7« (i), 2.3)
k>0

where M, = 0(X, j < p) and the above supremum is taken over p and (ji, ... j¢).
Recall that the strong mixing coefficients « (i) are defined by:

a(i) =supa(M,,o(Xj, j =i+ p)). (2.4)
PEZ

Define now the function Q|y| by Q|y|(u) = inf{t > 0, P(|Y| > ¢) < u}foruin]0, 1].

To compare the T-mixing coefficients with the strong mixing ones, let us mention that,
by Lemma 7 in Dedecker and Prieur [14],
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A Bernstein type inequality and moderate deviations 441

2a(i)

t(i) <2 / Q(u)du, where Q = sup Q|x,|. 2.5)
keZ
0

Let (X ) jez be a sequence of centered real valued random variables and let 7 (i)
be defined by (2.3). Let 7(x) = t([x]) (square brackets denoting the integer part).
Throughout, we assume that there exist positive constants y1, a and ¢ such that

7(x) < aexp(—cx) :=t*(x) foranyx >1, (2.6)

and that, for some constants y» in ]0, +00] and b in ]0, +o0[, the following tail con-
dition is satisfied: for any positive ¢,

supP(|X| > 1) <exp(l — (¢/b)"?) := H(1). 2.7)
k>0

Suppose furthermore that
y < 1 where y isdefined by 1/y = 1/y1 4+ 1/s. 2.8)

Theorem 1 Let (X ;) ez be a sequence of centered real valued random variables and
let V be defined by (1.12). Assume that (2.6), (2.7) and (2.8) are satisfied. Then V is
finite and, for any n > 4, there exist positive constants C1, Co, C3 and Cy4 depending
onlyona, b, ¢, y and y) such that, for any positive x,

xV x?
Plsup|Si|=x ) <nexp|l—— ) +exp| ———
sup 1] p( cl) p( C2(1+nV))
2 1=y
TP\ T P Crtog o7 ) )

Remark 1 Let us mention that if the sequence (X ;) jez satisfies (2.7) and is strongly
mixing with strong mixing coefficients satisfying (1.5), then, from (2.5), (2.6) is sat-
isfied (with an other constant), and Theorem 1 applies.

Remark 2 1If there exists § > 0 such that E exp(§|X;|"?)) < K for any positive i, then
setting C = 1 V log K, Markov inequality yields that the process (X;);e7 satisfies
(2.7) with b = (C/8)'/ 7.
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442 F. Merlevede et al.

Remark 3 If (X;);cz satisfies (2.6) and (2.7), then

1(k)/2
V<sup [EXD)+4> [ Qxi(G)dv
i>0 k>0 0
G(z(k)/2)
—swp (B +4% [ O |
i=0 k>0

where G is the inverse function of x — f(f O (u)du (see Sect. 3.3 for a proof). Here
the random variables do not need to be centered. Note also that, in the strong mixing
case, using (2.5), we have G(t(k)/2) < 2w/(k).

This result is one of the main tools to derive the moderate deviations principle
(MDP) given in Theorem 2 below. In our terminology the MDP stays for the follow-
ing type of asymptotic behavior:

Definition 1 We say that the MDP holds for a sequence (7},), of random variables
with speed a, — 0 and good rate function 7 (-), if the level sets {x, [ (x) < A} are
compact for all 1 < oo, and for each Borel set A,

— inff I1(¢) < liminf a, logP(\/a,T, € A)
teA° n

< limsupa,logP(/a,T, € A) < —inf I(¢), 2.9)
n teA

where A denotes the closure of A and A° the interior of A.

Theorem 2 Let (X;);c7 be a sequence of random variables as in Theorem 1 and let
S, = Z?:l X;and an = VarS,,. Assume in addition that lim inf,, _, oo o,%/n > 0. Then
for all positive sequences a, with a, — 0 and apn?’! ") 5 oo, {Gn’l Sn} satisfies
(2.9) with rate function I (t) = t2/2.

If we impose a stronger degree of stationarity we obtain the following corollary.

Corollary 1 Let (X;);cz be a second order stationary sequence of centered real
valued random variables. Assume that (2.6), (2.7) and (2.8) are satisfied. Let S, =
>\ X; and o} = VarS,. Assume in addition that 5} — 0o. Then lim,_,o 02 /n =
% > 0, and for all positive sequences a, with a, — 0 and a,n?’/?~7) — oo,

(n=Y28,} satisfies (2.9) with rate function I (t) = t*/(20%).

The proof is direct by using the fact that (2.6) and (2.7) imply that >", _, k|Cov(Xo,
Xi)| < 00, and then lim,,_, o anz/n =02 > 0 since 0,12 — 00 (see Lemma 1 in [8]).
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A Bernstein type inequality and moderate deviations 443

2.1 Applications
2.1.1 Instantaneous functions of absolutely regular processes

Let (Y;) jez be a strictly stationary sequence of random variables with values in a
Polish space E, and let f be a measurable function from E to R. Set X; = f(Y;).
Consider now the case where the sequence (Yj )7 is absolutely regular (or f-mixing)
in the sense of Rozanov and Volkonskii [27]. Setting Fo = o(Y;,i < 0) and Gy =
o (Y;, i > k), this means that

B(k) = B(Fo, Gk) — 0, as k — oo,

with B(A, B) = % sup{> ;s ZjeJ [P(A; N Bj)—P(A;)P(B;)|}, the maximum being
taken over all finite partitions (A;);c; and (B;);cs of Q2 respectively with elements in
A and B. If we assume that

B(n) < 2exp(—cn?) for any positive n, (2.10)

where ¢ > 0 and y; > 0, and that the random variables X ; are centered and satisfy
(2.7) for some positive y» such that 1/y = 1/y; + 1/y» > 1, then Theorem 1 and
Corollary 1 apply to the sequence (X ;) jez (recall that a(n) < B(n)/2). Furthermore,
as shown in Viennet [29], by Delyon’s [16] covariance inequality,

V < E(f2(Y0)) +4 > E(Bi f*(Yp)).

k>0

for some sequence (Bj)i=o of random variables with values in [0, 1] satisfying
E(Byr) < B(k) (see [25, Section 1.6]) for more details).

We now give an example where (V) ;7 satisfies (2.10). Let () j>0 be an E-valued
irreducible ergodic and stationary Markov chain with a transition probability P having
aunique invariant probability measure 7 (by Kolmogorov extension Theorem one can
complete (¥;) ;>0 to a sequence (¥;) jez). To simplify the exposition, we assume in
the rest of the section that the chain has an atom, that is there exists A C E with
m(A) > 0 and v a probability measure such that P(x, -) = v(-) for any x in A. If

there exists § > 0 and 3| > O such that E, (exp(8t"")) < oo, (2.11)
where T = inf{n > 0; ¥, € A}, then the B-mixing coefficients of the sequence

(Y;) j>0 satisfy (2.10) with the same y; (see Proposition 9.6 and Corollary 9.1 in [25]
for more details). Consequently the following corollary holds:

Corollary 2 Suppose that w(f) = 0 and that there exist b €10, oo[ and y» € [0, o]
such that

(| f]l >t) <exp(l — (¢/b)"?) for any positive t. (2.12)
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444 F. Merlevede et al.

If 2.11) holds and 1)y + 1/y» > 1, then (f(Y;),i € Z} satisfies both the conclu-
sions of Theorem 1 and of Corollary 1 with rate function I7(t) = 2/ (20%) (here

02 = lim, oo n'E (X0, £(¥D)?):

Concerning the MDP, notice that Lemmas 5 and 7 in Djellout and Guillin [19] imply
that under (2.11) with y; < 1, the MDP holds for {n=!/23""_, f(¥;)} with rate func-
tion I(1) = t2/(20J2c) and speed a,, satisfying a, \, 0, and a,n""/?=") — oo as

sSOoon as
t n
lim sup ay, log(nP(Z | f(Yo)| > /—)) = —00. (2.13)
n— 00 ay

k=0

Their result extends, in the context of chains with an atom, works by de Acosta [11]
and Chen and de Acosta [10] for bounded functionals of geometrically ergodic Markov
chains.

Condition (2.13) originates from the use of the regeneration method constructed

via the splitting technique on return times to the atom and links the rate of ergodicity
of the chain with the growth of f. If the function f is bounded then (2.11) implies
(2.13). When f is an unbounded functional, conditions ensuring that (2.13) holds are
given in Douc et al. [21]. To describe them, introduce the following ‘“subgeometric
drift” condition due to Douc et al. [20]:
Assumption SGD. There exist a concave, non decreasing, differentiable function
¢ : [1, +00) — R*, a measurable function V : E — [1, c0) and a positive constant
r satisfying ¢ (1) > 0, limy— o0 @(x) = 00, limy_, 00 ¢'(x) = 00, sUp, 4 V(x) < 00
and PV <V —poV +rly,.

By Proposition 2.2 in Douc et al. [20] (and their computations on page 1365),
if Assumption SGD holds with ¢(x) = c(x + d) (log(x + d)1="/" for ¢ > 0,
y1 € (0, 1) and sufficiently large d, then (2.11) is satisfied. In addition if 7 (V) < oo,
according to Theorems 4 and 9 in Douc et al. [21], (2.13) is satisfied for all functions
f such that

sup | f(x)|/¥ o V(x) < 0o, where ¥ (x) = (log(1 + x))'/7
xek
with y» a positive constant, (2.14)
assoonasa, — Oanda,n’/?~") — oo, wherey ! = yl_l —}—yz_l. Since 7 (V) < oo,
notice that (2.14) implies (2.12). It follows that for the MDP, our Corollary 2 gives
alternative conditions to the ones imposed in Theorem 9 of Douc et al. [21]. In addition
as in their paper, Corollary 2 can be extended to the one petite set case.

Let us now make some comments about the exponential deviation inequality
obtained in Corollary 2. Assume that Assumption SGD holds with V such that 7 (V) <
oo and ¢(x) = c(x + d) (log(x 4+ d))1="/" for ¢ > 0, y; € (0, 1) and sufficiently
large d. If f is abounded and centered function w.r.t. 77, then Theorem 10 in Douc et al.
[21] states that (1.9) holds with y = y;, whereas Corollary 2 gives a better rate (the
power is yp instead of y1 /(1 4 y1)). If we relax now the assumption that f is bounded
by assuming that (2.14) holds then Theorem 1 in Bertail and Clémengon [5] combined
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A Bernstein type inequality and moderate deviations 445

with Theorem 4 in Douc et al. [21] implies (1.9) with y such that y ~! = yf] + y{]

whereas Corollary 2 again gives a better rate.

2.1.2 Iterative Lipschitz models

In this section, we give an example of iterative Lipschitz model, which fails to be
irreducible, to which our results apply. For the sake of simplicity, we do not take the
iterative Lipschitz models in their full generality, as defined in Diaconis and Freedman
[18] and Duflo [22].

Example: Autoregressive Lipschitz model. For § in [0, 1[ and C in ]0, 1], let L(C, §)
be the class of 1-Lipschitz functions f which satisfy

f0)=0 and |f')|<1-CU+ |1 almost everywhere.

Let (¢j);c7 be a sequence of i.i.d. real-valued random variables. For n €]0, 1], let
ARL(C, é, n) be the class of Markov chains on R defined by

Yo=f(Y,-1)+¢, with f € L(C,35) and E(exp(r|eg|T)) < oo for some A > 0.
(2.15)

For this model, there exists an unique invariant probability measure u (see
Proposition 2 of [15]) and the following result holds (see Sect. 4.2 for the proof):

Corollary 3 Assume that (Yi);cz belongs to ARL(C, 8, n). Let g be a 1-Lipschitz
function. Assume furthermore that, for some ¢ in [0, 1] and some positive constant
¢, 1§ < el + |xI%) for any real x. If § + ¢ > 0, then (g(Y:) — E(g(Y1))icz
satisfies both the conclusions of Theorem 1 and of Corollary 1 with y» = n(1 —6)/¢
and yy = n(1 —8)(n(1 —8§) +8)~".

Note that y = (1 — 8)(n(1 —8) + 8 + ¢)~'. An element of ARL(C, 8, ) may fail
to be irreducible and then strongly mixing in the general case. However, if the distri-
bution of &g has an absolutely continuous component which is bounded away from 0
in a neighborhood of the origin, then the chain is irreducible and fits in the example
of Tuominen and Tweedie [28], Section 5.2. In this case, the rate of ergodicity can be
derived from Theorem 2.1 in Tuominen and Tweedie [28] (cf. [2] for exact rates of
ergodicity).

2.1.3 Functions of linear processes with absolutely regular innovations

Let f be a 1-Lipschitz function. We consider here the case where

Xo=f D atay | —Ef [ Daj¥a-j ).

Jj=0 j=0
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446 F. Merlevede et al.

where A = > =0 |aj| < ooand (Y;);cz is astrictly stationary sequence of real-valued
random variables which is absolutely regular in the sense of Rozanov and Volkonskii;
namely, 8(k) — 0, as k — oo (see Sect. 2.1.1 for the definitions).

According to Section 3.1 in Dedecker and Merlevede [13], if the innovations (Y;);c7,
are in .2, the following bound holds for the T-mixing coefficient associated to the
sequence (X;);ez:

i—1
(i) <2 Yoli D lajl + 41 Yoll2 D lajl 872G — ).

Jjzi Jj=0
Assume that there exist y; > 0 and ¢’ > 0 such that, for any positive integer k,
ar < exp(—c’k”) and B(k) < exp(—c'kM).

Then the T-mixing coefficients of (X ;) jez, satisty (2.6). Let us now focus on the tails
of the random variables X;. Assume that (¥;);c7 satisfies (2.7 ). Define the convex
functions v, for n > 0 in the following way: v¥r,(—x) = ¥, (x), and for any x > 0,

X

Yp(x) =exp(x”) —1 fornp>1 and y,x) = /exp(u”)du for n €]0, 1].
0

Let |. ||y, be the usual corresponding Orlicz norm. Since the function f is 1-Lipshitz,
we get that ||X0||1/,y2 < 2A||Y0||¢y2 . Next, if (¥;),¢7 satisfies (2.7), then ||Y0||,/,y2 < 00.
Moreover, it can easily be proven that, if || Z]y, < 1, then P(|Z] > 1) < exp(l —1")
for any positive . Hence, (X;);c7 satisfies (2.7) with the same parameter y,, and
therefore the conclusions of Theorem 1 and Corollary 1 hold with y definedby 1/y =
1/y1 + 1/y», provided that y < 1.

3 Proofs
3.1 Some auxiliary results

For any positive real M, let ) (x) = (x A M) v (—M). The aim of this section is
essentially to give suitable bounds of the Laplace transform of the truncated sums

Su(K) =" Xu() where Xy (i) = ou(X;) —Elpm(X;),  (3.1)
ieK

and K is a finite set of integers.
We first define some constants, depending only on b, y, y; that are needed in the
following. Let

co = QRYY — 1)U — 1), ¢ = min(ce/4,2717),  (3.2)
ey = 27Nl ey = 271/Ypl L and ke = min (2, ¢3). (3.3)
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The following proposition, based on decorrelation arguments on Cantor-type sets, is
the key tool to derive Proposition 2, that provides upper bounds for the log-Laplace
transform of the partial sums of the random variables X (i) for a suitable M.

Proposition 1 Let (X ;) ;> be a sequence of centered and real valued random vari-
ables satisfying (2.6), (2.7) and (2.8). Let A and ¢ be two positive integers such
that A27% > (1 v 2061)- Let M = H~'(a 't*(c™Y/" A)). Then there exists a

subset KXZ) of {1,..., A} with Card(Kﬁf)) > A/2, such that for any positive t <
K (A)’_1 A (2£/A))yl/y, where K is defined by (3.3),
< ) 2.2
log E exp (tSM (KA )) <tv°A

n e 1 (A
42 (abe(zA)“y1 FAPAY 2A) Y ) exp (_E (Czl—e) ) (3.4)

with S’M(Kf(f)) defined by (3.1) and

1
V2 = sup sup VangoT(Xi) 3.5)
T>0 KcN* CardK icK

(the maximum being taken over all nonempty finite sets K of integers).
Remark 4 Notice that v> < V (the proof is immediate).

Proof of Proposition 1 The proof is divided in several steps.

Step 1. The construction of K /(f). Let cg be defined by (3.2) and ng = A. KXZ) will
be a finite union of 2¢ disjoint sets of consecutive integers with same cardinal spaced
according to a recursive “Cantor’-like construction. We first define an integer dy as
follows:

sup{m € 2N, m < cong} if ng is even
sup{m € 2N+ 1, m < cong} if ng is odd.

It follows that ng — dy is even. Let n1 = (ng — do)/2, and define two sets of integers
of cardinal n; separated by a gap of d integers as follows

Lip={Ll,....,n1}, Lp={n+do+1,...,n0}.
We define now the integer d; by

1
d sup{m € 2N, m < co2_(m7)n0} if ny is even
1= i
sup{m € 2N+ 1, m < co2”“"7)ng}  if ny is odd.

Noticing that n1 —dj is even, we set no = (n1 —dj)/2, and define four sets of integers
of cardinal n, by

hi={1,...,m}, ho={no+di+1,...,n1}, hijyo=0n1+do)+D,; fori=1,2.
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Iterating this procedure j times (for 1 < j < £), we then get a finite union of 2/
sets, (1 k)] <x<ai» Of consecutive integers, with same cardinal, constructed by induc-
tion from (Ij_1 ) <<p/-1 as follows: First, for I < k < 2/, we have I;_j; =
{aj_1,k, Cee, bj—l,k}’ where 1 + bj—],k —aj_1k =nj—1 and
l=aj 11 <bj11<aj12<bj1p<---< aj_qj-1 < bj_l’zj—l = nyg.
Letn; = Zfl(nj_l —dj_1) and
—(end) . .
di = sup{m € 2N, m < ¢o2 Y’ no} if nj is even
= :

—@nly . .
sup{m € 2N+ 1, m < ¢p2 v’ng} ifnj is odd.

ThenI;; = {aj,ajr+1,...,bj}, where the double indexed sequences (a; x) and
(bj k) are defined as follows:

ajok—1=aj-1k, bjoxr =bj 1k, bjox —ajo +1=n;j
and bj,2k71 —ajok-1+ 1= nj.

With this selection, we then get that there is exactly d;_1 integers between [ 2¢—1 and

Ijopforany 1 <k < 2/-1
Finally we get

K = fex

Since Card(I¢ k) = ng, forany 1 < k < 2¢, we get that Card(K/(f)) = 2n,. Now
notice that

-1
A—Card(K{) =D 27d; < Aco [ D270V + 3277 | < Aj2.
j=0 j=0 jzl
Consequently
A > Card(K') > A/2 and ng < A27°.

The following notation will be useful for the rest of the proof: For any k in
{0,1,..., ¢ and any j in {1, ..., 2%}, we set

jzé—l\'
[
K ;= U Ioi. (3.6)
i=(—1)2¢k41
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Notice that KIE‘O = KX)OJ and that for any kin {0, 1, ..., ¢}
2k
(&) (&)
Ky =K\ 3.7)
j=1
where the union is disjoint.

In what follows we shall also use the following notation: for any integer j in [0, £],
we set

Mj=H" (a_lr*(c_l/”‘AZ(eAlj'))) . (3.8)

Since H~'(y) = b (log(e/y))l/}’2 for any y < e, we get that for any x > 1,
H '@ ' e x)) = b (14 )7 < poyn/7. (3.9)
Consequently since for any j in [0, £], A2_(M§) > 1, the following bound is valid:
M; < bA2 DN, (3.10)
Step 2. Proof of Inequality (3.4) with K/(f) defined in step 1.
Consider the decomposition (3.7), and notice that for any i = 1, 2, Card(K 1(45,)1, )=
A/2 and

T (o i e K D Sy (K ) < ATido)/2.

Since )_(MO (j) < 2My, we get that |SM0(K1(4Z,)1,,~)| < AM). Consequently, by using
Lemma 2 from Appendix, we derive that for any positive 7,

At
< TT(dO) exp(2t AMy).

2
Eexp (tS’MO(K/(f))) — HIEexp (ISMO(K/(&Z,)IJ))
i=1

Since the random variables S My (K f(f)) and S ‘Mo (K Xz)l ;) are centered, their Laplace
transform are greater than one. Hence applying the elementary inequality

[logx —logy| <|x —y| forx>1landy >1, (3.1D)

we get that, for any positive ¢,

2
i _ At
log Eexp (stO(Kg“)) ~> logEexp (stO(Kf}U)) < 57 (do) exp(21 AMo).

i=1
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The next step is to compare Eexp(tSMO(KA 1 1)) with Eexp(tSM, (KA 1. ;) for

i = 1, 2. The random variables SMO(KA i) and SM1 (K; 1 ) have values in [—A M),
AMj], hence applying the inequality

e — €] < Jellx — yl(e!™ v el (3.12)
we obtain that, for any positive ¢,
)Eexp (IS‘MO(KXZ)I l.)) Eexp (tSMl (KA | l))‘
(et AMOR ’S Kix)1 ) — 3, KXZ)I 1)‘
Notice that

R [/ R [
E ‘SMO(KI(LX,)IJ) — Sm, (KI(A,)l,i)

<2 D" Ellpm, — em) (X))

(0)
JEKL

Since for all x € R, [(@am, — ¢m,) (x)| < My 1y > p,, we get that
-1 * -1 7<ZAL>
El(omy — om)(Xj)| < MoP(1Xj| > My) <a” Mot™ (¢ "1 A2 vl

Consequently, since Card(K 1(46,)1,1') < A/2,for any i = 1,2 and any positive 7,

‘]ECXP (tS'Mo(Kz(f,)],i)) — ECXP (ISMI (Kff’)lgi))’ < tAa*lMoetAMo_C*

x (cyllAz(W)) .

Using again the fact that the variables are centered and taking into account the inequal-
ity (3.11), we derive that for any i = 1, 2 and any positive ¢,

‘logEexp (ZSMO(KA | l)) log Eexp (ISMI (KA 1 ,))‘

1
< a1 M AMo o (anz(“v)) . (3.13)

Now forany k = 1,...,¢and any i = 1,...,2%, Card(K/(f,)k’l.) < 27kA. By
iterating the above procedure, we then get for any k = 1, ..., £, and any positive ¢,

k=1 2k
S togBexp (1S (K, ) = 2 togBexp (1S, (K1)
i=1 i=1
2tAMk1)

<2 2_kf(dk71) eXp k=1
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and forany i = 1,...,2%,

)logEexp (tS’Mk_1 (KXZ’)M)) — logEexp (tS‘Mk (K/(\Z,)k,i))‘

k
<a ¥ (C_VIIAZ_(“V)) exp (—ZtAMk_l) )

2k—1
Hence finally, we get that forany j = 1, ..., £, and any positive ¢,

9i—1 2/

_ S l
> logEexp (tSMjfl(KX)j_l’i)) — > logEexp (tSM,-(Ki,)j,D)
i=1 i=1

tA 1—i
< Tt(dj,l)exp(2tAMj,12 7)

. _1 _(end .
+2/a ¥ (c A2 (MV)) exp(2tAMj_121_]).

Setky; = sup{j € N, j/y < £}, and notice that 0 < k, < £ — 1. Since KXZ) = K,Exe,)o,l’
we then derive that for any positive ¢,

2kg+l
log E exp (tSMO(K/(f))) - Z log E exp (ISM@H(K%,)IQHJ))
i=1
ke
_ tA d 2tAM;
= 7 T( ])exp 2]
j=0
ke—1
) . 2tAM
+2a_1 Z 2}.[*(2—1/)’6—1/)4 AQ—J/V) exp( 5 J)
j=0
ket g = e* (¢ A28y exp (2t AMy, 2750, (3.14)
Notice now that for any i = 1,..., 2k5+1, SMlirl (K/(f,)kﬁl ;) is a sum of 2t—ke—1

blocks, each of size ny and bounded by 2My,1n,. In addition the blocks are equi-
distant and there is a gap of size di,41 between two blocks. Consequently, by using
Lemma 2 along with inequality (3.11) and the fact that the variables are centered, we
get that

izifkgfl
_ y _
log E exp (tSMkW (Kf,f,qm.)) - > logEexp (tsMke+1 (lg,,»))
j=G—12t k141
ly—k¢—1 L—ke—1
<tng2°2 r(dk(+1)exp(2th(+1n132 ). (3.15)
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Starting from (3.14) and using (3.15) together with the fact thatn, < A2~ we obtain:

2t

log E exp (tS’MO(Kf(f))) — ZlogEexp (tS’Mkz+1 (Ig,j))
j=1

1A & 20AM,;
< 7(d;) exp oy

2 &
ke—1
. . 2tAM
-1 *y—1/y .=1/v1 A9—Jl¥ J
207! D" 2l er @Y T A2 )exp( > )
j=0
2tAM;,
kel —1_ s/ —1/y1 xn—C ¢
+2% " a7 (¢ A2 )exp(—zkl )
1 AT (g1 1) exp(t My, 1 A275). (3.16)

Notice that for any j = 0,...,¢ — 1, we have di +1 > [COAZ_(E/\%)] and
c0A27(“$) > 2. Whence

d; > (dj +1)/2 = cgA2" P72

Consequently setting ¢; = min (%cl/ Vigg, 27V 7’) and using (2.6), we derive that for
any positive ¢,

2t

log E exp (tS’MO(K/(f))) — ZlogEexp (ISM;((H (Ie,j))
j=1

tAa : 1 2tAM ;
- E — —Jjly J
< ) exXp ( (C1A2 ) + 2] )

j B —i\" 2tAM;
+2Zz exp( (c1A2 ) + =

2tAM,
ket exp (— (Aﬂ)y1 + ki)

2k
Y
+tAa exp (— (clAz—f) s thH]AZ_k‘).

By (3.10), we getthat 2AM ;277 < p2¥1/7 (277 A)"1/7 forany 0 < j < k. Also, since
ke +1 > yLand y < 1, we have that My, 11 < b(QA2~)"/72 < p(2A2-YEN/72,
Whence

MkZ_HAZ—kz — 2Mkl+1A2_(kZ+l) < by AVi/Yp—11E
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In addition,
ZAMklszz < b22V1/)’(A2*/<2*1)J/1/V < b2y Avi/yp—vit

Hence, if t < coANY=D/Y where ¢y = 2_(1"’2”1/3’)0{' b1, we derive that

0

2
logEexp (54, (K?)) = > logEexp (tSy, ., (I /)
0 A ko+1 sJ
=1
ke—1

ke
tA 1 o\ Y ; 1 o\ Y
< Ta . exp (_5 (c1A27]/V) 1) +2 j_EO 27 exp (—5 (clAZﬁ/V) 1)

+2%+! 4 1 Aq)exp (—(clAz—f)Vl /2).

Since 2%t < 2t < AY it follows that for any t < cp AV v=D/v,

2(3
log E exp (tSMO(K/(f))) — ZlogEexp (tS’M,{[Jrl (Ig’j))
j=1
y 1 [c1A\"

We bound up now the log Laplace transform of each S My 41 (I¢, ;) using the follow-

ing elementary fact. Let g(x) = x~2(¢* — x — 1): for any centered random variable
U such that ||U||cc < M, and any positive ?,

Eexp(tU) < 1+ t2g(t M)E(U?). (3.18)

Notice that ||§ng+: e oo < 2Mp,11ne < b2M/7 (A27H7/Y Sincet < b=1271/Y
(2°/A)"/7 by using (3.5), we then get that log E exp (tS’Mkﬁ, (Ig,j)) < t%v%n,. Con-
sequently, for any r < « (AVI r=D/v A (2¢A)11/7), the following inequality holds:

logEexp (Sy, (K(Z)) <A+ (QattA +4AY)exp (- c1A2_K)7"/2 .
g Y o\ 4
(3.19)

Notice now that || Sy, (K'\)lloc < 2MgA < b21/Y AM/Y Hence if 1 < b~'271/¥
A™N/7 by using (3.18) together with (3.5), we derive that
log E exp (t§M0 (Kff))) < 24, (3.20)

which proves (3.4) in this case.
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Now if b~ 1277/Y A=Y <t < i (AN =D/Y A (24/A)/7), by using (3.19),
we derive that (3.4) holds, which completes the proof of Proposition 1. O

We now bound up the Laplace transform of the sum of truncated random variables
on [1, A]. Let

:(2(2\/4c )/(l—y)) % and cq = BNV AN NI (30))

where ¢ is defined in (3.2). Define also

v = (C4 (3 - 2”‘”%) n K—l)_l (1 - 2(V‘”V7') , 3.22)

where « is defined by (3.3).

Proposition 2 Let (X ;) > be a sequence of centered real valued random variables
satisfying (2.6), (2.7) and (2.8). Let A be an integer. Let M = H~'(a='t*(c~1/71 A))
and X y; (k) be defined by (3.1) for any positive k. Then, if A > p with | defined by
(3.21), for any positive t < vAV"Y=D/Y where v is defined by (3.22), we get that

AV (A)t?
1 —tvlanad=-y/y’

logE (exp(t s 1xM(k))) (3.23)

where V(A) = 50v% 4 vy exp(—v AV (log A)™7) and vy, vy are positive con-
stants depending only on a, b, ¢, y and yy, and v* is defined by (3.5).

Proof of Proposition2 Let Ag = A and X @ (k) = X; forany k = 1, ..., Ag. Let ¢
be a fixed positive integer, to be chosen later, which satisfies

A28 = 2 Vi), (3.24)

Let Kffo) be the discrete Cantor type set as defined from {1, ..., A} in Step 1 of the
proof of Proposition 1. Let A} = Ag — CardKIEfO) and define forany k =1, ..., Ay,

XWD(k)y = X;, where {if,....ia}={1,..., A\Ka.

Now fori > I, let K, (E ) be defined from {L,..., A;} exactly as K, ) is defined from
{1,..., A}. Here we 1mpose the following selectlon of ¢;:

¢; =inf{j €N, 4,277 < Ap27*). (3.25)
Set Aip1 = A; — CardK” and {ji..... ja,,} = {1..... Ai\K " Define
now

X(i+l)(k) — X(i)(jk) for k=1,...,Ai+1.
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Let
m(A) = inf{m € N, A,, < A27¢}. (3.26)
Note that m(A) > 1, since Ag > A27¢ (¢ > 1). In addition, m(A) < £ since for all
i>1,A; < A2, _
Obviously, forany i = 0, ..., m(A) — 1, the sequences (X “*1 (k)) satisfy (2.6),
(2.7) and (3.5) with the same constants. Now we set Tp = M = H '(a™!

t*(c~ Y71 Ap)), and for any integer j = 0, ..., m(A), T; = H '@ 't*(c"V/" A))).
With this definition and the Notation 1, we then define for all integers i and j,

XP®) = g1, (XD w0) — Eor, (XD ).
According to (3.9), for any integer j > 0,
T; < bQAHN, (3.27)
Forany j =1,...,m(A) andi < j, define
Ai
Yi= D> XPw. zi =D (X} () — X (k) fori > 0,
k=1

;)

keKAl_

Aj
and Rj = X(T{/?_] (k).
k=1

The following decomposition holds:

Ao m(A)—1 m(A)—1
SxPw= > Vit D Zi+ Ruw. (3.28)
k=1 i=0 i=1

To control the terms in the decomposition (3.28), we need the following elementary
lemma.

Lemmal Forany j =0,...,m(A) -1, Aj1 > %C()Aj.

Proof of Lemma 1 Notice that for any i in [0, m(A)[, we have A; 1] > [coA;] — 1.
Since coA; > 2, we derive that [cgA;] — 1 > ([cpAi] + 1)/3 > coA;/3, which

completes the proof. (|
Using (3.27), a useful consequence of Lemma 1 is that forany j = 1, ..., m(A)
24T < C4A]V.‘/V (3.29)

where c4 is defined by (3.21)
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A bound for the Laplace transform of Ry a).
The random variable | Ry, (4)| is a.s. bounded by 2A,,,(a)T,,(a)—1. By using (3.29)
and (3.26), we then derive that

rily
|Rnalloe = caCna)™/? < e (42777 (3.30)
Hence, if r < ch @t/ A/, by using (3.18) together with (3.5), we obtain

1og E (exp(t Rm(a))) < 120> A27¢ < 2 (wvV/A)? == o], (3.31)

A bound for the Laplace transform of the Y;’s.
Notice that forany 0 < i < m(A) — 1, by the definition of ¢; and (3.24), we get that

274 A; =270 (A /2) > 275A/2) = (1 v 2¢p ).

Now, by Proposition 1, we get that for any i € [0, m(A)[ and any ¢ < /<(A3/_l A
(2% /A;))"/Y with k defined by (3.3),

1
logE (e’Yf) <7 (v\/Ai n (‘/abzi(zA,-)ﬂ% i 2bAl’.’/2(2Al-)V‘/V)

X exp (—% (clAizli)yl))z |

Notice now that ; < £ < A, A; < A2 " and27¢71A4 <274 A; < 27%A. Taking into
account these bounds and the fact that y < 1, we then get that for any i in [0, m(A)[
and any 1 <« ((21/4)'=7 A 20/ A)"7,

| A2 n AT
logE (e’Y') <1’ (v iz + (21+ y x/E(\/E—i- \/E)—l

@)y

o' (A)" ’ 2 2
X exp\ 571, (27) =10y (3.32)

A bound for the Laplace transform of the Z;’s.
Notice first that for any 1 <i <m(A) — 1, Z; is a centered random variable, such
that

A

1Zi1 = > (|@ny = e XOw)| + Bler, — o) XV @)
k=1

Consequently, using (3.29) we then get that || Z;|cc < 2A;T;—1 < C4A3/'/V. In addi-

tion, since |(¢7,_, —¢7,)(¥)| < (T;—1—T;) 1 I~ 7, and the random variables (X ) (k))
satisfy (2.7), by the definition of 7;, we get that
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EIZi|* < QAT 't (M A < AT exp(—AT).
Hence applying (3.18) to the random variable Z;, we get for any positive ¢,
Eexp(tZ;) <1+ t2g(04tA§/]/V)c§A?V]/y exp(—A!").
Now, since A; < A2~ for any positive real 7 satisfying r < (2¢c4) ™' (21 /Ay (A=1)/v |
we have that C4IA3/1/}/ < A;/I /2. Since g(x) < ¢&* for x > 0, we infer that for
t < Qey) @ ANA=N]Y
. 2.2 =i AN2V1/Y Y1
logEexp(tZ;) < cst“(27'A) exp(—A;" /2).
By taking into account that for any 1 < i < m(A) — 1, A; > Apa—1 > A27¢ (by

definition of m(A)), it follows that for any i in [1, m(A)[ and any positive ¢ satisfying
t< QeI @/ ANy,

. 2
logEexp(1Z;) < 1* (es@™ 7 exp(—(A27)" /4)) =123, (3.33)
End of the proof. Let
— _ /v m(A)—1 1-
ANy AT AN 4\ AN\NU=1)/y
alx) w2 (G) ) w2 G

and

m(A)—1 m(A)—1

o =0+ Z 02, + Z 03,i,
i=0 i=1

where o1, 02,; and 03 ; are respectively defined in (3.31), (3.32) and (3.33). .
Notice that m(A) < ¢ < 2log A/log?2. We choose now £ = inf{j ¢ N : 2/ >
A (log A)Y/"}. This selection is compatible with (3.24) if
Q2 VdeyYlog A/ < Ay, (3.34)

Now we use the fact that for any positive § and any positive u, § logu < u’. Hence if
A>3,

Q2 VideyHlog A)YM < 2videgHlog A <2(1— y) 12V deyHATT2,

which implies that (3.34) holds as soon as A > u where p is defined by (3.21). It
follows that

C <y land=nir, (3.35)
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In addition

22+yi

Y1
o < 5oVA + 5vVb(a + V)2 Y ANV exp (— ° (Azﬁ)”)

1
+c4 A"V exp (—Z(Az—‘)ﬂ).

Consequently, since A27¢ > %Al_)’(log A)~7/7 | there exists positive constants v
and v, depending only on a, b, c, y and y; such that

ol< A (50u2 + vy exp(—va AN 171 (log A)_V)) — AV(A).  (3.36)

Starting from the decomposition (3.28) and the bounds (3.31 ), (3.32) and (3.33), we
aggregate the contributions of the terms by using Lemma 3 given in the appendix.
Then, by taking into account the bounds (3.35) and (3.36), Proposition 2 follows. O

3.2 Proof of Theorem 1

Let us give the idea of the proof. We first use the classical Bernstein-type blocking
arguments on partial sums of suitably truncated variables at a level M; namely, the
index set {1, ..., n} is partitioned into blocks of size A. Then the blocks of even
indexes are approximated by independent blocks with same marginals using the exact
coupling coefficient in L' (see Lemma 5 in [14]); and similarly for the blocks of odd
indexes. We then bound the log-Laplace transforms of each block of size A with the
help of Proposition 2. The end of the proof consists in choosing optimally both A
and M.

o If A > bn"/7, note that sup(|Si, [Sol,....1S,]) < IX1|+ [Xal + - + | Xl
Hence

n )\‘)/2
P(sup(S;| =1 )< D P(Xi| = A/n) < neexp (—(bn)m)ﬂ

j=n i=1
A2
< J/neexp| — .
2(bn)r2

Now, if A > bn"'/7, then (A/(nb))¥2 > (1/b)Y . Hence, for any n > 3,

AY
P{ sup|S;| > A 5nexp<——).
(jin ’ 2bY
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o Lets = uVv(2/y)'/" where u is defined by (3.21). Assume thata vV b(4¢)"/7 <
A< bn"/7 . Let pbearealin [1, %], to be chosen later on. Let

I R ()]

For any set of natural numbers K, denote

Su(K) = Z Xy (i) where X y (k) is defined by (3.1).
ieK

For i integer in [1,2k], let I; = {1 + (@ — DA, ...,iA}. Let also Ix+1 = {1 +
2kA, ..., n}. Set
_ ] _ —_ ] _
$1() =D Suli-1) and 5(j) = D Su(ln).
i=1 j

We then get the following inequality

sup |Sj| < sup |Sl(J)|+Sup|52(])|+2AM+Z|X Xu(@)]. (3.37)
Jj=n J=<k+1 i—1

Now

(le R0 >A)< —ZEIX Ruali)] < —/H(x)dx

i=1

Now recall thatlog H (x) = 1—(x/b)"2. It follows that the function x — log(sz (x))
is nonincreasing as soon as x > b(2/ yz)l/ 72 Hence, for M > b(2 /yz)l/ v,

o0 ) Ode
/H(x)dx <M H(M)/F = MH(M).
M

Whence

n
IP’(Z 1Xi — Xp(G)| > A) <2nA " 'MHM) for M > bQ2/y)' /7. (3.38)
i=1

Using (3.38) together with our selection of M, we get for all positive A that

n
IP’(Z 1Xi — Xy (D] > )\) < 2nA"'Mexp(—A"") for A > (2/y2)'/7.
i=1
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By using Lemma 5 in Dedecker and Prieur [14], we get the existence of independent
random variables (Sj;,l (12i))1<i<k with the same distribution as the random variables
Sp (L) such that

E[Sy (L) — Sy (1) < AT(A) < aAexp (—cA"). (3.39)

The same is true for the sequence (Sp(hi—))1 <i<k+1. Hence for any positive A such
that A > 2AM,

j=<n

IP(sup 1S;] > 6k) < ar""AQk + 1) exp (—cA") + 2na " M exp(—A™)

+P max ZSM(IZ, Dl = A

]<
j
TN
+P 1}1;1]? Z;SM(IZ,) > A
=

For any positive ¢, due to the independence and since the variables are centered,
(exp(tSy(12i))); is a submartingale. Hence Doob’s maximal inequality entails that
for any positive ¢,

maxZSM(Igl) >A) <e }"HE exp(tSM(Izl)))
i=1

To bound the Laplace transform of each random variable Sy (I2;), we apply Propo-
sition 2 to the sequences (X;4s);e7 for suitable values of s. Hence we derive that,
if A > u then for any positive ¢ such that r < vAV1Y=D/¥ (where v is defined by
(3.22)),

k

> logE (exp(tSu (1)) < Akt?
i=1

V(A)
1 — v land-v)/v’

(3.40)

Obviously the same inequalities hold true for the sums associated to (—X;);c7. Now
the usual Chernoff computations for the optimization of 7 in (3.40) lead to

j 2
A
Z (121 > A <2exp (_4AkV(A)+2)»U_1AV‘(1_V)/V)‘
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Similarly, we obtain that

j 2

~ A
P > Sy(hi—p| =2 | <2exp (- :
P R e e"p( 4A(k+1)V(A)+2)»V]Ay'(ly)/y)

Choose now p = n(b~'A)~¥/71 1t follows that 2A < (A/b)?/" and, since M <
b(2A)"/72 we obtain that 2AM < b(2A)""/Y < A. Also, since A/b > (45)"/7,
p < n/4 and consequently A > n/(4p) > (b~'0)"/"1/4 > ¢ > u. Hence we get
that for a v b(40)"/Y < A < b7,

AY
P(jl;[nﬂSjl > 6A) <1A (4nexp (—(c/\ 1)47/119?’)

)\‘2
4 - )
+ eXp( 4nB(A)+2A2—Vv—1bV—1))

with B(A) = 5002 4 vy exp(—pA? 1=7)(log 1)), where ¥ is a positive constant
depending on a, b, c, y and y;. The result follows from the previous bound.

e To end the proof, we mention that if A < a Vv b(4¢ )7’1/ Y, then

AV
P(jglsjl > A) =1=<eexp (_m) ’

which is less than n exp(—A” /Cy) as soon as n > 3 and C| > a” Vv b¥ (4¢)M.

O
3.3 Proof of Remark 3
Using the Notation 1 and setting W; = ¢p(X;) we first bound Cov(W;, Wiix)).
Applying (4.2) of Proposition 1 in Dedecker and Doukhan [12], we derive that, for

any positive k,

y(M; Wigr)/2
ICov (Wi, Wisn)] <2 / Ow,1 © Gy ()

where
Yy Mi, Wii) = IEWigk M) — EWiro) i < T(k),
since x > @p(x) is 1-Lipschitz. Now for any j, Qw;| < Q|x;| < Q, implying that

G\w;| = G, where G is the inverse function of u — fou Q(v)dv. Taking j =i and
j =i+ k, we get that
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T(k)/2
|Cov(W;, Wit )| <2 / O\x;) 0 G(wdu.
0

Making the change-of-variables u = G (v) we also have

G(t(k)/2)
ICov(Wi, Wiss)] <2 / Ox, () Q(u)du, (3.41)

proving the remark.

3.4 Proof of Theorem 2

We first use Theorem 1 allowing essentially us to reduce the proof of the MDP to the
one of bounded random variables. For any n > 1,let T = T,, where (7,) is a sequence
of real numbers greater than 1 such that lim,_, o 7, = 00, that will be specified later.
We truncate the variables at the level T;,. So using the Notation 1, we consider

X, = 1, (X;) —Eor,(Xi), W/ = X; —or,(X;) and X = X; — X/.
Let S, =>7 X/ and S = >""_| X! To prove the result, by exponentially equiva-
lence lemma in Dembo and Zeitouni [22, Theorem 4.2.13, p. 130], it suffices to prove
that for any n > 0,

lim sup a, log P (—’V“”|s,’;| > n) = —o0, (3.42)
n—00 Op
and
{o,71S!} satisfies (2.9) with the rate function /(1) = 1%/2. (3.43)

To prove (3.42), we first notice that [x — @7 (x)| = (|x| — T)4. Hence Oy <
(Q —T)4 and, denoting by V;; the upper bound for the variance of S, (corresponding
to V for the variance of S,,) we have, by Remark 3,

1 Ty (K)/2
vy < / QW) — T2 du+4> / (Q(Gr, ) — T,) 4dv.
0 k>0 7

where G is the inverse function of x — f(;‘ (Q(u) — T)4+du and the coefficients
Ty (k) are the T-mixing coefficients associated to (Wi/ )i. Next, since x — x — @7 (x)
is 1-Lipschitz, we have that Ty (k) < tx(k) = t(k). Moreover, Gt > G, because

@ Springer



A Bernstein type inequality and moderate deviations 463

(Q — T)4+ < Q. Since Q is nonincreasing, it follows that

(k)2
Vi, < / Q- Tk +4Y [ (@G - T
k>0
Hence
lim V7, =0. (3.44)

n—-+00

The sequence (X lf/ ) satisfies (2.6) and we now prove that it satisfies also (2.7) for n
large enough. With this aim, we first notice that

|E(pr, (Xi)| < E|W/| < /H(x)dx < b for n large enough.

Ty

Hence for n large enough, |X| < (|X;| — T,,)+ +b < bV |X;| provided that T,, > b.
Then for n large enough, the sequence (X!) satisfies (2.7) and we can apply Theorem 1
to the sequence (X): for any n > 0, and n large enough

2.2
S// > <
(\/ 15,1 '7) ”eXp( Cras )+eXp( Czan(l—i-nV”))

2.2 80
+ exp —g—exp no =
3ndn 2

C4an

where § = y (1 — y)/2. This proves (3.42), since a, — 0, a,n?/?7") - oo,
limy, o0 V7. = 0 and lim inf, —, o o?/n > 0.

We turn now to the proof of (3.43). Let p, = [n1/2=¥)] and qn = S8 pn Where
8, is a sequence of integers tending to zero and such that 8}'n?1/?=7) /logn — oo
and 8 a,n""/?~7) — oo (this is always possible since y; > y and by assumption
ann?/C7Y) — 00). Let now m,, = [n/(pn + qn)]. We divide the variables {X/} in big
blocks of size p, and small blocks of size ¢,, in the following way: Let us set for all
1 <j < my,

(j_l)([]tl+Qtl)+Pn J (pn"l“]n)
Yin= > X, and Zj,= > X].
i=(—=D(pntqn)+1 i=(—D(pntqn)+pntl
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Then we have the following decomposition:

n

Mp my
=D Vin+ 2 Zint+ D> X (3.45)
Jj=1 j=1

i=mp(pp+qn)+1

Forany j=1,...,my, letnow I(n,j) = {(j — D(pn +¢qn) +1,...,(G—1)
(Pn + ¢u) + pn}. These intervals are of cardinal p,. Let ¢, = inf{k € N* 2¢ >

p,’l/ / 2a,, 1/ 2}, where ¢, a sequence of positive numbers tending to zero and satisfying

e2a,n?’/C7Y) 5 oo, (3.46)

For each j € {1, ..., m,}, we construct discrete Cantor sets, K % ”) , as described in

the proof of Proposmon 1 with A = p,, £ = £,, and the followmg selectlon of cp,

g, 20y _1
l+e, 2V/7v—1

co) =

Notice that clearly with the selections of p, and ¢,, an_e" — 00. In addition with
the selection of ¢y we get that for any 1 < j < m,,,

() EnPn
Card(K;, ) < T+e,

and

26n

[ .
K;(H)J) Ullln,i(pm J)s
i=1

where the Iy, ; (p,, j) are disjoint sets of consecutive integers, each of same cardinal
such that

Pn Pn
——— < Card/ , 3.47
Zen(l + n) — ar Zn z(Pn J) —= 2€ ( )

With this notation, we derive that
mpy mpy my
_ / (en) (En)
PRITEDIN (K1<n,j>) Z ( 1(1,)) c)' (3.48)
j=1 j=1 j=1

Combining (3.45) with (3.48), we can rewrite S, as follows

My

— Zl s'(kiw) + 2 X, (3.49)
e
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where r,, = n — m,CardK 1“;2)1) and the X ; are obtained by renumbering the X I’ and
satisfy (2.6 ) and (2.7) with the same constants. Since r, = o(n), applying Theorem 1
and using the fact that lim inf,,_, anz/n > 0, we get that for any > 0,

— In
lim sup a, log]P’( dn Zf{i > 77) = —00. (3.50)
In =

n—oo

Hence to prove (3.43), it suffices to prove that

mpu
o> s (K}f;;? j)) satisfies (2.9) with the rate function 7 (1) = 12/2.  (3.51)
j=1

With this aim, we choose now T, = ¢,, 12 where ¢, is defined by (3.46).
By using Lemma 5 in Dedecker and Prieur [14], we get the existence of indepen-

dent random variables (S*(K ;f;;) j))) 1<j<m, With the same distribution as the random

. 0y
variables S'(K ; (n? . such that

my my

/ (En) (Z,,) (Zn)
D EIS'(Kj) ) = S*(Kjg) )] < tlgn) D CardKye) .
j=1 j=1

mp

Consequently, since > i

n>2%27,

, CardK ;ﬁ;‘l) 7 < n, we derive that for any n > 0 and any

Van &
0 0
anlogP | 251 3 ('K ) = ST (KIG ) =
j=1

an./a, §V 1/ (2=y)
§an10g( 0o "exp(_% ,
n

which tends to —oo by the fact that lim inf, o,% /n > 0 and the selection of §,,. Hence

the proof of the MDP for {0, 2 S'(K %’1) j)} is reduced to proving the MDP for

{o! Z';Zl S*(K ;f,”l) j))}. By Ellis Theorem, to prove (3.51) it remains then to show
that, for any real ¢,

my 2
t
an E log E exp (IS’ (K;f’r’l?j)) /,/ana,%) — D) asn — o0o. (3.52)

J=1

As in the proof of Proposition 1, we decorrelate step by step. Using Lemma 2 and
taking into account the fact that the variables are centered together with the inequality
(3.11), we obtain, proceeding as in the proof of Proposition 1, that for any real ¢,
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mMp

Ln
Zlog]Eexp (tS/ (K}(n?j)) /, /ananz)
j=I

my, 2n

- Z ZIOg]Eexp (ZS/ (Ze,.i(Pns 1)) / andnz)

j=1li=1

Y1 Y1
altlm C t
< [t|my, py exp( —c 0 lZn 2 |7] prg
ano? 4 2tan Venanol 2V

Pn

ke, Y1 Y1
CO Pn |t|
+ expl —c— = +2 — ,
;) ( 4 2inly /8nana,12 2])

where kg, = sup{j € N, j/y < £,}. By the selection of p, and ¢,, since liminf,_,
o2/n > 0and e2a,n?/?77) — oo, we get that 2_V1£"2V‘Zﬂp2f'7l,/enano,% tends to
oo as n goes to co. Consequently for n large enough, there exist positive constants K
and K; depending on ¢, y and y; such that

mp

an ZIOgEexp (tS/ (K;f;;?j)) /,/ana,%)

j=1

my 24)1

- ZZMgEexp (IS/ (Ze,.i (Pns ) /\/67%2)

j=li=1

v/2
<aK||t|/a,nlog(n) exp (—K2 (sganny/(z_”)) ny(l_y)/(z_y)) . (3.53)

which converges to zero by the selection of g,,.
Hence (3.52) will hold if we prove that for any real ¢

my 2tn 2

, t
an ZZlog]Eexp (t8' (Ign,,-(p,,, i/ anonz) — S asn— oo (3.54)
j=1k=1

With this aim, we first notice that, by the selection of ¢,, and the fact that ¢, — 0,

I1S"(Ie, i (Pus Dlloo < 2T2" " py = 0(/nay) = 0 (\/G,,zan) . (3.55)
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In addition, since lim,, Vﬁ = 0 and the fact that liminf, a,%/n > 0, we have
lim,, 0,1_2V.':urS,’1 = 1. Notice that by (3.49) and the fact that r, = o(n),

2

m, 2

VarS, =E [ D> 8'Up,.i(pu. ) | +on)asn — oo.
j=1i=1

Also, straightforward computations as in the proof of Remark 3 show that under (2.6)
and (2.7),

my, 2t 2 my, 2t
E( DD Ui pu ) | = D0 D E(S7 (Lei (pas D)) + 0 as n — oo.
j=1i=1 j=li=1
Hence
my 2tn
Tim @) DS (S (Ie,i(pas ) = 1. (3.56)

j=li=1

Consequently (3.54) holds by taking into account (3.55) and (3.56) and by using
Lemma 2.3 in Arcones [3]. O

4 Appendix

4.1 Technical lemmas

We first give the following decoupling inequality.

Lemma 2 Let Yy, ..., Y, be real-valued random variables each a.s. bounded by M.

For every i € [1, pl, let M; = o(Yy,...,Y;) and fori > 2, let Y} be a random
variable independent of M;_\ and distributed as Y;. Then for any real t,

4
< |tlexp(t|Mp) D EIY; — Y/'|.
i=2

P P
Eexp (t Z Yi) - H]Eexp(tYi)
i=1

i=1

In particular, we have for any real t,

p
< |tlexp(t|Mp) D t(a(Y1,.... Yi1), Yi),
i=2

P P
Eexp (t Z Yi) - H]Eexp(tYi)
i=1

i=1

where t is defined by (2.2).
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Proof of Lemma 2 Set Uy = Y1 + Y2 + - - - + Yi. We first notice that

5 () [ 15 () =3 (2 (%) = () £ (7)) [T 5(7)

i=1 k=2 i=k+1
“4.1)

with the convention that the product from p + 1 to p has value 1. Now

|Eexp(tUx) — Eexp(tUx—1)E exp(1Y)|
< [lexp(tUg—1) oo IE(e'* — i [ My_1) 1.

Using (3.12) we then derive that
IEexp(tUsx) — Eexp(tUp—1)Eexp(tYy)| < [t|exp(|t|kM) || Yk — Yiill1.  (4.2)

Since the variables are bounded by M, starting from (4.1) and using (4.2), the result
follows. 0

One of the tools we use repeatedly is the technical lemma below, which provides
bounds for the log-Laplace transform of any sum of real-valued random variables.

Lemma 3 Let Zy, Z1, ... be a sequence of real valued random variables. Assume
that there exist positive constants oy, o1, . .. and cg, c1, . . . such that, for any positive
iandanytin [0, 1/ci|,
logEexp(tZ;) < (0it)?/(1 — cit).
Then, for any positive n and any t in [0, 1/(co+c1+ -+ cn)l,
log Eexp(t(Zo + Z1 + -+ Zy)) < (00)*/(1 — C1),
whereo =og+o|+---+o,andC =co+c1+---+cy.

Proof of Lemma 3 Lemma 3 follows from the case n = 1 by induction on n. Let L be
the log-Laplace of Zp 4+ Z;. Define the functions y; by

yi(t) = (ait)z/(l —c¢it) fort € [0, 1/c;[ and y;(t) = +oo fort > 1/c;.

Foruin]O, 1[,1let y, (t) = uy,(t/u)+ (1 —u)yo(¢t/(1 —u)). From the Holder inequality
applied with p = 1/uandg = 1/(1—u), we getthat L(¢) < y, (¢) for any nonnegative
t. Now, for ¢ in [0, 1/C[, choose u = (o1/0)(1 — Ct) 4 c1t (here C = ¢y + ¢ and
o = op + o1). With this choice | — u = (0¢/0)(1 — Ct) + cot, so that u belongs to
10, I[and L(¢) < yu(t) = (at)z/(l — Ct), which completes the proof of Lemma 3.
O
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4.2 Proof of Corollary 3

The proof of Corollary 3 is based on the following proposition together with Remark 5.

Proposition 3 Assume that (Y;);c7 belongs to ARL(C, §, n). Then the probability
satisfies

/ exp(w|x ") u(dx) < +oo, (4.3)

for any positive o < A(8(1 — 8))~"C".
Furthermore there exist positive constants a and ¢ such that the following bound holds
for the T-mixing coefficient associated to the stationary Markov chain (Y;);c7:

T(n) < aexp(—en"1=9/01=0)+3)) 4.4)
Remark 5 Due to the definition of t, if / is a 1-Lipschitz function, then the T-mixing
coefficients (tj(y)(n)),>1 associated to the sequence (h(Y;));cz also satisfy (4.4). On
an other hand, according to Remark 2, (4.3) entails that if [g(x)| < c(1 + |x|%) the
process (g(Y;) — E(g(Yi)))icz satisfies (2.7) for some b > 0 and y» = n(1 — 3)/¢.
Proof of Proposition 3 We leave to the reader the case § = 0, which is easy to treat.
Throughout 6 > 0. We start by proving (4.3). Let K be the transition kernel of the
stationary Markov chain (Y;);c7 belonging to ARL(C, , n). Forn > 0, we write

K" g for the function [ g(y)K"(x, dy).
Let kg = inf{k € N* : kn(1 — §) > 1}. To prove (4.3) it suffices to show that

ot kn(1—8)
> F/|x| 1079 1 (dx) < +oo. 4.5)

k>ko

Let S = kn(1 —8) + 8 and V(x) = |x|5. Arguing as in the proof of Proposition 2 of
Dedecker and Rio [15], we get that

[KV(x)]'/$ 1 C 1 1\ (1=8eolls
o S Ter\a s |x|1—3_(1+m) T oRns ()

Then for |x| > Ry = (2C~'(1 — §)|leolls + 2)1/0—3)’
UKV 1S <1 — @ —28)" x| .

On the other hand, for x € [—=Rs, Rs], [KV ()15 < | f (0| + leolls < Rs+llolls-
Furthermore, |[go]ls < (8 + (1 — 8)|leolls)'/'=® < Rg. Therefore, for any S > 1,

KV(x) < V(x) = C2—28)""|x|57% +25RS.
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Integrating w.r.t.  this inequality gives for § > 1,
W(KV) < p(v) —C2—28)" / x> ~° pu(dx) + 2° Ry,
Since u(KV) = u(V), it follows that for S > 1,
L/ 1578 u(dx) < 25RS < 25/0-9 RS
2(1 —6) - S = s

Now

1= S/(1-6)
RS <45/0=9¢ 1 ¢ ( ||80||S)

4(1 =8\ 19
< 45/(1—5) + (¥) ]E(|80|S/(1_8)),
C
For k > kg and S = kn(1 — &) + 8, we get that

8(1 — &)\ th
/les S u(dx) <8"”+ﬂ+( (c )) E(leo[*7tF),

where 8 = §/(1 — §). Hence

¢ wk/ kn(1-8
s 2 o | R
2(1 —9) el k!

87 exp(w8”) + (8C' (1 = ) E (Jeol exp (@(BC (1 = ))|ao ")) < oo,

2(1—8) —5)

provided that v < A(8(1 — §))7"C". Consequently (4.5) holds and so does (4.3).

We turn now to the proof of (4.4). We denote by (Y;/),>0 the chain starting from
Yo = x. According to inequality (3.5) in Dedecker and Prieur [14], for ji > --- >
Jj1 >0,

k
70 (Yo) (V.. Vi) < D / / 13 =Y lidopdy).  (46)
=1

Now we use the same scheme of proof than the one of Proposition 3 in Dedecker and
Rio [15]. Since |Y, — Y| = | f Yy 1)—f( _1)|, we have

vy -vl=(1- < V=Yl @D
n - (14 max(|Y} |, 1Y) )? "
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Seta(t)=1—C(+1) % and Ty =1 |+ - - - +léx|. Noting that max (| Y, |, |Ynyfl|)§
[x| + |y] + £,—1, and iterating (4.7) n times, we get

Y =Yl <" (x| + Iyl + Zp-Dlx — .

Then setting I,,(x, y) := E(«" (|x| + |y| + £n—1)), we get

k
(0 (Yo), (Yj, ..., Yj)) < Z//I,/,(X,Y)M(dX)M(dy)- (4.8)
=1
Setting I';,—1 = ¥,,—1 — (n — 1)E|¢go|, we first write:

1

1) =n [ P (Lo (C/ul P14 x4y 1+ (1= DBleol)) (1" du.
0

Set Ay (x, y) = C[2(1 + |x| + || + (n — DE|eo|)]~°. We have

An(x,y)
L@, y) = (1= Ay y))" +n / P (20,1 > [C/ul?) (1 = wy'"du
0
= IW 0, y) + 1P (x, y) 4.9)

We first control [ [ 11V (x, y)|x — y|u(dx)u(dy). Set B,(x) = C[4(1+ x| +(n—1)
Eleo|)]~°. Then we have

/ IV e, y)lx = ylpdy) < (1= By(x))" / v = ylu(dy)
By (x)

+n / /|X—Y|1(4y|>[c/u]1/a)u(dyi| (1_“)"_ldu,

Let 0 < w < A(8(1 — 8))7"C". Since by (4.3), x — exp(w|x|"1~%) belongs to
LL'(w), we have the finite upper bound

/ 1 = YT a1y =1 sy 1 (dy)

w { C 119/ ® -
= CXP(—E (E) /|x —ylexp (F131717) ().
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Consequently there exists ¢ > 0 such that, for any positive #,

/ 1Y (e, e = ylp(@y) < (1= By ()" / ¥ = ylu(dy)

+ exp(—cn(170/1(1=0)+0)) / e = ylexp (S 1y1717) pu(dy). @.10)

Notice that that (1 — By, (x))" < exp(—nB,(x)). If [x| < nlleoll1,
exp(—n B, (x)) < exp(—Cn(4 + 8nlleoll)) ™).
Therefore there exists ¢ > 0, such that

nlleoll

/ a- Bn(x))"/ |x — ylp(dy)u(dx)

0

< exp(—cn!™?) / lx — ylu(dy)u(dx). (4.11)

On the other hand, using again the fact that x — exp(w|x|"1=9)) belongs to L' (1),
we have the finite upper bound

Ix|(1 = By (x))" u(dox)

[x[>nlleolls
o0
< / xlexp (S0 ) exp (= "0 = Cn(1 + 2x) ") i)
nlleolh
o0
< 2exp(—cn’?“—5>/<’7<1—5>+5>)/ x| exp (§|x|”(1_5)) 1u(dx) (4.12)
0

where c is a positive constant. Starting from (4.10) and using (4.11) and (4.12), we
derive that there exist positive constants ¢ and K such that

/ / I (x, p)lx — ylu(dy)u(dx) < K exp(—en1=0/0A=0+0)) (4 13)

We control now | [ 12 (x, y)|x — ylpu(dx)n(dy). Using Borovkov inequality (1.4),
there exist positive constants ¢ and c¢> depending on C, § and n such that

g (21“,,_1 - [C/u]l/‘s) < exp (—cl/(nuw)) +nexp (—ca(1/u)"?),

@ Springer



A Bernstein type inequality and moderate deviations 473

Consequently, there exists a positive constant ¢3 > 0 such that
1
inf( . 2=8
/ P (2001 > [C/ul'/?) (1 = )" 'du < 2exp (_qnmm(w +a)) _
0

Since 7 € [0, 1] and § > 0, min (# %) > n(1 —8)/(n(1 — 8) + 8). Then there
exists ¢ > 0 such that

// 12 (x, y)|x — ylu(dy)u(dx)
< exp(—cn(1=3)/ @19+, / x — ylu(dy)udx). .14)

Starting from (4.8) and combining (4.9) and (4.13) and (4.14), we get that there exist
positive constants a and ¢ such that

.n(1=5 1-6)+48
(0 (Y0), (Yjy, ..., Y};)) < akexp(—cj !~/ @11=0+0)

which combined with the definition (2.3) ends the proof of (4.4). O
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