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Abstract Ito’s construction of Markovian solutions to stochastic equations driven
by a Lévy noise is extended to nonlinear distribution dependent integrands aiming at
the effective construction of linear and nonlinear Markov semigroups and the corre-
sponding processes with a given pseudo-differential generator. It is shown that a con-
ditionally positive integro-differential operator (of the Lévy—Khintchine type) with
variable coefficients (diffusion, drift and Lévy measure) depending Lipschitz continu-
ously on its parameters (position and/or its distribution) generates a linear or nonlinear
Markov semigroup, where the measures are metricized by the Wasserstein—Kantoro-
vich metrics. This is a non-trivial but natural extension to general Markov processes
of a long known fact for ordinary diffusions.
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1 Introduction and formulation of main results

By C(R") (respectively Coo (R™)) we denote the Banach space of continuous bounded
functions on R” (respectively its subspace of functions vanishing at infinity) with the
sup-norm denoted by || - ||, and CkR™) (resp. Cf (R™)) denotes the Banach space of
k times continuously differentiable functions with bounded derivatives on R” (resp.
its subspace of functions with a compact support) with the norm being the sum of the
sup-norms of a function and all its partial derivative up to and including the order k.
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96 V. N. Kolokoltsov

For an f € C!(R") the gradient will be denoted by

Vf=(v1f,...,vnf>=(ﬁ af).

ax1’ 7 Axy,

For a measure v and a mapping F we denote by v7 the push forward of v with respect
to F defined as v¥' (A) = v(F~1(A)).

Further basic notations: 1,4 is the indicator function of a set M, M(R?) is the set of
finite positive Borel measures on R?, B, is the ball of radius r centered at the origin,
and the pairing (f, n) for f € C (R?), u € M(R?) denotes the usual integration. The
bold letters E and P will denote expectation and probability. A positive number in the
square bracket, say [x], will denote the integer part of it. By the small letter ¢ we shall
denote various constants indicating in brackets (when appropriate) the parameters on
which they depend.

It is well known (the Courrége theorem, see, e.g. [10]) that the generator L of a con-
servative (i.e. preserving constants) Feller semigroup in R? is conditionally positive
(f >0, f(x) =0 = Lf(x) > 0) and if its domain contains the space CZ.(Rd),
then it has the following Lévy—Khintchine form with variable coefficients:

1
Lf@x) = 5(G)V. V) f(x) + (b(x), V.f(x))

+/(f(x +y) = f) = (Vf(x), g (M)v(x, dy), ey

where G (x) is a symmetric non-negative matrix and v(x, .) a Borel measure on R
(called Lévy measure) such that

/min(l, lyP)v(x; dy) < oo, v({0}) =0. @)
Rn

The inverse question on whether a given operator of this form (or better to say its
closure) actually generates a Feller semigroup is non-trivial and attracted lots of atten-
tion. One can distinguish analytic and probabilistic approaches to this problem. The
existence results obtained by analytic techniques require certain non-degeneracy con-
dition on v, e.g. a lower bound for the symbol of pseudo-differential operator L (see,
e.g. [3,4,10-16] and references therein), and for the construction of the processes via
usual stochastic calculus one needs to have a family of transformations F, of R? pre-
serving the origin, regularly depending on x and pushing a certain Lévy measure v to
the Lévy measures v(x, .), i.e. v(x,.) = v (see, e.g. [1,5,24]). Of course yet more
non-trivial is the problem of constructing the so called nonlinear Markov semigroups
solving the weak equations of the form

d
T = Ly, f o), 1 € PRY), o = p, )
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Lévy—Khintchine operators with Lipschitz coefficients 97

that should hold, say, for all f € Cg(Rd ), where L, has form (1), but with all coeffi-
cients additionally depending on p, i.e.

1
Luf(x) = 5(Gx, )V, V) f(x) + (bx, ), V f(x))

+/(f(x + ) = f) = (V) I (Mvlx, u,dy). (4

Equations of type (3) play indispensable role in the theory of interacting particles
(mean field approximation) and exhaust all positivity preserving evolutions on mea-
sures subject to certain mild regularity assumptions (see, e.g. [17,24]). A resolving
semigroup U, : u +— u, of the Cauchy problem for Eq. (3) specifies a so called
generalized or nonlinear Markov process X (¢), whose distribution p, at time ¢ can be
determined by the formula U;_; i from its distribution pg at any previous moment s.

In the case of diffusions (when v vanishes in (1) or (4)) the theory of the corre-
sponding semigroups is well developed, see [22] and more recent achievements in [9].
Also well developed is the case of pure jump processes, see, e.g. the treatment of the
Boltzmann equation (spatially trivial) in [25].

The goal of the present paper is to exploit the idea of nonlinear integrators (see
[8,21]) combined with a certain coupling of Lévy processes in order to push forward
the probabilistic construction in a way that allows the natural Lipschitz continuous
dependence of the coefficients G, b, v on x, u with measures equipped with their
Wasserstein metric (see the definition below). Thus obtained extension of the stan-
dard SDEs with Lévy noise represents a probabilistic counterpart of the celebrated
extension of the Monge mass transformation problem to the generalized Kantorovich
one. To streamline the exposition we shall use Ito’s approach (as exposed in detail in
[24]) for constructing the solutions of stochastic equations directly via Euler approxi-
mation scheme bypassing the theory of stochastic integration itself. Roughly speaking
the idea is to approximate a process with a given (formal) generator (or pre-generator)
by processes with piecewise Lévy paths.

For a random variable X we shall denote by £(X) the distribution (probability law)
of X. Recall that the so called Wasserstein—Kantorovich metrics W, p > 1, on the
set of probability measures P (R?) on R? are defined as

1/p
W,(vi, 1) = (ilulf/ ly1 — yzlpv(dmdyz)) , (5)

where inf is taken over the class of probability measures v on R?? that couple v| and
vy, i.e. that satisfy

//(</>1 ) + o2(y2)v(dyrdyr) = (¢1,v1) + (¢2,12) (6)

for all bounded measurable ¢, ¢,. It follows directly from the definition that
Wh(u, ')y <E|X — X')? @)
whenever u = £(X) and i/ = L(X').
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98 V. N. Kolokoltsov

For random variables X, Z we shall write sometimes shortly W,(X, Z) for
W, (L(X), L(Z)) (with some obvious abuse of notation).

It is well known (see, e.g. [27]) that (P(RY), Wp), p = 1is a complete metric
space and that the convergence in this metric space is equivalent to the convergence
in the weak sense combined with the convergence of the pth moments. In case p = 1
the celebrated Monge—Kantorovich theorem states that

Wipy, m2) = sup [(fs 1) — (f, w2l
feLip

where Lip is the set of continuous functions f such that | f(x) — f(y)| < |x — y| for
all x, y.

We shall need also the Wasserstein distances between the distributions in the Sko-
rohod space D([0, T1], RY) of cadlag paths in R defined as

1/p
Wpr(X1, X2) = inf(E sup [X1(#) — Xz(t)l”) , 3

t<T

where inf is taken over all couplings of the distributions of the random paths X, X».
Notice that this distance is linked with the uniform (and not Skorohod) topology on
the path space.

To compare the Lévy measures, we shall need an extension of these distances to
unbounded measures. Namely, let M p(Rd ) denote the class of Borel measures (1 on
R?\ {0} (not necessarily finite) with a finite pth moment (i.e. such that f [y|Pu(dy) <
00). For a pair of measures vy, vy from M ,,(Rd) we define the distance W, (v1, v2)
by (5), where inf is now taken over allv € M, (R?4) such that (6) holds for all ¢1, ¢»
satisfying ¢; (.)/].|? € C (R9). Tt is easy to see that for finite measures this definition
coincides with the previous one and that if measures vy and v, are infinite, the distance
Wp(v1, v2) is finite.!

Moreover, by the same argument as for finite measures (see [23] or [27]) one shows
that whenever the distance W, (v1, v2) is finite, the infimum in (5) is achieved, i.e.
there exists a measure v € M ,(R??) such that

1/p
Wy (11, o) = (/ Iy1 — yzl”v(dy1dyz)) : ©)
Theorem 1.1 Let an operator L have form (1), where

VG (x1) = v Gl + [b(x1) — b(x2)| + W2 (X, (Yv(x1; ), 1, (Jv(x2; )

< klxp — x| (10)

Ileta decreasing sequence of positive numbers 6,1, be defined by the condition that v{ can be decom-
posed into the sum vy = > vi‘ of the probability measures v’f having the support in the closed

shells {x € R? : €l < lx| < 6’117]} (where e? = 00). Similarly €5 and vj are defined. Then the sum

v=>0, v]' ® V4 is a coupling of vy and v, with a finite [ Iy1 = »mlPv(dy1dy)).

n=1
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Lévy—Khintchine operators with Lipschitz coefficients 99

with a certain constant k, and

sup JG(x)+|b<x)|+/|y|2v<x,dy> < 0. (11)
B

Let the family of finite measures {1ga\ g,)(.)v(x; .)} be uniformly bounded, tight and
depend weakly continuously on x. Then L extends to the generator of a conservative
Feller semigroup.

Remark 1 (i) The boundedness condition (11) is not essential and can be dispensed
with by the usual localization arguments (see [19]). (ii) Once the well posedness of
the equation (3) generated by L is obtained, it implies various extensions of the results
on the corresponding boundary value problems, problems with unbounded coeffi-
cients, fractional dynamics, Malliavin calculus, Banach space valued SDE, stochastic
monotonicity (see [5,6,16,18,20,26]) obtained earlier for particular cases.

For example, assumption on v is satisfied if one can decompose the Lévy measures
v(x; .) in the countable sums v(x;.) = 2211 v, (x; .) of probability measures so that
Wa(vi(x; .), vi(z;.)) < aj|x — z| and the series > ai2 converges. It is well known that
the optimal coupling of probability measures (Kantorovich problem) cannot always
be realized via a mass transportation (a solution to the Monge problem), thus leading
to the examples when the construction of the process via standard stochastic calculus
would not work. On the other hand, no non-degeneracy is assumed in this exam-
ple leading to serious difficulties when trying to apply analytic techniques in these
circumstances.

Another important particular situation is that of a common star shape of the mea-
sures v(x; .), i.e. if they can be represented as

v(x;dy)=v(x,s,dr)w(ds), yEe€ RY, r= ly] e Ry, s=y/re s, (12)

with a certain measure w on S9! and a family of measures v(x, s, dr) on R;. This
allows to reduce the general coupling problem to a much more easily handled one-
dimensional one, because evidently if vy y ;(dr1dr2) is a coupling of v(x, s, dr) and
v(y,s,dr),thenvy y ¢(dridry)w(ds)isacouplingof v(x; .) and v(y; .).If one-dimen-
sional measures have no atoms, their coupling can be naturally organized via pushing
along a certain mapping. Namely, the measure v’ is the pushing forward of a measure
v on Ry by a mapping F : Ry +— R4 whenever

/ F(F(r)v(dr) = / F v’ (du)

for a sufficiently rich class of test functions f, say for the indicators of intervals. Sup-
pose we are looking for a family of monotone continuous bijections Fy  : R4 — Ry
such that vf*s = v(x, s, .). Choosing f = 17 (z),00) as a test function in the above
definition of pushing yields
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100 V. N. Kolokoltsov

G(x,s, Fy 5(2)) = v([z, 00)) (13)

for G(x,s,z) = v(x,s,[z,00)) = fzoo v(x, s, dy). Clearly if all v(x, s, .) and v are
unbounded, but bounded on any interval separated from the origin, have no atoms and
do not vanish on any open interval, then this equation defines a unique continuous
monotone bijection Fx s : Ry — Ry with also continuous inverse. Hence we arrive
to the following criterion.

Proposition 1.1 Suppose the Lévy measures v(x;.) can be represented in the form
(12) and v is a Lévy measure on Ry such that all v(x, s, .) and v are unbounded, have
no atoms and do not vanish on any open interval. Then the family v(x;.) depends
Lipshitz continuously on x in Wp whenever the unique continuous solution F\ ;(z) to
(13) is Lipschitz continuous in x with a constant k(z, s) enjoying the condition

/ / K%(r, s)w(ds)v(dr) < oo. (14)
Ry gd-1

Proof By the above discussion the solution F specifies the coupling v, (dridr;
dsidsy) of v(x;.) and v(y; .) via

/ f 1,72, 81, 52) v y(dridradsidsy) = / f(Frs(r), Fys(r), s, s)w(ds)v(dr),
so that for Lipschitz continuity of the family v(x; .) it is sufficient to have

(Fy.s — Fy ) o(ds)v(dr) < c|x — y|?,

R, §d-1

which is clearly satisfied whenever (14) holds.

The particular case of v(x, s, .) above having densities with respect to the Lebesgue
measure on R is discussed in much detail in [24].

The point to make here is that a coupling for the sum of Lévy measures can be
organized separately for each term allowing to use the above statement for star shape
components and, say, some discrete methods for discrete parts.

Theorem 1.1 is a straightforward corollary of our main theorem that we shall formu-
late now. To make our exposition more transparent we shall present the main arguments
in the case of L, having the form

1
L,fkx)= E(G(x, WV, V) f(x)+ (b(x, ), Vf(x))
+/(f(x +2)— fx) = (Vf(x), D)v(x, u; dz) (15)

with v(x, u;.) € M>oRY). Let Y, (z, ) be a family of Lévy processes depending
measurably on the points z and probability measures 1 in R? and specified by their
generators
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Lévy—Khintchine operators with Lipschitz coefficients 101

1
Liz, plf () = 2(G @ V. V) f () + (b(z. ). V f (1))

+/(f(x +¥) = f) = (V) y)v(z, widy)  (16)

where v(z, ) € Mj>(R%). Under the conditions of Theorem 1.2 given below, the
existence of such a family follows from the well known randomization lemma? (see,
e.g. [11], Lemma 3.22), because by Proposition A.1 the mapping from z, u to the law
of the Lévy process Y (z, i) is continuous, hence measurable, and consequently, by
this Lemma (with Z being the complete metric space D(R, R¢), and hence a Borel
space) one can define all Y7 (z, i) on the single standard probability space [0, 1]. Letus
stress for clarity that the processes Y7 (x, ) depend on x, u only via the parameters of
the generator, i.e. say, the random variable £ = x 4 Y7 (x, £(x)) has the characteristic
function

EeiP — / Ee/PCHYe (L0 ) ().

Our approach to solving (3) is via the solution to the following nonlinear distribution
dependent stochastic equation with nonlinear Lévy type integrators:

t

X)) =X+ /dYs(X(S), L(X(s)), LX) =pu, 7)
0

with a given initial distribution x and a random variable X independent of Y (z, ).
We shall define the solution through the Euler type approximation scheme, i.e. by
means of the approximations X :

Xo(0) = XLA0) + Y (X530, LX), LXLO) =p, (18

where It <t < (I + 1t,l =0,1,2,..., and Yi(x, W) is a collection (depending
on/) of independent families of the Lévy processes Y; (x, 1) introduced above. Clearly
these approximation processes are cadlag.

For x € R9 we shall write shortly X} (kt) for ng (kt).

By the weak solution to (17) we shall mean the weak limit of X L" , Th= 27% k — oo,
in the sense of the distributions on the Skorohod space of cadlag paths (which is of
course implied by the convergence of the distributions in the sense of the distance
(8)). Alternatively one could define it as a solution to the corresponding nonlinear
martingale problem (see below the proof of the main theorem) or directly via the
construction of the corresponding stochastic integral. This issue is addressed in detail

2 It states that if u(x, dz) isa probability kernel from a measurable space X to a Borel space Z, then there
exists a measurable function f : X x [0, 1] — Z such that if 6 is uniformly distributed on [0, 1], then
f(X, 0) has distribution p(x, .) for every x € X.
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102 V. N. Kolokoltsov

in [19], our purpose here being the construction of a Markov process with a given
generator.
The following is our main result.

Theorem 1.2 Let an operator L, have form (15). Moreover assume that

IVGx, w) — Gz, ) + 1b(x, 1) — bz, )| + Wa(v(x, 115 ), v(z, 75 )
< k(x —z| + Wa(i, n)), (19)

holds true with a constant k and

sup (\/G(x,,u) + |b(x, w)| +/ |y|2v(x,u,dy)) < 00. (20)
X,

Then

@) forany u € PRY N My (RY) the approximations X L" converge to a process
X, () in the sense that

sup sup W3 (X7 ([t/telw). X (1)) < clto) 1)
o tel0,10]

for any ty, and even stronger

sup W3, (XTE X)) < clto)w, (22)

where c(tg) depends only on the upper bounds in (19), (20);

(ii) the distributions p; = L(X,(t)) depend 1/2-Holder continuous on t in the met-
ric Wy and X, (t) depend Lipschitz continuously on the initial condition in the
following sense:

sup W2 (X, (), X, (1)) < c(to) W3, n); (23)

tel0,10]
(iii) the processes

t

M) = f(Xu(0) — f(Xu(0) — / (Leax,onfXu(s)) ds (24

0

are martingales for any f € C*(R%); in other words, the process X u(t) solves
the corresponding (nonlinear) martingale problem;

(iv) the distributions |1, = L(X,(t)) satisfy the weak nonlinear equation (3) (that
holds for all f € C*(R?));
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Lévy—Khintchine operators with Lipschitz coefficients 103

(v) the resolving operators Uy : 0 > u; of the Cauchy problem (3) form a nonlinear
Markov semigroup, i.e. they are continuous mappings from P(R%) 0 M (R%)
(equipped with the metric W») to itself such that Uy is the identity mapping and
Uirs = UUg forall s, t > 0. If Lz, 1] do not depend explicitly on u the opera-
tors Ty f (x) = Ef (X, (t)) form a conservative Feller semigroup preserving the
space of Lipschitz continuous functions.

This theorem is proved in the next section. In Sect. 3 we obtain some regularity
criteria for the Markov semigroups constructed.

Remark 2 (i) It is more or less straightforward to establish the tightness of approxima-
tions (18), which allows to deduce a converging subsequence (see [24] or [7] for the
linear (u-independent) case). However, this does not allow to deduce the markovia-
nity (semigroup property) of the limit, for which the full convergence obtained here
is needed. (ii) Unfortunately, we are not stating any uniqueness of the solution to our
nonlinear martingale problem, nor of the extension of the pre-generator leading to a
Feller semigroup. One way of establishing uniqueness is via a more efficient study of
regularity initiated in Sect. 3. (iii) It seems promising to link the coupling method pro-
posed here with the Malliavin calculus for jump processes, which is currently under
development (see [2] and references therein).

A simple meaningful example is given by the nonlinear kinetic equations

d
E(f’ me) = (Lf, i) + /(K(x, V), V) e (dx) e (dy), (25)

with L being of form (1) with Lipschitz continuous coefficients and K being a bounded
Lipschitz continuous mapping R?? + R?, which arise as the mean-field limit for
potentially interacting Feller processes.

Theorem 1.1 follows now from Theorem 1.2 by the standard perturbation theory,
since dividing the generator into two parts, where the first part is the integral term with
the Lévy measure reduced to R?\ By, one gets a sum of two generators, one of which
is bounded in Coo (R?) (as follows from the assumed tightness) and the other satisfies
Theorem 1.2.

It is worth noting that in a simpler case of generators of up to the first order the con-
tinuity of Lévy measures with respect to a more easy handled metric W is sufficient,
as shows the following result, whose proof is omitted (as being a simplified version
of the proof of Theorem 1.2).

Theorem 1.3 Let an operator L, have the form

Luf(x) = (b(x, p), VF(x)+ / (f(x +2) — fFEOV(x, 1; dz),
v(x, 1;.) € Mi(R?). (26)
and

1b(x, ) = b(z, M|+ Wiv(x, w; ), vz, n:) < k(lx =zl + Wilu,m)  (27)
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holds true with a constant k. Then for any u € PRYHNM; (R?) there exists a process
X, (t) solving (17) (with analogously defined Y (z, jv)) such that

sup Wi (X%, X,.) < c(to) T (28)
%

the distributions u, = L(X(t)) depend 1/2-Hélder continuous on t in the metric
Wi and X, (t) depend Lipschitz continuously on the initial condition in the following
sense:

Wi(X (1), Xy (1)) < c(to) Wi(u, m). (29)

Moreover, the processes (24) are martingales for any f € C'(R?) and the distribu-
tions u; = L(X,,(t)) satisfy the weak nonlinear equation (3) (that holds for all f €
CL(R?Y). If L[z, 1] do not depend explicitly on u the operators Ty f (x) = E f (X, (1))
form a conservative Feller semigroup.

In Appendix we describe a coupling of Lévy processes that is crucial for our pur-
poses.

2 Proof of Theorem 1.2

We shall consider all times to be uniformly bounded, which is not a restriction as long
as this bound can be arbitrary.

Step 1 (uniform continuity of the approximations with respect to initial data).
One has

W2 (x1 + Yy(x1, £(x1)), x2 + Y5 (x2, L(x2))) < E|§] — &

for any random variable (&1, &) with the projections & = x; + Y (x;, i), i = L(x;),
i =1, 2. Let us choose the coupling described by the characteristic function

Ee!(P1&1+p252) 1 X1y +ip2(x2+y2) w(dxidxs) le ot (dyrdy»),
R4d

where p is an arbitrary coupling of the random variables x1, xo and P* is the coupling
of the Lévy processes Y, (x;, i;) given by Proposition A.1. Consequently,

d? .
—_— 2 p—
El§ - &|" = __dp2 |p=0 EeiP(61—62)

/ G+ y1) = (2 + ) Puldxidx) Py, @Vidyn),
R4d
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Lévy—Khintchine operators with Lipschitz coefficients 105

which by (47) does not exceed
[ (=2l + estlxy = o + WL, L) edmid).
R2d
Consequently, by (7),

Ej§ —&)° < /(1 + 2¢s)|x1 — x2*pdxidxy). (30)
R2d

Hence, taking infimum over all couplings, yields
W3 (1 + Ys (1, L&), 22 + Y2, £02)) < (14 2e8) W3 (L(x1), L(x2)). (31)

Let us stress that our estimates work not only for diadic times, but for all times. Hence,
applying inequality (31) inductively, yields

W3 (X](s), X7 () < " 2 W3 (1, ) 32)

with a constant ¢ uniformly forall T < 1,5 > 0, i, n € P(RY) N M»(RY).

Step 2 (subdivision and the existence of the limit of the marginal distributions).
We want to estimate the W, distance between the random variables

sl =X+ Yf(xv I’L) = .X/ + Y;/Z(x’ M)s %‘2 = Z/ + Y;/z(z/, 7’]/),
where the families Y, and Y] are independent,
X' =x4 Yoo p), 2 =z+4Y @),

and u = L(x), n = L(z), n’ = L(z'). We shall couple & and &, using sequentially
Proposition A.1. Namely, we shall define it by the equation

Ef¢.&) = [ f@+v+y,z+v2+y)
6d

R
~ 2 2
X fildxdz) P2y dvidv) PYS (dyidy)) (33)
for f € C(R??), where, ji is a coupling of i and v and say, P;/Zz,ﬂ , is the cou-

pling of the Lévy processes Y[ »(x, u) and Y} »(z', n') with 2 = z 4 v, given by
Proposition A.1 (note that the probability law 7’ is the function of z, 1).
Now by (48)

W2(&1, &) < Bl — &)
<Elx' — )P+ ct[Elx’ — 2P + Elx — 21> + Wi, )]
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106 V. N. Kolokoltsov

Hence, by (30) and (7) W22 (&1, &) does not exceed
W22(x, (1 +2¢t)(A + c7) + 2¢ctE|lx — Z)?
and consequently also
W2(x, 2)(1 + 2c1) + 4ctE (Y, )2(2, 1))>
(with another constant ¢) so that
W3 (€1, &) < Wi(x, (1 +cT) + c7?

(with yet another c), because the second moments of our processes Y, are bounded
due to assumption (20). Consequently

sup  WH(X[(5). X[/2(5) < et + (1 + cr) W3 (X[, ((k — D7), XF/2((k — D).
se[(k—1)t,kt]

(34
By induction one estimates the 1.h.s. of this inequality by
P4+0+c)+A+ct)’ 4+ +A+c)® D)< lra + cr)k < c(t)r.
Repeating this subdivision and using the triangle inequality for distances yields

sup W3 (X[, (), Xj/*" (9)) < cto)r.

s<fto
This implies the existence of the limit X[t /Tk]Tk), as k — o0, in the sense of (21).

Step 3 (improving convergence and solving the martingale problem)
The processes

t

Me ()= f (X5 (1) — f(X)— / LIXL([s/T10). iy e ) F (XL () ds. o= LX),
0
(35)

where u; = L(X;,(It)), are martingales by Dynkin’s formula, applied to Lévy pro-
cesses Y7 (z, ;). Our aim is to pass to the limit 7z — O to obtain the martingale
characterization of the limiting process. But let us first strengthen our convergence
result.

Observe that the step by step inductive coupling of the trajectories X, and X 5 used
above to prove (32) actually defines the coupling between the distributions of these
random trajectories in the Skorohod space D([0, 7], Rd) for any 1y, i.e. a random
trajectory (X7, X ,’7 ) in D([O0, 79], R*). One can construct the Dynkin martingales for
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Lévy—Khintchine operators with Lipschitz coefficients 107

this coupled process in the same way as above for X,. Namely, for a function f* of
two variables with bounded second derivatives the process

t

Me () = f(X5(0). X2 (1)) — / Lo f(XT(9), X (o) ds, = L) n = L0xy),
0

is a martingale, where L, is the coupling operator (44) constructed from the Lévy
processes Y with parameters X;([t/t]t), u[ftm and Xf,([t/r]r), n[ft/r].
Choosing f(x, y) = |x — y|? leads to the martingale of the form

t
IXZ() — XE(0)? +/ OMIXE(s) — XE()P ds
0

(the estimate for the integrand follows from (46) and the assumed Lipschitz conti-
nuity of the coefficients of L). Applying the martingale property in conjunction with
Gronwall’s lemma yields

supE[ X}, (s) — X[ ()[* < c(HE[X,.(0) — X, (0)[%, (36)

s<t

giving another proof of (32). Moreover, applying Doob’s maximal inequality (with
p = 2) to the vector-valued martingale of the form

13
M. () =X;(t)—Xf7(t)+/0(1)|X;(s)—Xf](s)|ds
0

constructed from f(x, y) = x — y and using (36) yields

E sup | M, (s)|*> < c(t)E|X,,(0) — X, (0)]?,

s<t

which in turn implies

Esup |X],(s) - X ()* < c(HE[X,(0) — X, (0)]*.

This allows one to improve (32) to the estimate of the distance on paths:
W3 (X5, XD < clto)) W3 (. ). (37)

Similarly one can strengthen the estimates for subdivisions leading to the con-
vergence of the distributions on paths (22). Namely, using coupling (33) sequentially

leads to the coupled process (X Z 1), X ;/ 2 (1)), which is a Lévy process on each interval
[tk/2, T(k + 1)/2] if conditioned on its value at Tk /2. Hence one again can construct
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the corresponding Dynkin martingales. Applying it, as above, to the functions |x — y|?
and (x — y) in conjunction with Doob’s maximum inequality leads first to the estimate

W3, (X5, X2 (kD)) < c(io)r,
and then (via the triangle inequality for W22’ ) to

W3 (X5, X1/ (k) < c(to)T.

Consequently the sequence Xf/ s Cauchy in W, 4, for m — oo uniformly for all
probability laws p with a uniformly bounded second moment.

Using the Skorohod theorem for the weak converging sequence of random trajec-
tories X,Tf (let us stress again that the convergence with respect to the distance (8)
implies the weak convergence of the distributions in the sense of the Skorohod topol-
ogy), one can put them all on a single probability space forcing the processes X ff to
converge to X, almost surely in the sense of the Skorohod topology.

Passing to the limit T = 7z — 0 in (35), using the continuity and boundedness
of f and Lf and the dominated convergence theorem allows to conclude that the
martingales M, (1) converge almost surely and in L' to the martingale

t
M) = f(Xu (1) = f(X) — /(LL(XM(s))f)(Xu(S))ds,
0

in other words that the process X, (¢) solves the corresponding (nonlinear) martingale
problem.

Step 4 (completion)
Observe now that (32) implies (23). Moreover, the mapping 7; f (x) = E f (X, (?))

preserves the set of Lipschitz continuous functions. In fact, if f is Lipschitz with the
constant 4, then

IE£ (X (1t/710) — Ef(XE(t/TIo)] < REIXE({e /7o) = (XE (/o)
1/2
= 1 (BIXE (/710 — XX @/mol?)

for any coupling of the processes X7 and X]. Hence by (32)
[Ef(XI((t/t10) —Ef(XI(t/7]t)] < he(to) Wa(x, 2).

In particular, 7; preserves constant functions. Similarly one shows (first for Lipschitz
continuous f and then for all f € Cso(R?) via standard approximation) that

sup sup |[Ef (X ([t/w]u)) — Ef (Xc ()] — 0, k — oo, (38)

te[0,5p] x
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for all f € Coo(RY). Moreover, as the dynamics of averages of the approximation
processes clearly preserve the space Coo (R?), the same holds for the limiting map-
pings T;. Consequently 7; f = E f (X, (¢)) is a positivity preserving family of contrac-
tions in C(R?) that preserve constants and the space Coo(R?). Hence the mappings
Uy : n — u; form a (nonlinear) Markov semigroup, and if L[z, #] do not depend
explicitly on u, the operators T; f (x) = E f (X (¢)) form a conservative Feller semi-
group. The Markov (or semigroup) property of the solutions follows from the con-

struction (a detailed discussion of this fact in a similar situation is given in [24]).
From the inequality

2
WX, £XE (= DoY) < B[V (X5 = Do), LKW = D)] =er

it follows that the curve p; depends 1/2-Hdlder continuously on ¢ in W.
Finally, to prove (3) one writes using the martingale properties of M (¢):

t+s

d | 1

S5 CFuu) = i B X 4+9) = X, 0) = lim B [ (Lo, ) (50 ds
t

t+s
1
= (Ly, [5 1)) +Slg% EE/[(L,C(X/L(S))f)(X,u(S)) — Ly, f(Xp(®)]ds,

t

implying (3) by the continuity of p;.

3 Regularity

Discussing regularity we reduce our attention for simplicity to Feller processes. It is
known (see, e.g. [17]) that from the sufficient regularity of non-homogeneous versions
of these Feller processes one can naturally deduce the uniqueness and regularity for
the corresponding nonlinear problems.

By C ]zi » (respectively C ]o‘o) we shall denote the subspace of functions from C*(R?)
with a Lipschitz continuous derivative of order k (respectively with all derivatives up
to order k vanishing at infinity).

We shall discuss in detail only the first derivative.
Theorem 3.1 Assume the conditions of Propositions A.4 and A.5 hold. Then the

spaces C ii » and C ii » nc éo are invariant under the semigroup T; constructed above
from the generator

1
Lf@x) = 5(G@)V. V) f(x) + (b(x), V.f(x))

+/(f()C +y) = f() = (Vfx), y)vix, dy), (39)
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and for any f € Cl el n Coo(RY)

Lip’

d
509 = (LT} ¢), t=0. (40)

Proof First let us calculate V;Eg(X7 (k7)) for an arbitrary k and g € C! Li p(Rd). One
has

Eg(XT (k) = / g2+ + 2 PI(dzy) - (dzp).

+Zmlm

V;Eg(X;(kr)) = gim (Eg(XHhe (k1)) — Eg(X} (k1))
does not depend on coupling, one can write

1
ViBg(X (k) = fim = [ (g0x 4 hej +wy - w0 — gl v )

xthJrhc L(dwidvy) - +he,+z e S m(dwkdvk)
=I}i_%/[(vg(x+v1+---+vk),ej+ 1;111“' wk;vk)

+0(1)l|he.,~ +wi—v+ - w — vklz}

xP+he x(dwidvy) - (dwrdvy).

+he,+zm | Wi x+z _1 U

The term with O (1) vanishes as it can be rewritten by Proposition A.1 as

. 1
lim 0(1)—/ lhej +w1 — vy + -+ wr—g — vk_1|2(1 + 1)
h—0

T
X dwidv dwi_1dvi— .
x+hej, x( 1dvy) - he, Zm Wy, x Zm ' m( k—1dvg_1)

and consequently, iterating this procedure as
lim ~O()R2(1 + ) = 0
h—0 h ’
Hence

1
Vng(Xﬁ(kf))= lim - /(Vg(x +vur4Fw), hej Fwi—vi 4 4 wp—vg)
(dwrdvy).

X x+he x(dwldvl) kl

+hej+ 1 Wins X+Zm 1 Ym
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Assume now first that g is from the Schwartz space S(R¢) so that Proposition A.5
applies and one can write

/(Vg(x+vl +- ) hej Fwp — v+ wp — vg)
w1 (dwrdvg)

T
x+hej+zlfn;ll Wiy, X+ U
d
=/ Z Vig(x + v+ + v hej +wi — v+ wiog — v )
Jies Je—1=1

Jk Jk T 2
x (o8 +2]) st oy @240 + 0@l — v .

Consequently, as the last term does not contribute to the limit # — 0, and iterating
this procedure one obtains

d
Jisees k=1
J J1 Ji J2 Jk Jk
X (811 +Z1 ) (8/2 +Zz ) (sjk—l +Zk )
X QrDiu(x)(dZIdvl)QrDhu(x+vl)(d12dv2) .

Dty sk (@20, (41)

which is the rigorous explicit form of the (a priori not clearly defined but intuitively
appealing) expression

EVg(x 4+ Y2(x) + Y (X () + -+ Y (X ((k — D))

AV (X ((k — 1)) Y0 (x)
X(l+ Xk — Do) )"'(H i )

Approximating arbitrary g by functions from the Schwartz space one can conclude

that (41) holds for all g € cL.p (RY).

We want to show now that these derivatives are Lipschitz continuous. To shorten
the formulas let us do it for the case of d = 1 only. In this case

VEg(X; (k1)) = /Vg(x +up+-c+v)d+z) - (L +zp)
X Q) [@z1dv1) Oy x4y (d22d02) -+ Q (dzidvy),

(42)

T
Dv(x—&-an;ll .
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and by Proposition A.4 one can write
VEg(X}, (k1)) — VEg(X ], (k7))
=/[Vg(X1 +ur+- o) +z1) - (1 +2)

—Vgxo+v1+--+o)(14+z)---(1 —I—Zk)]

X QBV(XI,x2)(d21d21dvld51)QEV(XH_UI,x2+51)(d22d22d02d52) e
T ~ ~
DV(M'*‘Zﬁ;Il vm,X2+Zﬁl;ll l~)m)(dededdeUk)-

Writing
Vel +vi+--- o) +z1) - (T4 z¢)

—Vgo+01+--+0)A+2Z1)--- (1 +2Zx)

=Vglxr+vi+--+v) = Vgl + v+ +0)A +z) - (14 2¢)
+Vgor+or 4+ +o)d+z) - A +z) = A +21) - (1 +Z0)],

and applying the Holder inequality to estimate the integral over each of these two
terms yields the estimate

IVEg(XL, (k1)) — VEg(XZ, (k)| < k(I3 (k, x1, x2) + I2(k, x1, x2)]

with « depending on the norm and the Lipschitz constant of Vg, where

I&(k,xl,xz)=/<x1—x2+v1—51+~--+vk—ﬁk>2|(1+Z1>2---<1+Zk)2

T = ~ T
X QDv(xl,xZ)(ledzldvldvl) QDv(xl—i-Zlfn;ll U»»I,X2+Zlfn;l| )
x (dzrdZrdvrduy).

and

If(k,xl,xz)=/[(1+m)-~-(1+Zk)—(1+zl)---<1+zk>]2
X Qby(xyxy)(dz1dZ1dv1dv) -+ Q
X (dzpdzZrdvidvy).

T
k—1 k—1 ~
DV(XH'zm:l U»1,)C2+Zm:1 Um)

By (56)
13k, x1,x2) < (14 eIk —1,x1,x2) < --- < (1 4+ en)*(x1 — x2)°.
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It remains to estimate / 12 It would be convenient here to introduce special notations
for the products:

Zr=0+z)(+z), Zr=~0+Z) - A+Z).
Now one can write
Zi— Zi = Zk-\ (M4 20) — Zie1 (L + 20) = (1 + 2)(Zi—y — Zi—1) + (2k — 20 Zi—1,
so that

(Zk — Zi)? = (0 + 20 (Zk—1 — Zi—)* + (2 — 2> 2},
+2(1 + 21) 2k — 20 (Zik-1 — Zi—1) Zi—1.

Plugging this into the expression for / 12 yields
Ik, x1,02) < (L4 e I (k= 1, x1, x2) + et (k= 1,x1, x2)
+et / Q(Zk1 = Zk- 1) Zk-1Q D (xy.)

x(dz1dZ1dvidvy) --- Q°F
( Lraz ! 1) QDV(XI‘FZfN_:z] Umyx2+2£1_:21 U )

X (dzg—1dZk—1dvg—1dVk—1),
where €2 in the last integral is a function of x1, x2, v}, U; such that
|2 <clxr —x2+ v — 01+ -+ + V=1 — Vg1l
Hence, applying to this last integral again the Holder inequality yields
1k, x1,x2) < (14 e IF(k — 1, x1, x2) + ctld(k — 1, x1, x2),
which taking into account the above bound for Ig rewrites as
I}k, x1,x2) < (14 en)E(k — 1, x1, x2) + etlx) — xa)?

with yet another ¢ as long as t = tk remains bounded. Using this formula recursively
implies

Ik, x1,x0) < et — 0P+ (1 +ct) + -+ (1 +c0)b) < clthr)x) — x2f%.
Consequently one obtains the uniform estimate
IVEg (X7, (k1)) — VEg(XT, (k1))| < kc(kT)|x1 — x2].

Hence from the sequence of the uniformly Lipschitz continuous functions
VE f (X (s)),k = 1,2, ..., onecanchoose a convergent subsequence the limit being
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clearly VE f (X, (t)), showing that Ef(X,(¢)) € C iip. The uniform convergence

implies E f (X4 (¢)) € Ciip N Céo whenever the same holds for f.
To complete the proof of the theorem it remains Eq. (40). But this is easy: forr = 0
it follows by approximating f with f, € C2(R¢) and then for arbitrary ¢ it follows
by the invariance of the class C ii under 7;.
Second derivative can be analyzed similarly, but the assumptions and calculations

become essentially longer.

Appendix A: Coupling of Lévy processes

We describe here the natural coupling of Lévy processes leading in particular to the

analysis of their weak derivatives with respect to a parameter. Recall that by C fl. » We

denote the subspace of functions from C*(R) with a Lipschitz continuous derivative
of order k.

Proposition A.1 Let Yf i = 1,2, be two Lévy processes in R? specified by their
generators

1
Lif()=35(GiV, V) f(x) + (bi, V.f () + /(f(x +y) = f(x) = (Vf(x), y)vi(dy)
(43)

with v; € /\/lz(Rd). Letv € /\/lz(Rz‘l) be a coupling of vi, v2, i.e. (6) holds for all
b1, P2 satisfying <;5,-(.)/|.|2 € C(RY). Then the operator

L1, 1) = [%(lel, Vi) + 3GV V2) + (GG, Vz)} fornx)
+(b1, Vi f(x1, x2)) + (b2, Vo f(x1, x2))
+/[f(x1 ¥ ) — O x) — (O, V)
(2, Vo) £ (x1, 1) (dyrdys) (44)

(where V; means the gradient with respect to x;) specifies a Lévy process Yy in R*
with the characteristic exponent

1 2
Nxx (P1, p2) = —3 ‘ G(x)p1 + G(xz)pz‘ +ib(x1)p1 + ib(x2) p2

+/(e"y'P'+iy2P2 —1—i(yip1 + y2p2))v(dy1dyr),

that is a coupling of Ysl, Y SZ in the sense that the components of Y have the distribu-
tion of YSl and YSZ, respectively. Moreover, if f(x1,x2) = h(x1 — x2) with a function
h € C*(RY), then
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1 2
LfGaiox) = 5 ((ﬂ -VG2) v, V) Bt = x2) + (b1 = b2, Vi) (x1 = x2)

+/[h(X1 —x2+y1 —y2) — h(x1 — x2)
—(1 — y2. VA(x1 — x2)Jv(dy1dy?). (45)

In particular, if f(x1, x2) = |x1 — x2|2, then

2
Litn ) =t (V61 = VG2) 4201~ baoxi =)+ [ In—naPuidndy).
(46)

Finally

ElE + Y, — Y2 = € +1(b) — by)|?

— (tr (V61 -v@)’ / / 1=l v(dyldm) 47)

implying

Elg + V! — v

— 1R+ 00|16 + b1 = 0ol 1t (VG ~vGa) + [ [ = mPaianan .
48)

Proof Straightforward. In fact, clearly Y couples Ysl, YSZ, because say 1y, x, (p1,0)
is the characteristic exponent of Ysl. Equation (45) follows from (44). The second
moment (47) is found either by twice differentiating the characteristic function, or by
the Dynkin formula in conjunction with (45).

Similarly one obtains

Proposition A.2 Let Y s’ i = 1,2, be two Lévy processes in R? specified by their
generators

Lif(x) =i, Vfx)+ /(f(x +y) — f())vi(dy) (49)

with v; € Mi(R?). Let v € M{(R*) be a coupling of vi, v, i.e. (6) holds for all
o1, ¢ satisfying ¢i ()/|.| € C(RY). Then the operator

Lf(x1,x2) = (b1, V1 f(x1,x2)) + (b2, Va2 f(x1,x2))
+ / LF Gt 4 y1.x2 4 32) — fOrnax)v(didyy)  (50)
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specifies a Lévy process Yy in R* that is a coupling of YSI, Y Sz such that for all t

E|§+Y,1—Y3|s|s|+r(|b1—bz|+//|y1—yz|v(dy1dyz>). 51)

Proof One approximates |y| by a smooth function, applies Dynkin’s formula and then
passes to the limit.

Next, let Y;(z) be a family of Lévy processes in R¢ parametrized by points z € R¢
and specified by their generators

1
Lizlf (x) = S(G@V. V) f(x) + (b(2). V£ (x))

~I-/(f(x +¥) = f) = (V). y)v(z; dy) (52)

where v(z; .) € M2 (RY). We are interested in defining the process ;%Yt (2).

We shall describe this process via a certain derivative type operator on Lévy mea-
sures connected with a coupling. Namely, let vy, x,(dyidy>) be a family of
Mj-couplings of v(xy;.), v(x2;,.) (in the sense that vy, ,, € M>(R*) and (6)
holds for all ¢1, ¢ such that ¢;(.)/|.]* € C(R?)). For instance, these could be opti-
mal couplings with respect to the cost function |y; — y»|2, i.e. those couplings, where
the infimum in the definition of W (v(x1, .), v(x2, .)) is attained.

Let T, (y1, y2) = ((y1 — y2)/ h, y2) and the measure v;”,l@ %) on R be defined
h i)

as the push forward of vy ype x = V-1 by Ty, i.e.
h

(§.x)

| [ reop azan=[ [ f(”;yz,yz) Vete (dyidya).

Clearly v;’l_l &) is a Lévy measure with a finite second moment whenever this is the
n X

case for vy g . The relevant smoothness of v will be defined now as the existence
of the weak limit

Dev, = lim v
Ve = VT ey

i.e.

. i _ gy, y1) 2d
/}Lmo//g(yl,yz)vTh,l(s_x)(dyldyz)—//g(yl,yz)ngx(dyldyz), S € C(R™).

1 2

To see the rational behind this definition observe that if v(x, .) = v/* with a given v
and a family of transformations Fy(.), then

Fy — Fy
[ [ ronsmi anas = [ [ (B E ) v,
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so that

Devy = vEVEOLEO

is the push forward of v with respect to y +— ((§, VFx(y)), Fr(¥)) (V is the deriv-
ative with respect to x). On the other hand, if v, , has a density, i.e. v;  (dy1dy2) =
vz x (Y1, y2)dy1dy>. then Dgv, has the density

lim h9v,pe (v + hz, y).
h—0

If the coupling is optimal (is given by minimizers in the definition of the W,- distance)
this derivative is connected with the derivative of W via the formula

d 2
/IZIZstx(dzdy) = (E lh=0 Wa(v(x + h&; ), v(x; .))) .

We shall need further only the partial derivatives Div, = D,; v, in the directions
of the co-ordinate vectors ¢;. The reason for introducing these derivatives lies in the
observation that its action on Lévy measures corresponds to the derivation of Lévy
processes. More precisely, the following holds.

Proposition A.3 Let Y;(z) be the family of the Lévy processes in R¢, z € RY, specified
by their generators (52). Suppose /G (x), b(x) € CY(R?) and v(x, .) is smooth in the
above sense (i.e. D/v are well defined with respect to a certain coupling). (i) Then
the coupled random variables in R*¢

(h~ (Y, (x + hej) — Y (x)), Yi(x))

in R* has a weak limit that we denote (V;Y;(x), Y;(x)) and that has the distribution

’D Jvo) of the Lévy process at time t with the characteristic exponent

. 1 2
n(q. p) = =3 [ViVGWg +VGp| +i(V;b(x).q) +i(bx). p)
+ / (TP — 1 —ipy —igz) DI v (dzdy). (53)

1

(ii) Moreover, if g € Cup (R2Y, then the partial derivatives VjEg(x, Y,(x)) exist

and
g
V,Eg(x, Y (x) = / (V,-g(x, "+ (5@, ., z)) 0, (dzdy)  (54)
(Vj means the derivative with respect to the variable x).
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Proof (i) The characteristic exponent of the Lévy process Th(Y,(T}f1 (ej,x))is

ih
ni"(q. p)

- —% GG +hepT +VGw) (p- %)]2 +i (b +hep), T

4 (b(x), (p _ %) +/ (eiy1q/h+iy2(17—f1/h) —1—i(y — yz)% _ ipyz))

X Vr=t(e; ) (@V1dy2),

which clearly converges to (53).
(i1) One has

1
M’ [Eg(x + hej, Y, (x + hej)) — Eg(x, Y;(x))]
1
= ZE [g(x + hej, Yi(x + hej)) — g(x, Vi (x)],

where the last expectation can be taken with respect to any coupling of Y; (x+he;)
and Y;(x). Hence it can be written as

a —
//(ng(x,yz)—i-(%(x,yz),leyz)

1
+ O (W1 + Iy = yz|2) P hey x(dY1dy2).

By the property of the coupling (Proposition A.1) the term with O (1) tends to zero
as h — 0. Consequently

d
75, =0 Eg(x 4 hej, Yi(x + he;j)) =/ng(x, Y)P{(dy)

. g yi—»m
+;1_l)no//(@(x,yz), A P;Mej,x(dyldyz),

implying (54) due to statement (i).

So far we have got only partial derivatives. We are now interested in their continuity
which clearly is linked to the continuity of the measures D’v,. It turns out that the
relevant notion of continuity is a bit finer than the W-continuity used above. Next
two statements reveal two ’crucial bits’ of this continuity.

Proposition A.4 Under the assumptions of Proposition A.3 assume additionally that
G(x),b(x) e C ii » (Rd ) and that the Lévy measures D’ v, are Lipschitz continuous

in the following sense: for any x1,x, € R? and j = 1,...,d there exists a Lévy
coupling D’ (x1, x2) of the Lévy measures D’ vy, D' vy, such that
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[ [ =P+ izl + 2P + 121 - 2]
R4d
DY (x1, x2)(dz1dzadyrdys) < klx1 — x2| (55)

with a constant k. Let Q’D J(x1x2) denote the distribution at time t of the Lévy process
that couples (V;Y;(x1), Yi(x1)) and (V;Y;(x2), Y;(x2)) according to Proposition A.1,
i.e. the Lévy process in R* specified by the characteristic exponent

. 1 2
M0 (1. 42, P12 P2) = —5 ’Vj\/ G(x1q1 + V;/Gx)gr +/Gxp)p + \/G(xz)m‘
+i(Vjb(x1)q1 + Vjb(x2)q2 + b(x1)p1 + b(x2) p2)
+ /(eiy'”'J”‘y”’”"“q'Jr"zz"2 — 1 —i(y1p1+y2p2 + 2141 + 2242)

x DY, x,(dz1dzady dyy).

Then for any € € R¢

[ 1640 =P+ 2002 + 121 = 227] @,y (o122 iy
R4d
< E* + et (&> + |x1 — x20P) (56)

with a constant ¢ uniformly for finite times, and for any g € C ii » (R2?) the function

Eg(x, Y;(x)) belongs to Ciip (Rd) (also uniformly for finite times).

Proof The moment estimates (56) are obtained directly from the derivatives of the
characteristic function as in Proposition A.1. For the second statement we write

IV, Bg . ir) = ViBgCoa, K| = [ Oy, @rrdzadyidy)
R4d

0 )
% |Vg(x1, y1) — Vg, y2) + (%(xl, ). 21) + (%(m, ). Zz)

(the derivative V; with respect to x), which does not exceed

/((le —x2|+Iy1 =yl + [zl + 122D + |21 = 22D Q%5 4, 1, (@21d22dY1dY2),
R4

and which in turn does not exceed +/7|x; — x2| due to (56) and the Holder inequality.

@ Springer



120 V. N. Kolokoltsov

Incase v(x,.) = vi* fora family of transformations Fy (.) the coupling DY (x1, x2)
can be obtained as

/ f(z1, 22, y1, y2) DY (x1, x2)(dz1dz2d y1dys)

=/f(VjF(X1,y), V;iF(x2,), F(x1,y), F(xa, y)v(dy),

and the condition (55) is fulfilled whenever the derivatives %F (x, y) are bounded
and Lipschitz continuous. .
By Dv, we shall denote the vector {D/v,} and by QtDv(x) the vector {Q

j=1,....d.

t
Djv(x)}’

Proposition A.5 Under the assumptions of Proposition A.3 assume additionally that
G(x),b(x) € Cy; (R?) and that the function

/ / 1 = y2. €))(@ — Dvy2 (dy1dy2)

is differentiable in x around x = z with uniform estimates, more precisely that

/ / 01 = y2, )€ — D2 (dyrdy2)

) -
B (a o= //(y1 = y2,€j)(e"F = Dy 2 (dyrdy2), x — z)

+0(1+ [phlx —z|*. (57)
Then for a continuous function g represented via the inverse Fourier transform as
g(y) = / PPg(pydp. (1+pD&(p) € (L' RN,

one has the estimate

E(Y;(x) = Yi(2), (Y1 (2))) = /(yl — 2.8 Py (dy1dy>)
= //(w, gI(Qp, ) (dwdy), x — 2)

+0(@)|x — ZIZ/(l +1pDIg(Pldp.  (58)

Proof Comparing the r.h.s of (57) with the definition of Dv, yields
/ / 1 = 32.€))(€"? = vy 2 (dy1dy2)

= (//(u),ej)(eiyp — 1)Dv, (dwdy), x — z) + 00 +|phlx —z%. (59)
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Now one has

/(y1 — y2.€))e”P Pl _(dyidy)

—i@ lg=0 Eexp{i (Y;(x) — Y;(2))g +iY:(2) p}

9
= _ZW lg=0 exp{tnx.z(q. p — q)}

! [" (V6@ (V6 - v6@) p) + b0 b))
+/(Y1 - yz)f (eiPyZ — l)Vx.z(dyldyz)] Eel1@p

=1 (%(V(G(z)p)j + Vb! (2) +//wf(e"1’y — )(Dvy(dwdy), x — z) Eell1@p
+OO + |pDlx — 2.

Consequently,
/(y1 — 2, 8(y2)) P} _(dy1dy»)
= t/ (%V(G(Z)P,é(m)+V(b(2),§(17))
+//(w, 2(p)(E” — 1D, (dwdy), x — z) Ec"@r qp

+0(r>/(1 +1pDé(p) dplx — zI*.

Similarly

. .9
[ [ i @by amdy) = izl

exp it

+ //(eiqw+i1’y —1—ipy— iqw)Dvx(dwdy)]

q 2
- (qu + G(Z)P)' +i(Vb(z)g + b(2))

=1 (%V(G(z)p)j + Vb (2) +//wf(e""y —~ 1)Dvx(dwdy)) Ee'11@r,

implying (58).
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To differentiate the Lévy process for the second time, one needs of course the ’sec-
ond derivative’ of the Lévy measure defined similarly to the first one. Namely, one
needs the existence of the limit

. 71 — X — :
hm/f —— Y] yz,zz,yz D’ (x + hey, x)(dzadzidy>dyy)
h—0 h h

= / fw, 2k, 2j, y) DY (dwdzdzidy) (60)

whenever f(w, zk, z;, y)/(w2 + z? + z,% + yz) € C(R4d) with Dfﬁj (dwdzjdzidy)
belonging to M, (R*/). The following is a straightforward analog of Proposition A.3.

Proposition A.6 Under the assumptions of Proposition A.3 assume that G (x), b(x) €
C2(RY) and the measures Dfﬁj € My (R*) are well defined by (60). (i) Then for any
J, k the process

(VijYt(x), Vi Y (x), Vth(x), Y (x))

is defined weakly in R* and has the distribution Q
t with the characteristic exponent

t . .
Diky(x) of the Lévy process at time

. 1 2
g aj. ) = =3 [V /G000 + Vi G@ai + VG (g; + VG|
FI(VVib(), @) + (Vib(x), g0) + (Vjb(), 4) + (b))
+/[e"r")“q“”iqu-’ﬂpy —1—i(rw+qkzx +qjzj + py)l
X Dﬁj(dwdzkdzj-dy). (61)

2

(ii) Moreover, if g € CLip(Rd), the partial derivatives ViV jEg(x + Y, (x)) exist and

d
ViV, Eg(x + Y, (x) = / Oy, @wdzidzidy) | D Y Vigle + )

I,m=1

d
< (87 + 2 (" +le)+ZVg(x—|—y)wli| (62)
=1

(V means the derivative with respect to the variable x).

References

1. Applebaum, D.: Lévy Processes and Stochastic Calculus. Cambridge Studies in Advanced Mathemat-
ics, vol. 93. Cambridge University Press, London (2004)

2. Bally, V., Bavouzet, M.-P., Messaoud, M.: Integration by parts formula for locally smooth laws and
applications to sensitivity computations. Ann. Appl. Probab. 17(1), 33-66 (2007)

@ Springer



Lévy—Khintchine operators with Lipschitz coefficients 123

11.
12.

13.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

. Bass, R.E.: Uniqueness in law for pure jump type Markov processes. Probab. Theory Relat.

Fields 79, 271-287 (1988)

. Bass, R.E, Chen, Z.-Q.: Systems of equations driven by stable processes. Probab. Theory Relat.

Fields 134, 175-214 (2006)

. Bichteler, K., Gravereaux, J.-B., Jacod, J.: Malliavin Calculus for Processes with Jumps. Stochastic

Monographs, vol. 2. Gordon and Breach, New York (1987)

. Brzezniak, Z., van Neerven, J.M., Veraar, M.C., Weis, L.: Ito’s formula in UMD Banach spaces and

regularity of solutions of the Zakai equation. J. Differ. Equ. 245(1), 30-58 (2008)

. Bottcher, B., Schilling, R.L.: Approximation of Feller processes by Markov chains with Lévy incre-

ments. Stoch. Dyn. 9(1), 71-80 (2009)

. Carmona, R.A., Nualart, D.: Nonlinear Stochastic Integrators, Equations and Flows. Stochatic Mono-

graphs, vol. 6. Gordon and Breach, New York (1990)

. Guérin, H., Méléard, S., Nualart, E.: Estimates for the density of a nonlinear Landau process. J. Funct.

Anal. 238, 649-677 (2006)

. Jacob, N.: Pseudo-differential Operators and Markov Processes, vol. I, II, III. Imperial College Press,

London (2001), (2002), (2005)

Kallenberg, O.: Foundations of Modern Probability, 2nd edn. Springer, Berlin (2002)

Kochubei, A.N.: Parabolic pseudo-differentiable equation, supersingular integrals and Markov pro-
cesses. [zvestia Akad. Nauk. Ser. Matem. 52(5), 909-934 (1988) (Russian)

Kochubei, A.N.: Parabolic pseudo-differentiable equation, supersingular integrals and Markov pro-
cesses. Math. USSR Izv. 33(2), 233-259 (1989) (English)

. Kolokoltsov, V.N.: Symmetric stable laws and stable-like jump-diffusions. Proc. Lond. Math.

Soc. 80(3), 725-768 (2000)

Kolokoltsov, V.N.: Semiclassical Analysis for Diffusions and Stochastic Processes. Springer Lecture
Notes in Math., vol. 1724. Springer, Berlin (2000)

Kolokoltsov, V.: On Markov processes with decomposable pseudo-differential generators. Stoch.
Stoch. Rep. 76(1), 1-44 (2004)

Kolokoltsov, V.: Nonlinear Markov semigroups and interacting Lévy type processes. J. Stat.
Phys. 126(3), 585-642 (2007)

Kolokoltsov, V.N.: Generalized continuous-time random walks (CTRW), subordination by hitting times
and fractional dynamics. Probab. Theory Appl. 53(4), 594-609 (2009)

Kolokoltsov, V.: Nonlinear Markov Processes and Kinetic Equations. Monograph. (2010, to appear)
Kolokoltsov, V.N.: Stochastic monotonicity and duality for one-dimensional Markov processes. (2010).
arXiv:1002.4773v1[math.PR]

Kunita, H.: Stochastic Flows and Stochastic Differential Equations. Cambridge Studies in Advanced
Mathematics, vol. 24. Cambridge University Press, London (1990)

McKean, H.P.: A class of Markov processes associated with nonlinear parabolic equations. Proc. Natl.
Acad. Sci. 56, 1907-1911 (1966)

Rachev, S., Riischendorf, L.: Mass Transportation Problems. V. I: Theory, V. II: Applica-
tions. Springer, New York (1988)

Stroock, D.W.: Markov Processes from K. Ito’s Perspective. Annals of Mathematics Studies. Princeton
University Press, NJ (2003)

Sznitman, A.-S.: Topics in Propagation of Chaos. In: Ecole d’Eté de Probabilités de Saint-Flour XIX-
1989. Springer Lecture Notes Math., vol. 1464, pp. 167-255 (1991)

Taira, K.: On the existence of Feller semigroups with boundary conditions. Mem. Am. Math. Soc.
99(475) (1992)

Villani, C.: Topics in Optimal Transportation. Graduates Studies in Mathematics, vol. 58. AMS, Prov-
idence (2003)

@ Springer



	The Lévy--Khintchine type operators with variable Lipschitz continuous coefficients generate linear  or nonlinear Markov processes and semigroups
	Abstract
	1 Introduction and formulation of main results
	2 Proof of Theorem 1.2
	3 Regularity
	Appendix A: Coupling of Lévy processes
	References


