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Abstract In this paper, we discuss the solvability of backward stochastic differen-
tial equations (BSDEs) with superquadratic generators. We first prove that given a
superquadratic generator, there exists a bounded terminal value, such that the associ-
ated BSDE does not admit any bounded solution. On the other hand, we prove that if
the superquadratic BSDE admits a bounded solution, then there exist infinitely many
bounded solutions for this BSDE. Finally, we prove the existence of a solution for
Markovian BSDEs where the terminal value is a bounded continuous function of a
forward stochastic differential equation.

Mathematics Subject Classification (2000) 60H10 - 93E20 - 91B30
1 Introduction

Since the pioneer works on BSDEs of Bismut [2] and Pardoux and Peng [13], lots
of works have been done in this area and the original Lipschitz assumption on the
generator, i.e., the function g in the BSDE:

T T
Yf=s—/g<s, Ys,zs>ds+/zsd8s, 0<r=<T, (0
t
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146 F. Delbaen et al.

has been weakened in many situations. Let us recall that, in the previous BSDE, we are
looking for a pair of processes (Y, Z) which is required to be predictable with respect
to the filtration generated by the Brownian motion B. One of the most important
works in this direction is that of Kobylanski [12] concerning scalar-valued quadratic
BSDEs with bounded terminal value. We should point out that quadratic BSDE means
a BSDE whose generator has at most a quadratic growth with respect to the variable
z. For these quadratic BSDEs, all the classical results, existence and uniqueness, com-
parison and stability of solutions, have been stated in [12] but with the restriction
that the terminal conditions have to be bounded random variables. Recently, existence
and uniqueness of solutions of quadratic BSDEs with unbounded terminal value were
studied by Briand and Hu [3,4].

In this paper, we study the solvability of superquadratic BSDE (1.1) whose gener-
ator g is superquadratic, i.e.,

— g
m —2 =
|zl—>+o00 |z]

We shall study this BSDE with bounded terminal value. And in addition, we suppose
that g is a deterministic convex (or concave) function which is independent of y with
g0 =0.

The first part of this paper shows the ill-posedness of these BSDEs. We first prove
that given a superquadratic generator, there always exists a bounded terminal value,
such that the associated BSDE does not admit any bounded solution. On the other
hand, we prove that if the superquadratic BSDE admits a bounded solution, then there
exist infinitely many bounded solutions for this BSDE. And finally, we show that the
monotone stability, which plays a crucial role in quadratic BSDEs (see, e.g., [3,12]),
does not hold.

In the second part of this paper, we study BSDE (1.1) in the Markovian case, i.e.,
the terminal value

£ =d(X),

where the diffusion process X is the solution to the SDE:

N N

stx—i—/b(r,X,)dr—l—/UdBr, t<s<T. (1.2)

t 13

It is by now well-known (see, e.g., [4,12,14] ) that, if g is Lipschitz or quadratic,
there exists a link between the solution of (1.1) and that of the following PDE:

u(t, x) + %trace (UoTuxx(t, x)) 4+ uy(t, x)b(t, x) — g(—ux(t,x)o) =0,
u(T, x) = &(x).
(1.3)
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Backward SDEs with superquadratic growth 147

This type of PDE (called viscous Hamilton—Jacobi equation) is already well studied
when o is the identity and g(z) = —|z|?, see, e.g., Gilding et al. [10] and Ben-Artzi
et al. [1]. In particular, in [10], they established the existence and uniqueness of clas-
sical solution to this PDE when o is the identity.

We prove that in the Markovian case, the BSDE (1.1) admits a solution when & is
bounded and continuous. Moreover, if we define

u(t,x) =Y/,

then u is a continuous viscosity solution to PDE (1.3). We note that in our case, some
kind of degeneracy of o is allowed, whereas in [10] and [1], they assumed that o is
the identity.

A key idea to prove the existence in the Markovian case comes from the following
a priori estimate of Z:

_1
1Zi] < cl|®loo(T — 1) 2,

where ¢ > 0 is a constant. We prove this inequality by using a stochastic argument
based on BMO martingales and Jensen’s inequality. Note that Gilding et al. [ 10] proved
the same type of a priori estimate for u, when o is identity, by use of Bernstein’s
method.

The paper is organized as follows: in the next section, we give some preliminaries
about the connection between dynamic utility functions and BSDEs. Section 3 shows
the ill-posedness in the general case. The last section is devoted to the proof of the
existence of a solution in the Markovian case.

2 Dynamic utility functions and backward SDEs

Let{B;, 0 <t < T}be ad-dimensional standard Brownian motion defined on a proba-
bility space (2, F, P).Let{F;,0 <t < T}bethenatural filtration of { By, ¢t € [0, T]},
augmented by all P-null sets of F.

Before recalling the definition of dynamic utility functions, we need the following
notations.

L°°(Fr) := {¢ : bounded and Fr-measurable random variable },

T
£2(0, T; R™):=1 ¢ : R™-valued, {F,}o<,<r-predictable and E / lg:|?dt | <oo
0

We identify random variables that are equal P a.s.

Definition 2.1 We call a dynamic utility function with the Fatou property any family
of operators, indexed by stopping times o

Uo : L(Fr) — L®(Fo)

@ Springer



148 F. Delbaen et al.

and satisfying:

(A1) Positivity: U, (0) =0, Uy (§) > Oforall £ > 0.

(A2) Concavity: U, (tE + (1 —1t)n) > tUs(E)+ (1 — 1)Uy (n), forallt,0 <t <
landall&,n e L™.

(A3) Translability: U, (§ + a) = U, (§) + a, forall a € L*(Fy).

(A4) Fatou property: Given a sequence (§,),>1, such that sup ||£,||cc < o0, then
&, | & a.s.implies Uy (§) = limy— 00Uy (§) as.

For a lower semi-continuous convex function f : RY — R+ U {oo} such that
f(0) = 0and for & € L>°(Fr), we define

Uy (&) =ess.inf {1 Eg §+/f(qu)du ‘Q P, 2.1

where o € [0, T]is a stopping time and the density process E p [(di—% |Fi1=E(@-B), =
exp(fot qudB, — % fot |gu|? du). It is easy to prove that U is a dynamic utility function.
As shown by Delbaen et al. [7], U is time consistent and all time consistent dynamic
utility functions are of a similar form.

Set Co(Q) = EQ[foT f(gu)du]land P = {Q | Q « P}. The utility function Uy
can be defined by P.

Lemma 2.1 Forany & € L°°(Fr),
T
Up(§) =inf { Eg E+/f(q,,)du 'Q ePrt. (2.2)
0

Proof Forany Q € P with L, = Ep[%p:t] = &(q - B);, using Itd’s lemma we get
that the density process of Oy £ AQ + (1 — 1) P is E(g; - B) with
)»LtCIt

1) = — 1 9
(1) WL+ (1 =1

where T = inf{t € [0, T] | L; = 0} A T is a stopping time.
Then from the convexity of f:

r T

Co(Q5) = Ep, /f(%(u))du

T

< E —AL 1)) dt
< Eq, /)»L;Jr(l flg®)
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Backward SDEs with superquadratic growth 149

T

— Ep / AL f(q () dt

LO

T

=Ep /kf(q(t))dt
L0
= ACo(Q),

where A € [0, 1], we deduce that lim; _, 1 Co(Q;) < Co(Q).
Notice that for any A € [0, 1), Q, is equivalent to P. Thus

T T
inf 'EQ |:.§+/f(qu)du:| ‘erlzinf IEQ |:.§+/f(qu)du:| ‘QNP].
0 0

Since {Q| QO ~ P} C{Q | Q <« P}, we have

T
Uo(®) = inf | Eg s+/f(qu>du 'QeP
0

O
Remark 2.1 The function Cy : P — R, is lower semi-continuous (just use Fatou’s

lemma) and convex. A classical Fenchel-Legendre duality argument in convex anal-
ysis then shows that for Q € P

Co(Q) = sup { Eql-¢1| Un(®) = 0}

Cp is the convex conjugate, see, e.g., [15]. For the application to convex risk mea-
sures, C¢ is the minimal penalty function as defined in Follmer and Schied [9]. We
also remark that for 0 < P, the previous reasoning and the lower semi-continuity

imply Co(Q1) = Co(Q).

However, for a stopping time o, U, (§) cannot be the essential infimum over P P
a.s. Instead, by the similar technique as that in Lemma 2.1, we have:

Remark 2.2 For any measure Q* € P and § € L™ (Fr),

T
Us (&) =ess.inf { Eg $+/f(qu)du‘}'g ‘QGP,Q"’POH}—U , Pas.,

(2.3)
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150 F. Delbaen et al.

for any stopping time o € [0, T'] and,

T
Us(§) =ess.inf { Eg $+/f(qu)du Fo ‘QGP, 0"« Q0t, O%as.

2.4)

Proposition 2.1 Forany& € L°°(Fr), the dynamic utility function U defined by (2.1)
has the following properties:

(1) Forall Q K P, we have that U, (§)+fMt f(qu) du is a Q-submartingale where
t=inf{t € [0,T]| L, =0}.

(2) Ifthere is a probability measure Q < P with Uy(§) = Egl& + for fqu) dul,
then U; (§) + fTN f(qu) du is a Q-martingale.

Proof (1) For any s < t, it follows from Remark 2.2 that for any Q < P,

Eo Uf<s>+/f<qu)duf

T TAL
= Eg | |essinfop { Eg | &+ / Fla)dulF |} + / £ @) du ‘fs

> ess.inf EQ E—I—/f(q ) du|F,

q;;/ = q; + Liens<u<ry(Qu — q;)

> ess.inf 1 E 5 .§+/f(q”)du

‘Q// GP,Q<< Q//

> Us(§), Q as.

Hence,

TNAS t
Uy (&) + / Flgndu < Eg | Uy®) + / Fadu|7 | 0as.
0 0

AL

Therefore, we have U, (&) + f f(qu) du is a Q-submartingale.
(2) As Q is absolutely continuous with respect to P, it follows from the result we
just proved, that

TAL

Uo®) < Eo | Uy&) + / Flgudu | . 25)
0
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Backward SDEs with superquadratic growth 151

Combining Uy(§) = Epl& + for f(gu) du] with the inequality (2.5), we have

Eg s+/f<qu)du < EolUy®))

AL

This implies that

&) =Eq | &+ [ flandu|F |, Qas. 2.6)
Nt

T

Thus Uy (§) + [y f(qu)du = Egl§ + [y f(qu)dulF1is a Q- martingale. O
Remark 2.3 In the above proposition, T can be replaced by T since Q[t = T] = 1.

Remark 2.4 In particular, we have that the process {U;(§), t € [0,T]} is a P-
submartingale. Thus there exists a cadlag version.

For any &€ € L*®(Fr), |U;(¢)| <|l & |loo. So applying the Doob—Meyer decom-
position theorem, there exists a unique nondecreasing predictable process {A;}o<;<T
with Ag = 0 and a continuous martingale {M;}o<;<7 With My = 0, such that

Ui(§) = Uo(§) + A — M;. 2.7

Lemma 2.2 For all £ € L°°(Fr), the martingale part {M;}o<;<7 of U () induced
by the Doob—Meyer decomposition theorem is a BMO-martingale.

Proof For a given & € L®°(Fr), |U;(§)| <|| £ |lso- Then applying Itd’s formula to
(Ui @)+ 11 & lloo)?, we get

T

W)+ 11 £ lloo)? + / (M, M),
t
T

T
= (E+ 11 € lloo)? —2/(Us—($)+ € lloo) dAs —/sz
t

t

T
+2 / (Us— ()4 1| £ lloo) dM;.
t
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152 F. Delbaen et al.

where

Ky i= 2 Ui+ 1§ 10)? = Ur— @+ 11 € )

r<s

= 2Ur— &)+ 11 € lo) (U (&) — U,_@))}
= > U&) - U (5)°

r<s
is an increasing process. Hence,

T

T
Ui E+ 11 & lloo)? +/d(M, M)y < G+ 11§ lloo)? +2/(Us7(‘§)+ I € lloo) dM;
1

t
from which we deduce, for any stopping time 0 <o < T,

T

E /d(M, M),

o

Fo |l <4lE%.

Therefore, || M |Bmo,< 2 || & ||co Which completes the proof. m|

The predictable representation theorem implies that there exists a predictable pro-
cess Z € E%_-(O, T; Rd) such that

t
M; Z/ZS dBs. (2.8)
0
So we get
t
UL() = Up(&) + A, — / Z, dB,. 29)
0

If g : R — R, U {oo} is the Fenchel-Legendre transform of f:

g(z) = sup (zx — f(x)),

xeRd

then g is also convex and g(0) = 0.

We make the standard assumption such that both f and g are finite. We do not treat
the case where f or g can take the value +oo. This case is similar and only requires
cosmetic changes. To make the paper simpler, we dropped this more general case.
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Backward SDEs with superquadratic growth 153

Theorem 2.1 Let U be the dynamic utility function defined by (2.1) and let Uy(§) +
A — fot Zud B, be its decomposition.

(1) We have
dA; > g(Zy)dt, P a.s. (2.10)

(2) Suppose that for some & € L (Fr) there is a probability measure Q* ~ P with
Uo(§) = Eo-& + f) f(qX)dul, then dA, = g(Z,)dt and

1 1

UL(€) =Uo<s>+/g<zu>du—/zud3u. @.11)

0 0

Proof (1) For & € L°°(Fr) and any Q ~ P, it follows from the decomposition that

dUi(§) + f(q1) dt = dA; — Z;dB; + f(q,) dt (2.12)

dA; — Zyqidt + f(q))dt — Z,dBE,  (2.13)

where B¢ isa Q-Brownian motion. This implies that d A; — Z;q;dt + f (q;) dt defines

a non-negative measure since U;(§) + fOMt f(qu)du is a Q-submartingale for any

O ~ P. Hence
By taking ¢" = g'(Z)1{z|<n) in the above inequality and by letting n tend to infinity,
we getdA; > g(Z;) dt.
(2) If for &, there is a measure Q* ~ P with Up(§) = Ep+[§ + fOT f(g}) du], then
it follows from Proposition 2.1 that U; (&) + fé f(g})du is a Q*-martingale. Thus
applying (2.13) with Q*, we get

dA; = (Z:iqf — f(g/)dt Q" as.
Since Q* ~ P, we have

dA; = (Z:q] — f(q)))dt P as. (2.14)

Finally combining (2.10) and (2.14) with the definition of g, it follows that

g(Zydt > (Zq] — f(q]))dt =dA; > g(Z)dt P as.

In general we can decompose A further and get:
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154 F. Delbaen et al.

Corollary 2.1 For any & € L°°(Fr), there exists an increasing predictable process
{CtYo<i<T with Cy = 0 such that

t

1
Ui(§) = Uo(E)-i-/g(Zu)du—/ZudBquCz. (2.15)
0 0

Our main result is the following.

Theorem 2.2 Let U be the dynamic utility function defined by (2.1). Then the follow-
ing are equivalent:

hﬂhﬂ—xﬁ{}? > 0;

1

2. ﬁm_)w% < 00,

3. Forallk > 0, the set {Q |Co(Q) < k} is weakly compact;

4. For all & € L°°(Fr), there exists a measure Q <K P such that Uy(§) =
Eg &+ Ji £ dul;

5. For all & € L°°(Fr), there exists a measure Q ~ P such that Uy(§) =

T

Eolé+Ji £ dul

6. Forall ¢ € L*°(Fr), the BSDE dY; = g(Z;) dt — Z,d B; has a unique bounded
solution with Y = &.

7. Uy is strictly monotone.

Proof 1 < 2: Point 1 implies that there exist positive constants a, b € Ry such that

f(x) = a|x|> — b. We then get

2 1 2
8@ = sup (zx = f(x)) = sup (zx —alx’ +b) <~ [z +0

xeR4 xeR4

which shows that ﬁz_,oo% < 00. The proof of the implication 2 = 1 is similar.
1 = 3: It suffices to verify that for any

T
d
k>0, d—f, Co(Q) = Eg /f(qu)du <k
0

is uniformly integrable. The Dunford—Pettis theorem then shows that the set is weakly
compact.
Since f(x) > alx|*> — b, we get

T T
k> Eg /f(qu>du > aEy /|qu|2du .
0 0
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Backward SDEs with superquadratic growth 155

Therefore,
T
1 2
EE 0 lgul”du | < a,

where o = k2+ bisa positive constant independent of Q. It follows from

T
1g lqul*du | = E q.dBE d
) (o} qul”du | = Eg + |QM| u
0

— Eg /qudB /|qu| du

that for any k > 0,

40 |p

ir 7o e | =]
dp -

du| <k} c
/f(q”) “ HdP ap °ar

(2.16)

From the de la Vallée Poussin theorem, we conclude that

aQ

Ip Eg / f(qu)du | <k isuniformly integrable.

3 = 1 We prove it by the contradiction. Suppose lim,|_, ., { (|2 = 0, then there

exists a sequence {x,}5° , such that lim,,_,  |x,| = oo and lim,,_, » ,I( ("‘"2) = 0. Put

qn = xn1[0.5,T) Where 8, = 1/( (x” L&) x,12). Tt follows from

S (xn)

X2

Xn

Co(Qn) = Eg, /f(qn(u))du =< -0, 2.17)
0
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156 F. Delbaen et al.

that for all k& > 0, there exists N > 0 such that the sequence {iiQP" N S

{(di—% |Co(Q) < k}. Furthermore, we have

T
/ PO =(1 / /{;:E))A (x,%T) = oo, (2.18)
0

dQn }OO
dP In=N

which shows that 442 = E(qn - B)T — 0, as.asn — oo. Thus { is not

uniformly integrablgg.D

3 & 4: Itis a conclusion induced by the James’ theorem as shown in Jouini et al.’s
work [11].

4 & 5: Itis obvious that point 5 implies point 4. For the proof of the inverse impli-
cation, we use the fact that condition 4 is equivalent to condition 2. In this case, by
convexity, there exists a positive constant ¢ such that |g’(z)| < ¢(|z| + 1). For any
& € L®(Fr), there is a measure Q < P such that Up(§) = Egl& + fOT f(qu) dul,

then, by Proposition 2.1, U, (§) + fomt f(qu) du is a Q-martingale where t = inf {t €
[0,T]|E(g - B); =0} AT. It follows from (2.13) that

dA; = (Ziq; — f(q1))dt m® Qas.on |0, ],

where m is the Lebesgue measure on [0, T]. Since dA; > g(Z;)dt,m ® Q a.s., we
get

8(Z) =Ziqr — f(q:) m® Q as.,

which implies g; = g’(Z;) on [0, t]. We then have

T T
/|%¢|2d'4 :/(g/(Zu))zdu
0 0

T

< c2/(1 +1ZuD?du < oo,
0

which means P{%8 = 0} = P{ [ |gu|>du = 0o} = 0. Hence Q ~ P.

5 = 6: For a given & € L% (Fy), if there exists a measure Q ~ P such that
Uo(§) = Egl§ + fOT f(qu) du], it follows from Lemma 2.1 that {U;, Z;}o</<7 is a
solution of the following BSDE:

dYtZg(Zt)dt_Z[dBt, OStST,
Yr=§&, §&elL>Fr); (2.19)
Y is bounded ,
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Backward SDEs with superquadratic growth 157

where E[fOT |z/|2dt] < oo and E[fOT g(z;)dt] < oo. Since, as we have proved

8@)

above, condition 5 implies lim;_, o, B

tion according to Kobylanski [12].

6 = 2 We will prove this in the next section. See Theorem 3.1.

5 = 7 For any & € L°°(Fr), there exists an equivalent measure Q ~ P such that
Uo(§) = Eglé + [y f(qu)du] with 4% = £(q - B).

Suppose that Uy(n) = Up(&) for some n € L°°(Fr) withn <&, P a.s. Since

< 00, the BSDE has a unique bounded solu-

T T
Uo() < Eg 77+/f(qu)du < £y s+/f(qu>du — Up(®),
0 0

we have Eg[§ — n] = 0, hence § = 5, Q a.s. Thus § = n, P a.s. and Uy is strictly
monotone.
7 = 2 See Remarks 3.2, 3.5 or Example 3.1. O

We have proved that in the case when the generator g is at most quadratic, the
dynamic utility function U is the solution of BSDE (2.19). In general, however, we
have the following inequality.

Lemma 2.3 For any &€ € L°°(Fr), if BSDE (2.19) has a bounded solution Y, then
we have U(E) > Y.

Proof Y is bounded. The following calculation is therefore justified:

T
Eo |&+ [ ra |
1

r T T T

=Y+ Eg /g(Zu)du_/ZudBu +/f(%4)du‘}—t
t

t t

T
=Y+ Eg /[g(Zu) = Zuqu + f(qu))du|F;
L7
T
> Y;, forany Q ~ P with Eg /f(qu)du < 0.
0

]

Remark 2.5 The study of the stochastic control problem (2.1) plays a key role in The-
orem 2.2. Such stochastic control problems have been studied by El Karoui et al. [8], in
the case when ¢ is bounded. Their paper provides also the link with Lipschitz BSDEs.
As dynamic utility functions are widely studied in mathematical finance, we introduce
the notion of dynamic utility functions here in order to interest more researchers in
mathematical finance.
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158 F. Delbaen et al.

Remark 2.6 1If the generator g depends on (¢, w, y, z) and convex in the pair (y, z),
there exists an extension of the problem (2.1). However, our techniques used through-
out the paper rely heavily upon the hypothesis that the generator g depends only on z
(e.g., the choice of deterministic z; in Theorem 3.1). We hope to consider some general
case in our future work.

3 Backward SDEs with superquadratic growth

In this section, we discuss the following BSDE(g, &):

Yr=%§, §eL™Fr), '
where ¢ : RY — Ry U {400} is convex with g(0) = 0 and superquadratic

mm%o g ‘2) = 00. A pair of predictable processes (Y, Z) is called a bounded solu-
tion to BSDE 3.1)if
Y : Q x [0, T] — R isbounded and

Z:2x[0,7)— R is such that E | [ ¢(Z)d1 | < oo.

Here for simplicity, we consider the BSDE with d = 1. However, the results remain
valid ford > 1.

3.1 Non-existence of the solution

Different from the BSDEs with at most quadratic growth, the solution to the BSDE
with super-quadratic growth does not always exist.

Theorem 3.1 (Non-existence) There exists n € L°°(Fr) such that BSDE (3.1) with
superquadratic growth has no bounded solution.

Proof The proof is divided into four steps.

Step 1. We construct a pair of processes (X, Z), a measure Q as well as a bounded
random variable &.

Since MM%O % = 00, there exists a sequence {zk},?il such that limg_, |z | =

oo and g(zx) > k|zx|*. Without loss of generality, we suppose zx > 0. The other case
is left to the reader. Thus we have

g = 5% Sk (32)
Tk

We put Z, = >°°°, 2y, 5.5, 50 () Where

1

= ———
k azig (zx)k?
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Backward SDEs with superquadratic growth 159

and we set

< 1
o= —_— < 00,
Z:: Tzig' (zx)k?

k=1

in order to have

o= o =T

/ 2
P o7 ocks (zi)k

Then from (3.2), we have

T
1
/

[e@oin=3 s = ¥ ag @i =3 —5 <.
5 k>1 k>1 k>1

T 1 1

2 _ 2 / I R

/|zu| du=2 a6 = > ag @)diy = D, —= < o0,
o k>1 k>1 k>1

Let g; = g'(Z;). It follows from

T
1
2 _ / 2 / — _ —
/ gl due = 3 (8 @0k = D kg'(@0)zede = 3 — = +00,
0 k>1 k>1 k>1
that lim; .7 (g - B); =0and E(q - B); >0, P as.foranyt < T.
Let X; = fé g(Z,)du — fé Z,dB,. We stop X at a random time o

o 2inf{t €[0,T]|E(q-B); > n} Ainf{r €[0,T1||X,| >n}AT (3.3)

where n is a positive constant which is sufficiently large to ensure that P(c = T) > O.
We then set a measure Q* with Ep[%l}}] =&(q* - B); and g = ¢/ (Z/) 110y
We define & = X, € L*®(Fr).

Step 2. The measure Q* < P but it is not equivalent to P.

Set Ay = {o = T}. Then

0*(Ay) =/5(q . B)ydP :/5(q .B)ydP =0
Ay A

while P(A}) > 0. Thus we have Q* ~ P and Q* <« P.However, 0* @ m ~ P Qm

where m is the Lebesgue measure since Q* ~ P on F; for all t+ < T. Clearly

(X7, Zi11<o))o<t<7 is a bounded solution of BSDE (g, §) where X7 = X ;.
Step 3. In this step we prove that the dynamic utility function U (§) is the bounded

solution of BSDE (g, §) (3.1) and U;(§) = Ep+[§ + ftT AU du)f,] foranyt < T.
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As X7 is a bounded solution of BSDE (g, &), we get

T
Ue) < Eor | £+ [ fiaidulF,
t

=Egp+|§+ / f(qy) du|F;
L INO
=X?+EQ* /(f(q:)+g(zu))du_/zud3u Fi
N tAC
= X/ + Eo~ /[f(qff) +8(Zy) — Zugy1du|F;
LINO
=X/, Q%as. (3.4)

hence P a.s. because Q* ~ P on F; fort < T.Combining Lemma 2.3 with inequality
(3.4), we deduce that

T
Ui () = Eg~ g—i-/f(q:)du‘]-} =X/, Pas.forallt €[0,T). (3.5
t

Setn =& + h where h € L°(Fr), P[h > 0] >0and h - E(q* - B)s = 0.

Step 4. We show that U;(§) = U;(n), P a.s. for any r < T and hence BSDE (g, n)
has no bounded solution.

It follows from n = &£, Q*-a.s. that

T
U = Eor | n+ [ fighdu|7;
t

T
= Egr $+/f(qif)du
t

Fi

=Us(§) foranyt < T.

Notice that U is monotone, i.e., U;(§) < U;(n), and so we have U;(§) = U;(n), P
as.foranyr < T.
Suppose Y is a bounded solution of BSDE (g, 1), then we have fort < T,

X7 =U,&) =U(n) = Yy,
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and hence

=Yr=1limY, < lim X{ = X5 =&, Pas,
1=Yr=lim s lim X[ = Xf =g, Pas

a contradiction to the fact that P[n > &] > 0. Therefore, BSDE (g, ) has no bounded
solution. O

Remark 3.1 From this theorem, together with what we have proved in Theorem 2.2
we get that BSDE (g, &) has a bounded solution for all £ € L°°(Fr) if and only if g
is at most quadratic.

Remark 3.2 From the proof, we get n > & with P(n > &) > 0 and Up(§) = Up(n).
Thus the utility function Up is NOT strictly monotone when lim,_, Oo% =0.

Although the BSDE (g, &) (3.1) does not always have a solution, in the following
case it has.

Definition 3.1 We say that a random variable & € L°°(Fy) is minimal if n < & and
Pln < &1 > 0imply Uo(n) < Up(§).

Theorem 3.2 Let & € L°°(Fr) be minimal. Then U (§) is a solution of BSDE (g, £).

Proof We prove it by contradiction. Let & € L°(F7) be minimal and suppose U (§)
is not a solution of BSDE (g, &). Then it follows from Corollary 2.1 that there exists
an increasing process C with Co = 0 such that P[C7 > 0] > 0 and

T T
Ue) = & — / ¢(Za) du + / ZudB, — Cr + C,. 3.6)
t

t

Define t := inf{r € [0, T]|C; > k} A T, where k > 0 is such that P[C; > 0] > 0.
Since C may have jumps, C; can be unbounded. However, 1 is predictable so there
exists {1,}°, such that 7, 1 7 and 7, < 7 on {r > 0}. It follows that C;, < k and
P[C, > 0] > 0O for n big enough. Denote by o a stopping time 7, for n big enough,
then we have

o (e

Ui(§) = Cr = Uy (&) — Cy —/g(zu>du +/zudBu,

t t

whichimplies that (Usnq (§) —Cino s Zt1{1<o))0<i<T 1S asolution of BSDE (g, U, (§)—
Cy). Thus by Lemma 2.3, we deduce

Uo(§) = Up(§) — Co = Up(Us (§) — Co).

On the other hand, it is clear that Uy (&) > Uyg(U, (§) — Cy). Therefore, we have

Uo(§) = Uo(Us (§) — Co).
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It follows from the above equality, the translability and the time-consistency of the
dynamic utility function that

Uo(§) =Uo (Us(§) — C5) = Up (Us (§ — Co)) = Up(§ — Co).
This is a contradiction to the fact that £ is minimal. O

Remark 3.3 For g with at most quadratic growth lim, zlew% < 00, it follows from
Theorem 2.2 that & is minimal for all £ € L°°(Fr).

If g is superquadratic, there exists a bounded random variable ¢ such that U (¢) is
a solution of BSDE (g, ¢) and ¢ is not minimal. See Example 3.1.

3.2 Non-uniqueness of the Solution

In this subsection, we shall prove that if the BSDE has a bounded solution, the bounded
solution is not unique. The main reason is that the generator g is superquadratic which
makes fot g(Z,)dr grow much faster than fot Z,d B,. Following this observation, we
can construct other solutions.

Theorem 3.3 (Non-uniqueness) If the BSDE (g, &) with superquadratic growth has
a bounded solution Y for a & € L°°(Fr), then for each y < Yy, there are infinitely
many bounded solutions {X}o<;<T with Xo = y.

Proof Suppose (Y, Z) is a bounded solution of BSDE (g, £). Divide the time interval
[0, T] into [T(1 —27™), T(1 —27"~1)), where n = 0, 1,2, ... and denote &, =
T(1 —27™). Suppose the new solution (X, Z’) has been constructed on [0, a,] with
Xo = y where y < Yp such that Xo, < Y,, P a.s. Letus construct (X, Z’) on the time
interval [«,, ®p41).

Our idea is the following. Since g is superquadratic, we can construct a process
Xq, + Vi, t € [ay, apy1) suchthatlim, .y, Vi = +00, Pas.andforany0 < ¢ < 1,
V; exceeds downwards —2~"~ !¢ with a very small probability. The fact that the solu-
tion Y is bounded implies that it is touched by the process X, +V; because X, < Yy, .
We then get a new solution X, on this time interval [«,, ®,+1] by stopping Xo, + V;
when it reaches Y.

First, let us construct the process V;.

It follows from mwoo&f; = oo that there exists a sequence {x;};2, such that

|z
for any k > 0,

L gl = 4"x};
2. x,% > where 6 € (0, 1) is aconstantand §,, = &y41 — oy = 2—n-lp,

1
(OF—6F 1ok,

Set by = D520 Xk L, —6ks, ansy—0k+15,) (D) and Vi = [0 g(by) du — [, budBy
for any t € [, ap+1).
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We then have for ¢ € [o,1 — OV 1S, 0y — OV T26,),

t

N N
1
/bg du = > x 0" =055, = > o (3.7)
o k=0 k=0
t t N 1
/g(bu)d“ > 4"/bﬁ du>4">" oE" (3.8)
Qpn [o77] k=0

Thus limy ., , [, b du = oo and lim; ., [, &(bu)du = oo.
Step 1. We have lim; ., ,, V; = +00P as.

Define ¢ (t) = f oi,, b,% du for t € [ay, ay41). Then ¢ is strictly increasing with
¢(ay) = 0and

lim ¢(f) = +oo.

I—>apt1

~1
Setting B/ = f‘i ® b,dB,,, we get a time changed Brownian motion with respect to
the filtration {F5 : }. It follows from the construction of V that

B*
n * n (1)
Vi 2 4" (1) = Bjy = o) [4 - —W’) } :

which implies that

lim V;, =+o0, P as. 3.9)

I—>ap41

since

B*
lim —20
I—>apy1 ¢ (t)

=0, P as.

Now we estimate the probability that V; reaches a small negative number —2 7"~ l¢.
Step 2. Calculate the probability

P ({a) € Q|31 € [, ns1) such that V;(w) < —2*”*18}) .
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Applying the submartingale inequality, we deduce that

P ({a) € Q|31 € [an, @np1) such that V;(w) < —2*"*15})

=r ({w € Q|31 € [y, apt1) such that 4"¢ (1) — By, < —2_"_15})

—P ({w € Q|35 € [0, 00) such that 4"s — B < —2—”—18})
< exp{—2"¢&}.
Step 3. Construct the new solution (X;, Z)) for all € [, otpy1].
Define
o 2 inf {z >, |V, = —2—"—18} At
and

n =£inf {1 > ay|Xe, + Vi = Yi} At

(3.10)

which are the stopping times when the process X, + V; touches X, — 27" lg and
Y, respectively. It follows from lim; g, , V; = +00 P a.s. that P[1; < au41] = L.

Define
73 £ inf {t > 11| Xg, — 27l = Y,} A Optl-
Now we have three cases

T < T2, T3 < Upgl, PUt Zj(@) =bily<gy + Ziljsmy);
T < T, T3 =ut1, Put Zj(w) = bily<qy;
T = T2, put Zj(w) = bilji<vyy + Zi1151y),

where (Y, Z) is the original bounded solution of the BSDE (g, &).
Thus we get

Zt/ = l{rl<1'2,r3<otn+1} (btl{tffl} + Ztl{t>f3})
+1{r1<r2,r3=a,1+1}bf1{151'1}
+1{11212} (btl{lffz} + le{l>72})

= 1[t§‘r]/\‘[2}bt + [1{‘[1<T2,‘L’3<an+1,t>13} + l{T]ZTQ,t>T2}] Zt'

Obviously, Z' is a predictable process.
Set

1 t

X £ Xq, +/g(z;)du—/z;d3u

on on

for all ¢ € [0y, 0ty41]-
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Step 4. Some properties of X.
It follows from the construction that { X}, </<a,; has the following properties:

L X <o izn) = Yilin<n =)
2. th{rl<rg,r3ztzrl} = (Xotn - 2_n_18)1{11<12,r321211};
3' th{‘fl<‘rz,t>‘r}} = Ytl{r1<r2,t>r3}-
Therefore, we have
X

Uyl = Yan+1 (l{TZSTl} + 1{TI<T2773<an+1})

+ (Xol,, - 27”718) 1{t1<t2,1’3:(xn+1}~ (315)

So the induction assumption Xy, < Yy, implies Xq, | < Y, . Itis also clear that
the new solution X is bounded by || Y |lcc +|¥| + €.

SetA, 2 {weQ|tn <n,13= apt1}. Then P(Ay,) is the probability that X, ,

is not equal to Yy, . From (3.10), we get

P(A,) <P ({a) € Q|31 € [, Any1) such that V;(w) < —2—"—18}) < exp{—2"¢}.

Since > 72 exp{—2"e} < +o0, the Borel-Cantelli Lemma implies that
P (M52 Ukzn Ax) =0, (3.16)

which shows X7 = Y7 =&, P as.

To sum up, (X, Z’) is indeed a new bounded solution with Xy = y.

The construction used many different constants. It is clear that this yields infinitely
many different solutions. O

Notice that in the proof we only use the fact that g is superquadratic to guarantee
that the new solution X is bounded below. This shows if g is at least quadratic , i.e.

limm_)oo& > 0, we can construct a process V; such that lim; 4, ,, Vi = +00 as

|zl
well. Thus we have the following conclusion.
Corollary 3.1 Suppose g is at least quadratic m‘z,ﬁw% > 0 and, for & €
L*°(Fr), Y is a bounded solution of the BSDE (g, &), then for each y < Yy, there

exists infinitely many solutions X which are bounded above with Xy = y.

3.3 Non-stability of the solutions

The monotone stability plays an important role in the study of quadratic BSDEs (see,
e.g., [3,12]). Here we shall show that the same type of monotone stability does not
hold.

Theorem 3.4 (Non-stability) Suppose ﬁww% = o00. Then there exists a

sequence of solutions {Y"},‘c’i1 of BSDEs (g, &) which increasingly and boundedly
converges to Y such that Y is not a solution of BSDE (g, &), where & is the L™ limit
of 6k}

@ Springer



166 F. Delbaen et al.

Proof Tt follows from mzﬁm% = oo that there exists a sequence {z;}7>, with

|zx| — oo such that g(z;) > max{16FT |z |2, 251 T}. W.lLo.g., we suppose that
zr > 0.

Denote ox := [g(zx)] where [-] is the ceiling function and put Z*(r) =
i1 e Li](f) forall 0 <t < T. Then it follows that
O or O
E /deB /(zk) du
0

= (zk)za—k < 167%F — 0, fork — oo.

However, we have

t 1

/ g(Zy) du = / 8@ 1y 1, 1 0) du
%k

0 0
. |:g(Zk) (t B (i N 12)) g(Z");} . G.17)
o (0773 o) (2773

which implies

t

sup /g(Z{i)du —t|<27% >0, (3.18)
0<t<T
- 10

as k — oo.
Define stopping times

t

Ve 2 inf tzO‘ /z’;dBu 2 kb AT (3.19)
0
and
V= inszlvk. (3.20)
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Applying the submartingale inequality, we get

t

Plvy <T]= P | sup /ledeM > 27k
0<t<T

T 2

< 4kE /Z’;dBu <47k

0
Thus we get

Plv=T]=1—PlUs1{vk < T}

> I—ZP[vk<T]
k>1
2
2 _>0a
3

which is due to the selection of sufficient large zx, k > 1.

Since Zkzl Plvr < T] < o0, it follows from the Borel-Cantelli Lemma that

P [Maz1 Uk {k < T} =0,

which means P[U,>1 Nik>n {vi = T'}] = 1. Itimplies that, for almost all w € €2, there
exists N (w) such that for any k£ > N(w), vg(w) = T. Thus we have P[v > 0] = 1.

tAV 1AV

Define y* = ;" g(Zk)du — [, ZXd B,. We then deduce that

sup |y,k —t A V|
0<t<T

AV tAV
< sup ‘/g(Z’Lj)du—t/\v + sup ‘/Z,’;dBu
0 0

0<t<T 0<t<T
<2.27%,
which implies that

lim sup |ytk —tAv|=0.
k—>°°0§t§T

Set

n
Yl =yt =84 > 4.27¢ D,
k=1

(3.21)

(3.22)

(3.23)
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<27k vr e

Notice that the stopping time vy is defined such that ‘ f(;m Z,’jd B,
[0, T']. Combining (3.21) with the definition of v, we get that

which shows that {Y k},f°=1 is a nondecreasing sequence. Set & k= Y; for k > 1. Then
Y* is a solution of the BSDE (g, ék). It follows from (3.22) that Ytk convergestot A v
as k — oo and ¥ — v in L. However, f A v is not a solution of the BSDE (g, v)
for ¢ A v is an increasing process. O

Remark 3.4 Although ¢ A v is not the solution of the BSDE (g, v), it is the dynamic
utility function of v, i.e. U;(v) =t A v.

k
Proof Indeed, setting the measure Qk such that E p[%|f,] = £ (qk - B); where
qf = g' @1 (L1 14 AV), wehave
i=1lay o2’

T
1 k\2 L, 2
E | exp 3 (g;)* dt < exp E(g (zK)° Tt < oo.
0

So E(qk - B); is a P-martingale and O* is well defined. Then

Uy (%) Fi

IA

T
E o €k+/f(q,’j)du
t

%
=Y/ +Eg / (f(q5) +8(Z}) = Zyay) du| F,
t
= vk
Thus it follows from Lemma 2.3 that U, (£¥) = ¥, tk. If k tends to infinity, we get
U(v) =t Av,
since X — v in L. o

Remark 3.5 v is not minimal since v > 0 with P(v > 0) > 0 and Up(v) = 0.
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3.4 A solution to BSDE (g, v)

In the following, we find a bounded solution of BSDE (g, v) where 0 < v < T is a
stopping time. Of course we can then construct infinitely many bounded solutions for
the BSDE.

Step 1. For any yp < 0, construct an F—predictable process H which can be
dominated by t A v(w) and t A v(w) + (1 — —) yo for any ¢ small enough.

Since g is superquadratic and continuous, we can get an increasing sequence {x; }72,
such that

glx;) = izxiz

foranyi >  /a + 1 where a = mf‘x|>0 ) and x; = 1 forany i < \/_—i—l

Set k; = x, when 1 € (Zn:z+1 Sns Zn:l 8,] fori > 1 where §,, = W’ and
a) = —=s——— issuchthat> 2,8, =T.
2= ‘g(xmn
We then have

T o0
/(ku)zdu =in2 a-1 5 <
0

= gbwi

T

/g(ku)du = Zg( D

" = g(x )l

Put H; = yo + fotg(k,,)du — fot k,dB,.
Lemma 3.1 There exists Q* C Q with P(Q*) = 1 satisfying for any ¢ > 0 and
w € Q* there is ts(w) such that, for any t < t(w), t Av(w) + (1 — %)yo < H;(w).

Proof It follows from the law of the iterated logarithm of Brownian motion that there
exists a set Q*, P(Q*) = 1 satisfying: for any ¢ > 0 and w € Q* there is t; (w) < v
such that

t t t

/kudBu (@) <(+¢) |2 /k,%du log log 1//k,%du

0 0 0

for any 1 < 1. (w).

Set F(1) = [! g(ky) du— (1 +e)\/2 (fo’ K2 du) log log (1/ e du) - (%) ‘.
Now we want to prove F(¢) > 0 for ¢ small enough. Calculating the differential of F
with respect to ¢, we have, for sufficiently small ¢,

’ Yo 2 1 12
F'(t) > glks) — 1+ —= — yk; | —loglog —
t
T Cy Ct
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where y = (1 + 8)2_% and ¢; = fé k2du.Fort € (3 p2, i 8n, Dnei nl, we get

/ Y0 2 (1 172
F'(t) > g(xj)) = 1+ = —yx; | —loglog —
T Ct Ct

and

for i big enough. Thus

12
. Yo 2
F'(t) > i’x? — 1+ =% — yx’ ( log log ) )
' T a2t ar D i n?

It follows from

l'2
lim = +00

i_)ooy — e loglog ——t—— 2
ar Xl qn? glog ar Y n?

that there exists 0 < #9 < T such that for any ¢ < g, F'(¢) > 0. Since F(0) = 0, we
have, for any ¢ < 1y,

F(t) > 0. (3.24)
Thus for any w € Q* and 0 < 1 < 1y A t.(w), we have
t
H;(w) — |:l Av(w) + (l — ?) yo] > F(t) > 0.

m}

Step 2. Since H; and t Av(w) are {F; };>0-predictable, we can define stopping times:

t
flléinf<t>0‘Ht§t/\V+(l_7)y0]AT’

2 2inf{r > 0|H, >t AV} AT.
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Define a random time

2

1 T — Yo
o= by T+ Ntz v (-0} 7
2
vV — T + Yo
+1{rllzrlz}1{v>112>u+(1—%)y0} Y0 T
+1{1’112712}1{T122v}T' (3.25)

It is easy to verify that for any w € {1’11 > 1:12}, Ti(w)Av+ (1 — @)yo = tlz A V.

Lemma 3.2 t; is a stopping time.

Proof This is straightforward but for completeness we give a proof. The random time
71 is defined by four parts without any intersections. For the first part, it is easily
verified by

{l{rl1<rlz}1:1] < t} = {rll < tlz} N {rll < t} e F. (3.26)

For the second part, it is necessary to check that

2
I > 2m{2< (1—1) }m G2, 4 ler.
{7-'1 _Tl} T <v+ T Yo Ty = t

It follows from 7(1 — 32) + yo < 7 that

2 _
[MTSI}Z{T%St(l—%)—FyO}EE

7=y0
T—yo

which implies that T is a stopping time.

2_
Ifwe {%T < t}, then we have

t
le(w)ft—i—(l—?)yoft.
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Thus
1 2 2 v le—yo
{rlzrl}ﬂ{rlfv+(l——)yo}ﬂ —T <t
T T
1 2 2 712—)’0 T12—)’0
={r; = 1{}N{ry =¢}N T—TE‘) Ny—T <t

— o T —yo

2
1 2 2 Ty — Yo
={t;, >1 m‘L'<l‘:|ﬂ
k_l}u_}[Tﬂo

€ Fi. (3.27)

Tgv/\l]

v—112+y0

T <1},
Yo

For the third part, observe that for any w € {112 >v+(1— %)yo} N{
we have

(@) — 2@ = (L —1)y=o0.
1 T y

Combining with v(w) — 1:12 (w) < (@ — Dy, we get
2 () < v(w) < 1.

Therefore,

2
vV—1{ +
yo]ﬂ I—yOTSZ
Yo

P
V—1i +
yo}ﬂ PrH TN
Yo

2 _
= ({111 zflz}ﬂ{rl2 <t})ﬂ(IHT > v]ﬁ{v <t})
ﬂ([t%+(%—l)yofv]ﬁ{v<t})

eF. (3.28)

{rfzrf}ﬂ{v>rl2>v+(l—

:{tllzzf}m{r12>v+(1—

The fourth part is obviously J;-measurable. Thus from (3.26) to (3.28) we get that 7|
is a stopping time. O

Define the predictable process Z on the set {r < 71} as:

Ziljt<ry =kt l{lSTII/\TIZ}' (3.29)

Lemma 3.3 Set X, = yg + fotg(Zu)du — fé ZudBy. We have X, = 71 Av +
_ ﬂ)
( 7 ) Yo-
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Proof The definitions of the stopping times yield that

T] 7]
Xy = y0+/g(zu) du _/ZudBu
0 0
T T
:y0+/g(zul{t§f1})d”_/Zul{tffl}dBM
0 0
T T
= y0+/g(ku)1{z§rll/\r|2}d”_/kul{tgrllArlz}dB"‘
0 0
7/ 7/
= Yo +/g(ku)du _/kudBu 1{T11<T]2}
0 0
o o
+ y0+/g(ku)du—/kudBu 1{1112T]2}
0 0

71

=T v+
1 T Yo

which completes the proof.
Step 3. Consider the solution in the time interval (zq, 7).

1
T
2
(rll AV ( B 71) yO) Ll <ety + @ AV 10

T
(‘L’] AV + (1 — ?) yo) 1{111<le} + (‘L’] AV + (1 — ?) y()) I{TI'ZTIZ}

Construct H> = 71 A v + (1 — Fyvo + frll g(ky—z,) du — f;l ky—r, d B, for any

t> 1.
Sett = 71 + 5 where s > 0. We have

B (tavt(1-1
t T Yo

t

T t
=r1/\v+(1—71)y0—(t/\v+(1—?)yo)—}—/g(ku_fl)du

1
t

_/ku—fl dBu

71

K T1+s
N
= /g(ku)du - / ky—z, dBy, + T}’O — .
0 T

(3.30)
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Applying the law of the iterated logarithm of Brownian motion to (3.30), we get that
there is a set Q* € Q with P(2*) = 1 such that for any ¢ > 0 and w € Q* there

exists a s (w) satisfying for all s < s, (w),

K T1+s
/g(ku)du - / ku—rl dB, + %yO -
0 71
s T +s T1+s
z/g(ku)du—(l+£) 2 /kg,t1 du | loglog | 1/ / kZ_. du
0 T T
S
+?y0_5
S s s
:/g(ku)du—(1+8) 2 /kgdu log log 1//k5du +%yo—s
0 0 0
= F(s).

It follows from (3.24) and (3.30) that

T1+s
HZ (@) > (11 +5) A v(o) + (1 - ) Yo (3.31)
forall0 < s < sz (w) A 19.
Then similarly we can define stopping times:
1 & . 2 t
tzzlnf[t>‘l:1‘HtSt/\v—i—(l—T)y()]/\T, (3.32)
1'22 £ inf {t > T ‘ H,2 >t A v} AT, (3.33)
and a random time
2
A 1 o — Yo
= 1{121<r22}fz + 1{1’22§‘L'21}1{1’22§v+(1—%)y0}—7~ "%
2
V—15 + Yo
+1{122§121}1{v>r22>v+(1—¥)y0}TT
—{-1{12251,21}1{1222‘)}71, (3.34)

which is also a stopping time by a similar proof of 71 in Lemma 3.2.
Step 3. Define the random times by transfinite induction.
The random time 7, for some ordinal number « is defined by the following rules:

1. ‘L’o=0;
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2. If E[tg] < T.define 7} | 2inf{r > 7o | HF™ <t Av+ (1= D)y} AT,

w2 2inf{t > 1o | H*T' >t AV} AT and
2

Tat1 — Y0
- : atl 77
Ta+1 = 1{1’5:+1<T§+1}Ta+1 + 1{T3+1§Toi+1}1{T§+1§v+(1_%)y0} o . T
2
v Ta+1 + Yo
+1{f§+157¢i+1}1{V>rm2+|>"+(1*%))’0}TT
iz, <otz 2T (3.35)

where H* 1! = e Av+(1 — %) yo+frta g(k,,,ta)du—f;a ky—r, dB, fort > 1,.
3. If Bisalimitnumber and satisfies E[1,] < T,foralla < B, then 1 £ limy g 7q.

We adopt the symbol w; for the first uncountable ordinal and let O be the well ordered
set of all countable ordinals, i.e. ordinals @ < w;. Define

AZ2{aecO] El[te] < T, forall § < o}. (3.36)

Since {E[ty]}aen is strictly increasing, A is countable and hence there must exist
Bo with E[tg,] = T, hence 15, =T.
Define the predictable process Z by

Zi= D kiyliyiznr ard,) (3.37)
0<k<po

and the stochastic process

t t

X, = yo+/g(zu)du —/ZL,dBu (3.38)
0 0

for any ¢ € [0, T].
Similarly as lemma (3.3), we have

Tk
szZTk/\V-l-(l—?))’o

for any k < Bo. Letting k tend to Sy, we get X7 = v.
Therefore, we constructed a solution (X, Z) for the BSDE (g,v) with X¢ = yo < 0.

Example 3.1 In this example, our goal is to construct a bounded random variable ¢
such that U (¢) is a solution of BSDE (g,¢) and ¢ is not minimal when g is super-

quadratic. Define ¢ = H_1, 2, then (HT, kil(; <71 5r2))o<i<7 is a solution to the

BSDE(g, ¢). It follows that
U@) = HM
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Indeed, for any ¢ € (0, T'], set the probability measure Q' via ‘Z—% = &£(q' - B)r with
q5 = g/(ks)l{qullmlz}. We then have

T T
1 12 1 ’ 2
E | exp 3 lgg|“ds | | <exp 3 lg (k)" ds | < o0,
0 t
which implies Q' ~ P. We deduce that

1 2
Tl /\Tl

Fi | =H, , foranyt € (0, T],

T
Ui(¢) = Eg §+/f(q£)ds
t

. AN
by the same argument of (3.5). Since H.' !
get Uo(¢) = Yo.

However, ¢ is not minimal since ¢ > yo with P(¢ > yo) > 0 and Up(yg) = yo. O

is continuous and U.(¢) is cadlag, we

4 Existence of solution to BSDEs in the Markovian case

From the last section, we know that the BSDE with superquadratic growth is ill-posed.
However we will show that in some particular Markovian case, there exists a solution
for such a BSDE.

Define the diffusion process X”* to be the solution to the following SDE:

dX; =b(s,Xs)ds +0dB;, t<s<T,

Xy =x, 0<s<t,

where b : [0, T] x R® — R” is continuously differentiable with respect to x with
bounded derivative by, and o is a constant (matrix) in Rnxd,
Let us consider BSDE (3.1) with £ = ®(X7"):

T T
Y, :d)(XtT’x)—/g(Z,)dr+/Z,dB,, s €[0,T1, 4.1

S N

where g : R'¥¢ — R, isacontinuously differentiable convex function with g(0) = 0.
We suppose it is superquadratic mm_)oo% =o00. f: R - Ry U{oo} is the
Fenchel-Legendre transform of g:

f(x) = sup (zx — g(2)),

zERle

then f is also convex and f(0) = 0.
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4.1 Lipschitz case

Let us first consider the case when @ is sufficiently smooth.

Theorem 4.1 Suppose that ® is bounded and Lipschitz. Then there exists a unique
solution (Y"*, Z"*) to BSDE (4.1) such that both processes Y'* and Z'* are bounded.
Furthermore, the solution is a dynamic utility function of the following form

t,x
Ys

T
=inf 1 Eg ¢(X;x)+/f(qu)dufs ‘Q~P

T
=inf { Ep @(X’f")+/f(qu)du‘fs ’Q’VP,

T
Eo| [ f@dul7 | <21 1w cro.T) (42)

foranys € [0, T].

Proof First, let us suppose that ® € C! and that @, is bounded. We apply a truncation
argument to prove the existence of solution. Let us introduce the truncation function:
for an integer N, py : R'*¢ — R* is smooth, such that V|z| < N, py(z) = 1; and
Viz| = N + 1, pn(z) = 0. Then it is obvious that py g is a bounded Lipschitz func-
tion. Hence for any N, there exists a unique solution (¥ V%% ZN:%:-%) to the following
BSDE:

T T
Yy = &(X5Y) — / (pn8)(Zy)dr + / Z,dB,. @3)

N
On the other hand, we denote by (FV:/*  VN:/:¥) the unique solution to the following
BSDE:

T T
Fy = O (X7HV X7 — / (ong)(ZN ¥V, dr + / V,dB,, (4.4)
N S

where |, YT V, d B, means

T
> /vj dB!,

l<i<d’

with V' denoting the ith line of the d x n matrix process V.
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We then have (see, e.g., [14]):
ZNitx = _pNitx (g xt~lg, 4.5)

As forany N, (oyg).(ZV:"*) is bounded, we can apply a Girsanov transformation to
get:

T
R = o, (v + [y, 6

N

where BV:'* is a Brownian Motion under an equivalent probability measure Q™.
Taking the conditional expectation with respect to the measure QV:"*, one finally
deduces that

|ENET <)l @ floo - Il Vi X5 oo
which implies that

|ZV ] = [ FN (VX o
ol -l @ lloo -e*IPxllee (4.7)

=cC.

A

The same argument (recall that g(0) = 0) gives us also that
YN <) @ oo

Taking N > c, then the solution (Y V:/:*, ZN:/-¥) to BSDE (4.3) is actually a solution
to BSDE (4.1).

In the case when @ is bounded and Lipschitz, we can also prove, by a standard
approximation, that there exists a bounded solution (Y**, Z'"*) with | Z"*| < ¢ with
c=|o | -Le-etxlloT where L is the Lipschitz constant of .

It is routine to prove the uniqueness of the bounded solution (Y, Z"*) where Z"-*
is also bounded.

Finally, as g,(Z"*) is bounded, and

T
Egnirx /f(gZ(Z;’X)) du|lFr | <2 || @ |loo, forN>c¢, Vrel0,T].
r

We conclude that Y"* is a dynamic utility function of the form (4.2). O

Remark 4.1 A new solution (Y, Z) can be constructed by the same technique as before
with the process Z unbounded.
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We define
u(t, x) =Y, (4.8)

where (Y**, Z"-*) is the unique bounded solution to (4.1) with Z"* bounded. Since
& is Lipschitz, (Y"*, Z"**) is also the unique bounded solution to (4.3) with N > c.
An important property is that u (¢, x) is deterministic.

Remark 4.2 It follows from the classical result of Markovian BSDEs that
Yir =yt zI* =0, fors <t.
Besides, (Y'*, Z"'¥) has the Markov property:

Y =u(s, XY, fors >t

Furthermore, we have a uniqueness, a stability theorem and a strict comparison
theorem for the BSDEs. Thus we get the following proposition.

Proposition 4.1 Suppose that ® is bounded and Lipschitz, then u(t, x) defined by
(4.8) is bounded and continuous on [0, T] x R" and a viscosity solution to the PDE:

u;(t,x) + %tmce (aaTuxx(t, x)) 4+ uy(t, x)b(t, x) — g(—u(t,x)o) =0,
u(T, x) = &(x).

4.9)
4.2 A priori estimates of Z
Now we suppose that both ® and @, are bounded. Let us first suppose that b = 0 and
n = d, o is the identity to explain our main idea. In this case, X’T’x =Xx+ Br — B;.

Then Eq. (4.5) turns out to be

ZN;l,x — _FN;t,x
N N *
On the other hand, BSDE (4.4) becomes:

A" = —(pyg)(Z VY ds + VT dBy, 0<s < T
ZY" = —@.(x + Br — By).
(4.10)

This gives the following framework (taking N >|| @ ||o0):
dYs = g(Zs)ds — Zs dBy;

dZs; = —g,(Zs)Vyds + Vs d By; (4.11)
Yr =& € L®(Fr), Y bounded,
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where E[fOT |Z,12dr] < +oo and fOT |V,|2dr < 400 P a.s. Thus we get special
second order backward stochastic differential equations (see [5] for a definition).

Theorem 4.2 [n the framework (4.11), suppose there is a solution and
(1) The probability measure Q with % = &£(g,(Z)B)r is equivalent to P;

(2) Zis a Q-martingale.
We then have
1Zy| <21 & lloo (T — )72, Vs € [0, 7). (4.12)
Furthermore, if f(g-(-)) : R? — Rt is convex, we also have:
f8(Z)) <216 oo (T=5)7", Vs €[0, 7). (4.13)
Proof Under the measure Q, we get

dYs = — f(8:(Zy)) ds — Z;d B, (@.14)

where BSQ = By — fos gZT (Z,)dr is a Q-Brownian Motion.
Since Y is bounded and fos f(g.(Z;))dr is an increasing process, it follows from
Lemma 2.2 that foY Z.d BrQ is a BMO martingale under the measure Q:

T
Ep /|Zr|2dr
A

which implies, by Jensen’s inequality,

Fo | <41&1>,

|ZP(T —s) <4 &%,

ie.
1
1Zs] <211 € lloo (T —5)72.

It follows from Eq. (4.14) that

Fs | = _EQ[E — Y| %]

T
Eg /f(gz(Zr))dr

<20 € oo -

If f(g;(-)) is convex, then applying Jensen’s inequality, we get

f(g(Z)) <211 € lloo (T —5)7 .
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In fact the condition (1) in the theorem is a constraint to make the process {Z; }o<;<T
not grow so fast as we constructed in the non-uniqueness theorem. In this case, the
solution is unique. We have the following remark.

Remark 4.3 Suppose there is a bounded solution Y and the probability measure QO
with % = £(g;(Z)B)r is equivalent to P, then the solution is unique and

Fs|l, 0<s<T.

T
Y =Ep $+/f(gz(zr))dr
s
Let us consider the original BSDE (4.1) again. Taking N > ¢ as in the proof of
Theorem 4.1, we deduce the following “general” framework:
dYy = g(Zs)ds — Zs d By, Yr = &(X7);
dFy = g.(Zs)Vyds — VydBs, Fr = ®,(X1)ViXr; (4.15)
Zs = _Fs(vas)_lo"

where ® and &, are bounded. Under the probability measure Q, BSQ =
By — f(; g:(Z,)dr is a Brownian Motion, and the “general” framework becomes:

dYs = —f(e.(Z0))ds — Z; dBZ, Yy = ®(X7);
dF, = —V,dB?, Fr = & (X7) Vo Xr; (4.16)
Zy = —F(VyXy) o
Recall that
dV,Xs = by (s, Xs) Vi Xsds,
from which we deduce
d(ViX) = = (Vi X5) TN AV X) (Vi Xs) ™ = —(Ve X5) 7 ba (s, X,) ds.
Applying Itd’s formula, we deduce
dZs = —(dFy)(ViX5) o + F (Vi X5) by (s, X;)o ds.
We suppose that there exists a constant A > 0 such that
Vs € [0,T], VxeR", V¥neR" [nTocTbl (x)nl <ilpTol>. (4.17)
We then have

d(exp(As)Zs) = rexp(rs)Zsds + exp()»s)FS(Vst)flbx (s, Xs)ods +dM,
= F} (. — by(s, Xs))o ds + d M,
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where M is a Q-martingale and
F¥ = —exp(hs) Fs (VX)L
Finally,

d) exp(hs) Zs|? = d (M) + 2 [x|FS*a|2 — Froalhl (s, XS)(F;‘)T] ds + dM?,

where M* is a Q-martingale, hence | exp()us)Zsl2 is a Q-submartingale.

Proposition 4.2 Let us suppose that ® is bounded and Lipschitz, b and o satisfy the
assumption (4.17), and (Y'*, Z"*) is the unique bounded solution to BSDE (4.1).
Then there exists a constant ¢ > 0 such that

1Zy¥ < et || @ lloo (T —s)‘%, Vs € [0, T). (4.18)

Proof First let us consider the smooth case when ® and @, are bounded. Since Z'*
is of the framework (4.16), from Lemma 2.2, we have

Fol<a)o%,

T
Eg /lZﬁ'x|2dr
s

from which we deduce that

T
Eg / exp(2ar)|Z* 2 dr

N

Fi | <dexpal) || @ |12 .

As exp(2ks)|Z§‘X | is a Q-submartingale, it follows that
exp(2As)|ZL (T — ) < dexpAT) | @ ||,
ie.
t,x 1
IZ <t | @ lloo (T —5)72,
where ¢; = 2exp(AT).

We can get the same estimate by a standard approximation when & is only bounded
and Lipschitz. O

Remark 4.4 As an example, let us take g(z) = |z|? for ¢ > 2. Since | exp(As)Z5™*|?
is a Q-submartingale, it is clear that |exp(ks)Z§’x|q is also a Q-submartingale for
q > 2. It follows from (4.14) that

|Z¥9 < Cy || @ lloo (T — )71, s €lt,T),
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where C; > 0 is a constant depending only on g and A. Suppose u is the bounded
classical solution to the following PDE:

us(t, x) + %trace (ooTuxx(t, x)) 4 uy(t, x)b(t, x) — |uy(t, x)o |4 =0,
u(T,x) = d(x).

(4.19)
Since
Z8Y = —uy (s, XY (Vo X0 e, Vs e 8, T,
we deduce that
e (1, X)0| < (Cq || @ floo)/4(T — 1)1/,

The same type of estimate is given by Gilding et al. in [10] using Bernstein’s technique,
in the case when b = 0 and o is the identity.

4.3 Lower semi-continuous case

Notice that Z** is bounded when @ is bounded and Lipschitz. The bound, however,
depends on the Lipschitz constant. The advantage of the estimate in Proposition 4.2
is that the estimate only depends on || @ ||~. This allows us to weaken the hypothesis
further.

Proposition 4.3 Let us suppose that ® is bounded and lower semi-continuous, and b

and o satisfy the assumption (4.17). Then there exists a bounded solution (Y'*, Z"~)
to BSDE (4.1) such that

Z <er 1@ lloe (T —5)7%, Vselt,T). (4.20)
Proof For each integer m > 0, construct the function
@, () = inf {®(p) +m|p —u|: p e R"}.

Then @, is well defined and globally Lipschitz with Lipschitz constant m. Moreover,
(®,,)m=0 is increasing and converges pointwise to ® with

P o= = o.

2,

Let (Y"™"*  Z™:"-) be the bounded solution to BSDE (g, ®,, (XtT’x)). It follows from
the classical comparison theorem that

— | @ floo< YOIF < ymIT < YR <) @ ||,
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and from Proposition 4.2,
1Z < el | @ oo (T —5)72, s €0, 7). 4.21)

For any fixed T’ € (0, T), (Y"™!:*, ™% gatisfies

T’ T’
Yy =yt — / (M) (Z"") dr + / Z"dB,, Vs el0,T'],
N

N

(4.22)
where
_1
M=ci || ® oo (T—-TH"2.

Moreover, by Lemma 2.2,

T
E / |20 Pdr | Fy | <4 @ |12
S

The classical stability theorem (see El Karoui et al. [8]) for Lipschitz generators implies

m,m’— 00

T/
o2
lim E /‘Z;n;z,x_zguﬁx dr | =0.
0

So define

Zt,x — hm Xm;t,x’ Z!,x — llm Zm;t,x.
m—00 m—0Q

Then by passing to the limit when m — oo in (4.22), we conclude that for any fixed
T' € (0,T), (Y™, Z"") satisfies

T’ T’
Yy =Yp —/g(z,)dr+/z,d3,, Vs € [0, T'], (4.23)

N N

and

Fs| <4 @2, sel0,Tl

T
Yo <) @ |, E /|z£”‘|2dr
S

@ Springer



Backward SDEs with superquadratic growth 185

On the other hand, we have

lim Y5* > lim Y7 = @, (X;") foranym €N, P as.
s—>T s—>T
which implies lim,_, , Y* > ®(X7"), P a.s.
Since ®,, is bounded and Lipschitz for any m € N, it follows from Theorem 4.1
that Y0¥ < E[®,, (X7")|F,]. We then get

lim Yo' = lim lim Y7°%*
s—>T 7 s—>T m—o0

im lim E[®, (X})IF]

s—>T m—oo

lim E[®(XF)|7]
5—

IA

O(X7"), Pas.
Hence lim,_, 7 Y!* = & (X75).
Finally, passing to the limit when T’ — T in (4.23), we conclude that (Y"*, Z"-*)

is a bounded solution to BSDE (4.1). By passing to the limit when m — oo in (4.21),
we derive (4.20) immediately. O

4.4 Bounded and continuous case

In the smooth case, the dynamic utility function is a solution to BSDE (4.1) by Theo-
rem 4.1. This remains true in more general case.

Proposition 4.4 Let us suppose that ® is bounded and continuous, and b and o satisfy
the assumption (4.17). Then there exists a bounded solution (Y""*, Z""*) such that

T
7 = inf | B | ©(X4) + / fanar|7 | |0~ P
N

Proof By the same technique as that used in Proposition 4.3, let us define the function
@ (u) = sup {@(p) —mlp —ul: p € R"}

foreachintegerm > 0. Then ®,, is also bounded and globally Lipschitz with Lipschitz
constant m. (®,,),>0 is decreasing and converges pointwise to ¢ with

I @ lloo> P > P.

Let (Y™:1* | Z™:1%) be the solution to BSDE (g, ®,, (X[T’x)). It follows from the same
argument as that in Proposition 4.3 that by setting

Y= dim P Z0% = Tim 27
m—00 m—00
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(Y'*, Z1Y) satisfies (4.23). On the other hand, since
YIEEE < YR < E[@ (X T,
we deduce that
Yo' < YPt < E[@(XFHIF]
which implies that
GILH} Y-vsl,x = CD(XZYLX)

Hence (Y, Z"¥) is also a bounded solution to BSDE (g, CD(XIT’X)). Lemma 2.3
implies that any bounded solution of BSDE is less than or equal to the corresponding
dynamic utility function,

T
YI* <essinf § Eg <I>(X’T’x)+/f(q,)dr|ﬂ ‘Q ~ P
N
Finally, as
T
YM™Y —ess.inf { Eg cTDm(X;")Jr/f(q,)dr\fs ‘Q ~P
N
and ®,, (X7") converges decreasingly to ®(X7"), we deduce
T
Y > essinf § Eg | (X7) +/f(q,)dr|}'s ‘Q ~P
N

Combining the above, we conclude that the solution ¥’** is a dynamic utility function.o

Notice that we used " to approximate @ in the lower semi-continuous case. In

. . —m;t,
the continuous case, we can show that both Y”"* and Y e converge to the same
limit. Now first let us consider the uniformly continuous case.

Theorem 4.3 Suppose that ® is bounded and uniformly continuous, and b and o
satisfy the assumption (4.17). We then have

VI = Ug(@(X}5) = Yo (4.24)
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Proof 1t follows from the uniform continuity of @ that both (CTDm)mZ() and (®,,)m>0
converge to ® with the norm || - ||co-
Indeed, the uniform continuity of ® implies that, for any € > 0, there exists §¢ > 0,
such that if |p — u| < §(€), then
|®(p) — P(u)| < e.
By the definition, we get
() — D, () = sup {®(u) — ®(p) —m|p —u| : p e R"}.

But we have

Qu) — ®(p) —m|p — ul

= (Pw) — (PN 1p-uj<s.) + (@) — P(P)jp—u|zs.) — m|p — ul

P
<e 2l 20y iy
€

from which we deduce that if m > 2%, then
0<®dwm)—P,,) <€, YuekR",
hence,
Jim [ @ — @, [oo= 0.

Combining with the convergence of a dynamic utility function and
T
Yt =essinf { Eg | ®,,(X7) +/f(q,)dr|}} ’ O~Pt,
s
we get
T
Y= US(QD(X;X)) =ess.inf { Eg | ®(X}") +/f(qr)dr‘fs ‘ Q~P
s

By the same argument or simply by Proposition 4.4, we have

VI = Ug(@(X75)) = Y4

Let us now consider the general case: ® is bounded and continuous.
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Theorem 4.4 Suppose that ® is bounded and continuous, and b and o satisfy the

assumption (4.17).
We then have

YI¥ = Ug(@(X7) = YL*, Vs e[0,T]. (4.25)

Ls

Proof As g is C!, there exists a constant M such that

o = min {f(x)} > 0. (4.26)
x|=M

First, in the special case XIT’X = x + By — B, let us consider yrhr Yy It
follows from (4.2) that

- m;t,x m;t,x

Yooo =Y,

T T
= ess.inf { Eg Em(X[T’x) +/f(qu)du ‘ O~ P, Eg /f(qu)du
0 0
<2 P |
T T
—essinf § Eg | @, (X1 +/f(qu)du ‘ 0~ P, Eg /f(qu)du
0 0

<2 P oo
T
<ess.sup 1 Eg [ (X75) — @, (X79)] ‘ O~P Eg /f(f]u)du
0
<2 P oo
Denoting D, — @, as ¥, then ¥, is continuous. We then analyze

T

WV, (x + Br — By) =¥, x+BTQ—B,Q+/qudu ,
t
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in three parts. First, we have, for N > M,

T
0 po
Eg | Wy [x+ BZ - B +/qudu L 7 qudul=N)

1
T

=2 Pl Q /qudu >N

t

T
Eoll J; qudul]
<20, Zellladdl]
Combining with

T

Eg /qudu

t

T T
=Eg /Iqu|1{|qu|<M}du +Ep /IqulluquzM}du
t t

T
M
<MT +Eg /;f(CIu)l{\Qule} du
0
M
< MT+2E | P oo,

we deduce that

T
0 0
Eo |V | x+ By — B +/qudu l{lf,7‘qudu\>N}

t

IA

=|o

where ¢; > 0 is a constant. Second, we have

T
Eg | Wy x+BTQ—B,Q+/qudu 1
t
EollBf — BRIl
N

T
(IBE=B21>N,| [ qudul<N}

=2 Pl

2
N
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where ¢ > 0 is a constant independent of Q and m. Third, we have

T

0 0
Ego|VYy | x+ By — B —I—/qudu 1{‘BTQ73tQ|5N"f[rqudu|SN}
t

= sup Wi ().
|yl<lx|+2N
It follows from the preceding three estimates that

c1 4+

Eg[Wn(x + Br — B)] < + sup  Wu(y),

|yl<lx|+2N

which implies that

im (Y(r)n;t,x _X(V)n;hx) < lim |:C1 to + sup ‘I’m()’):|

crt+
N

Since Ygl;t’x — Xg”t’x > 0, by letting N tend to co, we deduce that

—t,x

Yo =Ygt 4.27)

.. . —tx —t.x
Combining with the Markov property of Y '~ and Y'*, we conclude that Y [~ = Y©-*,
forany0 <s < T.

Notice that essentially we have made use of the simple fact that

lim sup ¥,,(y) =0,

M0 y|=e

where c is a constant. So in the general case,

N N
Xé’x:x—}—/b(u,XL’x)du—}—o BSQ—B,Q—f—/qudu .

t t

since b is Lipschitz, applying Gronwall’s inequality, we get

T
X7 < sup |XiY]<C l+/|qu|du+ sup |BSQ—B,Q| ,
1

t<s<T t=s<T
where C > 0 is a constant. Hence the same proof works. O

@ Springer



Backward SDEs with superquadratic growth 191

Now we define

@ x) =Y W x) = Y
and
u(t, x) := Uy (®(X7)). (4.28)

We have the following theorem.

Theorem 4.5 Suppose that ® is bounded and continuous, and that b and o satisfy
the assumption (4.17). Then u(t, x) defined by (4.28) is a bounded and continuous
deterministic function on [0, T] x R" and it is a viscosity solution to PDE (4.9).

Proof Theorem 4.4 implies that {u™(r,x)}>> | (resp. {u™(t,x)}, _,) converges
decreasingly (resp. increasingly) to u (¢, x). Combining with the continuity of u™ (¢, x)
and u™ (t, x), we deduce that u(z, x) is continuous.

By Dini’s theorem, they converge to u uniformly in any compact set. This implies
that u is a viscosity solution by the stability theorem of viscosity solutions to PDEs
(see, e.g., [6]). O

Acknowledgments This research was sponsored by a grant of Credit Suisse as well as by a grant NCCR-
Finrisk. The text only reflects the opinion of the authors. The work of Ying Hu was partially supported by
funds from the Marie Curie ITN Grant, “Controlled Systems”, GA no. 213841/2008. We thank M. Ben-Artzi
for stimulating discussions regarding the connection with viscous Hamilton—Jacobi equations. We also thank
an anonymous referee for helpful comments. Part of this research was done while F. Delbaen was visiting
Princeton, Vancouver, China and Université Rennes 1. The hospitalities of Princeton University, UBC, Fu-
dan University, Shandong University and Université Rennes 1 are greatly appreciated. Part of this research
was done while Y. Hu was visiting Fudan University and ETHZ. The hospitalities of Fudan University and
ETHZ are greatly appreciated. Part of this research was done while X. Bao was visiting Fudan Univer-
sity and Université Rennes 1. The hospitalities of Fudan University and Université Rennes 1 are greatly
appreciated.

References

1. Ben-Artzi, M., Souplet, P., Weissler, F.B.: The local theory for viscous Hamilton—Jacobi equations in
Lebesgue spaces. J. Math. Pures Appl. 81, 343-378 (2002)

2. Bismut, J.M.: Conjugate convex functions in optimal stochastic control. J. Math. Anal. Appl. 44, 384—
404 (1973)

3. Briand, P.,, Hu, Y.: BSDE with quadratic growth and unbounded terminal value. Probab. Theory Relat.
Fields 136, 604-618 (2006)

4. Briand, P., Hu, Y.: Quadratic BSDEs with convex generators and unbounded terminal conditions.
Probab. Theory Relat. Fields 141, 543-567 (2008)

5. Cheridito, P., Soner, H.M., Touzi, N., Victoir, N.: Second-order backward stochastic differential equa-
tions and fully nonlinear parabolic PDEs. Comm. Pure Appl. Math. 60, 1081-1110 (2007)

6. Crandall, M.G., Ishii, H., Lions, PL.: User’s guide to viscosity solutions of second order partial
differential equations. Bull. Am. Math. Soc. 27, 1-67 (1992)

7. Delbaen, F., Peng, S., Rosazza Gianin, E.: Representation of the penalty term of dynamic concave
utilities. Finance Stoch. (to appear)

8. El Karoui, N., Peng, S., Quenez, M.C.: Backward stochastic differential equations in finance. Math.
Finance 7, 1-71 (1997)

@ Springer



192

F. Delbaen et al.

10.

11.

13.

14.

. Follmer, H., Schied, A.: Convex measures of risk and trading constraints. Finance Stoch. 6, 429—

447 (2002)

Gilding, B.H., Guedda, M., Kersner, R.: The Cauchy problem for u; = Au + |Vu|?.J. Math. Anal.
Appl. 284, 733-755 (2003)

Jouini, E., Schachermayer, W., Touzi, N.: Law invariant risk measures have the Fatou property.
Advances in Mathematical Economics, vol. 9, pp. 49-71, Adv. Math. Econ., vol. 9. Springer, Tokyo
(2006)

. Kobylanski, M.: Backward stochastic differential equations and partial differential equations with

quadratic growth. Ann. Probab. 28, 558-602 (2000)

Pardoux, E., Peng, S.: Adapted solution of a backward stochastic differential equation. Systems Control
Lett. 14, 55-61 (1990)

Pardoux, E., Peng, S.: Backward stochastic differential equations and quasilinear parabolic partial
differential equations. Stochastic partial differential equations and their applications (Charlotte, NC,
1991), pp. 200-217. Lecture Notes in Control and Inform. Sci., vol. 176. Springer, Berlin (1992)

. Phelps, R.R.: Convex Functions, Monotone Operators and Differentiability, 2nd edn. Lecture Notes

in Mathematics, vol. 1364. Springer, Berlin (1993)

@ Springer



	Backward SDEs with superquadratic growth
	Abstract
	1 Introduction
	2 Dynamic utility functions and backward SDEs
	3 Backward SDEs with superquadratic growth
	3.1 Non-existence of the solution
	3.2 Non-uniqueness of the Solution
	3.3 Non-stability of the solutions
	3.4 A solution to BSDE (g, ν)

	4 Existence of solution to BSDEs in the Markovian case
	4.1 Lipschitz case
	4.2 A priori estimates of Z
	4.3 Lower semi-continuous case 
	4.4 Bounded and continuous case

	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


