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Abstract In this paper a stochastic reaction diffusion system is considered, which
models the spread of a finite population reacting with a non-renewable resource in the
presence of individual based noise. A two-parameter phase diagram is established to
describe the large time evolution, distinguishing between certain death or possible life
of the population.
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1 Introduction
1.1 Statement of results
In this paper we study the stochastic reaction diffusion system on R?, for d < 3,

du = Au+ Buv — yu + Ju W,
0/V = —uv.

(1.1

One interpretation for this equation is that the solution u > 0 describes the distribu-
tion of a population on R? at times r > 0 and that v > 0 is the density of a nutrient
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gradually used up by the population. The noise W is a space-time white noise, and
the multiplicative factor /u models ‘individual based’ noise. This noise arises in
situations where each individual in the population contributes independently to the
noise, so that the variance of the noise is proportional to the population density. In
dimensions d < 3, linear scaling reduces the number of possible parameters to two.
We have chosen to take the diffusion coefficient, the rate at which the nutrient is used,
and the noise coefficient all to be one, leaving two parameters 8, y > 0, which we
think of as a reaction rate and a death rate.

The main results concern the long time behaviour of solutions. Without noise there
are travelling wave solutions and it is expected that sufficient noise can destroy these
waves. For our description of the long time behaviour, we take an initial condition
up = W in M(R?), the space of finite measures in R, and an initial nutrient level
vo(x) taking a constant value which, by scaling again, we have taken to be 1. We say
that certain death occurs for the parameters values 8, y if

P [u; = 0 for large ] = 1 for any initial condition s € M(R) and vy = 1.
We say that possible life occurs for the parameter values B, y if
P [u; # 0 for all ] > O for any non-zero initial condition p € M(R?) and vy = 1.

The main results of the paper describe a phase diagram for the parameter values 8, y
at which certain death or possible life occur.

Theorem 1 Consider solutions to (1.1) with initial condition vy = 1. Then for any
values of the parameters B, y > 0 either possible life or certain death occurs.

o When d=3, there exists a non-decreasing function § — W(B) € (0, B) so that
when 0 < y < W(B) possible life occurs and when vy > W (B) certain death
occurs. Moreover

0< 11;11 igf B72W(B) < limsup B2W(B) < oo,
- B—0

o Whend=2 there exists a critical curve § — V(B) € [0, B) as in dimensiond = 3
(but allowing the possibility that ¥ () = 0 for small ).
e Whend=1 certain death occurs for any y, 8 > 0.

Remarks 1. The estimates in the paper imply certain bounds on the critical curve.

In Sect. 6.3 we show that W(8)/8 — 1 as B — o00. Some higher order large

B asymptotics should be attainable, and we believe that g — W(8) ~ S~/ (6—d)

(see the remarks in Sect. 6.3). Many other questions remain, such as regularity of

W and the behaviour on the critical curve. Most importantly perhaps, we do not

know the small B behaviour in d = 2, though we conjecture (see Sect. 7.3) that
there is certain death for y = 0 and small enough .

2. The possible life behaviour is not an example of global coexistence of two species,

for locally the population u#; becomes extinct (see Lemma 9). Rather one expects
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A phase diagram for a stochastic reaction diffusion system 563

the process to live on a moving front travelling through space, and behind this
moving front the process dies away. It is therefore more analogous to the weak
survival results for the contact process on a homogeneous tree (see [10, Sect. 1.4]).

3. A key difficulty in dealing with many reaction diffusion systems is the lack of
pathwise comparison results (which were crucial to the arguments for the scalar
equation studied in [11]). For example if two solutions u, u satisfy ug < #ig one
should not expect that u; < u, for t > 0. To replace these arguments, the key
new method in this paper is the use of comparison results for the total occupation
measure fooo u;dt and total exit measure u2? of solutions on a domain D. Some
intuition behind this is given in Sect. 1.2.

4. Using scaling (as in Lemma 3) one can investigate the dependence on other param-
eters. For example the equation

oru = Au+uv — you + Jou W,
v = —uv, vg=1.

can be reduced to the standard form (1.1), by a linear change of variables, with
the parameters becoming y = yoo ~2/4=D and B = 6=/~ The main the-
orem shows that possible life occurs, for example when d = 3,if 0 < yy <
® (o) for some @ : (0,00) — (0, 1) and satisfying limy— o ®(o) = 1 and
limy_, oo ®(0) = 0 at certain rates. One reason for choosing 8, y as our parame-
ters is that we have natural monotonicity in these parameters which is unclear for
other choices—for example we do not know if @ is decreasing.

5. One can investigate, via phase plane methods, the possibility of travelling waves
for the corresponding deterministic system o, = Au—+uv—yu, ;v = —uv with
vo = 1. (With no noise term and § > 0 we can remove one more parameter by
linear scaling, leaving only y > 0.) We require y < 1, else the death term exceeds
the reaction term resulting in death. Fix k € R with |k| = 1. Looking for a trav-
elling wave solution of the form u; (x) = U ((x - k) —ct), v;(x) = V((x - k) —ct)
with ¢ > 0, we set W = U’ to obtain the first order system

1
U=w, V=-UV, W=yU-cW-UV.
c

The steady states are (U, V, W) = (0, a, 0) for any a. By scaling we assume the
untouched nutrient level is 1 and seek a path in phase space connecting (0, 0, 0) to
(0, 1, 0), sothat u is a travelling ‘hump’, behind the wave the nutrient is used up and
ahead it is untouched. Linearizing around (0, 0, 0) we find the eigenvalues satisfy
A =0o0rA%>+ci—y =0.Soforany y > 0 we have real eigenvalues A; < 0 =
X2 < A3z. Linearizing around (0, 1, 0) we obtain A = 0 or A er+(1— y) =0.
Fory < 1 we get A < Az < 0 = Az when 2 > 4(1 — y). Complex roots,
which imply the impossibility of a (non-negative) travelling wave, occur when
¢? < 4(1 — y). The equations are three dimensional and degenerate and we have
not done arigorous analysis. Based on the above local picture, the following seems
the reasonable best guess: there is a unique path connecting (0, 0, 0) to (0, 1, 0)
which stays in the good region U, V > 0 precisely if ¢> > 4(1 — ) and hence a
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travelling wave for all y < 1 and with speeds greater than or equal to 2,/1 — y.
The main result supports the conjecture that the deterministic travelling waves are
stable to small enough individual based noise noise in dimensions d = 2, 3.

1.2 A description of key techniques and the layout of the paper

In this section we explain some of the intuition and tools used in the proofs, empha-
sising the new ideas.

When B = 0, solutions u to (1.1) are Dawson—Watanabe processes with underly-
ing Brownian motion and mass annihilation at rate y. In dimensions d > 2, Dawson—
Watanabe processes are singular measures (u;(dx) : t > 0). However, as shown by
Sugitani [15], when d < 3 the occupation measures f; u,dr are absolutely continuous
with respect to Lebesgue measure, with densities u (s, ¢, x). This will remain true for
for solutions to (1.1) and hence the formal solution v;(x) = vo(x) exp(—u(0, £, x))
will make sense as a function. Using this idea, we construct solutions to (1.1)ind < 3
by a change of measure starting from a Dawson—Watanabe process; a reverse argument
yields uniqueness in law of solutions.

The results on possible life use a construction of a supercritical oriented percolation
process, coupled to a solution of (1.1), so that if the oriented percolation survives so too
does the solution. The use of an embedded oriented percolation to show survival was
first developed for interacting particle systems (see Durrett [4] for many examples).
Similar methods have been used before by the authors to establish a one-parameter
phase transition for a noisy version of the KPP equation [11]. The results on certain
death in dimensions d > 2 are simpler, and the background idea is a comparison with
a subcritical branching process (for which simple moment estimates show death).

When possible life occurs, one expects that the process lives on a front propagating
with asymptotically linear speed. Noisy oscillations around this linear speed mean that
it is not possible to predict exactly where in space, at a given time ¢, to look for the
living part of the solution (that is where it is in the process of exploiting the nutrient).
This leads to the wish to apply the percolation comparison in space at random times.
To overcome this technical problem, we freeze the process at random stopping times,
by means of exit measures. The exit measures can be constructed by solving (1.1) on a
domain D with Dirichlet boundary conditions and measuring the total flux of mass out
of the boundary of the domain. Suitable comparison results do hold for this model, not
for u, (dx) but for the total exit measures ugoD (dx). For example if ug(dx) and 1o (dx)
are supported inside D and ug(dx) < ug(dx), then one can construct solutions for
which u2P (dx) < ii2P (dx). It turns out that the total exit measures are stochastically
monotone both in the initial conditions and in the parameters 8, y. A spatial Markov
property, analogous to that found for Dawson—Watanabe processes by Dynkin in [5],
shows that exit measures can be constructed iteratively on larger and larger domains,
and is used to set up the percolation comparison. It is this spatial Markov property
especially, that means the use of the special form of noise /uW is needed for our
methods.

Intuition as to why comparison results hold for the total exit measures is easiest for
particle approximations to (1.1), where population particles may react with nutrient
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particles leading to death of a nutrient particle and the creation of extra population
particles. The total exit measures do not depend on the time at which particles hit the
exit of the domain D. It does not affect the final level of the nutrient v (x) if we
change the order that particles pass through position x. For example, we may think of
the initial mass i1o(dx) as being composed of blue particles, identical to those from
uo(dx) and some extra red particles represented by ug(dx) — ug(dx). We freeze the
extra red particles until all the blue particles have died or are frozen on d D. Then we
may run the red particles through whatever is left of the nutrient, but this can only
lead to a larger exit measure. The reader may wish to draw a diagram illustrating the
possible interactions for the simplest non-trivial case of two population particles and
a single nutrient particle—it was such a diagram that initiated this work.

1.2.1 Layout

In Sect. 2 we state the existence, uniqueness and comparison results for occupation
and exit measures. Section 3 contains the change of measure arguments needed for
the proof of existence and uniqueness, and the proof of the existence of a critical
curve W(B). Approximations to solutions, using a discretized nutrient, are given in
Sect. 4, together with tightness and convergence results. Comparison results for the
approximations are established in Sect. 5 together with the weak convergence argu-
ments allowing us to pass to the continuous limit. However, the arguments for life (in
Sect. 6) and death (in Sect. 7) can be read after the statement of the comparison results
in Sect. 2.

2 Statements of existence, uniqueness and comparison results
2.1 Definition of solutions

We need to consider solutions to (1.1) on domains D. Throughout the paper our
domains are taken to be either (i) connected open sets with smooth boundary; or (ii)
open boxes, that is of the form D = [, (a;, b;) for —oco < a; < b; < oc. This restric-
tion allows us to quote estimates on the Green’s functions for the domain. Moreover,
boxes will be all that we need for the blocking arguments in Sects. 6 and 7. We will
look for solutions with zero Dirichlet boundary conditions, that is where the popula-
tion is killed on reaching the boundary. This will be encoded by the test functions for
the martingale problem below. We let C’lj (D) be the space of k-times continuously
differentiable functions ¢ : D — R for which ¢ and its derivatives can be extended to
be continuous bounded functions on the closure D. Let Cg (D) be the subset of those
¢ € CZ(B) for which ¢ = 0 on dD. Note that solutions on D = R? are a special
case of the definition below, and in this case Cg (D) reduces to the space of bounded
functions with two bounded continuous derivatives.

Notation We write M (D) for the space of finite measures on D with the topology
of weak convergence. For i € M and (suitable) measurable functions f, g : D — R
we will write i (f) for [, f(x)u(dx) and (f, g) for [}, f(x)g(x)dx.
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We look for solutions (u, v) = (u;(dx), vs(x) : t > 0,x € D) to (1.1) defined on
some filtered probability space (2, (F;), F, P). The solutions will be in the sense of
martingale problems. The adapted process u will have continuous paths in M (D). Let
P be the (F;) predictable sets in 2 x [0, o) and (D) be the Borel subsets of D. The
process v will be predictable and non-increasing, that is the map (w, t, x) — v;(x)(w)
will be P x B(D) measurable, and such that the paths t — v,(x) € [0, 1] are non-
increasing for all x, almost surely. We say that such a pair (u, v) is a solution to (1.1)
on D if for ¢ € Cé(ﬁ)

t

ur(§) = uo(¢) + / uy (MG + Busd — yd) ds +mi(¢), Pas.  (2.1)
0
t
(v, ) = {vo. §) — / us(s$)ds, Pas. 2.2)

0

where m;(¢) is a continuous (F;) local martingale, with my(¢) = 0 P a.s., and with
quadratic variation

t

(m ()], = / ug(¢>)ds, Pa.s. (2.3)

0

If, in addition, Plug = u,v9 = f] = 1, for some measurable f : D — [0, 1] and
u € M(D), we say the solution has initial condition (u, f).

We will wish to keep track of the flux of mass that exits to the boundary 9D by
time ¢, which creates the so called exit measure u?D (dx) on dD. For a determinis-
tic equation, this flux would be given by a surface integral fot J. ap VU - NdS ds for
an outward unit normal N. A simple way to treat this process in the noisy setting,
where these derivatives do not exist, is to extend the martingale problem formulation
to test functions ¢ € Ci (D). The exit measure will take values in M (9 D), the space
of finite measures on d D with the topology of weak convergence. We look for an
adapted M (3 D) valued process t — u??, with non-decreasing continuous paths, so
that ugD =0 P as.and for ¢ € Cg(ﬁ)

t

u(9) = uo($) + / us (Ap + Busp — yp)ds —uP(¢) + mi(¢), Pas. (2.4)

0

where m;(¢) is a continuous (F;) local martingale, with mq(¢) = 0 P a.s., and with
quadratic variation as in (2.3).

The following existence and uniqueness result is shown in Sect. 3.2, using a change
of measure argument starting with a Dawson—Watanabe process on D.

Notation We let C([0, c0), E) be the space of continuous functions with values in a
metric space E, with the topology of uniform convergence on compacts. Both M(D)
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and M (9 D) are metrizable as Polish spaces. Let 2 p be the space C ([0, co), M (D) x
M0 D)). We write (U, U,8 Dy for the canonical random variables on Qp, U for the
Borel subsets of 2p and (U;) for the canonical filtration. Note that in the case D = R4
where d D = ) the second component of the path space becomes trivial.

Notation Let 5(D, [0, 1]) be the space of Borel measurable f : D — [0, 1]. We give
B(D, [0, 1]) the sigma field generated by ( f, I (A)) for all bounded Borel A C D.

Theorem 2 Suppose d < 3 and D is a domain as described above. Fix 8,y > 0.

(i) Foranyu € M(D)and f € B(D, [0, 1)), there exists a solution (u, v) to (1.1)
on D with initial conditions (i, f).

(ii) For any solution, the law of (u; : t > 0) on C([0, 00), M(D)) is uniquely
determined by the law of (uq, vo).

(iii)) For any solution and 0 < s < t, the occupation measure fs ! u,dr is absolutely
continuous with respect to Lebesgue measure, and there is a continuous ver-
sion of the density (s, t,x) — u(s,t,x)on 0 < s < t,x € D, almost surely.
Moreover, setting u(0, t, x) = limy o u(s, t, x) we have,

v (x) = vo(x)e 1) forallt > 0, for almost all x € D, P a.s.

(iv) For any solution (u, v) there exists an adapted exit measure process udl =

(u?D .t > 0), with non-decreasing continuous paths in M(d D), satisfying the
extended martingale problem (2.4). Moreover, for all t > 0, there exists a mea-
surable map R; : C([0, t], M(D)) — M(dD) so that u?D = R/((ug : s <1))
almost surely.

(v) Let Qi’?’y be the law of (u, u9Py on Qp for a solution with initial condition

(ws f). Then (1, f) — Qg”]"?’y(B) is measurable for any Borel B C Qp.

Moreover, the family of laws (Qﬁ’?’y :u e M(D), f € B(D, |0, 1])) satis-
fies the following strong Markov property: for any solution (u, v) defined on
(R, (F), F, P), and any finite (F;) stopping time t,

E [h(urp )| ] = 2P [(h(U)]  Pas.

ur,vo exp(—u(0,7))
for all bounded measurable h : C ([0, c0), M(D)) — R.

We note one consequence of these results: using part (iii), whenever (u, v) is a
solution we may replace v by the process vo(x) exp(—u(0, t, x)) and it will still be a
solution.

The following scaling lemma will be very useful in allowing us to transfer large or
small parameters to terms in the equations that are convenient. We find our intuition
stronger when working in regimes with small or large values of parameters, rather
than small or large space and time scales. This lemma allows us to transfer between
these two regimes.
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Lemma 3 Suppose that (u, v) is a solution to (1.1) on D. For a, b, c, e > 0 define
- a ~
u(A) = C_dub’(CA)’ U (x) = evp(cx)

where cA = {cx : x € A}. Then (i, D) is a solution on ¢~ ' D, in the sense described
above, to the equation

[a,a:%Aﬁ+bﬂﬁﬁ—byﬁ+ ab i vy,

3,5=—

-1
Furthermore, for A C 3(c~' D), we have IZ?(C D) (A) = (a/cd)ugtD (cA).

The equation for (i, v) follows immediately by scaling the martingale problem
(2.1,2.2). The scaling of the exit measures follows by matching the finite variation
parts of the semimartingale decomposition of i,(¢) and of (a /cd Yupt (¢ (-/c)) for
¢ € Cb2 (c~'D) given in the corresponding extended martingale problems.

2.2 Decomposition results for the total occupation and exit measures

Notation For a solution (u, v) to (1.1) we write u[, ) for the occupation measure
f; urdr (so that ups (dx) = u(s, t, x)dx P a.s.) and write

aD

D _ 1im u;
11— 00

u[o,oo>=t1_i)rgou[o,t], u(0, oo,x)=t1_i)rgou(0,t,x), and wug,

for the total occupation measure on D and its density, and for the total exit measure
ondD.

The lemmas below are stated under the restriction that D is bounded, which implies
(see Sect. 3.3) that the total occupation and exit measures are almost surely finite. The
first lemma describes the monotonicity of the total occupation and exit measures with

- . . D o
respect to the initial conditions (i, f). We write = for equality in distribution.

Lemma 4 Fix a bounded domain D and initial conditions p = u~ + u* and f =
f~ + fT. The law of the total occupation and exit measures of a solution (u, v) to
(1.1) on D with initial conditions (i, f) can be decomposed as

D — _
(ulo,oo), ugf) = (“[o,oo) + M?(_)’OO), ugoD’ + ugf’Jr) 2.5)

in either of the following two ways:

(i) (u—,v7)isasolutionwith initial conditions (0™, f) and, conditional on o {u™},
the process (u™, v") is a solution with initial conditions u§ = pu* and vy = vy,

(where vy, = lim;_ 00 v, );
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(i) (u—, v7)isasolution with initial conditions (i, f~) and, conditional on o {u™},
the process (u™,v") is a solution with initial conditions uj = BfT(1 —
exp(—u~ (0, 00))) dx and var = fexp(—u~ (0, 00)).

In part (i) the process (u™, v") starts with mass u ™ and runs it through whatever is left
of the nutrient after #~ has died out. In part (ii), the process var ia again the leftover
nutrient after u~ has died out, and uar is the extra mass that #~ would have created had
the extra nutrient £ been present (see Example 2 in Sect. 5.2 for a discrete analogue
of this).

The next lemma shows monotonicity in the parameters g, y. Note that the exit and
occupation measures are (stochastically) increasing in w, f, § and decreasing in y,
which leads to a slightly different formulation of the y ~, ¥ ™ decomposition.

Lemma 5 Fix a bounded domain D, and parameter values B = B~ + BT and y~ =
y +y . The law of the total occupation and exit measures of a solution (u, v) to (1.1)
on a bounded domain D with initial conditions (i, f) and parameter values (8, y)
can be decomposed as in (2.5) in either of the following two ways:

(1) (u=—,v7) is a solution with initial conditions (jt, ) and with parameter values
B, v and, conditional on o {u~}, the process (u™*, v") is a solution with initial
conditions M(J)r = B (f —vy)dx and var = v, and with parameter values B, y ;

(i) (u—,v7)isasolutionto (1.1)withinitial conditions (u, f)and parameter values
B, vy~ and, conditional on o{u~, v}, the process (u™, v") is a solution with
initial conditions ua' = y+u[_0’oo) and v(')" = v, and with parameter values

B,v-

A special case of the Lemma 5 (i) will be particularly useful. The total exit mea-
sure can be built up in two stages: first run a process with 8 = 0 (which is the well
understood Dawson—Watanabe process) and then run a second solution started with
the mass that the nutrient would have produced from the first process.

The following simpler comparison will often be useful. It states, roughly, that if
we convert some of the nutrient available into the equivalent amount of initial mass at
time zero then we obtain a healthier process, in the sense of stochastic ordering.

Lemma 6 Fix a bounded domain D and initial conditions u and f, g. Let (u, v) and
(u, v) be solutions to (1.1) on D with initial conditions (u, f+g) and (u+Bg dx, f),
respectively. Then for any bounded measurable F : M(D) x M(dD) — R that is
non-decreasing in both variables

E[F (u10,00), u2)] < E[F (ilj0,00), i#00)].
The final lemma is a spatial Markov property, analogous to that known for Dawson—
Watanabe processes. We choose two domains D~ € D™. We allow the boundaries
9D~ and D™ to intersect, but we need this intersection not to be too complicated,

and for this we ask that

(@D~ NaDTHN (0 D—\dD*)has surface measure zero ind D™ . (2.6)
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This is satisfied for example if both domains are boxes. We write (|4 for the restriction
of a measure u to a set A.

Lemma 7 Fix bounded domains D~ C D7 satisfying (2.6). Suppose (u, v) is a solu-
tion to (1.1) on DV started at (ju, f). Then the law of the total occupation and exit
measures satisfies

ap+t\ D [ — + oD~ ,— aD* +
(001 1227) 2 (i ey + 1y 422 e + 2

where (u™, v ) isasolutionto (1.1)on D™ with initial conditions (uI (D), f1(D™))
and, conditional on o {u™}, the process (u™, v'") is a solution on D™ with initial con-
ditions

ug = ull TIpr + uI(D\D7) and v = v [(D7)+ fI(DT\D").

Remark As indicated in the introduction, these lemmas will be proved for discretized
approximations to solutions, where the nutrient is used up in finitely many steps, and
then via a passage to the limit. We spent considerable energy trying to find a proof
using the continuum equation (1.1) directly. Approaches using a change of measure
(since the lemmas are easy to prove for a Dawson—Watanabe process) typically failed
because the decomposition (2.5) holds only for the total occupation and exit mea-
sures and fails for these measures at times t < co. Another approach, using Laplace
functionals, is sketched in remark (b) of Sect. 3.2. On the other hand, we found the dis-
cretized approximations, in particular particle pictures, were the easiest testing ground
for exploring possible extensions of these results to other models.

3 Change of measure arguments

In Sect. 3.1 we review some results on Dawson—Watanabe processes and indicate when
these imply estimates for solutions of (1.1). Section 3.2 gives the proof of Theorem 2,
and Sect. 3.3 contains the proof of the existence of the critical curve W ().

3.1 Results from Dawson—Watanabe processes

A Dawson—Watanabe process, with underlying Brownian spatial motion, killed at the
exit of a domain D, and with a (deterministic) bounded, measurable mass annihila-
tion/creation rate  : D — R, is the solution on D, in the same sense as in Sect. 2.1,
to the equation

du=Au—nu—+JuW. 3.1
We shall abbreviate Dawson—Watanabe processes as DW processes. In the case n(x) =

y € R is constant we will call the process a DW(D, y) process. We describe below
some results for DW processes that we shall need, and we mostly indicate where to
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find the proofs, or how to adapt them, from the literature. The surveys by Perkins [12]
and Dawson [2] are our main sources. However, we give proofs for some of the results
on exit measures, that are perhaps not in the literature, at the end of this subsection.
A number of the estimates (for example moment bounds, estimates on the speed of
the support, estimates on the extinction probability) also hold for solutions to (1.1).
One way to see this is to set up a pathwise coupling for (u, v) a solution to (1.1) on D
so that ut(l) <u; < ugz) where uV) isa DW(D, y) process and u® isa DW(D, y—B)
process. We do not go through the steps to construct this coupling since, as we indicate
below, the proofs of the desired estimates are typically based on stochastic calculus
and are easily adapted to follow from the martingale problem for solutions to (1.1).

3.1.1 Martingale problems

We quickly repeat here the martingale problem definition for solutions. A continuous,
adapted M (D) valued | process u, on some filtered space (€2, (F;), F, P),is asolution
to (3.1) if for ¢ € C3(D)

13
ur (@) = uo(¢) + / us (Ap —n¢)ds +m;(¢), Pas. (3.2)
0

where m; (¢) is a continuous (F;) local martingale with quadratic variation [m(¢)]; =
fot Ug (¢2)ds almost surely. Solutions, starting from u € M(D), exist and are unique
inlaw on C ([0, 00), M(D)). Furthermore, for any solution there will exist an adapted
process (u?D ) with non-decreasing continuous paths in M (3 D), called the exit mea-
sure process, so that for ¢ € Ci (D)

t

ui(9) = uo(9) + / us (Ap —np)ds —ulP (@) +mi(@), Pas.  (3.3)

0

where m;(¢) is a continuous local martingale with variation as before. The almost
sure linearity m;(¢ + ) = m;(¢) + m;(y), implies that if ¢, € Cé(ﬁ) converge
bounded pointwise to ¢ € Cg (D) then m; (¢n) — my(¢) in probability (since [m (¢ —
én)]l: — 0). Now (3.2) and (3.3) imply that u,aD (¢) is measurable function of the
path (us : s < t). Choose a countable family (¢x)x=1, ... in le(ﬁ) so that the map
w — (u(dk))k=1.... is a continuous injection from M (3 D) into R* (with the topol-
ogy of uniform convergence on compacts). Using the measurable inverse of this map,
one can construct a measurable map R; : C([0, ], M(D)) — M (3 D) so that

ul® = R,({ug : s <t}) Pas. (3.4)
These maps show that the law of (u, 19Dy on Qp is determined by the law of u on

C([0, 00), M(D)). Also, for any DW process on D, the exit measure process can be
constructed by using the maps R; and then regularizing the path over the rationals.
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Notation We denote by Q,?"’ the law on Q2p of a DW process and its exit mea-
sure (1, u’P) on D, with mass annihilation/creation rate 5 as above, and starting at
uw € M(D). We write Qﬁ’y in the case that n(x) = y.

The map u — Q,lf’ "(B) is measurable for any Borel B C Qp; furthermore the family

of laws (QE’" : € M(D)) form a strong Markov family in that for any solution u
defined on (€2, (F;), F, P), and any finite (F;) stopping time t,

E[h(uey)|Fe] = Q" [h(U)]  Pas,
for all bounded measurable 2 : C ([0, 0c0), M(D)) — R.The measurability and strong
Markov property follow from the Laplace functional (3.6) below by, for example, the
arguments used in the [12, proof of Theorem IL.5.1].

For a DW process u, one can extend the local martingales to a local martingale
measure, which we write as m;(¢) = fé Jp ¢sm(dx, ds), and is defined for ¢ :
[0, 00) x 2 x D — R that are P x B(D) measurable and satisfy fot us(d)sz)ds < 0
for all + > 0. The integral produces a continuous (F;) local martingale with qua-
dratic variation [m(¢)]; = fot Ug (¢52)ds. This follows as in [12] Proposition I1.5.4.
The same construction applies to give a local martingale measure for solutions to
(1.1), and this will be needed in our change of measure arguments. One simple use
of these extensions is to allow time dependent test functions in the martingale prob-
lem. Since the exit measures ufD are non-decreasing, they induce a unique measure
dufD (dx) on [0, c0) x 0D characterized by the measure of the rectangles (s, t] x A
being M?D(A) — M?D(A). We will write the integral of ¢ : [0, 7] x dD — R with
respect to this measure as fot du?P ;). Then, if ¢ : [0, T] x D — R is in the class
Cg’z([O, T1x D), where ¢ and one partial derivative in time (denoted q[b) and two partial
derivatives in space exist and have continuous bounded extensions to [0, 7] X D, the
following decomposition holds:

t t

e (0) =1to(d0) + / s (At —neby) ds— / du?P () +my(@) Pas. (3.5)

0 0

This follows using easier versions of the arguments in [12, Proposition I1.5.7]. More-
over, the analogous extension works for solutions to (1.1).

3.1.2 Laplace functionals
Suppose first that D has a smooth boundary and that  : D — R is smooth and
bounded. The Laplace functional of the solution, the occupation measure and the exit
measure is given, for smooth bounded 2V : D — R, h® : [0,7] x D — R and
h® 110,11 x 9D — R by

(2) é (3)
QP [efwh(”)ffo’ Us (hs™)= o dUZP (hj >] — @), (3.6)
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where (¢;(x) : s € [0, t], x € D) is the unique solution, smooth on [0, #] x D, to

2
dsbs = Agy — gy — & + 1P, on D, 3.7)
¢s = ht(S_)A ondD fors €[0,¢t], and ¢g = KD on D.

This follows by checking that s — exp(—Uy(¢;—y)— f5 Uy (h2)dr — [3 dUPP (b))
is a martingale for s € [0, ¢]. If in addition n > 0 and D is bounded, the total occu-
pation Uy, o) = limyy00 Ujo,] and total exit measures Udb = limy 400 UJP are finite
almost surely and have Laplace functional

oD [efu[o,oo)ml)ftfé’f(hz)] — @), (3.8)

for smooth bounded /1 : D — [0,_00) and hy : 0D — [0, 00), where (¢ (x) : x € D)
is the unique solution, smooth on D, to

2
A¢=%+n¢_hl onD, ¢ =hyondD. (3.9

This follows by examining the martingale t — exp(—U;(¢) — fé Us(hy) — UtaD (h)).
On bounded domains, and when 1 > 0, there exist finite solutions to (3.9) when
hi, hy are negative and sufficiently small. In particular, the exponential moment
Qﬁ Mexp(+0U2P (1) 4+ 0Uj0.00)(1))] is finite for sufficiently small 8 > 0.

When the domain D is a box the associated p.d.e.’s have unique solutions that are
smooth inside D and continuous on D, and the formulae for the Laplace functionals
still hold, and can be established by an approximation argument. Indeed, one concrete
way to do this is to suppose, without loss, that D contains the origin and to replace
the test functions above by ¢, (x /(1 + €)) and ¢ (x /(1 + €), which are smooth in D.

Remark (a). From the PDE viewpoint, it is natural to use (3.3) as a means of characteriz-
ing the exit measures t — u,aD (dx),thatis purely as exit fluxes (asis suggested in [ 13]).
Although we do not need such a characterization, since we have other constructions of
the exit measure, we briefly sketch such an approach, and for convenience we consider
deterministic initial condition x and smooth bounded domain D. Construct the mar-
tingale measure m(dx, ds) from a DW(D, y) process. Then for smooth 4 : 9D — R
we may uniquely find ¢ € Cb2 (D) solving the Dirichlet problem A¢" = 0 on D and
¢" = h on dD. Use the formula (3.3) with the test function ¢" to define a continuous
patht — u?D (h) (although we have yet to establish that the values u,a D (h) arise from
a measure utaD on 9 D). By adding the decompositions (3.3) for ¢¢ and ¢" we find
that u?P (g + h) = u?P(g) + u?P (h) almost surely. Since 6" loo < lIh]loos We can

deduce a first moment bound sup, -, E[[u?? (h)|] < C(u, 1, y)|lh|lo from the corre-
sponding bounds for u. For ¢ € Cg (D) with ¢ = h on 8D, the decomposition (3.3)
holds by adding the decompositions for ¢” and ¢ — ¢". Then the first moment bounds
allow the decompositions to be extended to time dependent test functions ¢ (¢, x) as
above. In particular we find, for 2 > 0, that E[exp(—ku?D(h))] < exp(—u(er))
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where 0;¢p = A¢p — y¢p — g on D, and ¢; = Ah on 9D, and ¢y = 0. The inequality
here arises since we do not yet know that ufD (h) > 0 and so we have to localize
via the stopping times t, = inf{s : u,(1) > n}, and we obtain an upper bound by
passing to the limit using Fatou’s Lemma. However letting A — 0o now implies that
u,aD (h) = 0 almost surely. It is then not hard to establish the existence of a mea-
sure u?P so that u??(h) = [, hdu?”. Finally the Markov property implies that

9D s non-negative and hence the paths of u?D are non-decreasing.

oD
u” —uy

Remark (b). Mimicking the calculus that leads to the Laplace functional above, one
can show that for solutions to (1.1) that

t
exp | —u(¢) — ujo.q(h1) — ulP (h2) + B / us (vs@)ds
0

is a martingale when ¢ solves (3.9) with n = y. One deduces, by letting t — o0, that

E [e—um,oo)(hl)—uié’(hz>+ﬁ<¢f,1—exp<—u<0,oo>)>] ey

We do not know if this formula, as one varies &y, hp, characterizes the law of
(110,00)> ugoD). If it did characterize the law, a simple proof of all the decomposi-
tion lemmas from Sect. 2.2 would result, since it is straightforward to use calculus for
both parts of the decompositions to yield the above formula for the sum.

3.1.3 Some moments

Estimates on moments for the total mass process u; (1), starting from a deterministic
initial condition, follow by choosing ¢ = 1 in (3.3), using M?D (1) = 0, by the usual
arguments (localizing by the stopping times 7, = inf{r : u,;(1) > n} and apply-
ing Gronwall’s inequality). By rewriting (3.3), again with ¢ = 1, as an equation for
u?D (1), one can then deduce moments for the exit measures. These arguments show,
for instance, that for for p > 1

oD |:su;T)(U,(l))p + |U?D(1>|P} < Cp. T, y) () + (u(1)?) . (3.10)
1<

In particular, starting from a deterministic initial condition the processes m;(¢) are
true martingales. The same arguments apply to solutions to (1.1), and lead to

05" [Sup<Ut<1))"+|U$D(1>|”} sopr? [SUIT’<Ut<1>)P+|U?D(D'p} '
1=

t<T

@3.11)
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(We abuse logical order here, and below, by writing Qﬁ’fﬂ’y before checking that
these laws are uniquely defined. In such cases we mean that the arguments apply to
all solutions to (1.1).)

We will need the first and second moment formulae, for measurable g, 7 > 0,

0L [U/()]=u(G7 9.
INS
0P [Un(9)Us (W] = (G 9 u(GY7 )+ / WGPV (GRT g G dr, (3.12)
0

where G?’yg(x) =/p GtD’y’x(y)g(y)dy and GtD’y’x(y) is the killed Green’s func-
tion G,D’y’x (y) = e V'GP (y) for the domain D (that is G (y) is the transition
density of a Brownian motion killed on its exit from D). These can be proved by using
the time dependent test functions ¢¢ and ¢®, where ¢S(g) = G,D_’;/ g fors € [0, 1],
in (3.5). For smooth g, & compactly supported in D, this test function has the required
regularity, and the moment formulae can then be extended to general g, 4 by monotone
class methods. In particular the same methods apply to the martingale problem for
solutions to (1.1) and give the bounds, forg > Oand k = 1, 2,

D' ) —
o [(Ut (g))k] < QME 4 [(U, (g))k] < QD [(Ut (g))k] GBI
illustrating the natural intuition that less killing leads to larger solutions.

3.1.4 Extinction probabilities and speed of propagation

d
The probability of extinction for DW(R?, ) processes is given by fo YU, =0] =
exp(—)»iy),u(l)) where A§V) is determined for s € (0, 7] by

. 1
A = —E(A(}’))2 —y2®,  and A - coass | 0.

This follows by examining the martingale s — exp(—k?’i)s Us(1)) for s € (0, t] (see
the derivation of (3.15) below). This same argument applies to solutions of (1.1) to

give the bounds

d ., _ d d
O Py, =010, 77U =0] and Q) P7(U=01<0F ¥ [U,=0]. (3.14)

DW processes, started from finite measures, are compactly supported at all times
t > 0. The same will apply for solutions u to (1.1), by the absolute continuity of the
law of u with respect to a DW process (see Sect. 3.2). However we need a quanti-
tative bound on the size of the support and we use two estimates for this behaviour,
based on the results from Dawson et al. [3]. For R > O let Dg = (—R, R)d. Choose
0 < &g < 1 smooth and satisfying {£g > 0} = 5;. Then for M > 0 and smooth

bounded 1 : Dg — R, let ¢p5 = S(M’R’") be the unique non-negative solution to
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. 1
¢>=A¢>—5¢2—n¢>, do = Még.

Then, for s > 0, oMM 4 B 56 a5 M 4 0o and moreover ¢ (x) — 0 as

R — oo (use a comparison argument and [3, Lemma 3.6]). Taking expectations of the

martingale exp(—Us (¢>,(f/ls’R’n))) at times s = 0 and s = ¢, and then letting M — oo,
d —

one finds that Q,If MU, (DY) = 0] = exp(—u(¢®™")). The same proof shows, when

y — Bf > n, the bound

o [Uf(ﬁ}) = 0] > QR [U,(B;) — o] . (3.15)

Letting R — oo shows that solutions to (1.1) started from compactly supported u €
M (R%) must have compact support at any time ¢ > 0.

Similarly, let ¢y = s(M’R’") be the unique non-negative solution to
. 1 2
V=AY —SyT =0y + MEg, Yo =0.

Then, for |x|<R, %(M’R’n) x) 1 ws(R’")(x) <oo as M7too and moreover

ws(z’R’y)(x)—>O as R— oo (argue as in [3, Theorem 3.3 (ii)]). Examining the
d —

M-Rmy) a5 above one finds that Qﬁ MU (DR) =0] =

exp(—u(l//,(R’"))) and the same proof shows, when y — Bf > n, the bound

process exp(—Us (1/fz(

—

d — d —
00 7 [Uon @) = 0] = 08" [Uo.n (D) = 0] (3.16)

Letting R — oo shows that solutions to (1.1) started from compactly supported ©
remain compactly supported at all times. Comparisons (based on maximum princi-
ples for example) can be used to give more concrete estimates. For example suppose

that Aw < (1/2)w? — nw on Dg and inf{w(x) : x € dDg_c} 1 0o as € | 0. Then

(R~ 4 on Dy, for all £ so that, when n > Bf — y, for ju supported inside Dg

d — d _ —
0 7 [Ut0.00/ (D) =0] 2 08" [Uj0.00) (D) =0] zexp(—p(w)). (317
3.1.5 Occupation density

Define a putative density U (s, t, x) for Uy ;) on path space Qp by setting, for 0 <
s<t,xeD,

t

1
Us. 1, x) = lim inf — / U, (Ix.x + e N D) ar. (3.18)
el0 €

N

We also set U (0, #, x) = limg o U (s, 1, x).
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. . . . d
Sugitani [15] studied the occupation measure under the law Q{f 0 of a DW pro-
cess on R?. His main result extends to our processes on more general domains, and

with bounded annihilation/creation rates, as follows: Q,If’" almost surely, the process
(s,t,x) > U(s,t,x)is continuous over 0 < s <t, x € D,and x — U(s, t, x) acts
as a density for U, ). One way of representing the density is via a Green’s function

;orrgula, a(SS fol(l)owsd. Let GD[I()):;C] = f(; GPds and G[[()):i/]’x = f(; GP7*ds. Then, for a
xedt >8> 0andx € D,

t
U@, t,x) = Ug(G[l()):fﬂS])+//G[l()):ffs](z)(—n(z)Us(dz)ds+M(dz,ds))
8§ D

Q7" as. (3.19)
where M (dz, ds) is the martingale measure associated to U. Moreover, for k € N,
O MUG. 1.x)"] < Ck. 8. . [Inlloo. T) forallx € Dt €[5, T]. (3.20)

When the initial condition is more one may take § = 0 in (3.19), and indeed this is
the case if  has a bounded density.
In particular, when p(dx) = Bdx we have, fork € N,

ODIU 0,1, x4 < C(k, B, Inlloe. T) forallx € D1 €[0,7].  (3.21)

It is not hard to extend Sugitani’s proof of the representation formula to hold for
domains D and with annihilation/creation terms, and also to bound the moments
(inductively in k). Sugitani’s proof of continuity is via Kolmogorov’s continuity crite-
rion and moments of increments. We omit the details since we will follow Sugitani’s
arguments to establish a similar increment estimates for approximations to solutions
in Sect. 4.2, and some of the key steps are illustrated there.

The second moment formula (3.12) lead to the moment

t
X 2 X
0P [U2(0.1.0)] = (G D) + [ WGP (G s
0

We use the bound G,D’V’x < e_V’Gth’x and the estimate
d
q(t) = /(Gﬁ)’;f(y))zdx < C)t* D% forallx,y whend < 3.

One can now deduce that

t
o /(U(O,t,x))2dx <CWd,y) u2(1)q(t)+u(1)/q(s)ds . (322
D 0
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Again, one has that Qﬁ’f’y [(U20,1), 1)] < 027 F [(W20, 1), 1)].

3.1.6 A construction of the exit measure process and the spatial Markov property

A convenient way to construct the exit measure processes was developed in Perkins
[13], which will be useful in our proof of a coupling version of the spatial Markov
property lemma below. This exploits a historical DW process, which is a process of
random measures on the space of paths, where intuitively the paths trace the posi-
tions of the ancestors of the particles in a DW process. To explain the construction,
we recall some notation from [13] for the historical Brownian DW process (which is
only required in this one subsection): on the path space C([0, c0), Rd) let C be the
Borel o-field and (C;) the canonical filtration; M (C) is the space of finite measures on
C ([0, 00), RY) with the topology of weak convergence; on Qg = C([0, c0), M(C))
let H be the Borel sets and (H;) the canonical coordinate variables. Write QnH’ M for
the law on (2y, H) of a historical Brownian DW process, with branching rate one,
with bounded measurable annihilation/creation rate 7 : RY — R, and with initial
condition u € Mp(R?). Letting A/ be the Q';,’ M null sets we define a filtration by
H; = Ng=1o{H, : r < s} vV N. The canonical process H = (H;) is a historical
DW process with creation/annihilation n on (Qg, H, H;, Q"H’ u)' In the notation from

[13], it solves the martingale problem (MP)?”ZLI 0.5 where 71(s, ¥) = n(yy).

For (C;) predictable C : [0, c0) x C([0, 00), R?) — R, having left continuous
paths of bounded variation, Theorem 2.23 of Perkins [13] constructs the integral of C
along the paths of a historical DW process as the limit (in probability, or almost surely
along a subsequence)

! o0
/ Hy(dCy) = lim > I(t] <t)Hp(Cp —Cpn ). wheret!! =i2".  (3.23)
n—00 i i i—1 l
0 i=1

Note that the process fé H(dC;) is non-decreasing whenever C; is also non-
decreasing.

Fix a bounded domain D and define T = t(y) = inf{t > 0 : y, & D} for
y € C([0, o0), R?), and where inf{f}} = 0. Define a measure u,(dx) on D by

u;(dx) = / I(y; edx, t <7, v>0)H(dy).
C([0,00),R%)

If w is supported inside D we may omit the indicator I (t > 0). For bounded measur-
able ¢ : 9D — R define

13
u}P (@) = / Hy(dC?), where C{(y) = ¢(yr)I(s > T > 0).
0
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By definition u??(¢) > 0if ¢ > 0 and u?P (¢ + ) = u?P(¢) + u®P () almost
surely. Using these properties, it is not hard to show that there is an (H; measurable)
random measure ufD on 0D so that u,aD(q&) = fE)D ¢(x)dut3D(dx) almost surely.

Let Z(dy, dt) denote the martingale measure associated to H (constructed for
example in [13, Sect. 2]) and use the notation Z%dy,ds) = Z(dy,ds) — n(ys)
H(dy)ds, that is an integral against Z°(dy, ds) means the difference of two inte-
grals. This notation is borrowed from [13] and will save space since these two integrals
frequently appear with the same integrand. We may apply the historical Ito formula
([13] Theorem 2.14) to the process Y;(y) = y;a¢, since the stopped path y; . For
¢ € Cp2([0, 00) x RY) this yields

t
/d’tAr(yt/\t)Ht(dY) = (o) +//(¢ + AP)snr (Ysac) I (s < T)H(dy)ds

0
t

+//¢mr(ymf)Z0(dy,ds) fort > 0, a.s. (3.24)
0

Using Proposition 2.7 from [13] we have also, Q"H’ u s forallt > 0,
t
/¢0(yo)1(T — 0)H, (dy) = u(1(D)gy) + / / B0 o) (r = 0)Z%(dy. ds). (3.25)
0

Finally, Theorem 2.23 of [13] shows, when Cf)(y) =¢:(y)I(t > 71 >0),

t

t

H/(C?) = / Hy(dC?) + / / 6 (s > T > 0)Z%dy, ds)
0 0

fort > 0a.s. (3.26)

Note that
u(¢r) = /qu(ym)Ht(dy) —/d)o(yo)l(r = 0)H;(dy) — Hz(C,d’)-

Combining this with (3.24, 3.25, 3.26) shows that

13 13
ui(¢r) = u(pol (D)) —/Hs(dcf) +//¢s(ys)1(s =t t>0)Z(dy,ds)
0 0

t
—l—//((i) + AP — nP)s(vs)I (s < t)Hg(dy)ds fort >0as. (3.27)

0
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An approximation argument shows that (3.27) continues to hold for ¢ € C L2(10, 1] x
D). Taking time independent ¢ shows that the extended martingale problem (3.3)
holds for (u, u?P). To check the regularity of the paths, note that the path t — u,(¢)
is continuous for ¢ € Cg(ﬁ) by (3.2). To establish continuity when ¢ € Cg(ﬁ),
we use an estimate of the amount of mass near the boundary of D. For € > 0 let
¢p.c(x) = (1 — e 'd(x,dD)) v 0. If w(dD) = 0 then U;(dD) = 0 for all t > 0,

d
Qﬁ " almost surely. This follows since ¢ — U,(d D) is continuous (see [12, Theorem

d
II1.5.1] and use absolute continuity between Qﬁ " and Qﬁd’o) and has zero first
moment. Since ¢p . | 1(dD), for such u we have

supU;(¢pp.e) | Oase | O, Qﬁd’” almost surely. (3.28)

t<T
Note the simple coupling
u; <iu, forallr >0 (3.29)

where # is a DW(Rd) process with creation/annihilation 7, both with the same initial
condition. This is natural since # does not have the killing on the boundary of D,
and follows by setting i, (dx) = f I(y; € dx)H;(dy). This coupling ensures that
(3.28) is also true for sup, .y u;(¢p.). This implies the continuity of t — u;(¢) for
¢ € Ci(B), and hence of t — u; € M(D). The continuity of t — u?D(h) for
h e cg(a D) follows from the continuity of all other terms in (3.3). This implies the
paths ¢t — u? D are continuous, and they are non-decreasing by definition. So u is a
DW process on D, with annihilation/creation rate n, with exit measure u?P  and with
initial condition p1 (D).

Dynkin [5] established a spatial Markov property for DW processes. We will need
the following slight variant of the standard statement. The lemma is reasonably clear
at the approximation level of discrete branching trees, but we choose to give a proof
in the continuum setting using historical calculus.

Lemma 8 Let D~ C DV be bounded domains. Fix n € M(DV). There exists a
coupling of three processes: u a DW(D, y) process with initial condition ju; u™ a
DW(D™, y) process with initial condition ulI(D7); and u* which, conditional on

o{u~}, is a DW(D*, y) process with initial condition wI (DY\D™) + u?ol_)o;’)_|[)+;
and moreover these processes satisfy the splitting '

aD* - D™, — aD+,
(u[o’oo), ugg ) = (“[o,oo) + MEB,oo)’ iy " lap+ +ugg +)

almost surely. (3.30)

Proof Define t* = inf{r : y, ¢ DT}. As above, we suppose the canonical process
(Hy) is a historical DW process with constant annihilation rate y on (g, H, H;,
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oy ) Define

u(dx) = /I(yz €dx, t <t7) Hi(dy),

u; (dx) = /I(y, edx,t <t ,t >0)H/dy)

t t
WP () = / HydCP),  ul " (9) = / Hy(dC?),
0 0

where C?"(y) = ¢(y,+)I(s > t+) for bounded measurable ¢ : DT — R and
Cf’_(y) = ¢(y,-)I(s > = > 0) for bounded measurable ¢ : dD~ — R. The

earlier arguments leading to (3.27) show that this defines processes (u, u3D+) and

— + -
(u™, u?P”>7) having laws Q,LB 7 and QE[(’;;_) as desired.
There exist random measures I on [0, co) x DT and 1°2" on [0, o0) x DT satis-

fying, for bounded measurable ¢ : [0, c0) x D* — R and ¥ : [0, c0) x DT — R,
[o)e]
I(¢) = //(btfr— It € (x™, t ) H,(dy)dt
0

10" () = / H(dCY) where CY (3) = Yoo (i) I (s > T = 7).
0

We will show that conditional on o {u "}, the law of (I, 13D+) is that of (U,;(dx)dt,

dU?P(dx)) under the law QDJr’V uD*

. . This allows us to define (u,
ul (D) +use -~

I p+
with the required law so that ?
o0 o0
I(¢) = / ut(pde and 1P (y) = / du®®"F ().
0 0

The splitting (3.30) for the total occupation measures holds since
o
u[f()’oo)(A) = // I(yye At <t ,7° > 0)H;(dy)dt
0

=//I(yt € A, t <t )H(dy)dt
0
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while
o0
0,00/ (4) = / / Iy € At < T Hy(dy)dr,
0
o0
I([0, 00) x A) = //I(y, €At e, tH)H,(dy)dt.
0
Note that for A € 9D
o
u?P" (A) =/HS(dCSA'+) where CAF(y) = I(y,+ € A, s > 1),
0
o0
ulD"=(A) =/H3(dCSA’_) where CA~(y) = I(y,- € A,s > 1~ > 0),
0
oo
P27 ([0, 00) x A) =/Hs(dé;“) where CA(y) = I(y;+ € A,s > 17 > 7).
0

Note also that CA*~(y) = I (y,+ € A, s > t+ =t~ > 0) since A € 9D Then the
splitting for the total exit measures holds since

CAY=CA4Cr +1(ypr €A s>1T=0)

and H;(tt =0)=0forallz > 0, Qﬁ,’u a.s.

To identify the conditional law of (I, 13D+) we will use the Laplace function-
als. Choose non-negative, continuous bounded @£ [0, 00) x DE and h(3)'_jE :
[0, 00) xd DE whichare zerofort > T.Letg* € C12([0, T1x DF)NC ([0, T]x DF)
be the unique non-negative mild solution to

X o o 1 . o o
—pF= A¢i—y¢i—§(¢i)2+h(2)’i on D*, ¢F=0and p==h* on D*.
We extend these by letting qAb,i = 0O fort > T. It is enough to show

. |:e—l(h(2)’+)—IBD+ (hO) }O{u—}} s (3.31)
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where ua’ is defined as I (DT\D™) + ugé)_’_ | p+. This in turn will be implied by

E [eﬂg<¢30+)e—1(h(2>~+>—180+ BOF) =[5 uy (P yds— [ du?D*(h?)')] e~ 1é)

(3.32)

for all h®)= h3:—,

A comparison of the martingale problem for time dependent test functions (3.5)
with (3.27) shows thatif ¢ : [0, o0) x DT — R and Cf’Jr(y) =+ (yp)I(s > 1)
then fé Hy(dCP™y = fot du?D+ (¢5) (and a similar representation for a du®” "~ inte-
gral). Suppose first that qS_ is in C;’z([O, T]x F). Then using (3.27) on the domain
D™, one finds that £, defined by

B = et @D [yus 7 ds— [t T n )

. . . . o (T = @, (T D= (3)—
is a martingale which satisfies 2 = e Jo e (™ di=Jo dug ™ () apd

t
B =e M) _ // B¢ () (s <17, 1" > 0)Z(dy. ds) fort > 0 a.s.
0
(3.33)

An approximation argument shows (3.33) continues to hold when ¢3_ e CL2([0, T] x
D7)YNC([0, T]1x D). We now develop a similar representation for the Laplace func-
tional of (I, 1°27). Set

Yi=(t—-1t )y — (@~ T+)+)a Yinrt)
t t
/1(s e, r+])ds,/l(s < tHdy(s)

0 0

For¢ € C ;’2([0, 00) X R4 ) we have, using the historical Ito formula again,

t
/ 6 (Y Hy(dy) = p(o) + / / 6(¥)Zdy. ds)

0

t
+//¢'>(Ys>1<s € (r, Tt + A(¥) I (s < TH Hy(dy)ds.

0
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On{t > t"}wehave Y, = (t7 — 77, y,+) so that
/ SN > THH (dy) = / G (eIt > THH, ()
—H(EP)+ / Go(ve )t > TH =TV H,(dy). (3.34)

Using Theorem 2.23 of [13],
t t
H,(C? =/Hs(dé;”)+//¢,+_f(yf+)1(s >t > t7)2%Ady, ds).
0 0

On {t <t~} we have Y; = (0, y;) so that

/¢>(Yz)1(t <t )H;(dy) = /cbo(ym—)l(t <17 )H(dy)

_ / G0 (ines) Hy(dy) + / do(ve )1t > TV Hi(dY).
(3.35)

By the historical Ito formula again

t
/¢o(ymr)1‘1z(dy) = M(¢o)+//¢o(ys/\r)zo(dy,ds)

0

t
+//A¢o(ys)1(s < t7)Hy(dy)ds.
0

We may combine some terms from (3.34) and (3.35) as follows, again using Theorem
2.23 of [13],

/d’o(yr—)l(t > 17 )H(dy) —/¢0(yz—)1(t > 1" =17)H(dy)
= /¢01(D+)(yr)1(t > 1 )H(dy)

= H (PP 4 / dol (DVY(yo)I (1 > T~ = 0)Hy (dy)

t
N / Hy(dCP!PD7) 4 (ol (DT\D7))
0

t
4 / / J0l (D) (e )Lt > T 20y, ds).

0
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The last six displayed equations hold for all # > 0 almost surely, and a little book-
keeping combines them to yield

1
/ P10 € 7, TN H@y) + / H(dC?)
0
t
- /’L(¢OI(D+\D7))+/Hs(dcgﬁol(D"'),f)
0

t
=//¢s_f—(yx)1(s € (t7,t ) Z(dy, ds)

0

t
+//(¢5 + AP =y~ (31 (s € (x7, T D Hy(dy)ds.

0

If we now suppose thatd}—l—A¢>—y¢>—(l/2)¢2+h = 0forsomeh € Cp([0, 00) X RY)
then E;" defined by

t
B = exp(+u(pol (DT\D7)) +/Hs(dCs¢’°’(D+)»—)
0
—/¢H—(yz)1(t € (r7, Tt H/(dy))

t t
X exXp _/HY(dé?) _//hs—t—(ys)l(s €(r, T+])Hr(d)7)ds
0 0

is a non-negative local martingale and satisfies
t
Ef=1 —// Efps_-()I(s € (t7,t 1) Z(dy,ds) fort >0as. (3.36)
0

An approximation argument shows that (3.36) continues to hold with ¢ = (;34‘ and
h = h®:+_ With this choice, and extending qb,+ =O0fort > T, welett — oo to find
that

2 = exp (+ug G) — 1D —PPT (1O
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Combining (3.33) and (3.36) we have

~ -+ . o Q).— . aD— . — —
13 @D —LHDH)—PT WOty — [ (P D= [ duy P )

o0
= e M%) — / / E EFGT (I e T, TN Z(dy, di)
0

—// B E ¢ vl < T, v > 0)Z(dy,dr) (3.37)
0

(noting that the cross variation of the two stochastic integrals is zero). Note that
E,+ < exp(+]¢T ||oou(‘)Ir (1)). The quadratic variation of the first stochastic integral on
the right hand side of (3.37) is therefore bounded

T 112 exp(+211p ™ lloo (1 (1) + 1L~ (1))ugo.00) (1)

The finiteness of small positive exponential moments for the total exit measure
u:’ié) _’_(1) implies that the stochastic integral has mean zero if the norm ||<1A>+||Oo is
small, which in turn is satisfied if the norms ||A® || and [|A®)F||s are small
enough. Similarly the other stochastic integral is mean zero. Taking expectations
in (3.37) establishes the conditional Laplace functional (3.31) when |2 F ||« and
173 s are sufficiently small. But this is sufficient to characterize the conditional

law. O

3.2 Existence and uniqueness via change of measure

Proof of Theorem 2 Many of the change of measure arguments we will use can be
found in Sect. IV.1 of Perkins [12]. Fix f € B(D, [0, 1]), and on the path space
(Qp,U, U, Q/LZ'O) use the path space density from (3.18) to set Vi;(x) = f(x)
exp(—U(0, t, x)), where we use the convention exp(—oo) = 0. Note that V is
P x B(D) measurable and has non-increasing paths as required. Define the stochastic
integral

t
MPI / / (BVs () — )M (dx, ds) (3.38)
0 D

where M (ds, dx) is the martingale measure on [0, 0o0) x D constructed from U under
QE 0 (as explained in Sect. 3.1.1). A simple version of the arguments in [12] The-

orem IV.1.6.(b) implies that the stochastic exponential & (M ﬁ’y’f) is a true martin-
gale, so that there exists a measure Qllz’?‘y on the path space (Q2p, ) satisfying

in)’Jé’y/d Qﬁ’o = &MPY-Iyonl. 1t is straightforward to check via Girsanov’s
theorem that the triple (U;, UtaD , V;) solve, under Qi’]’?’y, the extended martingale
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problem (2.3) and (2.4) for solutions to (1.1). The regularity of U (s, ¢, x) will imply
that (2.2) holds, namely for all bounded measurable ¢

t

(Vi) = (£, ¢) — / Us(Vig)ds, Q.7 as. (3.39)

0

This would be trivial, by the fundamental theorem of calculus, were Us(dx) to have
continuous density in (s, x). We show at the end of this section that it follows in our
more singular setting. This completes the proof of part (i) of Theorem 2.

To show uniqueness of solutions, we take a solution (u, v) to (1.1) on D, on a fil-
tered space (2, (F;), F, P), with an arbitrary Fy measurable starting condition. Let
m(dx, dt) be the local martingale measure extending the local martingales m; (¢). We
now reverse the change of measure argument. The local martingale defined by

mf,y,f s (//(y — Bug(x))m(dx, ds))

is in fact a true martingale (argue as in [12] Theorem IV.1.6.(a), noting that the deter-
ministic initial conditions there are not needed for this argument). Defining Q by
dQ/dP = mf’y’f on F;, one finds that (u;) solves the martingale problem for a
DW(D, 0) process under Q, and so Q is determined on o{u; : s < t} by the law
of ug. By Sugitani’s results listed in Sect. 3.1, the occupation measures u[s ;) have
densities (under P or Q), and moreover that there is a density (¢, x) — u(s, ¢, x) that
is continuous on {(s,#,x) : 0 < s < t,x € D}. Knowing this one shows that v is
given by (see the argument at the end of this section)

v (x) = vo(x)e @5 forall ¢ > 0, for almost all x, P a.s. (3.40)

where u(0, s, x) = lim, o u(r, s, x). Now we may replace the change of measure by

dQ/dP = &, (// (y - ,Bvo(x)e_“(o’s’x)) m(dx, ds)) on F,.

since the two exponential martingales are equal upto a null set. Inverting one finds

dpP =&, (// (ﬂvo(x)e_“(o’”) — y) i(dx, ds)) dQ onF.

where m(dx, ds) is the local martingale measure determined by the local martingales
found in the martingale problem of # under Q. The stochastic exponential is a measur-
able function of (vg, {us : s < t}). Applying the Markov property of # under Q at time
t = 0, we find that P is determined on o {u; : s < t} by the law of (u, vp). Indeed, for
eacht > 0 there is a measurable kernel p;(u, f, B) for f € B(D, [0, 1]), u € M(D)
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and Borel B € M (D) so that

Plu; € dB] =/ / pi(u, f, B)Plug € du, vo € df]. (341
B M(D)

Under Q, and therefore under P, there exists an exit measure process u? satisfy-
ing ufD = R;({uy : s < t}) almost surely. Another Girsanov calculation starting
with the extended martingale problem under Q, shows that the exit measures sat-
isfy the extended martingale problem for (1.1) under P. This completes the proof
of parts (ii),(iii) and (iv) of Theorem 2. For part (v), note that the measurability of

the maps (u, f) — Qi’ﬁ’y (B) follows from the analogous measurability of Qlﬁ) 0

and the fact that, for ¢+ > 0, the derivative d P /d Qg 0 on F; is a measurable map of
(f, {us : s < t}). The strong Markov property for the laws Qi)’?’y can be deduced

either from the strong Markov property for the DW laws Qﬁ)’y, or more easily from
the uniqueness of the one dimensional distributions for the martingale problem (use
(3.41) and follow the argument in [12, Theorem I1.5.6]). m]

Remark 1t is straightforward to show that uniform integrability of the martingale
t — & (MPV-1y under Qllfd’o for some 1 # 0 (or that of 1 — & (MP%1) under

d
Qﬁ ") is equivalent to certain death for the parameters (8, ). See the remark in
Sect. 7.1.

Proof of (3.39) Suppose (vs : 0 < s < 1) is a continuous path in M(R?). Suppose
also that (n(s,x) : s < t,x € R?) is bounded and continuous and that fos vdr =
n(s, x)dx as measures for s < t. Let T5 denote the heat semigroup with generator A,
and write 7" for the dual semigroup acting on measures. For continuous compactly
supported 1, we shall argue that

/(1 — e "y (x)dx = 15133/(1 — Ty g (x)dx

t
213?6 / / e~ BNy () T vs (dx)ds
0

t
=//e_"(s’x)1//(x)vs(dx)ds.
0

Since the measures Ta* Vs have densities, the paths s — Tsn(s, x) are absolutely con-
tinuous for almost all x. So the second equality above follows by expanding s —
exp(—Tsn(s, x)) as an integral of its derivative over [0, ¢] and then interchanging s
and x integrals. The third equality holds since Tsn(s, x) — n(s, x) uniformly over

s <t and x in the support of v, and since T vy — v, weakly.
The assumptions above hold, Qﬁ’]’?’y almost surely, if we take vs(dx) = E(x)

Ues(dx), for some € > 0 and continuous v, with compact support in D, and take
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the corresponding density n(s,_x) = E(x)U (e, € + s, x). Choosing continuous
compactly supported in D and ¥y = 1 on the support of ¥y we obtain, almost surely,

I3
/ e Ve y (xydx = / Y (x)dx — / / e~ VS0 y (1) Uy (dx)ds.

To pass to the limit € | O in this equation note that for ¢ > €

€

dxS/U(O,e,x)dxz/Us(l)dseO ase | 0,
0

/‘er(e,t,x) U0

and similarly

t 1
/ / e Vs (x) Uy (dx)ds — / / eV OS5Iy () Us(dx)ds

t

< 1¥llso / U, (U0, €))ds

€

< IIWlloo/U(O,t,X)U(O,E,X)dx

which converges in L2 to zero, as € J 0, by (3.22). This leads to

t
/e_U(O’t’x)w(x)dx =/1/f(x)dx —//e_U(O"“”l/f(x)Us(dX)ds
0

for continuous compactly supported . We may extend to general bounded measurable
¥ : D — R by monotone class arguments, and choosing v = f¢ for ¢ € Cg(D)
shows that (3.39) holds. O

Proof of (3.40) First, we may use a density argument to ensure (v;, ) = (vo, @) —
fot us(vsp)ds for all + > 0 and all continuous ¢ with compact support in D, P a.s.
Now we can argue pathwise. Fix a sample point @ so that the above happens and so
that also (r, s, x) — u(r,s, x) is continuous over x € D,0 < r < s < t. Choose
apartition 0 < s =1 <t < --- < ty = t with max;(#; — t;_1) = §. Choosing
¢ (x) = exp(—u(t,—1,t, x))¥(x), for some continuous ¢ > 0 with compact support
A C D, we find

In

<vz ,efu<zn_.,t>¢,> =<vz 717efu<tn_1,t>w>_ / " (Usefu(z,,_l,z)w) ds.

-1
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A little rearrangement leads to
<v,n, e_”(’””)1p> = <v,n71, e_”(’”*"’)lp> — E,l, + E,%

where Ejl > ( are given by

In

E) = / g (€710 0y — v, ) ) ds < 1Vl {1 1)1 (A), vy, = )

In—-1

and, using 0 < e* — 1 — z < 2z for z € [0, 1],

n

E2 = (v, et M 0mtt) 4 —u(r,y,1,)

= 20 oo (1), Wt 1) A 1))

Now sum over the partition to find
Wi ) = (v, e OOy =S BN+ S B2,
n n

The error bounds above, and the fact that
max{u(s’,t',x) s <s' <t <t,|s —t| <8, x € A} > 0as§ — 0,

imply that >, E;l — 0asd — 0. Thus v, (x) = vs(x) exp(—u(s, t, x)) for almost all
x. The non-increasing paths t — v,(x) ensures that v, (x) = v (x) exp(—u(s, t, x))
for all 0 < s < ¢, for almost all x. Since limg o vs(x) = vo(x) for almost all x (use
the non-increasing paths of v and (2.2)) we reach the conclusion (3.40). O

We conclude this section with the proof of local extinction of solutions.

Lemma 9 Suppose that y > 0. Then, for compact A € R?,

RY.B,
Qﬂ’fﬂ "[Utt.oy(A) =0] = 1 as t — oo.
Proof Although not directly used, we first give a weaker fixed ¢ extinction result whose
proof is similar to the support results in Sect. 3.3. Fix R > Oand let 0 < ¢yg < 1 be
smooth and satisfy {¢/g > 0} = Bgp = {x : |x| < R}. Let q&t(M) (x) be the solution, for
xeRY t>0,0f

2
3z¢=A¢—V¢—%+ﬁ¢I(ISI)7 $o = M.
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d
Then stochastic calculus shows that, under Qﬁ j}ﬁ v

o
d( —Us(@— )) > —Be” Us 9/ A)U (Vs¢(M))I(s <t — 1)ds + martingale increments
so that,

%P7 1U,(Bg) = 0]

u, f
~ lim QR ﬂy[ —MUtwfR)]
M— o0
o0
d
> HO) _ goR" By / Us (Vo) I (s <t — 1ds | . (3.42)
0

where ¢ = limy— o0 ™). As in the extinction results in Sect. 3.1.4, a compari-
son argument shows that ¢, is bounded for all # > 0. Moreover, then ||¢;|coc — 0
ast — 00, so that the term exp(—u(¢;)) — 1. Similarly, for fixed (s, w) we have

Us(Vsgpi—s) — Oast — oo.Tojustify the conclusion that Q f’g Y[U(Bg) = 0] = 1
as t — oo we will dominate the second term on the right hand side of (3.42) by

o0

Qﬁi%ﬁ’y /US(Vsd)*)ds = R /3 14 |:/¢ ) f)(1— —U(Ooox))dxj| <¢*’ 1)

0

where ¢*(x) = sup,; ¢:(x), and where we are argue as in (3.39) for the first equality.
But, for y > 0 and where T; is convolution with the heat kernel p; (x),

¢*(x) < supe " Ty (x)
t>0

IA

sup /¢1(x+y)e_y’pt(y)dy + / ¢1(x+y)51tlp{e_y’pt(y)}dy
[yl=1 [yI>1

sup{gi(2) @ |z — x| = 1} + C(y)/qbl(x T yyer gy,

IA

The fact that (¢*, 1) < oo can now be deduced from the boundedness and exponential
decay of ¢, which follow from comparison arguments as in [3, Lemma 3.1].

The stronger conclusion of the lemma follows by a similar argument using a slightly
more complicated test function. Suppose that { satisfies in addition g = 1 on Bg_1.
Fix tp, t; > 0 and redefine ¢ as the solution to

2

86 = Ap— v — "% O MYRIG < 0) + BoVrealt <t + 1), o =0,
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R%.B.y
Some calculus shows that, under Q M s

d(exp(—=Us (¢ig+1,—s) — MUjz,19v51(VR)))
= exp(—Us(@rg+11—s) — MUty 1ovs1(¥R))
(—=BUs (Vs¢rotn—s) + BUs (o1 —sVr+2) I (s = 10 — 1)) drt

up to martingale increments. Taking expectations we have

Qﬁd}ﬂ’y I:e_MU“O'tOHI]WR)] Z e_ﬂ(¢10+11)

o+t

d
-po, [ / Us @415 V) —Us by, —s V12 (5 = to—1)ds
0
(3.43)

There is a unique non-negative solution ¢ (see the arguments of [7]) to

—2
Ap=yd+ % — BoYr42 on B and ¢(x) 1 coas |x| | R.

A comparison argument shows that ¢;(x) < $(x) fort < t; 4+ 1and |x| > R. Also
¢+1 < A for 1 > 0 where

: 22
Ay = —YAg — ?Y + BrsI(s <1) and Ay  coass | 0.

Moroever, as in the fixed ¢ argument,

Puitits < € Ty 1 < eV To(@ A M) = ¢
Using these bounds in (3.43) we obtain for #p > 1

QR",/M [e—MU[,O_,O+,1 ]wfR)]

w. f
to—1 00
d —_ —
> o =gl | [ UG, s+ [ UV B, s
0 to—1

Now we let M, r; — oo to obtain the same upper bound for Qlljfl]}ﬂ’y [Ultg,00) (BR) =
0]. As ty) — oo we have A, — 0. The conclusion of the lemma follows as in the fixed
t result using the domination f;~ Us(Vid )ds < (¢, 1) where ¢ = max{g] (Bii1)-
sup, ¢,). The integrability (5*, 1) < oo follows as in the fixed 7 result using the
exponential decay of the function ¢. O
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3.3 Existence of the critical curve W ()

For a DW(D, y) process the death time time T = inf{s : U; = 0} is finite, and then
Uj0,00) = Ujo,7] and UBD = UaD are finite measures, Qﬁ almost surely Using
the change of measure from Sect. 2.2 the same holds for the law Q 0. }’? ¥ when D

is a bounded domain. Indeed the change of measure martingale M#%/ from (3.38)
satisfies

[Mﬂ’of -8 //f (0)e 2V OS5I (dx)ds

2
,3 /f @) 672U(0,t,x)) dx

by arguing as in the proof of (3.39). This is bounded independently of ¢, for a bounded
domain D, so that & (M#-%-1) is a uniformly integrable martingale, ensuring the above
almost sure properties carry over to the law QD By

A similar argument leads to the following lemma, which shows that either certain
death or possible life must occur, for each pair of parameter values 8, y.
Lemma 10 If Qllfjll’ﬂ’y [U: # 0O forallt] is strictly positive for some pu € M(Rd)
then it is strictly positive for all non-zero n € M(R?).

Proof Step 1: We claim that the laws of solutions Q L. fﬁ 7 and Q ¥ are mutually
absolutely continuous on the entire sigma field Uy, = o {U; : t > 0} provided that f
and g differ only on a compact set. To see this, consider the Radon-Nikodym deriva-
tive between the two laws, which is the stochastic exponential £(M) arising from the
martingale M, = f8 fot Jra (f — @) (x)e~ V051 M (dx, ds). Then, if 0 < f, g < 1 are
supported inside the compact set A,

t
M), = B2 / / (f — 92 ()e V0O Y, (dx)ds

0 Rd
t
< B? / / e 2V G (dx)ds
0 A
_# —2Upo0(x) P
— 7/ (1 —e )dx < SIAL (3.44)
A

The exponential martingale is therefore uniformly integrable which establishes the
claim.

Step 2: A result of Evans and Perkins [6] shows that, for any fixed ¢ > 0, the laws
Q5>O[U, € -]and Q?’O[U, € -] of two DW(R‘J, 0) processes started at non-zero p, fi
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are mutually absolutely continuous on M (R%). The change of measure ideas used
to show existence and uniqueness imply that the same absolute continuity holds for

R4 R
OX P10, € Jand QX P, € 1.
NOW we combine the two steps. Suppose ., [t are non-zero and compactly sup-

ported, and that started at (i, 1) the solutions may survive. Then

0 < QR PV [U, £ 0 forall 1]

= Qvgﬁ Y[U; # 0 for all 1] QR B0, € dv, feVOW g
B(R4,[0,1])) x M (R4)

by the Markov property at time 7y > 0. By the compact support property of solutions,
fexp(=U(0, 1)) is identically one outside a compact set, almost surely. So, using
step one,

0< / QR ﬁy[U;;éOforallt]Q ﬁy[U,Oedv FeUO0) ¢ go]
B(R4,[0,1]) x M (R?)

/ QR PV, # 0 forall 1] Q) ﬁy[Utoedv]
M(Rd)

By step two above we obtain 0 < f QRd’ﬁ’V[U # 0 for all ¢] Q{ed’ﬁ’y[U € dv]
M 2,1 ! 1 fo

and undoing the steps we find that the process with initial conditions (g, 1) may

survive.

To remove the restrictions that w, & be compactly supported, recall that the solu-
tions are compactly supported at any time ¢ > 0 almost surely. Hence, if solutions may
live from some general u # 0, they may, by applying the Markov property at time
t > 0, live from some, and hence all, non-zero compactly supported initial conditions.
Any solution started at non-zero & will have positive probability of being alive and
compactly supported at small times # > 0 (use the continuity of the total mass process)
and hence, by the Markov property again, may live for all time. O

The next two lemmas give a characterization of certain death, which allows us to
reduce the question of possible life/certain death to the study of the total exit mea-
sures solutions on bounded domains. The existence of a non-decreasing critical curve
follows from this, since these exit measures are stochastically monotone in f, y.

d
Lemma 11 Suppose u € M(R?) is compactly supported. Then Qﬁ’}}ﬁ ¥ almost
surely

{U; = 0 for large t} = {Ujo,0) is compactly supported}.

Proof The inclusion {U; = 0 for larget} C {U|p,~) is compactly supported} follows
from the compact support property (3.16). Let D; = (—L, L)?. We claim for any L,
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P as., there exists at > 0 so that either U,(dx) = 0 or U;(D]) > 0 must occur. This
implies the opposite inclusion.

Applying the first and second moment bounds (3.12, 3.13), and the simple estimate
P[Z > 0] = (E[Z)) /E[Zz] for a non-negative variable Z, we may find €] > 0,
depending only L, B, y, so that Q Jéy[Ul(D ) > 0] > ¢ forall f € B(D,|[0,1])
and p(1) > 1. Using the extinction probablhty (3.14) we may find €, > 0, depending
only on 8, y, so that Qu’fj YU, = 0] > e, for all f € B(D,[0,1]) and u(1) < 1.
Applying the Markov property at time ¢, we obtain

d
0 PV Ui @dx) = 00r U1 (D5) > 01U ] = €1 Aea.

w.f
Iterating this estimate over the integers + = 1,2, ... and applying Borel-Cantelli
completes the argument. O

Lemma 12 Suppose p € M is compactly supported in D. Then
RY.B, D
0511”7 U0y (D) = 0] = 071U = 01

Proof We may construct a coupling of solutions (#~, v™) and (u™, vT) as follows:
(u™, v7) is a solution to (1.1) on D with initial conditions (u, 1); u??>~ is the associ-
ated exit measure process; T = inf{z : u?D’_ > 0}; and conditional on o {u—, v~} the
process (u™, v™) has the law of a solution on R4 started at the random initial condition
uar = u; and var = v, . One way to do this is to use the measurability of (u, f) —

D.By
Qu,f

may also suppose that v, = exp(—u~ (0, 7)) and v,+ = exp(—u—(0,7) — u™(0, 1))
for all + > 0. Now define (u;, v;) = (u; ,v; ) fort < v and (u;, v;) = (utt,, v,tr)
for t+ > t. Then v; is a measurable function of (uy; : s < t) and this can be used to
check that, with respect to the filtration o {ug : s < t}, the process v is predictable
and non-increasing. For ¢ € Cl%(Rd), we may apply the extended martingale problem
for (u™, v™) to the restriction of ¢ on D. Combining with the martingale problem
for (ut, vt) we find that (u, v) is a solution on R? with initial conditions (x, 1).
Moreover on the set {T = 0o} we have that u[ o) (D) = u[_(),oo)(DC) = 0. Thus

and construct a skew-product measure on the product space Q2p x Qpa. We

OF P [Upg o (D) = 0] = P = ool = 027 [P =]

For the converse inclusion we construct (1, v™) a solution to (1.1) on R¢ with initial
conditions (u, 1); © = inf{t : u, (D) > 0}; and conditional on o{u~, v~} a pro-
cess (1™, vT) with the law of a solution on D started at the random initial condition
u(‘)Ir =u; and v(‘; = v, . Aresult of Perkins (see [12, Theorem III.5.1] and use absolute
continuity) implies that the paths of ¢t — u; (D) are almost surely continuous. So
we may define (u,, v;) as above and the process u is almost surely continuous. A test
function ¢ € Cg (D) may be extended to ¢ € Cg(Rd ). Applying the martingale prob-
lem for (u=,v~)to q; and the martingale problem for (u™", v™) to ¢, we find that (u, v)

is a solution on D with initial conditions (i, 1). Moreover, choosing M?D = uftlz’;Jr
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ont > 7 and M?D = 0 for ¢t < 7 one finds the extended martingale problem is solved.
Then on the set {t = oo} we have that ugg = 0 and thus

opf [V =0] = Pr = 001 = 0 P [V, (D) = 0]

completing the proof. O

Using the above results and the comparison results stated in section 2.2 we will
now deduce the existence of an non-decreasing critical curve W as in Theorem 1.

Corollary 13 There exists an non-decreasing function W (g) : [0, 00) — [0, oo] so
that for 0 < y < W(B) possible life occurs and for y > WV (B) certain death occurs.

Proof Lemmas 10, 11 and 12 show, for i #0, that Q ’3 Y [U, =0 for large t>0]=1

if and only if Qso,lﬂ YU, = 0 for larget > 0] = l if and only if an,i v [U0,00)
is compactly supported] = 1 if and only if

sup o T uiP = 01=1.

But Lemma 5 shows that these probabilities are non-increasing in ﬁ and non- decreasing

in y. The result follows by setting W (8) =sup{y >0 : sup,, Q ﬂ y[U =0]<1}.
O

Remark The change of measure (3.38) can be used to show that (8, y) — QD By

[US 9D — (] is continuous when D is bounded, and hence that Q ﬂ YU, =0 for large ¢]
is lower semicontinuous in 8, y. This does not seem to have any immediate implica-
tions for the continuity of W.

4 Approximations

The proof of the decomposition results in Sect. 2.2 is rather clear for particle systems
that approximate our reaction diffusion system. Our first proofs used a full particle
approximation with population and nutrient particles living on discrete lattices. We
later realized that the key to establishing the comparisons was to discretise the effect of
the nutrient, and we here present an approximation where the reaction with the nutrient
occurs in a finite number of discrete ‘packages’ but the population still evolves as a
continuum SPDE. This intermediate approximation makes passage to the limit easier
to establish. This passage to the limit is broadly similar to many in the literature, and
the points of most interest are perhaps (i) that the nutrient interaction is singular as a
function of the population measure u, and requires tightness of the occupation densi-
ties; (ii) that convergence of the exit measures follows quite simply from convergence
of the population measures, via the extended martingale problem (2.4).
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4.1 Construction of the approximation

The approximations will depend on a parameter N, which we will suppress in the
notation in this section. Fix a domain D € R? and partition it as a disjoint union of
sets D = UD;, where each set D; has diameter at most N ~!. Choose a finite number
of functions (Y : 1 < k < K), each of the form N’ll(x € Dj) for some D; in the
partition. Each v will represent a small package of nutrient which may be triggered
to produce new population. The function f = >, ¥ < 1 will be our approximation
to the initial nutrient level.

Choose a probability space equipped with the following independent families: an
i.i.d. family of rate one exponential variables e; for k > 1; independent DW(D, y)
processes (ug,; : t > 0), for k > 0, with initial conditions

up,0 = M, and Uk,0 = By (x)dx fork > 1.

Let (“2,? : t > 0) be the associated exit measures processes. Given realizations
of these variables, the approximation can be constructed pathwise. We will list as
S € {1,..., K} the labels of those nutrient packages that have been triggered by
time ¢, and denote by 7 € [0, oo] the time at which the kth nutrient package is
triggered. Thus So = @ and S; = {k : 7 < t}. The approximation will satisfy

aD aD aD
w=uo,+ D wksg wf”=ud?+ D ud? v =Dy @D
keS; keS; k¢S;

Moreover we want the approximation process to be triggered in such a way that
T = inf {t : u[O,t](l/Afk) > ek} fork > 1

where Y = ¥/ (Y, 1). This uniquely specifies a process, which can be constructed
pathwise by defining the triggering times 73 and the processes u,, v; inductively over
the intervals between triggers (and where, on a null set, packages may be simulta-
neously triggered).

We now derive a martingale problem for the approximation. On the intervals
[tx, Tk+1) the approximation process evolves as a finite sum of DW processes. So
it satisfies the following martingale problem: for ¢ € Cg (D)

t

u (@) = p(¢) + / us (Ap — y¢)ds — ulP(@) + > Do) +mi(¢),  (4.2)

s<t
0 =

where m;(¢) is a continuous martingale with quadratic variation fé us(¢p>)ds and
where Dgug(¢) is the jump ug(¢p) — us—(¢p) at time s. We can compensate the jump
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term as

1
> Dous(¢) = B / > (¢ vidus(o)ds + ELV () 4.3)

s<t 0 kéS;

where E,(I)(¢) is a martingale with jumps bounded by SN ~4=1)|$|loo and with pre-
dictable brackets process given by

d(EV () = B> D (. v us (Pr)dt
kS,

< BHGIZN T D wode < BAlIGIZ N u (Ddr. (44)
keS,

The term N ¢! arises from bounding (1, ¥) < N~ (since 0 < ¥ < N~ ! and
the diameter of the support of ¥ is at most N~!). Examining the variation of the
function ¢ over the support of ¥, we can approximate

(. Vs (T) = s (Vi )| = N7 IV lootts (0)
and rewrite the compensator in (4.3) as fot us(vgp)ds up to an error of size O (N -,

Combining these estimates we have

t

u(9) = n(d) + / us (Ap + Bugp — yo)ds — ulP(¢) + m,(¢)

0
+EL () + EP(9) (4.5)

where the second error term E,(z) (¢) is controlled by

t
@) - B9 @) = |8 [ 3 (16w () — @) dr
s kES
1

< 5 (V1981 A Il [urhar @)

N

Taking ¢ = 1 in (4.5) we find that
t
(1) < (1) + (B — y)/usa)ds +m, 1)+ EV ().
0
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From this, via the standard argument (localizing, applying Burkholder’s inequality to
control the martingales and Gronwall’s inequality), one can derive the moment bound,
forany p > 0and T < oo,

E [Supluz(l)ll’] <Cp, By, T) (14 (w(1)P). 4.7)

t<T

We now consider the martingale decomposition of + — v,(x). For x € D let
D, be the partition element that contains x, let ¥, (y) = N~'I(y € D;) and @x =
Yy /{¥x, 1). Then a nutrient package satisfies ¥ (x) > Oonly if {4 = ¥. The process
t — v¢(x) is a pure jump process with compensator given as in

t
vi(x) = f(x) — / D Yr()us (fr)ds + m (x)
0 kgSv
t
— F0) - / 0y (Otts (P )ds + m? (x) 4.8)

0

for a martingale m} (x) with jumps bounded by N ~1 and with predictable brackets
process

dim*(0)); = D Y u@r)dt < N~ v (ou (fro)dt. (4.9)
k¢S,

We can solve the equation (4.8) for v;(x) as

t
i (x) = e o) | poey 4 / e 0170 g () | (4.10)
0

4.2 Tightness of the approximations

To pass to the limit in the martingale problems for the approximation we require tight-
ness estimates. We tried deriving these from known tightness estimates for each of
the DW processes used as building blocks, however the random start times caused
some difficulties in combining the estimates, so we proceed by repeating Sugitani’s
estimates for our discretized approximation.

We now include the dependence on N and write the approximation constructed in
Sect. 4.1 as (u™), vV,

Proposition 14 Let D be a bounded domain. Suppose the approximation (u™), vN))
has initial conditions u(()N) =™ and v(()N) = fWN) < 1 satisfying that u™) —
weakly and f™N) — f in L(D) for some f € B(D, [0, 1]). Then
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(i) thelaws of(u(N)) are tight in D([0, 00), M(D)) and limit points are continuous,
(i) ford > 0, the laws of the occupation densities u™) (8,1 +8,x) 1t > 0,x € D)
are tight in C ([0, 00), C(D))

where C (D) is the space of continuous functions with the topology of uniform con-

vergence on compacts.

Proof The moment bound (4.7) allows us the uniform control on total mass moments:

E [sup |u§N)<1)|”} =Cp.T.8.7) (14 @V 7). (4.11)

t<T

To control the moments of the approximate densities, the following simple upper
bound for u™) is useful. Triggering all the nutrient packages (ux : 1 < k < Ky)
used in the construction of « ") at time zero gives the process ﬁgN) = ,f:’vo uy . This
satisfies

u™,1,x) <a™(0,17,x) forallx € Dandt > 0. (4.12)

~(N D,y
Moroever itV has the law Q;}.(N)+ﬁf(N)dx of a DW(D, y) process.

Now fix ¢ € C(% (D). Using the decomposition (4.5), we consider the increment

|ut(N) () — u§N) (¢)| for 0 < s < t. This leads, via the total mass moment bounds and
Burkholder’s inequality, to the estimate

E | sup
rels,t]

u (@) - u§N><¢>\p] = C (1t —sIP/2 4 N7E@FDP)

forall Nands,r € [0,T], (4.13)

where C < oo depends only on 8, ¥, ¢, p, T and supy w™ (1) (we suppress this
dependence below). The term N~@+DP comes from the size of the jumps in the
Burkholder inequality, for a cadlag martingale M, in the form E[sup,., |[M;[’] <
CpE[[M]f/Z] + CpE[sup,-, |DyM|”]. The estimate (4.13) gives, via a Chebychev
inequality,

Pl s [ulM@) —uMg)| = N2 < on R,
se[t,t+N—(d+D)]

By summing over the grid t; = jN ~(@+D and applying Borel Cantelli, we find that

@) - uM @) < 2n 12

whenever 0 <s,¢r < T and |s —t] < N_(dH), for all large N, P a.s. (4.14)
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We claim that (4.13) is sufficient to imply that u™)(¢) is tight in D([0, o), R)
and has continuous limit points. To see this we smooth the sample paths by setting

EEN) = NdHuEt]Yr)JrN—(d“)]' Then t — @V (¢) is continuous and

™ ()™M (¢)|[<2NTV ) —s]|lloo sup uNM (1) forall Nands, € [0, T].
r<T+1

This together with (4.13) implies that E[z\")(¢) — u(¢)|?] < C|t — s|P/? for
s,t € [0, T]. Hence the laws of #¥)(¢) are tight in C([0, T], R). But (4.14) shows
that the error sup, . |qu) (o) — ﬁfN) (¢)| — 0 almost surely and ut(N) (¢) has the the

same continuous limit points as ﬁ,(N) (@).

We now state a compact containment condition. Let D = {x € D : d(x, D) > €}.
Choose smooth ¢p  : D — [0, 1] satistying ¢p = 0 on Dz and ¢p = 1 on
D\ D.. We also suppose that ¢p ¢ is decreasing in €. We claim that for all 6 > O there
exists €(8) > 0 satisfying

lim lim sup P |:sup u™@pcis) = 3} = 0. (4.15)

-0 N>oo (<T

We postpone the proof of this to the end of the section. This condition controls the
amount of mass near the boundary and allows us to extend the tightness of qu) (®)
above to all ¢ € Cg (D) by an approximation argument. It also is the compact con-
tainment hypothesis in [12, Theorem I1.4.1], from which we obtain the tightness of
u™ in D([0, 00), M (D)) and the continuity of the limit points.

To establish the tightness of the occupation densities we use the following increment
estimate. Under the hypotheses of Proposition 14, we claim there exist 0 < o; < 00
and finite C, depending on 8, y, p,8,8’, T, D and supy M(N)(l) + (f(N), 1), so that

E[lu® 6,5, = u™ @0, 1P| = € (1t =517 +1x = y*F) - (@4.16)

forallé <s,r < T andx, y € D\Dg. Thisimplies tightness of (¢, x) — u™ (8,1, x)
in C([8, 00), C(D)), where C (D) is the space of continuous functions with the topol-
ogy of uniform convergence on compacts.

To establish (4.16) we use a Green’s function representation for the density (note
the density exists since it exists for each component part uy ;). It is convenient to break
the approximation into two parts

u™ =ug, +a™ where 4" = Z U t—1y - (4.17)
keS;

For the process &™) we may consider 7N (0, ¢, x) since the nutrient packages do
not start at a singular initial condition. Indeed combining the Green’s function
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representation (3.19) for each uy ;—;, and summing over k € &; we obtain

a™M,1,x) = // 07— Y](z)( yi™M (dz) + m™(dz, ds))

ZD us(GOt o) (4.18)

s<t
where 171V is the martingale measure associated to 1Y), We now consider increments
of this representation. There are many terms, so we choose to illustrate the idea on one

key noise term and on the jump term. We shall also state all the underlying estimates
on the kernel G[%f]. First

3
G[L()):f](z) < Gﬁ);f(z) <Clx—z|7' fort>0andx,ze R?

and the analogous bounds G[If)z’;f (z) <C(T)(A vIn(l/|x —z]) and G[’f)”f] (z) < C(T)
whent < T. Also

Gl @) = G @ < €. 8)|t — 'l|x — 2|~
forallt,t and x,z € D and
D, _
Gl (@) — G h @] < €. 8, Tlx — y|(1 + [x —z|'™)
fort,t’ < T and x,y € Ds, z € D satisfying |x — z| > 2|x — y|. These estimates are
explicit calculations when D = R. One way to obtain them for general D is via a
suitable coupling argument.

Consider the term K (¢, x) = fo fG [0.1— s](z)m(N)(dz, ds). The time increment
K(t +s,x) — K(¢, x) can be split into two terms, defined by

t
K =//G[%f+s 1@ = G @™ (dz, dr),
0

t+s

ko= / / GO (m™dz, dr).
t

Using a Burkholder inequality, and the kernel estimates above we find, when d = 3,

p/2
E[IK1|"] = C(p)E /W(o, 1,2 (12 = 517 A%z = 217°) dz
D
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A comparison as in (4.12) combined with the moments (3.21) shows that
sup, E[a™(0,1,2)P/?] < C(p,B,T) whent < T and z € D. This leads to
E[|K{|’] < C(p,B, T, D)sp/4. Similarly, again whend = 3 and ¢t + s < T, apply
Holder’s inequality to find

| T p/2
El|KalP) < C(p)E /I(r el 1 +5DaM (x — |7
| 0
B P8 | T 3p/8
< C(pE / I(r et t+sDa™ (dz) / al™ (lx — | 7873)
0 0

< C(p)IsI"*E [| sup ;" (1)|/* / @™ (0, T, )l — 2|7 dz
t<T

3p/8:|

In this second estimate we do not have the optimal power of s, but have shown how
to rely only on the simple moments estimates for sup, . u )(l) and u™ (0, T, z).

The jump term in the representation (4.18) can also be easily handled, since the
sum of all jumps in the measure ¢+ — u; is at most Sdx. For example, an increment
in x is bounded using the kernel estimates above, when d = 2 and x, y € Djs satisty
lx =yl = 1/2,

< C(p.B.T. D)|s|"/3.

ZD uS(G[Ot o) — Dy uS(G[Ot o)

s<t

<ﬂ/supIGol (@) — ol s(@ldz

< (B / (1v In(1/Jx = 21) + (1 v In(1/]y — 2))dz

B(x,|x—y|1/2)

+C(6, T)Blx — yl / 1+ |x —z| 'dz
D\B(x.|x=y|'/2)
= C(B, D5, T)lx — y[(1 VIn(l/|x = y]).

Other terms in the Green’s function representation of the increment (0, ¢, x), and in
all dimensions d = 1, 2, 3, can be controlled by similar estimates.

From (4.17) we have u™) (8, ¢, x) = uo(8, ¢, x) + 4N (8, t, x) and we have con-
trolled the increments of #V)(0, ¢, x), and hence of a8, 7, x) = 4™ (0, ¢, x) —
A™(0, 8, x). The increment estimates for ug(8, 7, x) are similar, except that one
restricts to 6 > 0 and uses (3.20). One also needs estimates on the fixed time measure
uo,s to control the increments of uo,g(G[%:;l 8])" For this, use the method of Lemma
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II1.3.6 in Perkins [12] to show, for p € [0, 2) and suitable c9 = co(p) > 0, that
Elexp(couo,s(|x —-|77)] < C(d, sup, (1), 8, p) < oo, which is sufficient. ]

Proof of the compact containment (4.15) We start by showing that
(N)
sup E [u[o 1 @D A 1] 0 ase | 0. (4.19)
N ,
Indeed, arguing as in (3.28) we have
R‘],V
0, [U[O,T](¢D,e) A 1] 10 ase | 0. (4.20)

Moreover the continuity of the laws © — Qﬁd’y on C ([0, 00), M(R?)) ensures that
the expectation in (4.20) is a continuous function of . Therefore the limit in (4.20) is
uniform over the compact set K p_; of measures supported in D and with total mass
n(1) < L. By the coupling (4.12) and the simple comparison (3.29) we find

N D,
E [”Eo,;](‘f’Dgf) A 1] = QM(’\}’/)+ﬁf(N)dx [Uto,71(¢p,e) A 1]
R,y
= QN pfMdx [U0.71(@p.c) A 1]

which leads to (4.19).
To control the supremum sup, . u™ (¢p.¢), we will establish a modulus of con-

tinuity that is uniform in N and €. Let GP ¢ denote the action of the Green’s function
as defined by G,Dq&(x) = fD G,D’x (»)¢ (y)dy. Then, arguing as above, we have

sup sup /L(N)(GthjD,E) — 0 ase — 0. “4.21)
N (<T

For ¢ € B(D, [0, 1]), the measurable functions from D to [0, 1], define

[+N*(d+l)
X,(N, ) =ul"(¢p) — u™(GP¢) and X,(N,¢p)=N"*! / X, (N, ¢)ds.

t

We may extend the decomposition (4.5) to time dependent test functions as in
Sect. 3.1.1. For smooth ¢ compactly supported inside D, using the test function
(s, x) — Gﬂstb(x) in (4.5), over the interval s € [0, ¢], leads to the Green’s func-
tion representation for X; (NN, ¢). This representation in turn can be used to reach an
increment estimate

E[|X;(N,$) — Xs(N,9)|’1 < C (|t P2 4 N*(d‘l’l)p)
forall N and s, t € [0, T],
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where C depends on p, T but not on ¢ or N. This requires (see Perkins [14, Corollary
5] for this argument) only a smoothing property of the Green’s kernel, namely we use:

xeD

sup/ |Gf’x(y) — GtD’x(y)|dy < C(D)t_l(u —1t) forall0 <t < u.
D

This estimate holds by direct calculation for the case where D = R?, and thereby
when D is a box, since then the Green’s kernel is a finite combination of reflected
copies of the free space Green’s kernel. For domains with a smooth boundary, it can
be derived from Corollary 5 of Davies [1].

The smoothed version X, (N, ¢) satisfies E[|X;(N, ¢)—X (N, $)|P]1 < C|t—s|P/?
for all N and s, ¢t € [0, T]. The argument from Perkins [14, Theorem 1] then shows
that for all ¢ € B(D, [0, 1]), there exists a random c(¢, N, T') > 0 so that

|X:(N.¢) — XN, ¢)| < |t —s|'/?
whenever s, ¢t € [0, T]and |t — 5| < c(¢p, N, T) (4.22)

and moreover that Plc(¢p, N,T) < 8] — 0 as § | O uniformly over N and ¢ €
B(D, [0, 1]). The point here is that the estimates on c¢(¢, N, T') depend only on total
moment bounds and on ||} | 0.

It is straightforward to combine (4.19), (4.21) and (4.22) to see that there exists
€(8) > 0 so that

lim sup P | supi " (¢p.e5)) = 26 | = 0. (4.23)
=0 n t<T

Indeed, consider the set

t<T

i supit™” (pp.c) = 26, c(¢p.e. N, T +1) > 53] .

If § > 1 and supy sup,—74; nV(GP(¢p.)) < §%/8, then on this set we have
sup, <7 X/ (N, ¢p.c) > 8 and the modulus of continuity ensures that fOT X/ (N, ®D.c)
dt > §*/4, and thence that [ @ (¢p )dr > §*/8. But this has small probability
by (4.19) and Markov’s inequality. So (4.23) follows by first choosing & so that that
Plc(¢pe, N, T +1) < 83] is small, uniformly in N and €, and then choosing € so
that supy sup, <74 ,u(N)(GtD(d)D,E) < 84/8 and supy E[ﬁ%\f) ](d)D’E) A 1] is small.
To remove the time smoothing in 4.23), we would like to apply (4.14). However,
since ¢p  does not lie in C, g (5), there is an extra exit measure term when deriving the
increment estimate (4.13). However the exit measure is non-negative and we can still
deduce the one sided estimate ut(N)(qb) < u§N) (@) +2N"Y2 whenever0 <s <t <T
and [t —s| < N —@+D for all large N, P a.s, and this is sufficient to deduce from
(4.23) the desired compact containment estimate. O
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4.3 Passage to the limit

The aim now is to prove Theorem 15 below, showing that the approximations con-
structed in Sect. 4.1 converge in law to solutions of (1.1). The method is to pass to the
limit in the approximate martingale problem (4.5) and confirm that any limit point of
the sequence of approximations must be a solution to (1.1). Many steps in the argu-
ment are quite standard (see, for example, the arguments in [12, Proposition 11.4.2]),
so we concentrate on those that concern the interaction term and the exit measures.

Since we wish to let N — oo, we again include this dependence in the notation.
Assume the hypotheses of the tightness Proposition 14. For any subsequence, we may
choose a sub-subsequence where the approximations and their occupation densities
converge in distribution. By a Skorokhod embedding, we may choose versions of
these approximations that converge almost surely. Without changing notation for the
version and labelling the convergent sub-subsequence still as N, we may suppose
there exists a limit process u, with continuous paths in M (D) and a continuous field
(u(s,t,x) : 0 < s <t,x € D) so that, almost surely,

sup [ulM) (¢) — us(¢)) — 0, forall¢ € CY(D)andt <oco, (4.24)

s<t
sup u(N)(S, s, x)—u(d,s, x)‘—>0, for all 0 < 6 <t < oo and compact A C D.
x€A,s€[d,t]

(4.25)

Note that u(s, t, x) must act as a density for u[;;(dx) for 0 < s < t. Since also
s — u(s,t,x) is non-increasing we may set v;(x) = f(x)exp(—u(0,t,x)) =

limg o f(x) exp(_—u(s, t, x)).

Fix ¢ € C(%(D). Consider the martingale problem (4.5) for u™ at afixed r > 0,
noting that u} > (¢) = 0. The terms u\"(¢), u™ (@) and [j u™ (Ap — y¢)ds

converge pathwise as N — oo by (4.24). The error terms Et(l’N) (¢) and EI(Z’N) (@)
converge to zero (in L? and pathwise respectively) using the estimates (4.4) and (4.6)
and the moment bounds (4.11). To handle the key term fot ugN) (v§N)¢)ds we approx-
imate, using (4.10),

1 t

(N) 7
/M§N>(v§N>¢)ds :/M§N> (f(N)e—um,ﬂ(wd,) ds + EON ()

0 0
where the error term is bounded by

t

™) g
‘EtG’N)(qb)) = /u§N) (¢e_”w,s1(‘/")n”1;’*N) ds
0

A

< 1610 / W™, 1, x) sup N (x) dx (4.26)

s<t
D
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and "N (x) = fot exp(—uf{)\fz](l/}x))dmg’lv(x). Doob’s inequality, and the estimate
(4.9), shows that

s<t

t
(N) 7 ~
E [sup |n~1;’*N<x>|2} <2N~! / E [ezum.xJWugNwa)} ds < N7
0

The comparison (4.12) shows that E[(u™(0, 7, x))?] < QngV) p1pax (U 0. 1.2))%].

Applying Cauchy—Schwarz to (4.26), and using the the estimate (3.22), we find that
E(ECM(¢))) —> 0as N > .
For § € (0, t) we write

t
/ugN) (f(N)e—ufol](xl?.)(p) ds
0

13 t

(N) 7 (N) %
= /M§N) (fe—u[a_s](llf-)d)) ds +/M§N) ((f _ f(N))e_”[S-S](W‘)qb) ds
§ §
§ t
+/u§N> (f(N)e—ufﬁ,;](ww) ds+/u§1v) (fw)(e—ufﬁ,;](w_e—ufgg]w.))d)) s
0 )
t
_ Ny 7
= / u™ (fe .01 ¢) ds + E{"V(¢) + EPNV (¢) + ECN(9). @27)
§

The error term E,(S’N) (¢) is bounded by ||¢]lco fo's u§N)(l)ds and converges to zero,
uniformly in N, as § — 0. The error term E,(G’N) (¢) is bounded by

t

I¢lloo / u™ @) (s = 19100 / u™ (0, 1, )i} (ro)dx.

0 D

The approximate density ufév g](lﬁx) satisfies
(N) 7 2d < (N) 0.8 2d
(”[Qg](lﬁx)) x =< [ @™ (0,8, x))dx.
D D
This, together with Cauchy-Schwarz as above, shows that E ,(6’N) (¢) converges to zero

in L', uniformly in N, as § — 0. The error term El(4’N) (¢) is bounded by
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t

1o [ (15 = £1) = 1610 [ w0101V ) = Folay

0 D

Since f () are bounded we have f ) f in LZ(D) and combined with (3.22) we
see that E,(4’N)(¢) — 0in L2.

The first term on the right hand side of (4.27) converges pathwise, for fixed 4, to
f; us(f exp(—u(é, s))¢)ds as N — oo. This follows from (4.24, 4.25) when f €
C,?(D), and for general measurable f we can approximate in L2 by continuous f and
control the error as for the error term Et(4’N) (¢). The limit j;; us(f exp(—u(d, s))p)ds
is, by repeating the above approximations, close, for small §, to fot us(vs@)ds. The con-
clusionis that the key term fé u§N) (vAEN)qS)ds converges, in probability, to f(; ug(vsp)ds.

We may now define a continuous process m;(¢), for ¢ € C(% (D), by the formula

(2.1). The convergence of all other terms ensures that ml(N)(qﬁ) — my(¢) in proba-
bility. Moreover, standard arguments yield that m;(¢) is a martingale with respect to
of{us : s < t}, and with the correct quadratic variation (note that we have uniform
moment control by (4.11)). Thus the limiting process (u, v) is a solution to the mar-
tingale problem for (1.1) started from (u, f) with respect to its natural filtration
o{us 1 s < t}. We have almost proved the following convergence result.

Theorem 15 Let D be a bounded domain. Suppose the approximation (u™), vN))
has initial u(()N) = u™ and v(()N) = fN) < [ satisfying that u'™N) — 1 weakly and
M — fin LY(D) for some f € B(D, [0, 1]). Then,
() the laws (u™), u?P-MN)y converges in distribution on D([0, 00), M(D)) x
C([0, 50), M(3D)) to the limit Q"7 ;
(i) for any T < oo, the law of the triple (”E(I)\,])T]’ uaTD’(N), U(TN)) on M(D) x

M (D) x L' (D) converges to the law of (Uo, 17, U?D, fexp(—=U(0, T))) under

D.By
Qu,f )

Completion of the proof. The convergence of the exit measures can be deduced from
the extended martingale problem for test functions ¢ € Cg (D). Indeed, return to
the sub-subsequence studied before the statement of the theorem. Since (i, v) solves
(1.1) there is a continuous exit measure process u?” solving the extended martin-
gale problem. Using an approximation argument by ¢, € Cg(ﬁ), it follows that
m")(¢) — m.(¢) in probability for all ¢ € CZ(D). Choose ¢ € C2(D) so that
h = ¢|yp is non-negative on d D. Then passing to the limit in the extended approxi-
mate martingale problem (4.5) for "), we have shown convergence of all but one of
the terms, so that this last term u? b,y (h) must also converge in probability to u?D (h).

The fact that t — qu)’aD(h) and t — u,aD (h) are non-decreasing and continuous

imply, at least along a further subsequence and for all ¢, that sup,_, |u§N)’3D(h) -
u?D (h)| — O in probability. A further subsequence argument allows us to conclude
the same for a countable dense set in C[?(B D), and this implies that x??-®) — 9P in
C ([0, 00), M(3D)). The uniqueness in law of (1, u??) for solutions to (1.1) implies

the convergence of ™| 42PNy ip part (i).
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Based on (4.10), the proof of the L! convergence of part (ii) uses similar, but
slightly simpler, tricks as above when dealing with the convergence of the key term
fot ugN)(v§N)¢)ds, and the details are omitted. O

5 Proof of the decomposition results

This section contains the proofs of the decomposition results stated in Sect. 2.2. In
Sect. 5.1 we show that the exit and occupation measures of the approximate discrete
nutrient process, as constructed in Sect. 4.1, can be done in two stages. In Sect. 5.2, five
different examples of this two-stage construction lead to five decomposition results
for the approximation processes. Passage to the limit is done in Sect. 5.3.

5.1 A two-stage construction of the approximations

The construction of the approximation process given in Sect. 4.1 is a pathwise con-
struction. The approximation is constructed as a deterministic procedure, which we call
the basic construction, applied to fixed realizations of the non-interacting DW(D, y)
processes (u; : k = 0,1, ...) and exponential variables (ex : k = 1,2,...). In this
section we show that the occupation and exit measures from this construction can be
built up in two stages, where each stage applies the basic construction to a certain set of
variables. This is described in a somewhat abstract manner, and the reader might want
to look ahead at one of the five examples in Sect. 5.2 to be convinced it is a natural
idea. For the rest of this subsection we act pathwise, supposing a single realization has
been fixed of the underlying variables.
Integrating over ¢ in (4.1), or letting t — oo, we obtain

aD oD oD
Uj0,00) = U0,[0,00) + 2 Uk, j0,00) and ugy =ug o, + 2 Upoos  (5.1)
keSxo keSS0

where Soo = lim;_, o S; is the set of labels of nutrient packages that are ever trig-
gered. So the total occupation and exit measures are determined by the set S, and the

total occupation and exit measures of the non-interacting DW processes. Moreover
for k € Sy we have

10.10.00 (VR) + D, 10,00/ (V1) > ek

Jj€Sx
while for the k € S the converse inequality holds. This is exactly the condition that

Soo is a fixed point of the mapping T defined in the abstract lemma below, once the
choices A ={1,..., K} and

etk) = ex, fk) =u00.00)(Wx)s M(j, k) =} 0.00) (W) forj keA

have been made.
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Lemma 16 Suppose A is a finite set, and fixe, f : A — [0,00) and M : A x A —
[0, 00). Define, for B C A,

Tw)z[aeA:fm)+§:M@¢n>em4. (5.2)

beB

Then there is a unique smallest fixed point S € A of T, that is T(S) = S and S is
contained in any other fixed point. Moreover if B C S then T" (B) equals S for large
n.

Proof Since M(a,b) > 0 we see that if B € B’ then T(B) € T(B’). So T" (%)
increases to a limit S which must be a fixed point of 7. Any other fixed point S’
contains 7" () for all n and hence contains S and the uniqueness of the smallest fixed
point is clear. If B € S then 7" (%) € T"(B) € T"(S) = § and the result follows
since 7" () = S for large n. O

It is straightforward to check that S is the smallest fixed point of T'. Indeed, let k,,
be the label of the mth nutrient package to be triggered, and let t,,, be the time it is trig-
gered; then the definition of t,, shows, when 1,,, < oo, thatk,, € T ({k1, ..., km—1}).
Inductively, {ki, ..., kyn} S T™(¥) must hold and letting m — 00 shows that Sy, is
contained in the smallest fixed point of 7.

Example 0 To illustrate the use of this lemma, we give here the analogue of the com-
parison Lemma 6 for the approximation processes. Suppose that Z,le Yr = f and
Z,f: r+1 ¥k = g. Then running the basic construction on the processes (ug : k =
0,1, ..., K) and exponential variables (ex : k = 1,..., K) we obtain the approx-
imation process (u, udP, v) started at p« and with initial nutrient level f + g, and
the triggered set Soo that is the smallest fixed point of a mapping 7. We now set
iy = ug + Z/f: 111 4k Now running the basic construction on the realizations of
(ug, uy,us, ...,ur) and the exponential variables (¢; : k = 1, ..., L) we obtain an
approximation process (i, #’?, ¥) started at u + g dx and with initial nutrient level
[, and the triggered set Soo that is the smallest fixed point of a corresponding mapping
T. Moreover, for A C {1,..., L},

L
T(A) = {ke{l,..., L} 00,00 W0) + D1 € A 0,00 (Tk) > ex
j=1
= {ke(l,...,L} : uo0.00W)
K
+ DTG € AUL+ 1, KD 0,00 (¥) > ex

j=1
—TAUIL+1,.... KDL +1,.... K}

@ Springer



A phase diagram for a stochastic reaction diffusion system 611

Choosing A = ¢ and then iterating we find that 7" (@)\{L +1,..., K} C T" (%) and
hence, by Lemma 16, that Soo\{L + 1, ..., K} € Ss. Combining this with (5.1)
shows that (1[0, c0), ugf) is smaller than (ii[o, o), ﬁgg).

We now describe the two-stage procedure, which will build up the set Sy, of trig-
gered nutrient packages in two steps. We suppose there is a splitting of each of the
DW processes (uj : k = 0, ..., K), and their exit measures, into two parts, u, and
u,j, each with continuous measure valued paths, and satisfying

aD - + aD,— aD,+
(uk,[o,oo)’ uk,oo) = (uk,[O,oo) + uk,[0,00)’ uk,oo + Mk’oo ) . (5.3)
In stage one we apply the basic construction using the processes (1, : k=0, 1,..., K)
and the exponential variables (e : k = 1, ..., K) to create a process (u~, v~ ) and a

set S, of triggered nutrient packages. In particular

Up.o0) = Up .00 T D Ui 0,00y (5.4)
keSS

We then define do, = ug, + X524y, and, fork € {1,..., K\Sx,

i =g and & =ex —ug o 00 ) — D Ui (5.3)
jeSx

In stage two we run the basic construction on the processes g and (i : k €

{1,...., KI\S), with the nutrient packages triggered using the values (& : k €
{1,..., K\S)- This leads to a second process (u™, vt) and a second set of trig-
gered nutrient packages S C {1, ..., K}\S, satisfying
+ + +
U6 .00) = Ua 0,00+ D U000 T D HkI0.00) (5.6)
keSx keSZ,

Adding (5.4) and (5.6) and comparing to (5.1), we see that u[p o) = u[_()’oo) + uf(r)’oo)
will hold provided that the equality Soc = S5, U 8%, holds. A similar argument
shows that this equality is also sufficient to ensure that the total exit measures satisfy
ap _ 9D~ aD,+
Uy = U FlUx .
To verify this equality we use the following second abstract lemma. With the choices

e(k) =ex, [HK) =ug g0 @), MFGK) =uip o0 (W) forj ke A

note that the definition of f . &, M in the lemma corresponds to the definition of g, éx
in the stage two construction. The conclusion of the lemma then implies that the
equality Soc = S5, U ST does indeed hold.

For the statement of the lemma we denote the unique smallest fixed point in
Lemma 16 by S = S(A, e, f, M) to indicate its dependence.
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Lemma 17 Suppose A is a finite set, andfixe, f~, fT: A — [0,00)and M~ , M™ :
AxA — [0,00).SetM =M~ +M"and f = f~+ fT. Then the fixed point S(A, e,
f, M) can be broken into two subsets as follows. First let S = S(A,e, f~,M™).
Then define, for a € A\S~,

flay=fra+ D Mt b,a), éa) =e@—f@- > M (ba

beS— beS—

and write Mfor the restriction of M to (A\S™) x (A\S™). Then é > 0 and if S is
the fixed point S(A\S™, ¢, f M) we have

S(A,e, f,M)=S"UST.

Proof Let T (respectively T~ and T ™) be the map defined by (5.2) used for the def-
inition of S (respectively S~ and ST). The fact that é(a) > 0 for a € A\S™ follows
from the fact that S~ is a fixed point of 7.
Since f > f~ and M > M~ we see that T~ (B) € T(B). (Note in particular
ST CT"S7)foralln > 1.) Then (T )" (W) C T" (@) for all n and hence S~ C S.
For B € A\S™ we have

TH(B) = [a € A\S™ : fa)+ > M(b.a) > é(a)]

beB

acA\S : fr@+ D M (b,a)+ > Mb,a)>e@) — f (a)

beS— beB

- > M (b.a)

beS—

aeA\S™:fla+ D Mb.a)>e()

beBUS—
T(BUST\S™.

Applying this first to B = § and iterating, we obtain (77)"(¢) = T"(S7)\S™. The
equality here uses S~ C 7" (S7). Using the final statement of Lemma 16, we may let
n — oo to obtain ST = S\ S~ as desired. m]

5.2 Comparison theorems for the approximations

Notation We denote the law of the approximation (u;, u?” : t > 0) constructed in

Sect. 4.1, on the space D([0, 00), M (D)) x C([0, 00), M(aD)), by Qﬁ/}? by

We now give five examples of the two stage construction of the last section, each
leading to a decomposition theorem for the discrete nutrient approximation process.
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In each example we describe the processes u;, u,j used for the splitting (5.3). We let
G =olugtvolStvolu IkeS,): 1 <k =<K}

be the information gained by observing the stage one process.

Example 1 (Decomposition for the initial condition 1) Suppose that u = = + u™.
Take independent DW(D, y) processes (ua ;) and (u(J)rt) with initial conditions p~
and ut. Then ug, = ug, + ”0; is still a DW(D, y) process. Using independent
DW(D, y) processes (ux : 1| < k < K) started at ug o = ¥, we set

uk_’t:uk’t and u,‘:tzo forl<k<Kandt>0
so that the splitting (5.3) holds trivially. The first stage leads to a process (u~, u®? ™)

with law Q ,D P The memorylessness property of exponentials implies that, condi-

tional on g - the variables (¢ : k € {1, ..., K}\S%,) defined in (5.5) remain indepen-
dent rate one exponential variables. The processes iy fork € {0, 1,..., K}\SL, are
conditionally on G~, independent DW(D, y) processes. Note that vy, = >, ¢Sa Yk

is G~ measurable. The second stage therefore produces a process (1™, u??-) which,

conditional on G, has law QN b ﬁ v,

Example 2 (Decomposition for the initial condition f) We split the set of nutri-
ent package labels into two parts {I,...,L} and {L + 1,..., K} and set f~ =
Sii ks £ =K 1 1 Y. Then we form the splitting (5.3) out of the independent
DW(D, y) processes (u; : 0 < k < K) started at i, ¥, ..., ¥k asfollows: forz > 0

and ut — 0 forO<k<L,

“ht T10 forL+1<k<K, kit = Vug, for L+1<k <K.

- [uk,, for0 <k <L,
N.D.By
wfm
Note that ug =1dpo =48 z,szH Yl (k € S5) and vO+ = Zkgsgo Y are measur-
able with respect to the sigma field G~. Moreover, as above, the variables (&, iy :

The first stage of the construction produces a process (u~, u?? ) with law Q

kefl,..., K\S5) are, conditionally upon G, independent exponential variables
and DW(D, y) processes. The second stage therefore produces a process (ut, u??+)
N.D /3 Y

which, conditional on G, has law Q

Example 3 (Spatial Markov property) We fix domains D~ € D . We will choose the
finite partition D™ = UD); used in the construction of the approximation so that each
Dj is either a subset of D or a subset of DT\ D~. Then a subset, which we list as
(Y 0 1 <k < L), will satisfy 3 F_ ¢ = fI1(D7) and 35 11 = = fI(D"\D").
We apply the spatial Markov Lemma 8 to find processes (ug, u;_, u; r c0<k=<K)so
that (ug : 0 < k < K) are independent DW(D™, y) processes with initial conditions
w1, ., Yk (uy 00 < k < K) areindependent DW(D™, y) processes with initial
conditions ul (D7), ¥y, ..., ¥, 0,...,0; and, conditional on o{u; : 0 < k < L},
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(u,ir : 0 < k < K) are independent DW(D™, y) processes with initial conditions
ugy =l (DD +ug pe.ufy =ujo "Ips forl <k < Landuf =y
for L + 1 < k < K. In addition, the Lemma 8 ensures the splitting

an+ .
(uk’[o’oo),uzgo) = (uk [0,00) —}—uk [0,00) ¥ d T lap+ +ukoo +) forO0 <k <K.

This gives a suitable splitting as in (5.3) for the two part construction, where the exit

measures are all evaluated as measures on d DF. The first stage of the construction
N,D”,B,y
wl (D7), f1(D7)’

duces a process (u™, udD* 1) which, conditional on G, has law Q

The second stage pro-
N.D*. By
vy

ug = pl(DT\D7) + Lt[(m~)‘|l)+ and vy = fI(DT\D™) 4+ vy 1 (D).

produces a process (4™, u?P™-7) with law Q

, Where

Example 4 (Decomposition for the birth rate B) Fix B = B~ + BT. Take indepen-
dent DW(D, y) processes (u; , uk 0 < k < K) with initial conditions u, , = u,
“00 =0,u; o= B~ wkanduko = BTk Setug = uj +u; sothat (ux : 0 < k < K)
satisfy the splitting (5.3) and are themselves DW(D, y) processes. Then the first stage

of the construction produces a process (1, 1?2 ~) with law QN DFY The second

stage produces a process (1, u?P-*) which, conditional on G, has law QN D-5. L

()

where uj = B(f —vy)dx and v = vy

Example 5 (Decomposition for the death rate y)Fixy~ = y +y'. Lemma 18 below
ensures we can find processes (uy, uy , uk 0 < k < K) satisfying the splitting (5.3)
and so that (u : 0 < k < K) are independent DW(D, y) processes with initial con-
ditions w, Y1, ..., ¥k; (4, : 0 < k < K) are independent DW(D, y ™) processes
with initial conditions w, ¥, ..., ¥k; and, conditional on o{u; : 0 < k < K},
(u,j' : 0 < k < K) are independent DW(D, y) processes with initial conditions
(y*u,:[o ) - 0 < k < K). Then the first stage of the construction produces a process

(u—, u?P-~) with law QN b.py- D+

which, conditional on G, has law Q

. The second stage produces a process (u™, u
N.D ’3 ¥, where ug = ytug o and vf = vy
Lemma 18 Suppose y~ = y + y ™. There exists a coupling of three processes: u
a DW(y, D) process with initial condition u;, u~ a DW(y~, D) process with initial
condition w; and u™ which, conditional on o {u™}, is a DW(y, D) process with initial
condition y+u[_0, o)’ and moreover these processes satisfy the splitting

oD\ __ 3D aD,+
(M[O,oo), Upso ) = (”[0 ) + “[0 00y U + Uy ) .

Proof Construct a coupling of two processes (u—,u) as follows. Let u~ be a
DW(D, y ™) process with initial condition u. Conditionally on o{u"}, let & be a
DW process on the space D x R, with spatial motion that is Brownian on the first
component D and zero on the second component R, with annihilation rate y and with
initial condition y tu, (dx)I(r > 0)dr. If we define
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ut(dx) =ii;(dx x R) and u!P*(A)=u?P*®P (A x R)for A 9D

then conditionally on o {u~} the process u™* isa DW(D, y) process started at y T u [0.00)

and with exit measure u??-* . Define measures I on [0, 00) x D and 1°P on [0, 0o)xd D
by

1) = 1-(h®) + 1+ (@)= / us (h®)ds + / / h, ()i (dx, dr) ds,
0 DxR
IBD(h(3)) _ I8D,—(h(3))+IBD,+(h(3))

/duaD(h(S))vL/ / hS, (¥)dyiis(dx, dr)

0 9(DxR)

for bounded measurable 7 : [0,00) x D — R and h® : [0, 00) x 4D — R.
We claim that (I (dt, dx), 1?P(dt, dx)) has the same law as (U, (dx)dt, d;U?P (dx))
under Qg’y. This allows us to define the the required process (u, u?Py using (1, 1 D)y
and the required splitting follows from the definitions of I and u™.

To establish the claim on the law of (I, 1°P) we fix smooth non-negative h§2) (x),
h§3) (x) that vanish fors > r.Itis enough to check that E[exp(—1 (h®)—1?P (h®))] =
exp(—u (@) where (¢5 : s € [0, t]) is the solution to the log-Laplace equation (3.7).
We start by calculating the conditional expectation E[exp(—/ (h®) — 19D (3]
o{u~}]. Note the almost sure limits

N—-1 %
@) = lim / / h? , (x)iis(dx, dr)ds
N—oo sty
k=07 Dt k1)
N-1 %
= lim /XKS(h(Z)k)ds
N—o0 ’ +ﬁ
k=0
and
N—1
10+ (r3)y = Jlim Z/ / Lek, k+1) k(x)dvus(dx dr)
k=00 5(DxR)
N—-1 %
= lim / dy X3P, (h(z) )
N—o00
k=0

where (X, : t > 0),fork =0, 1,...,aredefined by Xy ,(A) = it;(Ax[4, 51)) and
are, conditionally on o {u ™}, independent DW(D, y) processes with 1n1t1al cond1t10ns
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616 C. Mueller, R. Tribe

Xro = e «+1,- Using the Laplace functional (3.6) of (X, XaD) we find
W ol
o) aD @) N-l
+ .+ .
E[e "7 0D o) = Tim exp(—y T D w0 (@,_1))
N—00 = W’T] =y

— oV Jous Gi—s)ds
Then we complete the expectation as

E[e~ WO =1"" )y _ g Jous P4yt ods— g dd® 0¥y

which can be calculated again using the Laplace functional of (™, u?P7). It is
straightforward to check the required log-Laplace function is solved by ¢ and this
proves the claim. O

Remark A more natural splitting for the final example is to let (u,, u,‘:) solve, for
each k, the system

oru” =Au” —y u +~Nu~- W_,
ut =AuT +ytuT —yut +Vutwt,

with ug = 0 and with orthogonal martingale terms. Then u, is a DW(D, y —) pro-

cess and uy = u; + u,:r is a DW(D, y) process. The first stage of the construction

ND/S)/

produces a process (¢, v™) with law 0, . The second stage produces a pro-

cess (ut, v™) which, conditional on G, has the law of the approximation process
with parameters B, y, but with an extra immigration term y "u ™. This leads to a cor-
responding decomposition for solutions with immigration to (1.1), but we shall not
make any use of it.

5.3 Completion of the proof of the comparison results

This section contains the proofs of the decomposition Lemmas 4, 5, 6 and 7, using the
comparison results for the approximations from Sect. 5.2 with the convergence of the
approximations established in Sect. 5.1.

We start with a simple estimate controlling the death time 7 = inf{r : U; = 0}
for the approximation processes on a bounded domain uniformly in N. The change
of measure argument given at the beginning of Sect. 3.3 can be used to show the lim-
iting death time has a tail Q D.p. J/[r >1t] < C(B, p,|D|, u)t~? forany p < 1. This
argument does not apply dlrectly to the approximations since they are not absolutely
continuous with respect to a DW process. However, the argument below follows the
same main idea. It is combined with a first moment argument that leads to a suboptimal
bound, but which is sufficient for our needs.
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A phase diagram for a stochastic reaction diffusion system 617

Lemma 19 There exists C(B) < oo so that forallt > e and N > 1

07 1T =11 = CB) ()2 + (£ 1) In) ™.

g”?’ﬁ’y. Taking ¢ = 1 in the

martingale problem (4.5) and Ay = 2/s, so that XS = —k§/2, we find for fixed t > 0
and s € [0, 1)

Proof Take an approximation process u with law Q

de*)w—xus(])
. 1
= ¢ st (D) (us(l)at_s + Exf_s + Y h—s)ds 4 A—sdu’P (1) — ﬂxt_sus(vs)ds)

+ Z Dy(e M=ty 4y, e M=sus-Mp oy (1) + martingale increments

s<t

> —ﬂ)nt_se_)"ﬂ“sa)ux(vx)ds + martingale increments.

Let m(dx, ds) be the continuous martingale measure constructed from the martin-
gales m;(¢) in (4.5) and, as in the change of measure arguments, set M; = f(; f vg (x)
m(dx, ds). Then Ito’s lemma, using the cross variation,

d[ & (puy, e O] = pr e e (~M)d My, my (D),

= ﬁ)‘«t—se_)wﬂm(l)gs(_ﬂM)ux(Ux)ds

shows that s — E(—BM)(1 — exp(—A;—sus(1)) is a non-negative supermartingale
on s € [0, 7). Taking expectations at s, 1 ¢, we find

EIE(=BM)I (x> D] = lim_ E &, (=M1 = eTntn )]

< (1 — e—W“)) <2u()/t.
Letog = inf{s : fos ug(vg)ds > K}. Then, using Cauchy-Schwarz, and vy < f <1,

(Pt >t,0x >1])? < E[I(t > DE(—BM)] E [](UK > t)é'fl(—,BM)]

< 22D g 10k > e +pMye s mDs]
0 i

IA

(5.7)
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To control o we use a crude first moment bound. From (4.8) we obtain

t

t
El(v,, D] =(f. 1) - //E[vs(X)us(l/A/x)]dde =(f.1) - / Elug(vy)lds
0D

0

(using the fact that v is constant on the partition sets D). Then Plox < t] < (f,1)/K
by Markov’s inequality. Combining this with (5.7) and the choice K = cIn¢, for small
¢ = ¢(B), leads to the desired bound. O

We may characterize the total occupation and exit measures via the Laplace func-
tional, defined by

Dy oy (v1, 12) = e 1@ -n2(¥)

for vi € M(D), v, € M(@D),0 < ¢ € C)(D) and 0 < ¢ € CY(3D). Fix
w e M(D)and f € LY(D), for a bounded domain D. Choose approximations pro-
cesses with initial nutrient levels 1 > f®™) — fin L' and u™) — u weakly.
Theorem 15 (ii) implies that

1 NaDsIB*V aD
Nh_r)noo Qi ra) [‘D¢,¢(U[O,oo)a Uso )]

. . N,D,B,
= lim lim Qu(N)’ff()l/V) [cbtﬁ,w(U[O,T]’U?D)]

N—o0o T—00

. ) N.D.B,
= lim lim QM<N)’§()1</) I:q)¢,1/,(U[(),T],U78~D)]

T—00 N—>o0

= Am Qlli):]é’y I:q)¢»lﬂ(U[0,T], U?D)]
D,.B,
= Q;mé ’ [q’zp,w(U[o,oo), UgOD)], (5.8)

The interchange of limits is justified by the above lemma, which gives uniform (in N)
control on QZ(’A%?’(K,)[UT = 0], and the fact that Ujg,oc) = Ujo,r] and U(fOD = U}&D
on the set {U; = 0}.

Proof of Lemma 6 Returning to Example O in Sect. 5.1 we see that, taking approxi-
mations ™), ¢™) < 1 converging to f, g as above, and noting that g™ (x)dx —
g(x)dx in M(D),

N.D.B.y aD N.D.B,y aD
Qﬂ’f(N)_A,_g(N) [(de//(U[O,oo)’ Uso )] = Q,H,gg(/v)dx,fuw [<D¢,W(U[0,oo)v Uso )]'

Passing to the limit as above we find that

D,B, aD D.B, aD
0,5, [@(ﬁ,w(U[o,oo), Us )] > 0, ptan.s I:q>¢.1/f(U[0,oo)’ Uso )] :

This inequality between the Laplace functionals implies the desired stochastic domi-
nation. m|
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Proof of Lemma 4 part (i) Consider the decomposition u~,u™ given in Sect. 5.2
example 1, with initial conditions & = u~ + u~ and f®) — £ in L1(D). Then
pathwise

Dpy (U10,00), US) = Pgp g (t[g oo + Ui} o> U™ +udDH). (5.9)

As above, the expectatlon of the left hand side converges, as N — o0, to QD By

[®4.4 (Uo,00), UZP)]. Using the law of (u™, vT) conditional on G, the limit of the
expectation of the right hand side can be written as

_ N,D 0
11m E I:qu; ¢(u[0 oo)’ dD ) Q Py I:CD(U[O,oo)’ UgoD)]]

ntiuy

—\ AN.D,B,
= lim hm E |:d>¢, v (g 7 u D )Qlﬁ,uf}y [®¢,¢(U[O,oo), UgoD)H

N—oo T

Jim 0, [% v Wi UFP) Q217 oy [% ¥ (Uio.00): Uso )]]

D.p. D.p,
= Qﬂ—f,}fy [%,w(U[o,oo), USD) Q)7 o [%,w(U[o,oo), UooD)]] :

The interchange in limits follows as above, using v = v, on{u; = 0}. The N — o0
limit holds using the convergence of (u (0.7’ u?P~ vy ) given by Theorem 15 (ii) and
(5.8) above. The final identity between Laplace functionals implies the desired result.

O

Proof of Lemma 5 The proofs of both parts of this lemma follow closely the argu-
ment used for the proof of Lemma 4 part (i) above. For example, for part (i) take the
decomposition # ™, u™ given in Sect. 5.2 example 4, so that (5.9) holds, and with initial
conditions p and f®) — fin L!. Then argue as above, noting that

aD,—\ AN.D,B,y oD
im E[% v oy Qg 2 o |:(:D¢J/f(U[0v00)’Uoo )”

D /S 9Dy HD-B,
Q v [q>¢,1/f(U[0’T]’ Ur™) Qﬂ-*—f(y]_e—U(O,T))dx’fe—U(O.T)

X [%,w(U[o,oo), U&D)]]

using the fact that if v, converges in L'(D) then B (f — vy )dx converges in M(D).
Part (ii) is entirely similar starting with example 5 in Sect. 5.2. O

Proof of Lemma 7 We can follow the previous argument closely, but we write this
out since we have to be a little careful about the two domains. To indicate that we
use the joint Laplace functional acting on measures on DV and 3D, we denote
it by @g’ " Take the decomposition u~, u™ given in Sect. 5.2 example 3, so that

CD;Fw(uOoo)a ) = ¢w(u000)+u000)’ ugo |6D++M<>o +) Taking expec-
tations, the left hand side converges, as N — o0, to QD by [db"'w(U[o,oo), Uoo )].
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620 C. Mueller, R. Tribe

For this proof only, set u~ = ul (D7), ut = pul(DT\D7), f~ = fI(D™), ft =
fI(D\D7) and fM:— = fM (D7), fM+ = fW 1 (DT\D7). The limit of
the right hand side can be evaluated as

ngnooE[ b U000y Uoo " laDt)
N.DT.By + ap+
_ (b U , U
Qﬂ++ugé) .|D+’f(N)'++Uo_oI(D)|: ( [0,00) o0 )

o - aD~,—
= lim lim E|:¢$,¢(”[0,T15”T " lap+)

N—oo T—

N.DT By 4 oD+
M++M3-D_’7|D+,f(N),++U;](D—) |:(D¢-,‘//(U[O>°o)’ UOO ):|i|

= hm QD ﬂy|: ¢¢(U[0T],UT lap+)

+ +
ol Py [@;ﬁw(U[om),U&D )H

M++UIT)D |D+’.f++197U(O’T)I(D7)
woLf

D+, , a v+
ol Py . [¢;,¢(U[o,oo>,zf3£ )H

pHHUL™ fH 4 feU O 1(D7)

b -
=0 ﬂy[CDer(UoOo), U lap+)

The limits above follow as in the previous examples, once we have established that
uaTD_'_|3D+ converges in M (dD™) and u‘;D_’_|D+ converges in M (D). Both of
these follow from the convergence of u?Di’_ in M (9 D7) under the hypothesis (2.6),

since this hypothesis ensures that the limit law of Uy D™ under Q _ f, ¥ does not charge

the discontinuity set S = (3D~ N3dDT) N (ID~\dDT) (check the first moment of
U2P™(S) is zero). o

Proof of Lemma 4 part (ii) To allow this case to follow from the same argument as
the earlier examples we need a slight improvement in Theorem 15 part (ii). Taking the
two stage construction from Sect. 5.2 example 3, we need to consider two parts of the
approximate density, namely

Dl gS) and v = D> wlk gS)).

1<k<L L<k<K

Now consider a sequence of models indexed by N in which f")-* — f*in L1(D)
and where f = f~ + f. Then Theorem 15 part (ii) can be extended to show that the

law of the quadruple (u((I)V)T], uaTD (N) _(N) _(N) Fyon M(D) x M(3D) x L' (D) x
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A phase diagram for a stochastic reaction diffusion system 621

LY(D) converges to the law of (U, 7], U?D, fexp(=U(0, T)), fTexp(—=U(0, T)))
under Qi’]’? " This can be shown as in Theorem 15 once one notes that the analogue

of (4.8) holds for 7+, namely that there are martingales m;”i such that

t

TE) = f(x) — / TE )y (F)ds + mPE).

0

The initial conditions for stage two of the construction can be expressed in terms of
v asud = B(fT —vL)dx and vf = v, + vl and the passage to the limit then
follows the same lines as previous examples. O

6 Life
6.1 Embedded oriented percolation processes

In the proofs of possible life, the main step is to construct a discrete one-dimensional
oriented percolation (OP) (w(j, k) : (j, k) € L) where L = {(j, k) : j,ke Z, j >
1, j 4+ kis even}, so that life occurs if the percolation is supercritical. The variables
w(J, k) will be defined in terms of the exit measures for solutions to (1.1) on a series
of boxes We will choose a parameter L > 0 controlling the length scale. In the grid of
pomtsx = = (3jL,2kL)ind = 2 or x% k= = (3jL,2kL,0)ind = 3, the x| direction
will play the usual role of time, and the xg direction the role of space for the comparison
OP process. For this argument we therefore need to be in dimension d > 2.

We will freeze the mass of the solution as it exits the boxes D(n) = (—3nL, 3nL)d
for n = 1,2,... We define exit measures uggf’””) inductively. Choose an initial
condition p supported in D(1) and let (u', v1) be a solution on D(1) started from
(@, 1). Suppose that (u’, v/) have been defined for j = 1, ..., n. Then, conditional
onof{ul : j=1,...,n)welet "+, v"*1) be a solution on D(n + 1) started from

n+l _  n,dD(0) ntl, | U (x) x € D(n),
o =g, and vy (x) =4 x € D(n+ D\D(n).

Repeated use of the spatial Markov property in Lemma 7 shows that uggaD(") has the
same law as the exit measure Uy, 9D™) under the law QD(") Py

In the hyperplane x; = 0 we define the box I}, = {x x| < L, x; = 0}. Define,
for j, k € L,

J:0DG) (L

B0, k) = 1 ifuy (j’k+IL)>M,
0 otherwise.

Set w(0,k) =0ifk # 0 and @(0,0) = I (u(Ir) > M). Define for (j, k) € L,

1 ifo(j—Lk—1)=ao( —-1,k+1)=0,
@(j, k) otherwise.

w(j, k) = [
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622 C. Mueller, R. Tribe

We aim to show, for suitable choice of the length and mass scales L and M, that
(w(j, k) : (j, k) € L) is a 3-dependent oriented site percolation with density at least
1 — €. We recall the definition of this from Durrett [4]: whenever (j,, k,) € L, for
1 <n < N, satisty |j, — jm| = 3 or |k, — k| > 3 for all n % m, then

Plo(n, kn) =0 forl <n < N]<eV. 6.1)

We write (0, 0) — (j, k) when there exist a sequence of points 0 = ko, k1, ..., k; 1,
kj = ksothatsothat |k, —k;;—1| = 1forO < m < j andsatisfying w(m, k) = 1 for
1 <m < j.ThenletCy = {(j, k) : (0,0) = (J, k)} be the cluster of sites connected
to the origin. This definition is sufficient for the key property of percolation to hold:
Theorem 4.1 of [4] shows that when € < ey = 67190 then P[|Co| < oo] < 1/20,
where |Cp| is the cardinality of Cp. In particular, if the initial condition is such that
w(0,0) =1, thatis u(Iy) > M, then

QLW [P £ 0] = PP £ 0] = PlICo| = o0]

is bounded away from zero, and by Lemmas 11 and 12, possible life occurs.

It remains to check the hypothesis (6.1) of being a 3-dependent oriented site perco-
lation. We do this inductively. By conditioning on Gx = o{u/ : j = 1,..., K} (and
setting Gy to be the trivial sigma field) it suffices to show an estimate of the form

Plw(K 4+ 1,k,) =0 for1 <n < No|Gk] < e™.

whenever |k, — k;,| > 3foralln #m. If & (K, k, — 1) = (K, k,, + 1) = 0 for some
n then the conditional expectation is zero. So we may also restrict to the set where, for
each n, there exists k, € {k, — 1, k, + 1} for which &(K, k,) = 1. We let D(K, n)
be the box le( i + D3r. Note that the boxes D(K, n) forn =1, ..., Ny are disjoint
and contained’iﬁ D(K +1).

We now apply the spatial Markov property Lemma 7 to the pairs of domains
D~ = D(K,n) € D(K+1) = Dt,forn =1, ..., Ng in succession. Since the
domains D (K, n) are disjoint, this amounts to constructing, conditional on o {uj 1j =
1,..., K}, independent solutions (u®X+1-% yK+17y on D(K, n) with initial condition

K
€ D(K,n) N D(K),
ug M =uPOLDE ). and vé‘“’"<x>=[ S DKM DCK),

forn =1, ..., Ny. Then an exit measure ftfoH’aD(KH) can be constructed by run-

ning one further solution, conditionally on these Ny processes, that starts with the
combined exit measures of (uX*t1" . n =1, ..., Ny) on their domains and any part
of qu;*’D(K) that is unused, and run until the exit from D(K + 1). This leads to a
construction of an exit measure ﬂfoH’aD(KH) that, by the spatial Markov property,
is equal in law to ufoﬂ’aD(KH), but that is pathwise larger than the sum of the exit

K+1,n,0D(K,n)
o0

measures Zflvil u restricted to d D(K + 1). This in turn implies, since
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K+1,n
bl

the solutions (u vE+11) are conditionally independent, that

Plo(K +1,ky) =0for1 <n < No |Gkl

No
<[] PrulttmoPED (ko + 1) < M | Gk

n=1

By translational invariance, and the monotonicity in the initial measure, the condition
(6.1) will then follow from an estimate of the form

D3B8,
O P UL gy + 1) < Ml < €

whenever f > I(x; > 0) and u is supported on /7, with u(1) > M. (6.2)

By monotonicity in f it is enough to consider just the case f = I(x; > 0). We
shall check this block estimate in the next two subsections for two different regions
of parameter values (B, y).

6.2 Proof that liminfg_,¢ \D(ﬂ)/ﬂz > 0 in dimension d = 3

After applying the scaling in Lemma 3 with the choices a = ¢ = LB~ !, b =
L?B~2, ¢ = 1, solutions to (1.1) with the parameter values (8, L™28% ind = 3
become solutions to the rescaled equation (6.3) studied in the following lemma. Undo-
ing this scaling, the lemma shows that the block estimate (6.2) holds for solutions to
(1.1) when B € (0, 1] and with the choices

y =Ly @p* L=Lo@p", and M = Li(e)p .
Choosing € = €, the value from in Sect. 6.1 that ensures the OP is supercritical, the
OP comparison implies possible life for the parameter values (8, L, 2(6())/32), and

thus lim inf W(B)/8% > Ly (o) as  — 0.

Lemma 20 Consider solutions, ind = 3, on the domain D3 = (=3, 3)3 1o the equa-
tion

_ 21, :
[atu—Au—i—Lﬁ uv —u+Ju W, ©6.3)

B,v = _L,B_luv, U()(x) = I(x € H)’

where H = {x : x; > 0}. For any € > 0 there exists Lo = Lo(e) > 1 so that,
whenever (u, v) is a solution to (6.3) with parameters Lo and € (0, 1], and with an
initial condition | supportedin Iy = {x : x1 = 0, |x| < 1} and satisfying u(1) > 1,

P [u§<?3(xl,i1 +1) < 1] <e.

where x11 = (3,2,0) and x_1,; = (-3, 2,0).
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Remark The intuition for the lemma comes from taking L large, ignoring for a
moment the diffusion, killing and noise terms and reducing to the ODE system
dx = L>B " 'xy, 8,y = —LB 'xy, where, for L large, the solution converges fast
to Xoo = X0 + Lyo. Thus the nutrient leads to a large build-up of mass, which in turn
leads to a high probability that the exit measure is large. The corresponding scaling in
dimension d = 2 fails to produce this large build up of mass.

Proof We first construct a DW process #~ on D3 with law Qﬁz”l. Then, conditional
on o {u~}, we construct a solution (T, vT) to (6.3) on D3 with initial conditions

uf = LI(x € HY(1 — e X000y gy and o = I(x € Hye v 0000,
Lemma 5, after a suitable linear scaling, shows that ug<>D3’_ + ugoD 3 has the same
law as the total exit measure ug£3 of a solution to (6.3) started at ;. Lemma 5 also
implies that the exit measure u&?»‘* is stochastically larger than the exit measure
UgoD3 where U has the law Q’?j’] of a DW process, conditionally on o {#—}. Choose
smooth i : 9D3 — [0, 1] so thgt {h > 0} = x1,1 + I (the case of x1 _ is symmetric).
Then

E |:eugc?3(x1,|+1|)i| <E eugoDS(h)iI

D31, — aD3
S E|Q e “)]}

—FE _efqur(w):I

where, using the DW Laplace functional from (3.8), Aw = %wz + w on D3 and
w = h on dD3. Let cg = inf{w(x) : x € Dy N H}. Then a comparison argument
shows that cp € (0, 00). Using the initial condition of uar we continue, for 8 < 1 and
L>1,

E[e”gé)g(xlv‘ﬂl)} < Qf}”l exp| —L / (l—efL’gflU(O’oo‘x)) w(x)dx

HND3

= Q53»1 exp | —Lco / (1_67U(0’w’x))dx
HAD,

=: p(L, ).

We will show that p(L, ) converges to zero, as L — 0o, uniformly over u as stated
in the lemma. Then a Chebychev argument finishes the proof.

It is not difficult to see that Ujp,1;(D2 N H) > 0, Q£3’1 almost surely, whenever
n(1) # 0 and p is supported on /. It is possible to argue this directly from the
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Laplace functional, but it follows also from results in the literature. Indeed the pro-
jection of the process onto {x; = --- = x4 = 0} is a DW process started at ¢§p, SO
one can use absolute continuity and the strong law of the logarithm for the closed
support shown in Tribe ([16]). Since x — U (0, oo, x) is lower semi-continuous, the
set {x € DN H : U(0,00,x) > 0} is open and almost surely non-empty by the
above. This implies that p(L, u) — 0 as L — oo for each non-zero p. Lemma 4
shows that 4 — p(L, ) is non-increasing, so we may restrict to the set M (I) of
measures supported in / and with total mass one. Note that M (/) is compact in
the weak topology. Since L — p(L, ) is also non-increasing, the required uniform
convergence follows by a Dini argument if we can show that © — p(L, ) is upper
semi-continuous. This will be true since p(L, w) is the decreasing limit of p(L, i, €)
as e | 0, where

p(L, €)= sz’l exp | —Lco / (1 — eiU(“fl'x)) dx
DyNH

Increment estimates (similar to those in (4.16) show that the laws Qlﬁ”l (U(e, e e

dfyon C (D2, R) are tight, uniformly over u € M (). This in turn implies that the
map u — Qfl(U(e, €1 e df) and hence also © — p(L, i1, €) is continuous,
which finishes the proof. O

6.3 Proof that limg_.oo B~ W(B) = 1.

We fix ¥ € (0,1) and show there exists Sy = Bo(k) so that possible life occurs
whenever § > B and y = «8. Since W (f) < B this implies the desired limit.

Lemma 21 Fix « € (0, 1) and smooth n : D3 — [0, 1] compactly supported inside
D3N {x :x; > 0}and so that n = 1 on Dy N {x : x; > 1}. Consider, in dimensions

d > 2, solutions on the domain D3 = (-3, 3)d to the equation for a DW process
given by

1 .
ou=Au+6 (%n—x)u—i—«/cu w. (6.4)

Given € > 0 we may choose 0y (€), oo(€) > 0 so that for any solution u to (6.4) with
parameters o and 0y, and initial condition u € M (I),

P [”?03(x1,j:1 +1) > 1] >1—e

where x1,.+1 = (3, £2,...).

Proof Choose h : dD3 — [0,1] so that {h > 0} = xi,; + I (the case x|
being symmetric). Using the Laplace functional from (3.6) and scaling, we have
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Elexp(—uP (h))] = exp(— (1)) where

_ 1 2
8,¢—A¢+9(%n—/{)¢—%¢ on D3, 6.5)
¢ =honoD3forr >0, and ¢9 =0 on Ds.

As o — 0 the solution ¢; converges to ¢| where ¢ is the solution of (6.5) with o = 0.
Since ¢ is decreasing in the parameter o, the convergence is uniform over x € I;.

We claim that 51 (x) — oo as 8 — oo and that the convergence is uniform over
x € I1. One way to see this is via the Feynman-Kac representation for ¢, namely

¢1(x) = E; |:h(X,)](T < e’ .IJ(I?n(Xn—K)ds]

where X is a Brownian motion (with generator A) and t = inf{z : X; € dD3}. Note
thatif Xy € Dy N {x : x; > 1} then (%n(Xs) — k) > (I —k)/2. Now we use the
support theorem for Wiener measure. There is an open set of paths O, € C([0, 1], R%)
where f € O, satisfy fo = x, f exits D3 before time 1 and for(l%n(fs) —Kk)ds >
(1 —«)/4. Then ¢ (x) > exp(O(1 — «)/4)E<[h(X)I(X. € O,)]. Moroever O, can
be chosen so that E[h(X;)I(X. € O,)] is bounded below uniformly over x € I,
establishing the claim. Then we may choose 0y (¢) and then o (€) so that

PlafP i+ 1] = PP m <1]
< ee M@ by Markov’s inequality
<e eHP 4 % by the suitable choice of o¢(€)
< € by the suitable choice of 8y (¢)
which completes the proof. O
Lemma 22 Consider, in dimensions d = 2 or 3, solutions on the domain D3 to the

equation

[atuzAu-l—@u(U—K)"‘\/aW’ (6.6)

ov = —duv, vy=1(x1 >0).
Given € > 0 we may choose 01(¢), o1(€), 81(€) > 0 so that for any solution (u, v) to

(6.6), with parameter values 61, o1 and § < 81, and with initial condition p supported
on Iy satisfying (1) > 1,

PlulPins+1) 2 1] 2 1-¢

where x1,.+1 = (3, £2,...).

Proof By the monotonicity in u given in Lemma 4, it is enough to consider u €
M (). Fix 61 = 6y(e/2) and o1 = o¢(€/2) from the previous lemma. Let 1 be as
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A phase diagram for a stochastic reaction diffusion system 627

in the previous lemma and let K be the closed support of . We consider a solution to
(6.6) on path space and set

s = inf{t : U (0, ¢, x) > (1 — k) /2 for some x € K}.

Note that V (¢, x) = exp(—8U(0,1,x)) > 1 — (1 —«k)/2fort < 75 and x € K. This
implies that

14+«
Vit,x) —k > Tn(x)—/c fort < ts and x € Ds.

Informally, upto the time t5 the process dominates a solution to (6.4). More care-
fully, we may expand the process exp(—us(¢p1—s) — u?m (¢5)) over the interval s €
[0, ts A 1], with ¢ as in the previous lemma, to obtain an upper bound on the the Laplace
functional E[exp(—u’”*(h))I(ts > 1)]. This shows that P[ulD(xi 41 + I1) <
1,75 > 1] <€/2 forall u € M (1) (and for any choice of § > 0).

It remains to estimate P[ts < 1]. Informally, we can control this by choosing §
small and the fact that the process is dominated by a DW (D3, —61) process. Rather than
use the natural pathwise comparison, which is messy (although possible) to establish
in this non-Lipschitz setting, we exploit a change of measure argument. Let Q,, be the
law of (1, u?P3) on path space Qp, of the DW process satisfying d;u = Au+.,/o1u W
starting at u. Set

t
M; = 0’1_191 // (e‘SU(O’S’x) - K) Z(dx,ds)
0

and let & (M) be the associated stochastic exponential. Arguing as in Sect. 3.2, under
the the measure d P|y, = & (M) Q,., the process U is a solution to (6.6). Then

Plts < 11 = Qy [Eqni (M) (zs < 1)]

< (0 [Eunpme TP ) " (g, < 1) 67

the change of measure, under the law £(pM)d Q,, the process has a mass creation
at most at rate p6; up to time 7s. For small enough 6 > 0 the exponential moments
Q£3’_”91 [exp(9Uo.1;(1))] are finite, and bounded uniformly over x € M (I}). Thus
we may choose p = p(€) > 1 so that the first term on the right hand side of (6.7) is
bounded uniformly over u € M;(Iy), and it remains to estimate Q,[ts < 1]. Note
that

for a dual pair p_l —|—q_1 = 1. Notethat [M]; < 01_2912U[0,,](1) fort < t5. Reversing

Oults <11 =<0y [min{l, 26(1 — /c)_1 sup U (0, 1,x)}i| = p(S, n).

xekK
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The continuity of the occupation density U(0, 1, x) for x € K (the finite spead of
support ensures that the solution does not hit K immediately) implies that sup,
U(0, 1, x) is finite, and so that p(é, n) | 0 as § | 0. But p(u,§) is the deceasing
limit of p(6, i, €) as € | 0 where

p@, €)= Qyu |:min{1, 25(1 — /<)71 sup U (e, 1,x)}i| .
xekK

Arguing as in the proof of Lemma 20, the functions p(§, i, €) are continuous in @ and
hence p(§, ) is upper semicontinuous, ensuring that the convergence p(§, u) — 0
is uniform over M (I1). This allows us to choose §; to ensure that P[ts < 1] < ¢/2
for all u € My (I1) and completes the proof. O

Now chooose € = ¢ the value that ensure the OP process is supercritical. Using
the scaling lemma 3 for a solution to (1.1) with the choices b = 01(e0)B~ L, a = b2,
¢? = aboy(ep) and e = 1, the scaled solution & solves (6.6) with the parameter values
61,01 and § = 91,3’1. Choosing 8 sufficiently large that § < §;(eg) we see that the

block estimate (6.2) holds, ensuring possible life.

Remark The correct large B asymptotics can be seen from the following formal argu-
ment. Choose y = g — 6% =4 for some 6 > 0. Applying the scaling in Lemma 3
with the choices a = p=@=2/06-d) |, — g=2/(6=d)  — g=1/(6=d) apd ¢ = | we
find the scaled equation solves

du = Au+ A D/6~Dy (y — (1 — gp=G=D/6=Dy) L fu W,
0V = —;‘37(4*‘1)/(67‘1%1}, vo = 1.

Lettingv = 1 — B~G=D/6-d)} we may rewrite this equation as d;u = Au + Ou —
ud + JuW and 8,0 = u(l — p~@49/©6=d)5) This suggests that as § — oo the
system converges to the one parameter system

B = Au+0u —uv+Ju W, ©6.8)
v =u, vy9=0. ’

This limiting equation arises as the limit of spatial SIR epidemics, see Lalley [8]
and Lalley and Zheng [9]. There is monotonicity of total occupation and exit mea-
sures in 6 and one expects that there is a critical 6, so that solutions to (6.8) die
for 8 < 6. and may live for & > 6,. It is therefore reasonable to conjecture that
limg_, oo B72/6=D (B — W (B)) = 6. There is no obvious line of proof for this conjec-
ture, since it is not obvious that a life or death block estimate will hold for 6 close to 0.
However such block estimates should hold for sufficiently large and small 6 leading to
upper and lower asymptotics of the same order. However note that the block construc-
tion we have presented in Sect. 6.2 uses initial nutrient condition f = I (x; > 0), and
the above intuition does not apply as such. One needs a more careful block construc-
tion where the nutrient level is controlled, and this in turn seems to require a stronger
version of the spatial Markov property. We will present these details in a subsequent

paper.
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We remark that a similar one parameter scaling limit should hold for the small g
asymptotic. Indeed letting 8 — 0 in (6.3) suggest that the small 8 behaviour when
y = L2872 should approximate the one parameter system

du = Au+ LSy () —u + /uW where o(x) = inf{z : U(0, , x) > 0}.

The analogous conjecture is that that this equation makes sense, that it has has a critical
value L, and that the limit W (8)/A exists and equals L.

7 Death
7.1 Death in dimension d = 1

We will show that death is certain wheny =0, > 0and d = 1.

Lemma 23 There are closed bounded intervals I (i) C (00, 00), indexed by u €
M(R), and probabilities pg > 0, for B > 0, so that when |1 is compactly supported

R.B,0
01 11U 0,00 (1 (1)) = 01 = pp.
By arguing as in the proof of Lemma 12, one may check that

(=M ,M),B,0

07 1U10,00) (1) = 01 = O} 1 P00 U oy (1) = 0] (7.1)

whenever [ is a closed interval supporting p and satisfying I € (—M, M). We define
stopping times iteratively as follows. Let 7| = inf{¢ : U; (1 (n)¢) > 0} (with inf{#J} =
+00). Supposing 7, < 0o we set

Tut1 = inf{t > 7 : Ut(I(Ur,,)C) > 0}.

If 7, = 00 then we let 7,41 = 00. Set p(it. f) = Q'+ [Ujo.00)(I (1£)°) > 0]. The
decomposition in Lemma 4 and (7.1) show that f — p(u, f) is non-decreasing. By

the lemma above, Qﬁ:f’o[fl < o0] = p(u, 1) < 1 — pg. By the strong Markov

property at t,, we have on the set {7, < oo}

081 [tus1 < 0olts,] = p(Us, . exp(~U (0, 1))
< pUs,. 1) <1 - pp.

Then iterating the lemma shows that

R.B,0
0 B

1wl [U0,00) 1s not compactly supported] < Qﬁjf’o[rn <ol < (11— p,g)”

completing the proof of death by the characterization in Lemma 11.
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Proof of Lemma 23~ Choose a closed bounded interval [ = I (n) € (—o0,00) so
that Qﬁyo[U[o’oo)(I") = 0] > 1/2. This is possible since paths die out and are

compactly supported. Without loss we may assume I has length at least 2. Now
set I = I + [—1,1]. Choose M so that I C (—M, M). By (7.1) we must show

QL_’g/I’M)’ﬁ’I[U[O,OO)(I") = 0] > pp. Construct processes (u~, u™, v") so that u~
is a DW((—M, M), 0) process started at x, and conditional on o{x"} the process
(ut, v") is a solution to (1.1) on (—M, M) with parameters (8, 0) and initial con-
ditions uy = B(1 — e ©-°)dx and vj = e ©-°). Then Lemma 5 (i) shows
that u[?)eo) + u?(')’oo) has the same law as~ Uj0,00) under QEZIM,M),/B,O. On the set
{u[foyoo)(lc) = 0} we have u(J)r < BI(x € I)dx. When this occurs, Lemma 6 shows
that the total occupation measure uf{)’ ) becomes stochastically larger if we replace
the initial conditions (ug,vf) by (BI(x € Ddx, 1((—M, M)\I)). Therefore on
{1419.00) (T) = O},

. — -M,M),B,0 )
Plijg 00T G) = Ol o™} = Q)" 1Uj0.00) (1) = 0]
(—M,M),B,0

>0 [Uj0,00)(I¢) = 0]

BI(xeDdx,1((—M,M)\D)

_ nR.BO o

= Qyiendr. 1oy V000 ) =01 by (7.1
R,fﬂ](iC) o

= QﬁI(XEi)dx[U[O’OO)(I ) = 0]

> exp(—ﬂ/w(x)dx) using (3.17)
I

provided that w solves
1, .
Aw < Ew —nw onint(/) and w(x) 1 coasx — al (7.2)

with smooth y > Osatisfying 7 > B on I\ 1. The proof will be complete if we find such
a function w and show that there is an upper bound on |; 7 w(x)dx that is independent
of the length of the interval 7.

Choose smooth non-increasing 77 : [0, co) — [0, 1] so that (x) = 1 forx € [0, 1]
and 77(x) = 0 for x > 2. There is a unique non-increasing w(x) > 0, for x € (0, co)
that solves

1
Aw = sz —2Bnwon (0,00), w(x) > occasx — 0and w(x) — 0asx — oo.

Moreover the decay as x — oo ensures that floo w(x)dx < oo.Suppose I (i) = [a, b]
and [ = l[a+1,b—1],whereb > a+4. Then w(x) = w(x —a) +w(b — x) satisfies
the required properties (7.2) with the choice n(x) = n(x —a) + (b — x). O
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Remark The extinction estimates for a DW(R, y) can be used to show that
R,
05, V[U[o,oo)([—L, L1®) > 0] ~ exp(—yl/zL) for large L.

This in turn yields the finiteness of small positive exponential moments of f a1 -
exp(—2U (0, 0o, x))dx which implies, via Novikov’s criterion, that the exponential
martingale 1 — & (M# 1) is uniformly integrable for small A and hence certain
death. We omit the details since this simple method does not seem to be applicable for
large Bind = 1 or any > 0 in dimension d > 1.

7.2 A block estimate for death

By Lemmas 11 and 12, to establish certain death for some parameter values (8, y) it
is sufficient to choose a non-zero compactly supported p and show that

: RUBy [ 170D _ o] —
im0 [UOO = 0] —1. (1.3)
It can be simpler to verify the following block estimate, which will imply (7.3) via

a simple iteration reminiscent of the more direct branching process comparison used
in [11].

Lemma 24 Suppose that there exists L, M > 0 so that for all ju supported in Dy =
[—L, L1¢ and satisfying j1(1) < M the following bounds hold:

0P [UdPr £0]) <eo and QP [UIPH ()] < @M, (74

where g = 1/(4 - 3d). Then (7.3) holds for u = M &y and hence certain death holds
Jor (B, y).

Proof We want to break a measure 1 € M (R?) into submeasures supported on blocks
of size L and of mass at most M. We consider translates x + [—L, L)? for x € 2LZ¢
and break the restriction of wonx +[—L, L)d into at most Int[M ! ux+[—-L, L)d)]
parts, each of measure at most M (here Int[z] is the smallest integer greater than or
equal to z). We require only that this splitting is done in a measurable manner. Let
Nr.m () be the number of pieces into which u is thus decomposed, that is

NewGo = > It M~ e +1-1,0)h)].
xelLzd

We now inductively define a sequence (X, : n > 0) of random measures. Let Xo =

Méy. Let X1 = uélo)’aD” for a solution (uV, v™) to (1.1) on D3z with initial con-
ditions u(()l) = Xo and v(()l) = 1. The spatial Markov property (Lemma 7) and the
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monotonicity of exit measures with respect to the initial nutrient level (Lemma 4 (ii)),
imply that for R > 3L

Q?{ffg ¥ [UBDR _ O] -~ E [QDR B. Y [UIPr = 0]]'

Then inductively, provided that X,,—1 # 0, we choose one of the submeasures X n—1
that form the decomposition of X,,_; as in the first paragraph (in some measurable
manner), and denote its supporting cube as x,_; + [—L, L)d Let D(n) = x,,—1 +
(=3L,3L)". Conditionally independent of @D, v j=1,...,n—1) weruna
solution (™, v™) to (1.1) on D (n) with initial conditions uf) " Xn,l and v(()") = 1.
We then set

Xy = Xp_1 — X1 +u0P0, (7.5)

When X, 1 = 0weset X, =0.

We apply the decomposition Lemma 5 (i) to the domain D(n) to see that the total
exit measure on d D (n) started from (X,—1|p(), 1) can be constructed in two parts as
ugg‘aD(”) + ﬂgé)’aD(") where i is a solution on D(n) started at X,,_ ID(v) — Xn_1
and initial nutrient level exp(—u " (0, o0)). The monotonicity of exit measures in the
nutrient level shows that i 5o PP g stochastically smaller than the total exit measure
of a solution on D(n) started at (X,,, 1). Noting that X,, is certainly supported inside
5(2n+1) L, the spatial Markov property then gives, for R > (2n + 1)L,

oyl [UaDR - 0] > E [QDR BryIPr = 0]] . (1.6)

Using the simple inequality Int[z] < z + I(z > 0), the hypotheses of this lemma
imply, when X, # 0, that

E[Np (9P M)] < 39(ey + ¢) < 1/2.

Note from (7.5) that Ny (Xn) < Np.y(Xp—1)— 14Nz pr &Py when X,,_; #
0.Thenn — Ny p(Xp)isa N valued supermartingale whose only possible limit point
is zero, which implies that X,, = O for large n, almost surely. Then (7.6) implies the
sufficient condition (7.3) for certain death. O

As an illustration of this block condition, we shall use it to show for any § > 0
there exists ¥ < B so that certain death occurs for (8, y). This implies that ®(8) < B.
The following lemma will imply that the block estimates will hold when y = 8, and
a perturbation argument will ensure they hold y sufficiently close to .

Lemma 25 Consider solutions in the domain D3 = (=3, 3)? to the equation

(7.7)

du =b~ = DIAAY + pBu(v — 1) + Ju W,
0;v = —uv, vg=1.
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Then, given € > O, there exists bo = bo(B, d, €) > 0 so that for b > bo, and whenever
ug = w is supported in D and satisfies u(1) < 1,

E [ui?(l)] <€ and P [ugé)3 #* 0] < €.

Remark Note that (7.7) comes from (1.1) via the scaling lemma with the choices
e=1,a=b,c= p2/d. Undoing this scaling shows that the block estimates (7.4)
hold when y = g and L = %%, M = b with b = by(B, d, ).

Proof We first consider solution to (7.7) on the smaller domain D; and estimate the
expected total exit measure. Using Lemma 6 we can and shall, at the expense of obtain-
ing a stochastically larger exit measure, change the initial condition to u + I(D>)(dx)
and the initial nutrient to vg = (1 — (b,B)_l)I (D). With these changes the reaction
term bBu(v — 1) is at most —u. Let ¢ ,(x) solve b_(4_d)/dA¢b,, = ¢p, on the
domain D, with boundary conditions ¢, = 1 on dD,. Calculus shows for r > 2
that u, (¢p ) + u?Dz (¢p.r) 1s a non-negative supermartingale. Taking expectations and

r | 2 wefind E[ugoDz(l)] < sz Pp2(x)(u(dx)+dx). Asb — oo, ¢p 2(x) decreases
to zero as b — oo for x € D, (argue, for example, using the probabilistic represen-
tation) and therefore uniformly for x € D;. This implies that E[u2£2(1)] — 0 as
b — oo, uniformly over p as in the statement of the lemma.

For a solution to (7.7) on D3 we apply the spatial Markov property Lemma 7 with
the subdomain D;. Using also extinction estimates as in (3.17) this shows that, when

w supported in Dy,

E[u?P3(1)]v < E[u?P2(1)] and P[ugoD3(1)>O]§E[1—e_”g<?2(w)]§E[ugoDz(w)]

provided that b~ #=9/4 Ay < w?/2 on D3 and inf{w(x) : x € dD,} — ooasr 1 3.
The test function w(x) = 12 Zle (x; +3)" 24+ (3—x;) 2 satisfies these requirements
provided b > 1 and also sup{w(x) : x € dD>} < oo. The lemma now follows from
our control on the expected exit mass E [u;‘;? 2(D]. O

The proof that W(8) < B will follow from Lemma 24 once we have shown that on
abox D, the block estimates Qﬁ’f’y[UgoD # 0] and QS”f’y[UgoD(l)] are continuous
as y 1 B, uniformly over p supported in a certain strict sub-box and with a certain
bounded total mass. This follows by a change of measure argument. Indeed the deriva-
tive ngv’lﬁ‘y /d Qi’f}’ﬂ on U is given by the exponential martingale & ((8 —y)M (1))
where M, (1) is the martingale part of U,(1). Note that [M(1)]; = Ujo(1). The
uniform integrability of & ((8 — y)M (1)), when B — y is small, follows from the
finiteness of the exponential moments

*)
01 [exp(hUjo,00) (1)] = Q2 [exp(AUjg,00)(1))] = ¢ < 00
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where ¢ solves, for small enough & > 0, A¢™ = —(1/2)(¢*)? — A on D and
¢* =0ondD. Then

’ [UaD(l)] Dﬂﬁ I:U(’)D(l)]’
( ,ﬁ’ [U”(l)(soo«ﬂ »my - ])’
= o PP [WEP 2] 0l [Ent8 = M) = 1?].

Then Qf”f’ﬁ[(UgoD(l))z] < QE’O[(U&D(I))Z] can be bounded in terms of the total
mass @ (1) while, when g — y is small enough,

017 [Ext(B = M) - 1?]

DB, - co\L)—\P— 2 00
— Qufﬂ[ezw ¥)Moo (1)~ (B~7)*Up, )<1>]_1

(fo;f*ﬂ (£ (6 - VNVI(D)])]/2 (Qf,’f’ﬂ [eﬁ(ﬂ*V)ZU[o,oo)(l)])l/Z 1
(ngo [96(/3*3/)211[0’00)(])])1/2 -

= (exp(u(qs(“))”2 —1

IA

IA

where A = 6(8 — y)2. Since ¢ decreases to 0 as A | 0, this shows the required

continuity in y. The argument for QD 5. YIUZP # 0] is similar.

7.3 Proof that W(B8) < ¢;8%ind =3

We sketch a rather simple argument for death, based on the decomposition in Lemma 5
(i). This decomposition suggests we may construct the total occupation measure for
a solution to (1.1) in two parts: Upo from a process u~ with law Q “ ¥, and uf& )

from a solution u™ to (1.1) that cond1t10nal on o {u"} has initial condition u Tdx) =
B(1 — exp(—u~(0, 0o, x))dx. The expected initial mass E[u (1)] can be exactly
calculated via the Laplace functional of u~ (0, oo, x) and shown to be bounded by
coBy "'/ (1). This suggests, when cofy ~'/> < 1, that this decomposition can be
iterated leading to a convergent geometric series and a finite total occupation measure.
We now formalise this argument, working on finite domains and with exit measures.

Lemma 26 When cofy /% < 1 we have
o
D _
PP [UPr )] = @ ™) + 1) Y (copy ™)
k=1
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where ¢ solves Ap'L) = yp) on Dy and ¢'Y) =1 0n 9Dy, and co = ng Y (x)dx
where (W (x) : R3\{0}) is the maximal solution to

AY = %wz + v on R*\{0},

Y(x) — 0as |x| - ocoand ¥(x) — oo as |x| — 0. (7.8)

Remark The maximal solution ¥ can be constructed as follows. Non-negative solu-
tions ¥© to AY© = (1/2)W )2 + ¥ on {x : 0 < € < |x| < oo}, with
boundary conditions () (x) — 0 as |x|] — oo and ¥ ©(x) — oo as |x| | €
exist and are unique (take limits through increasing boundary conditions, using the
supersolution 12(|x| — €)™ as an upper bound for existence and using the maximum
principle for uniqueness.) Moreover v/ (€) decrease as € | 0 to function ¥ defined on
R3\{0}. Interior regularity estimates show that i solves (7.8). Any other solution will
be bounded by /() on {x : € < |x| < 00} by another maximum principle comparison
argument. Since this is true for any € the function v must be the maximal solution.
Note that ¥ (x) < 12|x|~2 so that ¥ is integrable near the origin. Another comparison
on {x : |x| > 1} against the solution to the linear problem A¢ = ¢ shows that { has
exponential decay at infinity so that ¢ = f Y (x)dx < oo.

Proof L, B, y are fixed throughout. For convenience in this proof we let F(u, ) =

Q/?Lj;'6 v [UgODL (1)] and let E(u, dv) be the the measurable kernel given by the law

of B(1 —exp(—U (0, 0o, x))dx on M(Dp) under QﬁL’y. Then the decomposition in
Lemma 5 (i), monotonicity and the exact formula for exit measures of superprocesses
(derived, say, from (3.8)) imply

F(u,1) = QSLJ’ I:UgODL(l)] + QEL,)/ I:F(:B(l . e—U(O,oo,x)dx’ e—U(O,oo,x)):I
< QEL,V [UQODL(I)] + Q;?L’y [F(,B(l _ e_U(O’OO’x)dx, 1)]

= u(™) + / F(v, 1) B, dv). (7.9)

Define the range by R = Us~0 U;>s support(U;), where support(w) is the closed
support of w. Then

/v(l) E(u,dv) = ﬁ/ Q,?L»V [1 _ e*U(0,00,x):I dx
Dy
< ﬁ/ Q,ﬁ’w [{(x} e Rl dx = ﬁ/M(lp(y,x))dx
Dy DL

where ¢ = ") defined for y € Dy \{x} is the maximal solution to
~ 1~ - ~ ~
AV = 51//2 +yyonDi\{x}, ¥ =00ndD; and ¥(y) — oo as |y — x| — 0.
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The final equality follows using mostly the arguments in [12, Theorem IIL.5.7 (a)]
(and constructing ¥ ") as in the above remark). A comparison argument shows
that ") (y) < y¥(y'/2(y — x)) and this leads to the bound [ v(1) E(u,dv) <
coBy ~Y?u(1). Note that o) < 1. We can now interate the inequality (7.9) and the
lemma will follow once we have show that the remainder term converges to zero, and
this will follow from the fact that F(u, 1) — 0 when (1) — 0. To see this, note that

Fu, 1) = 0577 [0 (01 = 0] + 024" [U"’DL(D]
< (QDL By [(UaDL(l)) ] QDL BY [ > t]) i QDL,y—ﬁ [UtaDL(l)]
= Q;LLEI(DL)dx t D [t >1] + (6
<( D+y [(UBD (1))]Q LBy )

where 00 = (B — y)0 on [0,¢] X Dy,60p =0and & = 1 on [0, t] x dDr. Note the

term QY1 [(U&DL(U)Z] is bounded by C(L, B,y) < oo for u(1) < 1.

The term Ql?ﬁ’ﬁ’y [t > t] converges to zero as t — oo, uniformly over (1) < 1, for
instance by the estimate in Lemma 19. These together allow us to see that F'(ix, 1) — 0
when (1) — 0 completing the proof. O

To complete the proof that W(8) < c¢;B% we will apply the lemma above to a
sequence of domains D(n) := Dny_u 12, and show that the expected exit measures

decay geometrically. Scaling shows that the solution ¢(771/2) from the above lemma
satisfies ¢>(V71/2)(x) = q@(yl/zx) where A¢3 = qg on D andqﬁ = 1 on dD;. Moroever
a comparison argument shows that ¢(("+1)771/2)(x) < ¢(V71/2)(0) = ¢(0) < 1 for
x € D(n). The lemma therefore implies that

0T UL ()] < u (1) (SO +(coBy ™A1 =cofy ™) (7.10)

whenever p is supported on 9D (n). We may now choose y = ¢ B% with ¢; < oo
large enough that the right hand side of (7.10) is at most (1/2)(1+ ¥ (0)u(1) < w(1).
Iterating shows when u is supported on d D(1) that

QP [P ()] < (1 +G(0))/2)" n(h.

This implies certain death. Indeed the spatial Markov property and the extinction
estimate (3.17) show that

2 2 aD(n—1)
Qllf’(ln),ﬂ,czﬁ [U&D(n) #0] < Qllf’({z),ﬁ,czﬁ [l—e_UOO (w)] 50 asn — oo

where

> ) 12 ) 12
v =3 (4 )+ (2 )

i=1
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satisfies Aw < (1/2)w2 — Bw on D(n). Certain death follows from Lemmas 11
and 12.

Remark The approach above can be applied to the case of d = 2 and small 5. An
analysis of the first moment shows that when y = exp(—C/f) the above series con-
struction converges for suitable C and hence certain death. We do not include the
details since the argument is quite crude and it seems easier to conjecture that there
is death when y = 0 for small 8. Note however that when y = 0 a first moment

argument will not show death since the first moment Qﬁ"i‘ﬁ ’O[UC?ODR (D] — oo as

R — o0o. We hope to comment on this in a subsequent paper.
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