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Abstract We consider a class of semilinear stochastic evolution equations driven
by an additive cylindrical stable noise. We investigate structural properties of the
solutions like Markov, irreducibility, stochastic continuity, Feller and strong Feller
properties, and study integrability of trajectories. The obtained results are applied to
semilinear stochastic heat equations with Dirichlet boundary conditions and bounded
and Lipschitz nonlinearities.
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1 Introduction

The paper is concerned with structural properties of solutions to nonlinear stochastic
equations
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in a real separable Hilbert space H driven by an infinite dimensional stable process
Z = (Z;). In particular, we study Markov, irreducibility, stochastic continuity, Feller
and strong Feller properties for the solutions, and investigate integrability of trajecto-
ries. The main results are gradient estimates for the associated transition semigroup
(see Theorem 4.14 when F = 0 and Theorem 5.7 in the general case), from which
we deduce the strong Feller property, and a theorem on time regularity of trajectories
(see Theorem 4.4).

To cover interesting cases, we consider processes Z which take values in a Hilbert
space U usually greater than H. Moreover A : dom(A) C H — H is alinear possibly
unbounded operator which generates a Co-semigroup (¢!4) on H and F : H — H
denotes a Lipschitz continuous and bounded function.

In the case when Z is a Wiener process the theory of equations (1.1) is well under-
stood. The situation changes completely in the stable noise case and new phenomena
appear. For instance, even in the linear case F = 0, it is not known when solutions of
(1.1) have cadlag trajectories (see Sect. 4.1). That lack of cadlag regularity is possible
was noted in [18, Proposition 9.4.4] in a similar situation. Another difficulty is related
to the fact that general necessary and sufficient conditions for absolute continuity of
stable measures on Hilbert spaces do not exist.

We restrict our considerations to SPDEs with additive noise as even in this case
some new phenomena, related to the cylindrical Lévy noise, appear. We hope that the
results presented here will form a proper starting point to treat general equations with
multiplicative Lévy perturbations.

In this paper we consider a cylindrical a-stable process Z = (Z;), a € (0, 2),
defined by the orthogonal expansion

Z = BuZlen, 120, (12)

n>1

where (e,,) is an orthonormal basis of H and (Z}') are independent, real valued, nor-
malized, symmetric «-stable processes defined on a fixed stochastic basis. Moreover,
(Bn) s a given, possibly unbounded, sequence of positive numbers.

The results of the paper apply to stochastic heat equations with Dirichlet boundary
conditions

dX(t,8) = (AX (@, 8+ f(X(@, &) dt + dZ(t, &), t>0,
X(0,8) ==x(&), &eD, (1.3)
X(t,E)=0, t>0, £€dD,

in a given bounded domain D C R? having Lipschitz-continuous boundary 3 D. Here
z() € H = L*(D), f : R — R is bounded and Lispchitz continuous and the
noise Z is a cylindrical «-stable process of the form (1.2), where (e,) is a basis of
eigenfunctions for the Laplace operator A (with Dirichlet boundary conditions).
Irreducibility and strong Feller property can be used to establish uniqueness of an
invariant measure for the solutions of (1.1) through a well known approach based on
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the so called Doob theorem (see [6, Theorem 4.2.1]). However our results indicate
that solutions of (1.1) with non-Gaussian noise are less regular than those with a Wie-
ner process. Thus to cover equations with Lévy noise, having only a finite number of
modes or with modes vanishing rapidly (compare with [13]) one needs an extension
of the methods developed in [13-15].

After short Preliminaries, concerned with notations and basic definitions, in Sect. 3,
we deal with real and Hilbert space valued o-stable random variables. The most impor-
tant result here is a necessary and sufficient condition for the absolute continuity of
shifts of infinite products of symmetric «-stable, one dimensional distributions (see
Theorem 3.4). It is an improvement of an old result by Zinn (see [30]) with a direct
proof. Section 4 is concerned with linear equations

dX, = AX,dt +dZ,, t>0, Xo=z¢cH (1.4)

(see also [4,3,7,11,18,23]). We require that vectors (e, ) from the representation (1.2)
are eigenvectors of A. All assumptions concerning (1.4) are gathered in Hypothesis
@L).

In Proposition 4.2 we give if and only if conditions under which X, the solution
of (1.4), takes values in H, and establish its measurability and markovianity. Then
we deal with the time regularity of trajectories. The main result here is Theorem 4.4,
which establishes stochastic continuity of the solution and integrability of its trajec-
tories. Better regularity, like right or left continuity of trajectories is established here
in very special cases and is an open question for general equations. Note that in
[11] it is proved that trajectories of (X;) are cadlag only in some enlarged Hilbert
space U containing H. This lack of time regularity introduces additional difficulties
into the theory (see also [18, Proposition 9.4.4]). We establish also irreducibility of
the solution. Theorem 4.12 gives conditions under which all transition laws of X are
equivalent and establishes a formula for the densities. Moreover (see Theorem 4.14)
under the assumptions of Theorem 4.12, the transition semigroup corresponding to X
is not only strong Feller but transforms bounded measurable functions into Fréchet
differentiable functions with continuous derivative. Important gradient estimates are
established as well. Theorems on Ornstein-Uhlenbeck processes are based on results
about stable measures established in Sect. 3.

Section 5 is devoted to nonlinear equations (1.1). We gather all assumptions on
the Eq. (1.1) in Hypothesis (N). Markov property and irreducibility require special
attention due to the lack of cadlag regularity of the trajectories. They are established
in Theorems 5.3 and 5.4. Then estimates of Sect. 4 are used to establish the strong
Feller property of the solution to the nonlinear equation (see Theorem 5.7). The main
tool here is the so called mild version of the Kolmogorov equation and Galerkin’s
approximation. It is proper to add that the classical approach to get strong Feller using
the Bismut-Elworthy—Li formula is not available in the non-Gaussian case. A related
formula, but requiring a non trivial Gaussian component in the Lévy noise, was estab-
lished in finite dimensions in [21]. Finally, we mention that a preliminary expanded
version of this paper is given in [22].
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2 Preliminaries

H will denote a real separable Hilbert with inner product (-, -) and norm | - |. By L(H)
we denote the Banach space of all bounded linear operators from H into H endowed
with the operator norm || - || (7). We will fix an orthonormal basis (e,,) in H. Through
the basis (e,) we will often identify H with /2. More generally, for a given sequence
p = (p,) of real numbers, we set

2= {(zn) €R® : D a7py < 00}, 2.1

n>1

where R® = RN, lf) becomes a separable Hilbert space with the inner product:
(@, y) = D n1 Tntn Py fOr & = (2a), y = (yn) € .

The space C, (H) (resp. By (H)) stands for the Banach space of all real, continuous
(resp. Borel) and bounded functions f : H — R, endowed with the supremum norm:
1fllo = sup,ep | f(@)]-

The space C if (H), k > 1,1is the set of all k-times differentiable functions f : H —
R, whose Fréchet derivatives D! f., 1 <i <k, are continuous and bounded on H, up
to the order k. Moreover we set CZO(H) = Ni>1 Cﬁ(H).

Let us recall that a Lévy process (Z;) with values in H is an H-valued process
defined on some stochastic basis (2, F, (F;)r>0, P), having stationary independent
increments, cadlag trajectories, and such that Zy = 0, P-a.s.

One has that

E[e'] = exp(—t¥/(5)), s € H, (22)

where the exponent ¥ can be expressed by the following infinite dimensional Lévy-
Khintchine formula,

1 . ~ i(s,y)
_ _ _ i(s,y)
Y(s) = 2(Qs,s) i{a,s) / (e —1- Tl |y|2) v(dy), se€ H. (2.3)
H

Here Q is a symmetric non-negative trace class operator on H, a € H and v is the
Lévy measure or the jump intensity measure associated to (Z;) (see [18,26]).
According to Proposition 3.3 (see also Remark 4.1) our cylindrical «c-stable process
Z appearing in (1.2) is a Lévy process taking values in the Hilbert space U = llz,, see
(2.1), with a properly chosen weight p.
Let Z = (Z;) be a real valued Lévy process. We will consider Wiener-Lévy type
integrals

t
I; =/f(S)dZs,
0
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Structural properties of semilinear SPDEs driven by cylindrical stable processes 101

where f : [0, ] — Risa (deterministic) continuous function. Similarly to [2, Section
4.3.5], I can be defined as a limit in probability of Riemann sums. Moreover (see [26,
formula (17.3), page 105], [25, Chapter 3] or [4]), we find

t
Ekmﬁﬂmﬂﬂ:en)_i/¢(fQMﬂh , heR, 24
0

where ¢ is the exponent of (Z;) (see (2.2)).

3 Stable measures on Hilbert spaces

Here we gather and strengthen results on stable distributions needed in the sequel.

3.1 Stable densities

A symmetric real a-stable distribution S(«, 0, 0), @ € (0, 2), 0 > 0, has characteristic
function

alslot

S(et, 0,0)(s) = e ° seR (3.1
(see [25, Chapter 1]). A symmetric random variable X is «-stable ifits law is S (¢, o, 0),
for some « € (0,2) and 0 > 0. We have if 6 > 0,

(3.2)

E|X|P =00, p=>a,
EIX|? =cqpo?, O0<p<a,

where the explicit form of ¢, 4 is given in [25, page 18].

Let us consider a normalized, symmetric «-stable distribution ;o = S(e, 1, 0). The
density of |1y, With respect to Lebesgue measure, will be denoted by py, o € (0, 2).
We need to know the precise asymptotic behaviour of the even function p,. We have
that, for any o € (0, 2), there exists C, > 0 such that

C
Pa(@) ~ xa—j_l as x — 00, (3.3)

see [29], [26, page 88] and [10, pages 582-583]. We need two lemmas about p,. The
first one is straightforward.

Lemma 3.1 Let p, be the density of the one dimensional a-stable measure iy in (3.1).
Then, for any a € (0,2), py € C*(R) N Co(R) and moreover (with p,(x) = %)

2’ pl (x) € L®(R). (3.4)
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Proof Let p = pg. Itis well known that p € C*°(R) N Cy(R) (see, for instance, [26,
Chapter 1]). To get the second assertion, we use the inversion Fourier formula and
integrate by parts,

i ; a
:Z?zp/(x) _ _E/IZE—zzyye—ly\ dy
R

T d _m/) “lyl T / izy —lul®
- | = [ Yy = — izy ,—yl *“_1\d
2w ) ay (e ye Yy=571¢ ¢ (a|y| ) Y
R R
—ia?
_ /e—ixye—dey
27 ly|>=
R

ia . p o 1
+— [ e el —— — —— ) dy.

2 I~ e )
Since, 2% p’(x) is the sum of two Fourier transforms of integrable functions we get
assertion (3.4). O
Lemma 3.2 Let us consider the function

g(@) =1 _/pg/z(z) P> @—w)ydz, we (=11
R

We have

1 / 2
g(x) ~ cor? as x— 0, where cy = —/Mdz. 3.5)
8R pa(Z)

Proof Let p = py. Clearly g(0) = 0. In order to prove (3.5) we will apply Hospi-
tal’s rule. To this purpose we prove that g is twice differentiable, with g’(0) = 0 and
g"(0) # 0. We have, for |z| < 1,

@ =+ [ PP = P —w)d
g —2 P Z pl/z(z—x)p Z Z.
R

The differentiation is justified by (3.3) and (3.4), using also the fact that p is a positive
function on R. We only point out the following useful estimate: for any M > 1, there
exists ¢ > 0, such that, forany = € (—1, 1), |z] > M,

, c (|Z| + 1)1/2-{-0{/2
|P -2 = |Z|1/2+a/2 |Z—1|2

P (2) (3.6)

pl2(z — )
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To check (3.6), remark that by (3.3) there exists M > 1 such that % < |g|1/FHe/2

p'%(2) < %, forany z € R, |z] > M. Since |z — x| > |z — 1| > M — 1, when
lz| > M, x € (—1, 1), we have by (3.4)

/ /

C
1p'(z —2)| < E lz| > M, x € (—1,1),

<< s
—x> 7z =12
and (3.6) follows.

We also get ¢'(0) = % f]R P’ (z) dz = 0. We show now that there exists the second
derivative of g. To this purpose, we write

J@ =1 / PGt 1) — (@) dz
2 P2 (2) '
R
We have, for any = € (—1, 1),
, 1 "(z+x) 1
§' (@) = Z/ P 0 (2) dz.

J P2z +x) p'2(2)

The differentiation can be done, since, for any M > 1, there exists ¢’ > 0, such that,
forany x € (—1, 1), |z] > M,

Pc+o)l 1P@I _ <zl + D

. 3.7
P+ pl2 @) T |zl - 12 G-
This estimate can be proved arguing as in the proof of (3.6). We have also that
1 / 2
g”(O) _ 2 / p'(2) dz
4/ pQ@
R
and so (3.5) is proved. O

3.2 Supports of stable measures
Let us consider a sequence (&,) of independent real random variables, having the same

law pu, and defined on a probability space (€2, F, IP). Take nonnegative numbers g,
and consider the random variable

£ =(q181, -, qnén, ... (3-8)

with values in R%°. We start with a preliminary result, which is a special case of [17,
Corollary 2.4.2]. We provide a self-contained proof for the sake of completeness.
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Proposition 3.3 For any o € (0, 2), the random variable & in (3.8) takes values in
1%, P-a.s., if and only if

S g¢ < e (3.9

n>1

If. in addition to (3.9), g, > 0, n = 1,2, ..., then the support of the law of & is [>.

Proof We will use the following theorem (see, for instance [16], page 70-71): let U,
be a sequence of independent and symmetric real random variables; then the follow-
ing statements are equivalent: >, _, U, converge in distribution; >_, ., U, converges
P-a.s.; Zn>1 Un2 converges P-a.s.

We have: E[¢! Py nfnh] = Hflv:l E[e/tnénh] = ¢~ PR |h|a, forany N € N,
h eR.

Then it is clear that Z}f: 1 gk&k converges in distribution if and only if (3.9) holds.
Moreover if (3.9) holds, then we have convergence in distribution to the random var-

iable & (302 qf )1/05' It follows that the series > ;. gk& converges, P-a.s., and
also that -

> gigl <o, P—as., (3.10)
k>1

and this proves the first part. To prove the second assertion, we fix an arbitrary ball
B C 2, B = B(y, r) with center in y = (i) € [? and radius r > 0. Using indepen-
dence, we find

PAD (ke —w)* < 1

k>1

N
> P(Z(Clkgk —y)? < e) P(Z(quk —p)? <2 e)_

k=1 k>N

Now we use that the one dimensional measure i, has a positive density on R. This
implies that, forany N e N, e > 0, P (Z,iv:l(qkék — 502 < e) > 0.

Since P( > ;. y(qréx — yk)2 <r2- €) - 1,as N — o0, the assertion follows.
O

3.3 Equivalence of shifts of stable measures

Here we give necessary and sufficient conditions in order that shifts of infinite products
of one dimensional «-stable distributions, are equivalent. Our theorem on equivalence
strengthen an absolute continuity result of Zinn [30] (see Remark 3.5) with a different
proof which requires Lemma 3.2.
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Theorem 3.4 Let us consider the 12-random variable & in (3.8) under the condition
qr >0,k > 1, and Zkzl q,‘;‘ < oo. Take arbitrary u, v € 12 such that

o
Zu<oo. 3.11)

k>1 9k

Then the law of the random variable & + u and the one of & + v are equivalent.
In addition, if ;1 and v denote the laws of & 4+ u and & + v respectively, the density
Z—ff of n with respect to v is given by

g 175

% - Nl—r>nooH (zk vk)
1 Pu

in L'(v), a€(0,2).

Proof Let py, = p witha € (0, 2). The measures i and v can be seen as Borel product
measures in R®, i.e.,

nw= H uk , V= H vk ., where uk, V¥ have densities, respectively,
k>1 k>1

1 (Zk—uk) 1 (Zk—vk)
—p|{—=——) and —p|(——).
qk gk qdk qdk

According to [5, Proposition 2.19], i and v are equivalent if and only if

H(p,v) = H/(d k) vi(dzr) = H/(de) (dz )1/2(de) > 0.

k>1 k>1

Define, for any k > 1,

1/2 k 1/2
duk dv
— (k) —(2x) dzk
dzk dzk

[p”z (Zk - “—k) p'? ( 2% — —)} dzi € (0, 1].
dk qk

Q

=

Il
%\
/N

A

Note that

Hov) = [Ja =] = (1 = @) = eZier ==,

k>1 k>1
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Hence H (i, v) > 0if and only ifzkZl In(1 — (1 —ag)) > —oo and this is equivalent
to

> —ap) < +oo. (3.12)

k>1

2 qk qk

Let us write

so that

()
l_ak:g D B
qk 4k

where the function ¢ is considered in Lemma 3.2. Using (3.5) and (3.11), we get that
(3.12) holds and this proves the first statement.
The second assertion follows from the first one, applying [5, Proposition 2.19]. O

Remark 3.5 The result agrees with [30, Corollary 8.1], which shows that the law of
£ +u, u € 12, is absolutely continuous with respect to the one of £ if and only if

We point out that in [30], there are no conditions to assure the equivalence of «-stable
measures.

4 The linear stochastic PDE
We start from the linear equation
dX; = AX;dt +dZ;, z € H. 4.1

The process Z is a cylindrical a-stable process, o € (0, 2), given by

Zi= BuZlen, 120,

n>1

where (e;,) is the fixed reference orthonormal basis in H, (5,) is a given sequence
of positive numbers and (Z}') are independent one dimensional a-stable processes
defined on the same stochastic basis (€2, F, (F;), P), satisfying the usual assump-
tions. We have, foranyn € N, r > 0,

E[e'%h] = e~ j e R.
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Remark 4.1 Identifying, through the basis (e, ), the Hilbert space H with /? and using
Proposition 3.3, one gets that our cylindrical Lévy process Z takes values in l%, see
(2.1), where (p,) is a sequence of positive numbers such that >, BYp% < oo; thus
Z is an “honest” lg-valued Lévy process.

We gather here all assumptions which will be made on the linear equation (4.1).
Hypothesis (L)

(i) The processes Z" are independent and «-stable, a € (0, 2).
(i) A: D(A) C H — H is a self-adjoint operator such that the fixed basis (e;)
of H verifies: (e;,) C D(A), Ae, = —ynen with y,, > 0, for any n > 1, and
Yn —> +00.
By
(iii) Z—” < oo (and B, >0, forany n > 1).

n>1 Yn

(iv) Foranyt > 0,
—an 1/0(
sup ¢ C; < o0. “4.2)
n>1 IBn
Clearly, under (ii), D(A) = {z = (x,) € H : anl x%ynz < 4o0}. In addition A
generates a compact Co-semigroup (¢/4) on H such that

A

elep =e e, keN, >0.

According to (i) and (ii) in Hypothesis (L), we may consider our equation as an infinite
sequence of independent one dimensional stochastic equations, i.e.,

dX; = —y,X}dt + B,dZ;, Xy=wx,, neN, 4.3)
with = (x,) € [> = H. The unique solution is a stochastic process X = (X})
which takes values in R> with components
13
X' =e Mg, +/e—yn<f—”ﬂ,,dz;?, neN, >0 (4.4)
0

Proposition 4.2 Assume (i) and (ii) in Hypothesis (L). Then, for any x € H, the pro-
cess X = (X{) given in (4.4) takes values in H if and only if condition (iii) holds.
Moreover, under (i), (ii) and (iii), we have

X = foen =0+ Zs(t), where 4.5)
n>1
! !
ZA([) = /e(t7S)AdZS — Z /efyn(lfs)ﬂndzg en.
0 n>1 0

The process (X}) is F;-adapted, x € H. Moreover X is Markovian.
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Proof Let us consider the stochastic convolution

t
Y = 7% (1) =/e’7’"(”s)ﬁndZ?, neN, t>0. (4.6)
0

A direct calculation shows that, for any /2 € R,

t

E[e!""'] = exp — B |h|"‘/e_°‘ mids | = exp[—|h|* X (1)],

0
1 —e @ Vnt l/a
where ¢, (1) = By (—) 4.7
X ¥n
(see (2.4)). It follows that
E[eih Ytn] — E[eih cn(t) Ln], h e R’ (48)

where (L,) are independent «-stable random variables having the same law u, (see
(3.1)). Now the first assertion follows directly from Proposition 3.3.
The property that (X7) is F;-adapted is equivalent to the fact that each real process
(X7, ex) is F;-adapted, for any k > 1, and this clearly holds.

To prove the Markov property, we start from the identity

t+h
Za(t +h) — " Zu) = / Th=94qz 1, h>0. (4.9)

t

Introduce the bounded linear operators Ry, : Bp(H) — Bp(H), h > 0; Ry f(x) =
E[f(X})], forany x € H, f € By(H). Using (4.9) and independence, we get, for any
f € Bp(H),

t

t+h
BLS (M a) + Zat+ 1) F] = |:f (ehAy + / e<’+”—S>Asz>} :
y=e'Aa+ZA(t)

Note that, for any ¢, & > 0, the H-valued random variable j;t+h eUTh=9447 has the
same law of Z 4 (h). Indeed both have the same characteristic function. Therefore (see
4.5))

ELf (XZ,) /) = By + Za(D)]y—rny 7, 0) = Ri(XD).

The proof is complete. O
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Example 4.3 Consider the following linear stochastic heat equation on D = [0, w]¢
with Dirichlet boundary conditions (see also (1.3))

dX(t,8) = AX(t,£)dt + dZ(t,€), >0,
X(0,8) =x(€), £eD, (4.10)
X(t,6)=0, t>0, &edD,

where Z is a cylindrical a-stable process with respect to the basis of eigenfunctions
of the Laplacian A in H = L?(D) (with Dirichlet boundary conditions). The eigen-
functions are

ej(Er, ..., &) = (V2/m) sin(mi&)) - - - sin(naka), & = (&1,...,E) € RY,

j = (n1,...,ng) € N The corresponding eigenvalues are —yj, where y; = (n% +
-+ 4 n2). The operator A = A with D(A) = H?(D) N HJ (D) verifies condition (ii)
in Hypothesis (L). Moreover (see [28, Section 4.4.3]) we have

HP?(D)NHY (D) if 1 <p<2,
D((—A)P?) = HY (D) if 1/2<p<1,
HP(D) if 0<p<1/2.

If we identify H with /% then D((—A)?/?) can be identified with the weighted space

1/2, (see (2.1)) where p = (p;) and p; = yjp /2 This follows from the spectral decom-
position of self-adjoint operators, taking into account that —A is a positive definite
self-adjoint operator with compact resolvent.

The corresponding dual spaces can be identified with / 12 /p OF with Sobolev spaces

of distributions H~7(D). We only sketch the argument. Given any x € 112 /2 ONE
defines T : llz) - R, T, (y) = anl TnYn, Y € 12, and so T, € (lf))/. Viceversa, given
T e (l%)’, by the Riesz theorem, there exists z € l% such that 7'(y) = (z, y)l%, Y€ l%.
Setting x = (znp,%) € 112/,0’ onchas T =T,.

By considering sequences () of the form (8;) = (yj‘.s) one easily indicates Sobo-
lev spaces of distributions in which the cylindrical Lévy process Z evolves and, at the
same time, the Ornstein-Uhlenbeck process X has trajectories in L?(D).

Forinstance, assume that Z is a standard cylindrical a-stable process, thatis 8; = 1,

forany j = (n1,...,n4) € N, If p>0andp; = yl.p/Z, then, by Proposition 3.3,

Z(th)2 yjfp <oo, t>0, P—a.s.,
jeNd

if and only if > ;e )/;ap /2 < o0 and thus if and only if ap > d. Consequently,

Z; € HP(D),t > 0, if and only if p > g.
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4.1 Time regularity of trajectories

If the cylindrical Lévy process Z in (4.1) takes values in the Hilbert space H then, by
the Kotelenez regularity result (see [18, Theorem 9.20]) trajectories of the process X
which solves (4.1) are cadlag with values in H. However Z, € H, for any ¢t > 0, if
and only if

Zﬁ,‘j < o0, (4.11)

k>1

and this is a very restrictive assumption. We conjecture that the cadlag property holds
under much weaker conditions but, at the moment, we are able to establish a weaker
time regularity of the solutions.

Theorem 4.4 Assume (i), (ii) and (iii) in Hypothesis (L). Then the Ornstein-Uhlenbeck
process X = (X7) satisfies:

(i) foranyx € H, X is stochastically continuous;
(ii) foranyx € H, T > 0, X has trajectories in LP(0, T; H), forany 0 < p < «,
P-a.s.

Proof Let0 < p < a. WesetY; = Z4(t), t > 0, and first show that

Ayt pfe
1_ —UYn
EY|P <& (D pae =) (4.12)

o
n>1 Yn

where the constant ¢, depends on p and «. Recall that (X7) and (Y;) are defined
on the same stochastic basis (2, F, (F;)r>0, P). Consider a new probability space
(', F', ") where a Rademacher sequence (r;,) is defined (i.e., r, : Q' — {1, —1}
are independent and identically distributed with P'(r,, = 1) =P'(r,, = —1) = 1/2).

The following Khintchine inequality holds, for arbitrary real numbers cq, ..., ¢z,
for any p > 0,
1/2 p\ U/p
Zcﬁ <cp [E Zrnc”
n>1 n>1

(see, for instance, [12]), where the constant ¢, depends only on p (for p = 1, we have
c1 = +/2) and E indicates the expectation with respect to I’.
We fix w € Q, ¢t > 0, and write

1/2 p\ Up

D@ | < [E Dl (@

n>1 n>1
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Integrating with respect to w and using the Fubini theorem on the product space 2 x €/,
we find

p p
E|Y, [P < ch BB D ra| | =cpB |E|D Y]
n>1 n>1
; p
=chE |E Zrn/ e~ =g azn| |, (4.13)
0
n>1

For any t > 0, A € R (using that [r,| = 1, n > 1, and (2.4)),

E[ei)‘znzl rnYtn] — e_‘Ma an ‘ﬁn|a f()t eiayn(tis)ds.

Now we get assertion (4.12), taking into account (3.2).

(i) It is enough to show that, for any € > 0,

lim supP(|Y;1p — Y| > €) =0. (4.14)

/’l—>0+ [20
Let us choose p € (0, o). We have, using (4.9),

t+h

> E) +P /e(Hh*x)AdZs >§

P(IY = Vil =) = P (|e"y, - v, 2

t
h
Ele"AY, — Y,|P Y E| [y e*AdZ; |P

<P
- ep eb

= 1I1(t, h) + L(h).

But (see (4.12))
pla
(1 — el

aYn

EIY|? <& [ D181

n>1
and so
[L(M)]*/P — 0, as h— 0.
Concerning /1, we find, using again the Khintchine inequality,

1/2 p\ U/p
2
Y vl = (X[ = ny|) e (B[ me -0y

n>1 n>1
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and, reasoning as in (4.13) with B, replaced by (1 — e~ vnlty B,

P
Ele"Y, — Y|P < hEE Zrn(e_y”h —Hy"
n>1
ot ple
_ (1 — e
<Cp [ D1 =By ———
AYn
n>1
N pla
Cp Z [(1 —e V") B, |*
- gp/o = Y
t > 0. Since
" " ple
1l —e
lim Z I( e )Bnl —0,
h—0t i1 VYn
we get
lim sup/i(¢,h) =0
h~>0+ ZZO
and so assertion (4.14) is proved.
(ii) It is enough to show that
T p/2
E Z 1y dt < oo, (4.15)
0 n>1
where Y; = Z4(t), t > 0. Using (4.12) we get
T T ot plo
1 —e %"
[ewpar e, [(Ziprrt=)
~1 AYn
0 0 \"=
ple
st (T
B e
nz
The proof is complete. O

Remark 4.5 In the limiting Gaussian case of o = 2, the previous proof allows to get
the well known result that trajectories of X are in L2(0, T; H), forany T > 0.

Using that X = (X}), x € H, is stochastically continuous and F;-adapted (see
Theorem 4.4 and Proposition 4.10) we can apply [5, Proposition 3.6] and obtain
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Corollary 4.6 For any x € H, the process (X}') has a predictable version.

For p € (0,1), L?(0,T; H) is a linear complete and separable metric space with
respect to the distance d,,(f, g) = fOT |f(@) —g()|Pdt, f,g € LP(0,T; H). From
Theorem 4.4 it is straightforward to obtain

Corollary 4.7 Assume (i), (ii) and (iii) in Hypothesis (L). Then, forany T > 0,x € H,
P-a.s., the Ornstein-Uhlenbeck process X = (X{)ie[0,1] is a random variable with
values in LP(0, T; H), forany 0 < p < a.

4.2 Support

We start with a preliminary one dimensional result.

Proposition 4.8 Let L = (L;) be a one dimensional a-stable process, o € (0, 2). Let
y € R and set

t
K1) =/e—V<H>dLS, t>0. (4.16)
0

Let T > 0 and consider K = {K(t)}:c[0,1] as a random variable with values in
LP(0, T). Then, for any p > 0, the random variable (K, K(T)) has full support in
the product space LP (0, T) x R.

The proposition is a consequence of the next result. This lemma could be deduced
from results in [27, Section 2.1] on the support of Lévy processes with respect to the
Skorokhod topology. However, we provide a self-contained, direct proof of indepen-
dent interest.

Lemma 4.9 Let L = (L;) be a real valued Lévy process with intensity measure v (see
(2.3)). Suppose that there exists R > 0 such that the support of v contains interval
[—R, R]. Then, for any p > 0, T > 0, the random variable (L, Lt) has full support
inLP(0,T) x R.

Proof The proof is divided into some steps.

Step I. First, we set v = 1[_g g1V + IR\[—r R]V = o0 + 11, Where g = 1[_g g1V
denotes the Borel measure such that uo(A) = v(A N [—R, R]), for any Borel set
A C R. Then, we write v = vg + v, where

vo=p1 + (1= AleP) o and vi = (1A 2o,

Note that vy and v are both positive measures and moreover v is a finite measure
with support which contains [—R, R].

Let us introduce two independent Lévy processes L0 = (L?) and L! = (Ltl). The
exponent ¥ of L° (see (2.3)) is the same as that of L but with the jump intensity
measure v replaced by vg. The exponent of L' is given in (2.3) with Q = 0,a = 0
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and v replaced by vy, i.e., L! is a compound Poisson process with intensity measure
v1. By using the characteristic function and independence, we obtain that the process

L=L"4+1° e, L,=L+L? >0,

has the same law of the initial Lévy process L. It follows that the law of (L, Lt) is
the convolution of the laws of (L9, L(%) and (L', LIT). Our assertion will follow from
the fact that (L', LIT) has full support in L?(0, T) x R.

Step II. We have to show that for fixed ¢ € L”(0,T),a € Rand € > 0,

T
P /|L,1 —¢@)|Pdt + LY —al <€ | >o0. 4.17)
0

Since continuous functions, vanishing at + = 0 and taking value a at t+ = T, are
dense in L?(0, T), for any p > 0, it follows that also piece-wise constant functions
¢ such that 0 = ¢(0") = lim,_, g+ ¢(s) and a = ¢(T~) = lim,_,7- ¢(s), and
having jumps in absolute value less than R (i.e., forany ¢ € (0, T), |A¢(¢)| < R with
Agp(t) = ¢(tT) — ¢(t7)) are dense in L? (0, T), for any p > 0. Therefore, we may
assume that ¢ in (4.17) satisfies the previous conditions.

Let the number of jumps of ¢ in the interval [0, T'] be ko and assume that the jumps
occurexactlyatO0 <ty <ty +tp <--- <ty + -+, <T.Letxy,..., x4 € Rbe
the sizes of jumps of ¢, i.e.,x; = Ap(t1 +---+1;),i =1, ..., ko; we have |z;| < R,
i = 1,...,ko,and2i.‘°:1x,- =aq.

Step II1. Let ¢ be as in Step II. For arbitrary § > 0 denote by M(¢, §) the set of all
piece-wise constant functions g, taking value 0 at t = 0, with kg moments of jumps

occurring at 0 < s < s1 + 52 < --- <81+ -+ 8§, < T, and with sizes of jumps
Y1, .- -» Yky € R, respectively, such that

lti —sil <6, |z —wyil <6, i=1,... ko
Let

T
M(.8) = sup {/ lg(®) — ¢ (0)|"dt
geM(3.8) 1J0

One can easily show that limg_, o+ M (¢, §) = 0.
Step IV. Let us prove (4.17) for ¢ as in Step II. Clearly, ¢t +— L,1 (w), P—as., is a

(cadlag) piece-wise constant function on [0, T'], taking value 0 att = 0. Let 0 < 71 <
... be the consecutive moments of jumps for the process L'. Set 7o = 0 and

1 1 :
§i=1—t-1, Yi=Lg _Lff’ i>1.

Note that (&) and (Y;) are independent random variables and moreover P(§; €
(b,c)) > 0,P(Y; € (d,e)) > 0, for arbitrary 0 < b < ¢, —R < d < e < R.
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We consider § > 0 small enough such that M (¢, §) < €/2 and k9§ < €/2. Then by
Step 111

T
P /|L} —¢(0)|Pdt + |Ly —a| <€
0

T
>P /|L,‘—¢(t)|"dt <€/2, |LL —al<e€)2
0
> P& — 6l <6, [Yi—zil <8, i=1,....ko, §kpt1>T)

ko
= |:HP(|§I' — 5| <) PUY; — x| <8) | Pky+1 >T) > 0.
i=1

The proof is complete. O

Proof (Proposition 4.8) We consider y # 0 (the case y = 0 follows from Lemma
4.9). Using [24, Theorem 3.1], we know that there exists an «-stable process Z = (Z;)
such that

/ et — 1
/e”dLs = Z(h()), where h(t)= —, >0.
ay
0

Consequently, K (t) = e 7' Z(h(t)) (see (4.16)). Assume y > O (the case of y < 0
can be treated similarly). Since continuous functions are dense in L”(0, T'), for any
p > 0, we fix a continuous function ¢ : [0, T] — R, a € R and € > 0 and prove that

T
be =P /|e_V’Z(h(t)) —o@®)|Pdr + Ie_VTZ(h(T)) —al<e] >0 (4.18)
0
We have

T
be =P /|Z<h<r>>—ey'¢<r>|f’dt +1Z(T)) — a] < €

0

W)|Z()—(1+ e g (h =t ()P
:IP/ “ uay) T W 2Ty — Tl < €

0

1+ uay
n(T)
>P / |Z(u) — (1 +uay)/* ¢~ )P du +|Z(h(T)) — e’ Ta| < ¢
0
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and the last probability is positive, since by Lemma 4.9 the random variable
(Z, Z(h(T))) has full support in L”(0, h(T)) x R. O

Theorem 4.10 Assume (i), (ii) and (iii) in Hypothesis (L) and fix T > 0, x € H
and p € (0, a). Consider the Ornstein-Uhlenbeck process X = (X{)iel0,1), solv-
ing (4.1). The support of the random variable (X, X7) : @ — LP(0,T; H) x H is
LP0,T;H) x H.

Proof Let us denote the components of X7 by X/', n > 1 (see (4.5)). It is enough to
prove that, for any € > 0, and for any (¢, a) € LP(0,T; H) x H, one has

T r/2
P / DX — a0 dt <e, D |IXj —an* <e|>0.

0 n>1 n>1

By using a standard density argument, we may assume that (¢, a) is of the form

N N
¢ =D de(Der, a= Y aer,

k=1 k=1

. N n 2 /2 N n 14
for some N € N. Using that (302, 1X]' = ¢,(01%) < S0, IX! —gu(0)I?, 1€
[0, T'], since p/2 < 1, we write

T/ N p/2 N
P /(Z |th —¢,1(t)|2) dt < e, Z |X? —an|2 <e€
=1

0 n=1

n

' N N

>P Z|Xf—¢n(t)]pdt<e, Z}X’}—an’2<e
0 n=1 n=l1
T

| 2
XT—al‘ <6/N

> P /‘x,‘ —qbl(t)‘pdl < ¢/N,
0

2
Xy—aN‘ <€/N |,

T
P /’XtN—q&N(t)‘pdt < €/N,
0

by independence. Thanks to Proposition 4.8 we know that the previous product of
probabilities is positive. The proof is complete. O

By considering the second component of the random variable (X, X7) appearing
in Theorem 4.10 we get

Corollary 4.11 Under (i), (ii) and (iii) in Hypothesis (L), for any x € H, the OU pro-
cess (X}) isirreducible, i.e., foranyopenball B C H,t > 0, wehave P(X{ € B) > 0.
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4.3 Equivalence of transition probabilities

Here we will assume all conditions in Hypothesis (L).

Theorem 4.12 Assume Hypothesis (L). Then the laws u; and w! of X} and XY,
respectively, are equivalent, for any t > 0, x,y € H, a € (0,2). Moreover the
density Z% of wy with respect to w? is given by

'

z—e Vklay
al 1’“( X0) )

zx—e Yk yi
k=1 Pa (W)

d T
K im

. 1,9
in L s
d/,l/;/ N>o00 (/“l’t )

—ayt\ 1/
where ci(t) = B (%

measure considered in (3.1).
If (4.2) does not hold then, for some x € H, uy is not absolutely continuous with
respect to ,u? (the law of X? = Z4(1), see(4.5)).

o
and py, is the density of the one dimensional a-stable

Remark 4.13 1f we assume (i)—(iii) in Hypothesis (L), then condition (iv) is sharp in
the limiting Gaussian case of @« = 2. Indeed, under (i)—(iii) and ¢ = 2, condition
(iv) is equivalent to each of the following facts:

(i) the laws of X} and X? are equivalent, forany r > 0, z,y € H;
(ii) the Gaussian Ornstein-Uhlenbeck semigroup (R;) associated to (X}') is strong
Feller (see [5, Section 9.4.1]).

In addition, under (i)—(iii) and o = 2, the following regularizing property:
R f€CP(H), t>0, feBy(H),

holds if and only if (e~ "’ ;—’ng) is a bounded sequence.

Proof (Theorem 4.12) Fix x = (x,) and y = (y,) € [*>. Let Y; = Z(t) and p = py.
Consider formulas (4.4), (4.6) and (4.8). The density of the random variable Ytk is
Zp—e Yk my
/ ck (1)
wuy and ,u;y can be seen as Borel product measures in R*, i.e.,

clearly Tl(t) P (%) so that the density of X f is Tl(t) p ( ) . The measures

ur = H wrk,  oul = H w’,  where u/*, u’* have densities, respectively,
k=1 k=1

1 (zk — e_Vk’xk) 1 (zk — e_yk’yk)
p and p .
ci (1) ck (1) ck (1) ck(t)

To get the assertion we will apply Theorem 3.4. To this purpose, one checks that

Z eI |3y — y)? -0

2
P c (1)
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This follows easily from (4.2). If (4.2) does not hold, for some ¢ > 0, then it is easy
to see that there exists £ = (Z,,) € H such that

e 2t i‘% N
— % = 4o0.
cr(1)?

k>1

According to Remark 3.5, this condition means that uf”, thelaw of X f ,is not absolutely
continuous with respect to u?. O

4.4 Smoothing effect

We now consider the transition Markov semigroup (R;) associated to (X7), i.e. R; :
By(H) — Bp(H),

R f(x) =E[f(X))], zeH, feByH), t=0.

The next result shows that (R;) has a smoothing effect and that gradient estimates hold
for it. In particular, this will imply the strong Feller property for (R;). Recall that a
Markov semigroup (P;) acting on B, (H) is said to be strong Feller, if P; f € Cp(H),
forany t > Oand f € By(H).

Theorem 4.14 Assume Hypothesis (L). Then, for anyt > 0, the transition semigroup
(R;) maps Borel and bounded functions into C ,1 (H)—functions. Moreover, for any
ke Hwith|k| <1, f € Bo(H), t > 0, we have

e_ynt )/]/a
sup [(DR; f(x), k)| < 8¢y il fllo, where C;=sup ———"—

(4.19)
xeH n>1 ﬁn

(cq is defined in (3.5)). Finally, foranyt > 0, f € Cp(H), x = (x,), h = (h,) € H,
we have

I Yk — it
umJ@»m=/3@qun§j%“WQe“hkwuw, (4.20)
7 k=1 Pa(c;/(’}) ci (1)

where ,u? is the law ofX? = Z(1).

Proof We fix t > 0. The proof is divided into some steps. By the first three steps, we
will show that, for any f € Cp(H), R; f is Gateaux differentiable at any x € H and
moreover that equality (4.20) holds.

Step. I We assume that f € Cp(H) is cylindrical, i.e., it depends only on a finite num-
bers of coordinates. Identifying H with /> through the basis (e,,), we have

f@) = f(,...,zj)), =eH, 4.21)
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for some j > 1,and f : R/ — R continuous and bounded. In this first step we also
assume that f has bounded support in R/

Fix arbitrary z, h € H. We want to show that there exists Dy, R; f (x), the direc-
tional derivative of R, f at x, along the direction k. Set hy = Z,](V: 1 hkey so that
hy — hin H. Since f is cylindrical and [, u;* is a product measure, we get, for
m > max(j, N), -

m — et
R _ Tk (duy) = 1 y 7x —e 7k J?k) ! dzg.
f(x) !f(y) HM; (dy) / f@ kl:[] p ( ) cx (1) Zk

kZI Rm

Using our assumptions on f, it is not difficult to show that there exists

N o [(—e 'z}
B Pa( G) )e Vel
Dy R = -
hy Re f () /f(z) Z (zk—e*Vk’zk) cr(t)
B k=1 Pa \ "oy
‘ﬁp (Zk—e_’”"’wk) 1 dzy
P o ck(t) cx (1)
—e Vg
N py (_Zk 0] ‘Lk) ey

[]ui*@u). NeN.

k=1 Pa 0) k>1

:—H/f(Z) Z (w) ck (1)

In order to pass to the limit, as N — 0o, we show that

;[ ze—e Yk ay
o

0] ) e vkl py
e Vkl g
k=1 Da (_Zk - 0] lk) k(1)

Ck

=
=

converges in L?(u¥).  (4.22)

Note that, for j # k,

vjt

—e k! 1 zize T a;
e My e Vith; [ Pa (W) p"( 510 )

(@) ;) (Zk—e_yk'rk) e Vil
J R2 Pa 0] Pa ZJ;T‘L/

k — e zj—e Vily;
pa [ E T Y7 Y gpdz; = 0.
p‘”( 0 )p( 0 kAz
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Indeed p), is odd since by (3.1) we deduce that p, is even. We get, for N, p € N,

N+p p! (zre’Vk’l’k) Vit ’
a\" o ) e hy
/ > i (dz)

z—e Ykl cr (t
SIS pa (W) (1)

N4p 5/ zk—e Vklxy 2
Pa @ eVl py

Z (Zkfe*(;’/;’xk) ci (1)

]\ﬁ) 7k — e Mgy 1 p
P\ a0 )an ™

R+l |k=N Pa o k=N
N+p( )2 s M) 500
Pa Tam ) e Why
Zk ek ay c2(t) i (d2)
k N Pa o) ) k
N+p e—Zykch p/2(yk) N+p

k o 2 2
= dyr < 8¢,C hi,
k;, (1) J Pe(Yr) “ tkzz;‘v

2
where 8¢, = ’;‘;—((;J)) dy (see (3.5)). This proves (4.22).
R

Note that, for any N € N,

N Pfx Czk —Vktp
Dy R f(2) = / G+ o) Z (“’))e ) .

Up to now we have showed that

N

1
— —/DhNR,f(x+rhN)dr, se(=1,1). (423
S
0

R f(x + shy) — R f (x)
N

Using also (4.22), it is not difficult to show that, for any r € (—1, 1), N e N,

© pel o) ent
lim Dy R, f(z + rhy) = —/f(z—i—e’A(x—i-rh)) (2 Me h") 1)
N—>00 ) c(t)
H k=1 Pa ( ))

(4.24)

Moreover, |Dpy R; f(x +rhy)| < 8caCt|h||| flo, for any r € (—1, 1). Thus we can
pass to the limit, as N — o0, in (4.23) and get

Rif(+sh) — Rif@) _ 1/u(,,x+rh)dr, se(=1,1), (425
Ky N

0

where u(t, x + rh) is the right-hand side of (4.24). This shows that R; f is Gateaux
differentiable at x € H along the direction & and moreover that (4.20) holds.
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Step II. We consider f € Cp(H) which is only cylindrical (i.e., f is given by (4.21)
but the function f is not assumed to have bounded support in R/).

Define f~n(y) f(y)(p(ly‘) for any y € R/, where ¢ : [0, +00[— R, is a
continuous function such that, ¢(s) = 1,5 € [0, 1], ¢(s) =0, s > 2.

We have that ||fn||0 < ||f||0, n € N, and moreover f,, y) — f(y) asn — oo, for
any y € R/.

Let f, : H — R, f,(x) = fn(x],...,xj),foranyx € H,neN.

We find by the previous step, for any n € Nand z € H,

R fu(x + sh) —
N

R; fu(x) _ l/DhR,fn(x-i-Vh)dV, se(=1,1). 4.26)
s
0

Passing to the limit, as n — o0, it is easy to see that (4.25) holds for f. This shows
the Gateaux differentiability of R, f on H and also the equality (4.20).

Step. 111 We consider an arbitrary f € Cp(H). Let us introduce the cylindrical func-
tions gy, gn(x) = f (X j=  xxex) , n €N, z € H.

Itis clear that ||g,lo < |l fllo, » € N, and moreover g, (x) — f(z),foranyz € H.
Repeating the argument of the previous step, with f;, replaced by g,, and passing to
the limit, we get that the assertion of the previous step holds even for any f € Cp,(H).
Step 1V. Let f € Cp(H) and consider the Gateaux derivative of R, f inx € H

” PalG) ey
DR f(x)= [ fle"z+y) E — er g (dy).
7 k=1 Pa(ck(,)) ck(2)

By the dominated convergence theorem, DR; f : H — H is continuous. This gives
that R; f is Fréchet differentiable at any x € H. Moreover, we have the required
gradient estimate

IDR; fllo = 8caCill fllo

Step V. To finish the proof, take g € B,(H). A well known argument (see [6, Lemma
7.1.5]) shows that R,g is Lipschitz continuous on H, for any ¢ > 0. Then by the
semigroup law: R;g = R;2R;/2g and therefore R,g € Cg (H), for any t > 0. The
proof is complete. O

Remark 4.15 Under the assumptions of Theorem 4.14, one could show the follow-
ing regularizing property R, f € C;°(H), t > 0, f € By(H). This generalizes the
well known smoothing property of the Gaussian Ornstein-Uhlenbeck semigroup (see
Remark 4.13).

Remark 4.16 Theorem 4.12 can be also deduced from Theorem 4.14 and Corollary
4.11 if one applies the Hasminkii theorem (see [6, Proposition 4.1.1]).
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5 Nonlinear stochastic PDEs
We pass now to nonlinear SPDEs of the form
dX, = AX,dt + F(X,)dt +dZ,, Xo=uz¢€l>=H, (5.1)

where Z = (Z;) is a cylindrical a-stable Lévy process. To study (5.1) we will assume
Hypothesis (L) and also
Hypothesis (N)

(i) F :H — H is Lipschitz continuous and bounded.
(i) There exists y € (0, 1) and C; > 0 such that

1_
Bu=Ciye " n>1. (5.2)

Condition (ii) is only needed to get the strong Feller property for the associated Markov
semigroup. This assumption is stronger than (iv) in Hypothesis (L). Indeed, assuming
(1)—(iii) in Hypothesis (L), the present condition (ii) holds if and only there exist ¢ > 0,
y € (0, 1), such that

1/a

e Vnl é
supe— S o0, (5.3)
n>1 ﬂn ty
. . . v
To see this let us first assume (5.3). By choosing t = yl, we find (5.2), with C| = %
Viceversa, assume (5.2). Since ¢ +> 7 ¢~ ' has a maximum over R at 7, = Vl, for-
. . ¢ .. . A y
mula (5.3) is equivalent to t;, e~ Vn'n < % and this is precisely (5.3) with ¢ = C%

Vn

5.1 Existence, uniqueness and Markov property

We say that a predictable H-valued stochastic process X = (X}), depending on
x € H, is a mild solution to Eq. (5.1) if, forany t > 0, x € H, itholds (P — a.s.):

t t
XP =tz + / UTIAR (X)) ds + Za(t), with Za(t) = /e(’—”Adzs,

0 0
(5.4)

see (4.5). In formula (5.4) we are considering a predictable version of the process
(Z 4(t)) according to Corollary 4.6.

Note that, since F' is bounded, the deterministic integral in (5.4) is a well defined
continuous process. Moreover, as far as the regularity of trajectories is concerned,
the mild solution will have the same regularity as (Z4(¢)). In particular, according to
Theorem 4.4, any mild solution X will be stochastically continuous.
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To show existence and uniqueness we need the following deterministic result which
is not standard in the case p € (0, 1).

Recall that, for an arbitrary Co-semigroup (¢’4) on H, there exists M > 1 and
® € R such that ||elA||£(H) < Me®', t > 0. Moreover, in the sequel, Lip(F) will
denote the Lipschitz constant of F.

Proposition 5.1 Let F : H — H be Lipschitz continuous and bounded and f €
L?0,T; H), for some p > 0. Let A : D(A) C H — H be the generator of a
Co-semigroup (e'™).

(i) Forany x € H, the equation

t
y(1) =tz + / eTTIAF(y(s) + f(s))ds (5.5)
0

has a unique continuous solution y : [0, T] — H.

(ii) There exists a constant C = C(p,w, M, Lip(F), |Fllo) > 0 such that for
solutions y and z € C([0, T1; H), corresponding respectively to functions f, g
€ LP(0,T; H) and to the same x € H, we have the estimates

1/p

T
(@ lly=zleqorim =€ /If(t) —g(n)|Pdt =
0

T
) Ny —zllcqo.rimy = C/ |f(t) —g®IPdt,  p e, 1.
0

Proof Assertion (i) follows easily by a fixed point argument. Let us consider (ii). The
proof of (ii) when p > 1 is an easy application of the Gronwall lemma. Thus we only
prove (b).

We consider a family of equivalent norms || - ||, on the Banach space E =
C(0,T]; H),forx >0,

Ihll;, = sup e ™h(®)|, heE
tel0,7T]

(for A = 0 we get the usual sup norm). For a fixed f € L?(0, T; H), let us define the
operator K¢ : £ — E,

t
(K py) (1) = e'ta + / "TIAF(y(s) + f(s)ds, yeE, tel0,Tl.
0
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We find for A > o, forany y, z € E,

t

IKsy — Kyzl < C sup e*“/e"’(’””y(s) — z(s)|ds
1€[0,T]

t

<Clly—zlx sup /e‘(*“”)“‘”ds <

ly — zlls.-
1€[0.7] A—w
0
Let us choose Ag large enough such that ¢ = AOL_(U < 1. We have
1Ky — Krzllag < colly —zllang, ¥,z € E. (5.6)

Letnow fandg € LP(0,T; H). We get, forany t € [0,T],y € E,

t
I(K y) (1) — (Kgy) ()| < M / e TINF (y(s) + £(5)) — F(y(s) + g(s))|ds.
0

Since F is bounded and Lipschitz continuous, it is also Holder continuous of order
p € (0, 1) and we find

T
I1Kry — Kgyllng ScMewT/|f(s)—g(s)|pds.
0

If we have solutions y and z corresponding to f and g, then y = K ry and z = K4z.
We get

ly —zllag = 1Ky — Kgzling
T
S IKpy — Krzllay + 1Kz — Kgzllny < CT/ |f(s) — g($)IPds + colly — zlln,
0
and the assertion follows since ¢y € (0, 1). m|

Remark 5.2 Clearly the previous result holds when F' is only Lipschitz continuous
and f € L?(0,T; H) with p > 1.

Theorem 5.3 Assume (i)—(iii) in Hypothesis (L) and (i) in Hypothesis (N). Then there
exists a unigue mild solution (X7) to the Eq. (5.1). Moreover (X}) is a Markov-Feller
process.

Proof Step 1. Existence and uniqueness. Uniqueness follows by the Gronwall lemma.
Let us prove existence. By using Proposition 5.1 and Theorem 4.10 we find that, for
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any x € H, there exists a continuous J;-adapted process (¥;) = (¥;") with values in
H which solves P-a.s.

t
Y, = e'x +/e<’—S>AF(Ys + Za(s))ds, 1> 0.
0

Let us define
X;P=Y'+Zst), t>0, z€H

(where Z4(¢) is given in (4.5)). Since Z4(¢) is predictable it follows that X = (X7})
is predictable as well. Clearly (X}) is the unique mild solution.
Step 2. Markov property. The proof of the Markov property is more involved. Since
the solution may not have cadlag trajectories, we have to proceed differently from [5,
Theorem 7.10].

For any measurable function ¥ : [0, T] — H, let y(¢) be the unique continuous
function with values in H which solves the equation

t

y(t) = / SIAE (y(s) + P (5))ds.

0

Sety(t) = y(t, ¥), t € [0, T], to stress the dependence on . We have

t+h
ylt +h, ) = / eUTh=9A B (y(s, ¥) + ¥ (5))ds
0

t

:ehA/e(t*S)AF(y(s, V) + ¥(s))ds
0
t+h

+ / eUTh=DA R (y(s, ¥) + ¥ (s))ds

t h
= MLy Y] + / CBIAF(y(t 45, )
+y(t + 5))ds, Ot, t+hel0,T].
Define a new function on [0, T — ¢],
V() =y A+ - ) — eV Ay, vl
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We have

h

v(h, ) = / eMOAE (s, ¥) + Ay, )1+ ¥t +5))ds, hel0, T —1].
0

By uniqueness, v(h, ¥) = y(h, e Ay, ¥)] + ¥ (t + -)), for any h € [0, T —1].
Thus we get, for ¢, + h € [0, T],

y (1 eV My I+ Y +0) + A =Y+ by 5D
Defining u(t, ¥) = y(t, ) + ¥ (1), t € [0, T], we find
u(t+hoy) = e+ h) = u (b €Mt ) = Y O1+ 9+ )
=Mt ) = Y O1= (t + )+ ul, y) — Y (1)]

and so we get

w(t +h, ) = uh, N, ) = Y O1+ ¥t + )
which is the same formula at the end of [5, page 256]. Now the Markov property

follows arguing as in [5, page 257].
Step 3. Feller property. Fix x, y € H. From the estimate,

t
X7 — XY < e Mz 1o — yl + / e 2oy |F(XT) — F(XY)|ds,  (5.8)
0

using the Lipschitz continuity of F and the Gronwall lemma, we find that, for any
T >0, |X} - Xf’l < Mrlx —vy|,t € [0,T], x,y € H, P-as.. The Feller property
(i.e., the mapping = +— E[f(X])] is continuous on H, for any f € Cp(H), t > 0)
follows easily. O

5.2 Irreducibility

We establish now irreducibility of the solutions to (5.1).

Theorem 5.4 Assume (i)—(iii) in Hypothesis (L) and (i) in Hypothesis (N). Then, for
any x € H, the mild solution X = (X}) to the Eq. (5.1) is irreducible.

Proof Fix x € H, T > 0, and denote by X = (X,) the solution to (5.1) starting
from x. Set

Yt = Xl - ZA(I)v te [Ov T]a
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where

(5.9)

dZA(t) = AZA()dt +dZ;,
Z40)=0, r>0.

Note that

t
Y, =tz +/e(’_‘Y)AF(Ys + Za(s))ds.
0

Let z* and y*-* be the solutions, driven by a control function u € L?(0, T'; H), of the
following control systems, respectively,

dz _ dy _
i Az(t) +u(1), 7= Ay(t) + F(y@)) +u(@), (5.10)
2(00=0, te[0,T], y(0)=xze€H, tel0,T].
Thus
t
2 = /e<H‘)Au(s)ds, r €0, T), (5.11)
0

and y*-" is the solution of the following integral equation

t
y(t) = ez ~|—/e(’_s)AF(y(s))ds +24(1t), t€[0,T].
0

By Theorem 7.4.2 of [6] we know that the second system in (5.10) is approximately
controllable at time 7 > 0 in the sense that, for any x, a € H and for any € > 0, there
exists a control function u € L>(0, T; H) such that |y**(T) — a| < €.

Let

gty =y** (@) — 7"(t), te€l[0,T].

Note that
t
gt = o + / eTIAE(G(s) 4 24(s))ds.
0
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Take p < « with p € (0, 1). By estimate (b) in Proposition 5.1 we get, P-a.s.,

T

sup Y — ()] < c/ \Za(0) — 2P,
tel0,T] 0

T
andso |Yr —y(T)| < C f |ZA(t) — 2" (t)|Pdt or, equivalently,
0

T
X7 — ZaA(T) =y (T) + (1) = C/ |Za(t) = 2" ()P dt.
0

We write, forany a € H,

X7 —al < |X1 = Za(T) =y (T) + (D) + |1 Za(T) + y**(T) = 2(T) — a|
T

= C/ |Za(t) = 2O dt + [y (T) —al +1Za(T) = 2"(D)| =1 + L + 3.
0

For a given € > 0, let us fix a control function u such that I, = |y**(T) —a| < €/3.
Using Proposition 4.10, we get with positive probability that I} < ¢/3 and Iz < €/3.
The result follows. O

5.3 Strong Feller property
Let (P;) be the Markov semigroup associatedto X = (X7{),i.e. Py : B,(H) — Bp(H),
P f(x)=E[f(X))], € H, feBy(H), t=>0. (5.12)

To show the strong Feller property of (P;), we will assume all conditions in Hypothe-
ses (L) and (N). Before stating our theorem on the strong Feller property, we discuss
a motivating example.

Example 5.5 Consider the following non-linear version of the stochastic heat equation
on D = [0, 7]¢ treated in Example 4.3:

dX(t,&) = AX (@, &)dt + f(X(t,8))dt + dZ(t,&), t >0,
X(©0,8) =x%), &eD,
X(t,& =0, t>0, £€0D,
(5.13)

where f : R — R is a bounded and Lipschitz continuous function and Z = (Z;)
is a cylindrical a-stable process Z; = Zj:(nl,...,nd)eNd ﬂjZZJEj, t > 0, where
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(e;) is the basis of eigenfunctions of the Laplacian A in H = L?(D) (with Dirichlet
boundary conditions). Thus if

1
> BY <+oo and Buy..ng =i+ 0V, (n, ... na) € N
jeNd
(5.14)

for some constants ¢ > Oand y € (0, 1), then, by Theorems 5.4 and 5.7, the solution to
(5.13) is irreducible and strong Feller. By the Doob theorem (see [6, Theorem 4.2.1])
if there exists an invariant measure for (5.13) then it must be unique. In particular, if
Bwysng) = (n% 4+ 4 nfl)l/""?’, (ni,...,nqg) € N, then (5.14) is equivalent to

D i)Y < oo,
(n1,...,nq)eN

This holds if and only if ¢y > ‘7] + 1. Thus if d = 1, one requires that «y > %

Remark 5.6 The above example shows that the strong Feller property holds in rather
special situation. It seems thus of great interest to develop the concept of asymptotic
strong Feller property in the case of SPDEs with Lévy noise (compare with [13—-15]).

Theorem 5.7 Assume that Hypotheses (L) and (N) hold. Then, for any t > 0, the
transition semigroup (P;) (see (5.12)) maps Borel and bounded functions into Lip-
schiz continuous functions. Moreover, there exists C=C v, cas C1, | Fllo) > 0, such
that, for any x,y € H, we have

[P f(x) = Prf(l < Cllfllo

dr—yl >0 feByH). (515

Recall that ¥ A 1 = min(¢", 1). Note that it is enough to prove estimate (5.15), for
any t € (0, 1]. Indeed, when ¢ > 1, we can replace | P; f(x) — P; f(y)] in (5.15) with
[P1(Pi—1 f)(@) — Pi(P—1 f)(W)].

To prove the result we first investigate generalised solutions to the Kolmogorov
equation associated to (P;) (or to (X})) as in [5, Section 9.4.2].

Note that the generator .Ag of (P;) is formally given by

Aof (x) = (Ax + F(x), Df (1)) + >_ B /(f(ﬂc+enz) f(enz))I |1+a z,

n>1

(5.16)

for regular and cylindrical functions f : H — R. The associated Kolmogorov equa-
tion is

(5.17)

oru(t,r) = Aou(t, )(x), t>0, v€H,
u©,z) = f(x), € H.
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Let us fix T > 0 and consider the space

A0, T)={u € C(10,T]; Cy(H)) sup t"|u(t, )|l < oo},
t€]0,7T]

where ||u(t, -)||1 = |lu(z, )llo+ | Dzu(t, -)|lo and y € (0, 1) is fixed in (ii) of Hypoth-
esis (N). According to [5, Section 9.4] a mild solution to the Kolmogorov equation
(5.17) (on [0, T'] with initial datum f € By (H)) is a function u € A (0, T) such that

t
u(t,z) = R, f(x) —i—/R,_S (F(), Du(s,-))) (x)ds, te€l[0,T], z€ H, (5.18)
0

where D = D, and (R;) is the transition semigroup determined by the linear equation
(4.1). To stress the dependence on f, we will also write

u=ult,z)=u’t,2), t€[0,T], z€H.

Note that using Theorem 4.14 and (5.3), we get, for any f € B,(H),

Co R
IDR: fllo < t—yllfllo, t >0, where Co=8cqC. (5.19)

Thanks to (5.19), we can adapt the proof of [5, Theorem 9.24] and obtain that the
mapping S : A0, T) - A0, T),

t

S)(t, z) = R, f(x) +/Rt—s (F(), Du(s, ) (x)ds, ue€ A, T), (5.20)
0

is a contraction for 7 small enough. Therefore, we obtain

Proposition 5.8 For any f € By(H), T > O, there exists a unique mild solution
u=u' 10 (5.17). Moreover, for any t > 0, we may define:

Pf():=ul(t,)), feByH).

It turns out that (ﬁt) is a semigroup of bounded linear operators on By(H).

Proof We only note that the semigroup property follows from an argument based on
uniqueness of solutions (see [5, page 270]). O
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In the proof of the next lemma, we will use the following Gronwall type lemma.
Let a, b, y be non-negative constants, with y < 1. Let T > 0. For any integrable
function v : [0, T] — R,

‘
0<v(@) <at™ +b/(r — ) Yu(s)ds, t € [0, T[ ae., implies v(t) <aMt™V,

0
(5.21)

t €0, T[, ae.. (where M = M(b, y, T)1 + bk, T'77).

Lemma 5.9 For any T > O, there exists ¢ = c(y,cq, C1, [Fllo, T) > 0 such that,
forany f € By(H),t €]0, T],

~ C
IDP: fllo = 1 lo-

Proof We have
1
Du(t,x) = DR, f(z) + / DR,_ ((F(). Du(s, ))) (x)ds, € H.
0
By using (5.19) and the previous Gronwall lemma, we get

CoM
Y

[ Du(z, o < Ifllo, €10, T], M= M(y,ca, ¢ [Flo,T)>0.

O

Galerkin’s approximation. To show the regularizing effect of (P;), according to
[5, Theorem 9.27], it would be enough to prove that () and (}St) coincide. However
the proof of [5, Theorem 9.27] is not complete and we are unable to fill the gap in our
situation. We therefore resort to Galerkin’s approximations and we will only identify
suitable finite-dimensional semigroups which approximate (P;) and (P)) respectively.

Let us consider orthogonal projections r, : H — H,,n € N, where H,, is the sub-
space of H generated by {ey, ..., e,}. Foranyn € N, x € H, define the H,-valued
process (Y/") = (¥;*(x)) as the unique mild solution to

13
Y =g 4 / U™ (1, 0 F o)) (Y ds + Za, (1), (5.22)
0

where A, = 7, o A. Let F,, = m,, o F o m,. Note that, for any n € N, it holds:
| Fullo < [IFllo, Lip(Fn) < Lip(F), (5.23)

where Lip(F,) denotes the Lipschitz constant of F},.
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Consider the mild solution u,, to the Kolmogorov equation corresponding to Y/, i.e.,

t
un(t, ) = 1 (t, ) = R} f(z) +/R?_s ({(Fu (), Duy(s, ) (x)ds, x € H,
0

where R} f(z) = E[f(e'*" 2 + 7, Z(t))] = / fera + myy) ) (dy).
H
(5.24)

Define the following two approximating semigroups on By (H) (see (5.22) and (5.24)):

P! f(x) =E[f (Y @)]. B!f(x)=uj(t.2), fe By(H), (5.25)
Lemma 5.10 For any function f € By(H),n € N, we have
Plf=P'f, t=>0.

Proof We fix n € N. It is enough to prove the assertion for any cylindrical func-
tion f € By, (H), which depends only on the first n-coordinates. Identifying (P/") and
(13[’) with the corresponding semigroups acting on By, (R") (F,, with the corresponding
function from R” into R"), we have to check that

P'f="P'f. feByR", t=>0. (5.26)

First note that (P;") is a strongly continuous semigroup on the space Co(R") of real,
continuous functions on R”, vanishing at infinity and endowed with the supremum
norm. We could not find a precise reference for this result and so we decided to give
a sketch of the proof (note that [2, Theorem 6.7.2] requires boundedness of the drift
term). To prove that P;'(Co(R")) C Co(R"), let us fix f € Co(R") and ¢ > 0. We
have by the dominated convergence theorem (since F}, is a bounded function)

t
lim  P'f(x)=lim E| f e’A"x+/e<f—S>AnFn(Y;’)ds+ZAn(t) =0.
T—> 00

zeR", x—o00
0

To show that, for any f € Co(R"), P f tends to f in Co(R") as 1 — 0T, we write
P! f(x) — f(x) = ai(x) + b (),

where a,(z) = P/ f(z) — f(e'*x) and b,(z) = f(e'*"x) — f(x). One checks that
b/(x) — f(x),ast — 0T, uniformly in € R” (using that f vanishes at infinity).
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Moreover, for any z € R”,
t
@) <E|f o+ / QI (Y ds + Za, (1) | — )]
0

Using the uniform continuity of f, the boundedness of F;, and the stochastic continu-
ity of (Z4,(¢)), one obtains that a;(x) — 0, as t — 0", uniformly in x € R". This
proves the assertion.

Let us consider now (f’["). We start to show that 15[" (Co(R™)) C Co(R™),t = 0.
Fix T > Oandlet f € Co(R") and ¢ €]0, T']; we will use an inductive argument to
prove that P, f € Co(R™). By (5.20), we know that

P'f = lim $™(0)= lim (So---08)(0) in
m— 00 m—00

AO,T)={ueC0,T]; Cg(R")) :osup 7 lu(t, )|l < oo}
t€]0,7]

We prove that, for any m € N, §”*(0)(¢, -) and D, S™(0)(z, -) € Co(R™). We have (for
m = 1) S10)(t, -)(x) = R, f(x), and s0

D, S'0)(, -)(x):DRff(x)z/ fe ™z + ) Uy(y, 1) u(dy), = €R", where
Rn

n
. Yk 1
1 has densit ( )
’ g ,}]{’“ () o

L po(Gle) et

and U,(y,t) = Z Yy e (1)

k
o PG

e € Lz(u?; R™).

It follows easily that S'(0)(z, ) and D,S'(0)(z,-) € Co(R"). Assume that the
assertion holds for an arbitrary m € N. Since

t

S"FHO) @, (@) = R f () +/Rt”_s ((Fa (), DS™(0)(s, ) (2) ds,

0
t

D" O) (1, (@) = DR?f(IH/ DR}, ((Fs(-), DS™(0)(s, -))) (x) ds DR f (x)

0
t

+ / ds / (Fp(e"=9%n 2 44, DS™(0)
0 Rn
(s, "™y 4 )y Uy (y, t — ) (dy),

x € R", we have easily that the assertion holds also for m + 1.
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Using Lemma 5.9, we get that (f’t”) is a strongly continuous semigroup of bounded
linear operators on Co(R").

We will prove (5.26) when f € Co(R"). Indeed, by a standard argument (see [9,
Chapter 4]) this is enough to get (5.26).

By Ito formula Dy = C3(R") = {f € Co(R") : Df and D>f e Co(R")} is
invariant for (P;") (compare with [2, Theorem 6.7.4]). Moreover, Dg Cdom (A,),
where 4, is the generator of (P;'). By a well known result, Dy is a core for (P/") (see
[8, page 52]). Note that

Anf (@) = (Apz + Fy(x), Df (2)) +Zﬁk / (f (@ + ex2) — f(e2) =z |1+a z,

k=1

f € Dy. Let us consider (13:")~ If f € Do, we can solve (by the contraction principle)

t

u(t,z) = R} f(x) + / R, ((Fa(-), Du(s, ) (x)ds, zeR",

0

in the space C ([0, T']; C, 2(IR”)) and get that Dy is also invariant for (P”) A straight-
forward calculation, shows that Dy Cdom (A ), where .A is the generator of (P”)
Thus Dy is a core also for (Pt”). Moreover, An coincides with A, on Dyg. It follows
that (P/*) and ( I~’t”) coincide on Co(R") and this finishes the proof. m|

Proof (Theorem 5.7)
I Step. Using (5.24), Lemmas 5.9 and 5.10 and the semigroup property, there exists
C = C(y, ca» C1, || Fllo) > 0 such that, for any f € Cp(H),

lun(t, @) —un(t, | = |P" f (@) = P f@)] < IR} f(x) = R f(W)]
t
+/|R7_S (Fu(), Dun(s, ))) () — Ri_; ((Fu (), Dun(s, ) (y)lds

: |
tY Al

<Clflo z—y|l, z,ye H, neN, t>0. (5.27)

II Step. For any f € Cp(H), we have:

lirroloPt”f(x)thf(ac), r€eH, t>0.
n—

Recall that P}* f(z) = E[ f(Y/"(x))] (see (5.22)). The assertion will follow by proving
that

lim Y'(x) =X/, z€H, t>0, P—a.s. (5.28)
n—oo
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To show (5.28), we fix x € H and write

t
X¥ =y 4 / U™DAE (XT)ds + Za(t) + f(t), where
0

t
Ful) /e(t’”A[F(X;”) — Fy(XH)ds, t>0, neN.
0

(see the notation in (5.22)). Defining U]' = X} — ZA(t) — fu(t), we have:

t
Ur = e+ / CTIAF (U + Za(5) + fals))ds.
0

Note that

Y (z) = x4+ [ e""IANE, (Y (2)ds 4+ Za, (1) + gn(r), where

o—__

gn(t) = ey — etAx, t>0, neN.

Introducing V" = Y/'(x) — Z 4, (t) — gu(t), we find

t
Vr = e+ / CINE, (VI 4+ Z, (5) + ga(s))ds.
0

Now to estimate |U;" — V/'|, we use (b) in Proposition 5.1. Let us choose p € (0, ) N
(0, 1) and fix any T > 0. We have

T
sgp Ui = v/l = C/ 1Za(s) + fu(s) = Za, () — gn(s)Pds.  (5.29)
1€[0.T]

0

Note that Z 4, (t) = m,Za(t), n € N. Moreover, it is easy to see that
lim (| f, ()] + [gn(H)]) =0,
n—oo

for any t > 0. Applying the dominated convergence theorem in (5.29), we infer

lim sup |U'—V/|=0.

n=>00+c0,T]
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Using the inequality

1Y (@) = X711 < 1Y (2) = Za, (1) = gn (1) — X{' + Za(1) + fu(D)]
H1Za, (@) + g (1) — Za(1) — fu ()],

t > 0,n € N, and passing to the limit as n — 00, we get assertion (5.28).
111 Step. By the previous steps we know that, for any f € Cp(H),

|Pif(x) — Pifl < Cllfllo lz —yl, z,ye H, t>0.

tY Al

Now we get the assertion, using that

Var [p;(x, ) — (p:(y, )] = sup | P f(x) — P f(y)l,
feCp(H), [ fllo=<1

forany t > 0,x,y € H, where p,(x, -) denotes the kernel of P, and Var the total
variation (see the proof of [5, Theorem 9.28] or [6, Lemma 7.1.5]). O
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