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Abstract We consider discrete time dynamical systems and show the link between
Hitting Time Statistics (the distribution of the first time points land in asymptotically
small sets) and Extreme Value Theory (distribution properties of the partial maximum
of stochastic processes). This relation allows to study Hitting Time Statistics with tools
from Extreme Value Theory, and vice versa. We apply these results to non-uniformly
hyperbolic systems and prove that a multimodal map with an absolutely continuous
invariant measure must satisfy the classical extreme value laws (with no extra con-
dition on the speed of mixing, for example). We also give applications of our theory
to higher dimensional examples, for which we also obtain classical extreme value
laws and exponential hitting time statistics (for balls). We extend these ideas to the
subsequent returns to asymptotically small sets, linking the Poisson statistics of both
processes.
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1 Introduction

In this paper we demonstrate and exploit the link between Extreme Value Laws (EVL)
and the laws for the Hitting Time Statistics (HTS) for discrete time non-uniformly
hyperbolic dynamical systems with an absolutely continuous invariant measure.

The setting is a discrete time dynamical system (X, B, u, f), where X is ad-dimen-
sional Riemannian manifold, B is the Borel o-algebra, f : X — & is a measurable
map and p an f-invariant probability measure (for all A € B we have u(f “1A) =
1 (A)). We consider a Riemannian metric on X’ that we denote by ‘dist’ and for any
¢ € X and 6 > 0, we define Bs(¢) = {x € X : dist(x, ¢) < 8}. Also let Leb denote
Lebesgue measure on X and for every A € B we will write |A| := Leb(A). The
measure i will be an absolutely continuous invariant probability measure (acip) with
density denoted by p = %. We will denote Rt := (0, oo) and R(J)r = [0, 00).

1.1 Extreme value laws

In this context, by EVL we mean the study of the asymptotic distribution of the partial
maximum of observable random variables evaluated along the orbits of the system.
To be more precise, take an observable ¢ : X — R U {£o00} achieving a global maxi-
mum at ¢ € X (we allow ¢(¢) = +00) and consider the stationary stochastic process
Xo, X1, ... given by

X, =¢o f", foreachn € N. (1.1)
Define the partial maximum
M, = max{Xo, ..., Xy—1}. (1.2)
If 1 is ergodic then Birkhoff’s law of large numbers says that M,, — ¢(¢) almost
surely. Similarly to central limit laws for partial sums, we are interested in knowing if
there are normalising sequences {a,},cy C RT and {b,},en C R such that
px ran(My —bp) <y = nw({x : My < up}) > H(y), (1.3)

for some non-degenerate distribution function (d.f.) H, as n — oo. Here

Uy = U (¥) = al + by (1.4)

n

is such that
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Hitting times and extreme values 677

nu(Xo > u,) —> t, asn — oo, (1.5)

for some T = t(y) > 0 and in fact H(y) = fl(r(y)). (For more details of the exis-
tence of such sequences u,,, see Lemma 2.1.) When this happens we say that we have
an EVL for M,,. Note that, clearly, we must have u,, — ¢(¢), as n — oo. We refer to
an event {X; > u,} as an exceedance, at time j, of level u,,.

Classical Extreme Value Theory asserts that there are only three types of non-degen-
erate asymptotic distributions for the maximum of an independent and identically dis-
tributed (i.i.d.) sample under linear normalisation. They will be referred to as classical
EVLs and we denote them by:

Type 1: EVi(y) =e~¢ " fory € R; this is also known as the Gumbel extreme value
distribution (e.v.d.).

Type 2: EVa(y) = e ", for y > 0, EV5(y) = 0, otherwise, where « > 0O is a
parameter; this family of d.f.s is known as the Fréchet e.v.d.

Type 3: EVz(y) = e~ =M% for y <0, EV3(y) = 1, otherwise, where ¢ > 0 is a
parameter; this family of d.f.s is known as the Weibull e.v.d.

The same limit laws apply to stationary stochastic processes, under certain conditions
on the dependence structure, which allow the reduction to the independent case. With

this in mind, to a given stochastic process Xg, X1, ... we associate an i.i.d. sequence
Yo, Y1, ... whose d.f. is the same as that of X, and whose partial maximum we define
as

M, :=max{Yy, ..., Yo_1}. (1.6)

We want to compare the asymptotic distribution of M,, with that of M,,, when properly
normalised. We recall that because Yy, Y7, ... are i.i.d., by [31, Theorem 1.5.1], the
convergence in (1.5) is equivalent to

WMy, < up) = (u(Xo < up))" — e, asn — 0. (1.7)

Depending on the type of limit law that applies, we have that T = 7(y) is of one
of the following three types: 71(y) = e ¥ fory € R, tp(y) = y™* for y > 0, and
73(y) = (=y)* for y < 0.

In the dependent context, the general strategy is to prove that if X, X1, . .. satisfies
some conditions, then the same limit law for M, applies to M), with the same normal-
ising sequences {a, },cn and {b, },en. Following [31] we refer to these conditions as
D(uy) and D’ (uy), where u, is the sequence of thresholds appearing in (1.3). Both
conditions impose some sort of independence but while D (u,) acts on the long range,
D’ (uy,) is a short range requirement.

The original condition D(u,) from [31], which we will denote by D (u,), is
a type of uniform mixing requirement specially adapted to Extreme Value Theory.
Let Fj,...i,(x1,...,x,) denote the joint d.f. of X;,..., X;, , and set F;, _; (u) =
E],...,in (ua cees I/l)
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678 A. C. M. Freitas et al.

Condition (D (u,)) We say that D1 (u,) holds for the sequence X, X1, ... if for any
integersi; < --- <ipand j; <--- < ji forwhich j; —i, > m,and any large n € N,

|Fil,.“,ip,jl,“.,jk(un) = Fiy i, un) Fjy, )| <y, m),
where y (n, m,) —— 0, for some sequence m, = o(n).
n—oo

Since usually the information concerning mixing rates of the systems is known
through decay of correlations, in [21] we proposed a weaker version, which we will
denote by D»(u,), which still allows us to relate the distributions of M,, and M,,. The
advantage is that it follows immediately from sufficiently fast decay of correlations for
observables which are of bounded variation or Holder continuous (see [21, Section 2]
and Lemma 6.1).

Condition (D;(u,)) We say that D, (u,,) holds for the sequence Xg, X1, .. . if for any
integers £, t and n

I ({Xo > un} N {max{X;, ..., Xipp1} < un}) — n({Xo > un})
X u({Me < upp)| < y(n, 1),

where y (n, t) is nonincreasing in ¢ for each n and ny (n, t,) — 0 asn — oo for some
sequence t, = o(n).

By (1.5), the sequence u, is such that the average number of exceedances in the
time interval {0, ..., |n/k]} is approximately 7/k, which goes to zero as k — ooc.
However, the exceedances may have a tendency to be concentrated in the time period
following the first exceedance at time 0. To avoid this we introduce:

Condition (D’(u;)) We say that D’(u,,) holds for the sequence Xo, X1, ... if

[n/k]
lim lim sup n E nw({Xo > un} N {X; > u,}) =0. (1.8)
k—00 pn—o00 O

This guarantees that the exceedances should appear scattered through the time
period {0, ...,n — 1}.

The main result in [21, Theorem 1] states that if D5 (u,) and D’(u,) hold for the
process X, X1, ... and for a sequence of levels satisfying (1.5), then the following
limits exist, and

lim (M, < u,) = lim (M < up). (1.9)

n—0o0

The above statement remains true if we replace D>(u,) by Di(u,) (see
[31, Theorem 3.5.2]).
We assume that the observable ¢ : ¥ — R U {+00} is of the form

p(x) = g(dist(x, ¢)), (1.10)
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Hitting times and extreme values 679

where ¢ is a chosen point in the phase space X and the function g : [0, +00) —
R U {400} is such that 0 is a global maximum (g(0) may be 400); g is a strictly
decreasing bijection g : V — W in a neighbourhood V' of 0; and has one of the
following three types of behaviour:

Type 1: there exists some strictly positive function p : W — R such that for all

yelR
—1
+ ,
g @ 1 yps) _ s (L.11)
s=a0 g7l ()
Type 2:  g2(0) = 400 and there exists 8 > 0 such that for all y > 0
—1
im wz . (1.12)
s>+ g ()
Type 3: g3(0) = D < +00 and there exists y > 0 such that forall y > 0
—1
D —
lim M — (1.13)
s—0 g?’_ (D —s)
Examples of each one of the three types are as follows: g;(x) = —logx (in this

case (1.11) is easily verified with p = 1), g2(x) = x 172 for some & > 0 (condition
(1.12) is verified with B = o) and g3(x) = D — x'/* for some D € Rand o > 0
(condition (1.13) is verified with y = «).

Remark 1 Let the d.f. F be given by F(#) = w(Xo < u) and set ur = sup{y :
F(y) < 1}. Observe that if at time j € N we have an exceedance of the level u
(sufficiently large), i.e., X j (x) > u, then we have an entrance of the orbit of x into the

ball Bg_l(u)(g“) of radius g_l (u) around ¢, at time j. This means that the behaviour

of the tail of F, i.e., the behaviour of 1 — F(u) as u — up is determined by g_l,

if we assume that Lebesgue’s Differentiation Theorem holds for ¢, since in that case
L= F(u) ~ p(&)|Bg-10, (5], where p(¢) = ddL’éb (¢). From classical Extreme Value
Theory we know that the behaviour of the tail determines the limit law for partial max-
imums of i.i.d. sequences and vice-versa. The above conditions are just the translation
in terms of the shape of g~!, of the sufficient and necessary conditions on the tail of
F of [31, Theorem 1.6.2], in order to exist a non-degenerate limit distribution for Mn.
In fact, if some EV; applies to Mn, for some i € {1, 2, 3}, then g must be of type g;.

As can be seen from the definitions of D;(u;) and D’ (u;,), proving EVLs for abso-
lutely continuous invariant measures for uniformly expanding dynamical systems is
straightforward. The study of EVLs for non-uniformly hyperbolic dynamical systems
were previously addressed in the papers [14,20].

In [14], Collet considered non-uniformly hyperbolic C% maps of the interval which
admit an acip p, with exponential decay of correlations and obtained a Gumbel EVL
for observables of type g; (actually he took gi(x) = —logx), achieving a global

@ Springer



680 A. C. M. Freitas et al.

maximum at p-a.e. ¢ in the phase space. We remark that neither the critical points nor
its orbits were included in this full x-measure set of points ¢.

In [20] the quadratic maps f,(x) =1 — ax?onl = [—1, 1] were considered, with
a € BC, where BC is the Benedicks-Carleson parameter set introduced in [6]. For
each map f, with a € BC, a Weibull EVL was obtained for observables of type g3
achieving a maximum either at the critical point or at the critical value.

1.2 Hitting time statistics

We next turn to Hitting Time Statistics for the dynamical system (X, B, f, n). For a
set A C X we let r4(y) denote the first hitting time to A of the point y. That is, the
first time j > 1 so that f/(y) € A. We will be interested in the fluctuations of this
function as the set A shrinks. Firstly we consider the Return Time Statistics (RTS) of
this system. Let 4 denote the conditional measure on A, i.e., g := %. By Kac’s
Lemma, the expected value of r4 with respect to u is fA radua = 1/u(A). Soin
studying the fluctuations of r4 on A, the relevant normalising factor is 1/ (A). Given
a sequence of sets {U, },,cwy so that u(U,) — 0, the system has Return Time Statistics
G (t) for {U, },en if for all # > 0 the following limit exists and equals G (¢):

t
li > . 1.14
Jm py, ("Un > M(Un)) (1.14)

We say that (X, f, ) has Return Time Statistics G(t) to balls at ¢ if for any sequence
{8n}tneny C RT such that §, — 0 as n — oo we have RTS G(¢) for U, = Bs, (¢).

If we study r4 defined on the whole of X, i.e., not simply restricted to A, we are
studying the Hitting Time Statistics. Note that we will use the same normalising factor
1/ (A) in this case. Analogously to the above, given a sequence of sets {U,},cn SO
that u(U,) — 0, the system has Hitting Time Statistics G(t) for {U,},cn if for all
¢t > 0 the following limit is defined and equals G (¢):

t
li > . 115
o P (’U" = M(U,,)) (115

HTS to balls at a point ¢ is defined analogously to RTS to balls. In [23], it was
shown that the limit for the HTS defined in (1.15) exists if and only if the limit for the
analogous RTS defined in (1.14) exists. Moreover, they show that the HTS distribution
exists and is exponential (i.e., G(¢) = e~ ") if and only if the RTS distribution exists
and is exponential.

For many mixing systems it is known that the HTS are exponential around almost
every point. For example, this was shown for Axiom A diffeomorphisms in [25], tran-
sitive Markov chains in [33] and uniformly expanding maps of the interval in [13].
Note that in these papers the authors were also interested in the (Poisson) statistics of
subsequent returns to some shrinking sets. For various results on some systems with
some strong hyperbolicity properties see also e.g. [1,2,10].

Note that for systems with good mixing properties, but at some special (peri-
odic) points, [25] obtained similar distributions for the HT'S/RTS with an exponential
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parameter 0 <6 < 1 (i.e., G(t) =e~%); while for the sequence of successive returns to
neighbourhoods of these points a ‘compound Poisson distribution” was proved in [24].

For non-uniformly hyperbolic systems less is known. A major breakthrough in the
study of HT'S/RTS for non-uniformly hyperbolic maps was made in [26], where they
gave a set of conditions which, when satisfied, imply exponential RTS to cylinders
and/or balls. Their principal application was to maps of the interval with an indifferent
fixed point. They also provided similar conditions to imply (Poisson) laws for the
subsequent visits of points to shrinking sets. (See Sect. 5).

Another important paper in this direction was [7], in which they showed that the
RTS for a map are the same as the RTS for the first return map. (The first return map to
aset U C X isthe map F = f'V.) Since it is often the case that the first return maps
for non-uniformly hyperbolic dynamical systems are much better behaved (possibly
hyperbolic) than the original system, this provided an extremely useful tool in this
theory. For example, they proved that if f : I — [ is a unimodal map for which
the critical point is nowhere dense, and for which an acip u exists, then the relevant
first return systems (U, F, ;) have a ‘Rychlik’ property. They then showed that such
systems, studied in [34], must have exponential RTS, and hence the original system
(1, f, i) also has exponential RTS (to balls around p-a.e. point).

The presence of a recurrent critical point means that the first return map itself will
not satisfy this Rychlik property. To overcome this problem in [9] special induced
maps, (U, F), were used, where for x € U we have F(x) = f ind() (x) for some
inducing time ind(x) € N that is not necessarily the first return time of x to U. The
fact that these particular maps can be seen as first return maps in the canonical Markov
extension, the ‘Hofbauer tower’, meant that they were still able to exploit the main
result of [7] to get exponential RTS around p-a.e. point for unimodal maps f : I — [
with an acip u as long as f satisfies a polynomial growth condition along the critical
orbit. In [8] this result was improved to include any multimodal map with an acip,
irrespective of the growth along the critical orbits, and of the speed of mixing.

We would like to remark that in the case of partially hyperbolic dynamical sys-
tems, [17] proved exponential RTS, using techniques similar to [33]. In fact the theory
there also covers the (Poisson) statistics of subsequent returns to shrinking sets of
balls. These statistics were also considered for toral automorphisms, using a different
method, in [15].

We note that for dynamical systems (X, B, f, u) where u is an equilibrium state,
the RTS/HTS to the dynamically defined cylinders are often well understood, see
for example [2]. However, for non-uniformly hyperbolic dynamical systems it is not
always possible to go from these strong results to the corresponding results for balls.
We would like to emphasise that in this paper we focus on the HTS to balls, rather
than cylinders.

1.3 Main results

Our first main result, which obtains EVLs from HTS, is the following.

Theorem 1 Let (X, B, i, f) be a dynamical system where . is an acip, and consider
¢ € X for which Lebesgue’s Differentiation Theorem holds.
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e [fwe have HTS to balls centred on ¢ € X, then we have an EVL for M, which
applies to the observables (1.10) achieving a maximum at ¢.

o Ifwe have exponential HTS (G(t) = e~ ") to balls at ¢ € X, then we have an EVL
for M,, which coincides with that of M, (meaning that (1.9) holds). In particular,
this EVL must be one of the 3 classical types. Moreover, if g is of type gi, for some
i € {1, 2,3}, then we have an EVL for M,, of type EV;.

We next define a class of multimodal interval maps f : I — I. We denote the
finite set of critical points by Crit. We say that ¢ € Crit is non-flat if there exists a
diffeomorphism ¥, : R — R with ¥.(0) = 0 and 1 < £, < oo such that for x close
toc, f(x) = f(c) £ |Ye(x — c)|ef. The value of £, is known as the critical order of
c. Let

NF*:=1f:1—1: fisC*, eachc € Crit is non-flat and ; }n)f IDf"(p)| > 1].
"(p)=p

The following is a simple corollary of Theorem 1 and [8, Theorem 3]. It generalises
the result of Collet in [14] from unimodal maps with exponential growth on the critical
point to multimodal maps where we only need to know that there is an acip.

Corollary 1 Suppose that f € NF? and f has an acip . Then (I, f, ) has an
EVL for M,, which coincides with that of M, and this holds for p-a.e. ¢ € X fixed
at the choice of the observable in (1.10). Moreover, the EVL is of type EV; when the
observables are of type gi, for eachi € {1, 2, 3}.

Now, we state a result in the other direction, i.e., we show how to get HTS from
EVLs.

Theorem 2 Let (X, B, i, f) be a dynamical system where ( is an acip and consider
¢ € X for which Lebesgue’s Differentiation Theorem holds.

e If we have an EVL for M, which applies to the observables (1.10) achieving a
maximum at { € X then we have HTS to balls at ¢.

e [fwe have an EVL for M, which coincides with that of M,, then we have expo-
nential HTS (G(t) = e ") to balls at ¢.

The following is immediate by the above and [21, Theorem 1] (see (1.9)).

Corollary 2 Let (X, B, i, f) be a dynamical system where . is an acip and consider
¢ € X for which Lebesgue’s Differentiation Theorem holds. If Da(u,) (or D1(uy))
and D'(u,) hold for a stochastic process X, X1, . . . defined by (1.1) and (1.10), where
u, is a sequence of levels satisfying (1.5), then we have exponential HTS to balls at

c.

The following is an immediate corollary of Theorem 2 and the main theorem of
[20].

Corollary 3 For every Benedicks-Carleson quadratic map f, (witha € BC)we have
exponential HTS to balls around the critical point or the critical value.
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The next result is a byproduct of Theorems 1, 2 and the fact that under D1 (u,,) the
only possible limit laws for partial maximums are the classical EV; fori e {1, 2, 3}.
Since this is not as immediate as the other corollaries, we include a short proof in
Sect. 2.

Corollary 4 Let (X, B, u, f) be adynamical system p is an acip and consider { € X
for which Lebesgue’s Differentiation Theorem holds. If D1(u,) holds for a stochas-
tic process Xo, X1, ... defined by (1.1) and (1.10), where u,, is a sequence of levels
satisfying (1.5), then the only possible HTS to balls around ¢ are of exponential type,
meaning that, there is 6 > 0 such that G(t) = e~ ?!.

Note that for this corollary to be non-trivial, we must assume that there exists a
distribution for HTS. This may not always be the case. For example, in [11,12] it
was shown that for certain circle diffeomorphisms there are sequences of intervals
{Un}nen, {Vnlnen which both shrink to the same point ¢, but yield different HTS
laws. Note that in these cases D1 (u;) also fails.

Remark 2 In this paper we are concerned with observables of the form ¢(x) =
g(dist(x, ¢)) where ¢ is some typical point for our measure p and g is a particu-
lar kind of function which is adapted to give different types of EVL. In our proof
of the link between HTS and EVL for such observables it is useful to be able to
express /(B (¢)) in terms of € where d is the dimension of the space. For measures
W other than acips, this is highly problematic. In many cases, for a measure u, the
limit lime_ ¢ bg’ﬁ% exists for p-a.e. ¢ (in fact this constant can be referred to as
the dimension of tie measure [32]). However, removing the logs in this expression,
we would typically expect the liminf and limsup to be 0 and infinity respectively even
for well behaved systems. This occurs for example for the doubling map f : x — 2x
mod 1 when g is the (o, 1 — a)-Bernoulli measure and o # 1/2. This follows from
the fact that the measure of sets can be computed via certain Birkhoff averages, using
the Gibbs property, and the fact that these averages should typically fluctuate, which
can be seen from the Law of the Iterated Logarithm in this case, see [16]. We therefore
expect serious intrinsic problems in proving results for general measures for this kind
of observable with measures which are not acips. On the other hand, if, given a system
(X, f, n), we are prepared to change our observable to one which reflects properties
of u, i.e. replacing g(dist(x, ¢)) with g((x, ¢)) for some 1, then it is possible to
prove analogous results to those presented here. This is the subject of forthcoming
work.

As we have already mentioned, Corollary 1 generalises the result of Collet in [14],
which was for C? non-uniformly hyperbolic maps of the interval (admitting a Young
tower). However, a close look to Collet’s arguments allows us to conclude that his
result still prevails in higher dimensions. In fact, one can show that if we consider
non-uniformly expanding maps (in any finite dimensional compact manifold), admit-
ting a so-called Young tower with exponential return times to the base, then for any
sequence of r.v. X, X1, ...defined asin (1.1) and for a sequence of levels u,, such that
nu(Xg > uy) — t > 0, conditions D;(u,) and D’ (u,) hold. This means that by the
above theorems, we can prove both EVLs and HT'S for these maps. Due to numerous
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definitions required for that setting, we leave both the theorems and the proofs on this
subject to Sect. 6.

Theorems 1 and 2 give us new tools to investigate the recurrence of dynamical sys-
tems, principally by allowing us to use the wealth of theory for HTS which has been
developed in recent years to prove EVLs. We note that in Corollary 1, the dynamical
systems involved need not have any fast rate of decay of correlations at all. Indeed,
a priori the relevant system may only have summable decay of correlations. As in
Sect. 6 where we consider higher dimensional maps admitting Young towers, there
are situations where it is actually easier to check conditions like D> (u,) and D’ (u,)
in order to get laws for HTS. In fact, to our knowledge, exponential HTS to balls have
never been proved before for higher dimensional non-uniformly expanding systems:
in such cases, inducing schemes with the nice properties of one-dimensional dynamics
are much harder to find. Also the dynamical systems we present in this paper should
provide models which can be used in investigating Extreme Value Theory both analyt-
ically and numerically. Namely, the simple fact that we get EVLs from deterministic
models may be an extra advantage for numerical simulation since there is no need
to generate random numbers. This means that this theory may reveal very useful for
testing GEV (Generalised Extreme Value distribution) fitting for data corresponding
to phenomena for which there is an underlying deterministic model.

The next question that arises is: what about subsequent visits to U,, or subsequent
exceedances of the level u,? Namely, we are interested in the point processes asso-
ciated to the instants of occurrence of returns to U, and exceedances of the level
u,. If we have either exponential HTS or a classical EVL then time between hits or
exceedances is exponentially distributed. This means that we should expect a Pois-
son limit for the point processes. We show in Sect. 3 that the relation between HTS
and EVL does indeed extend to the laws for the subsequent visits/exceedances (we
postpone the precise definitions and results to Sects. 3—5). More precisely, we show
that the point process of hitting times has a Poisson limit if and only if the point
process of exceedances has a Poisson limit. We next discuss how to obtain a Poisson
law in these two different contexts. In Sect. 4 we give conditions which guarantee a
Poisson limit for the point process of exceedance times. This part of the paper can
be seen as a generalisation of [21]. Moreover, we show that these conditions can
be verified in the settings from [14,20], leading to Poisson statistics for both point
processes for the systems considered. In Sect. 5 we show that in many cases for
multimodal maps it can be shown that the HTS behave asymptotically as a Poisson
distribution.

In a parallel work [27], EVLs have also been proved for dynamical systems with
acips. For example they proved EVLs for flows, and also considered observables ¢
with multiple maxima. We point out that in the setting of multimodal maps and observ-
ables ¢ of the form ¢ (x) = g(d(x, ¢)) where ¢ is some typical point of an acip u, our
Corollary 1 improves on their results since we do not require any knowledge of the
decay of correlations.

Throughout this paper the notation A, ~ B, means that lim,_, o g—z = 1. Also, if

{8, neny C RT has 8, — 0asn — oo, then for each ¢ € X, let k € (0, 00) be such
that |Bs, (¢)| ~ « - 8,‘f. Let x € R. We denote the integer part of x by | x| and define
[x]:=xif x = |x], and [x] := [x] + 1 otherwise.
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2 Proofs of our results on HTS and EVL

In this section we prove Theorems 1, 2 and Corollary 4.

Proof of Theorem 1 Let p(¢) = %(g) € R{ and set

un = g1 ((kp @)Y + p (g1 ((kp(&)n)~1/4)) 3. fory € R, for type g1
un = g2 (kp(@n) =) y, for y > 0, for type g2;
un =D — (D = g3 (kep©)m)~' 7)) (=), for y < 0, for type g3.

We remark that the choices of the normalising sequences {a, }, <N and {b; },,cn, Which
determine the sequence of levels {u,},en as in (1.4), are made accordingly to the
behaviour of the tail of d.f. F, given by F(u) = w(Xo < u). [31, Corollary 1.6.3]
gives a canonical choice in terms of the tail of F. In fact, up to linear scaling the nor-
malising sequences are unique by Khintchine’s Theorem (see [31, Theorem 1.2.3]).
Since, as we have explained in Remark 1, the shape of g~! determines the tail of the
d.f. F, the definitions of the levels u,, above are just a reflection of this fact.
For all n we have

n—1 n—1
o My () < ugd = (s X500 < g} = [l : g(dist(f/ (), 0)) < uy)
j=0 j=0
n—1 -
= (Vi dist(f/ (0. 0) = g7 )y = {x s rpy, 0)(%) = 1) @1
j=0

Now, observe that (1.11)—(1.13) imply
gt =g &1 (o @m ™) + p (a1 (o m 1)) 2]

~ g [ (wo@m ™) e/ = (K;(_:)n)l/d;

83 ) = 83" g2 (p@m ™) y] ~ g3 g2 (o @)m ™) |y

?
&
L — | —
>
|
—~

D = g3 (p@m ")) | (=y)7 = (%)W.

Thus, we may write

e )”"
g (un) (Kp(on ’
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meaning that

' 1/d
gi—l(un)~(%)  Vie{l,2,3)

where 71(y) = e ¥ fory € R, 12(y) = y 4 for y > 0, and 13(y) = (—y)?? for
y < 0.
o WB(0))

Since Lebesgue’s Differentiation Theorem holds for ¢ € X', we hav B

p(¢) as 6 — 0. Consequently, since it is obvious that g_l (uy) — 0asn — oo, then

_ T(y) 7(y)
1 (Bt (@) ~ POIB14,) O]~ P (g™ @) = p(O o = ==
Thus, we have
7(y) 2.2)

" W By 1y @)

Now, we claim that using (2.1) and (2.2), we have

2 (Bg_l (un) (é‘))
2.3)

= Gz (y), 2.4)

which gives the first part of the theorem.
To see that (2.3) holds, observe that by (2.1) and (2.2) we have

T(y)
M, <u,}) — - = (B O
nw{My < un}) M([ng ) (8 M(Bgl(un)(s“))})‘

- ‘/L ({ngil(un)(;) = n}) K ([ng*l(un)({) = (1 + 8")”])

where {¢,},cN is such that ¢, — 0 as n — oo. Since we have

{ngfl(un)(f) = m} \{ng*I(un)@) zm+ k}
m+k—1

c U 7 (Beig)@). YmkeN, (2.5)
j=m

’

it follows by stationarity that

‘,U« ([ngfl(un)(f) > n}) - ({ng,l(un)(;) > (1 + gn)n})‘
< lenlnp (Bg—'(u,,)(f)) ~ leylt — 0,

as n — oo, completing the proof of (2.3).
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Next we will use the exponential HTS hypothesis, that is G(¢) = e, to show the
second part of the theorem.

Under the exponential HTS assumption, by (2.4) it follows immediately that
limy, oo w({x : My (x) < upy}) = e_f(y) Recall that in the corresponding i.i.d setting,
i.e. when we are considering {x : M (x) < uy,} rather than {x M, (x) < u,}, (1.5)is
equivalent to (1.7). Therefore we also have lim,,— o p({x : M (x) < up)) =e 7O,
since nu(Xo > uy) = nu (Bg_l(un)(g)) — 1(y), as n — 00. As explained in the
introduction, this means that in the i.i.d. setting G (t) must be of the three classical
types. It remains to show that if the observable is of type g; then lim, oo pu(fx :
M, (x) < u,)) = e ") means that the EVL that applies to M,, (rather than M ) is
also of type EV;, foreachi € {1, 2, 3}.

Type g1: In this case we have e 71" = e™®" for all y € R, that corresponds to
the Gumbel e.v.d. and so we have an EVL for M,, of type EV;.

Type g2: We obtain e 20) = ¢~V " for y > 0. To conclude that in this case we

have the Fréchet e.v.d. with parameter Bd, we only have to check that for y < O,
w(fx : My(x) < u,}) = 0. Since g2((kp(¢)n)~Y4) > 0 (for all large n) and

e Y

ul{x : My(x) <upl) =p ({x T My(x) < g ((Kp({)n)_l/d) y}) e

as n — oo. Letting y | 0, it follows that u({x : M,(x) <0}) — 0, and, for y < 0,

i My = ) = e ([ Ma0o = g2 (G0 @m 1) »1)
< p(lx : My(o) < 0) = 0.

So, we have, in this case, an EVL for M,, of type EV2

Type g3: For y < 0, we have e 30 = ¢~ To conclude that in this case
we have the Weibull e.v.d. with parameter yd, we only need to check that for y > 0,
w({x : My,(x) < u,}) = 1. In fact, for y > 0, since D — g3((kp(2)n)~1/4) > 0, we
have

i My < b = g (fr: Mu00 = (D= 5 (wo@m~14)) v + D})
> (s My () < DY) = 1.

So we have, in this case, an EVL for M,, of type EV3. O

For the proof of Theorem 2, we will require the following lemma. This is essentially
contained in [31, Theorem 1.6.2], but we give a proof for completeness.

Lemma 2.1 Suppose that (X, B, f, 1) is a dynamical system where |1 is an acip.
Furthermore, let ¢(x) = g(dist(x, ¢)) for some { € X where g is one of the three
types described above. Then, for each y € R, there exists a sequence {u,(y)},eN as
in (1.4) such that
np(fx : o(x) > un(y)}) —— w(y) = 0.
n— o0

Moreover, for every t > 0 there exists y € R such that t(y) = t.
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Proof We will prove the lemma in the case when g is of type g», which means that
we will only need to consider y > 0. For the other two types of g, the argument is the
same, but with minor adjustments, see [31, Theorem 1.6.2].

First we show that we can always find a sequence {y, },<N such that

nu(Xo > yn) —— 1.
n—oo

Take y, :=inf{y : u(Xo < y) > 1—1/n}, and let us show that it has the desired prop-
erty. Note that np(Xo > y,) < 1, which means that lim sup,,_, .. rpt(Xo > y,) < L.
Using (1.12), for any z < 1, we have

d
—1
. (X0 > vn) o p &)k (gz (Vn))
lim inf ﬁ = lim inf =
n—oo > n— 00 _
HS0 = Tt POk (82 1(zyn))
d
—1
& ()
= liminf u =P,
n—oo

(z—ﬂgz’l(yn))d

Since, by definition of y,,, forany z < 1,nu(Xo > y»2) > 1, letting z — 1, it follows
immediately that lim inf,_, .o n(Xo > y,) > 1.

Now let u,,(y) = yny, which means that, for all n € N, we are taking a, = yn_l
and b, = 0 in (1.4). Then, using (1.12), it follows that for all y > 0

. -1 -1 d
nu(Xo > yay) = e ({x 2 dist(x, ©) < g5 n}) ~ mo @k (85 )
d
~ np @Kk 6Py ) ~ v Pnp e (g5 )

~yPlupu(Xo > yu) —— yP4.
n—o0oo

So taking y = ¢t~/ = 0 would suit our purposes. O

Proof of Theorem 2 We first assume that for every y € R and some sequence u,, =
u,(y) asin (1.4) such that npu({x : ¢(x) > u,(y)}) —— t(y), we have
n—o0

Jm o (fx: M (x) = un(0)}) = H(z().

Observe that, by Khintchine’s Theorem (see [31, Theorem 1.2.3]), up to linear scaling
the normalising sequences are unique, which means that we may assume that they are
the ones given by Lemma 2.1. Hence given ¢ > 0, Lemma 2.1 implies that there exists
y € R such that

nu ({x 2 ox) > uy(y)}) —t
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Given {8, },eny C R with §, —— 0, we define
n—0o0

£y =11/ kp(£)8D)].

We will prove

g (ug,) ~ 8n. (2.6)

If n is sufficiently large, then

{x () > un} = {x : g(dist(x, §)) > un}
= {x 1 dist(x, £) < g7 un)} = By1(,, (0.

Hence, by assumption on the sequence uy,, we have nu(Bg-1(,,)(§)) ——> t(y) =1.
n n—00

As Lebesgue’s Differentiation Theorem holds for ¢ € X', we have % — p(2)

as § — 0. Consequently, since it is obvious that g_l(u,,) — 0 asn — o0, then

i o1 - t N1/d :
n|Bg71(un)(§)|mt/,o(;).Thus,wemaywrlteg (un) (/cnp(g))/ and substi-

tuting n by £, we are immediately led to (2.6) by definition of ¢,,.
Next, using Lebesgue’s Differentiation Theorem, again, we get u(Bs,(£))~
p({)/cé,dl which easily implies that by definition of ¢,,,

t
_ o~ 0. 2.7
1t (Bs, (£)) @7
Now we note that, as in (2.1)
y—1 -1 _
o My, (0) <ug, )= () 0 X500 Sug,) = (1) {x: g(dist(f/ (1), 0)) < g, }
j=0 Jj=0
y—1 ‘
= [V bradist(f/ 0.0 = g7 ey =t irs @) = ). (2.8)
j=0 !

At this point, we claim that

lim u ([x ST, () (X) = m}) = HILH;OM ({x P My, (x) < M(Zn})~ (2.9)

n—o0

Then, the first part of the theorem follows, once we observe that, by hypothesis, we
have

(Mo, () < g, ) —— H(@(v») = HO).

For the second part of the theorem, first notice that for the i.i.d. setting, i.e. when we
are considering {x : M, (x) < u,} rather than {x : M,,(x) < u,}, (1.5) is equivalent
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to (1.7). Therefore, u({x : Q;In(x) <u,)) — e 7™ asn — oo. Hence if the EVL of
M, coincides with that of M,,, then we also have H(t(y)) = e T,
It remains to show that (2.9) holds. First, observe that

t
uw ({"Bsn(l) = /L(T”({))])

= u (Mg, <ue,}) + (1 ({rss, ) = €}) — 1 (1M, < ug,}))

t
+ (M ([rBan(C) z m]) 2 ({rBsn({) > En})) .

For the third term on the right, note that by (2.7) we have

t
‘M ({rBsy @) = ta}) — 1 ([rBar,(;) = m])‘
= [u ({res, ) = a}) = 1 ({rBs, 00 = L+ e)la})]

for some sequence {¢,}, € N such that ¢, — 0, as n — oo. By (2.5), (2.7) and
stationarity it follows that

e ({75, 00 = €a}) — 1 ({rs, ) = L+ 20 ))| < lenlupe (Bs, () ~ lealt — O,

asn — oo.
For the remaining term, using (2.6)—(2.8), we have

i ({rss, ) = ta}) — 1 ({Me, < ug,})|

= ‘/’L ({rBs, ) = ta}) — 1 ({”Bg,lwn)(g) > Zn})‘

< %u (7 (B5,©) & Byiu, @) )
i=1
= tutt (B3, (©) & Byr1, )
t

m ’u (B5,(0)) — 1 (Bg"(wn)@))’

1 (Be1,) ©)
i (Bs, (0))

l

=1]1-

as n — 0o, which ends the proof of (2.9). O

Proof of Corollary 4 Let us assume the existence of HTS to balls around ¢ (not nec-
essarily exponential). Then the first part of Theorem 1 assures the existence of an
EVL as in (1.3) for M, defined in (1.2). This fact and the hypothesis that Dj(u,)
holds allows us to use [31, Theorem 3.7.1] to conclude that there is & > 0 such that
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lim,— 00 w(M,, < u,) = e~Y7. Finally, we use the first part of Theorem 2 to conclude
that we have HTS to balls centred on ¢ of exponential type. O

3 Relation between hitting times and exceedance point processes

We have already seen how to relate HTS and EVL. We next show that if we enrich
the process and the statistics by considering either multiple returns or multiple excee-
dances we can take the parallelism even further.

Given a sequence {8, },eny C RT such that §, —— 0, for each j € N, we define
n—o0

the jth waiting (or inter-hitting) time as

] wh o @ twy @)
Wg, (o)) =78y, ) (f Fon ) Bon O (x) ) (3.1)

and the jth hitting time as

j
. - .
P )00 = D W, () ().
i=1

We define the Hitting Times Point Process (HTPP) by counting the number of hitting
times during the time interval [0, ). However, since u(Bs,(¢)) — 0, as n — oo,
then by Kac’s Theorem, the expected waiting time between hits is diverging to oo as
n increases. This fact suggests a time re-scaling using the factor v} := 1/u(Bs, (¢)),
which is precisely the expected inter-hitting time. Hence, for any x € X and every
t > 0 define

Lust]
N,;k(t) = N:([O, 1), x) := sup [] : réa,,(C)(x) < UZI] = Z 133,,(4“) o f] 3.2)
j=0

When x € Bs, (¢) and we consider the conditional measure up, (¢) instead of u, then
we refer to N, (¢) as the Return Times Point Process (RTPP).

If we have exponential HTS, (G(¢) = e~ in (1.14)), then the distribution of the
waiting time before hitting Bs, (¢) is asymptotically exponential. Also, if we assume
that our systems are mixing, because in that case we can think that the process gets
renewed when we come back to Bs,(¢), then one may look at the hitting times as
the sum of almost independent r.v.s that are almost exponentially distributed. Hence,
one would expect that the hitting times, when properly re-scaled, should form a point
process with a Poisson type behaviour at the limit.

As discussed in Sect. 1.2, for hyperbolic systems, it is indeed the case that we do get
a Poisson Process as the limit of HTPP. The theory in [7,8,26] implies thatif f € NF?
has an acip then we have a Poisson limit for the HTPP. We postpone a sketch of this
fact to Sect. 5, in order to keep our focus on the relation between HTS and EVL here.
However, we would like to remark that a key difference between proofs for the first
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hitting time and for showing that we have a Poisson Point Process, if we are using the
theory started in [26], is that a further mixing condition is required.

Now, we turn to an EVL point of view. In this context, one is concerned with
the occurrence of exceedances of the level u, for the stationary stochastic process
Xo, X1, ... In particular, we are interested in counting the number of exceedances,
among a random sample Xy, ..., X,—1 of size n. As in the previous sections, we
consider the stationary stochastic process defined by (1.1) and a sequence of levels
{un}nen such that nu(Xg > u,) > v > 0, as n — o0o. We define the exceedance
point process (EPP) by counting the number of exceedances during the time interval
[0, 7). We re-scale time using the factor v, := 1/u(X > u,) given by Kac’s Theorem,
again. Then for any x € X and every ¢ > 0, set

Lvnt]
Na(@) = No([0, 1), %) := D I, (3.3)
j=0

The limit laws for these point processes can be used to assess the impact and dam-
age caused by rare events since they describe their time occurrences, their individual
impacts and accumulated effects. Assuming that the process is mixing, we almost
have a situation of many Bernoulli trials where the expected number of successes is
almost constant (nu(X > u,) — v > 0). Thus, we expect a Poisson law as a limit.
In fact, one should expect that the exceedance instants, when properly normalised,
should form a point process with a Poisson Process as a limit, also. This is the con-
tent of [31, Theorem 5.2.1] which states that under D (u,,) and D’(u,,), the EPP N,,,
when properly normalised, converges in distribution to a Poisson Process. (See [31,
Chapter 5], [28] and references therein for more information on the subject).
Similarly to Theorems 1 and 2, we show that if there exists a limiting continuous
time stochastic process for the HTPP, when properly normalised, then the same holds
for the EPP and vice-versa. In the sequel 4 denotes convergence in distribution.
Theorem 3 Let (X, B, u, f) be a dynamical system where i is an acip and consider
¢ € X for which Lebesgue’s Differentiation Theorem holds. Suppose that for any
sequence 8, ——> 0 we have that the HTPP defined in (3.2) is such that N} 4, N,
n—oo n—od

where N is a continuous time stochastic process. Then, for the EPP defined in (3.3)

d
we also have N, —— N.
n—oo

Proof The result follows immediately once we set §, = g_1 (un). and observe that for
every j,n € Nand x € X we have {x : X; > u,} ={x: f/(x) € Bo—134,) (D)}
which implies that N, (1) = N,/ (¢), forall t > 0. O
Corollary 5 Suppose that f € NF* and f has an acip 1. Then, denoting by N, the
associated EPP as in (3.3), we have N, i N, asn — oo, where N denotes a Poisson
Process with intensity 1.

The fact that the maps in this corollary satisfy the conditions of Theorem 3 follows
from the sketch in Sect. 5. So the result is otherwise immediate.
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Theorem 4 Let (X, B, u, f) be a dynamical system where w is an acip and
consider ¢ € X for which Lebesgue’s Differentiation Theorem holds. Suppose that for
a sequence of levels {u,},eN such that npu(Xo > u,) — v > 0, as n — oo, the EPP

. . d . . . .
defined in (3.3) is such that N, —— N, where N is a continuous time stochastic
n—o0

process. Then, for the HTPP defined in (3.3) we also have N} LN N.
n—od

Proof Given a sequence {8,},eny C RT with §, —— 0 we define, as in the proof
n—oQ

of Theorem 2, the sequence ¢, such that §,, ~ g_1 (ug,). Set k, := max{v}, vy, } and
observe that |[N;*(t) — N, (1)] < Z];”:O 13, (©)AB,
we get

1, O © f7. Using stationarity
up,

(N @ = Ne, 01 > 0) < kst (Bs, (©)ABg-1(y,) (©))

= ki |11 (B, (©) = 1 (B ©)

— 0,
n—o00

by definition of ¢,,. The result now follows immediately by Slutsky’s Theorem (see
[18, Theorem 6.3.15]). O

4 Poisson statistics via EVL

As we have already mentioned, [31, Theorem 5.2.1] states that for a stationary sto-
chastic process satisfying Dj(u,) and D’(u,), the EPP N, defined in (3.3) converges
in distribution to a Poisson Process.

The main result in [21] states that in order to prove an EVL for stationary stochas-
tic processes arising from a dynamical system, it suffices to show conditions D7 (u)
and D’(uy). This proved to be an advantage over [31, Theorem 3.5.2] since the mix-
ing information of systems is usually known through decay of correlations that can
be easily used to prove D> (u,), as opposed to condition Dj(u,) appearing in [31,
Theorem 3.5.2].

Our goal here is to prove that we still get the Poisson limit if we relax Dj (u,) so that
it suffices to have sufficiently fast decay of correlations of the dynamical systems that
generate the stochastic processes. However, for that purpose, one needs to strengthen
Dy (uy,) in order to cope with multiple events. (Something similar was necessary in
the corresponding theory in [26]). For that reason we introduce condition D3(u)
below, that still follows from sufficiently fast decay of correlations, as D> (u,) did,
and together with D’(u,,) allows us to obtain the Poisson limit for the EPP.

Let S denote the semi-ring of subsets of RS‘ whose elements are intervals of the
type [a, b), fora, b € Ra’ . Let R denote the ring generated by S. Recall that for every
A € R there are k € N and k intervals Iy, ..., I; € S such that A = Uf.‘zl I;. In order
to fix notation, let a;, b; € Rg be such that I; = [aj,bj) € S.For I =[a,b) € S
and o € R, we denote o/ := [aa,ab) and I + o := [a + &, b + «). Similarly, for
A € RdefineadA :=al1U---UalandA+oa:={1+a)U--- U+ ).
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For every A € R we define
M(A) :=max{X; :i € ANZ}.

In the particular case where A = [0, n) we simply write, as before, M, = M0, n).
At this point, we propose:

Condition (D3(u,))Let A € Randr € N.
We say that D3(u,) holds for the sequence Xo, X1, ... if

n{Xo > uny N{M(A+1) < up}) — n({Xo > un (M (A) < un}) < y(n,1),

where y (n, t) is nonincreasing in ¢ for each n and ny (n, t,) — 0asn — oo for some
sequence t, = o(n), which means that #,,/n — 0 asn — oo.

Recalling the definition of the EPP N, (1) = N,[0, t) given in (3.3), we set

Lvnb]
Nala.b) = N®b) =N@ = > 1ix;>u,)-
Jj=lvnal

We now state the main result of this section that gives the Poisson statistics for the
EPP under D3(u,) and D'(uy,).

Theorem 5 Let X1, X2, ... be a stationary stochastic process for which conditions
D3(uy,) and D' (u,,) hold for a sequence of levels u,, suchthatnu(Xog > u,) — t > 0,

as n — o0. Then the EPP N, defined in (3.3) is such that N, i) N, asn — o0,
where N denotes a Poisson Process with intensity 1.

As a consequence of this theorem, Theorem 4 and the results in [20] we get:

Corollary 6 For any Benedicks-Carleson quadratic map f, (witha € BC), consider
a stochastic process Xg, X1, ... defined by (1.1) and (1.10), with ¢ being either the
critical point or the critical value. Then, denoting by N, the associated EPP as in

d . S
(3.3), we have N, — N, as n — 00, where N denotes a Poisson Process with inten-
sity 1. Moreover, if we consider N\, the HTPP as in (3.2), for balls around either the
critical point or the critical value, then the same limit also applies to N,;.

With minor adjustments to [14], we can use Theorem 5 to show that, similarly to
Corollary 5, interval maps with exponential decay of correlations have Poisson sta-
tistics for the EPP. However, we will not state this result here, since we prove a more
general result (which works in higher dimensions) in Sect. 6.

4.1 Proofs of the results

In this section we prove Theorem 5 and Corollary 6. The key is Proposition 1 whose
proof we prepare with the following two Lemmas. These are very similar to ones in
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[14, Section 3] and [21, Section 3], so we omit the details of the proofs. However, note
that in contrast to the lemmas in the papers mentioned above, we need them to take
care of events that depend on nonconsecutive random variables.

Lemma 4.1 Forany ¢ € N and u € R we have

-1
D u(Xj > u) = p(Me > u)
j=0
=1 L1
>Zu(x >u) =D > X >u)N{X; > u))
j=0i=0,i#j

Proof This is a straightforward consequence of the formula for the probability of a
multiple union of events. See for example the first Theorem of Chapter 4 in [19].

Lemma 4.2 Assume that r, s, £, t are nonnegative integers. Suppose that A, B € R
are such that A C B. Set £ :=#{j e N: j € B\ A}. Assume that min{x : x € A} >
r+tandlet Ag = [0, r +1t). Then, we have

0<uM(A) <u) —pnM(B) <u) <t (X >u) 4.1

and

r—1
mM(AGUA) <u) — p(M(A) <u) + ZM({X >uyN{M(A —i) < u})
i=0
r—1
<2r > p(X > uy N {X; > u}) + (X > u). 4.2)
i=l1

The proof of this lemma can easily be done by following the proof of
[21, Lemma 3.2] with minor adjustments.

Proposition 1 Let A € R be such that that A = U?:l I; where I; = [aj, b;) € S,
Jj=1,...,panday <by <ay <--- <bp_ | <ap, <by. Let {u,},cn be such that
nu(Xo > uy) — v >0, asn — oo, for some t > 0. Assume that conditions D3 (uy)
and D' (u,,) hold. Then,

p p
—t(hi—a;
,U,(M(I/ZA) < uy) m} l_IIM(M(nI]) <u,) = He 7(b; aj)_
j:

Proof Let h ;= infjc(1.. py{bj —a;} and H := [sup{x : x € A}]. Take k > 2/h
and n sufficiently large. Note this guarantees that if we partition n[0, H] N Z into
blocks of length r;, := |n/k], J1 = [Hn —ry, Hn), Jo = [Hn — 2rp,, Hn — ry),...,
Jux = [Hn — Hkrp,n — (Hk — )ry), Jgk+1 = [0, Hn — Hkry,), then there is more

@ Springer



696 A. C. M. Freitas et al.

nAg
I |
0 nl, nl, Y nly g ~ nl, nl, Hn
N
4 ~
[ |/ | | LI i | |\ |
| I I I I ! I I I 1
J ipge1+Spe41 Ji iper1

Fig.1 Notation

than one of these blocks contained in n/;. Let S¢ = S¢(k) be the number of blocks J;
contained in n/y, that is,

SZ = #{] € {l, ,Hk} : .]/ C f’l][}.

As we have already observed Sy > 1 V¢ € {1, ..., p}. Foreach ¢ € {1, ..., p}, we
define

14
Ap = U Ip_ity.
i=1

Setip :=min{j € {1,...,k} : J; C nl¢}. Then J;,, Ji, 11, ..., Jiy+s, C nlg. Now,
fix £ and foreachi € {ip_¢y1,...,ip—p41 + Sp—r41} let

i
Bi:= |J Jj. JFi=[Hn—iry, Hn = (i —ry —t,) and J/ := J; = J7.

i
j=ip,[+1

Note that |Ji*| =r, —t, and |Jl./ | = t,. See Fig. 1 for more of an idea of the notation

here.
We have,

uw(M(B; UnAg—1)

IA

up) = (I =rpp(X > un)) (M (Bi—1 UnAg¢_1) < uy)

(M (B Unde 1) < ) — p(M(Bry UnAe ) < )

+ (X > up)u(M(Bi—1 UnAg_1) < uy)

= |l B UnAC) < ) = (M (Bioy UnAe-) < )
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n—th—1

+ D BUXjsHnin, > n) N M (B UnAey) < )|
j=0

[0 = )X > M By Undey) < )

rn—tn—1

= > X jtnmin, > a} M B UnAcy) < )|
J=0

+ (X > uy).
By Lemma 4.2, we obtain

wM(B; UnAg—1) <up) — (1 —rpu(X > up)) e (M(Bi—1 UnAg—1) < uy)

rn—th—1

<2 —t) D w(X > un} O (X > un)) + apt(X > up)

j=1
rn—ty—1

D [ )M B UnAey) < )
=0

—n({X > up} N {M((Bi—1 UnAg_1) — dj) S upP| + (X > uyp),
where d; = (j + Hn — ir,). Now using condition D3(u,), we obtain

MM(B;UnAg—1) Sup) — (1 —rppu(X > up))p(M(Bi—1 UnAg—1) < up)

rn—th—1

<2(rp —ty) Z w{X>up )X j>u, D2t (X > up)+0rn — 1)y (0, 1).
=1

Set

rp—th—1

Tew =20 — 1) D wUX > un) V(X > un)) + 210 0(X > )
j=1

+ (rn - tn)y(nv tn)-

Recalling (1.5), we may assume that n and k are sufficiently large so that 7 u(X >
uy) <2and |1 —r,u(X > uy)| < 1 which implies

1 (M (Bs,_,, UnAg_1) < up) — (1 = rppu(X > up))

w(M(Bs, ,,,—1UnAg1) < up)| < Vi
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and

‘M(M(Bsp,mUnAz—l)Eun)—(l — (X > un))ZM(M(Bsp,Hl—2UnA2—1)§un)

< |uM(Bs,_,, UnAe1) <up) — (1= rapu(X > up))p(M(Bs,_,,, -1
UnAg1) < up)| + |1 = rpu(X > up)| |[e(M(Bs,_,.,—1 UnAg_1) < up)

= (L =rap(X > up)) W (M(Bs, ;-2 U nAg_1)|
= 2Tk,n-

Inductively, we obtain

M (B, Unde1) < ) = (1= rapa(X > )5 (M (A1) < )

< Sp—t+1Ykn-

Using Lemma 4.2,

M @1AD) < ) = (1 = (X > )5 (M (A1) = )

< |[u(M(nAg) < up) — w(M(Bs, ., UnA¢1) < uy)|

+ ‘M(M(Bs,,_mUnAefl)Sun)—(l — ra (X > )= (M (A1) <uy)

< ‘H(M(”[p—l+l UnAe1) < ) — n(MU T UnAg_y) < uy)

i=ig

+Sp—l+1Tk,n
< 2rpu(X > uy) + Spfl+]Tk,n-

In the next step we have

M 01A) < ) = (1= gt (X > ) S5 4 (M (1A —2) < )

< WM @A) = ) = (= rapa(X > w0 )5 (M (A1) < )

F 11 = it (X > ) 5= | (M (A1) < up)

—(1 = rp (X > un))Sr= 2w (M(nAg—2) < uy)
<dryu(X > uy) + (Spfl+1 + Spf€+2)Tk,n-

Therefore, by induction, we obtain

W(MBA) < tty) — (1 = rgu(X > 1)) 2= 5

P
< 2prap(X > un) + D SiTin.
j=1
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Now, it is easy to see that S; ~ k|[|, foreach j € {1, ..., p}. Consequently,

lim  lim (1= ru(X > ) Zi=15

k—+o00 n—>+00

. . n z?:lsj
- i (12 - )
>P_s;
T\ 215 TNk 1] kZ;-)_l\;-\ —5? 1
= tm (1-2)7"" = 1im [(1——) } =l et 2 Il
k—+00 k k—+00 k
P
= He—f(bj—aj)_
j=1

To conclude the proof it suffices to show that

lim lim Qprau(X > uy) +kHYyn) =0.

k——400 n——+00
We start by noting that, since niu (X > u,) - v >0,

. . 2pt
lim lim 2pr,u(X > u,) = lim — =0.

li
k——+00 n—>+00 k—+o00 k

Next we need to check that

lim lim kY, =0,

k— 400 n—+00
which means,

rn—th—1
lim  lim 2k(w — 1) D p((X > ua} V(X > un}) + 2ktain(X > uy)

k—+400 n—+00 1
j=

+k(ry, —ty)yn,t,) =0.

Assume that t = 1, where t,, = o(n) is given by Condition D3 (i, ). Now, observe
that, by (1.5), for every k € N, we have lim,_, oc kt, (X > u,) = 0. Finally, use
D3(uy) and D’(u,) to prove that the two remaining terms also go to 0. O

Proof of Theorem 5 Since the Poisson Process has no fixed atoms, that is, points ¢
such that u(N({t}) > 0) > 0, the convergence is equivalent to convergence of finite
dimensional distributions. But, because N is a simple point process, without multiple
events, we may use a criterion proposed by Kallenberg [29, Theorem 4.7] to show the
stated convergence. Namely we need to verify that

(1) E(Ny(D) —— E(N(D)), forall I € §;
(D) u(Na(A) = 0) —— u(N(A) = 0), forall A € R,

where E(-) denotes the expectation with respect to .
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First we show that condition (1) holds. Let @, b € RT be such that I = [a, b), then,
recalling that v, = 1/u(Xo > u,), we have

Lvnb] Lvnb]
EWN,(1) =E Z Lix;ou,) | = Z E (1{x;5u,))
Jj=lvpal+1 Jj=lvnal+1

= (Lvab] — (Lvnal + 1)) u(Xo > un)

~ (b —a)yvup(Xo > up) —— (b —a) = E(N()).

To prove condition (2),lets € Nand A = Uj_, I; where I, ..., I; € S aredisjoint.
Alsoletaj, b; € RT be such that Ij =laj, bj). By Proposition 1, we have

(N (A) = 0) = pu (Mi_ {M (vn1}) < up})

s
~ (M M (/D)) < un)) —— [[e 7o,
j=1
The result follows at once since (N (A) = 0) = [[;_, n(N(I)) = 0) =[]},
e=bi=ap, o

Proof of Corollary 6 In [20,21], conditions D;(u,) and D’ (u,) were proved for sto-
chastic processes X¢, X1, ...asin (1.1) and (1.10) with ¢ being either the critical point
or the critical value and observables of type g3 (g3(x) = xfor{ = land g3 = 1 —ax?
for ¢ = 0).

Observe that independently of the type of g, the sequence u,, is computed so that an
exceedance of the level u,, corresponds to a visit to the ball Bs, (¢), where 8, is such
that £ (Bs,) ~ t/n.This means that condition D’(u,,) can be written in terms of returns
to Bs, (¢) which implies that it holds for every sequence Xo, X1, ... independently of
the shape of g.

Condition D3(u,,) follows from decay of correlations. In fact, from [30,35] one has
that for all ¢, v : M — R with bounded variation, there is C, « > 0 independent of
¢, ¥ and n such that

‘/d)-(WOf’)du—/qbdu/wdu

where Var(¢) denotes the total variation of ¢. For each A € R, take ¢ = 1{x;>u,)
and ¥ = 1{p(a)<u,)» then (4.3) implies that Condition D3 (u,) holds with y (n, ) =
y (1) :=2Ce™* and for the sequence t,, = /n, for example. O

< CVar(9) ¥ llce™, V1 €Ny, (4.3)

5 Poisson statistics for first return times

The purpose of this section is to discuss what is known about the Poisson statistics of
first return times to balls. The main focus is on showing that a map f € NF? with an
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acip must have the RTPP asymptotically converging to a Poisson Process. However,
for more generality we will introduce the ideas assuming that our phase space X is a
Riemannian manifold. We note that a similar result to the main theorem [23] implies
that the limit laws for the HTPP and RTPP are the same. So since the results we will
cite below are usually given in terms of RTS, we will use this.

Similarly to the proof of Theorem 5, in order to show that the RTPP has a Poisson
limit, it suffices to prove that for k € N and a rectangle Ry, C RE,

Rk) —/Hf-‘zle”’ di*| — 0asn — oo.

Ry

2 k
wu, | (wy,, wy; ..., wy ) €
( U U™ w(Uy)

The main result of [7] is that the RTS for an inducing scheme is the same for the
inducing scheme as for the original system. However, they remark in that paper that
their methods extend to give the same Poisson statistics for the inducing scheme and
the original system. In [8], the theory in [7] was extended to show that for multi-
modal maps of the interval the RTS of suitable inducing schemes converge to the RTS
of the original system. The corresponding result for Poisson statistics follows simi-
larly. For multimodal maps f : I — I, with an acip u, those inducing schemes are
Rychlik maps. Therefore to prove that the original (/, f, i) has the RTPP converging
to a Poisson process, we must show that the induced, Rychlik, maps also have this
property. As we sketch below, this can be proved using [26, Theorem 2.6].

For a system (X, F, t), we say that a partition Q is uniform mixing if there exists
yo(n) — 0asn — oo, such that

yo(n) :=sup  sup lu(AN B) — u(A)n(B)].
k,l Aco Qp
BeF~ kg Q

Here Qy := \/];;(1) F~7Q and o Qy is the sigma algebra generated by Qy. For our
purposes Q will be {U, U} where U is a ball around ¢.

By [26, Theorem 2.6], if we assume the system is uniform mixing for {U, U}, then
for a rectangle Ry C R,

Rk) —/nj.;le’i di*| < Errk,U). (5.1)

Ry

2 k
wu | (wy, wg, ..., wy) €
( v U )

Moreover, the term Err(k, U) goes to 0 as U shrinks to a point ¢. In fact, we have
Err(k,U) = k3d(U) + R(k, U)) where R(k,U) — 0 as u(U) — 0 and the rate
that R(k, U) goes to zero depends on how yg shrinks with U. As was shown in [7],
for Rychlik maps the quantity d(U) tends 0 as U — {¢}. Therefore it only remains
to show that the Rychlik maps defined in [8] are uniform mixing for {U, U€}.

Since we assumed that (X, F, u) is Rychlik [34, Theorem 5] implies that the nat-
ural partition P, consisting of maximal intervals on which f is a homeomorphism,
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702 A. C. M. Freitas et al.

is Bernoulli, with exponential speed. Since (X, F, i) is uniformly expanding, this
implies that {U, U“} is also Bernoulli, with exponential speed. As noted in [26, Remark
2.5], this implies that {U, U¢} is uniform mixing, as required.

The proof that the successive returns form a point process converging to a Pois-
son Process follows from (5.1) and the Kallenberg argument used in the proof of
Theorem 5.

6 EVL and HTS in higher dimensions

In this section, we extend Collet’s theory of maps with exponential decay of correla-
tions from one dimension to higher dimensions. We conclude with an example.

Let X be as usual a d-dimensional compact Riemannian manifold and f : ¥ — X
a C? endomorphism. We say that f admits a Young tower if there exists aball A C X,
a countable partition P (mod 0) of A into topological balls A; with smooth bound-
aries, and a return time function R : A — N piecewise constant on elements of P
satisfying the following properties:

(Y1) Markov: foreach A; € P and R = R(A;), fR : Aj = A is a C? diffeomor-
phism (and in particular a bijection). Thus the induced map

F:A— A givenby F(x) = fR(x)(x)

is defined almost everywhere and satisfies the classical Markov property. We
consider also the separation time s(x, y) given by the maximum integer such
that Fi(x) and F! (y) belong to the same element of the partition P for all
i <s(x,y), which we assume to be defined and finite for almost every pair of
points x, y € A.

(Y>) Uniform backward contraction: There exist C > 0 and 0 < 8 < 1 such that
forx,y € Aandany 0 <n < s(x, y) we have

dist(f" (x), f"() < CETEI 7,

(Y3) Bounded distortion: For any x, y € A andany 0 < k <n < s(x, y) we have
o ﬁ det Df(fl (x)) < cprnn
det Df(f*(x)) —

i=k

(Y4) Integrable return times:
/ R dLeb < o0

In this section we only consider maps admitting a Young tower with exponential
return time tail which means that we will replace condition (Y4) by the following
stronger one
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(Y},) Exponential tail decay: There are C, & > 0 such that
Leb({R > n}) = Ce™*".

These systems have been studied, in a more general context, by Young [36,37],
where several examples can also be found. Among the properties proved by L.S.
Young we mention the existence of an F-invariant measure po that is equivalent
to Lebesgue measure on A (meaning that its density is bounded above and below
by a constant). After saturating one gets an absolutely continuous (w.r.t. Lebesgue),
f-invariant probability given by

() =R o (AN (R > 1)), 6.1)
=0

where R = f A Rdwo. One of the main achievements in [36,37] is the fact that the
decay of the tail of return times determines the speed of decay of correlations for
Holder continuous (or Lipschitz) observables. Namely, if ¢ : X — R is Holder
continuous of exponent 0 < ¢ < 1, with Holder constant

1) — 60l
Kd@):= 59 = it )

¥ X — Risin L*(Leb) and the tower has exponential tail, then there are C > 0
and o’ > 0 such that

‘/¢-(¢of'>du—/¢dM/W

Theorem 6 Let X be a d-dimensional compact Riemannian manifold and assume
that f : X — X is a C? endomorphism admitting a Young tower with exponential
tail. Consider a stochastic process Xo, X1, ... defined by (1.1) and (1.10), for some
choice of ¢ € X. Then, for Leb-almost every { € X chosen, conditions D3(u,) (or
D;(uy,)) and D' (uy,) hold, where u,, is a sequence of levels satisfying (1.5).

< CK(@¥lloce™", Vt €No. (62)

Together with the results in Sects. 1.3, 3 and 4 we get the following corollary.

Corollary 7 Let X be a d-dimensional compact Riemannian manifold and assume
that f : X — X is a C? endomorphism admitting a Young tower with exponential
tail. Consider a stochastic process Xo, X1, ... defined by (1.1) and (1.10) for some
¢ € X. Then, for Leb-almost every choice of ¢ € X, the following assertions hold:

(1) We have an EVL for M, defined in (1.2), which coincides with that one of M,,
defined in (1.6). In particular, it must be of one of the three classical types. More-
over, for every i € {1,2,3}, if g is of type gi then we have an EVL for M,, of
type EV;.

(2) We have exponential HTS to balls at ¢ € X.
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(3) The EPP Ny, defined in (3.3) is such that N, i) N, as n — oo, where N denotes
a Poisson Process with intensity 1.
(4) The same applies to the HTPP N, defined in (3.2).

6.1 Proof of Theorem 6

To show this result, one needs only to realise that Collet’s proof of [14, Theorem 1]
may be mimicked in our multi-dimensional setting with minor adjustments. Thus,
instead of repeating all the arguments, we will prove that D3 (u,) and D’ (u,) hold just
by redoing the parts that need to be adapted to this more general higher dimensional
setting.

Let {E,},eN be the sequence of sets defined by

Ey={v:3jell....dog)) ly = finl =o'} .

This is the set of points which recur ‘too quickly’. We not only need to control the set of
points which recur too quickly, but also the set of points for which a neighbour recurs
too quickly. For positive numbers w and p to be fixed below, we define a sequence of
measurable sets { Fy,},en by

F, = {x : /,L(Bv—m (X)NEw) >« v_(‘H'p)“’} .
The following proposition gathers most of the information we need to prove Theorem 6.
The proof of its statements can be done by adapting slightly the proofs of Lemma 2.2,
Proposition 2.3, Corollary 2.4 and Lemma 2.5 from [14]. Note that strictly speaking,

items (b) and (c) are not used explicitly for the proof of Theorem 6, but we include
them here for comparison with [14], as well as [27].

Proposition 2 Under (Y)),

(a) there are two positive constants C and 0 such that for any Lebesgue measurable
set A, we have

w(A) < CLeb(A)’.

(b) there exist positive constants C, &' and n < 1 such that for any integer v and
any € > 0 we have

u(&y(e)) = C (vze” +e’°‘/”) :
(¢c) there exist positive constants C' and B’ < 1 such that for any integer v
W(E) < C'o P

(d) there exist positive numbers p and w such that Leb(Nj>1 Uy>; Fy) = 0.
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As we have seen in the proof of Corollary 6, itis very easy to show that D3 (u,) holds
when we have decay of correlations for observables of bounded variation. However,
in this setting, decay of correlations is only available for Holder continuous functions
against L ones, instead (see (6.2)). This means that we cannot use the test function
¢ = 1ix,>u,), as we did before. However, proceeding as in [14, Lemma 3.3], if we
use a suitable Holder approximation one can easily get:

Lemma 6.1 Assume that there exists a rate function ® : N — R, such that for every
Holder continuous (or Lipschitz) observable ¢ and all L*° observable r we have:

‘/¢~(W0f’)du—/¢du/x//d,u

Then, for every ¢ € X,0 < s < 1, n > 0 and all measurable set W we have

= K@) Vlle®@), Vi e No.

|L(Bs () N T (W)) — u(By()uW)| < s~ 1) + 0(s7@H),

where 0 is the number given in Proposition 2 (a).

Proof of Theorem 6 First let us show that D3 (u,,) holds. Since in this setting we have
exponential decay of correlations for Holder continuous functions (see (6.2)) and
{Xo > u,} = Bg—'(u,,)(f) then by Lemma 6.1 we may take

y(n, 1) =0 ((g‘l(un))‘l‘"e—“’ + (g_l(u,,))g(‘H'”)) _

Hence, recalling that g’l(un) ~ (3 (T)n)l/d, if we consider , = /n, for exam-

ple, and choose 1 from Lemma 6.1 so that 6(d + n)/d > 2 (where 6 is given by
Proposition 2 (a)), then we easily get that ny (n, t,) —— 0 which gives D3 (u;).
n—o0

Now, it only remains to show that D’(u;) also holds. Recall the stochastic process
Xo, X1, ... given by (1.1) for observables defined by (1.10), achieving a global max-
imum at ¢ € X. At this point, we describe the full Lebesgue measure set of points
¢ € & for which Theorem 6 holds. We take ¢ for which Lebesgue’s differentiation
theorem holds (with respect to the measure u) and ¢ € U;>1 Nj>; X'\ F;, which by
Proposition 2 (d) is also a full Lebesgue measure set. For each such ¢, let vp(¢) € N
be such that ¢ ¢ F; forall j > vo({).

We consider a turning instant t = #(n) = [ (log n)%], and split the sum in D’ (u,)
into the period before ¢ and after 7.

For the later we use exponential decay of correlations (6.2) and Lemma 6.1 to get,
for some C > 0,

Ln/k]
Sat.n k) =0 Y u({Xo > un) N{X; > un))
j=t

=n L%J w(Xo > up)? +n L%J (g™ (up))?dt+m

+n| 7| @ ) e
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Recalling that ;(Xo > u,) ~ tn~' and g~ (u,) ~ (Kpé)n)l/d, we have

1”29d d”21 d_—a'log?
Sa(t,n, k) =0 (z_’_?n— (d+n)/ —i-?n( +n)/d o—a"log (ﬂ))_

So, if we chose 1 so that 6(d + n)/d > 2 then limy_, o limsup,,_, o, S2(¢, n, k) = 0.
We are left with the first period from 1 to ¢ and the respective sum

1
Si(t,n) :=n ) u({Xo > un} N {X; > up)).
j=1

Wesetv = v(n) = [ (3¢ (1))~ /], where w is given in Proposition 2 (d). Observe
that

{X0 > ttn} = By-1(,) () C By-o(2)
and, if y € {Xo > u,} N {X; > uy)}, then
dist(f/ (), y) < dist(f7 (), §) + dist(¢, ) < 2g 7 (un) < v,
which implies that
(X0 > un} N {X; > un} C Byo () N Eyo. (6.3)

We take n so large that v = v(n) > vo(¢). Hence ¢ ¢ F),. Using (6.3), the definition

of F, and the fact g~ ! (u,) ~ (Kp(’c)n)l/d, we have

w({Xo > up} N{Xj > uy}) = O™ = O (n=HP/),

Hence, lim sup,,_, o, S1(z, n) < limsup,_, o, O(nlog?(n)n~@+P/dy =0, O

6.2 An example

Here we present a C! open class of local diffeomorphisms with no critical points that
are non-uniformly expanding in the sense of [3,4]. Namely, let f : M — M bea C!
local diffeomorphism, we say that f is non-uniformly expanding if there exists a con-
stant A > 0 such that for Lebesgue almost all points x € M the following non-uniform
expansivity condition is satisfied:

n—1

. -1 -1
lim inf ~ Z;log IDf i 7! = 2 > 0. (6.4)
iz
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Condition (6.4) implies that the expansion time function
1 n—1
— mi . -1 -1
E(x) = min [N i Z(;log IDf i~ = 2/2 Vn = N]
1=

is defined and finite almost everywhere in M. We think of this as the waiting time before
the exponential derivative growth kicks in. We are now able to define the Hyperbolic
tail set, at time n € N,

I'y={xel: Ex)>n}, (6.5)

which can be seen as the set of points that at time n have not reached a satisfactory
exponential growth of the derivative. Applying [5] and [22] together shows that these
maps admit a Young tower whose return time tail is related to the volume decay rate
of the hyperbolic tail set.

The class we consider here is obtained by deformation of a uniformly expanding
map by isotopy inside some small region. In general, these maps are not expanding:
deformation can be made in such way that the new map has periodic saddles. We
follow the construction in [3,4].

Let M be any compact Riemannian d-dimensional manifold supporting some uni-
formly expanding map fy: there exists o9 > 1 such that || Dfy(x)v| > opllv]| for
every x € M and every v € TyM.Let V C M be small compact domain, so that fy|y
is one-to-one. Let f] be a C! map coinciding with fy in M\ V for which the following
holds:

(1)  fi1is volume expanding everywhere: there is o1 > 1 such that
|det Df(x)| > o1, foreveryx € M;

(2)  fi is not too contracting on V: there is small § > 0 such that
IDf i) Y <148, foreveryxe V.

We consider the class of maps f in a small C!-neighbourhood F of f;.

In [3, Section 6] it was shown that these maps satisfy condition (6.4) and there exist
C,y > Osuchthat Leb(I",) < Ce 7" foralln € N. Now, using the results in [22] this
implies that every map f € F admits a Young tower for which conditions (Y1)—(Y})
are satisfied. This means that we can apply Theorem 6 and obtain that all assertions
of Corollary 7 hold for this class of maps F.

To make this example a bit more concrete, we give the following construction in
the 2-torus. Consider the doubling map in S L or in other words, let g: S I, gl
be such that g(x) = 2x if x € [0,1/2] and g(x) = 2x — 1 if x € (1/2, 1]. Take
fo: 8" x 8" — §' x S§! to be the uniformly expanding map given by fo(x, y) =
(g(x), g(y)).

Let k : [0.05,0.1] — R be such that £(0.05) = 0.045, k’(0.05) = 0.9, k(0.1) =
0.2,k(0.1) =2,k (x) > 0.9, for all x € [0.05,0.1] and k' (x*) > 1, where x* is the
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Fig. 2 Plots of functions k and h

only solution of k(x) = x. See the plot on the left of Fig. 2. Now, let £ : [0, 1/2] —
[0, 1] be given by

0.9x ifx € [0,0.05)
L(x) = {k(x) ifx €[0.05,0.1)
2x ifx €[0.1,1/2],

and define 4 : S — S! by h(x) = £(x) if x € [0, 1/2] and h(x) = 1 — £(1 — x) if
x € (1/2, 1]. See plot on the right of Fig. 2.

Consider a C! family of maps v : S! x [0, 1] — S such that yo(x) = ¥ (x,0) =
g(), Y1(x) = ¥(x,1) = h(x), forall x € S" and 2L ) > 0.9, forall x € S,
t € [0, 1]. Finally, consider f; : S' x ' — S x S! given by

fiex, y) = (¥ (x, 4 = 1091017 + (1 — 10(1 — y)10.9.17), () -

Taking V = [—0.1,0.1] x [<0.1,0.1] C S! x S!, we have f; is one-to-one in V,
J1 = fooutside V, fi is not uniformly expanding since O is a saddle and conditions
(1), (2) are also easily checked.
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