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Abstract Large deviations principles for a family of scalar 1 + 1 dimensional
conservative stochastic PDEs (viscous conservation laws) are investigated, in the limit
of jointly vanishing noise and viscosity. A first large deviations principle is obtained
in a space of Young measures. The associated rate functional vanishes on a wide set,
the so-called set of measure-valued solutions to the limiting conservation law. A sec-
ond order large deviations principle is therefore investigated, however, this can be
only partially proved. The second order rate functional provides a generalization for
non-convex fluxes of the functional introduced by Jensen and Varadhan in a stochastic
particles system setting.
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1 Introduction

Macroscopic description of physical systems with a large number of degrees of free-
dom can be often provided by the means of partial differential equations. Rigorous
microscopic derivations of such PDEs have been proved in different settings, and
we will refer in particular to stochastic interacting particles systems [13,20], where
stochastic microscopic dynamics of particles are considered. One is usually interested
in the asymptotic properties of the empirical measures associated with some relevant
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physical quantities of the system, such as the particles density. Provided that time and
space variables are suitably rescaled, it has been proved for several models that, as
the number of particles diverges to infinity, the empirical measure associated with the
particles density converges to a “macroscopic density” u = u(¢, x). Moreover such
a density u solves a limiting “hydrodynamical equation”, which in the conservative
case has usually the following structure

ou+ V- (f(w) — D@)Vu) =0 (1)

Here V and V- stands for the space gradient and divergence operators, D > 0 is a
diffusion coefficient, while the flux f takes into account the transport phenomena that
may occur in the system. Roughly speaking, D is strictly positive for symmetric (or
zero mean) and weakly asymmetric systems, in which case (1) is usually obtained
in the so-called diffusive scaling of the time and space variables. The case D = 0 is
instead associated with asymmetric systems, and is usually obtained in the so-called
Euler scaling.

Once the hydrodynamics of the density is understood, a deeper insight into the
system behavior is provided by the investigation of large deviations for the probability
law of the empirical measure associated with the density. Establishing large deviations
for these models can in fact provide a better understanding of the concepts of entropy
and fluctuations in the context of non-equilibrium statistical mechanics. However,
while several large deviations results have been obtained for symmetric (or weakly
asymmetric) systems under diffusive scaling [13], very little is known for asymmetric
systems, with the remarkable exception of the seminal works [12,15,21]. According
to [13, Chap. 8], large deviations for asymmetric processes are “one of the main open
questions in the theory of hydrodynamical limits”.

1.1 Stochastic conservation laws

In this paper we will focus on a slightly different approach. We consider a continuous
“mesoscopic density” u® = u(t, x) € R depending on a small parameter & (which
should be regarded as the inverse of the number of particles). We assume that u® satis-
fies a continuity equation, with a stochastic current taking into account the transport,
diffusion and fluctuation phenomena that may occur in the system. More precisely,
for €, y > 0 we consider the stochastic PDE in the unknown u

€
o+ V- (f(u) ~ S D)Vu — ¢’ \/az(u)oz‘g) -0 @)
where a? is a fluctuation coefficient, and o is a stochastic noise, white in time and

with a correlation in space regulated by a convolution kernel j¢. We assume that ;°
converges to the identity as ¢ — 0, namely that the range of spatial correlations van-
ishes at the macroscopic scale. We are then interested in the asymptotic properties
(convergence and large deviations) of the solution u® to (2), as ¢ — 0, namely as
diffusion and noise vanish simultaneously. We remark that, while equations of the
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Large deviations for conservation laws 609

form (2) may describe quite general physical systems, the limit ¢ — 0 is indeed moti-
vated by the heuristic behavior of the density of asymmetric particles systems under
Euler scaling. In fact, while one expects the stochastic noise and its spatial correla-
tion to vanish at a macroscopic scale for quite general systems, the limit of jointly
vanishing viscosity and noise is somehow specific for the Euler scaling. This specific
feature may be one of the (several) reasons making the large deviations of asymmetric
systems more challenging.

From the point of view of stochastic PDEs, the limit ¢ — 0 also introduces new
difficulties. In fact, large deviations for diffusion processes have been widely investi-
gated [7,10] in the vanishing noise case, and general methods are available to identify
the rate functionals associated with large deviations. On the other hand, at our knowl-
edge no results are available—even for finite dimensional diffusions—if vanishing
noise and deterministic drift with nontrivial limiting behavior are considered (here
the deterministic drift has a so-called singular limit, see (4)). As shown below, in
this more general case one needs to investigate a (deterministic) variational problem
associated with the stochastic equation. The variational problem associated to (2) has
been addressed in [3] in a slightly different setting, and we will use most of the results
therein obtained.

With respect to the models usually considered in particles systems, (2) allows us
to get rid of several technicalities related to the discrete nature of particles; we may
thus provide a unified treatment of several models (that is, f, D and a are arbitrary).
However, as discussed below, the results obtained (namely the speed and rates of large
deviations) are in substantial agreement with [12,21] if the case f(u) = a’w) =
u(l —u) and D(u) = 1 is considered.

1.2 Outline of the results
Informally setting ¢ = 0 in (2), we obtain the deterministic PDE
hu+V-fu)=0 3)

usually referred to as a conservation law. As well known [5, Chap. 4], if f is nonlinear,
the Cauchy problem associated to (3) does not admit global smooth solutions, even
if the initial datum is smooth. In general there exist infinitely many weak solutions
to (3), and an additional entropic condition is needed to recover uniqueness and to
identify the relevant physical weak solution to (3). While (3) is invariant under the
transformation (¢, x) — (—t, —x), the entropic condition selects a direction of the
time, by requiring that entropy is dissipated. A classical result in PDE theory states
that the solution to

&
du+V - (f(u)— ED(M)VM) —0 4)

converges to the entropic solution to (3) as ¢ — 0, provided the initial data also
converge. At the heuristic level, the entropic condition keeps memory of the diffusive
term in (4) which indeed breaks the symmetry (¢, x) +— (—f, —x). We will briefly
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recall the definition of entropic Kruzkov solutions to (3) in Sect. 2, and refer to [5] for
an introduction to conservation laws.

There is only a few literature for existence and uniqueness of solutions to fully non-
linear stochastic parabolic equations, see e.g. [16,17] dealing with finite-dimensional
noise. Under general hypotheses, in the appendix we provide existence and unique-
ness (for ¢ small enough and y > 1/2) for the Cauchy problem associated to (2), by
the means of a piecewise semilinear approximation of such equation. In Sect. 3.1 we
gather some a priori bounds for the solution u#° to (2), and show that, as ¢ — 0, u®
converges in probability to the entropic Kruzkov solution to (3) in a strong topology.

We next analyze large deviations principles for the law of u® as ¢ — 0. In order to
avoid technical difficulties associated with the unboundedness of ©¢, and in order to
keep our setting as close as possible to the one considered in [12,21], we assume that
the fluctuation coefficient a2 () vanishes for u ¢ (0, 1). As we will also assume the
initial datum to take values in [0, 1], this condition guarantees that u® takes values in
[0, 1], see Theorem 3. We only consider the (1 + 1) dimensional case, with the (¢, x)
variables running in [0, 7] x T, where T > 0 and T is the one dimensional torus.
While these restrictions are merely technical, we remark that only the case of scalar
u is considered, as the vectorial case (systems of conservation laws) is certainly far
more difficult.

In Sect. 3.2 we establish a large deviations principle with speed ¢ 27, roughly
equivalent to the classical Freidlin—Wentzell speed for finite dimensional diffusions
[10]. The bottom line is that, when events with probability of order ¢ are con-
sidered, the noise term in (2) can bitterly deviate from its “typical behavior” thus
completely overcoming the regularizing effect of the vanishing parabolic term. Any
entropy-dissipation phenomena is lost at this speed, and the noise may drive severe
oscillations of the density u® as ¢ — 0. The large deviations are then naturally inves-
tigated in a Young measures setting. We prove that on a Young measure ; = p; x(dA)
(satisfying a suitable initial condition) the large deviations rate functional is given by
(see Sect. 2.4 for a more precise definition of 7)

T

1 2
T i= 5 [t 180+ ¥ 1y 1000
0

Here: : R — Ris the identity map, for F a continuous function, p(F)(¢, x) stands for
f Ur.x(dX)F (L), and with a little abuse of notation, we denoted by ||¢|| 51 (.- (@2),dx)

the dual norm to [ [dx i x (a?) %%]1/2.

Note that Z(u) = 0 iff u is a measure-valued solution to (3) (see Sect. 2.4). The
Cauchy problem (3) admits in general infinitely many measure-valued solutions, but
we stated above that u® converges in probability to the (unique) entropic solution to
(3). One thus expects that nontrivial large deviations principle may hold with a speed
slower than 27 In Sect. 3.3, we investigate large deviations principle with speed
e2r+L_ At this scale, deviations of the noise term in (3) are of the same order of the
parabolic term. The law of u® is then exponentially tight (with speed ¢ ~2¥*!) in a
suitable space of functions. To informally define the candidate rate functional for the
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large deviations with this speed, we briefly introduce some preliminary notions, which
will be precisely explained in Sect. 2.5.

We say that a weak solution u to (3) is an entropy-measure solution iff there exists
a measurable map p,, from [0, 1] to the set of Radon measures on (0, 7)) x T, such
that for each n € C2([0, 1]) and ¢ € C° ((0, T) x T)

—/dtdx (e + qu)Ve] =/dvgu(v;dt,dX)n”(v)w(t,X)

where g (v) := f Ydw n' (w) f'(w), see Proposition 3 for a characterization of entropy-
measure solutions to (3). The candidate rate functional for the second order large
deviations is the functional H defined as follows. If u is not an entropy-measure solu-
tion to (3) then H (1) = +o0. Otherwise H(u) = [ dv o (v; dt, dx)D(v)a=2(v),
where o, denotes the positive part of o,. Note that H depends on the diffusion coef-
ficient D and the fluctuation coefficient @ only through their ratio, thus fitting in the
Einsten paradigm for macroscopic diffusive systems. We also remark that, while the
functional 7 is convex, H is not (for instance, convex combinations of entropy-mea-
sure solutions to (3), in general are not weak solutions).

While we prove a large deviations upper bound with speed ¢ ~2¥*! and rate H, we
obtain the lower bound only on a suitable set S of weak solutions to (3), see Defi-
nition 2. To complete the proof of this second order large deviations, an additional
density argument is needed. This seems to be a challenging problem, and as noted
by Varadhan in [21] “...one does not see at the moment how to produce a ‘general’
non-entropic solution, partly because one does not know what it is.”

It is easy to see that, on the set of weak solutions to (3) with bounded variations
and on the set S, the rate functional H/" introduced in [12,21] coincides with the rate
functional H evaluated for f(v) = v(l —v), D = 1 and a?(v) = v(1 — v), which
are the expected transport, diffusion and fluctuation coefficients for the totally asym-
metric simple exclusion process there investigated. In particular, H comes as a natural
generalization of the functional introduced in [12,21], whenever the flux f is neither
convex nor concave. Unfortunately, since chain rule formulas are not available out of
the BV setting, one cannot check that H = H”" on the whole set of entropy-measure
solutions to (3). Note however that the inequality H > H 7V holds. Furthermore, under
smoothness and genuine nonlinearity assumption on f, H(u#) = 0 iff u is the unique
entropic solution to (3), so that higher order large deviations principles are trivial.

1.3 Outline of the proof

The convergence in probability of #° to the entropic solution of (3) is obtained by a
sharp stability analysis of the stochastic perturbation (2) of (4).

The large deviations upper bound with speed 27 is provided by lifting the stan-
dard Varadhan’s minimax method to the Young measures setting, while exponential
tightness in this space is easily proved. The corresponding lower bound is first proved
for Young measures that are Dirac masses at almost every point (¢, x) € [0, T] x T,
and then extended to the whole set of Young measures by adapting the relaxation
argument in [3].
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The large deviations with speed £ =2 *! are much different than the usual small
noise asymptotic limit for It6 processes. Note indeed that, as ¢ — 0, the parabolic
term in (3) has a nontrivial behavior. In such a case there is no general method to
study large deviations, even in a finite dimensional setting. We provide a link of the
large deviations problem with a I"-convergence result obtained in [3]. Indeed we use
the equicoercivity of a suitable family of functionals to show exponential tightness,
and we use the so-called I'-limsup result to build up the optimal exponential martin-
gales for the lower bound. In particular, since the I'-limsup inequality in [3] is not
fully established, we only have partial results for the lower bound. The upper bound
is established by a nonlinear version of the Varadhan’s minimax method.

2 Main results
2.1 Notation

In this paper, T > 0 is a positive real number and we let (2, §, {S:}o<i<7, P) be
a standard filtered probability space. For B a real Banach space and M : [0, T] x
2 — B a given adapted process, we write equivalently M (t) = M (¢, ). For each
¢ € B* we denote by (M, ¢) = (M, ¢)(t, w) the real-valued process obtained by
the dual action of M on B. Given two real-valued P-square integrable martingales
M, N,wedenoteby [M, N] =[M, N] (¢, w) the cross quadratic variation process of
M and N. In the following martingale will always stand for continuous martingale.
For a Polish space X, we also let P(X) denote the set of Borel probability measures
on X. For v a measure on some measurable space and F € Li(dv), we denote by
v(F) the integral of F' with respect to v. However, for a probability P we used the
notation E” to denote the expected value.

We denote by T the one-dimensional torus, by (-, -) the inner product in L, (T), and
by ((-, -)) the inner product in L, ([0, T] x T). For E aclosed setin [0, T] x T, Ck(E)
denotes the collection of k-times differentiable functions on £, with continuous deriv-
atives up to the boundary. We also let H'(T) be the Hilbert space of square integrable
functions on T with square integrable derivative, and let H_1(T) be its dual space.
Throughout this paper 9, denotes derivative with respect to the time variable ¢, V and
V. derivatives with respect to the space variable x (while we consider a one dimen-
sional space setting, we consider gradient and divergence as distinct operators). For
a function ¥ explicitly depending on the x variable, d, denotes the partial derivative
with respect to x. Namely, given a function u : T — [0, 1]Jand ¢ : [0, 1] x T — R,
we understand V[9 (u(x), x)] = (3,9)(u(x), x)Vu(x) 4+ (0,9)(m(x), x). In the fol-
lowing we will usually omit the dependence on the w variable, as well as on the
t and/or x variables when no misunderstanding is possible.

2.2 Stochastic conservation laws
We refer to [ 7] for a general theory of stochastic differential equations in infinite dimen-

sions. Let W be an L, (T)—valued cylindrical Brownian motionon €2, §, {S:}o</<7, P).
Namely, W is a Gaussian, Ly (T)—valued P-martingale with quadratic variation:
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(W, o), (W, ¥)] (1, 0) = (b, ¥) 1 &)

for each ¢, ¥ € L(T).
For ¢ > 0, we consider the following stochastic Cauchy problem in the unknown
u:

du = [—v CFu) + %v : (D(u)Vu)] dt + &7 V - [a(u)(J* % dW)]
u(0, x) = uf(x) (6)

Here y > 0 is a real parameter, and V - [a(u)(j¢ * dW)] stands for the martingale
differential acting on € H 1(T) as

(V- [a@ (G *dW)], ¥) = —(dW, j* % [a@) V1)

The following hypotheses will be always assumed below, but in the appendix.

(H1) f:1[0,1] — Ris a Lipschitz function.

(H2) D :[0, 1] — R is a uniformly positive Lipschitz function.

(H3) a € C?([0, 1]) is such that a(0) = a(1) = 0, and a(v) # 0 for v € (0, 1).

(H4) {j%}e=0 € HY(T) is a sequence of positive mollifiers with fdx JE(x) =1,
weakly converging to the Dirac mass centered at 0.

(H5) Fore > 0,ug: Q2 x T — [0, 1]is a measurable map with respect to the prod-
uct §ox Borel o-algebra. Moreover there exists a Borel measurable function
ug : T — [0, 1] such that, for each § > 0

11;’11P (||u8 — Lt()”Ll(’E) > 5) =0

The next proposition is an immediate consequence of Proposition 5 in the appendix,
where we also recall the precise definitions of strong and martingale solutions to (6)
and we briefly discuss why the condition on y and ;¢ (see Proposition 1 below) are
needed.

Proposition 1 Assume lim, £2 1| ;¢ ||2Lz(T) = 0. Then there is an gy > 0 depending

only on D and a, such that, for each ¢ < &, there exists a unique adapted process
ut: Q— C([0, T1; H-Y(T)) N Ly([0, T1; H'(T)) solving (6) in the strong stochas-
tic sense. Moreover u® admits a version in C([0, T]; L1(T)), and for everyt € [0, T']
uf(w; t,x) €0, 1] fordP dx a.e. (w, x).

Note that the total mass of u® is conserved a.s. by the stochastic flow (6), namely
foreacht € [0, T] we have [dx u®(t,x) = [dx uf(x) P a.s. We are interested in the
asymptotic limit of the probability law of the solution u® to (6) as ¢ — O.
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2.3 Deterministic conservation laws

Let U denote the compact Polish space of measurable functions u : T — [0, 1],
equipped with the metric it inherits as a (closed) subset of H~!(T), namely

dy (e, v) = sup {(u —v.¢), 9 € H'(D) < llol} i + IV013 7y < 1]
Fix T > 0 and consider the formal limiting equation for (6)

oou+V-fu)=0
u(0, x) = ugp(x)

(N

In general there exist no smooth solutions to (7). A function u € C ([0,T]; U) is a
weak solution to (7) iff for each ¢ € C*°([0, T] x T) it satisfies

((T), o(T)) — (uo, ¢(0)) = ({u, 0:¢)) — ((f(u), Vo)) =0

As well known [5, Chap. 6], existence and uniqueness of a weak Kruzkov solu-
tion to (7) is guaranteed under an additional entropic condition, which is recalled
in Sect. 2.5 below. Then u® converges in probability to such a solution both in the
strong L ,([0, T] x T) and C ([0, T']; U) topologies.

Proposition 2 Assume lim, &>V ~V[| %117 p) + €llV°II7, )] = 0. Let i be the

unique Kruzkov solution to (7). Then for each p < 400 and § > 0

. - p - _
llgn P (||us - u”L,,([O,T]xT) + sup dy@®(@),u(t)) > 3) =0
1e[0,T]

Proposition 2 establishes a convergence result for the probability law of the process
u® solution to (6), as ¢ — 0. We are then interested in large deviations principles for
this probability law. We recall the definition of the large deviations bounds [8].

Definition 1 Let X" be a Polish space and {P°} C P(X) a family of Borel probabil-
ity measures on X'. For {o:} a sequence of positive reals such that lim, o« = 0 and
I : X — [0, 400] a lower semicontinuous functional, we say that {IP°} satisfies

— A large deviations upper bound with speed o !"and rate I, iff for each closed set
ccx

mag logP*(C) < — inf I(u) (8)
B ueC

— A large deviations lower bound with speed o, ! and rate I, iff for each open set
Oocx

lim a log P*(O) > — inf I(u) )
£ uecO
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{IP?} is said to satisfy a large deviations principle if both the upper and lower bounds
hold with same rate and speed.

In the next sections, we introduce some preliminary notions and state a first large devi-
ations principle with speed £ ~2 . We next introduce some additional preliminaries and
state a second large deviations partial result, associated with the speed ¢ ~2¥*+1.

2.4 First order large deviations

We first introduce a suitable space M of Young measures and recall the notion of
measure-valued solution to (7). Consider the set A/ of measurable maps u from [0, 7] x
T to the set P([0, 1]) of Borel probability measures on [0, 1]. The set N can be iden-
tified with the set of positive finite Borel measures @ on [0, 7] x T x [0, 1] such that
n(dt, dx, [0, 1]) = dt dx, by the bijection u(dt, dx, d\) = dt dx p; x(d)). For
1 : [0, 1T — [0, 1] the identity map, we set

M = {,LL eN :themap[0,T] 3¢+ . (2)isin C ([0, T]; U)}

in which, for a bounded measurable function F : [0, 1] — R, the notation ; (F)
stands for f[o 1,2 (dA) F (1). We endow M with the metric

dp(p, v) = dyw(p, v) + sup dy (pr.(1), vr.(1))
te[0,T]

where d, is a distance generating the relative topology on N regarded as a subset of
the finite Borel measures on [0, 7] x T x [0, 1] equipped with the x-weak topology.
(M, dny) is a Polish space.

An element u € M is a measure-valued solution to (7) iff for each ¢ € C*®
([0, T1xT) it satisfies

(nr,. @), (1)) — (uo, (0)) — (1), %¢)) — ((n(f), Vg)) =0

If u € C([0,T]; U) is a weak solution to (7), then the map (f, x) = 8,¢,x)(dA) €
P([0, 1]) is a measure-valued solution. However, in general there exist measure-
valued solutions which do not have this form, namely they are not a Dirac mass at a.e.
(t, x) (e.g. finite convex combinations of Dirac masses centered on weak solutions are
measure-valued solutions).

Consider the process u® : Q — M defined by puf, = 8u¢.x). We let
Pf := P o (u°)~! € P(M) be the law of 11° on M. In Sect. 3.2 we prove

Theorem 1 Assume lim e20~V[ |47, + ¢ V/4[7,] = 0.
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(1) Then the sequence {P*} C P(M) satisfies a large deviations upper bound on
M with speed £~ and rate functional T : M — [0, +-00] defined as

I(w) == sup H(MT,-(l)» o(T)) — (uo, 9(0)) — ((n(), %))
@eC>®([0,T]xT)

1
(). Vo) = ((1(@*)Ve, Vo)) (10)

(i1) Assume furthermore that { < ug < 1 —¢ for some ¢ > 0. Then {P*} C P(M)
satisfies a large deviations lower bound on M with speed €' and rate func-
tional T.

We denote by P? := P o W)~ e P(C([0, T; U)) the law of u® on the Polish
space (C([0, T]; U). By contraction principle [8, Theorem 4.2.1] we get

Corollary 1 Under the same hypotheses of Theorem 1, the sequence {P°} C
P(C([0, T1; U)) satisfies a large deviations principle on C([0, T]; U) with speed
72 and rate functional I : C([0, T]; U) — [0, +00] defined as

I(u) ;= inf [/dt dx Ry (u(t, x), ®(, x)),

D eLly(0,T]xT) : Vb = —0,u weakly]
where Rfyaz 1[0, 1] x R — [0, +o0] is defined by

Ry 2(w, 0) == inf{((f) — ¢)* /v(@®), v € P[0, 1]) : v(2) = w}

in which we understand (c — ¢)*/0 = 0.

Note that, if Z(1) < +00, then (o (1) = uo(x) and analogously / (u) < 4oo implies
u(0, x) = ug(x). On the other hand, Z () = 0 iff u is a measure-valued solution to
(7). Z(n) quantifies indeed how p deviates from being a measure-valued solution to
(7) in a suitable Hilbert norm, see the proof of Theorem 1 item (i) in Sect. 3.2. On the
other hand, if f is nonlinear, in general we have I (u) < Z(§,), so that I vanishes on
a set wider than the set of weak solutions to (7).

In general there exist infinitely many measure-valued solutions to (7), but Proposi-
tion 2 implies that {P*} converges in probability in M to the unique Kruzkov solution
u to (7) (more precisely, to the Young measure [ defined by [i; x = 8;(,x)). We thus
expect that additional nontrivial large deviations principles may hold with a speed
slower than e 2.
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2.5 Entropy-measure solutions to conservation laws

Let X be the same set C ([0, T']; U) endowed with the metric

dx W, v) := lu—vlr,qo,rxT) + sup dy (), v(t))
1€[0,T]

Convergence in X is of course strictly stronger than convergence in C([0, T]; U),
since convergence in L, ([0, T'] x T) for p € [1, +00) is also required. Note that X’
can be identified with the subset of M

{fueM: nu=>45,, forsomeu € C ([0, T]; U)}

and dy is indeed a distance generating the relative topology induced by d( on X. In
particular, once exponential tightness is established on X, it is immediate to /ift large
deviations principles for the law of u® on X', to the corresponding law of §,: on M.

A function n € C?([0, 1)) is called an entropy and its conjugated entropy flux
q € C([0, 1]) is defined up to a constant by g (u) := f”dv 7' (v) f'(v). For u a weak
solution to (7), for (1, ¢) an entropy—entropy flux pair, the n-entropy production is the
distribution g, , acting on C°([0, T) x T) as

©n.u(@) := — (o), 9(0)) — {(n(w), %)) — ((qu), Vo)) (1)

Let Ccz’oo([O, 11 x [0, T) x T) be the set of compactly supported maps @ : [0, 1] x
[0, T)XT > (v, t,x) = 9(v, t,x) € R, that are twice differentiable in the v variable,
with derivatives continuous up to the boundary of [0, 1] x [0, T) x T, and that are
infinitely differentiable in the (¢, x) variables. For ¢ € CCZ’OO([O, 1] x[0,T) x T) we
denote by ¥’ and ¢ its partial derivatives with respect to the v variable. We say that
a function ¥ € Ccz’oo([O, 1] x [0, T) x T) is an entropy sampler, and its conjugated
entropy flux sampler Q : [0, 1] x [0, T) x T is defined up to an additive function of
(t,x)by O(u,t, x) := f”dv ¥ (v, t, x) f'(v). Finally, given a weak solution u to (7),
the ¥ -sampled entropy production Py, is the real number

Py = —/dx P (ug(x), 0, x)

—/dt dx [(0;9) (u(t,x),t,x) + (0 Q) (u(t, x), t, x)] (12)

If ¥ (v, t, x) = n(v)e(t, x) for some entropy 1 and some ¢ € CS° ([0, T') x T), then
Pl?,u = pn,u(‘p)'

We next introduce a suitable class of solutions to (7) for later use. We denote by
M ([0, T) x T) the set of Radon measures on [0, 7) x T that we consider equipped
with the vague topology. In the following, for g € M ([0, T) x T) we denote by p*
the positive and negative part of g. For u a weak solution to (7) and 5 an entropy,
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recalling (11) we set

ln,ullTv := sup {pn.u(@), ¢ € CZ (10, T) x T), |g| < 1}
Iy liTv = sup {©y,u(@), ¢ € C° (0, T) xT), 0 < ¢ < 1}

The following result follows by adapting [3, Prop. 2.3] and [6, Prop. 3.1] to the
setting of this paper.

Proposition 3 Let u € X be a weak solution to (7). The following statements are
equivalent:

(i) For each entropy 1, the n-entropy production g, , can be extended to a Radon
measure on [0, T) x T, namely || gy, |lTv < +00 for each entropy n.

(i) There exists a bounded measurable map o, : [0,1] 2 v — o,(v;dt,dx) €
M ([0, T) x T) such that for any entropy sampler v

Py = /dv ou(v; dt, dx) " (v, t, x)

A weak solutionu € X that satisfies the equivalent conditions in Proposition 3 is called
an entropy-measure solution to (7). We denote by £ C X the set of entropy-measure
solutions to (7).

A weak solution u € X to (7) is called an entropic solution iff for each convex
entropy 7 the inequality g, , < 0 holds in distribution sense, namely IIKJI ulTv = 0.
Entropic solutions are entropy-measure solutions such that g, (v; dt, dx) is a negative
Radon measure foreach v € [0, 1].Itis well known, see e.g. [5, Theorem 6.2.1], that for
each ug € U there exists a unique entropic weak solution z € X N C ([0, T']; L1(T))
to (7). Such a solution is called the Kruzkov solution with initial datum u.

Up to minor adaptations, the following class of solutions have been also introduced
in [3], where some examples of such solutions are also given.

Definition 2 An entropy-measure solution u € & is entropy-splittable iff there exist
two closed sets ET, E~ < [0, T] x T such that

(i) For a.e. v € [0, 1], the support of o, (v; dt, dx) is contained in E™, and the
support of o, (v; dt, dx) is contained in E~.
(ii)) Theset{r € [0,T]: ({t} x T) N E* N E~ # (} is nowhere dense in [0, T].
(iii) There exists § > Osuchthatd <u <1 -—3.

The set of entropy-splittable solutions to (7) is denoted by S.

Notethat S C £ C &, andif ug is bounded away from 0, 1, then S is nonempty (for
instance the Kruzkov solution to (3) is in S). Indeed in general S ¢ BV ([0, T] x T).

2.6 Second order large deviations

With a little abuse of notation, we still denote with P¢ := P o (u®)~! € P(X) the law
of u® on the Polish space (X, dy). Since fdx JE(x) = 1 (see hypothesis (H4)), we
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have that j® — 1 is the derivative of some smooth function J on T, defined up to an
additive constant. We define || j¢ — I|lyy-1.1(T) as the infimum of ||/ |, (T as J runs
on the set of functions J such that V - J = ;¢ — 1. We have the following

Theorem 2 Assume that there is no interval in [0, 1] where f is affine, and that
. 2(y—1 2 2 _
limg 20 =VL1 72017 oy + eIV I, )] = 0.

(1) Then the sequence {P*} C P(X) satisfies a large deviations upper bound on
(X, dx) with speed e ~>Y 1 and rate functional H : X — [0, +-00] defined as

/dv o (v dr, dx) 52((:’))) ifueé&

+00 otherwise

Hu) =

(ii) Assume furthermore limg £/ j¢ — 1|l y-1.1() = Oand f € C*([0, 1]). Then
the sequence {IP°} C P(X) satisfies a lage deviations lower bound on (X, dy)
with speed ¢ =2Y 1 and rate functional H : X — [0, +00] defined as

H(u) := su inf H(®
®) 0;; veONS ©)
O open

Since H is lower semicontinuous on X, we have H > H on X and H = H on S,
namely a large deviations principle holds on S. In order to obtain a full large deviations
principle, one needs to show H (u) > H (u) for u ¢ S. This amounts to show that S is
H-dense in &X', namely that for u € & such that H (1) < +00 there exists a sequence
{u"} C S converging tou in X such that H (u") — H (u). In particular it can be shown
that H (1) = H (u) for u piecewise smooth. The main difficulties here arise from the
lacking of a chain rule formula connecting the measures g,, to the structure of u itself.
If u has bounded variation, Vol’pert chain rule [2] allows an explicit representation
for ¢, and thus H (1), see Remark 2.7 in [3]. On the other hand, there exists u € X
with infinite variation such that H(#) < 400, see Example 2.8 in [3]. While chain
rule formulas out of the BV setting are subject to current research investigation, see
e.g. [1,6], only partial results are available.

Under the same hypotheses of Theorem 2, one can show that entropy-measure solu-
tions to (7) are in C([0, T']; L{(T)), see Lemma 5.1 in [3]. By Kruzkov uniqueness
theorem [5, Theorem 6.2.1], we gather that H (1) = 0 iff u is the Kruzkov solution
to (7) with initial datum ug. In particular, by item (i) in Theorem 2, large deviations
principles with speeds slower than e =2/ ! are trivial.

Note that in Propositions 1, 2, Theorems 1 and 2 various hypotheses on ;¢ are
required, the most restrictive in Theorem 2. It is easy to see that, if y > 1, there exist
convolution kernels ;¢ satisfying them all.
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3 Proofs
3.1 Convergence and bounds

In the following we will need to consider several different perturbations of (6). In the
next lemma we write down explicitly an It6 formula for (6). The corresponding Itd
formula for the perturbed equations can be obtained analogously, as the martingale
term in these equations is always the same.

Lemma 1 (Itd formula) Let (9; Q) be an entropy sampler—entropy sampler flux pair
for the Eq. (7) (recall in particular ¥ (u, T, x) = 0). Then

—/dx P (up(x), 0, x) —/dtdx [@9) (uf (1, x), 1, x) + (0, 0) (u°(t, %), 1, x)]
_ &
)
2

&

(0" W*)Vu®, DW*)Vu®)) 2<<3x19’(148), Du*)Vu®))

e &2 e £ e
+ IV Iy (40 @)a ), aw)))

2y
+ 87||18||%2(T)<<z9”<u8)w8, [a' )P Vuf)) + N7 (T) (13)

where N&V is the martingale

t
NEY (1) = —ey/(f  [a@®)d" W )Vu® +a@®)o ' W], dw) (1)
0

Moreover the quadratic variation of N&V enjoys the bound

[NE7 NS (1) < e [lau®) [9" ) Vuf + 859" ()] (15)

2
“ L>([0,¢1xT)

Proof Equation (13) follows, up to minor manipulations, from Itd formula
[7, Theorem 4.17] for the map

[0, TIx U > (t,u) — /dx P(ux),t,x) eR

By (5) and (14), the quadratic variation of N7 is given by

(N7 N0y = 7 [ {a) [0 @) Vi + 00" @Y7 g0 .m

so that the inequality stated in the lemma follows by Young inequality for convolutions
and hypothesis (H4). O
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Lemma2 Let ¢, T > 0, let X be a real, continuous, local, square integrable super-
martingale starting from 0, and let T < T be a stopping time. Let F : R — R be
such that:

F) _
F(C) - C

, forallx > ¢ (16)

Then:

2
P(oi‘l‘&x(”>§ X, X1<r><F(§ggX(z))) exp[ 25@)} (17)

Note that the hypotheses (16) on F' are satisfied by any nonincreasing function,
and by functions with affine or subaffine behavior. Lemma 2 provides an elementary
generalization of the well known Bernstein inequality [19, page 153], which deals
with the case of constant F.

Proof Hypotheses on F imply that the map G, : x — F (x) satisfies

e
FO* 2 F(C)2
Gi(x) > Ge(¢) = 2F(§) for all x > ¢. Therefore:

P (Sup X() = ¢, [X, XI(r) < F(sup X(;)))

t<t 1<t

<t

< p( rlp e XU mar X0 UG (3 1) = F(supX(t)))

7 X 12 X X Lfi _2
<P{supe’® X 2F(;)2 ()2 ITO | < e 2F0
t<T

where in the last line we applied the maximal inequality for positive supermartingales

2
5 X (1) — 3 F({)z [X, X](t)

[19, page 58], to the supermartingale e "© f ]

The next lemma provides a key a priori bound.

Lemma 3 Fore > 0, let E¢ € Ly([0, T1; H(T)) and let Q¢ € P(C([0, T1; U)) be
any martingale solution to the Cauchy problem

du=[=V- f@)+3V - (D@Vu) =V - (@ E")]dr

+ &7 V- [a)(j° xdW)] (18)
u(0, x) = ug(x)

Assume |VE® ||L2(OT]><’]T) < Cy for some constant Cq independent of &, and
lim, e2V~1(|| ;¢ IIL ,m T 8||V]8||%2(T)) = 0. Then there exist C, &g > 0 such that
forany ¢ < gq:

8||Vu||iz([0’T]XT) < C+ NE(T,u) for Q ae u (19)

where N¢ is a Qf -martingale starting from 0 and satisfying
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e &
Q (?2¥N () >§)seXp[ (1 1 0) (20)

Proof 1t6 formula for the map U > u +— f dx u*(x) € R can be obtained as in
Lemma 1, so that

(Tl Lyemy = N0l Lyery + £((Vut, D) Vue))
= —({AW), VE) + & [V 1717y 1@, 00,715
2 2 2
+ &7 ||]€||L2(T) ”a/(u)V”t”Lz([O,T]x’]I‘) + N*(T, u)

where A € C1([0, 1]) is any antiderivative of a(-) and N¢ is a Q°-martingale, which—
reasoning as in the proof of (15)—satisfies

[N€, N°](T, u) < 4™ a@)Vull], qo.7141) 1)

By (H2), (H3) and the hypotheses of this lemma, there exist Cy, g9 > 0 such that, for
eache < gpand v € [0, 1]

&
e 11171, la @I = S D)
[((A@), VE)| + & IV 5117, ep) la @), q0.7pm) < €

Therefore, since |ug| < 1
%((Vu, D@)Vu)) < 1+ Ci + N°(T, u) 22)

and thus (19) since D is uniformly positive. By (21) and (22), there exists a constant
C> > 0 such that

[Ne, NEJ (T, u) < & Co((Vu, Dw)Vu)) <2Cr e~ [L +C1 + N (T)] (23)
This inequality allows the application of Lemma 2 for the martingale N¢ with
F(@)=2Ce7 "' (14+Ci+10)

which clearly satisfies the condition (16). The bound (20) then follows straightfor-
wardly. O

The following lemma provides a stability result for (6). It will be repeatedly used to
evaluate the effects of the Girsanov terms appearing in (6) when absolutely continuous
perturbations of IP¢ are considered.

Lemma 4 Foreache > 0, letve : X — XNLy([0,T]: HY(T)) and G : X x X —
L ([0, T] x T) be adapted maps (with respect to the standard filtrations of X and
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X x X respectively). Let Q° € P(X) be any martingale solution to the stochastic
Cauchy problem in the unknown u

du = [ — V- fu)+ %V (D)) + 30" ) + V - f(° )

- %V . (D(vg(u))va(u))—i—Gs(u, v‘s(u)):| dt+eV V. [a(u)(f3 * dW)]

u(0, x) = ugj(x) (24)

Suppose

(i) lime &2~V #7, +elVyEN7,1=0.

(i) There exist adapted processes G|, G5, G5 : x x x — L2([0, T] x T) such
that G* (u, v)(t, x) = G{(u, v)(t, x) + V- G5(u, v)(t, x) + V- G5(u, v)(t, x),
and

IG5, v¥ (W) (1, x)| < Giw)(t, x)|u —v* ()| for Q° a.e. u

for some adapted process G§ : X — Ly([0, T] x T).
(iii) Let Gy, G3 be as in (ii). Then for each § > 0

lim Q* (||v5(u)(0) —ugllzy () + 1G] @, v° @)L, 10,71%T)

+e IG5, v @) | 1,0, 77%T) > 5) =0
(iv) Let G4 be as in (ii). Then

lim 1im Q° (IG5 (u, v* ), q0.71xT) + €l Vull Lyq0.71xT) > €) =0

{—>+o00 €

Then for each § > 0
li;n Q° (e = v* Wl Lo qo,73:21(Ty) > 8) =0 (25)

Proof We denote by z°(t, x) = z8(u)(t, x) := u(t,x) — v¥(u)(t,x) € [—1, 1]. Let
I € C*([—1, 1]). For each ¢, ¢t > 0 let us define (in the following we omit the depen-
dence of v® and z* on the u variable)

@ Springer



624 M. Mariani

t

N, ) = / dx [ (1)) — 1(5(0))] — / ds [(l”(za)st,f(u)—f(vgh

0

- §<l”(z8wz8, DO)VF) — gu”(zs)wg, [D() — D*)]Vuf)
(G5, GE, v0) — (1" (@E)VEE, G5, v°))

2y
— )V G5 v)) + IV Iy U F)aw), aw)

‘927/ &2 "¢ € l 2
+ 5Ly @V [a )] Vu)

By It6 formula, N*/ is a Q°-martingale starting at 0, and applying Young inequality
for convolutions (analogously to (15))

[N NS @ w) < &7 la@)l” @)V 0.0 (26)

We now choose / convex and define

1/2
R&(1) = RO (w) (1) := [ / dx (I"(z5 (1)) VZE (1), vf(m]

Since D and f are Lipschitz, and D is uniformly positive, by (26) and Cauchy-
Schwartz inequality we gather

/dxl(zs(t)) —1(z°(0)) < —ce [RE O P IV (@)2E |l Lo t0,71%T) RS (1)

+ CrelVull L,qo.71xm) IV @2 Lo qo.71xm) RE (1)

+ 1@ Lo qo.71xT) 1G @, )L, 0.71xT)

+ 1G5 (u, v¥) |l Ly (10, 71xT) ”\/I//TE)”LOO([O,T]XT)R&I([)
1G5 | Ly qo.71xR) IV (Z8) 2 Ly 0.71T) REL ()

+ C1e% ”VJS”Z(T) 1 @) L 0. 71T

+ C152y||JSII%2(11')||l”(z5)||Loo([0’T]XT)||vu||i2([0’ﬂxrﬂ‘) + NEL () 27

for some constants ¢, C1 > 0 independent of ¢ and /. For arbitrary { > 0 to be chosen
below, we now consider [(Z) = +/Z2 + ¢2¢2 so that

1Z| =I(Z) = |Z| +¢¢ Smax ")l =<1

€l

l// Z < —1,.—1 l// Z Z2 < 2
Jmax WD) =eTleTh max 11(2) 2% = V2e¢
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Using these bounds in the right hand side of (27), we get for some C> > 0

/ dx |2 (1)) < / dx 122 )] + C211G 11y 0,71
2 2 e 2
+ o1+ 21Vul? g0,y + 1GEI g0 71m) | €

+ Coe ™ 2GS 0. pemy + 7 IV )
Cé&

> [REI 1P+ N (1) (28)

2(y—1 2 2
+ 20TV, e IV, 0,71

where we have also used the straightforward inequality o R — 5 R?> < 3¢z forasuitable
aeR.
Recalling (26), for some C3 > 0 independent of ¢, ¢

[Né‘;l’ Ng;l](t, I/l) < C3 SZyé.—l[Rs;l(t)]Z

so that, by maximal inequality for positive supermartingales [19, page 58], for each
8 > 0 the term in the last line of (28) satisfies

Q° (sup Nl () = SR ) > 5)

s<t

e 2c 1-2y 2¢2 2(1=2y) 2
< Q" supexp o {N(@s)— —5¢ ¢ [N, N](s)
s<t 3 C3
2 2
> exp Lol < exp Ll (29)
C3 C3

Furthermore for £ > 0

Q* (sup/dx |z5(0)| > 5) <Qf (sup/dx 1z8(1)| > 6,
t t

1G4 (u, v )l o0, 71xT) + €1Vl Ly 0, 771xT) < 5) + 006

where lim, lim, o0¢,¢ = 0 by hypotheses (iv). Therefore, using hypotheses (i) and (iii)
and the estimate (29) in (28), the result easily follows as we let ¢ — 0, then { — 0
and finally £ — +o0. O

The following result will be used to provide exponential tightness in stronger topol-
ogies in the next sections.

Lemma 5 There exists a sequence {K,} of compact subsets of C ([0, T1; U) such that

lim Tim %" log P* (K{) = —o0
¢ ¢
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Proof We refer to the criterion in [9, Corollary 4.17] to establish the exponential
tightness of {P¢}. Letd € C'([0, 1]) be any antiderivative of D. Integrating twice by
parts the diffusive term in the weak formulation of (6) (see (A-2) and (A-3)), for each
@ € C®°(T) the map E®¥ : [0, T] x C([0, T]; U) — R defined by

t

ESO(t;u) == exp | 72 (), ¢) — e 2 (u(0), ) — e~ /ds (f )
0

1
+ %d(u), Ag) — 5(] * (a(u)Ve), J * (a)Ve))

is a martingale. For a fixed ¢ € C°°(T), the following bound on the integral term in
the definition of E®¥ is easily established

sup

1
(£@) +3d@). 8p) = 30+ @IVe). g * @) Vg))| < +00
velU

Furthermore the family of maps [ : U > v — (v, ¢) € R is closed under addition,
separates points in U and satisfies ¢[? = [°Y for ¢ € R. All the hypotheses of the
criterion in [9, Corollary 4.17] are therefore satisfied. O

Proof of Proposition 2 Apply Lemma 4 with Q¢ = P? := P o (u®)~!, and v* as the
solution to the (deterministic) Cauchy problem

v =—V- f(v)+ %v L(D()Vv)

v(0, x) = up(x)
P? and v® fulfill the hypotheses Lemma 4, since G®* = 0 and Lemma 3 holds (with
E® = 0). As well known [5, Chap. 6.3], v* — u in L,([0, T] x T). Therefore the

statement of the proposition follows by the same Lemma 4 and the fact that P? is
(exponentially) tight in C ([0, T']; U), as proved in Lemma 5. O

3.2 Large deviations with speed £~2”

In this section we prove Theorem 1.

Lemma 6 There exists a sequence {IC¢} of compact subsets of M such that

1i£n Tim £ log P* (K) = —o0 (30)
&

Proof Let the sequence {K;} of compact subsets of C ([0, T']; U) be as in Lemma 5.
For £ > 0 consider the set

K¢ = {nweM : px =0y, for some u € Ky}
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Then P¢(K¢) = P (K/) and by Lemma 5

11?1%827 log P¢ (K$) = —o0
£

On the other hand K, is precompact in (M, dpq) for any ¢, and thus the Lemma is
proved by taking /C; to be the closure of /Cy. O

Proof of Theorem 1: upper bound Letd € C*([0, 1]) be any antiderivative of D. For
&> 0and g € C*®([0, T] x T), define the map N*¥ : [0, T] x M — R by

NE(t, ) = (ur,. (1), 9(T)) — (uo, (0))

t

- [as (). 89) = (). Vo) + S i), 201

0

P? is concentrated on the set
{fueM : u=34,forsomeu € C ([0, T]; U)}

so that N'®'? is a P®-martingale. Indeed an integration by parts shows that N (z, §,,)
is the martingale term appearing in the very definition of martingale solution to (6),
see the appendix. Reasoning as in (15), we have

t

[Ns;w’,/\/g?‘p] (t, ) <& /ds ((@®)Vo, Vo)

0

Therefore, the map Q%% : [0, T] x M — R defined by

2y
QF9(t, ) i=exp {N=9(t, ) — %/ds (u(@*) Ve, Vo)
0

is a continuous P?-supermartingale, with Q%% (0, ) = 1 and Q% (T, u) > 0, P? a.s.
For an arbitrary Borel set A C M we then have

P (A) = P (L4() Q7 (T, )@ (T, )]

< sup[ Q@ (T, I 'EX (LA Q(T. ) < sup Q@ (T, ]!
neA ueA
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Since this inequality holds for each ¢, we can evaluate it replacing ¢ with ¢ ~2" ¢, thus
obtaining

&% log P (A) < — ing
HE

1
—(u(f), Vo)) = %((/L(d), Ag)) — 5((M(a2)V<p, V<p)>}

[(HT,~(1), (1)) — (uo, 9(0)) — (), 0:¢))

IA

— inf [(MT,-(I), o(T)) — (uo, (0)) — ((u(), 3rp))
neA
1
—{(u(f), Vo)) — §(<M(a2)V<p, ch>)] +eCqy

for some constant Cy4,, depending only on d and ¢. Taking the limsup for ¢ — 0, the
last term vanishes. Optimizing on ¢:

lime? logP*(A) < —  sup inf[(ur,.<z>,¢(r)>—<uo,<o<0)>
€ 9eC>([0,T]xT) HEA

1
— (n@), d9)) — (un(f), Vo)) — §<(M(a2)V§0, V<P))]

By a standard application [13, Appendix 2, Lemma 3.2] of the minimax lemma, we
gather that upper bound with rate Z, see (10), holds on each compact subset L C M.
By Lemma 6, it holds on each closed subset of M. O

We recall a well known method to prove large deviations lower bounds, see e.g.
[12, Chap. 4]. For P, Q two Borel probability measures on a Polish space, we denote
by Ent(Q|P) the relative entropy of Q with respect to PP.

Lemma 7 Let X be a Polish space, I : X — [0, 400] a positive functional, {«:} a
sequence of positive reals such that limg o« = 0, and let {P°} C P(X). Suppose that
for each x € X there is a sequence {Q¢*} C P(X) such that Q** — §x weakly in
P(X), andlim; o Ent, (Q5F |P?) < I (x). Then {P?} satisfies a large deviations lower
bound with speed a7 and rate 1.

Proof of Theorem 1: lower bound We will prove the lower bound following the strat-
egy suggested by Lemma 7. More precisely, consider the set

Mo = {ueM 3¢ >0: u=25, forsomeu € C2 ([0, T] x T: [;,1-4])}
Here we prove that for each i € M there exists a sequence of probability measures

{Q?} C P(M) such that Q¢ — §,, and lim £2” Ent(Q?|P¥) < Z(u). By Lemma 7 this
will yield a large deviations lower bound with rate 7 M- [0, +00] defined as

I(w) ifue Mo
+00 otherwise

Z(w) = {
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By a standard diagonal argument, the lower bound then also holds with the lower
semicontinuous envelope of 7 as rate functional. In [3, Theorem 4.1] it is shown, in
a slightly different setting, that the lower semicontinuous envelope of 7 is indeed 7.
By the assumption ¢ < ug < 1 — ¢ (which is equivalent to the requirement that
a’®(ug) is uniformly positive), it is not difficult to adapt the arguments in the proof of
Theorem 4.1 in [3, Theorem 4.1], to obtain the analogous result in this case. We are
thus left with the proof of the lower bound on M.

Let w € Mg be such that Z(u) < oo. Then u = §, for some smooth v €
C ([0, T; U) with v(0, x) = ug(x) and a(v)? > r for some r > 0. By the definition
of 7 and the smoothness of v

1
(W) = sup [—<<8zv tV-f@.e) -5 ((a(v)*Ve, Vw))]
@eC>®([0,T]1xT)
> s {=(@v+ V- F. 00 - S (Ve Vo))
@eC>®([0,T]xT)

Since the supremums in this formula are finite, Riesz representation lemma implies
the existence of a WV € L, ([O, T1; H! ('I[‘)) such that

B+ V- fv) =—V-[a@?Ve'] G

holds weakly and
1 2 v v
I(w) = §<(a(v) \A R4 20) (32)
We next define the P-martingale M%¥ on Q as
t
MEP(t) = —e—V/(f * [a(v)VW'], dW])
0
so that, by Young inequality for convolutions and (32), we have P a.s.
[ME2 MEVN(T) < e a@) VUL, q0.ryemy = 2677 TG0 (33)
Since the quadratic variation of M#%'? is bounded, its stochastic exponential
. . 1 . .
E®V(t, w) :=exp (Ms’v(t, ) — E[MS’“, M*&V](t, a)))

is a uniformly integrable P-martingale. For ¢ > O we define the probability measure
Q%" on Q by

0 (dw) 1= ES'(T, w) P(dw)
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Recalling that u® was the process solving (6), we next define Q%V := Q%Vo (8,:) ! €
P(M). Then

gzyEnt(QE;Uﬂ)e;v) < 82yEnt(Q€;v|P) — 82)/ / QS;U(dC()) log E(E‘;U(T7 a))
= &% / 0% (dw) (M*"(T, @) = [M**, M*"|(T, )

2y
+‘% / 05U (dw)[ME, MEVN(T, w) < I()  (34)

where in the last line we used Girsanov theorem, stating that M*V — [M*V, M® "] is
a Q%V-martingale and it has therefore vanishing expectation, and (33).

By (34), Lemma 6 and entropy inequality, the sequence {Q®"} is tight in P (M),
and in view of (34) it remains to show that any limit point of {Q®"} is concentrated
on {8,}. Let Q% := Q%Y o (u®)~! € P (C ([0, T1; U)); we will show

lim E¥ (sgp lut) — v(r)nm)) =0 (35)

which s easily seen to imply the required convergence of {Q¢}. Since Q%" is absolutely
continuous with respect to P, it is concentrated on C ([0, T']; U)N L>([0, T]; H L))
and by Girsanov theorem it is a solution to the martingale problem associated with the
stochastic partial differential equation in the unknown u

&
du ==V f@)+ 3V [D@)Vu = a@) ((° ) * @@ V)] | di

+ &7 V- [a)(j xdW)] (36)
u(0, x) = ug(x)

where we used the same notation of (6). Note that WV is twice continuously differentia-
ble, since a(v)? is strictly positive and (31) can be regarded as an elliptical equation for
WV with smooth data. Therefore by Lemma 3 applied with E¢ = ;¢ x j¢ % [a(v) VW]
we have that EQ”* (e||Vu|| %2([0’ T x?l‘)) is bounded uniformly in €. By (31) and (36), we
can then apply Lemma 4 with: v° (u) (¢, x) = v(t, x), G (4, V) (¢, x) = EV.[D(v)Vv],
G5(u,v) = 0 and G5(u, v)(t, x) = [a(v) — a@)]la(@W)W’ — ;° * ;% x [a()P"]].
Since v and W are smooth, the hypotheses of Lemma 4 hold and we thus obtain (35).

]

Proof of Corollary 1 The corollary is an immediate consequence of the contraction
principle [8, Theorem 4.4.1] applied to the continuous map M > u — u() €
C(0,T];U).If u € Missuchthat Z(u) < oo, then there exists ® € L,([0, T] x T)
such that 0, (1) = —V® holds weakly, and thus we have for u € C([0, T]; U) and
any & in the above class

@ Springer



Large deviations for conservation laws 631

1
inf I(w)= inf sup {(<¢—M(f),v(p))—— ((M(az)V(p, Vo))
peM.u@)=u meM,u@)=u yeC([0,7]xT) 2
2
D, x) —
= /dl inf /dx inf [/‘I>X(.f) (t, x) c]
ceR neM, p@)=u 1r.x(a?)

Since the function @ satisfying 9, (1) = —V ® are defined up to a measurable addi-
tive function of ¢, the optimization over ¢ can be replaced by an optimization over ®,
namely

2
— o1, x
inf  I(n) = inf inf / dt dx [0+ 2( )
HEM, u(t)=u DLy ([0,TIXT), VO=—0;u peM, n(t)=u M x(@”)
which coincides with 7 (u). O

3.3 Large deviations with speed e =27 *!

The next statement follows easily from entropy inequality (see also the introduction
of [18] for further details).

Lemma 8 Let X be a Polish space and {IP°} C P(X). The following are equivalent:

(1) {P*} is exponentially tight with speed 8_27/_"'1.
(i) If a sequence {Q} C P(X) is such that lim, £2¥ ~'Ent(Q¢|P?) < +o0, then
{QF} is tight.

Let Q e P(X).For W : [0, T] x X - C*([0, T] x T) a predictable process, let

113 ) = / Qu) |1 * a@VY@I[}, (o rpem € [0 +00]

We let D (QQ) be the Hilbert space obtained by identifying and completing the set of
predictable processes W : [0, T] x & — C°([0, T] x T) such that || - | pe (@) < +00
with respect to this seminorm.

Lemma9 Let ¢ > 0 and Q € P(X) be such that Ent(Q|P?) < +o00. Then there
exists ¥ € D (Q) such that Q is a martingale solution to the Cauchy problem in the
unknown u

du = (—v CF) + gv (D)) — ¥V - [a(u) ) % J° * [a(u)V\I/(u)]]) di

+ &7 V- [au)(j xdW)] (37)
u(0, x) = ug(x)

and Ent(QIP*) = 11113, -
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Proof Since Q is absolutely continuous with respect to IP?, there exists a continuous
local IP?-martingale N on X such that

Q(du) = exp (N(T, u) — % [N, NI (T, u)) P (du)

and Ent(Q|P*) = ]EQ(N(T) — %[N, NI(T)) = %]E@([N, N](T)) by Girsanov
theorem.

It is easy to see that, as ¢ runs in C*°([0, T'] x T), the family of maps (defined P
a.s.)

[0, T x x 3 (t,u) = (M(t,u), ) := (u(®), p)) — (u(0), (0))

t
—/ds <u, orp) — (f(u) — %D(M)Vu, V(p> eR
0

generates the standard filtration of X. Therefore the martingale N is adapted to
{{M, ¢)}, and reasoning as in [19, Lemma 4.2], there exists a predictable process
W on X and a martingale N such that

t
N(1) = /(xy, dM) + N(r)
0

and
[N, (M, )|(T,u) =0 forall p € C*(T), for P a.e. u. (38)

In particular

EQ ([N, N|(T)) = EQ /(W,dM),/(\II,dM) 1) | +EQ ([NN] (T))

0 0

2
= B2 (|/° # la@ V@[3, g0 7y
Therefore Ent(Q|P?) > %H V|l pe () and (37) follows by Girsanov theorem and (38).
It is immediate to see that both the bound on the relative entropy Ent(Q|P?) and the
Girsanov term in (37) are compatible with the identification induced by the seminorm
Il - lpe()» and thus one can identify W with an element in D*(Q). O

Lemma 10 Under the same hypotheses of Theorem 2 item (i), there exists a sequence
{K¢} of compact subsets of X such that

liFEEZV_l log P*(Ky) = —o00
&
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Proof In view of Lemma 8, we will prove that if Q° C P(X) is a sequence with
e?Y~1Ent(Q?|P*) < C for some C > 0 independent of &, then QF is tight. By
Lemma 9, there exists a sequence V¢ € D*(QF) such that

—1
€ _
5 W e gy = €T EM@IPY) < € (39)
and Q° is a martingale solution to the Cauchy problem in the unknown u

du = (—v ) + gv A(D)Vu) — V- [a(u) ) = ° * [a(u)vqﬁ(u)]]) dt

+e" V- [a(u)(j‘s *dW)] (40)
u(0, x) = ug(x)

For ¢ > 0, we next define (P? a.s.) the predictable map v® : X — X as the solution
to the parabolic Cauchy problem

B ==V )+ 3V D@V = V- [a@)s* * ) *[al) V¥ w)]]

v(0, x) = uo(x) (41)
It is easily seen that, for P¢ a.e. u, (41) admits a unique solution v¢(u) € X N
L>([0, T1; HY(T)), and that the definition of v¢ is compatible with the equivalence

relation for W¢ in the definition of D?(Q?). By (41) and Young inequality for convo-
lutions we also have

1 2
L") = 5 175 1"+ [a@ VY @I, g0 7pm)

Liye Ve )|} 42
= 5 177+ la@ V¥ @I, 40 7y 42)
where I, : X N Ly([0, T]; HY(T)) — [0, +00] is defined as
I (v) := sup [(v(T), @(T)) — (uo, (0))
9eC>([0,T1xR)
1 1
— ({v, %)) + ((f(v) — 5 D)V, Vo)) — §(<a(v)2V§0, W)))S}
Therefore taking the EY expectation in (42), multiplying by ¢! and using (39)
Q* -1 & 8_1 &2
EY (7 (0 ) = 519 Iy = € (43)
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Minor adaptations of the proof of [3, Theorem 2.5] imply that for each ¢ > 0O there
exist eg(¢) > 0 and a compact K, C X such that

Ue<ey(0) {v ceXNL, ([0, T1: HI(T)) C e L () < z} c K, (44)

(43) and (44) imply that the sequence {Q° o (v®)~!} C P(X) is tight in X, since by
Chebyshev inequality

(@ o)) kp) = ce!
By Lemma 3 (applied to P with E® = 0) and entropy inequality, we have
. o 2
Jim @ (el Va0 riem = £) =0

Therefore, in view of (40) and (41) we can apply Lemma 4 to Q° with G (u, v) = 0,
Go(u,v) =0,G3(u,v) =[a(w) —a)][J * j * [a(u)V¥E(u)]. Indeed, since (39)
holds, the hypotheses of Lemma 4 are easily satisfied. We then gather for each § > 0

lim Q° (SUP lu —v* @)L, (T) = 5) =0
€ t

which implies, together with the tightness of {Q° o (v¥) ™!} proved above, the tightness
of {Q7}. O

Proof of Theorem 2: upper bound Let VYV C X be the set of weak solutions to (7). Let
K C X becompact,andset K := {u € M : u =3§,, forsome u € K}. K is compact
in M, since X is equipped with the topology induced by the map X > u — §, € M.
If KNW = ¢, theninf ,cxc Z(u) > 0 asZ vanishes only on measure-valued solutions
to (7). In particular by Theorem 1 item (i)

lim ¢~ 'og P*(K) = lim £* ' log P* (K) = —o0
&€ &

Then, since WV is closed in X and Lemma 10 holds, we need to prove the large devi-
ations upper bound for {P°} only for compact sets K ¢ W C X.
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Let (9, Q) be an entropy sampler—entropy sampler flux pair. Recall the definition
of the martingale N%:¥ in Lemma 1, and consider its stochastic exponential

. 1
ESP (1, u) := exp (N”(z, w = 5 [N, N ]G, u))

= exp /dx D (u(t), t,x) — /dx ¥ (ug, 0, x)

t

— /ds /dx [(0s9) (u(s, x), s, x) 4+ (0, Q) (u(s, x), s, x)]
0
t
£

+ /ds I:%(ﬁ//(u)Vu, D(u)Vu) + 2(8xﬁ’(u), D(u)Vu)

2y
= 5 IVI Iy (0" aG), a@w)
82)/ 2 7 / 2
— 5 Lm0 @) Vu, [a )] "Vu)
g2y /
- [ ds <a(u)2 [0 )V + 80" ()] . 9 () Ve + 8xz9’(u)>

0
E*7 is a continuous strictly positive P°-supermartingale starting at 1. For £ > 0 let
0._ gl . 2
B :={ueXNLy([0,T]; H' (D)) : IVullz, o.r1xm) = ¢}

Recall that WV is the set of weak solutions to (3). Given a Borel subset A C VW we
have, for C, &g as in Lemma 3 (applied with E¥ = 0)and £ > C, ¢ < g9

Pe(A) < B (BT (7, w)[ES & (T, u)] 1 ¢(BY¢
= & ) e ) ANBY/e (u) +]P) (B )

(t-0C)> )

S Cerl(e+ 1) “45)

. i3
< sup [Es’ezyl(r,vn—wexp(
ucANBL/e

where in the last line we used the supermartingale property of E&” and Lemma 3.
Since

e log E© 2 (T, u) = — /dx D (uo(x), 0, x)

—/ds dx [(0s0) (u(s, x), s, x)+(0, Q) (u(s, x), s, x)]

+ %((l‘/‘”(u)Vu, Du)Vu)) + %((axl‘/"(u), Du)Vu))
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g2

= SV Iy (0 (). aG)))

g2

= 1171 ) (09 ) Vi, [ ) PV))

- %((a(u)zﬂ”m)w, 9" () V)
-~ §<<a<u>2axﬁ/<u), 9 (u)))
— e((a@)*0" ) Vu, 8,0 (u)))

by Cauchy-Schwartz inequality, for each u € B¢/*
2y—1 & =1 _
3 log E” =" (T, u) > dx 9 (up(x), 0, x)

—/ds dx [(057) (u(s, x),s,x) + (3, Q) (u(s, x), s, x)]
+§((19//(M)Vu, (D(u) - a(u)zﬁ”(u)) Vu)) — Cy/5t
—Coe IV 5E17,em) — Coe™ " LUSFII, r) — Coe — VelCy  (46)

for a suitable constant Cy > 0 depending only on @, D and a. The key point now is
that, if the entropy sampler ¥ satisfies

a@)?9"(u,t,x) < D) Yuel0,1],1€[0,T], xeT 47
then the term (9" (u)Vu, (D(u) — a(u)*>9"” (1)) Vu)) in (46) is positive. Namely, the
largest term in the quadratic variation of N is controlled by the positive parabolic
term associated with the deterministic diffusion. Therefore taking the limit ¢ — 0 in

(46), by the hypotheses assumed on j¢, for each entropy sampler ¥ satisfying (47)
and each u € BY/¢

—_— R
lim &2V ~! log EX =1 (T, u) > _/dx P (up(x), 0, x)
I3

—/ds dx [(350) (u(s, x), s, x) + (0x Q) (u(s, x), s, x)] (48)

We now take the logarithm of (45) and multiply it by €2V ~!. Taking the limits ¢ — 0,
then £ — 400, and using (48), we have for each ¢ satisfying (47)

lim 2 ~'logP?(A) < — ing I—/dx & (uo(x), 0, x)
& ue
_ /ds dx [(0;9) (u(s, x), s, x) + (0x Q) (u(s, x), s, x)]] < - ing sup Py
ue 2

where we have applied the definition (12) of Py ,. Note thatthemap X > u — Py, €
R is lower semicontinuous. Applying the minimax lemma, we gather for a compact
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set K C W

lim &2 ~'P*(K) < — inf sup Py,
e uek »

where the supremum is taken over the entropy samplers ¢ satisfying (47). It is easy
to see that a weak solution u to (7) such that sup, Py, < 400 is indeed an entropy-
measure solution ¥ € £, and supy Py, = H (u). O

Proof of Theorem 2: lower bound We will use the entropy method suggested by
Lemma 7, as we did in the proof of Theorem 1 item (ii). Recall the Definition 2
of S. Given v € S, we need to show that there exists a sequence {Q%?} C P(X) such
that lim 2” ~'Ent(Q%?|P?) < H (u) and Q° — 8, in P(X). The lower bound with
rate H then follows by a standard diagonal argument.

With minor adaptations from Theorem 2.5 in [3], we have that the following state-
ment holds.

Lemma 11 For each sequence B, — 0 and each v € S, there exist a sequence
{wf} Cc XN Ly ([O, T, Hl(T)) and a sequence {V°} C Ly ([O, TI; HZ(T)) such
that:

(a) w® — vinX, and w0, x) = ug(x).
(b) 8||Vw8||%2([0’T]XT) < C for some C > 0 independent of .

(©) Tim, &5 ((a(w®)>VW?, V) = H(v).
@ B ||V[a(wS)V\PS]II%Z([O’T]XT) < Ce™!, for some C > 0 independent of .
(e) The equation

dwt + V- f(wf) — %v (DHVW) ==V - (aw")? Vo)

holds weakly.
We let 8, := e 3/2|| ;¢ — 1| w—1.1(T)» and let {w®}, {W*} be chosen correspondingly.
Note that with this choice of B, and by the assumption on || ;¢ — ||y —11)

t
lime 2 /ds 176 % 7€ * [a(w®)VEE] — a(w®)VEE|2 o =0 (49)
e 2(T)
0

We define the martingale M®? on Q as

t
Ms;v(t) — 8—?/(18 " [a(wE)V\IJg]’dW)
0

Then by Young inequality for convolutions:

—2y
w6

5 {a(w®)>VWe, VIe)) (50)
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In particular the stochastic exponential of NV is a martingale on €2, and we can define
the probability measure Q%V € P(L2) as

0% (dw) = exp (NS‘U(T, w) — % [N”, N““] (T, a))) P(dw)

and Q%Y := Q%Y o (u®)~! € P(X), where u® : Q@ — X is the solution to (6).
Reasoning as in (34), and using (50) and property (c) in Lemma 11

Iim &% ~'Ent(Q% Y |P*?) < lim &2’ ~'Ent(Q%"|P)
& &

82)/—1

= lim
£

/Q“”(dw)[M‘g;”,Mg;”](T,w)

-1
< @%((a(wf)szg, VUE)) = H@w) (51

We next need to prove that Q% ¥ converges to §, in P(&X) as ¢ — 0. By Girsanov the-
orem Q%" is a martingale solution to the stochastic Cauchy problem in the unknown u

du = [—v CFu) + %v C(D@)Vu) =V - a@u)() % % (a(wE)V\IIS)] dt

+&7 V- [au)(j° xdW)] (52)
u(0, x) = ug(x)

In view of property (a) in Lemma 11, it is enough to check that Lemma 4 holds with
vé(u)(t, x) = we(¢, x). Indeed, still by property (a) in Lemma 11 and the assumptions
of this theorem, conditions (i) and (ii) in Lemma 4 are immediate. By property (e) in
Lemma 11 and (52), Q%" is a martingale solution to (24) with G] = 0,

G5(u, w) = a(w) [J°* j° x [a(w*) VW] — a(w®)V¥*]
G5(u, w) = [a(w) — a@)][] * j * (a(w®)V¥*]

Therefore, in view of (49), condition (iii) in Lemma 4 is easily seen to hold.
Condition (iv) is also immediate from the definition of G3 and the bound on
Q%Y (ellVull,qo,71xT) > ¢) provided by the application of Lemma 3 for P* (thus
with E¢ = 0), the entropy bound (51), and the usual entropy inequality. O
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Appendix A: Existence and uniqueness results for fully nonlinear parabolic
SPDEs with conservative noise

In this appendix, we are concerned with existence and uniqueness results for the
Cauchy problem in the unknown u = u(t, x),t € [0,T],x € T

du = [_v - fu) + %V . (D(u)Vu):| dt +V - la(u)(j xdW)]

(A-1)
u(0, x) = up(x)

Although we assume the space-variable x to run on a one-dimensional torus T, it is
not difficult to extend the results given below to the case x € T or x € R? ford > 1.

Let W be an L, (T)—valued cylindrical Brownian motion on a given standard filtered
probability space (€2, §, {S:}o<:<7, P). Hereafter we set

QW) =a I3,

We will assume the following hypotheses:

(Al) f and D are uniformly Lipschitz on R.

(A2) a € C*(R) is uniformly bounded.

(A3) j € H'(T) and, with no loss of generality, fdx l7(x)| = 1.

(A4) There exists ¢ > O such that D > Q + c.

(AS) ug : 2 — Lo(T) is §p-Borel measurable and satisfies E]P(”uoH%Z(T)) < +o0.

We introduce the Polish space ¥ := C([0, T]; H~(T)) N Ly([0, T]; H'(T)) N
Loo([0, TT; Lo(T)). A_probability measure P on Y is a martingale solution to (A-1) iff
the law of u(0) under P is the same of the law of uq, and for each ¢ € C*°([0, T] x T)

t

(M(t,u), @) := (u(®), p(t)) — (u(0), ¢(0)) —/ds (u, 05) + (f ()

0

- %D(M)Vu, Vo) (A-2)

is a continuous square-integrable martingale with respect to P(du) with quadratic
variation

13
(M, @), (M, )] (L, u) = /ds (1 % (a)Ve), j * (a()V{)) (A-3)
0
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We say that a progressively measurable process u : 2 — Y is a strong solution to
(A-1) iff u(0) = ug P-a.s. and for each ¢ € C*® ([0, T] x T)

t

(M, p) = —/(J * (a(u)Ve),dW) (A-4)
0

In this appendix we prove

Theorem 3 Assume (Al)—(AS). Then there exists a unique strong solution u to (A-1)
in Y. Such a solution u admits a version in C ([0, T]; L»(T)). Furthermore, if ug takes
values in [0, 1] and a is supported by [0, 1], then u takes values in [0, 1] a.s.

By compactness estimates we will prove that there exists a solution to the martingale
problem related to (A-1). Then we will provide pointwise uniqueness for (A-1) using a
stability result similar to the one used in the proof of Lemma 4. By Yamada-Watanabe
theorem we get the existence and uniqueness stated in Theorem 3. We remark that
assumption (A4) is a key hypotheses in the proof of Theorem 3, as it implies that the
noise term is smaller than the second order parabolic term, thus allowing some a priori
bounds. In general, one may expect nonexistence of the solution to (A-1) if such a
condition fails, see [7, Example 7.21].

Lemmal2 LetO0 <t <t <T,letu',v:Q — LyT) be F;-measurable maps
such that EP (|||u| + |v] + | Vv ”%2(’11‘)) < 400. Then the stochastic Cauchy problem
in the unknown w

dw = [—v Cf(w) + %v : (D(v)Vw)] dit +V -[a@)(y xdW)]

(A-5)
w(t', x) =u'(x)

admits a unique strong solution u in Ly([t',t"]; HY(T)) N C([¢', "], H~(T)) with
probability 1. For each t € [t', "], such a solution u satisfies

t

(u(t), u(t)) + /ds(D(v)Vu, Vu)
t/
t

:N(t,r’)+<u’,u/)+/ds [(Q(v)w, Vo) + V717, /dx a(v)2j| (A-6)

t/

where N(t,t') := —2 ftt, (7 * (a(v)Vu), dW). Furthermore

]EP( sup ||u(t)||§2(T)) < 400

telt’ 1]
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Proof Existence and uniqueness of the semilinear equation (A-5) are standard, see
e.g. [7, Chap. 7.7.3]. Applying It6 formula to the function L»(T) > w — (w, w) € R
we get (A-6). Note that by Burkholder-Davis-Gundy inequality [19, Theorem 4.4.1],
Young and Cauchy-Schwarz inequalities, for suitable constants C, C’ > 0

IE”( sup [N, r’>|) < CE” ([N(-, ), NC. )] (r”)”z)
te[t’' 1]
=2CE" (Il * @@)Vu) Il Ly qr.11xT))
< 2CE” (I @@)Vu) |, .71xT))

y 1/2

<C' |EP /ds(D(v)Vu,Vu)

t/

so that the bound on E? (supyepyr o () ||%2 ('JT)) is easily obtained by taking the su-
premum over ¢ and the E” expected values in (A-6). O
We next introduce a sequence {¢"} of adapted processes in Y. We will gather exis-

tence of a weak solution to (A-1) by tightness of the laws {IP"} of such a sequence.
Forn e Nandi =0,..., 2" let tl." :=i27"T,and let {1""} be a sequence of smooth

mollifiers on T such that lim,, 27" ||:" ||iI T = 0. We define a process u” on Y and the

auxiliary random functions {vf}l.zlo on T as follows. Fori = 0 we set

u"(0) := ug

vy = 1" % ug

andfori =1,...,2" —land? € [t], tl?“H], we let u” (¢) be the solution to the problem

(A-5) with u’ = u(z]') and v = v/, where for i > 1 we set
i
2n
v = — /ds u"(s) (A-7)
T
th,

By Lemma 12, these definitions are well-posed, and ©” is in Y with probability 1.
We also define a sequence {v"} of cadlag processes in the Skorohod space D([0, T);
L,(T)), by requiring

V(1) = v fort e[, 1)) (A-8)

Lemma 13 There exists a constant C > 0 independent of n such that
E” (t sup " 17, r) + ||W”||iz<[o,ﬂm) <C (A-9)
€lo,
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and for each ¢ € H'(T) such that ||V<p||iz(11-) <1, foreachs > 0andr € (0, 1)

P( sup [(u" (1) — u" (), @)| > r) <Csr2 (A-10)

s,t€[0,T]:|s—t|<8
Furthermore for eachr > 0
nli)H;OP (Il = v Lo g0,71xT) > 1) =0 (A-11)

Proof Writing 1t6 formula (A-6) for u” in the intervals [ti”, tl.”ﬂ] and summing over
i, we get foreach r € [0, T]

t
W" (), u" (1)) + /ds (DW")Vu™, Vu™)
0

t
- (uo,u0)+/ds [(Q(v")Vv”,Vv”) +IV12 ) /dxa(v")2:| + N"(1)
0

where, by the same means of Lemma 12 and Doob’s inequality, the martingale

t

N"™(t) := 2/(] * (a(v”)Vu") ,dW)

0

enjoys the bound

EP( sup |N"(r>|2) <CEf (||Vu”||%2([ojm)
s€[0,7T]

for some C; > 0 depending only on D and a. Note that, by the definition of v!' (A-7),
hypotheses (A4) and (A5) and Young inequality for convolutions

t
/ds (Q(HVV", V')
0
tf t
< Cz/ds " s uo 7, m +/ds (QWMHVu", Vu")

0 0
t

< 27"T Co " 1Z, ¢ ol ) + / ds (D" = )Vu", Vu")
0

@ Springer



Large deviations for conservation laws 643

for some constant C»> depending only on a. Patching all together
IE:P( sup [|u" (DI, g0, 71 + {(D@WHVU", w”»)
tel0,T]
= (1+27" T "1 r)) B (10l cr))
+C P (DY, V) ) + 19 1, oy B (1a@™IZ 01,07
Since 27"|[1" ||, (T) Was assumed bounded, and since the last term in the right hand

side is bounded uniformly in 7, it is not difficult to gather (A-9).
Since u satisfies (A-5) in each interval [#", 1!, |]

[ (1) — u" (s), )| < C3 (L + IVU" | Ly q0.77%T)) I V@l Lo(m It — 51'/2
t

+ /(] * (a(v)Voe), dW)

N

for a suitable constant C3 depending only on f and D. (A-10) then follows from the
first part of the lemma.
Since v"(¢) = 1" * ug for ¢ € [0, t}'), the bound (A-9) implies

. n n =
nlgrolo P (Ilu — ULy (0,mxT) > r) =0

for each r > 0. Therefore, still by (A-9), in order to prove (A-11), it is enough to show
that for each r, £ > 0

. 2
tim P (1" = 0"y 71em) > 72 19813, g0, pemy <€) =0

n

Let k € C*(T) be such that [ dx k(x) = 1, and that

[k —id||—1,1 := sup [/dx

@ € CO(T) : sup|Vog(x)| < 1] < ;—e (A-12)

’

/dy k(x —y)e(y) — o)

It is immediate to see that such a « exists. Then

lu® = v yqer r1xmy < W™ — k% u" | Lyqen 71T

HIV" =k V" Ly 7xm) ek u® — ko0 e 7<)

< lle = idll-1.1 (196" LLoqag 71m) + IV g 71em) |

+ e @ = V) e 71xT)
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644 M. Mariani

where in the last inequality we used the Young inequality. By the definition (A-7) and

2 2
(A-8) of V", ||[VV" ”Lz([z{’,T]x'ﬂ‘) < ||Vu"||L2([0’T]XT). Moreover
n n 2
T om_q ti+l [i
2 n 2" n
dt ||Ic>k(u”—v”)||L2(T) = E dt ||k xu (t)—? ds ik *u"(s)
n i=1 n n
tl ti ti—l Lz(T)

<T  sup ks @ @) —u" ()L,
|t—s|<2-n+lT

Therefore by (A-12)

2 r 2
flu" — " ”Lz([tf’,T]x'IF) = ﬂ”vunuLz([tT’,T]xT)
+T  sup w0 — " ()L, (A-13)

\Z‘7S|§2_”+1T

so that

: 2
tim P (1" = 0"y, 71m) > 7 19012, g0 ey < €)

n—oo

n—o00
|t—s\§2’"+lT

< lim P(ﬁ sup ik (@) —u" ()l Ly = V/2)

which vanishes in view of (A-10). m]

We define P" to be the law of u”, namely P* = P o (u”)’]. In order to establish
tightness of the sequence {P"}, the P" will be regarded as probability measures on
C ([0, T1, H1(T)) > Y, although they are concentrated on Y.

Corollary 2 {P"} is tight, and thus compact, on C ([O, T, H _I(T)) equipped with
the uniform topology. Furthermore each limit point P of {P"} is concentrated on Y
and satisfies

EP (slllp w7 ) + ||Vu||iz([mm) < +o0 (A-14)

Proof By the compact Sobolev embedding of L, (T) in H~!(T), the estimate (A-9)
implies that compact containment condition is satisfied, namely there exists a sequence
{K¢} of compact subsets of H~Y(T) such that

li?m]P’(Elt €[0,T]: u"(1) € K¢) =0

Moreover the estimate (A-10) implies that for each ¢ € H'(T) the laws of the pro-
cesses t — (u"(t), @) are tight in C ([0, T']; R) as n runs on N, see [4, page 83]. By
[11, Theorem 3.1], we get tightness of {P"} on C ([0, T], H_l(T)).

(A-14) follows immediately by (A-9). m|
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The following statement is derived following closely the proof of Proposition 3.5
in [3].

Lemma 14 Let K C C ([0, T]; U). Suppose that each u € K has a Schwartz distri-
butional derivative in the x-variable Vu € Ly([0, T] x T), and suppose that exists
¢ > O such that |Vullr,qo,71xT) < ¢. Then K is strongly compact in X.

Proposition 4 Each limit point P of {P"} is a weak solution to (A-1).

Proof Let P be a limit point of {P"} along a subsequence nx. The law of u(0)
under P coincides with the law of ug. For u € Y, v € D ([0,T); L»(T)) and
@ € C®([0,T] x T) let

(M (15 u,v), @) = (u(®), (1)) — (u(0), ¢(0))
t

1
—/ds <u, op) — (f(v) — ED(v)Vu, V<p>
0

By (A-11), (A-9), and Lemma 14, the law of (M (-; u", v"), ¢) converges, along the
subsequence 7, to the law of (M (-; u, u), ¢) = (M (-, u), ¢) under P.

Foreachn and ¢, (M (-; u™, u"), ¢) is amartingale with respect to P”, with quadratic
variation

(MG, um), @), (MG, u), )] @) = |1 % @)VO ] 0 pem

Still bX (A-11), (A-9), and Lemma 14, we have that (M (-, u), ¢) is a martingale
under P, with quadratic variation given by (A-3). O

Proposition 5 There exists at most one strong solution to (A-1) in Y. Each strong
solution to (A-1) admits a version in C ([0, T]; Lo(T)).

Proof Let u, v be to strong solutions to equation (A-1). By Ito formula, for/ € C*(R)
with bounded derivatives

t

/dx I(u — v)(t) — 1(0) + %/ds (D" (u — V)V —v), V(u — v))

0
t

=X+ /dSU”(M — V)V —v), f) — fv))

0
t

—% /ds (I"(u —v)V(u —v), [Du) — D()]Vv)

0
t

1
+5 / ds (1" = v), IV 172, (@) — a())?
0
1220, (@ @) Vi — d' (@) V0)) (A-15)
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646 M. Mariani

and the quadratic variation of the martingale X (z) enjoys the bound

t

[X, X1(t) < /ds 1" = )V = v) (@) = a@)) 1757,
0

We next introduce the real number

p 1/2
R:= |E? /ds ("(u — )V —v), V(u — v))
0

Taking the supremum over ¢ and the E” expected value in (A-15), using repeteadly
Holder inequality and the Burkholder-Davis-Gundy inequality [19, Theorem 4.4.1],
assumptions (A2) and (AS5) and the bound (A-14), we get for a suitable constant C > 0

EF (sup /dxl(u — v)(t)) +cR?
t<T

1/2
= 210) +C [E” (11" = v)lu = vPleqorn) | R
t
+ CEP /ds (" (u—v)u—v|, |u—vl|)
0

For any § > 0, we can choose [ so that |z] < I(z) < |z| + 6, [(z) = |z] for |z| = &,
and |I”(z)| < 38~'. Therefore

EF (sup lu — u||L1(T)) <EF (sup/dx I(u — v)(t)) <25 —cR>+ CVSR+C$
t t

C2
=< (—+C+2)8
4c

Since the last inequality holds for any § > 0, we have u = v.
The C([0, T]; L2(T)) regularity for a version u can be easily derived from It
formula for the map (¢, u) — [dx u(t, x)*. O

Proof of Theorem 3 Existence and uniqueness of a strong solution to (A-1) is a con-
sequence of Propositions 4, 5 and Yamada—Watanabe theorem [14, Chap. 5, Corol-
lary 3.23]. The fact that u takes values in [0, 1] is provided in the same fashion of
Lemma 3. Let {{"} be a sequence of infinitely differentiable convex functions on R with
bounded derivatives. We can choose {/,,} such that for v € [0, 1] I/ (v) < D(v) a=2(v)
and [,(v) < Cn(1 + v?) (for some C, > 0), while /,(v) 1 400 for n — oo
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pointwise for v ¢ [0, 1]. By Itd6 formula

t

/dx (L, (u()) — L, (ug)] + %/ds (") D) Vu, 1)) (u) Vu)

0
t t

1
= E/ds (l,’,'(u)Vu, 0(u) Vu) + ||VJ||%2(T) /ds /dx l;l’(u)a(u)2 + N, ()
0

0

where N, (¢) is a martingale, and by Young inequality for convolutions its quadratic
variation is bounded by [N,,, N, 1(¢) < lla(u)l]/ (u) Vu||iz([0 T1xT)" Following closely
the proof of Lemma 3, we gather for some constant C independent of n

EP sup/dx I,(u@)) | <EF (/dx ln(uo)) +C

t<T

As we let n — oo, the left hand side stays bounded, and since [,, — +o00 pointwise
off [0, 1], we have dx d P-a.s. that u(¢t, x) € [0, 1], foreach r € [0, T']. O
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