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1 Introduction

The aim of this paper is to study spaces of holomorphic functions on an infinite-
dimensional Heisenberg like group based on a complex abstract Wiener space. In
particular, we prove Taylor, skeleton, and holomorphic chaos isomorphism theorems.
The tools we use come from properties of heat kernel measures on such groups which
have been constructed and studied in [4]. We will state the main results of our paper
and then conclude this introduction with a brief discussion of how our results relate
to the existing literature.

1.1 Statements of the main results
1.1.1 The Heisenberg like groups and heat kernel measures

The basic input to our theory is a complex abstract Wiener space, (W, H, i), as in
Notation 2.4 which is equipped with a continuous skew-symmetric bi-linear form
w: W x W — C as in Notation 3.1. Here and throughout this paper, C is a finite
dimensional complex inner product space. The space, G := W x C, becomes an
infinite-dimensional “Heisenberg like” group when equipped with the following mul-
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tiplication rule

1
(wr, c1) - (w2, 2) = (wl + w2, c1 +c+ zw(wh wz)) . (1.1)

A typical example of such a group is the Heisenberg group of a symplectic vector
space, but in our setting we have an additional structure of an abstract Wiener space
to carry out the heat kernel measure analysis.

The group G contains the Cameron—Martin group, Gecy = H x C, as a sub-
group. The Lie algebras of G and G ¢ will be denoted by g and gcas respectively
which, as sets, may be identified with G and G ¢ respectively—see Definition 3.2,
Notation 3.3, and Proposition 3.5 for more details.

Let b(t) = (B(t), Bp(t)) be a Brownian motion on g associated to the natural
Hilbertian structure on gc y as described in Eq. (4.1). The Brownian motion {g () };>0
on G is then the solution to the stochastic differential equation,

dg(t) = g(t) o db(t) with g(0) = e = (0, 0). (1.2)

The explicit solution to Eq. (1.2) may be found in Eq. (4.2). For each T > 0 we
let vy := Law(g(T)) be the heat kernel measure on G at time 7 as explained in
Definitions 4.1 and 4.2. Analogous to the abstract Wiener space setting, vr is left
(right) quasi-invariant by an element, & € G, ifft h € G¢py, while v (Gey) = 0, see
Theorem 4.5, Proposition 4.6, and [4, Proposition 6.3].

In addition to the above infinite-dimensional structures we will need corresponding
finite dimensional approximations. These approximations will be indexed by Proj(W)
which we now define.

Notation 1.1 Let Proj(W) denote the collection of finite rank continuous linear maps,
P : W — H, such that P|y is an orthogonal projection. (Explicitly, P must be
as in Eq. (2.17) below.) Further, let Gp := PW x C (a subgroup of Gcpy) and
wp : G — G p be the projection map defined by wp(w, ¢) := (Pw, ¢).

Toeach P € Proj(W), G p is afinite dimensional Lie group. The Brownian motions
and heat kernel measures, {v,P }1=0, 0n G p are constructed similarly to those on G—see
Definition 4.10. We will use {(G p, v;’ )} PeProj(w) as finite dimensional approxima-
tions to (G, vr).

1.1.2 The Taylor isomorphism theorem

The Taylor map, 77, is a unitary map relating the “square integrable” holomorphic
functions on G ¢y with the collection of their derivatives at e € G¢js. Before we can
state this theorem we need to introduce the two Hilbert spaces involved.

In what follows, H(Gcy) and H(G) will denote the space of holomorphic func-
tions on G¢cy and G respectively. (See Sect. 5 for the properties of these function
spaces which are used throughout this paper.) We also let T := T(gca) be the alge-
braic tensor algebra over gc s, T’ be its algebraic dual, J be the two-sided ideal in T
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generated by
(h®k—k®h—1[h,k]:h,k €gcmu}, (1.3)

and J° = {o € T' : «(J) = 0} be the backwards annihilator of J—see Notation 6.1.
Given f € H(G) we let o := T f denote the element of J© defined by (o, 1) = f(e)
and

(0 h ® - @ hy) 1= (le...flnf) (&)

where h; € gcy and ﬁ,- is the left invariant vector field on G ¢y agreeing with h; at
e—see Proposition 3.5 and Definition 6.2. We call 7 the Taylor map since 7 f €
J O(gc ) encodes all of the derivatives of f at e.

Definition 1.2 (L2-holomorphic functions on G¢yy) For T > 0, let

= for all 1.4
11l Gew = , 30 160l ia(gp.up) forall f € H(Gew, and (14)

H Gew) = £ € H(Gew) 1 g Gemy < ) - (L5)

In Corollary 6.6 below, we will see that H% (G ¢ ) is not empty and in fact contains
the space of holomorphic cylinder polynomials (Pcys) on G ¢y described in Eq. (1.7)
below. Despite the fact that vy (Gcp) = 0, HZT (G cm) should roughly be thought of
as the vr—square integrable holomorphic functions on G¢ypy.

Definition 1.3 (Non-commutative Fock space) Let T > 0 and

o n
Il gy = 2277 2. NMesm®--@ha)? foralla € J (@cwm)
n=0 hi,..., h,esS

where S is any orthonormal basis for gc . The non-commutative Fock space is defined
as

2

0 . 0 .
79 @em) = {a € I @emn) < el < o) -

Itis easy to see that || - || 1aca) is a Hilbertian norm on J}) (gcm)—see Definition 6.4
and Eq. (6.8). For a detailed introduction to such Fock spaces we refer to [13].

Remark 1.4 When w = 0, G(w) is commutative and the Fock space, J(T)(QCM),
becomes the standard commutative bosonic Fock space of symmetric tensors over

9em-
The following theorem is proved in Sect. 6-see Theorem 6.10.

Theorem 1.5 (The Taylor isomorphism) For all T > 0, T(H%(GCM)) C J? (gcm)
and the linear map,

Tr =Tl Geuy - M (Gem) = 7 (8em). (1.6)

is unitary.
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Associated to this theorem is an analogue of Bargmann’s pointwise bounds which
appear in Theorem 6.11 below.

1.1.3 The skeleton isomorphism theorem

Similarly to how it has been done on a complex abstract Wiener space by Sugita
[26,27], the quasi-invariance of the heat kernel measure vy allows us to define the
skeleton map from L? (G, vr) to a space of functions on the Cameron—Martin sub-
group Gy, a set of vr-measure 0.

Definition 1.6 A holomorphic cylinder polynomial on G is a holomorphic cylinder
function (see Definition 4.3) of the form, f = Foxp : G — C, where P € Proj(W)
and F : PW x C— C is a holomorphic polynomial. The space of holomorphic
cylinder polynomials will be denoted by P.

The “Gaussian” heat kernel bounds in Theorem 4.11 easily imply that P C L? (vr)
for all p < co—see Corollary 5.10.

Definition 1.7 (Holomorphic L?—functions) For 7 > 0 and 1 < p < o0, let H;(G)
denote the L? (vy)-closure of P C L?(v7).

From Corollary 4.8 below, if T > 0, p € (1,00], f € L?(G,vr),and h € Gy,
then fG |f(h-g)|dvr(g) < oco. Thus,if f € H% (G) we may define the skeleton map
(see Definition 4.7) by

(St f)(h) = / F(h- g)dvr(g).
G

It is shown in Theorem 5.12 that S7(H3.(G)) C H3(Gew) forall T > 0.

Theorem 1.8 (The skeleton isomorphism) For each T > 0, the skeleton map,
St : H3(G) — H3(Gcwm), is unitary.

Following Sugita’s results [26,27] in the case of an abstract Wiener space, we call
St |H2T G) the skeleton map since it characterizes f € H% (G) by its “values”, St f,
on Gcy. Sugita would refer to Gy as the skeleton of G(w) owing to the fact that
vr(Gcy) = 0 as we show in Proposition 4.6.

Theorem 1.8 is proved in Sect. 8 and relies on two key density results from Sect. 7.
The first is Lemma 7.3 (an infinite-dimensional version of [7, Lemma 3.5]) which
states that the finite rank tensors (see Definition 7.2) are dense inside of J(T) (gcm)-
The second is Theorem 7.1 which states that

Pem = {plcey : P € P} (1.7)
is adense subspace of H% (Gcm)-Matt Cecil [2] has modified the arguments presented
in Sect. 7 to cover the situation of path groups over graded nilpotent Lie groups. Cecil’s

arguments are necessarily much more involved because his Lie groups have nilpotency
of arbitrary step.
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1.1.4 The holomorphic chaos expansion

So far we have produced (for each 7 > 0) two unitary isomorphisms, the skeleton
map St and the Taylor isomorphism 77,

N Ty
H7(G) —> Hp(Gem) —> J7(@em).

The next theorem gives an explicit formula for (77 o Sy~ Jg (gcm) — HZT(G).

Theorem 1.9 (The holomorphic chaos expansion) If f € H% (G)anday :="Tr St f,
then

f(g(T) =Z<af, / db(s)® - ®db (s,,)> (1.8)

n=0 0<s)<sy<--<sp<T

where b(t) and g(t) are related as in Eq. (1.2) or equivalently as in Eq. (4.2).

This result is proved in Sect. 9 and in particular, see Theorem 9.10. The precise
meaning of the right hand side of Eq. (1.8) is also described there.

1.2 Discussion

As we noticed in Remark 1.4 when the form w = 0 the Fock space Jg (gcm) is the
standard commutative bosonic Fock space [9]. In this case the Taylor map is one of
three isomorphisms between different representations of a Fock space, one other being
the Segal-Bargmann transform. The history of the latter is described in [13] beginning
with works of Bargmann [1] and Segal [24]. For other relevant results see [8,14].

To put our results into perspective, recall that the classical Segal-Bargmann space
is the Hilbert space of holomorphic functions on C" that are square-integrable with
respect to the Gaussian measure du,(z) = ﬂ_”e"Z'zdz, where dz is the 2n-dimen-
sional Lebesgue measure. One of the features of functions in the Segal-Bargmann
space is that they satisfy the pointwise bounds | f (2)| < || fllz2(,,) exp(|z|?/2) (com-
pare with Theorem 6.11). As it is described in [13], if C" is replaced by an
infinite-dimensional complex Hilbert space H, one of the first difficulties is to find
a suitable version of the Gaussian measure. It can be achieved, but only on a certain
extension W of H, which leads one to consider the complex abstract Wiener space set-
ting. From Sugita’s [26,27] work on holomorphic functions over a complex abstract
Wiener space, it is known that the pointwise bounds control only the values of the
holomorphic functions on H. This difficulty explains, in part, the need to consider
two function spaces: one is of holomorphic functions on H (or G¢ys in our case)
versus the square-integrable (weakly) holomorphic functions on W (or G in our case).

The Taylor map has also been studied in other non-commutative infinite-
dimensional settings. Gordina [10-12] considered the Taylor isomorphism in the
context of Hilbert-Schmidt groups, while Cecil [2] considered the Taylor isomor-
phism for path groups over stratified Lie groups. The nilpotentcy of the Heisenberg
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like groups studied in this paper allow us to give a more complete description of the
square integrable holomorphic function spaces than was possible in [10—12] for the
Hilbert—Schmidt groups.

Complex analysis in infinite dimensions in a somewhat different setting has been
studied by Lempert (e.g.[20]), and for more results on Gaussian-like measures on infi-
nite-dimensional curved spaces see papers by Pickrell (e.g.[22,23]). For another view
of different representations of Fock space, one can look at results in the field of white
noise, as presented in the book by Obata [21]. The map between an L>-space and a
space of symmetric tensors sometimes is called the Segal isomorphism as in [18,19].
For more background on this and related topics see [16].

2 Complex abstract Wiener spaces
Suppose that W is a complex separable Banach space and By is the Borel o—algebra on

W. Let WR. denote W thought of as areal Banach space. ForA € C,let M, : W — W
be the operation of multiplication by .

Definition 2.1 A measure p on (W, By ) is called a (mean zero, non-degenerate)
Gaussian measure provided that its characteristic functional is given by

. 1
au) = /e”‘(“’)d,u(w) =e 290" forallu € Wy, 2.1
w
where ¢ = g, : Wy, x Wi, — Ris an inner product on Wy . If in addition, u is
invariant under multiplication by i, that is, i o Mfl = u, we say that u is a complex

Gaussian measure on W.

Remark 2.2 Suppose W = C¢ and let us write w € W as w = x +iy with x, y € R?,
Then the most general Gaussian measure on W is of the form

1 1
du(w) = Eexp (_EQ |:);i| . |:)yci|) dxdy

where Q is a real positive definite 2d x 2d matrix and Z is a normalization constant.
The matrix Q may be written in 2 x 2 block form as

A B
Q:|:Btr Ci|

A simple exercise shows © = o M i_l iff B =0and A = C. Thus the general
complex Gaussian measure on C? is of the form
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488 B. K. Driver, M. Gordina

1 1
du(w) = —exp (—E(Ax-x+Ay-y)) dxdy

1 1
= gexp (—EAw . lZ)) dxdy,

where A is a real positive definite matrix.
Given a complex Gaussian measure p as in Definition 2.1, let

|u(w)]

lwllg = sup ——— forallwe W, 2.2)
uewi \o) Vg, u)

and define the Cameron—Martin subspace, H C W, by

H=1{heW:|h|l|yg < oo}. (2.3)
The following theorem summarizes some of the standard properties of the triple
(W, H, ).

Theorem 2.3 Let (W, H, ) be as above, where 1 is a complex Gaussian measure
on (W, Bw). Then

(1) H is a dense complex subspace of W.

(2) There exists a unique inner product, (-, -)y, on H such that ||h||%1 = (h, h) for
all h € H. Moreover, with this inner product H is a complete separable complex
Hilbert space.

(3) There exists C < 0o such that

Ihllw < Cllhllg  foranyh € H. (2.4)
@) If{e j}i';l is an orthonormal basis for H and u, v € Wy, then

q(u,v) = (u, U)ng = Z [u (ej) viej) +u (iej) v (iej)] . 2.5)

o0
j=1

(5) woM; ' = uforall e Cwith x| = 1.

Proof We will begin with the proof of item 5. From Eq. (2.1), the invariance of
w under multiplication by i (nw o M i_l = ) is equivalent to assuming that g (« o M;,
uoM;)=q(u,u) forall u € Wg,. By polarization, we may further conclude that

guoM;,voM;)=gqu,v) forallu,ve Wg,. (2.6)

Taking v = u o M; in this identity then shows that g (v o M;, —u) = q(u, u o M;) and
hence that

qu,uoM;)=0 foranyu e Wg,. 2.7)
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Therefore if A = a + ib with a, b € R, we see that

qWoM,,uoM,)=q(au+ buo M;,au + bu o M;)
= (@>+bH)qu,u) = A qu,u), (2.8)

from which it follows that g (u o M;,, u o M) = q(u, u) forallu € W_ and |A| = 1.
Coupling this observation with Eq. (2.1) implies p o M, I = w forall |A| = 1. If
|| = 1, from Egs. (2.2) and (2.8), it follows that

Pawly =  sup lu Qw)| sup lu o M (w)]
y = i A
ueWz 0} Va @, ) yews oy Vg o My, uo M)
lu(w)|
= sup —— =|wl|y forallw e W.
uewi \(oy v q(u, u)
In particular, if ||i||y < oo and |A| = 1, then ||Ak||y = ||k||g < oo and hence

AH C H which shows that H is a complex subspace of W. From [4, Theorem 2.3]
summarizing some well-known properties of Gaussian measures, we know that item
3. holds, H is a dense subspace of Wre, and there exists a unique real Hilbertian inner
product, (-, :) gg., on H such that ||h||%1 = (h, h) gy, for all h € H. Polarizing the
identity |Ah|lgp = ||h|| g implies (Ah, Ak) gg, = (h, k) g, for all h, k € H. Taking
A =i and k = —ih then shows (ih, h)re = (h, —ih)Re, and hence that (i, h)re = 0
for all 7 € H. Using this information it is a simple matter to check that

(h, k) gy i= (h, k) g, + i (B, ik) gy, forall b,k € H, 2.9)

is the unique complex inner product on H such that Re(-, -}y = (-, -) g,

So it only remains to prove Eq. (2.5). For a proof of the first equality in Eq. (2.5), see
[4, Theorem 2.3]. To prove the second equality in this equation, it suffices to observe
that {e;, ie; }?‘;1 is an orthonormal basis for (HRge, (-, ) Hg,) and therefore,

o0
(u, U)HEe = Z [u (ej) v (ej) +u (iej) v (iej)] forany u, v € Hﬁke.
j=1

m}

Notation 2.4 The triple, (W, H, ), appearing in Theorem 2.3 will be called a com-
plex abstract Wiener space (Notice that there is redundancy in this notation since [
is determined by H, and H is determined by ).

Lemma 2.5 Suppose that u,v € Wy, and a, b € C, then

/e“'”b”d,u = exp (% (azq (u, u) + b*q(v, v) + 2abq (u, v))) . (2.10)
w
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490 B. K. Driver, M. Gordina

Proof Equation (2.10) is easily verified when both a and b are real. This suffices to
complete the proof, since both sides of Eq. (2.10) are analytic functions of a, b € C.
O

Lemma 2.6 Let (W, H, 1) be a complex abstract Wiener space, then for any ¢ € W*,

we have
/e‘/)(“’)d,u(w) =1 =/e¢’<7)du(w), Q.11
w w
/ IRe p(w)|> du(w) = / IIm @ (w)|> du(w) = llll%s , (2.12)
w w
and
/ lp(w) > dp(w) =2 [|¢l|3 . (2.13)
w

More generally, if C is another complex Hilbert space and ¢ € L(W, C), then

/ le)lIg dp(w) =2 @l gc - (2.14)
w

Proof If u = Re ¢, then p(w) = u(w) — iu(iw). Therefore by Egs. (2.6), (2.7), and
(2.10),

/egad,uz/eu—iquidﬂ

w w

= exp (% (qu,u) —q(woMi,uoM;)—2ig (u,u oMl-))) =1.

Taking the complex conjugation of this identity shows |, W e¥Wq n(w) = 1. Also
using Lemma 2.5, we have

/ IRe p(w)|* dp(w) = g(u, u) and
w

/Ilmw(w)lzdu(w) =/|u(iw)|2du(w) g o My uo My) = q (u,u).
w w
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To evaluate g (u, u), let {ex};° be an orthonormal basis for H so that {ey, iex}2 | is

an orthonormal basis for (Hge, Re(:, -) ). Then by Eq. (2.5),

o0

g = [lu ol +uGenl?] = X lo @) = gl .

k=1
To prove Eq. (2.14), apply [4, Eq. (2.13)] to find

o0

[ 1o dnaw) = 3 [lptenli + lvtenli]

k=1

o
=22l = 2l¢lFac:
k=1

O

Remark 2.7 (Heat kernel interpretation of Lemma 2.6) The measure p formally sat-

isfies

[ s = (1) o

where Apg, = D50 i1 32 and {e ]}°° | is an orthonormal basis for Hge. If f is holo-

morphic or anti- holomorphlc then f is harmonic and therefore

/ f)dpw) = (e84 1) (0) = £(0).

Applying this identity to f(w) = e?™ or f(w) = ¥ with ¢ €
Eq. (2.11). If u € Wy, we have

/uz(w)d,u(w) = (e1 Hre 4 )(0) 2% (A'I’{Reuz) 0)
J m
— % (AHRCuZ) 0) = %i (ajjuz) 0)
j=1

u(e;)’ = lluly, -

o

1

J

Egs. (2.12) and (2.13) now follow easily from this identity.

W* gives
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2.1 The structure of the projections

Leti : H — W be the inclusion map and i* : W* — H* be its transpose, i.e.
i*¢:="Loiforall £ € W*. Also let

H.:={h e H:(, h)yeRan(i*) C H*} (2.15)

or in other words, h € H isin H, iff (-, h)y € H™ extends to a continuous linear func-
tional on W. (We will continue to denote the continuous extension of (-, #) g to W by
(-, h)g.) Because H is a dense subspace of W, i* is injective, and because i is injective,
i* has a dense range. Since h € H — (-, h)y € H* is a conjugate linear isometric
isomorphism, it follows from the above comments that H, > h — (-, h)y € W*is a
conjugate linear isomorphism too, and that H, is a dense subspace of H.

Lemma 2.8 There is a one to one correspondence between Proj(W) (see Notation 1.1)
and the collection of finite rank orthogonal projections, P, on H such that PH C H,.

Proof If P € Proj(W) and u € PW C H, then, because P|g is an orthogonal
projection, we have

(Ph,u)y = (h, Pu)y = (h,u)y forallh e H. (2.16)

Since P : W — H is continuous, it follows that u € Hy,i.e. PW C H,.

Conversely, suppose that P : H — H is a finite rank orthogonal projection such
that PH C H,. Let {e;}';_, be an orthonormal basis for PH and £; € W* such that
Lilg = (-, ej)g. Then we may extend P uniquely to a continuous operator from W
to H (still denoted by P) by letting

n n
Pw = Zﬁj(w)e‘/ = Z(w ej)H ej forallw e W. 2.17)
j=1 j=1

From [4, Eq. 3.43], there exists C = C(P) < oo such that

Pwll; < Cllwlly forallw e W. (2.18)

3 Complex Heisenberg like groups

In this section we review the infinite-dimensional Heisenberg like groups and Lie
algebras which were introduced in [4, Section 3].

Notation 3.1 Ler (W, H, n) be a complex abstract Wiener space, C be a complex
finite dimensional inner product space, and @ : W x W — C be a continuous skew
symmetric bilinear quadratic form on W. Further, let

lwlo = sup {llw (w1, wo)llc : wi, w2 € W with willy = lwally =1} (3.1)
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be the uniform norm on w which is finite by the assumed continuity of w.

Definition 3.2 Let g denote W x C when thought of as a Lie algebra with the Lie
bracket operation given by

[(A,a),(B,b)]:=(0,w(A, B)). (3.2)

Let G = G(w) denote W x C when thought of as a group with the multiplication law
given by

1
g182=81+&+ 3 [g1,82] foranygi,g2€G (3.3)

or equivalently by Eq. (1.1).

It is easily verified that g is a Lie algebra and G is a group. The identity of G is the
zero element, e := (0, 0).

Notation 3.3 Let gcyr denote H x C when viewed as a Lie subalgebra of g and G ¢y
denote H x C when viewed as a subgroup of G = G (w). We will refer to gcy (Gem)
as the Cameron—Martin subalgebra (subgroup) of g (G). (For explicit examples of
such (W, H, C, w), see [4].)

We equip G = g = W x C with the Banach space norm
[(w, g = llwllw + llclc (CX))
and Gcy = gecm = H x C with the Hilbert space inner product,
((A,a),(B,b)) g, = (A, B)y +{a,b)c. (3.5)

The associate Hilbertian norm is given by

1A, @)l gey =/ NAIF + llallE. (3.6)

As was shown in [4, Lemma 3.3], these Banach space topologies on W x C and H x C
make G and G ¢y into topological groups.

Notation 3.4 (Linear differentials) Suppose f : G — C, is a Frechét smooth func-
tion. For g € G and h, k € g let

/ . _d
f@h:=0f(g) = yn Of(g +th)
and

17 (8) (h @ k) := 0,0k f(g).

(Here and in the sequel a prime on a symbol will be used to denote its derivative or
differential.)
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As G itself is a vector space, the tangent space, Ty G, to G at g is naturally iso-
morphic to G. Indeed, if v, g € G, then we may define a tangent vector v, € T, G by
ve f = f'(g)v for all Frechét smooth functions f : G — C. We will identify g with
TeG and gcys with TeGcpy. Recall that as sets g = G and gcy = Gey. For g € G,
let I : G — G be the left translation by g. For i € g, let h be the left invariant vector
field on G such that ﬁ(g) = h when g = e. More precisely, if o (t) € G is any smooth
curve such that 0 (0) = e and 6(0) = & (e.g. o (t) = th), then

~ d
h(g) =.lgxh = —1lo g -0 (1). (3.7

As usual, we view  as a first order differential operator acting on smooth functions,
f:G— C,by

(i) @ =" rig-oun. (3:8)

The proof of the following easy proposition may be found in [4, Proposition 3.7].

Proposition 3.5 Let f : G — C be a smooth function, h = (A,a) € gand g =
(w, c) € G. Then

ﬁ(g) =, lgsh = (A,a + %a) (w, A)) forany g = (w,c) € G 3.9)

and, in particular,

— 1
(A,a)f(g) = f'(g) (A,a+§w(w,A))- (3.10)
Ifh,k € g, then
(ﬁ/%f—/%ﬁf) — L Kf. 3.11)

The one parameter group in G, e, determined by h = (A,a) € g, is given by
e =th =1t(A,a).

4 Brownian motion and heat kernel measures
This section will closely follow [4, Section 4] except for the introduction of a cer-
tain factor of 1/2 into the formalism which will simplify later formulas. Let {b(?) =

(B(1), Bo(t))}:>0 be a Brownian motion on g = W x C with the variance determined
by

1
E[Re (b(s). h)geyy - Re (b(1). Khgey ] = 3 Re (h. kg, s A1 (.1)
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forall s,t € [0,00), h = (A, a),and k := (C, ¢), where A,C € Hy, and a,c € C.
(Recall the definition of H, from Eq. (2.15).)

Definition 4.1 The associated Brownian motion on G starting at e = (0,0) € G is
defined to be the process

t

1
gt) = B(t),Bo(t)JrE/w(B (r),dB (1) | . (4.2)
0

More generally, if h € G, welet g;,(t) := h - g(t), the Brownian motion on G starting
at .

Definition 4.2 Let B be the Borel o—algebra on G and for any T > 0, let
vr : Bg — [0, 1] be the distribution of g(T"). We will call vy the heat kernel measure
onG.

To be more explicit, the measure v7 is the unique measure on (G, Bg) such that

vr(f) = / Fdvr = E[f(g(T))] @3)

G

for all bounded measurable functions f : G — C. Our next goal is to describe the
generator of the process {g; (1)} >0.

Definition 4.3 A function f : G — C is said to be a cylinder function if it may be
written as f = F o wp for some P € Proj(W) and some function F : Gp — C,
where G p is defined as in Notation 1.1. We say that f is a holomorphic (smooth)
cylinder function if F : Gp — C is holomorphic (smooth). We will denote the space
of holomorphic (analytic) cylinder functions by A.

Proposition 4.4 (Generator of gy,) If f : G — C is a smooth cylinder function, let

O 2 2 dr——2 —~2
Lf = Z [(ej, 0) + (ie;,0) ] f+ z [(0, fi) +(0,if}) ] f. (44
j=1 Jj=1
where {e;}52, and {fj}‘;:1 are complex orthonormal bases for (H, (-, -)yg) and
(C, (-, -)c) respectively. Then Lf is well defined, i.e. the sums in Eq. (4.4) are con-
vergent and independent of the choice of bases. Moreover, for all h € G, JTL is the
generator for {g;(t)};>0. More precisely,

t

1
M = f (gn(0) — Z/Lf (gn (1)) dt 4.5

0

is a local martingale for any smooth cylinder function, f : G — C.
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Proof After bearing in mind the factor of 1/2 used in defining the Brownian motion
b(t) in Eq. (4.1), this proposition becomes a direct consequence of Proposition 3.29
and Theorem 4.4 of [4]. Indeed, the Brownian motions in this paper are equal in distri-
bution to the Brownian motions used in [4] after making the time change, t — #/2.Itis
this time change that is responsible for the 1/4 factor (rather than 1/2) in Eq. (4.5). O

4.1 Heat kernel quasi-invariance properties

In this subsection, we are going to recall one of the key theorems from [4]. We first
need a little more notation.

Let C(I:M denote the collection of Cl—paths, g :[0,1] = Gcuy- The length of g is
defined as

1
€Gen(8) = / | L1668’ @) ., 95- (4.6)
0

As usual, the Riemannian distance between x, y € G¢yy is defined as

Gy, (x, y) = inf {eGCM () :geCly 3 g(0)=xandg(l) = y} @

Let us also recall the definition of k(w) from [4, Eq. 7.6];

1 2
k(@) =—5 sup [, A

H . ®CR
AN e =1 Remme
2 2
=— sup o, Allgge = — lolguec > —00, (4.8)
Al =1

wherein we have used [4, Lemma 3.17] in the second equality. It is known by Fer-
nique’s or Skhorohod’s theorem that ||a)||% = ||a)||%,*®H*®C < 00, see [4, Proposition
3.14] for details.

Theorem 4.5 Forallh € Gepy and T > 0, the measures, vTolh_1 and vy o rh_l, are

. , drol;!
absolutely continuous relative to vy. Let Z! := (U;+T’1) and Z; = be the

respective Randon—Nikodym derivatives, k(w) is given in Eq. (4.8), and

d(vror, )
dUT

c(t) =

- foranyt € R
el —

with the convention that c(0) = 1. Then for all 1 < p < oo, Zi and Z}’l are both in
L? (vr) and satisfy the estimate

k(w)T/2 -1
12 ipiyy < 0 (“HTPE R ) @9)

where x =1 orx =r.
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Proof This is [4, Theorem 8.1] (also see [4, Corollary 7.3]) with the modification that
T should be replaced by 7/2. This is again due to the fact that the Brownian motions
in this paper are equal in distribution to those in [4] after making the time change,
t—t/2. O

It might be enlightening to note here that we call G¢jys the Cameron—Martin sub-
group not only because it is constructed from the Cameron—Martin subspace, H, but
also because it has properties similar to H. In particular, the following statement
holds.

Proposition 4.6 The heat kernel measure does not charge Gcy, i.e. vi(Gey) = 0.
Proof Note that for a bounded measurable function f : W x C — C that depends

only on the the first component in W x C, thatis, f(w, c) = f(w) we have

/ F)dvr(w, ¢) = ELf(B(T)] = / Fw)dpr w).
G w

Note that for the projection : W x C — W, w(w, ¢) = w we have m,vyr = ur and
therefore

vr(Gem) = vr(n ™ (H)) = moor (H) = ur(H) = 0.

O
For later purposes, we would like to introduce the heat operator, S; = e’L/4,
acting on L?(G, vr). To motivate our definition, suppose f : G — C is a smooth
cylinder function and suppose we can make sense of u (¢, y) = (e(T_’)L/4f)(y). Then
working formally, by It6’s formula, Eq. (4.5), and the left invariance of L, we expect
u(t, hg(t)) to be a martingale for 0 < # < T and in particular,

ELf (hg(T))] = E[u(T, hg(T))] = E[u(0, hg(0)] = (L4 f)(h).  (4.10)

Definition 4.7 For T > 0, p € (1,00],and f € L?(G, vr),let St f : Gecyr — Chbe
defined by

(ST f)(h) =/f(h-g)dvT(g) = E[f (hg(T))]. (4.11)
G

The following result is a simple corollary of Theorem 4.5 and Holder’s inequality
along with the observation that p’—1 = (p —1)~!, where p’ is the conjugate exponent
to p € (1, o0].

Corollary4.8 If p > 1, T >0, f € LP(G,vr), h € Gcpm, and

Zh € L7 (vr) = Nigg=ool? (v7) (4.12)
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is as in Theorem 4.5, then St f is well defined and may be computed as

(St f) (h) =/f(g)Zf1(g)dVT(g)- (4.13)
G

Moreover, we have the following pointwise “Gaussian” bounds

¢k (@) T/2)

ST/ W< N fllLewr eXp( T — 1)

dg..,, (e, h)) ) 4.14)

We will see later that when f is “holomorphic” and p = 2, the above estimate in
Eq. (4.14) may be improved to

1(ST /) W< N f L2y exp( d.,, (e, h)) forany h € Gey. (4.15)
This bound is a variant of Bargmann’s pointwise bounds (see [1, Eq. (1.7)] and
[6, Eq. (5.4)]).

Lemma 4.9 Let T > 0 and suppose that f : G — C is a continuous and in L? (vr)
for some p > 1. Then St f : Gecyu — C is continuous.

Proof Forq € (1, p) and h € G¢y we have by Holder’s inequality and Theorem 4.5
that

EIf (g™l = vr (1117 2}) <11, - | 2,

”f”q/p (C(k (w) T/Z)q
Lrr) © T (p—2q)

b
LP=a (vr)

d., (e, h)) (4.16)

Hence if {h,};2 | C Gcum is a sequence converging to & € Gy, it follows that

SUE|f (g (THI* < I £1315 (M

d? ,h
Lror) © T (p—gq) Sl;p Gem (e ")) <o
4.17)

which implies that { f (h,g(T))}:2 , is uniformly integrable. Since by continuity of f,
lim,— oo f(h,g(T)) = f(hg(T)), we may pass to the limit under the expectation to
find

Tim S7f (h) = lim Ef (h,g(T) = ELf (hg(T)] = Sr f (h).
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4.2 Finite dimensional approximations

Notation 4.10 For each P € Proj(W), let gp(t) denote the G p-valued Brownian
motion defined by

t

gp(t) = PB(t),Bo(t)—l-%/a)(PB(r),dPB(r)) . (4.18)
0

Also, for any t > 0, let v,P := Law(gp (1)) be the corresponding heat kernel measure
on Gp.

The following Theorem is a restatement of [4, Theorem 4.16].

Theorem 4.11 (Integrated heat kernel bounds) Suppose that p> : G — [0, 00) be
defined as

p*(w, ¢) = [wll}y + llellc - (4.19)

Then there exists a 6 > 0 such that for all ¢ € (0,8) and T > 0

sup E[e%pz(g”(”)] < oo and /e%pz(g)duT(g) < 0. (4.20)
P €Proj(W) P

Proposition 4.12 Let P, € Proj(W) such that P,|g 1 Iy on H and let g,(T) :=
gp,(T). Further suppose that 5 > 0 is as in Theorem 4.11, p € [1,00), and
[+ G — Cis a continuous function such that

1£(9)] < Ce*®/PT) forallg e G @.21)

for some ¢ € (0,8). Then f € LP(vr) and for all h € G we have

nliggo]E |f(hg(T)) — f (hgu(T)|P =0, (4.22)
and
Tim E|f ((T)h) = [ (ga(T)W)I” =0. (4.23)

1

Proof 1If g € (p, 00) is sufficiently close to p so that gp™ "¢ < §, then

SUpE | f (g4(THIY < C¥ supE [er” 47"/
n n

which is finite by Theorem 4.11. This shows that {| f (g, (T))|”}°°_, is uniformly inte-

n=1
grable. As a consequence of [4, Lemma 4.7] and the continuity of f, we also know
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that f(g,(T)) — f(g(T)) in probability asn — oo. Thus we have shown Egs. (4.22)
and (4.23) hold when & = e = 0. Now suppose that g = (w, ¢) and &7 = (A, a) are in
G. Then forall « > 0,

|
p2(gh) = |w+ Al% + |a +c + S0, A)

C
1
< Nwly + A5 + 2 1Al lwllw + llalle + liclc + 5 llo(w, Al
< P29 + p*(h) + C Al llwlly
Cr _
<P+ P ) + 5 [ 1AL +ealwl ]

(1+5) e+ (14 5) 7
S\1+— )@+ |1+ =)o (h), (4.24)
2 2a

where C (= (2 + %||a)||0). As Eq. (4.24) is invariant under interchanging g and &
the same bound also hold for p?(hg). By choosing & > 0 sufficiently small so that
1+ %)5 < 8, we see that g — f(gh) and g — f(hg) satisfy the same type of
bound as in Eq. (4.21) for g — f(g). Therefore, by the first paragraph, we have now
verified Egs. (4.22) and (4.23) hold for any 4 € G. O

5 Holomorphic functions on G and G¢

We will begin with a short summary of the results about holomorphic functions on
Banach spaces that will be needed in this paper.

5.1 Holomorphic functions on Banach spaces
Let X and Y be two complex Banach space and fora € X and § > 0 let
Bx(a,8):={xe X :|x—alx <3}

be the open ball in X with center a and radius §.

Definition 5.1 (Hille and Phillips [17, Definition 3.17.2, p. 112.]) Let D be an open
subset of X. A function u : D — Y is said to be holomorphic (or analytic) if the
following two conditions hold.

(1) u is locally bounded, namely for all a € D there exists an r, > 0 such that
M, = sup{|lu(x)|ly : x € Bx (a,rq,)} < oo.

(2) The function u is complex Gateaux differentiable on D, i.e. for each a € D and
h € X, the function A — u(a + Ah) is complex differentiable at . = 0 € C.

(Holomorphic and analytic will be considered to be synonymous terms for the
purposes of this paper.)
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The next theorem gathers together a number of basic properties of holomorphic
functions which may be found in [17]. (Also see [15].) One of the key ingredients to
all of these results is Hartog’s theorem, see [17, Theorem 3.15.1].

Theorem 5.2 If u : D — Y is holomorphic, then there exists a function u’ : D —
Hom(X, Y), the space of bounded complex linear operators from X to Y, satisfying

(1) IfaeD,x e Bx(a,ry/2), and h € Bx (0,r,/2), then

M,

Ju x4+ h) —u@x) —u' )R], < ra(ra —2hllx)

Inl%. (5.1

In particular, u is continuous and Frechét differentiable on D.
(2) The function u’ : D — Hom(X, Y) is holomorphic.

Remark 5.3 By applying Theorem 5.2 repeatedly, it follows that any holomorphic
function, u : D — Y is Frechét differentiable to all orders and each of the Frechét
differentials are again holomorphic functions on D.

Proof By [17, Theorem 26.3.2 on p. 766.], for each a € D there is a linear operator,
u'(a) : X — Y such that du(a + Ah)/dA|—0 = u’(a)h. The Cauchy estimate in
Theorem 3.16.3 (with n = 1) of [17] implies that if a € D, x € Bx(a,r,/2) and
h € Bx(0,r,/2) (sothat x +h € Bx(a, ry)), then ||u'(x)h|y < M,. It follows from
this estimate that

sup {||u’ )l omex vy ¥ € Bx (@. ra/2)} <2My/ra. (5.2)

and hence that u’ : D — Hom(X, Y) is a locally bounded function. The estimate in
Eq. (5.1) appears in the proof of the Theorem 3.17.1 in [17] which completes the proof
of item 1.

To prove item 2. we must show u’ is Géteaux differentiable on D. We will in
fact show more, namely, that u’ is Frechét differentiable on D. Given h € X, let
Fy : D — Y be defined by Fj,(x) := u'(x)h. According to [17, Theorem 26.3.6], F},
is holomorphic on D as well. Moreover, if « € D and x € B(a, r,/2) we have by
Eq. (5.2) that

I1FnC)lly <2Mgllhllx /ra-

So applying the estimate in Eq. (5.1) to F},, we learn that

4(2Malhlix /ra)
5 (% —21klx)

| Fn (x + k) — Fy (x) — Fjy () k|, < kD% (5.3)
for x € B(a, ry/4) and ||k||x < r,/4, where

d d
/ I = —_— / = 2 N
F,(x)k = ’h loFp (x + Ak) dklou (x +Ak)h =: (8 u) (x; h, k).
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Again by [17, Theorem 26.3.6], for each fixed x € D, (82u)(x; h, k) is a continuous
symmetric bilinear form in (4, k) € X x X. Taking the supremum of Eq. (5.3) over
those & € X with ||h]|x = 1, we may conclude that

u (x4 k) —u (x) = 8%u (x; -, k)

Hom(X,Y)
= sup |Fy(x+k) — Fpx) — F[l(x)k”Y
lAllx=1
412My/r,)

< KN
Y

This estimate shows u’ is Frechét differentiable with u”(x) € Hom(X, Hom(X, Y))
being given by u” (x)k = (8%u)(x; -, k) € Hom(X,Y) forallk € Xandx e D. O

5.2 Holomorphic functions on G and G¢

For the purposes of this section, let Go = Gand go = gor Go = Gcp and go = gcm-
Also for g, h € g, let (as usual) adyh := [g, h].

Lemma 5.4 For each g € Gy, I, : Go — Gy is holomorphic in the || - || g,—topol-
0gy. Moreover, a function u : Go — C defined in a neighborhood of g € Gy is
Gateaux (Frechét) differentiable at g iff uoly is Gateaux (Frechét) differentiable at 0.
In addition, if u is Frechét differentiable at g, then

/ 1
(woly) (OVh=u'(g)|h+ =g ). (5.4)
2

(See [13, Theorem 5.7] for an analogous result in the context of path groups.)

Proof Since
1 1
lg(hy=gh=g+h+ 5[8, hl=g+ (Idgo + Eadg) h,

it is easy to see that /, is holomorphic and lé is the constant function equal to Idg, +

%adg € End(go). Using adﬁ = 0 or the fact that lg_1 = lg—l , we see that lg, is invertible
and that

1 - 1
-1
lé = (Idg() + Eadg) = Idg() — Eadg.

These observations along with the chain rule imply the Frechét differentiability state-
ments of the lemma and the identity in Eq. (5.4).
If u is Gateaux differentiable at g, h € go, and k := h + %[g, h], then

d d d
— ly(Ah) = — - (Ah)) = — Ak
Zolow o Lg(h) = ——lou (g - (M) = —lou(g + Ak)
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and the existence of 7 lou(g +Ak) implies the existence of T louolg (Lh). Conversely,
if uoly is Géteaux dlfferentlable at0, h € go, and

1 1 -1
k:=h-— 3 g, h] = (Idgo + Eadg) h,
then

1
lg (k) =g+ A (Idgo + Eaazg) k =g+ Ah.

So the existence of %k)(u o lg)(Ak) implies the existence of % lou(g + Ah). O

Corollary 5.5 A function u : Go — C is holomorphic iff it is locally bounded and
h — u(geh) = u(g - h) is Gdteaux (Frechét) differentiable at O for all g € Gy.
Moreover, if u is holomorphic and h € g, then

(i) (9 = %w (ge") = u'(e) (h +1g.h)

is holomorphic as well.

Notation 5.6 The space of globally defined holomorphic functions on G and Gcy
will be denoted by H(G) and H(G c ) respectively.

Notice that the space A of holomorphic cylinder functions as described in Defini-
tion 4.3 is contained in H(G). Also observe that a simple induction argument using
Corollary 5.5 allows us to conclude that hi...hyu € H(Gy) for all u € H(Gg) and
hl,...,hn < go-

Proposition 5.7 If f € H(G) and h € g, then ihf = ihf, ihf = —ihf,
~\2 ~
() + 7] £ =0, and (5.5)
~ ~ ~ 12
(h2 + ihz) IfI2 =4 )hf‘ . (5.6)
Proof The first assertions are directly related to the definition of f being holomorphic.

Using the identity ihf =ihf twice implies Eq. (5.5). Equation (5.6) is a consequence
of summing the following two identities

RPUfP=h(f-f)=0f f+f-W*f+2hf -hf
and

i |12 = ih(f-f)=ih o f+ i F 2 inf
h

and using Ef =hf. O
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Corollary 5.8 Let L be as in Proposition 4.4. Suppose that f : G — C is a holo-
morphic cylinder function (i.e. f € A), then Lf = 0 and

~ 12
AVEES N 5.7)
hel’
where ' is an orthonormal basis for gcy of the form
00 d
=T, Uly={(, 0)},':1 U {(o, f,-)}j:1 (5.8)

with {e }?o L and { f; }‘Ji.: | being complex orthonormal bases for H and C respectively.

Proof These assertions follow directly form Eqs. (4.4), (5.5), and (5.6). O

Formally, if f : G — Cis a holomorphic function, then e”2/% f = f and therefore
we should expect St f = f|G, Where St is defined in Definition 4.7. Theorem 5.9
below is a precise version of this heuristic.

Theorem 5.9 Suppose p € (1,00) and f : G — C is a continuous function such
that f|Gcy € H(Gcm) and there exists P, € Proj(W) such that P,|g 1 I, then

<
I erry <RIl (g, ) (5.9)

If we further assume that

sup ”f”m(apn,vgn) < o0, (5.10)

then f € LP(vr), St f = flGey, and f satisfies the Gaussian bounds

¢ (k(w)T/2)

d? h h . (511
T -1 Gen (€ ))forany € Gey. (5.11)

[fF W< f e exp(

Proof According to [4, Lemma 4.7], by passing to a subsequence if necessary, we may
assume that gp, (') — g(T') almost surely. Hence an application of Fatou’s lemma
implies Eq. (5.9). In particular, if we assume Eq. (5.10) holds, then f € L?(vr) and
so St f is well defined.

Now suppose that P € Proj(W) and & € G p. Working exactly as in the proof of
Lemma 4.9, we find for any g € (1, p) that

o ctr@T/2)q
E|f (hgp (I < IFIG, ) exp( )

g, (e, h)) . (5.12)
where dg, (-, -) is the Riemannian distance on G p and (see [4, Eq. (5.13)]),

1
kp (@) = =5 sup {0 . A pppypge s A € PH, [Alpy =1} (5.13)
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Observe that kp(w) > k(w) and therefore, as ¢ is a decreasing function, c(k(w)) >
c(kp(w)).Letm € Nbe givenand h € G p,. Then for n > m we have from Eq. (5.12)
that

k T/2
E|f (hgp,(D)|T < 17197 Pn>exp(M dg, (e, h))

Lp(GPn’VT T(q )
q/p C(k(w)T/Z)q
U, ) (—T DA, h))

wherein in the last inequality we have used c(k(w)) > c(kp(w)) and the fact that
dé (e, h)isdecreasinginn > m.Henceitfollows thatsup,,>,, E|f(hgp,(T))]? < o0
and thus that { f (hgp,(T))}n>m is uniformly integrable. Therefore,

Srf() = Ef(hg(T)) = lim Ef (hgp, (T)) = lim / fhoydvy (). (5.14)
Gp

n

On the other hand by [4, Lemma 4.8] (with T replaced by 7 /2 because of our
normalization in Eq. (4.1)), vﬁ" is the heat kernel measure on G p, based ate € Gp,,
i.e. v;)" (dx) = pﬁ';z (e, x)dx, where dx is the Riemannian volume measure (equal
to a Haar measure) on G p, and pIT)" (x, y) is the heat kernel on G p,. Since f|g,,

is holomorphic, the previous observations allow us to apply [5, Proposition 1.8] to
conclude that

/ fhx)ydvE () = £ () foralln > m. (5.15)

Gr,

Asm € Nwasarbitrary, combining Egs. (5.14) and (5.15) implies that St f (h) = f(h)
forall 7 € Go := U;;enGp,, - Recall from Lemma 4.9 that St f : Gey — Cis con-
tinuous and from the proof of [4, Theorem 8.1] that G is a dense subgroup of G¢yy.
Therefore we may conclude that in fact Sy f(h) = f(h) for all h € Gcy. The
Gaussian bound now follows immediately from Corollary 4.8. O

Corollary 5.10 Suppose that § > 0 is as in Theorem 411 and f : G — Cisa

continuous function such that f|c,, is holomorphic and | f| < C 0’/ (PT) for some
e €[0,6). Then f € LP(vr), St f = f, and the Gaussian bounds in Eq. (5.11) hold.

Proof By Theorem 4.11, the given function f verifies Eq. (5.10) for any choice of
{P,}02, C Proj(W) with P,|y 1 P strongly as n 1 oo. Hence Theorem 5.9 is
applicable. O

As a simple consequence of Corollary 5.10, we know that P C L” (vr) (see Defi-
nition 1.6) and that (S7 p)(h) = p(h) forallh € Gcy and p € P.

Notation 5.11 For T > Oand 1 < p < o0, let .Ap and HP (G) denote the LP (vy)—
closure of AN LP(vr) and P, where A and P denote the holomorphic cylinder
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functions (see Definition 4.3) and holomorphic cylinder polynomials on G respec-
tively.

Theorem 5.12 Forall T > 0 and p € (1, 00), we have St(H%(G)) C H(Gcm).

Proof Let f € HP(G) and p, € P such that limy—oo || f — pullLrwy) = O. If
h € Gcu, then by Corollary 4.8

IS f (h) — pn (W) = |ST (f — pn) (W]

k(w)T/2
< S = pallLey) exp (&)/)d2 (e, h)) .

T(p—1) Ccm

This shows that St f is the limit of p,|g,, € H(Gcn) with the limit being uniform
over any bounded subset of /’s contained in G¢ys. This is sufficient to show that
St f € H(Gcy) via an application of [17, Theorem 3.18.1]. O

Remark 5.13 Tt seems reasonable to conjecture that A% = H%(G), nevertheless we
do not know if these two spaces are equal! We also do not know if Sz f = f for
every f € AN L*(vr). However, Theorem 5.9 does show that S7 f = f for all
f € ANpeprojw) Lp(v;)) with Lp(vﬁ)—norms of f being bounded.

6 The Taylor isomorphism theorem
The main purpose of this section is to prove the Taylor isomorphism Theorem 1.5 (or
Theorem 6.10). We begin with the formal development of the algebraic setup. In what

follows below for a vector space V we will denote the algebraic dual to V by V'. If V
happens to be a normed space, we will let V* denote the topological dual of V.

6.1 A non-commutative Fock space

Notation 6.1 Forn € N [et 9%71(/1 denote the n—fold algebraic tensor product of gcuy
with itself, and by convention let 9?1?/1 := C. Also let

T:=T(@gcm) =COgom D ogy Daey @ ...
be the algebraic tensor algebra over gcy, T be its algebraic dual, and J be the two-
sided ideal in T generated by the elements in Eq. (1.3). The backwards annihilator of
Jis
JO={aeT  a(J)=0}. 6.1)

For any a € T' and n € NU{0}, we let a,, := alg%d € (g?nM)’.

After the next definition we will be able to give numerous examples of elements
70
n J°.
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Deﬁnitipn 6.2 (Left differentials) For f € H(Gcum), n € NU{0}, and g € Gcu,
define f,(g) := D" f(g) € (2%, by

(P°r) @ = f(e) and

(D" f(@.m @ @)= (b ...huf) (@) 6.2)

for all and hy, ..., h, € go, where hfis given as in Eq. (3.8) or Eq. (3.10). We will
write Df for D! f and f(g) to be the element of T(gcy )’ determined by

<f(g), ﬁ> - <fn(g), ﬁ> forall B € g, and n & No. 6.3)

Example 6.3 As a consequence of Eq. (3.11), f(g) e JOforall f € H(Gcy) and
g€Gem.

In order to put norms on J, let us equip g?”M with the usual inner product deter-
mined by

n

M@ Qhp k1 ®--- Q%_H hj kj)g.,, foranyhikj€gcu. (6.4)
j=1
For n = 0 we let (z, w)g% = zw for all z,w € g?g,l = C. The inner product

(- ) & induces a dual inner product on (g%’ﬂ‘l)* which we will denote by (-, -),,. The

associated norm on (g?;’,,)* will be denoted by || - ||,,. We extend || - ||,, to all of (g?"M)/
by setting ||B|l, = o0 if B € (g%ﬁ,[)’ \ (g?”M)*. If I' is any orthonormal basis for gc s,
then || B||,, may be computed using

1Be, = 2. B @ - @ha)l. (©6.5)

hi,...h,€l

Definition 6.4 (Non-commutative Fock space) Given T > 0 and @ € J 0(gc M), let

0 n

r 2
I3 gy = 2 -7 Il (6.6)
n=0
Further let
0 - 0 . 2
79 @em) = {a € I @em) s lalg g < o). ©.7)

The space, J}) (gcm), is then a Hilbert space when equipped with the inner product

Tn
(@ B) aeay = 2 7 (@ Bu)u forany @, B € J7 (gcu). (6.8)
n=0
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6.2 The Taylor isomorphism

Lemma 6.5 Let f € H(Gcy) and T > 0 and suppose that {P,}52 | C Proj(W) is a
sequence such that Pylgc,, 1 Igcy, asn — 0o. Then

(6.9)
where || - ”H%(GCM) is defined in Eq. (1.4).
Proof By Theorem 5.1 of [6], for all P € Proj(W),
, 6.10
12 Graf) = |7 @] o, (6.10)
where
.2 X Tn . 2
@l =2Zw X fomeoml  ©m
n=0 {nj}i_crp
and I"p is an orthonormal basis for gp. In particular, it follows that
1 heGen = S0 | £ @ (6.12)
HyGew) = eProE)(W) J7(ap)
and hence we must now show
sup = H f e . (6.13)
PeProj(W) J(gp) I (acm)
If T is an orthonormal basis for gc s containing I p, it follows that
T
< F (e) . h ®---®h> =7 @
) ng(“) n! ,,Z ‘<f 1 f JO(QCM)

{h;}j_jcr
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which shows that SUP peproj(W) Il f(e) “J]Q(QP) < || f(e) ||J;)(9CM).WC may choose ortho-
normal bases, I'p, , for gp, such that I'p, 4 I" as n 1 oo. Then it is easy to show that

S 112, ) = i 7@ e

:nlinéoii_? > ’<f(e),h1®---®hn>

n=0 . {hj}l;':lcrpn

:i% > |[fe.me- o)

n=0 """ {n; Yioicr

=[/@

2

2

J2(gem)

from which it follows that Sup p.cpyojcw) Il £ (€l N = | fel t(aen): O

For the next corollary, recall that P and Pcys denote the spaces of holomorphic
cylinder polynomials on G and G ¢ respectively, see Definition 1.6 and Eq. (1.7).

Corollary 6.6 If f : G — C is a continuous function satisfying the bounds in Propo-
sition 4.12 with p = 2, then flG.,, € H% (Gem) and f(e) € J;) (gcm). In particular,
forallT >0, Pcy C H%(GCM) and for any p € P, p(e) € J})(QCM). This shows
that H% (Gem) and J(T) (gcm) are non-trivial spaces.

Definition 6.7 For each T > 0, the Taylor map is the linear map, 77 : H%(Gc M) —
J2(gcm), defined by Tr f = f(e).

Corollary 6.8 The Taylor map, 17 : H% (Gem) — J(T) (gcm), is injective. Moreover,
the function || - ”H%(GCM) is a norm on HzT(GCM) which is induced by the inner

product on HzT(GCM) defined by
(u, U>H%"(GCM) = (ﬁ (e),v (e))l$(QCM) foranyu,v € H% (Gem). (6.14)

Proof 1f f(e) = 0, then ”f”HZ}(GcM) = 0 which then implies that f|g, = 0 for
all P € Proj(W). As f : Gecy — Cis continuous and Upeprojw)G p is dense in
Gcu (see the end of the proof of Theorem 5.9), it follows that f = 0. Hence we
have shown 77 injective. Since || - || 19gca) is a Hilbert norm and, by Lemma 6.9,
”f||H2T(GCM) = ”TTf”J?(ch)’ it follows that || - ”HZT(GCM) is the norm on H% (Gem)
induced by the inner product defined in Eq. (6.14). O

Our next goal is to show that the Taylor map, 77, is surjective. The following lemma
motivates the construction of the inverse of the Taylor map.
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Lemma 6.9 Forevery f € H(Gcum),
1
o= (Fr(@.8%") foranyg e Gen. (6.15)

where the above sum is absolutely convergent. By convention, g?° = 1 € C. (For a
more general version of this Lemma, see Proposition 5.1 in [3].)

Proof The function u(z) := f(zg) is a holomorphic function of z € C. Therefore,

o0

1
f@) =u()y =2 —u" )

n=0

and the above sum is absolutely convergent. In fact, one easily sees that for all R > 0
there exists C(R) < oo such that ni!lu(") (0)] < C(R)R" for all n € N. The proof is
now completed upon observing

d\" d\"
u™(0) = (E) u(t) li=o = (E) F(t8) li=o

d\" .
= (E) fe®) =0 = (g”f) (e) = <fn (e), g®n>.

The next theorem is a more precise version of Theorem 1.5.

Theorem 6.10 (Taylor isomorphism theorem) For all T > 0, the space H% (Gem)
equipped with the inner product (-, '>H2T(GCM) is a Hilbert space, T(HzT (Gcm)) C
J? (gcm), and T = T'HZT(GCM) : H% (Gem) — J(T)(QCM) is a unitary transforma-
tion.

Proof Given Corollary 6.8, it only remains to prove 77 is surjective. So let
o€ J?(QCM). By Lemma 6.9, if f = TT_la exists it must be given by

o]

1
f(g): Z = (o, g®") forany g € Gem (6.16)

We now have to check that the sum is convergent, the resulting function f is in
H(Gcm), and f(e) = «. Once this is done, we may apply Lemma 6.5 to con-
clude that ”f”H"}(GCM) = ”a”JTO(gczw) < oo and hence we will have shown that

f € HQT(GCM) and 77 f = «. For each n € N U {0}, the function u,(g) :=
% (0, ") is a continuous complex n—linear form in ¢ € G¢y and therefore holo-
morphic. Since |(@s, §°")| < llaullullg ;- then for R > 0

sup {lun ()] : lgllge,, < R} < llewall, R™.
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Therefore it follows that

}’L

> sup {lun(@)] < Igllge, < R} < Z ||an||n—

n=0
oo 00 2
" T" (R"
2
< ZF lleen 17 ZF (ﬁ)
n=0 n=0
2
= lletll 9 (g, € /7 < 00, (6.17)

This shows f(g) = limy_ z —o Un(g) with the limit being uniform over g in
bounded subsets of gcys. Hence, the sum in Eq. (6.16) is convergent and (see [17,
Theorem 3.18.1]) the resulting function, f, is in H(Gc ). Since

o0

n
f(zh) = Zz—(an,h‘g’") foranyz € C and & € gcpy,
= n!

it follows that

(o, h") = (diz) f(zh)lzmo = (%) £ (") limo = (o @), n%")..

This is true for all n and h € gcu, so we may use the argument following Eq. (6.13)
in [3] (or see the proof of Theorem 2.5 in [7]) to show f(e) = «. O

As a consequence of Eq. (6.17) we see that if f € HzT(Gc m) then

2 2T
F @1 <Nl ey €"Voen T forany g € Geu. (6.18)

The next theorem, which is an analogue of Bargmann’s pointwise bounds (see [,
Eq. (1.7)] and [6, Eq. (5.4)]), improves upon the estimate in Eq. (6.18).

Theorem 6.11 (Pointwise bounds) If f € HzT(GCM) and g € Gcu, then for all
g€Gcum,

2
F @ S U f 3 ey €764 CD, (6.19)

where dé (5 +) is the distance function on G ¢y defined in Eq. (4.7).

Proof Let P, € Proj(W) be chosen so that P,|g.,, 1 Igc, asn — oo and recall
that Gy := U2 |G p, is a dense subgroup of G¢y as explained in the proof of The-
orem 59.Let g € Gp, forsomem € Nandleto : [0,1] = Gcy bea Cl-curve
such that 0(0) = eand o (1) = g. Thenforn > m, 0,,(t) ;== mp,(c(t)) isa C! curve
in G, such that 0,,(0) = e and 0,,(1) = g. Therefore by [6, Eq. (5.4)], we have

@ Springer



512 B. K. Driver, M. Gordina

dg,, (©.8)/CT) 2

. Lt (on)/(2T)
Lz(Gpn,v?’) e SHfHH%(GcM) e “cM )

@I < || flap,

(6.20)

where £¢.,, (0,) is the length of o, as in Eq. (4.6). In the proof [4, Theorem 8.1], it
was shown that lim,,_, 0 £G ), (0n) = €G-, (0). Hence we may pass to the limit in

Eq. (6.20) to find, | f (g)| < "f”H%(GcM) -eKZGCM (ﬂ)/(ZT). Optimizing this last inequal-
ity over all o joining e to g then shows that Eq. (6.19) holds forall g € Gy. This suffices
to prove Eq. (6.19) as both sides of this inequality are continuous in g € G¢ys and
Goisdensein Geoyy. O

7 Density theorems

The following density result is the main theorem of this section and is crucial to the
next section. Techniques similar to those used in this section have appeared in Cecil
[2] to prove an analogous result for path groups over stratified Lie groups.

Theorem 7.1 (Density theorem) For all T > 0, Pcy defined by Eq. (1.7) is a dense
subspace of H% (Gem).

Proof This theorem is a consequence of Corollary 7.4 and Proposition 7.12 below. O

The remainder of this section will be devoted to proving the results used in the
proof of the theorem. We will start by constructing some auxiliary dense subspaces of
J2(gcm) and H3(Gem).

7.1 Finite rank subspaces

Definition 7.2 A tensor,«a € J 0(gc M), 1s said to have finite rank if «;, = 0 for all but
finitely many n € N.

The next lemma is essentially a special case of [7, Lemma 3.5].

Lemma 7.3 (Finite Rank Density Lemma) The finite rank tensors in J(T) (gcm) are
dense in Jg (gcm)-

Proof For 0 € R, let ¢g : gcmy — gcm be defined by
vo(A,a) = (¢4, e%a).
Since
(09 (A, a), 9o (B, b)] = [(eigA, e"29a) : (eieB, eizeb)]
- (O,w (eieA,eieB)) - (0, ¢ w(A, B))
= ¢y [(A, a), (B, b)]

we see that ¢y is a Lie algebra homomorphism.
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Now let @¢ : T(gcayr) — T(gcm) be defined by ©y1 = 1 and
Dy (M @ ---Qhy) =poh1 @ --- Q gh, forallh; € gcpy andn € N.

If we write £ Anforé ® n —n ® &, then

Do(E A —1[&,1]) = (@eie) N (@,i9m) — @,i0[&, 1]
= ((pei"g) A (%W 77) - [‘Pems» q)e[“ 77]

From this it follows that ®y(J) C J and therefore if @ € JO(QCM), then o o @y €

JO(gCM)_. Letting I" be an orthonormal basis as in Eq. (5.8), we have gph = e2h or
@gh = ¢'%h for all h € T'. Therefore it follows that

oo @y, k1 @ ko ® -+~ @ kn)|* = (e, pok1 ® poka @ - - - ® poky)|*
= o, ki @k ® -+ ® k) |?

and hence that

]

T}’l
2 fr— — ... 2
leo @ol g, =2 D leo®ki@k® &kl
n=0 k1.k2,....knel’
o n

— 2 __ 2
=2 2 Mekh®khe k)l =lally, .

So the map o € J}) (gcm) > ao Py € J? (gcm) 1s unitary. Moreover, since

e, pok1 @ ppka ® -+ @ okn) — (0t k1 @ k2 ® - - - ® ki) |
2o k1 ® ko ® - @ ky)|?

we may apply the dominated convergence theorem to conclude

2

lim || o @y —
Jim I ) IIJg(gCM)

=

oo
:Z_; > Jim (e, o1 @ poka ® -+ @ Pokn)

so that @« — « o Py is continuous. (Notice that &y o &, = Py, so it suffices to
check continuity at 6 = 0.)
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Let
1 sin?(n6/2)
B0 =g S 3 = L)
T = = 2mn sin®(6/2)

denote Fejer’s kernel [28, p. 143]. Then ffﬂ F,,(60)d6 = 1 for all n and
lim / F,(0)u(©)dd = u(0) forallu € C ([—m, ], C).
n—0oo
T

We now let

g

a(n) = /a o @y F, (0)do0.

-7

Then

lim sup |l — « (n)ll hm sup / [0 — a0 Dg] F,,(0)dO

TP (gcm)
< li,?lsol;p/ le —a o CD9||J¥(QCM) F,(0)do = 0.
Moreoverif B := ki, ..., ki € gcp Withm > n, then there exits 8; € g®m such that

2m )
D =D cp;.

I=m
From this it follows that
T 2m s
(@ p) = [ (@ @up) )0 =3 (w i) [ " F @10 =0
-7 l=m -7

from which it follows that a(n),, = O for all m > n. Thus «(n) is a finite rank tensor

forall n € N and limsup,,_, o, [l — Ol(n)“JO(g w .

Corollary 7.4 The vector space,
H3 i (Geur) = {u € H2 (Gew) <t (e) € J2 (acar) has finite rank} 7.1)

is a dense subspace of H% (Gem)-
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Proof This follows directly from Lemma 7.3 and the Taylor isomorphism Theo-
rem 6.10. o

7.2 Polynomial approximations

To prove Theorem 7.1, it suffices to show that every element u € Hzr,ﬁn (Gcm) may

be well approximated by an element from H% (G). In order to do this, let {e; : j =
1,2,} C H, be an orthonormal basis for H and for N € N, define Py € Proj(W) as
in Eq. (2.17), i.e.

N
Py(w) =Y (w.ej), ej forallweW. (7.2)
j=1

Let us further define y := mp, and
uy :=uomy forall N € N. (7.3)

We are going to prove Theorem 7.1 by showing uy € P and uy — u in H% (Gem).
Remark 7.5 A complicating factor in showing unyl|G.,, — u in H%(GCM) is the

fact that for general w and P € Proj(W), mp : G — Gp C Gcy is not a group
homomorphism. In fact we have,

mp[(w, o) (W', )] —mpw,c)-mp (W', ') =Tp (w,w') (7.4)

where

p (w, u/) = % (0, 1) (w, w/) —w (Pw, Pw’)) (7.5)

So unless w is “supported” on the range of P, mwp is not a group homomorphism.
Since, (w, b) + (0, ¢) = (w, b) - (0, ¢) forall w € W and b, ¢ € C, we may also write
Eq. (7.4) as

mp[(w,0)- (W', )] =mpw,c) -mp (W', ) - Tp(w,w). (7.6)
Lemma 7.6 To eachk := (A, a) € gcm, & = (w,c) € G, and P € Proj(W), let

kP () = kP (w,c) .= wpk + Tp(w, A) € gp (7.7)

where T p is defined in Eq. (7.5) above. If u : Gcy — C is a holomorphic function
and g € G, then

k(uomp))(g)=(Du(rp().k"(g) (7.8)
( )@ =( )
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or equivalently put,

(o 7h(8). k) = (D (womp) (). k) = (Du (rp(e) K (). (79)

Proof By direct computation,

(Fworp) (e o

)

<Du (p(g) . [mp() " - 7p (3 ' elk)>

0

dt

0

where by Eq. (7.6),

= (e e (50 ¢%))

d 1
— (P(tA),a—l——a)(w,tA) —a)(Pw,tPA))
dt |, 2

0

(PA, a+ %a)(w, A) —w(Pw, PA))

=mnpk+Tp(w, A).

[m}
Notation 7.7 Given P € Proj(W) and kj = (Aj,cj) € gcm, let Kj =k :
Gem — gem and ki : Gem — @’}:19?1{4 be defined by
Kn = (];n + Kn®) (lgn—l + Kn—1®) (/;1 + K1®) 1
- (k + K,,®) (/E,H + K,H@) . (122 + K2®) K. (7.10)

In these expressions, K ;@ denotes operation of left tensor multiplication by K ;.

Example 7.8 The functions «, are determined recursively by k1 = K and then
Kn = (Kn ® +/En) K1 = Kn ® kn_1 + fnicn_1  foralln >2.  (7.11)
The first four «,, are easily seen to be given by, k| = K1,

=Ky ® K| +kKi =K, ® K| +Tp (A2, Ay),
K3 = (K3 ® +/23) (K2 ®@ K1+ I'p (A2, A1)
=K3Q0K)® Ki+K3®T'p (A2, A1) +T'p (A3, A2) ® K1+K, ® T'p (A3, Ay),
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and

ks = K4 ® K3 ® K2 ® K

Ki®K3®Tp (A2, A1) + K4 ®T'p (A3, A2) ® K1 + K4 ® K2 ® T'p (A3, Ay)
+Ip (A4, A3) @ K2 @K1 + K3 T p (A4, A2) ® K1 + K3 ® Ko @ 'p (A4, Ay)

+0p (Ag, A3) @ T'p (A2, A1) +Tp (A3, A2) @ T'p (A4, A1) +Tp (A4, A2)  T'p (A3, AY) .

Atthe end we will only use k, evaluated ate € G ¢y,. Evaluating the above expressions
at e amounts to replacing K ; by wpk; in all of the previous formulas.

Proposition 7.9 Ifu € H(Gcuy), then, with the setup in Notation 7.7, we have
(u/on\p,kn®~~~®k1)=<ﬁonp,/cn) foranyn € N, (7.12)

where both sides of this equation are holomorphic functions on G¢cyy.

Proof The proof is by induction with the case n = 1 already completed via Equation
(7.9). To proceed with the induction argument, suppose that Eq. (7.12) holds for some
n € N. Then by induction and the product rule

(o Tp, knt1t @ kn ® -+ @ k1) = kny1 (H 0 TP, knt1 @ ky ® -+ @ ki)
£n+l <ﬁ omp, Kn)

= (@0 mp, kusren) + (ks [0 7] k). (713)

To evaluate I;nH[ﬁ omp]let v € T(gcy) and let v denote the corresponding left
invariant differential operator on G ¢ps. Then

(brsi [@07p] . v)(9) = (Rarr ([ 0 7r] ) (&)
= (Busr [ 0 7p]) ()

= (D @) (r (@) kL1 (9)

= (k,fH(g)ﬁu) (rp(g))
= (@ G0 K@) @ v). (7.14)

Combining Eqgs. (7.13) and (7.14) shows,

<u/°—77\Pa kn+l ® ky ®®kl) = <ﬁ omp, kn+l"n>+<ﬁ O”P,kyﬁ,] ®Kn>

= <l2 ormp, £n+1Kn + k,f_H & Kn> = <1/Al ormp, Kn+1>
wherein we have used Eq. (7.11) for the last equality. O
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The induction proof of the following lemma will be left to the reader with Exam-
ple 7.8 as a guide.

Lemma 7.10 Letk; = (Aj,cj) € gcm for1 < j < n, I_%J = n/2 if n is even and
(n —1)/2ifnis odd, and k, be as in Eq. (7.10). Then

kp(€) =mpk, @ -+ @ mpky @ mpki + R (P 1 ky, ..., k1), (7.15)
where
[5]
R(P:kn,...ki) =D Rj(P:kn.,....k1) (7.16)
j=1
with Rj(P : ky,...,ky) € g?](;_j). Each remainder term, Rj(P : ki, ..., k), isa

linear combination (with coefficients coming from {1, 0}) of homogenous tensors
which are permutations of the indices and order of the terms in the tensor product of
the form

Tp(A1,A)® - ®Tp (Agj_1,A2j) ®k2jr1 ® -+ Q k. (7.17)

Proposition 7.11 Let Py € Proj(W) and my := mp, be as in Notation 1.1 and
suppose that u € H(Gcy) satisfies ||, (€)|l, < oo for all n. Then

ngnoo itn(e) — [u/on\N(e)]n”n =0 forn=0,1,2,--- (7.18)

Proof To simplify notation, let a,, := ii,,(e) and o, (N) := [it o wy(e)],. Let " be an
orthonormal basis for gc s of the form in Eq. (5.8) and letk := (ky, k2, ..., k,) € ['".
Then

(@—a(N),ki® - Qky) = (a0, k1 ® -+ @ kn — TNk1 Q@ -+ - ® TN ky)
+ (o, R (Py : K))

where R(Py : K) is as in Lemma 7.10. Therefore, ||, — o, (N) ||, < Cn + Dy where

Cy = Z|<a,R(PN:k)>|2 and
kel

Dy = Z|(c(n,k1®--~®kn—7TNk1®"'®77Nkn>|2'
kel
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We will complete the proof by showing that, imy_, oo Cxy = 0 = limy_c Dy. To
estimate Cy, use Lemma 7.10 and the triangle inequality for £, (I"") to find,

3] Pl
Cv=| D DRy Py )| <D D [(o Ry (Py K|
kel | j=1 j=1Y\ ker”

But >y [, Rj(Py : K)) | is bounded by a sum of terms (the number of these
terms depends only on j and n and not N) of which a typical term (see Eq. (7.17)) is;

Z l{n—j. Tpy (A1, A2) @ -+~ @ Tpy (A2j1, Azj) ®koji1 ® - - ®kn>|2-
kel
(7.19)

The sum in Eq. (7.19) may be estimated by,

J

o0
2 2
len—s 5 e

Jen—jll,— j le 1 IThy (ensen) g, - 1T (e en) I, =
1-l2j=

1 o
ex =7 > lo (e e — o (Pyer, Prenl
k=1
o

1
=7 > (e e) — o (Pye. Pyenlig
max (k,[)>N
1 o0
<3 2 le@.e)lE— 0ad N - co.
max(k,[)>N

Thus we have shown limy_, o Cny =0
For N € N, let 'y = {(0, f)}9_, U {(e;, 0)}_,. Since k1 ® - @ ky = 7nki
® ---Qank, ifk := (k1, ko, ..., k,) € T, it follows that

Dy = > lank ® - ®@ky—7nki ® - ® Tyky) |
kel"\T'%,

<2 > Haw ki@ @kl (7.20)
kel"\I'},

Because

> Hem ki ® - ® kn) 2 = llon |12 < 00
kel
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and I'y, » T'y as N 1 oo, the sum in Eq. (7.20) tends to zero as N — oo. Thus
limy_ 00 Dy = 0 and the proof is complete. m|

Proposition 7.12 [fu € HTﬁn(GCM) anduy :=uony asinEq. (7.3), thenuy € P
and un|Gey — U in HT(GCM).

Proof Suppose m € N is chosen so that i,(e) = 0 if n > m. According to Proposi-
tion 7.9,

(N, ky ® - ®ki) = (ii(e), kn(e))

where k, (e) € @] 1 gC/(S 7 From this it follows that (un@©),k, ® - - Qky) =0if
n = 2m + 2. Therefore, u y restricted to Py H x C is a holomorphic polynomlal and
since uy = un|pyHxc oy, it follows that uy € P. Moreover,

2m+2

Jim i @) =iy @ 0q,,, = Jim Z—Hun(e) [in @],]2 =

wherein we have used Proposition 7.11 to conclude limy— o |21, (€) — [ n (€)11 ]l = O
for all n. It then follows by the Taylor isomorphism Theorem 6.10 that limy_, o ||# —

8 The skeleton isomorphism

This section is devoted to the proof of the skeleton Theorem 1.8. Let us begin by
gathering together a couple of results that we have already proved.

Proposition 8.1 If f : G — Cis a continuous function such that f|g..,, is holomor-
phic, then

1220 < WF1Geulln G = 17 @10 gen- @®.1)

If ”flGCM”HZ Gey = then St f = f and f satisfies the Gaussian pointwise
bounds in Eq (6.19). (See Corollary 8.3 for a more sophisticated version of this
proposition.)

Proof See Theorems 5.9 and 6.11. O

Lemma 8.2 Let f : G — C be a continuous function such that f|g.,, is holomor-
phic and let 5 > 0 be as in Theorem 4.11. If there exists an ¢ € (0, §) such that

|£ ()] < CeP*O/CD) on G, then

< 0. (8.2)
J7Q(QCM)

1 20r) = 1£ 12 Gey = | £ ©

(It will be shown in Corollary 8.4 that f is actually in HZT (G).) In particular, Eq. (8.2)
holds for all f € P.
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Proof Let {P,}7°, C Proj(W) be a sequence such that Py, |g.,, 1 Igc, asn — oo.

Then, by Lemma 6.5 and Proposition 4.12 with 4 = 0,

]

We are now ready to complete the proof of the Skeleton isomorphism Theorem 1.8.

8.1 Proof of Theorem 1.8

Proof By Corollary 5.10, St f = flG¢,, for all f € P and hence by Lemma 8.2,
”STf||H2T(_GCM) = 1/l L2(v;)- It therefore follows th_at St|p extends uniqu_ely to an
isometry, St, from HzT(G) to HzT (Gcy) such that S7(P) = Pcy. Since St is iso-
metric and Pcys is dense in HZT(GCM), it follows that Sy is surjective, i.e. Sr
H% (G) - H% (Gcwm) is a unitary map. To finish the proof we only need to show
Srf = Srf forall fe HZT(G). Let p, € P such that p, — f in Lz(vr). Then
Pn = STpPn — Sr fin HzT(GCM) and hence by the Gaussian pointwise bounds in
Eq. (6.19), Sr f(g) =limy_ o0 pn(g) for all g € G- Similarly, using the Gaussian
bounds in Corollary 4.8, it follows that

ST f(g) — Pn(@)] = IST (f — pu) (9)I

k(w)T/2
< Wf = pallr2epy exp (M

TG (@ g)) (83)

and hence we also have, St f(g) = limy—cc pn(g) for all g € Gceum. Therefore,
St f = St f as was to be shown. O

Corollary 8.3 If f : G — C is a continuous function such that f|g,, € H%(GCM),
then f € H7(G), St f = floew and | f 207y = 1 £ 192 Gepry

Proof By Proposition 8.1 we already know that St f = f|g,,. By Theorem 1.8, there
exists u € H% (G) such that f|g.,, = Stu.Let p, € P be chosen so that p, — u in
L2(UT) and hence p,lG.y = STpn — STu =St fin HZT(GCM) asn — o0. Hence
it follows from Proposition 8.1 that

1f = Pallzen < [(F = P lGeu 1 Geuy = 15T (F = PIng2 G oy -

and therefore, lim, o0 || f — pull 2y = 0. ie. py — f in L2(vr). Since p, — u
in L?(vr) as well, we may conclude that f = u € H%(G). o

Corollary 8.4 Suppose that f : G — C is a continuous function such that | f| <
CetP*1CT) qng flGey is holomorphic, then f € 'H%(G) and St f = f.

Proof This is a consequence of Lemma 8.2 and Corollary 8.3. O
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522 B. K. Driver, M. Gordina

9 The holomorphic chaos expansion

This section is devoted to the proof of the holomorphic chaos expansion Theorem 1.9
(or equivalently Theorem 9.10). Before going to the proof we will develop the machin-
ery necessary in order to properly define the right side of Eq. (1.8).

9.1 Generalities about multiple It6 integrals

Let (H, W) be a complex abstract Wiener space. Analogous to the notation used in
Sect. 6.1, we will denote the norm on H*®" by | - ||,..

Notation 9.1 For a € H*®" and P € Proj(W), let ap := a o P®" € H*®",

Proposition 9.2 Letn € N and o € H*®" and P € Proj(W) with Pylg 1 I|m. Then
ap, — o in H*®",

Proof Let A := Ui A be an orthonormal basis for H where Aj is chosen to be
an orthonormal basis for Ran(Px) such that Ay CAg4; for all k. Since Pru = u or
Pru=0forallu € A and k € N, we have

o1 @ -+ @y — Pest1 ® -+ ® Petn)* < o, u1 ® -+ @ )|

where

S e un @ @uyl = ol < oo,

An application of the dominated convergence theorem then implies,

. 2 .
Jim o —ap, = lim >l @ @up— Py -+ @ Peuy)’
Ulyenes upeN
= > lim [ ® - @uy — Peut ® -+ ® Prity)|* =0.
k— 00
Ulyenny UupeN

]

Lemma 9.3 Suppose that {b(t)};>0 is a W—valued Brownian motion normalized by
1
E[£) (b)) L2 (b(s))] = ES At (g, EZ)HEe forall £y, 0y € Wg.. 9.1

If P € Proj(W), T > 0, and { fs}s>0 is a (PH)*~valued continuous adapted process,
such thatIEfOT |fs|%PH)*ds < 00, then

2 7

T
E /(fs,d(Pb) (5)) :/Elﬁl%PH)* ds. 9.2)
0

0
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Proof Let {e j}‘;: | be an orthonormal basis for PH and write

(S8

Pb(s) = D _[X;(s)ej + Y;(s)ie;]

j=1
where X j(s) = Re(Pb(s), e;) and Y;(s) = Im(Pb(s), e;). From the normalization
in Eq. (9.1) it follows that {~/2X s «/EYj}‘;: | is a sequence of independent standard

Brownian motions, and therefore the quadratic covariations of these processes are
given by:

1
dedYk =0 and deka ZdedYk = 58jkdt forall j,k=1,...,d. (9.3)

Using Eq. (9.3) along with the identity,
d
(fo, d(PBY()) = D [(fsr¢j)dX () + (fsrie;)dY ()], 9.4)
j=1
it follows by the basic isometry property of the stochastic integral that

2

A d
1
el [ treaenon| =33k /Ifc,e,| ds+/|fv,ze,| s
0 j=1

T a
=]E/Z|fv,e]| ds_/IEIfSI(PH)*ds.
0

Jj=1 0
O
Definition 9.4 For P € Proj(W),n € N,and T > 0, let
MP(T) = / dPb(s1) @ dPb(s2) ® -+~ ®dPb (s;).
0<s1<sp<--=5, <T
Alternatively put, M¥ (T) = 1 and M (t) € (PH)®" is defined inductively by
Mf(t) = / M,f_l(s) ® dPb(s) forallt > 0. 9.5)
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524 B. K. Driver, M. Gordina

Corollary 9.5 Suppose that T > 0, « € H*®", and P € Proj(W), then {a, M (T))
is a square integrable random variable and

2 T"
E |(o 47 (D)[ = — llar I}

Proof The proof is easily carried out by induction with the case n = 1 following
directly from Lemma 9.3. Similarly from Lemma 9.3, Eq. (9.5), and induction we
have
T 2
E%LMfa) /cxMP1@)®de@»
0

T a
/ZE) ,f,] (S)®€j>‘2ds
0

j=

n—1

1! e ()®61)Hn 1 ” P”

N

Il
M=~
St~

1 (n—

~.
I

Notation 9.6 We now fix T > 0 and for P € Proj(W), let ap = («, M,f(T)), ie

&P = <O(,

Lemma 9.7 If P, Q € Proj(W), then

dPb (s1) ® dPb (s2) ®'~-®de(sn)>.

lar —aols i=Elar —dof = T ap —ao?

Proof Let R € Proj(W) be the orthogonal projection onto Ran(P) + Ran(Q). We
then have (ap)r = ap and (ep)r = o and therefore, by Corollary 9.5,

- ~ 2 ~ 12
@p)p = (@0)x| =E|(@r —ag)y

" T"
= ler —ao)yly =~ lar — ool

El|ap —aol” =E

m}

Proposition 9.8 Let a € H*®" and Py € Proj(W) with Pilg 1 I|m, then {& J
is an L*>~convergent series. We denote the limit by &. This limit is independent of the
choice of orthogonal projections used in constructing Q.
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Proof Fork,l € N, by Lemma 9.7,
lap —ap|,> = |ep —apl, = Oasl k — oo,

because, as we have already seen, o p, — « in H*®" Therefore & := L2—limy_ oo & Py
exists.

Now suppose that Q; € Proj(W) also increases to / |p7. By Lemma 9.7 and the fact
that both ap, and &g, converge to « in H*®", we have

||&p, —ag, ||L2 = “Otpl _O‘Q1|H*®" — Qas/ — oo.

By polarization of the identity, ||6z||%2 =T" ||oz||% /n!, it follows that
~ "
(&, ﬂ) = — (a, B)ppen foralla, B € H*®",
L2 n!
Moreover, if @ € H*®" and B € H*®™" with m # n, by the orthogonality of the finite

dimensional approximations, & p, and B p,» we have that («, B )2 =0.

Corollary 9.9 (It0’s isometry) Suppose that o = {et,}72 € @;’fzofl—?H*@", ie.ay €
H*®" for all n such that

X

T
2 2
loeliF = 7 el < oo

n=0 "
Then & := Y o2 Gy is L% (P)—convergent and the map,
o T"
@ —‘H*‘X’” Sa—>&e LXP),
R
is an isometry, where P is the probability measure used in describing the law of

{b(®)}r>0.

9.2 The stochastic Taylor map

Let b(t) = (B(t), Bp(t))eg and g(¢)eG be the Brownian motions introduced at the
start of Sect. 4. We are going to use the results of the previous subsection with H =
gcm. W = g.andb(r) = (B(1), Bo(1)). Let feH3(G) and oy := Tr Sy feJ2(acm).
The following theorem is a (precise) restatement of Theorem 1.9.

Theorem 9.10 For any f€H2.(G)

fe) =ay, (9.6)
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526 B. K. Driver, M. Gordina

where o ¢ was introduced in Corollary 9.9. (The right hand side of Eq. (1.8) is to be
interpreted as dy.)

Proof First suppose that f is a holomorphic polynomial and P& Proj(W) so that
7 pe Proj(g). Then by Itd’s formula,

T

f(gp(1) = f(e) +/ (Df (gp (1)), dmpb(1)).

0

Iterating this equation as in the proof of [3, Proposition 5.2], if N € N is sufficiently
large, then

N
f@r(T) =f@+ / (D" f (), drpb(s)® - @dupb (s))

n=lo<g <5y <o <5, <T

N
=f@+> [Df@],,-

n=1

We now replace P by P € Proj(W) with P, 1 [ in this identity. Using Proposi-
tions 4.12 and 9.8, we may now pass to the limit as k — oo in order to conclude,

N
M) =f@+> [D'f@©] =a. 0.7

n=1

Now suppose that f € HZT(G). By Theorem 7.1 we can find a sequence of holo-
morphic polynomials { f,,}°° | C P such that

EIf(g(T) = fa8(TNP = If = fall72,,, — Oasn — oo.

The isometry property of the Taylor and skeleton maps (Theorem 6.10 and Corol-
lary 8.3), shows that a«y, — af in J? and therefore by Corollary 9.9 ay, — ay
as n — oo. Hence we may pass to the limit in Eq. (9.7) applied to the sequence
fu(g(T)) = ay,, to complete the proof of Eq. (9.6). O

10 Future directions and questions

In this last section, we wish to speculate on a number of ways that the results in this
paper might be generalized.

(1) It should be possible to remove the restriction on C being finite dimensional, i.e.
we expect much of what have done in this paper to go through when C is replaced
by a separable Hilbert space. In doing so one would have to modify the finite
dimensional approximations used in our construction to truncate C as well.
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(2) We also expect that the level of non-commutativity of G may be increased. To
be more precise, under suitable hypothesis it should be possible to handle more
general graded nilpotent Lie groups.

(3) Open questions:

(a) as we noted in Remark 5.13 we do not know if A?. = H; (G). It might be
easier to try to answer this question for p = 2.

(b) give anintrinsic characterization of ’H% (G) asin Shigekawa [25] in terms of
functions in L2 (vr) solving a weak form of the Cauchy—Riemann equations.

Acknowledgments We are grateful to Professor Malliavin whose question during a workshop at the
Hausdorff Institute (Bonn, Germany) led us to include a section on a holomorphic chaos expansion.
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