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Abstract In this paper, we describe the asymptotic behavior, in the exponential
time scale, of solutions to quasi-linear parabolic equations with a small parameter
at the second order term and the long time behavior of corresponding diffusion pro-
cesses. In particular, we discuss the exit problem and metastability for the processes
corresponding to quasi-linear initial-boundary value problems.
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1 Introduction

Consider a dynamical system
X* =b(X%), XP=uzeR?, 1)
together with its stochastic perturbations

AXP = b(XPO)dt + 0 (XD )dW;, Xof =z e R @)
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274 M. Freidlin, L. Koralov

Here ¢ > 0 is a small parameter, W; is a Wiener process in R4, and the coefficients o
and b are assumed to be Lipschitz continuous. The diffusion matrix a(z) = (a;;(x)) =
o (z)o*(x) is assumed to be nondegenerate for all x.

Let D be a bounded domain in R? with infinitely smooth boundary dD. In this
paper, with the exception of the last section, we assume that there is a point xg € D
such that for each x € D the trajectory of the dynamical system (1) starting at x is
attracted to x¢. We assume that (b(x), n(x)) < 0 for x € 0D, where n(x) is the exte-
rior normal to the boundary of D. Let t° = min{z : X f’g € d D} be the first time when
X;¢ reaches the boundary of D.

If & is small, then on any finite time interval the trajectories of the process X;*
defined by (2) are close to the corresponding nonperturbed trajectory with probability
close to one. Therefore, with high probability X;"® enters a small neighborhood of the
equilibrium point x( before leaving D. The process eventually exits D as a result of
large deviations of X ,TS from X7 ([6], see also [8]). The large deviations are governed
by the normalized action functional

So.1 (@)= / Za”«m«p, bi(@)(@] —bj(g))dr, T=0, ¢eC(0,T].D),
i,j=1

and the quasi-potential

Vo, ) = iTn(fp{So,T(w) 19 € C(0,T], D), p(0) = o, o(T) =z}, € D.

Here a'/ be the elements of the inverse matrix, that is ¢’/ = (a‘l)ij, and So.7(p) =
400 if ¢ is not absolutely continuous. It is proved in [6] that &2 In t° converges in
probability, as ¢ | 0, to Vo = mingecyp V (29, ). Moreover, if the minimum V of
V (x, ) on dD is achieved at a unique point x* (which is true in the generic case),
then X:° converges to z* in probability as & | 0.

These statements imply various results for PDE’s with a small parameter at the
second order derivatives. In particular, consider the following initial-boundary value
problem:

d
dw® (z ) &2 2w (1, x)
== Z= @i (D) g TI@ Vaw'x), weD, >0, ()
w®(0,2) =g(x), zeD, w'(t,x)=gx), t>0, x€dD, 4)

where g, for the sake of brevity, is assumed to be continuous on D. The case when
u(t, x)|zegp = ¥ (x) with iy # g can be considered in a similar way. Assume that the
minimum V; of V (zg, =) on d D is achieved at a unique point z*. Let  : RT — R be
a function such that 7 (¢) = exp()\/sz) ase | Owith A > 0, thatis In(z(¢g)) ~ )L/l»s2 as
e | 0. Then

@ Springer



Nonlinear stochastic perturbations of dynamical systems and quasi-linear parabolic PDE’s 275

li% w?(t(e), x) = g(xo), if A < Vo,
£

lim w?(t(e), z) = g(z*), if A >V,
el0

forx € D.

Note that the solution to (3) and (4) can be expressed in terms of the transition semi-
group associated with the family of processes X;"°, € D. Namely, let Tg(z) =
Eg(X5e). g € C(D). Then the function w®(t, ) = T g(x) is the solution to (3)
and (4). The semigroup 7;° can be viewed as a small perturbation of the semigroup of
shifts T;g(x) = g(X}) associated with the dynamical system (1).

More general perturbations of 7; may lead to nonlinear semigroups. Namely, con-
sider the following problem:

qu(t, ) 82 d%u’ (1, x)
A S LE & =
o1 Z aij @ )
i,j=1
+b(x)-Voub(t,z), zeD, t>D0, 5)
u®(0,2) = g(x), x € D; u®(t,z)=g(x), t>0, x€dD. (6)

When the coefficients are sufficiently smooth and the matrix a is positive-definite, the
solution u® exists and is unique in the appropriate function space (see Sect. 2.1). We
can now define the semigroup 7;° on C (D) via TP g(x) = u(t, ), where u® is the
solution of (5) and (6) with initial-boundary data g.

Fort > 0 and 2 € D, we can define X’ ©E s € [0, 1], as the process which starts
at x and solves

AX1TE = p(XTE)ds + e0 (XITE uf (1 — 5, X AW, s <16 A1, (T)
¢ = min{s : X""* € 9D}, XL0F =XU"F f <<t

7€

where 0;;, 1 < i, j < d, are Lipschitz continuous and such that 00 * = a. The process
X" will be called the nonlinear stochastic perturbation of (1). More precisely, X"
corresponds to the nonlinear semlgroup defined by (5). As in the linear case, we have

the following relation between u® and the process X}
u® (1, 7) = Eg(X;70).

One of the important questions in the study of parabolic linear and nonlinear equa-
tions is the one concerning the behavior of solutions (or, in probabilistic terms, behavior
of the corresponding diffusion process) as t — o0. In our case, when the small param-
eter &2 is present in front of the second order term, the limit of u®(z, x) as ¢ — 0,
t — 00, depends on the manner in which (e, r) approaches (0, co). In the linear case
this problem has been studied in [4] (see also [6,8]).

In Sect. 3, we study the asymptotic behavior of solutions to (5) and (6) when ¢ |, 0
and t = t(g) =< exp(r/e?). As a first step, we shall introduce a family of linear prob-
lems which can be obtained from (5) and (6) by replacing the second variable in the
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coefficients a;; in the right hand side of (5) by a constant c. The asymptotics of u®
can be then expressed in terms of the functions Vy(c) and g(z*(c)), where Vy(c) is
the minimum of the quasi-potential of the linear problem and x*(c) is the point where
this minimum is achieved.

In Sect. 4, we study the exit problem for the process Xy*°. We shall see that
new effects appear when nonlinear stochastic perturbations are considered. In partic-
ular, even in the generic case, the distribution of the exit location X}"’¢ need not be
concentrated in one point.

Some related problems concern the notion of metastability for nonlinear pertur-
bations of dynamical systems with several equilibrium points. Let us consider the
dynamical system (1) in R? and its perturbations (2). As before, o and b are assumed
to be Lipschitz continuous. Now we shall assume that the system has a finite num-
ber of asymptotically stable equilibrium points x1, ..., x; such that for almost every
x € RY, with respect to the Lebesgue measure, the trajectory of (1) starting at z is
attracted to one of the points z, ..., zx. We shall also assume that the vector field
b satisfies (b(z), ) < A — B|z|* for some positive constants A and B. The case of
more general asymptotically stable attractors (for instance, limit cycles) can be con-
sidered similarly, however for the sake of brevity we restrict ourselves to the case of
equilibriums.

The general theory of metastability was developed in [4] in the framework of large
deviations (see also [5,6,8]). It was shown, in particular, that for a generic vector field
b satisfying the assumptions above, for almost every = € R? and A > 0, with prob-
ability which tends to one when ¢ | 0, the trajectory X;"* of (2) spends most of the
time in the time interval [0, exp(k/sQ)] near a point e {x1, ..., zr}. This point is
called the metastable state for the trajectory starting at x in the time scale exp(/g2).
The metastable state can be determined by examining the values of the quasi-potential.
Namely, let

Vij = V(i xj)
iTni{So,T(¢) 9 € C(0, T1, R, 9(0) = i, o(T) = wj}, 1 <i,j<m.

These numbers determine a hierarchy of cycles along which the system switches from
one metastable state to another with the growth of A [4].

We can also study metastability for nonlinear perturbations of dynamical systems.
It turns out that now the transition between the equilibrium points does not occur
“immediately in the exponential time scale”. This implies that now metastable states
should be replaced by metastable distributions between the equilibriums. The descrip-
tion of metastable distributions is based on the study of the asymptotic behavior of
solutions to (5) and (6) when ¢ | O and t = 7(e) < exp(r/ €2). Note that metasta-
ble distributions also arise in [1,3], but for reasons which are different from what is
discussed in this paper. Such a modification to the notion of metastability leads to a
modified notion of stochastic resonance.

We briefly address the problems of metastability in Sect. 5, where we also consider
other generalizations and some examples. The issue of metastability in the case of an
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arbitrary number of equilibrium points and cycles will be addressed in a forthcoming
paper.

In this paper, we considered nonlinear perturbations of a system with an asymptot-
ically stable equilibrium. In this case, the exit from a domain containing this equilib-
rium occurs due to large deviations, and the exit time and exit distribution essentially
depend on the perturbation. A related singular perturbation problem arises in the case
when the equilibrium is stable but not asymptotically stable: for instance when the
unperturbed system is Hamiltonian. Nonlinear stochastic perturbations in this case
lead to a nonlinear version of the averaging principle. Say, in the case of one degree of
freedom, the limiting slow motion is a diffusion process corresponding to a nonlinear
operator on the graph (compare with [6, Chapter 8]) related to the Hamiltonian. We
will consider these problems in one of the forthcoming papers.

2 Preliminaries and notations
2.1 Quasi-linear equation

Let D C R? be a bounded domain with infinitely smooth boundary 8 D. We shall
say that f:D — R belongs to C*>(D) if f and all of its partial derivatives up to
the second order are bounded and continuous in D. We shall say that a function
f :(0,00) x D — R belongs to Cl‘z((O, o0) x D) if f,its partial derivative in 7, and
all of its partial derivatives up to the second order in x are bounded and continuous
in (0, 00) x D. Note that a function f € C 2(D) can be extended to a continuous
function on D and fecC l'2((0, o0) x D) can be extended to a continuous function
on [0, 00) x D.

Leta;; = aj; € C*(D xR),1 <i,j <d,andb; € C’(D),1 <i <d. We
also assume that there is a positive constant k such that k|£|? < Zl‘-{jzl ajj(x, u)é&;&;,
€ D,ucR, & eR? Let g be an infinitely smooth function defined in a neighbor-
hood of D.

If ¢ > 0 and the coefficients a and b and the function g satisfy the assumptions
listed above, then the Eq. (5) and (6) has a unique solution in the class of functions
C12((0, 00) x D) N C([0, 00) x D) (see Theorem 5, Chapter 6.2 of [7]). If g were
to be only continuous on D, the existence and uniqueness of solutions to (5) and (6)
would hold in the class of functions which are locally C 1.2_smooth inside 0,00) x D
and continuous up to the boundary. However, to simplify notations in later sections,
we impose the smoothness condition on g.

2.2 Action functional

Let o be a symmetric d x d matrix whose elements «;; are bounded and Lipschitz

i . d C
continuous on R¥ and satisty kg7 < Zi,j:l a;j()§&j, v € RY, & € RY. Let o/
be the elements of the inverse matrix, that is @/ = (™), j»and o be a square matrix
such thatae = oo™, We choose o in such a way that o;; are also bounded and Lipschitz
continuous.
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278 M. Freidlin, L. Koralov

Let S ; be the normalized action functional for the family of processes X;f
satisfying

dX;* = b(X*)dt + eo (X )dW;,
where b is a bounded Lipschitz continuous vector field on R¢. Thus

T g4

1 . . .
Sir(@) =3 / > @ (@)@ — bie) @] — bj(p))dr
0 L=l

for absolutely continuous ¢ defined on [0, T'], o = x, and S&T(go) = oo if ¢ is not
absolutely continu(lls or if g9 # x (see [6]). Let V¥(x, y) be the quasi-potential for
the family X;"° in D, that is

V(z,y) = iTng{SS‘,T«o) 19 €C(0,T],D),¢0) =z, ¢(T) =y}, z,yeD.

3 Asymptotics of the solution
3.1 Formulation of the result

Recall that (b(x),n(x)) < 0 for x € 9D, where n(x) is the exterior normal to the
boundary of D. We shall assume that there is an equilibrium point zy € D for the vec-
tor field b, and that all the trajectories of the dynamical system z(¢) = b(x(t)) starting
in D are attracted to xy. We also assume that there is » > 0 such that (b(x), x — xg) <
—c|z — x0|* for some positive constant ¢ and all z in the r-neighborhood of .

Letd > 0, D = {x :x € D, dist(x, dD) > 8}, and u® be the solution of (5) and
(6). We shall be interested in the asymptotic behavior of u (exp(1/ €2), x), where A is
fixed, z € D%, and ¢ 0.

Let

gmin = Min g(T), gmax = Max g(x), g1 = min g(x), g» = max g(z).
reD xeD z€dD r€dD

Thus [g1, 92] € [gmin, Gmax]- Let M : [gmin, gmax] — R be defined by

M(c) = min Vet (z, x), ®)

where a(z, ¢) is extended to an arbitrary bounded Lipschitz continuous function sat-
isfying k161> < 3¢ aij (@, 0)&iEj. £ € R, 2 e RI\ D.

We next make some assumptions about the quasi-potential. It is not difficult to see
that these assumptions are satisfied by a quasi-potential corresponding to generic a
and b.

We shall assume that for all but finitely many points ¢ € [gmin, gmax] the minimum
in (8) is attained at a single point which will be denoted by x*(c). We assume that in
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the remaining points ¢!, .. ., ¢ the minimum is attained at two points of the boundary.
In this case the function * : [gmin, gmax] — 9D is piece-wise continuous and has
left and right limits at the points of discontinuity, as follows from the formula for the
quasi-potential. Let 2} (ch) = lim, i *(¢) if ¢! # Gmin and x5 (ch) = lim, i 2*(c) if
¢ # gmaxs | <i <k.If ¢’ = gmin, we define 23 (c") as the point distinct from 2% (c")
where the minimum of the quasi-potential is attained, and similarly we define 23 (c") if
¢ = gmax as the point distinct from 27 (c¢') where the minimum of the quasi-potential
is attained.

We assume that xf(ci) * ;v;(ci), 1 <i <k (thus lim 4. z*(c) # lim, . %(c)
if ¢f is_an interior point of [gmin, gmax])- Define Gi(c) = g(x} (c")) and Ga(c?) =
g(x3(c")). We can now define the piece-wise continuous function G : [gmin, gmax] —
(g1, g2] via

G(c) = g(x*(©)), ¢ € [gmins gmax] \ {c' ..., K}, G()=Gi(c), 1 <i <k

Let co = g(x¢) and define c; as follows:

If G(cp) > co, then ¢; = inf{c : ¢ > ¢, G(c) < c}.
If G(co) < cp, then ¢; = sup{c : ¢ < ¢g, G(c) > c}.

Note thatcy € [g1, g2] since G ([gmin, 9max]) € [91, g2]. We shall require that the graph
of G pass from the left of the diagonal to the right of the diagonal at c¢;. More precisely,
we shall assume that if ¢; > gmin, then for every §p > 0 there exists § € (0, §p] such
that

G(ci1 —8) > ¢y — 6,
and if ¢; < gmax, then for every dg > O there exists § € (0, §p] such that
G(ci1+98) <c1+6.

We also require that o not coincide with any of the points of discontinuity ¢! for which
Gi(c") = ¢ = Ga(ch).
Let A € (0, co) and define function c¢(A) as follows:

For 0 < A < M(cp), let c(A) = cp.

For A > M(cg) and c; = cg, let c(X) = ¢o.

For A > M(cp) and ¢| > cg, let ¢(X) = min{c, min{c : ¢ € [co, c1], M(c) = A}}.
For A > M(cp) and ¢ < cg, let c(X) = max{cy, max{c : ¢ € [c1, col, M(c) = A}}.

Here we use the convention that the minimum of an empty set is 400 and the max-
imum of an empty set is —oo. (See Fig. 1, where the thick line represents the graph
of the function c(A) and A’ is a point of discontinuity for the function c(1)).

We also define Amax = SUP.¢[¢).c;) M (€) if ¢1 = co and Amax = sup,¢;
if ¢; < cop.

]M(c)

C1,€0
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% ic(l)

) gmin '91

Fig. 1 The thick line represents the graph of c(1)

Theorem 3.1 Let the above assumptions concerning the differential operator L¢ and
the function G be satisfied. Suppose that the function c()\) is continuous at a point
A € (0, 00). Then for every § > 0 the following limit

lim u® (exp(r/€%), z) = c(})

el0
is uniform in x € D%, where u® is the solution to (5) and (6).

Remark From Theorem 3.1 and the definition of the function c¢(}) it follows that

lim ue(exp(k/sz), ) =c|
el0

uniformly in 2 € D% if A > Amax. Moreover, from the proof of Theorem 3.1 provided
llelow it easily follows that the limit is u_niform in (x,1) € D® x [A, o0) for each
A > Amax. Therefore, for each § > 0 and A > A« there is g9 > 0 such that

uf(t, ) —c1] <8

whenever ¢ € (0, &9), z € D% and r > exp(X/£2).
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It is important to note that with the boundary values of ¢ fixed, the limit ¢; may
still depend on the initial function through its value ¢ at the equilibrium point. In the
generic case, when the interval [gmin, gmax] can be represented as a finite union of
intervals 11 U ... U I, such that on the interior of each of the intervals the function
G(c) — c is either strictly positive or strictly negative, the values of ¢y belonging to
the interior of the same interval will correspond to the same value of c;.

The proof of Theorem 3.1 will use some properties of diffusion processes stated in
the following section. Theorem 3.1 implies various results concerning the exit prob-
lem and metastability for the process X;*° defined above. These questions will be
considered in Sects. 4 and 5.

3.2 Properties of the diffusion processes

In this section, we shall consider diffusion processes which are somewhat more gen-
eral than those introduced in Sect. 2.2. Namely, we shall allow the diffusion matrix to
be time dependent. The results stated in this section easily follow from the arguments
of [6, Chapter 4].

Let o be a symmetric d x d matrix whose elements «;; are Lipschitz continuous
on RT x R? and satisfy

d
KIEP < > aijt, 25 < KIEP, (1,2) e RT xRY, £ eRY, )
i,j=1

where k and K are positive constants. Let o be a square matrix such that « = oo™,
We choose o in such a way that o;; are also bounded and Lipschitz continuous.
Let X;¢ satisfy X = 2 and

AXPE = b(XP)dt + eo (t, XPE)dW,, (10)

where b is a bounded Lipschitz continuous vector field on R¢. Clearly, the law of this
process depends on o only through @ = oo*.

For x € D, let ¢ be the first time when the process reaches the boundary of D.
Thus X7:° is the location of the first exit of the process X, from the domain D. If o
is close to a function which does not depend on time, then the asymptotics, as ¢ |, 0,
of X7:* and 7¢ can be described in terms of the quasi-potential.

More precisely, let o be a bounded Lipschitz continuous matrix valued function on
R? such that

d
kg < > &g < KIEP, veR? £eR?,
i,j=1

where @ = 5o *. Let A be the set of points in D at which mingcyp V¥ (20, ) is
attained. This minimum will be denoted by v.
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Lemma 3.2 Suppose o is as above, and positive constants k and K are fixed. For
every 8 > 0 there is positive x and a function p : RT™ — R with lim, o p(g) = 0,
such that for every « that is Lipschitz continuous, satisfies (9) and

sup leij(t, ) —a;j(x)] < x, (11
(t,2)eR+ x D*

and every x € D® we have:

(A) P(t¢ < exp((v+8)/e2) =1 — p(e),
(B) P(t° > exp((v —8)/e%) > 1 — p(e),
(C©) P(dist(X%5, A) <8) > 1—p(e).

7€

The next lemma only requires the boundedness of the quadratic form « from above
and below.

Lemma 3.3 Suppose that positive constants k and K are fixed. There exists vg > 0
such that for every0 < § < v there is a function p : RT™ — R with limg 9 p(e) =0,
such that for every a that is Lipschitz continuous and satisfies (9) and every x € D°
we have:

(A) P(z® > exp(vo/e?) = 1 — p(e),
(B) P(IX{® — ol < 8 forallt € [exp(8/e?), exp(vo/eD)]) > 1 — p(e),
(C) P(UX/" —mxg| <8 forallt € [0, exp(vo/sz)]) >1—p(e).

An easy corollary of this lemma is that at an exponential time the process either
can be found in a small neighborhood of z( or has earlier crossed the boundary of the
domain.

Corollary 3.4 Suppose that positive constants k and K are fixed. For every § > 0

there is a function p : Rt — R with lim, o p(¢) = 0, such that for every « that is

Lipschitz continuous and satisfies (9), every x € D and t > exp(8/e*) we have:
P(IX* —xol <8 or T <1) = 1—p(e).

Proof Leté$; > 0be sufficiently small so that there is a domain D with smooth bound-
ary such that D% = D. If the process does not reach dD by the time ¢ — exp(d /€2),
then we can apply Part (B) of Lemma 3.3 to the domain D and the process starting at

ffexp /2 and the result follows from the Markov property. O

3.3 Preliminary lemmas

The next step in the proof of Theorem 3.1 is to establish that u® (exp(z /&%), ) is nearly
constant on D? if # > 0 is fixed and ¢ is sufficiently small. This is accomplished in
Lemma 3.7 below.

Lemma 3.5 For every positive ty and R there are positive C and ey such that
lu®(t, ) —u®(t, mo)| < Ce (12)

whenever |x — xg| < Re, ¢ < ggandt > 1.
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Proof Letvé(t,y) = u®(t, zo+ey),t € (0,00),|y| <2R.Let Q = (0, 00) x Bog(0)
and Qg = (o, 00) x Bg(0), where B, (0) is the ball of radius r centered at the origin.
Then v satisfies the following partial differential equation:

e d 2..e
1 b
ave(t,y) _ = Z ~ij( 7 )8 vi(t, y) + (o + €y) -Vyvg(t,y), (t,y) € Q.

ot 2 Pt 9yidy; €
Here a;;(t,y) = a;j(x0 + €y, u®(t, o + €y)) are uniformly bounded in ¢ and sat-
isfy klg2 < 3¢, @j(t. &£} t € (0,00), y € Byr(0), & € R Moreover,
SUP e B, £ (0) |b(zo + ey)/e| is bounded uniformly in ¢ and |V,a;; (¢, y)| can be esti-
mated from above by a constant times 1+ |V, v (¢, y)| for (¢, y) € Q, uniformly in €.
Since the distance between Qg and the boundary of Q is positive and |v?| is uniformly
bounded in Q by max(|g1][, |g2]), we can apply the a priori estimate (see Theorem 4,
Chapter 5.2 of [7] or Theorem 6, Chapter 6.2 of [7]) to bound sup, ,yc 0, |Vyv®| by a
constant C independent of €. This immediately implies (12). O

We shall need the following simple lemma about diffusion processes with the drift
directed towards the origin.

Lemma 3.6 Let b be a C? smooth vector field on R? such that (l;(x), ) < —ki(x, )
for some positive ky and all = € R?. Let 5(t, x) be a Lipschitz continuous function
such that |Efl-j(t, ) <ky 1 <i,j<d foralt>0andx € RY. Let Y be the
process starting at x that satisfies

dY® = b(Y®)dt + 5 (1, Y)dW,.

Then for every r, § > O there are R, so and €y, which depend on band& only through
ki, ko, such that

P(Y§ ine| € Bre(0)) =134 (13)

so|Ineg|

holds for x € B,(0) and 0 < ¢ < ¢g.

Proof Let h : R — [0, 1] be a smooth even function with negative derivative on
(1/2,1),suchthat h(z) = 1 forO < x < 1/2and h(x) =0 for x > 1. Let

f(t, x) = h(|z|exp(—ki1)/Re).

If R and s are sufficiently large and ¢ is sufficiently small, then f(so|ln¢|, x) >
1 —-46/2for xz € B-(0), 0 < ¢ < gp. By the Ito formula,

N N

P(YE e € Bre(0) = Ef(0, Y2 100

so|Ing|

=Ef(so|lIng|,z) + E / (ﬁf—%)(sdlnﬂ—s,l/f)ds,
0
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where L is the generator of the process Y;". In order to estimate the integral in the right
hand side, we note that

d

(Lf — —f) (t,z) > —C max (h"(z))exp(—2kt)/R>,
at z€[0,1]

where the constant C depends on k1 and k». By taking R sufficiently large, we can

bound the expectation of the integral from below by —§/2, thus proving (13). O

Lemma 3.7 For every positive Ao and § there is positive gy such that
lu (exp(h./), @) — u® (exp(r/e?), wo)| < 8 (14)

whenever x € D%, & < go and A > Ag.

Proof Choose r > 0 small enough so that (b(x), x — x9) < —cl|z — zo|? for some
positive constant ¢ and all x € By, (x). First, let us prove a slightly weaker version
of the lemma, namely that under the same assumptions (14) holds for all z € B, (xy),
& <egpand X > Ag.

Let Xff"m, s €0, exp(k/sz)], be the process that starts at = and satisfies

dX?VT’S _ b(Xi"m’g)dS teo (X?,z,s7 ut (CXP()\-/EZ) -, X?‘»I,s)) dws,

s < 1° Aexp(h/e?), (15)
t° = min {s : Xhne g aD}, Xhne = Xi;,z‘g, 8 <5 < exp(r/e?),
where o;; € C2(D xR), 1 <i, j <d, are Lipschitz continuous and such that 6o * = a.
(If the minimum in the definition of t¢ is taken over an empty set, then it is considered
to be equal to +00.)

In order to avoid confusion, let us note that we switched the notation, using X ? e
with superscript A for the process on the interval [0, exp(A/e2)] with exp() /e?) inside
the coefficient in the right hand side of (15). The notation X508 with superscript ¢
still applies to the process defined in (7).

Given sg > 0, we can define

7{ = min(so|In e|, inf(s : |X§"“”’£ — x| = 2r)).

From Lemma 3.3 applied to the domain By, (x() and Lemma 3.6 it follows that for
every 8’ > 0 there are positive sg, &9 and R such that

P(X}:"" € Bre(wo)) = 1 =’ (16)

for all A > Ag, x € By(xp) and ¢ < gp. Using the Feynman-Kac formula, we can
write u® (exp(r/e?), x) as follows:
u® (exp(r/e?), r) = Bu® (exp(r/e*) — tf, X4,

&
7
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Therefore,

|u® (exp(r/e?), x) — u® (exp(r/e?), z0)|
<2 sup P(X*“¢BR8(:EO)) sup |uf(t, x)|

zeB,(x0) t>0,zeD

+  sup  [uf(exp(r/e?) — solIngl, y1) — uf (exp(r/e?) — solInel, y2)|.

V1,Y2€BRe(x0)

The first term in the right hand side can be made smaller than §/2 by (16), while the
second term can be made smaller than §/2 by Lemma 3.5. Thus (14) is true if we
require that x € B, (o).

Next, let us prove the original statement. For vg > 0, define

7, = min(exp(vo/e?), T°).
From Lemma 3.3 it follows that there is 0 < vy < Ag such that

hmp(xA ¢ ¢ B.(z0)) = 1, (17)
el0

where the limit is uniform in A > Ag, z € D?. Using the Feynman-Kac formula, we
can write u® (exp(r/e2), x) as follows:

u® (exp(r/e?), r) = Buf (exp(r/e?) — 15, Xi‘;z’s).
2
Therefore,

|uf (exp(r/e2), ) —u® (exp(r/e?), z0)|
<2 sup P(X;;"" ¢ By(x0)) sup |u"(t, )]

xeD?d t>0,xeD

+ sup  |uf(exp(r/e?)—exp(vo/e?), yi)—uf (exp(r/e?)— exp(vo/e?), y2)I.
Y1,y2€Br(x0)

The first term in the right hand side tends to zero by (17), while the second term tends
to zero since we proved that the lemma is true if we require that x € B, (xg). O

3.4 Proof of the theorem on the Asymptotics of the solution

In this section, we prove Theorem 3.1. First, we examine the behavior of u® for times
which are small in the logarithmic scale.

Lemma 3.8 There is a positive vy such that for every 0 < § < vg there is &g > 0
such that

|uf (exp(r/e%), x) — g(xp)| < 8

whenever x € D%, 0 < ¢ <ggand§ < A < V0.
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Proof This lemma immediately follows from Lemma 3.3. O

The next three lemmas, central to the proof of Theorem 3.1, rule out certain types
of behavior for the function u®.

Lemma 3.9 Suppose thatay < pu, < A, < aa for some constants ay,az > 0, &, | 0

asn — oo, and
" (exp(un/er), mo) = Pr. u (exp(rn/en), z0) = B2
with B1 # Ba. Then there is § > 0 such that
exp(hn/ey) — exp(iin/ey) = exp(8/e) (18)

for all large enough n.

An»T0sEn

Proof Consider the process X given by (15) with T8 being the first time when
this process reaches the boundary of D. Define

T8 = min(t®, exp()»,,/e,zl) — eXp(Mn/gZ)).
Then
utn (exp(hn/e2), x0) = Bu" (exp(h, /e2) — T, X;;’,;zo’g"),

The left hand side in this formula is equal to . If (18) does not hold, then by Part (C)
of Lemmas 3.3 and 3.7 the right hand side can be made arbitrarily close to 8 along a
subsequence. O

Lemma 3.10 Suppose that ay < p, < , <ay for some constants ay,ay > 0, &, | 0
asn — oo, and

Ut (exp(in/e2), o) = B1, u (exp(rn/e2), z0) = fa, (19)

If gmin < B1 < B2 < Gmax, then neither of the following is possible:
(A) Thereis § > 0 such that A, < M(B2) — 6,

(B) Thereis 8 > 0 suchthat G(c) < B — 8 forc € [B — 8, Bo + 81
If gmin < B2 < B1 < Gmax, then neither of the following is possible:

(A') Thereis§ > 0 such that 1, < M(B2) — 3,
(B") Thereis 8§ > 0 such that G(c) > B + 8 forc € [Br — 8, B + 8.

Proof (A) Let us assume that A, < M(B) — 8. We can find A, € [uy,, A,] such that
un(exp(r, /e7), x0) = Bo and u(t, x) < Ba for t € [exp(uun/er), exp(h,/em)].

Let ajj(x) = a;j(x, B2). Let 7° be the first time when the process defined in (10)
reaches the boundary of D. By part (B) of Lemma 3.2, we can choose » > 0 such that
whenever « is Lipschitz continuous and satisfies (9) and (11), we have

P(zf" > exp(X,/e2)) > P(t°" > exp(M(B2) — 8)/e2) = 1 — p(en),  (20)
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for z € D%, where p does not depend on « and satisfies lim, o p(¢) = 0. Choose
B’ > 0 such that

laij(x, B2) — aij(x, B)| < »x

whenever 8 € [B2 — 28/, B2+ 2B'], x € D*. Choose a sequence (), € [y, A, ] such
that u®n (), /&2, x0) = o — B and u (1, m9) € [B2 — B, B2l for 1 € [exp(u),/e}).
exp(A,/e2)]. By Lemma 3.7, we have

laij(x, B2) — aij(x, u® (1, x))| < x Q1)

for z € D*,t € [exp(u,, /8,2,), exp(h), /85)], if &, is sufficiently small. Consider the

process X ?”’Io’g" given by (15), with t%" now being the first time when this process
reaches the boundary of D, and

T = min(t®", exp(A, /e2) — exp(iu,/€2)). (22)
Then
u® (exp(A, /€2), o) = Eu® (exp(\, /e2) — T°, x;é,;m’&z). (23)

The left hand side in this formula is equal to B>, while the right hand side can be
made arbitrarily close to B — 8’ by considering sufficiently small &, due to (20),
Corollary 3.4 (which applies due to Lemma 3.9) and Lemma 3.7. This leads to a
contradiction.

(B) Assume that G(c¢) < By —4d forc € [82 —3, B2 +35]. Let A be the set (consisting
of either one or two points) where the minimum of V4-#2) (z(, z) is attained. From
the definition of G it follows that g(A) C (—o0, B2 — §). By part (C) of Lemma 3.2,
we can choose x > 0 such that whenever « is Lipschitz continuous and satisfies (9)
and (11), we have

P(g(X7"") < B2 —8/2) = 1 — p(e) (24)

for z € D® and all sufficiently small &.
As in case (A), we can find ' > 0 and u, < pu), < A}, < A, such that

Ut (exp(puy /e2), o) = P2 — B, ut"(exp(r,/e2), x0) = Ba,

and (21) holds for x € D*,t € [exp(,u;l/s,%), exp()»;,/s,zl)], if &, is sufficiently small.
We can again employ formula (23) in which the left hand side is equal to 8. The right
hand side can be written as

’
AprT0,€n

_ s M0, En
Eu®r (exp()»;/s,zl) — T, X2 ) =E (X{?Sn <zenyu® (exp (u;/sfl) , X?;,,I0 ¢ ))

s 0, En
+E (X{?sn =rén}g (X.L.gnlo B )) .
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The first term in the right hand side here can be made arbitrarily close to P(7%" <
1) (By — B’) by Corollary 3.4 and Lemma 3.7. The second term on the right hand
side can be estimated from above for large n by P(T%" = t%1)(8; — §/4) due to (24).
This leads to a contradiction.

The proof of (A’) and (B’) is completely similar to the proof of (A) and (B). m]

Lemma 3.11 Suppose that A > 0. If c; > co, then

limﬁ)nf(ug(exp()»/ﬁ), z0) — c(A)) > 0. (25)

If c1 < co, then

lim sup(u® (exp(r/&2), zo) — (1)) < 0.
el0

Proof We shall only consider the first statement since the second one is completely
similar. Note that

limiionfu‘s(exp()n /€2), 20) = co. (26)
&

Indeed, otherwise by Lemma 3.8 there are 8y < 1 < co and sequences vg < U, <
Ay < Aand &, | O such that (19) holds. Note that the graph of G goes above the
diagonal in a neighborhood of c(, while 81 and B can be taken arbitrarily close to cp.
Therefore, Part (B’) of Lemma 3.10 leads to a contradiction.

Thus, if (25) does not hold, then is there are § > 0 and a sequence ¢, |, 0 such that

co— 8 < un(exp(r/e2), mo) < c(r) — 6.

We choose § sufficiently small so that the graph of G goes above the diagonal on the
interval [co — 28, c(A) — §/2]. Take 8’ > 0 which will be specified later.

Foreach ¢ € [cp —§, c(X) — 6], by part (A) of Lemma 3.2, we can choose x(c) > 0
such that whenever « is Lipschitz continuous and satisfies (9) and (11) with ;;(x) =
a;jj(x, c) we have

P(° < exp((M(c) +8)/e%) = 1 — p(e). (27)
P(g(X;0%) = : igf 5 G@©)—8)=1—p(e) (28)
cele—8,c+8

For each ¢ € [co — 8, c(L) — §], find I(¢) < & such that lajj(x, c) —ajj(x,c)| < x(c)
whenever ¢ € [¢ — (¢), ¢ + [(c)], x € D*©).

Choose a finite subcovering of the interval [cy — §, c(A) — §] by the intervals
(em —l(em)/2, cm + l(cm)/2) and take [ = min,, (I(cy)). Letco — 8 = Bo < B1 <

- < Br=c(h) —dbesuchthat §; — Bi—1 <1/10,1 <i <k.

We claim that if i > 1,0 < A" < A and u®" (exp(k/s,zl), xo) € [Bi—1, Bi] along
a subsequence, then u®" (exp(A’/ 83), x9) < Bi—1 for large enough n along the same
subsequence. If this were not the case, then we would have
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Ut (exp(r/ey), x0) € [Bi—1, fil and u(exp(h'/ey), x0) = i1

along a further subsequence. Note that the function u® (¢, z¢p) must take values in the
interval [B;_1 —1/10, B; +1/10] fort € [exp(k’/sﬁ), exp(k/aﬁ)], otherwise Part (B')
of Lemma 3.10 leads to a contradiction.

By the construction above and Lemma 3.7, there is m such that |c,, — 8;| < 8" and

laij(x, cm) — aij(x, u® (t, )| < x(cpm)

for z € D*m) 1 € [exp(\ /82) exp()»/e%)], if &, is sufficiently small.
A,T0,En

Consider the process X’ given by (15), with té being the first time when this
process reaches the boundary of D, and

T = min(z"", exp(1/e;) — exp(h, /en).
Then
u®r (exp(k/eﬁ), x0) = Bu®" (exp(k/é\’ — Tn Xfy“’ ey,

The left hand side does not exceed B;. If (exp(X/ 83) —exp(A// 83)) > exp((M(cp) +
8)/e2) (whichis true if §' is sufficiently small and n is sufficiently large), then from (27)
and (28) it follows that the right hand side can be made larger than infz¢(c, —5.c,,+8']
G(c) — 28’. This leads to a contradiction if §’ is small enough since G is a piece-wise
continuous function which stays above the diagonal on [co — 28, c(A) — §/2].

We have thus established that u®" (exp(A/ /8,%), xo) < Bi—1. We can then extract
a further subsequence such that u®" (exp(A’/ 82) xp) belongs to one of the intervals
[Bj—1,B;]1 with j <i. We can then take A" <1’ and repeat the argument above to
show that u®» (exp(k” /82) xo) < Bj—1. After at most k such steps, we obtain A < A
such that u®" (exp(: /82) zo) < Bo along a subsequence, and A can be chosen to be
arbitrarily close to A. This, however, is a contradiction with (26). O

Proof of Theorem 3.1 By Lemma 3.7, it is sufficient to prove that

11?3 u® (exp(r/e2), o) = c(1). (29)

Case I 0 < X < M(cp). Assume that

lim sup u® (exp(r/€?), z0) > co. (30)

el0
Take co < pi < B2 < limsup, g us(exp()\/az),xo) such that M(B,) > A. By
Lemma 3.8, there are sequences ¢, | 0 and v9 < u, < A, < A such that (19)

holds. Thus Part (A) of Lemma 3.10 leads to a contradiction with (30). The inequality

lim inf u® (exp(r/€?), z0) < co
el0
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can be ruled out in the same way by referring to Part (A’) of Lemma 3.10.

Case 2 L > M(cg), c1 = co. Assume that

lim sup u® (exp(r/€?), z0) > co. 31
el0

Then, since G is piece-wise continuous and passes from the left of the diagonal to the
right of the diagonal at c1, we can find 6 > 0 and B1,8; such that

co < B1 < B < limsup u® (exp(r/e?), o)
el0

and G(c) < B — 6 for ¢ € [Br — &, B2 + §]. By Lemma 3.8, there are sequences
&n 4 0and vg < w, < A, < A such that (19) holds. Thus Part (B) of Lemma 3.10

leads to a contradiction with (31). The inequality

1im¢ inf uf (exp(h/e?), z0) < co
£

can be ruled out in the same way by referring to Part (B") of Lemma 3.10.

Case 3 L > M(cg), c1 > co. First assume that

lim sup u® (exp(r/€2), z9) > c(}). (32)
el0

We can repeat the arguments of Case 2 to show that (32) implies that c(A) < cj. Then,
since A is a point of continuity of ¢(A), we can find S, B, such that

c(h) < Bi < Bo < limsup u® (exp(r/e?), zo)
el0

and M(B2) > A. By Lemma 3.8, there are sequences ¢, | Oand vy < u, < A, < A
such that (19) holds. Thus Part (A) of Lemma 3.10 leads to a contradiction with (32).
Finally, from Lemma 3.11 it follows that
limiionf u® (exp(r/e?), zo) > c(M).
&
Case 4 A > M(cp), c1 < co. This is completely similar to Case 3. O

Remark 1f instead of the constant A in the argument of the function u® in Theorem 3.1,
we have a positive function A(g) such that limg g A(e) = A > 0, then

11&} u® (exp(A(e)/e%), ) = c(L).

The proof of this statement requires only simple modifications to the proof of
Theorem 3.1.
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4 Exit from the domain

Let the differential operator L® and the function G satisfy the assumptions of Sect. 3.1.
Let x € D and A > 0. Recall that X?*“, s € [0, exp()»/ez)], is the process defined
in (15), with 7° being the first time when this process reaches the boundary of D.
We put ¥ = oo on the event that the process does not reach the boundary by the
time exp(1/e%). Let T8 = min(z?, exp(r/e?)). Thus, if 7° < oo, then X;gz’g is the
1ocatikon where the process first exits the domain. Let p¢ be the measure on D induced
by X2

p°(A) = P(X5™ € A), A e B(D). (33)
Let u® be the restriction of p° to 0 D:

1 (A) = P(XL"" € A), AeB@OD). (34)

Note that 1° is not a probability measure, since P(X%;,’T’E € 0D) < 1. In this section,

we shall examine the asymptotics of p® and u® when ¢ | 0.
We shall distinguish several cases corresponding to different values of A. First
consider the case when 0 < A < M(co).

Lemmad.l Ifz € D and 0 < A < M(cy), then lim, o P(t® < exp(r/e?)) = 0.

Proof From Lemma 3.3 it follows that for § > 0 there is 0 < vy < A such that

“ﬁ} P(X""¢ e D forall0 <s < exp(vo/e?)) = 1 (35)
£

uniformly in z € D?. We claim that for each » > 0,

1%1 u®(t, ) = co uniformly in (7, z) € [exp(vo/e?), exp(h/e?)] x D*. (36)
&

Indeed, otherwise by Lemma 3.7 we could find sequences ¢, | Oand A, € (v, A) such
that either lim sup,,_, o, u® (exp()»n/sﬁ), x0) > coorliminf,_, .o u®" (exp()\n/s,%), 0)
< ¢p. Suppose that the former is the case and that ¢; = ¢¢ (the argument in the cases
when ¢1 > ¢ and ¢ < ¢ is similar). Then, from the conditions imposed on the func-
tion G in Sect. 3.1 it follows that there are ¢ < 1 < B2 < limsup,_, o, u® (exp
(An/ 8,%), x0) such that the graph of G goes below the diagonal in a neighborhood of the
interval [B1, B2]. Moreover, there are vg < [,L:l <A, <Ay, such that u® (exp(u;, / 8,21),
o) = B and ur (exp()\;/e,%), xg) = B2. This contradicts Part (B) of Lemma 3.10,
thus establishing (36).

From (36) and Part (A) of Lemma 3.2 it follows that P(7¢ < exp(k/sz)—exp(vo/ez))

tends to zero as € |, 0. From Corollary 3.4 it then follows that P(X éx;(i Je2)—exp(uo/e2)

D?) tends to one as ¢ |, 0. By the Markov property of the process and due to (35), this
implies the statement of the lemma. O
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Next, let us examine the case when A > Anax. (Recall that Apax = SUPceree.ci] M (¢)

if c1 > coand Apax = SUPce(cy.co] M (c) if c1 < cp).

Lemma 4.2 Suppose that x € D and A > hmax. If the minimum of the quasi-potential
mingeyp V4O (29, ) is achieved at a single point x*(c1), then uf weakly converges
to a probability measure |1 concentrated at x*(cy). If the minimum is achieved at two
points xj(c1) and x5(c1) and G (c1) # Ga(c1), then u® weakly converges to a prob-
ability measure u concentrated at those two points. In this case M(J]T(C]))Gl(cl) +
w(x3(c1))Ga(er) =cy.

Proof Let Amax < A’ < A. Similarly to the proof of Lemma 4.1, and using the fact
that u® (exp(A/ €2), o) converges to ¢ for each A > Amax, we can show that

1% u®(t, z) = ¢; uniformly in (¢, z) € [exp(X'/e?), exp(r/e>)] x D*, (37)
&

foreach » > 0.Let A = {z*(c1)} if the minimum min,cyp V<V (zg, x) is achieved
at a single point, and A = {z7(c1), 5 (c1)} if the minimum is achieved at two points.
Recall that t¢ is the first time when the process Xi"‘w reaches the boundary of D.
From (37) and Lemma 3.2 it follows that

11% P(t° < exp(A/e?) —exp(A/e?)) = 1 (38)
&
and for every § > 0 we have

. . A,x,e —
181?(} P(dISt(Xz£Aexp(x/sz)—exp(x//sz)’ A) <98 =1. (39)

This immediately implies the desired result for the case of a single minimum point.
Let U%(y) € 8D denote the § neighborhood of a point y on the boundary. In the
case when the minimum is achieved at two points, we note that
u® exp(r/e?), )

= Bu* (exp(h/e?) — T A (exp(h/e?) — exp(X /6D, X1 oo )

where the left hand side tends to ¢, while the right hand side is equal to

1 (U@ (e))g(@i(en) + pn (U @5 (en)g@s(cn) + ale), (40)

where lim, g a(¢) = 0, as follows from (38) and (39). It also follows from (38) and
(39) that lim, o 1€ (3D \ (U® (2 (c1)) UU (2% (c1)))) = 0, which, together with (40),
implies the desired result. O

Finally, we consider the case when ¢ # cg and the function c(A) is continuous at
a point A € (M(co), Amax)- The cases c; < cg and ¢1 > c¢o are completely similar
to each other, so we shall only deal with the latter one. Let us introduce the needed
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notations. Fix vy € (0, ¢p). By Theorem 3.1, lim, o u‘g(exp(vo/ez), x9) = co and
limg o u® (exp(A/sz), xo) = c(X) > co. For each ¢ € [cg, c(1)] we define

A8(¢) = min(inf{A" > vg : u®(exp(X' /&%), z0) = ¢}, A).

Let o (¢), ¢ € [co, c(A)], be the probability that the process X+ *“*¢ reaches the bound-
ary of D by the time exp(k/£2) — exp(Af (c)/€?), that is

a®(c) = P(z® < exp(h/e?) — exp(A°(c)/e%)).

Since o is left-continuous, it defines a measure v¥ on B([cg, c(A)]) viavé ([c, c(A)]) =
a®(c). It will be important to identify the limit of «® as ¢ | 0. We define the function
o : [co, c(M)] — [0, 1] by:

c(h)

dz
a(c) =1—exp /Z——(Z;(Z)

c

Since G is piece-wise continuous and its graph is above the diagonal in a neighbor-
hood of [cp, c(A)], the function « is a unique continuous function which satisfies the
differential equation

, alc) —1
= — 41
ale) == ©—c (41)
in the points of continuity of G and the terminal condition a(c(A)) = 0. Notice that
a(c) € [0, 1) for ¢ € [cg, c(A)]. The function « defines a measure v on B([cg, c(A)])
via v([c, c(AM)]) = a(c).

Lemma 4.3 Ifc| > co, c(X) is continuous at a point » € (M (cg), Amax), then
lima®(c) = a(c)
el0

for ¢ € [co, c(M)].

Proof Assume first that the minimum of the quasi-potential is achieved at a unique
point x*(c) for each ¢ in a neighborhood of [cg, c(1)], and therefore G is a con-
tinuous function there. Take 8,8’ > 0 which will be specified later and §” > 0
such that z, xg € D% Let Bo, B1, - .., Bk be such that By = cp, Br = c(A) and
0<Bi—Bi—1<68,1 <i<k.

Consider the processes Y/"*¢ = X?S(ﬁ")’w’g, 1<i<k—1,and Yo" = xhoe
Let 7 be the first time when the process Y, "¢ reaches the boundary of D. Let B/%:¢,
1 <i < k—1,betheeventthat ¢ < exp(Af(B;)/e%) —exp(A®(Bi—1)/e?), and BX-*-¢
be the event that 756¢ < exp(i/e?) — exp(A® (Br_1)/€2).
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Using Lemma 3.2, it is not difficult to show that for each §’ > 0 there is § > 0 such
that

lim P(B 01 (dist (Y15, 2" (6) = 8') = 0 (“2)

uniformly in x € D% Since G is continuous, we can also make sure that § is small
enough so that

lsifol P(B""* N {Ig(Yi}ﬁ’S) GBI =8 =0 (43)

uniformly in z € D®". We can write u® (exp(/&2), z) in two different ways

u® (exp(k/ez), J:)

=Bu® (exp(h/e2) —° A(xp(/e2)—exp(E (B)/eD), X1l oo i o))
and
u’ (exp(r/e?), z) = Eu’ (exp(x/sz) — 7 A (exp(r/e?) — exp(Af (Bi—1) /&),

A,x,& )
TEA(exp(h/e2)—exp(AE (Bi-1)/e2) )

Upon subtracting the right hand sides of these two equalities, using the Markov prop-
erty, Corollary 3.4, Lemma 3.7 and (43), we obtain

Bi(L —af(B) = (@ (Bi—1) — " (B(G(Bi) + h1(i, €))
+ Bi—1(1 = (Bi—1) + ha(i, ©), (44)

where h1(i, &) < § and lim, 10 h2(i, €) = 0. This implies the desired result once we
recall that 8’ and 8§ can be taken arbitrarily small, since (44) shows that a® is a type of
Euler’s method approximation to the solution of (41).

The condition of continuity of G can be easily removed once we recall that G may
have at most finitely many points of discontinuity. O

Remark Using similar arguments it is not difficult to show that

11?3 P(exp(r/e%) — exp(A(co)/e?) < ° < o0) = 0.

Moreover, using (42) and (44) it is possible to show that in order to find the limit of
u?, one can take v, which is the limit of v, and then take its push-forward by the
function x* (since v is an absolutely continuous measure, it is not essential that =*
may be undefined in a finite number of points). The push-forward of v will be denoted
by . Thus w(A) = v(c € [cg, c(A)] : 2*(c) € A), A € B(dD).
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Combining this with Lemmas 4.1 and 4.2 and Corollary 3.4, we can formulate the
following theorem.

Theorem 4.4 Let p® and u® be defined by (33) and (34), respectively. If x € D and
0 < A < M(cop), then p* — &, where 8y, is the probability measure concentrated
at xo and u® — wu, where u is the trivial measure, that is u(9D) = 0.

If A > Amax and the minimum of the quasi-potential mingeyp vateD) (xo, ) is
achieved at a single point x*(c1), then p® and u® weakly converge to a probability
measure (. concentrated at x*(c1). If the minimum is achieved at two points x7(c1)
and x5 (c1) and Gi(c1) # Ga(cy), then p® and n® weakly converge to a probability
measure |1 concentrated at those two points. Moreover, in this case pu(z7 (c1))G1(c1)+
u(x3(c1))Galcr) = ci.

If c1 > co and the function c()\) is continuous at a point A € (M (co), Amax),
then take the measure v on B([cg, c())]) defined via v([c, c(L)]) = «a(c), where a
is the solution of (41). The measures u® weakly converge to the measure . which is
the push-forward of v by the function x*. The measures p° weakly converge to the
measure cdy, + |1, where ¢ =1 — w(9D).

Remark This theorem still holds if instead of A in the definition of ©* we have a
positive function A(g) such that lim, g A(¢) = A > 0.

Corollary 4.5 If ¢c1 > co and the function c()\) is continuous at A € (M (cg), Amax),
then for every 8 > 0 and z € D® we have

c(A)
leiﬁ)l uf (exp(r/e?), z) = / g(x*(©)dv(c) + g(xo)(1 — v([co, c(M)]),
o
where v is the measure on B([cq, c(A)]) defined via v([c, c(L)]) = a(c).

Proof The corollary immediately follows from Theorems 3.1 and 4.4 and the proba-
bilistic representation of the solution to the initial-boundary value problem. O

5 Generalizations and examples
5.1 The case of a nonlinear first order term

We could allow the coefficient at the first order term to depend on u® in (5) and (6):

d
ul(t, x) &2 82145(1‘, )
—— =L%" = — — + (b(x, u®
o1 YT ”Z_: ) = e, T B

+ebi(xz,u®)) - Voub(t,z), =D, t>0, 45)

u®,r) =g(x), ze€D, u®(t,x)=g(x), t>0, z€dD. (46)

All the assumptions made in Sects. 2.1 and 3.1 remain in force, other than the fol-
lowing: instead of assuming that b is a vector valued function on D, we assume that
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b, by € C*(D x R), and there is a positive constant k' such that (b(x, u), n(x)) < —k’
forx € 0D, u € R, where n(x) is the exterior normal to the boundary of D. More-
over, we assume that for each u the vector field b(-, u) has a unique equilibrium point
2o which does not depend on u and that all the trajectories of the dynamical system
2/ (t) = b(x(r), u) starting in D are attracted to zp. We now assume that there is a
smooth function v defined on D, such that v(zg) = 0, v(z) > 0 for # x0, and
(b(xz,u), Vuv(x)) < —clz — 33()|2 for some positive constant c, all # and all .

The definition of the function M (c¢) from Sect. 3.1 needs to be modified to allow
for the dependence of the drift term on a parameter. Namely, now

M(c) = min Vatabto (g ),

where V(-9)-2(.€) jg the quasi-potential for the process whose generator is equal to

2

d 2,€
€ Z 0%ut(t, )
711—1 azj(l’, C)W +b(x’ C)'V,’L‘ug(t,l'),

With this definition of M (c), Theorems 3.1 and 4.4 remain valid, and the proofs do
not require serious modifications.

5.2 Metastable distributions in the case of two equilibrium points

In this section, we again consider the solutions u* to (5) and (6). Let all the assumptions
about the domain D and the operator L? made in Sects. 2.1 and 5.1 remain in force,
except the following: instead of assuming the existence of a singe equilibrium point,
we assume that there are two asymptotically stable equilibrium points x1, 22 € D
such that for almost every z € D, with respect to the Lebesgue measure, the trajectory
of (1) starting at x is attracted to either x| or xp. Let D1 C D be the set of points in
D which are attracted to 1 and D> C D the set of points attracted to ;.

As before, we need to study the quasi-potential in order to determine the asymptotic
behavior of u®. While in the case of a single equilibrium, the function u® was nearly
constant in D% at times of order exp(r/ £2) (Lemma 3.7), now u® (exp(r /e%), x) will
be close to u®(exp(r/e?), 1) for z € D‘lS and close to u® (exp(r/e?), ) for x € Dg.
This explains why instead of freezing the second variable in the coefficients g;; in the
right hand side of (5), the way it was done is Sect. 2.1, now we put the variable equal
to ¢y in Dp and ¢; in Dy. More precisely, for ¢, ¢2 € [gmin,> 9max], let

Jereo (@) = c1xp, (@) + c2xp, () + (c1 + c2) xp\(DyUDy) (X)/2, x € D,

where xp is the indicator function of aset U C R4 For a measurable positive-definite
matrix-valued function o on D, we define

Vei(z,y) = iTni{S&T(w) 19 € C([0,T], D), p(0) =z, (T) =y}, x,y€D,
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where the normalized action functional S was defined in Sect. 2.2. Instead of function
M used in Sect. 2.1, we now have functions My, ), Myy 2> Mz, op and My, 5p.
These are defined by

My 2 (c1) = vableaa® @ 2)), 47
My, 2, (c2) = VOCTr2O) (25 ay), (48)

My, ap(cr,e2) = min VAGTaaO g 2,
xedD

M., ap(c1, c2) = min VAGJaaO (g, 7).
redD

Itis not difficult to check that the right hand side of (47) does not depend on ¢, and the
right hand side of (48) does not depend on ¢ . For the process governed by Eq. (5), with
a;j (-, fer.e,(+)) instead of the nonlinear coefficients a;; (x, u®), the transition from z;
to a small neighborhood of x> occurs in time of order exp(My, »,(c1)/ &2) (provided
that the process does not exit the domain D earlier). Similarly, the transition from x5 to
aneighborhood of 1 occurs in time of order exp(My, 4, (c2)/ €2), while the transition
from 21 and x> to the boundary occurs in time of order exp(My, ap(c1, c2)/ 82) and
exp(My,.ap(c1,c2)/ 82), respectively.

In this section, we would like to study the equation at a time scale which is suffi-
ciently large for the process to make excursions between the neighborhoods of z1 and
22 and back, yet not too large so that the process starting at 1 or z does not exit the
domain. Therefore we assume that

max( sup MéL'],;L‘z(cl)3 sup M(L‘z,l‘l(c2)) < Mas
]

€1€[gmin,gmax] €2€[gmin, Gmax
where
M? = min inf Mg, ap(ct, c2), inf Mgy, 3p(c1,c2) ).
¢1,€2€[gmin, gmax €1,€2€[gmin, Gmax

For example, if a and b are defined in the entire space R4, q is bounded and b satisfies
(b(x), ) < A— B(x, x) for some positive constants A and B, then this condition will
be satisfied for any domain D which contains a sufficiently large ball centered at the
origin.

Let c; = g(x1) and ¢ = g(x3). Without loss of generality we may assume that
c1 < c2. Inorder to formulate the results on the asymptotics of u®, we need to introduce
functions ¢! (1) and ¢ (1) which are similar to the function ¢(A) from in Sect. 3.1.

Let0 < A < M?, and define ¢! (1) as follows:

For0 < A < My, 4,(c1), let cl()») =cj.
For & > My, ., (c1), let c! (A) = min{cz, min{c : ¢ € [c1, 2], My, o, (c) = A}).

Similarly, we define c2() as follows:

For0 < A < My, » (c2), let (1) = c3.
For i > My, +,(c2), let ¢*(1) = max{cy, max{c : ¢ € [c1, c2, M, 2, (c) = A}}.
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Let A* = inf{A : ¢! (1) > ¢2(1)}. Assume that at least one of the functions ¢! and
¢? is continuous at A*. Let ¢* = ¢! (A*) if ¢! is continuous at A* and ¢* = c2(A*¥)
otherwise. Let ¢' (1) = min(c! (1), ¢*) and ¢2(1) = max(c2(}), c*).

We can now formulate the following analog of Theorem 3.1

Theorem 5.1 Let the above assumptions be satisfied. Suppose that the function ' (1)
is continuous at a point A € (0, M?). Then for every § > 0 the following limit

Hf& u® (exp(h/e?), z) = ¢ (1)

is uniform in x € D‘ls. Suppose that the function ¢>()) is continuous at a point A €
(0, M?). Then for every 8 > 0 the following limit

hﬁ)l u® (exp(h/e?), z) = 2 (M)

is uniform in x € Dg.
Remark If & > A*, then ' (L) = () = ¢*. It is not difficult to see that the limit

lim u® (exp(r/e?), z) = ¢*
el0

i_s uniform in (z, ) € D? x [A, 0o) for each A > A*. Therefore, for each § > 0 and
A > A* there is &g > 0 such that

luf(t, x) —c*| <6

whenever ¢ € (0, 9), z € D and r > exp(X/£2).

Recall that Xﬁ"w’g, s € [0, exp(k/ez)], is the process defined in (15), ¢ is the first
time when this process reaches the boundary of D and ¢ = min(z?, exp(A/e?)).
Since we assume that & < M?, the probability that 7° < exp()/e2) now tends to zero
as ¢ | 0. The distribution of the random variable X%;z"’3 will be concentrated near the
points z1 and .

Theorem 5.2 Suppose that ¢ # c». If the function €' (\) is continuous at a point
re (0,M a) and x € Dy, then the distribution of the random variable X%;I’g con-
verges to the measure [,L)f = a8y, + a8y, where the coefficients ay and a can be
found from the equations ¢! (A) =ajc1 +axep, a1 +ay = 1.

If the function ? (X) is continuous at a point .. € (0, M 9 and x € Da, then the dis-
tribution of the random variable X%gw’e converges to the measure u’% = a8z, +aéy,,
where the coefficients ay and ar can be found from the equations c? (A) = ajc1+azes,
a +ay=1.

If » € (\*, M%) and = € D, then the distribution of the random variable X;gw’g
converges to the measure W* = a8, + ax8,,, where the coefficients ay and as can
be found from the equations ¢* = ajci + axcp, a; +ap; = 1.
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The proofs of Theorems 5.1 and 5.2 rely on the same techniques as those used in
the proofs of Theorems 3.1 and 4.4, and therefore will not be presented here. If a
is bounded and b satisfies (b(x), x) < A — B(z, x) for some positive constants A
and B, then similar results can be formulated for the Cauchy problem in R? and the
corresponding nonlinear perturbations of the dynamical system in R¢. In this case we
do not need the condition A < M?, but can instead consider all A € (0, 0o).

5.3 Examples

In this section, we give two examples when we can easily calculate the function M (c)
defined in Sect. 3.1.

In the first example, we assume that the domain D is one dimensional: D = (A, B).
We assume that a(z, u) € C%([A, B] x R) is positive, b(z, u) € C*([A, B] x R),
ob(z,u)/dx < k < 0 and there is a point xg € (A, B) such that b(x, u) = 0 for all
u. In this case the operator

2
Lfu = %a(:v, wu” + b(x, w)u'

satisfies the assumptions of Sect. 5.1. The quasi-potential, which will now be denoted
by V¢, is given by

T

V(xo, x) = —2/

T

b(y, )
a(y,c)

dy,

as is easily seen from the definition of the action functional (see Sect. 2.2). Therefore,

A B
M(c) = min(V< (o, A), V<(z0, B)) = min —Z/Mdy, —Z/Mdy
a(y,c) a(y,c)
xQ o

The function G(c) may take at most two values: g(A) and g(B). In particular, the
value g(A) is taken on the set {c : V°(zg, A) < V(xg, B)}, while the value g(B) is
taken on the set {c : V¢(xg, A) > V(xg, B)}.

Figure 2 shows an example of the graphs of functions M (c) and G(c) in the case
when g(A) = infye(a,B) 9(2) < sup,¢ra gy 9(x) = g(B). From Theorem 4.4 and the
discussion in Sect. 5.1 it follows that for A > Apax, the distribution of the random
variable X%;f”’s converges to the probability measure  concentrated at the end points
of the segment. This measure can be found from the relations

n(A)g(A) + n(B)g(B) = c1, (A + u(B) = 1.
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Fig. 2 The graphs of M and G

In the second example we assume that D C R¢ contains the origin 29 = 0. Let the
operator L® be as follows

Z az,(u)a u(t x) + (A(w)x) - Vu,

ljl

where a is a positive-definite matrix which depends smoothly on u, and A is a matrix
with negative eigenvalues which depends smoothly on u. As has been demonstrated
in [2], the quasi-potential, which we shall denote by V¢, is given by the quadratic form

VE(xg, ) = %(B*‘ (), ),

where the matrix B is given by

]

B(c) :/exp(A(c)t)a(c) exp(A*(c)t)dt.
0

Therefore, M (¢) = mingcyp (B~ (c)x, ) /2.
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