
Probab. Theory Relat. Fields (2009) 145:421–434
DOI 10.1007/s00440-008-0173-7

Carleson measures and vector-valued BMO martingales

Yong Jiao

Received: 31 March 2008 / Revised: 14 July 2008 / Published online: 6 August 2008
© Springer-Verlag 2008

Abstract We study the relationship between vector-valued BMO martingales and
Carleson measures. Let (�,F , P) be a probability space and 2 ≤ q < ∞. Let X be
a Banach space. Given a stopping time τ, let τ̂ denote the tent over τ :

τ̂ = {(w, k) ∈ � × N : τ(w) ≤ k, τ (w) < ∞}.
We prove that there exists a positive constant c such that

sup
τ

1

P(τ < ∞)

∫

τ̂

‖d fk‖qd P ⊗ dm ≤ cq‖ f ‖q
B M O(X)

for any finite martingale with values in X iff X admits an equivalent norm which
is q-uniformly convex. The validity of the converse inequality is equivalent to the
existence of an equivalent p-uniformly smooth norm. And then we also give a
characterization of UMD Banach lattices.
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422 Y. Jiao

1 Introduction and preliminaries

This paper deals with vector-valued martingale inequalities. It is well known that
the validity of a classical (scalar-valued) result in the vector-valued setting, i.e. for
functions or martingales with values in a Banach space X , depends on the geomet-
rical or topological properties of X . For instance, the a.s. convergence of bounded
L p-martingales (1 < p < ∞) with values in X amounts to saying that X has the
Radon–Nikodym property (see [4]). On the other hand, the validity of a one-sided
Burkholder–Gundy inequalities for X -valued martingales is equivalent to the uniform
convexity (smoothness) of X (see [12]).

It is also well known that martingale theory is intimately related to harmonic
analysis. It was exactly with this in mind that Xu [15] developed the vector-valued
Littlewood–Paley theory, which was inspired by Pisier’s celebrated work [12] on
martingale inequalities in uniformly convex spaces. Very recently, Ouyang and Xu [11]
studied the endpoint case of the main results of [10,15] by means of the classical
relationship between BMO functions and Carleson measures. Let us recall the main
results of [11]. For a cube I ⊂ R

n let ̂I denote the tent over I . Let 1 < q < ∞ and X
be a Banach space. Then X has an equivalent norm which is q-uniformly convex iff
there exists a positive c such that

sup
I cube

1

|I |
∫

̂I

(t‖∇ f (x, t)‖)q dxdt

t
≤ cq‖ f ‖q

B M O(Rn;X)
, ∀ f ∈ B M O(Rn; X),

(1.1)

where f also denotes the Poisson integral of f on R
n+1+ , and where

‖∇ f (x, t)‖ =
∥

∥

∥

∥

∂

∂t
f (x, t)

∥

∥

∥

∥

+
n

∑

i=1

∥

∥

∥

∥

∂

∂xi
f (x, t)

∥

∥

∥

∥

.

The validity of the converse inequality is equivalent to the existence of an equivalent
q-uniformly smooth norm. Inequality (1.1) means that (t‖∇ f (x, t)‖)q dxdt

t is a

Carleson measure on R
n+1+ for every f ∈ B M O(Rn; X).

The main goal of the present paper is to give the martingale version of Ouyang–Xu’s
results. This can be considered as the endpoint case of Pisier’s theorem quoted previ-
ously, which we now recall as follows. Let 1 < q < ∞. Then a Banach space X has
an equivalent q-uniformly convex norm iff for one 1 < p < ∞ (or equivalently, for
every 1 < p < ∞) there exists a positive constant c such that

∥

∥

∥

∥

∥

∥

∥

⎛

⎝‖ f1‖q +
∑

n≥2

‖ fn − fn−1‖q

⎞

⎠

1/q
∥

∥

∥

∥

∥

∥

∥

p

≤ c sup
n≥1

‖ fn‖p (1.2)

for all finite L p-martingales f with values in X . Again, the validity of the converse
inequality amounts to saying that X has an equivalent q-uniformly smooth norm.
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Carleson measures and vector-valued BMO martingales 423

Ouyang–Xu’s arguments heavily rely on Calderon–Zygmund singular integral
theory. In fact, the Lusin function Sq in [10,15] can be represented as a singular
integral operator with a regular operator-valued kernel. Similarly, Our proofs
depend on martingale transform theory. More precisely, we will use operator-valued
martingale transform theory as developed by Martinez and Torrea [8,9]. Compared
with the function case, the martingale situation is simpler because of stopping time
techniques.

In the remainder of this section, we give some preliminaries necessary to the whole
paper. Let (�,F , P) be a complete probability space and X a Banach space. For 1 ≤
p ≤ ∞ the usual L p-space of strongly p-integrable X -valued functions on (�,F , P)

will be denoted by L p(�; X) or simply by L p(X). Let {Fn}n≥1 be an increasing
sequence of sub-σ -fields of F such that F = ∨Fn . By an X -valued martingale relative
to {Fn}n≥1 we mean a sequence f = { fn}n≥1 in L1(X) such that E( fn+1| Fn) = fn

for every n ≥ 1. Let d fn = fn − fn−1 with the convention that f0 = 0. {d fn}n≥1 is
the martingale difference sequence of f . We will use the following standard notations
from martingale theory

f ∗ = sup
n≥1

‖ fn‖ and S(q)( f ) =
( ∞

∑

n=1

‖d fn‖q

)1/q

.

To avoid unnecessary (and irrelevant) convergence problem on infinite series we will
assume that all martingales considered in the sequel are finite, unless explicitly stated
otherwise. Note that f ∗ is the maximal function of f and S(q)( f ) a variant of the usual
square function of f . We will adopt the convention that a martingale f = { fn} will be
identified with its final value f∞ whenever the latter exists. Accordingly, if f ∈ L1(X)

we will denote again by f the associated martingale { fn} with fn = E( f | Fn). We
refer to [4] for more information on vector-valued martingale theory.

The main object of this paper is the BMO space given in the following

Definition 1.1 Let 1 ≤ p < ∞ and X be a Banach space. The space B M Op(X)

consists of all functions f ∈ L1(X) such that

‖ f ‖B M Op(X) = sup
n≥1

∥

∥

∥E(‖ f − fn−1‖p|Fn)
1/p

∥

∥

∥∞ < ∞.

Remark 1.2 The following facts are well known in the scalar-valued case (see [5,6,
14]). Their proofs go straightforward over the Banach-valued setting.

(1) The spaces B M Op(X) are independent of p and all corresponding norms are
equivalent. This allows us to denote any of them by B M O(X).

(2) L∞(X) ⊂ B M O(X) ⊂ L p(X) for 1 ≤ p < ∞.

(3) We have

‖ f ‖B M O(X) =sup
τ

P(τ < ∞)−1/p‖ f − fτ−1‖L p(X), 1 ≤ p < ∞, (1.3)

123



424 Y. Jiao

where the supremum is taken over all stopping times τ. On the other hand a
function f ∈ L p(X), 1 ≤ p < ∞, belongs to B M O(X) iff there exists an
adapted process (θn)n≥0 such that θ0 = 0 and

Cθ = sup
n

∥

∥

∥E(‖ f − θn−1‖p|Fn)
1/p

∥

∥

∥∞ < ∞.

In this case, ‖ f ‖B M O(X) ≈ infθ Cθ .

Burkholder’s martingale transforms (see [2,3]) are defined by using scalar-valued
multiplying sequences. One main tool in our proofs will be martingale transforms with
operator-valued multiplying sequences, defined and studied in [8,9].

Definition 1.3 Let X1 and X2 be two Banach spaces. Let L(X1, X2) denote the space
of all bounded linear operators from X1 to X2. Let υ = {υn}n≥1 be an adapted
sequence such that υn ∈ L∞(L(X1, X2)) and supn≥1 ‖υn‖L∞(L(X1,X2)) ≤ 1. Then
the martingale transform T associated to υ is defined as follows. For any X1-valued
martingale f = { fn}n≥1

(T f )n =
n

∑

k=1

υkd fk .

We will use the following result from [8,9].

Lemma 1.4 With the assumptions above the following statements are equivalent:

(1) There exists a positive constant c such that

‖T f ‖B M O(X2) ≤ c ‖ f ‖B M O(X1), ∀ f ∈ B M O(X1).

(2) There exists a positive constant c such that

‖(T f )∗‖B M O(X2) ≤ c ‖ f ‖B M O(X1), ∀ f ∈ B M O(X1).

(3) For some 1 ≤ p < ∞ (or equivalently, for every 1 ≤ p < ∞) there exists a
positive constant c such that

‖T f ‖L p(X) ≤ c ‖ f ∗‖L p(X), ∀ f ∈ L p(X1).

The classical notion of Carleson measures in harmonic analysis has the following
martingale analogue.

Definition 1.5 Let µ be a nonnegative measure on � × N, where N is equipped with
the counting measure dm. µ is called a Carleson measure if

sup
µ( τ̂ )

P(τ < ∞)
< ∞,
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Carleson measures and vector-valued BMO martingales 425

where the supremum runs over all stopping times τ and where τ̂ denotes the “tent”
over τ :

τ̂ = {(w, k) ∈ � × N : τ(w) ≤ k, τ (w) < ∞} .

Throughout the paper, we will use A ≈ B to abbreviate c−1 B ≤ A ≤ cB for some
positive constant c. The letter c will denote a positive constant, which may depend on
p but never on the martingales in consideration, and which may change from line to
line.

2 Main results

The following theorem is the main result of this section. Recall that τ̂ denotes the tent
over a stopping time τ.

Theorem 2.1 Let X be a Banach space and 2 ≤ q < ∞. Then the following state-
ments are equivalent:

(1) There exists a positive constant c such that for any finite X-valued martingale

sup
τ

1

P(τ < ∞)

∫

τ̂

‖d fk‖qd P ⊗ dm ≤ cq‖ f ‖q
B M O . (2.1)

(2) X has an equivalent norm which is q-uniformly convex.

Inequality (3.1) means that ‖d fk‖qd P ⊗ dm is a Carleson measure on � × N for
every f ∈ B M O(X).

Lemma 2.2 Let 1 ≤ p < ∞. Then

‖ f ‖B M O(X) ≈ inf
θ

sup
τ

P(τ < ∞)−1/p‖ f − θτ−1‖p ,

where the supremum runs over all stopping times τ and the infimum over all adapted
processes θ such that θ∞ = f.

Proof Assume f ∈ B M O(X). Let τ be a stopping time. Then by Remark 1.2, (2)

‖ f − θτ−1‖p
p = E‖ f − θτ−1‖pχ{τ<∞}

= E
(

E(‖ f − θτ−1‖p
∣

∣Fτ )χ{τ<∞}
)

≤ C p
θ P(τ < ∞).

This implies

inf
θ

sup
τ

P(τ < ∞)−1/p‖ f − θτ−1‖p ≤ inf
θ

Cθ ≤ c‖ f ‖B M O(X).

123



426 Y. Jiao

Conversely, assume β = infθ supτ P(τ < ∞)−1/p‖ f − θτ−1‖p < ∞, τ is any
stopping time, ∀F ∈ Fτ , F ⊂ {τ < ∞}. By defining τF = τ, if ω ∈ F ; otherwise
τF = ∞, we get

1

P(F)

∫

F

‖ f − θτ−1‖pd P = P(τF < ∞)−1
∫

F

‖ f − θτF −1‖pd P

= P(τF < ∞)−1‖ f − θτF −1‖p
p ,

which leads to

sup
τ

‖E(‖ f − θτ−1‖p|Fn)
1/p‖∞ ≤ P(τF < ∞)−1/p‖ f − θτF −1‖p .

Thus

‖ f ‖B M O(X) ≤ c inf
θ

Cθ ≤ c inf
θ

sup
τ

P(τ < ∞)−1/p‖ f − θτ−1‖p .


�

Proof of Theorem 2.1 (1)�⇒ (2). Assume that (1) holds. We first claim that

‖S(q)( f )‖B M O ≤ c ‖ f ‖B M O(X) , ∀ f ∈ B M O(X).

Indeed, by Lemma 2.2

‖S(q)( f )‖B M O ≤ c sup
τ

P(τ < ∞)−1/q‖S(q)( f ) − S(q)
τ−1( f )‖q

≤ c sup
τ

P(τ < ∞)−1/q

(

E

∞
∑

k=τ

‖d fk‖qχ{τ<∞}

)1/q

= c sup
τ

P(τ < ∞)−1/q

⎛

⎝

∫

τ̂

‖d fk‖qd P ⊗ dm

⎞

⎠

1/q

≤ c ‖ f ‖B M O(X).

We now consider a martingale transform operator Q from the family of X -valued
martingales to that of 
q(X)-valued martingales. Let υk ∈ L(X, 
q(X)) be the operator
defined by υk x = {x j }∞j=1 for x ∈ X, where x j = x if j = k and x j = 0 otherwise.
Q is the martingale transform associated to the sequence (υk) :

(Q f )n =
n

∑

k=1

υkd fk = (d f1, d f2, . . . , d fn, 0, . . .).
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Carleson measures and vector-valued BMO martingales 427

Then

(Q f )∗ = sup
n

‖(Q f )n‖
q (X) = S(q)( f ).

It is clear that by the claim above Q satisfies the statement (2) in Lemma 1.4. Therefore,
Q is Lq -bounded. Namely,

‖S(q)( f )‖Lq = ‖(Q f )∗‖Lq ≤ c‖ f ‖Lq (X).

Thus by Pisier’ theorem (see 1.2) X has an equivalent q-uniformly convex norm.
(2)�⇒(1). Suppose that X has an equivalent q-uniformly convex norm. By Pisier’

theorem, we find for any 1 ≤ n ≤ m

E

(

m
∑

i=n

‖d fi‖q |Fn

)

≤cE(‖ fm − fn−1‖q |Fn)≤cE(‖ f − fn−1‖q |Fn)≤c‖ f ‖q
B M O(X).

This implies

E

( ∞
∑

i=n

‖d fi‖q |Fn

)

≤ c‖ f ‖q
B M O(X).

Now let τ be a stopping time. We then have

P(τ < ∞)−1/q

⎛

⎝

∫

τ̂

‖d fk‖qd P ⊗ dm

⎞

⎠

1/q

= P(τ < ∞)−1/q

(

E

∞
∑

k=τ

‖d fk‖qχ{τ<∞}

)1/q

= P(τ < ∞)−1/q

(

E

(

E

( ∞
∑

k=τ

‖d fk‖q |Fτ

)

χ{τ<∞}

) )1/q

≤ c P(τ < ∞)−1/q
(

E‖ f ‖q
B M O(X)χ{τ<∞}

)1/q

≤ c ‖ f ‖B M O(X).

Taking the supremum over all stopping times τ, we get (2.1). 
�
Theorem 2.3 Let X be a Banach space and 1 < p ≤ 2. Then the following statements
are equivalent:

(1) There exists a positive constant c such that for any finite X-valued martingale

‖ f ‖p
B M O(X) ≤ cp sup

τ
P(τ < ∞)−1

∫

τ̂

‖d fk‖pd P ⊗ dm. (2.2)
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428 Y. Jiao

(2) X has an equivalent norm which is p-uniformly smooth.

Inequality (2.2) means f ∈ B M O(X), if ‖d fk‖pd P ⊗ dm is a Carleson measure
on � × N.

Proof (1) �⇒ (2). Suppose that (1) holds. Then for any X -valued martingale we
have

‖ f ‖B M O(X) ≤ c sup
τ

P(τ < ∞)−1/p

(

E

∞
∑

k=τ

‖d fk‖pχ{τ<∞}

)1/p

. (2.3)

Let X∗ be the dual space of X. It suffices to prove that X∗ has an equivalent
q-uniformly smooth norm, where q is the conjugate index of p. By Pisier’ theorem,
this is equivalent to showing that

‖S(q)(g)‖L1 ≤ c‖g∗‖L1 = c‖g‖H1(X∗) (2.4)

for any finite L1-martingale g with values in X∗. To this end, we will use duality.
Moreover, by approximation, we can assume that g is an L2-bounded martingale.
Recall that H1(X∗) is defined by

H1(X∗) = {g ∈ L1(X∗) : g∗ ∈ L1}.

It is well known that B M O(X) can be identified as a norming subspace of H1(X∗).
Thus for any finite martingale g ∈ H1(X∗) and f ∈ B M O(X)

|〈g, f 〉| =
∣

∣

∣

∣

∣

∣

∫

�

〈g(w), f (w)〉d P

∣

∣

∣

∣

∣

∣

≤ c ‖g‖H1(X∗)‖ f ‖B M O(X).

On the other hand, ‖S(q)(g)‖L1 is the norm of the difference sequence {dgn} in
L1

(


q(X∗)
)

. Thus

‖S(q)(g)‖L1 = sup
{∣

∣

∣

∑

〈dgk, ak〉
∣

∣

∣ : ‖{ak}‖L∞(
p(X)) ≤ 1
}

= sup
{∣

∣

∣

∑

〈dgk, E(ak) − Ek−1(ak)〉
∣

∣

∣ : ‖{ak}‖L∞(
p(X)) ≤ 1
}

.

Set d fk = Ek(ak) − Ek−1(ak) and f = ∑

k d fk . Then f is an X -valued martingale.
We have

∣

∣

∣

∑

〈dgk, ak〉
∣

∣

∣ =
∣

∣

∣

∑

〈dgk, d fk〉
∣

∣

∣ = |〈g, f 〉| ≤ c ‖g‖H1(X∗)‖ f ‖B M O(X).
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It remains to estimate ‖ f ‖B M O(X). This will be done by using (2.3). Indeed,

(

E

∞
∑

k=τ

‖d fk‖pχ{τ<∞}

)1/p

≤
(

E

∞
∑

k=τ

‖Ek(ak)‖pχ{τ<∞}

)1/p

+
(

E

∞
∑

k=τ

‖Ek−1(ak)‖pχ{τ<∞}

)1/p

= I + II

Let {ak} ∈ L∞
(


p(X)
)

and ‖{ak}‖L∞(l p(X)) ≤ 1. Then by Doob’s stopping time
theorem we find

Ip ≤ E

∞
∑

k=τ

Ek‖ak‖pχ{τ<∞} = EEτ

( ∞
∑

k=1

Ek
(‖ak‖pχ{τ≤k}

)

)

= E

( ∞
∑

k=1

‖ak‖pχ{τ≤k}

)

= E

( ∞
∑

k=τ

‖ak‖pχ{τ<∞}

)

≤ E

(∥

∥

∥

∥

∥

∞
∑

k=τ

‖ak‖p

∥

∥

∥

∥

∥

∞
χ{τ<∞}

)

≤ P(τ < ∞).

The same argument applies to II:

IIp = E‖Eτ−1aτ‖pχ{τ<∞} + E

∞
∑

k=τ−1

‖Ek−1(ak)‖pχ{τ<∞}

≤ 2P(τ < ∞).

combining the previous estimates with (2.3) we then duduce ‖ f ‖B M O(X) ≤ c. There-
fore, we finally obtain (2.4). Thus X∗ has an equivalent q-uniformly norm.

(2) �⇒ (1). Assume that (2) holds. By Remark 1.2, we have

‖ f ‖B M O(X) = sup
τ

P(τ < ∞)
− 1

p ‖ f − fτ−1‖L p(X).

Now we consider the new sequence {Fk∨τ }k≥1 of σ -fields and the corresponding
martingale f̃ generated by f − fτ . Then by Doob’s stopping time theorem, we find

f̃k = E( f − fτ |Fk∨τ ) = E( f |Fk∨τ ) − fτ = fk∨τ − fτ .
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By (2), we have ‖ f̃ ‖p ≤ c‖S(p)( f̃ )‖p. Namely,

E‖ f − fτ‖p = E‖ f̃ ‖p ≤ cp
E

∞
∑

k=1

‖d f̃k‖p = cp
E

∞
∑

k=1

‖ f(k+1)∨τ − fk∨τ‖p

= cp
E

∞
∑

k=τ

‖ fk+1 − fk‖p = cp
E

∞
∑

k=τ+1

‖d fk‖pχ{τ<∞}

Therefore,

E‖ f − fτ−1‖p ≤ 2p (

E‖ f − fτ‖p + E‖ fτ − fτ−1‖p ) = cE

∞
∑

k=τ

‖d fk‖pχ{τ<∞}.

Then we obtain

‖ f ‖B M O(X) ≤ c sup
τ

P(τ < ∞)−1/p

(

E

∞
∑

k=τ

‖d fk‖pχ{τ<∞}

)1/p

.

Thus the theorem is proved. 
�
Corollary 2.4 Let X be a Banach space. Then the following statements are equivalent:

(1) There exists a positive constant c such that for any finite X-valued martingale

c−2 sup
τ

P(τ < ∞)−1
∫

τ̂

‖d fk‖2d P ⊗ dm

≤ ‖ f ‖2
B M O ≤ c2 sup

τ
P(τ < ∞)−1

∫

τ̂

‖d fk‖2d P ⊗ dm.

(2) X is isomorphic to a Hilbert space.

Proof It is well known that a space which is both 2-uniformly smooth and 2-uniformly
convex is isomorphic to a Hilbert space. 
�

3 UMD Banach lattices

Definition 3.1 A Banach space X is said to satisfy UMD property if there exists a
positive constant c such that for 1 < p < ∞,

‖ε1d f1 + · · · + εnd fn‖L p ≤ c‖d f1 + · · · + d fn‖L p , ∀n ≥ 1

for all finite X -valued martingales { fk} and all εk = ±1.

This notion is due to Burkholder [3]. It is known that the existence of one p0
satisfying the inequality is enough to assure the existence of the rest of p, 1 < p < ∞.
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Carleson measures and vector-valued BMO martingales 431

We shall be interested in Banach lattice case. Thus X will denote a Banach lattice in this
section. Without loss of generality we assume that X is a Banach lattice of measurable
functions on some measure space (�, dµ). The reader is referred to [7] for information
on Banach lattices. It is now nature to consider the following variant of square function
S(2)( f ).

Definition 3.2 Let X be a Banach lattice and f = { fn}n≥1 a X -valued martingale.
We define the operator

S̃ f (σ ) =
( ∞

∑

k=1

|d fk(σ )|2
)1/2

.

The following lemma is well known; see [1,13].

Lemma 3.3 Given a Banach lattice X, the following statements are equivalent:

(1) X satisfies the UMD property.
(2) There exist 1 < p < ∞ and a constant c such that

c−1‖ f ‖L p(X) ≤ ‖S̃ f ‖L p(X) ≤ c‖ f ‖L p(X),

for any X-valued martingale.

Now we can prove the following characterization of UMD Banach lattices.

Theorem 3.4 Given a Banach lattice X, the following statements are equivalent:

(1) X satisfies the UMD property.
(2) There exists a positive constant c such that for any finite X-value martingale f ,

c−1‖ f ‖B M O(X) ≤ sup
τ

P(τ < ∞)−1/2

×
⎛

⎜

⎝E

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞}

⎞

⎟

⎠

1/2

≤ c‖ f ‖B M O(X).

Proof (2) �⇒ (1). Assume that (2) holds. By

∥

∥

∥

∥

∥

∑

k

d fk

∥

∥

∥

∥

∥

B M O(X)

≈ sup
τ

P(τ < ∞)−1/2

⎛

⎜

⎝E

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞}

⎞

⎟

⎠

1/2

,

we know the martingale difference sequences are unconditional in B M O(X). Namely,

∥

∥

∥

∥

∥

∑

k

εkd fk

∥

∥

∥

∥

∥

B M O(X)

≤ c‖ f ‖B M O(X), ∀εk = ±1, ∀ f ∈ B M O(X).
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Fix a sequence {εk} of signs and we consider the associated martingale transform
operator Q:

(Q f )n =
n

∑

k=1

εkd fk .

Then the inequality above means that Q is bounded on B M O(X). Thus by Lemma 1.4,
we get

‖Q f ‖L p(X) ≤ c‖ f ‖L p(X), ∀p > 1.

Therefore, X satisfies the UMD property.
(1) �⇒ (2). This proof is similar to that of (2) �⇒ (1) in Theorem 2.3. We

consider the X -valued martingale f̃ defined in the proof of Theorem 2.3. Since X has
the UMD property, we have

‖ f̃ ‖L2(X) ≈ ‖S̃ f̃ ‖L2(X).

Then

E‖ f − fτ‖2 = E‖ f̃ ‖2 ≤ cE

∥

∥

∥

∥

∥

∥

( ∞
∑

k=1

|d f̃k |2
)1/2

∥

∥

∥

∥

∥

∥

2

= cE

∥

∥

∥

∥

∥

∥

( ∞
∑

k=1

| f(k+1)∨τ − fk∨τ |2
)1/2

∥

∥

∥

∥

∥

∥

2

= cE

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ+1

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞}

Then

E‖ f − fτ−1‖2 ≤ c
(

E‖ f − fτ‖2 + E‖ fτ − fτ−1‖2
)

≤ cE

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞}. (3.1)

Conversely,

E

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ+1

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞} = E

∥

∥

∥

∥

∥

∥

( ∞
∑

k=1

| f(k+1)∨τ − fk∨τ |2
)1/2

∥

∥

∥

∥

∥

∥

2

≤ cE‖ f̃ ‖2 = E‖ f − fτ‖2
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On the other hand, since fτ − fτ−1 = E( f − fτ−1| Fτ ), we have

E‖ fτ − fτ−1‖2 ≤ E‖ f − fτ−1‖2.

Therefore,

E

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞} ≤ c

⎛

⎝E‖ fτ − fτ−1‖2χ{τ<∞}

+ E

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ+1

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞}

⎞

⎟

⎠

≤ c
(

E‖ f − fτ−1‖2χ{τ<∞}+cE‖ f − fτ‖2χ{τ<∞}
)

≤ c E‖ f − fτ−1‖2χ{τ<∞}

Combining this inequality with (3.1),

E‖ f − fτ−1‖2 ≈ E

∥

∥

∥

∥

∥

∥

( ∞
∑

k=τ

|d fk |2
)1/2

∥

∥

∥

∥

∥

∥

2

χ{τ<∞}

Thus by (1.3), we obtain the desired inequality. Thus the theorem is proved. 
�
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