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Abstract We prove that the Dirichlet form associated with the Wasserstein diffusion
on the set of all probability measures on the unit interval, introduced in von Renesse
and Sturm (Entropic measure and Wasserstein diffusion. Ann Probab, 2008) satis-
fies a logarithmic Sobolev inequality. This implies hypercontractivity of the associa-
ted transition semigroup. We also study functional inequalities for related diffusion
processes.
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28A33 - 35P15 - 60J35

1 Introduction and main results

Let Py denote the set of all probability measures on the measurable space ([0, 1],
B([0, 1])). Since [0, 1]is compact, it follows that Py, endowed with the weak topology,
is a compact space too. A compatible metric is given by the Wasserstein distance

1
1 1 2

dw (u, v) := inf //|x—y|2y<dx,dy> ,

0 0

where the infimum is taken over all probability measures y on [0, 1]*> having marginals
u and v.
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190 M. Déring, W. Stannat

The space Py can be identified with the space
Go :={g : [0, 1[ — [0, 1] right continuous , nondecreasing}
endowed with the L2-distance

1
2

1
lg2 — g1l == / (02 (1) — g1 (1) dt
0

via the transformation
x:G0—> Po, g&— ug,

where the probability measure p, is defined by

1 1
/ fdpug = / £ (g () dr. )
0 0

Note that this identification is not the usual identification of p, with its distribution
function 7 = g ([0, 1]), but with its right-continuous inverse.

Given > 0, there exists a unique probability measure Qg on Gy whose finite
dimensional distributions are given by Dirichlet distributions as follows: forany n € N,
O=fm<ti<- - <ty <tyy1 =1

Qg (g,1 edxy, ..., 8, € dx,,)

= VB(11, 1011, estu—tur, 1 —ty) (X1, ..., dxp)
n+l1
where for g € R,

vy (dx1, ..., dxy)

__Tdab vy, oy ,
= H:_z QF((]i)H(x’-H_Xl) X1y ...,dXxy
1= i=0

on the space
En:{(xl,...,x,,)E[O,l]":0<x1 <. oo<x, < 1}.

Here, xg :=0and x| := 1 and |g| :=q1 + - + gn+1-

Remark 1.1 Recall that a Dirichlet process IT, with intensity measure v on a com-
pact separable metric space S is a probability measure on the set P(S) of probabi-
lity measures on S, whose finite dimensional distributions are defined as follows:
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The logarithmic Sobolev inequality for the Wasserstein diffusion 191

given any finite measurable partition Aq, ..., A,4+1 of S the joint distribution of
w(Ar), ..., u(Ay) on the n-dimensional simplex

n
Ay = I(xl,...,x,,) eR", x; >0and |x| := in < 1]

i=1

is given by the Dirichlet distribution 7w, (4,),...,v(4,,1))- Here, for given g € RTI,
q >0,
" (gD i1 -
g (dxi, ..., dxy) = H g — xD® Y dxy, L dxy,

Hn+1 F( )

(see [1], Sect. 3.7). Hence, identifying u with its distribution function g (¢) :=
w([0,1]), t € [0, 1], [and not with its right-continuous inverse as in (1)] we can
identify the measure Qg with the Dirichlet process I1g.4;.

1.1 The Wasserstein diffusion

In [1], the authors construct a time-reversible diffusion process M = ((X;):>0,
(Pg)geg,) on the space Go which they call the Wasserstein diffusion, because its intrin-
sic metric is exactly the L2-Wasserstein distance dy . The existence of this process is
shown, using the theory of symmetric Dirichlet forms (see [2]). Indeed, the Dirichlet
form associated with the Wasserstein diffusion is given as the closure (E, D (E)) of
the quadratic form

E(F) = / IDF @20 1) QL ()
with domain

FCL=A{F (@) =¢(f1.8)-  (fm g):
m>1¢eCh®R"), fl,...,fmeLz(O,l)},

in Lz(Qg ). Here, (f, g) := fol f(x)g(x)dx denotes integration w.r.t. the Lebesgue
measure and DF(g) is the L?-Frechet derivative of F at g. Note that for F with
representation F(g) = ¢ ({f1, &), .-, {(fm» &) we have that

m

DF (2) (x) = >~ (3%i9) ({f1,8) - (fur &) fi (x).

i=1

By the general theory of symmetric Dirichlet forms, E uniquely determines a nega-
tive semi-definite self-adjoint linear operator (L, D(L)) on Lz((@g ) that generates a
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192 M. Déring, W. Stannat

Markovian Cy-semigroup (e’ L)fzo of contractions. This semigroup gives the transition
probabilities of the Wasserstein diffusion M in the sense that for all F € By(Gp),
E[F(X,)]is a Qf-version of e'“F.

The main results of this paper are the following two functional inequalities satisfied
by E:

Theorem 1.2 E satisfies a Poincaré inequality with constant less than %, ie.,
1
Var@ﬁ(F)f—]E(F); FeDE). )
0 B

Remark 1.3 (a) Using the Rothaus Simon mass gap theorem, the Poincaré inequality
for E would also follow from our next theorem concerning the logarithmic Sobolev
inequality for £. Note that the constant would be different from the constant
obtained in the last Theorem, which we think is almost optimal.

(b) Itis possible to find explicit lower bounds on the optimal constant for the Poincaré
inequality satisfied by E. Indeed, the explicit formula for the finite dimensional
distributions of g;, t € [0, 1], allows to calculate explicitly certain moments of

Qg. More precisely, let f € C([0, 1]), then

/ (f, g)dQh (9)

I
b
x|

\
—
S|~
N
—
[0,¢)
N
S|~
N
QA
o
[=Re )
D

Similarly, it can be shown that

2

1 1 1
1
/ (6P a0 ) = 5 / / f(s)f(t)smdsdw% / Frdi
00 0

In particular,

2

11 1
1
Vang((f,-)):m //f(s)f(t)s/\tdsdt— /f(t)tdt
0 0 0

If we choose f () = 1, hence E((f, -)) = 1, we obtain that

1 1
SRGED B

Var (f, ) «fH)
0

so that the optimal constant for the Poincaré inequality satisfied by E must be greater
or equal to m
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The logarithmic Sobolev inequality for the Wasserstein diffusion 193

Theorem 1.4 There exists a finite universal constant c¢ such that E satisfies a
logarithmic Sobolev inequality with constant less than % ie.,

2 F? g _ ¢
L2@Q))

The proofs of Theorems 1.2 and 1.4 are given in Sect. 2 below.
Well-known consequences of these functional inequalities are:

(a) (2) implies a mass gap of size greater than § in the spectrum of the generator L
below the eigenvalue 0. In particular,

<e PR
2@

e — / FdQf

L2@Q)

so that the transition semigroup of the Wasserstein diffusion converges to equili-
brium in Lz(Qg ) with exponential rate 3.
(b) (3) implies that (e’ L),Zo is hypercontractive, i.e.,
(c) (3) implies that for all R > 0, the set

eﬂLHZ’4 < 1 for some ¢ > 0.

2 2
[F [F e DE),IFI, g +EF) < R]

is uniformly integrable.

Proofs and further implications of the two functional inequalities (2) and (3) can be
found in the survey articles [3,4].

Remark 1.5 Tt is worth to compare the Wasserstein Dirichlet form with the Dirichlet
form associated with a Fleming—Viot process studied in population genetics (see
[5-7] and references therein), which is defined as follows: Let S be a compact separable
metric space, v be a finite positive measure on S and I, be the associated Dirichlet
process. Let

D= {Fuw) =9 fi,p)s ..oy (fmo ) :m =1,

9 € CLR™), fi, ..., fm € Bp(S)),

where (f, u) := f ¢ J d this time denotes integration w.r.t. the (probability) measure
won S and let

oF dF

= —_— 8 —
25, (n) Te (1 + €85x)|e=0
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194 M. Déring, W. Stannat

be the Gateaux derivative of F at p in direction §,. Note that for F' with representation
F(u) = o f1, 1), .., {fm, 1)) it follows that

oF

a5 W = D @O frs 1) o ) i ().
i=1

The Dirichlet form EXY associated with the Fleming—Viot process with parent inde-
pendent mutation

AF(x) = / FOY = fEvdy). f € By(S)

is then given by the closure of the quadratic form
FV IF
EYY(F) := Var, 88 Mny(dw)y, FeD (@)

in L2(I1,).
To compare the two forms E and
v = Bdt, fix a cylindrical function

EFV in the particular case § = [0, 1] with

F(g) =§0(<f17g>’7(fm’g>) chll,

and define F;(¢t) := ftl fi(s)ds, 1 <i < m.If we the denote the probability measure
with distribution function g by fi,, we can write

1
<ﬁ7 /Fldg_ Fz»Mg)
0

hence
. . d d OF _
DF(g)(x) = — ;aiw(m, gy oo (B fig) < Fi(x) = === (i),
where
F(u) i=@((F1, 1), -y (Fu 1)) -
It follows that
d oF|
B(F) = [ IDF @R, Ghdn = [ |55 M, (dig)
L2 ([0,1D
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The logarithmic Sobolev inequality for the Wasserstein diffusion 195

Hence, in the Wasserstein Dirichlet form, the carré du champ Varu(g—g (w)) is replaced

d af|?

dx 35 120,13y

by the stronger carré du champ

1.2 Functional inequalities for related Dirichlet forms

Von Renesse and Sturm also studied a second family of gradient forms, based on a
different gradient defined as follows: let

FCl={F@)=f(W),....e ) :
nzl0<n<-<n<l feci®)].

For a function ¢ : [0, 1] — R and for given F € FC ,1 with representation F(g) =

f(g(t),...,g(t)), the directional gradient }f])(pF(g) of F at the point g € Gy is
defined by

Dy F () := D 0if (g(t),.... ¢ ()¢ (g (1))

i=1

In the following let Hjj ([0, 1]) be the Sobolev space of order s with Dirichlet boundary

conditionon [0, 1]. Denote by ¢ (x) := /2 sin (mkx),k > 1, the orthonormal basis of
L? ([0, 17), consisting of eigenfunctions of the Laplacian A p on [0, 1] with Dirichlet
boundary conditions. Then

o 2
I fllgs == (Z(”k)%(f’ ‘Pk)imo,l]))

k=1

defines a norm on Hj ([0, 1]) which is equivalent to the usual norm on Hj ([0, 1]). A

corresponding orthonormal basis of Hg ([0, 1]) is given by the functions (p,is) (x) :=

(k)™ or (x).
For given s one can then define the bilinear form

o
2
S . 5
ES (F) .=;/‘Dw$m(g)‘ Q) (dg), FeFc)
G

on the space Lz(Qg ).
It has been shown in Corollary 6.11 of [1] that for s > %, the above bilinear form is

closable (in Lz((@g )) and its closure (IE(()S), D(fE(()S))) defines a regular, strongly local,
recurrent Dirichlet form.

Remark 1.6 Monotonicity in s and general consequences
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196 M. Déring, W. Stannat

Note that for fixed F (g) = f(g(11).....g(ty)) € FC} the energy B’ (F)

decreases with s. Indeed, since (p,is ) = (k)™ px, we conclude that

2

. 2 N
B0 F @) = (Z @) 1) () i (8 (r,-)))

i=1

is decreasing in s for all &, so that
- > . 2
B (F) =" / ’Dwin (g)‘ dQb
k=1

decreases with s, too.
This monotonicity in s has the following two consequences:

(a) Let M : Ry — R be nondecreasing on R and nonnegative on [m, co) for some
m € Ry, and suppose that EE)‘YO) satisfies a functional inequality of the type

F? - -
/FZM o dQf < cESY (F), FeFc), 5)
1715, 1)

then Eés) , 8§ < S0, satisfies the same functional inequality.
(b) Let M : Ry — R be as in (a) and suppose that

lim M (1) = +oco. (©6)

It follows from Theorem 1.2 in [8] that the set

=0 ) . 2. 7 ~1 (s0) 2
B (IEO )_[F . Fe FClES (F)+||F||L2(Qﬁ)§1]

0

is uniformly integrable if and only if IEE)SO) satisfies an inequality of type (5) with

some M satisfying (6). Remark (a) implies that in this case I~E(()S), too, cannot satisfy
an inequality of type (5) with some M satisfying (6) for s > so.

Similar to the case of the Wasserstein diffusion of Sect. 1.1, we will study the Poin-
caré inequality and the logarithmic Sobolev inequality (and possible generalizations)

= (s)
for ]EO .

Theorem 1.7 (fE(()l), D(IE(()I) )) satisfies a Poincaré inequality with constant %3 Conse-

quently, (]1:](()3), D(fE(()‘Y))) satisfies a Poincaré inequality with constant }13 fors < 1,
too.
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The logarithmic Sobolev inequality for the Wasserstein diffusion 197

Our next result concerns the question, whether INE(()S) satisfies any functional
inequality of hypercontractive type, i.e., any inequality of the type (5) with M increa-
sing to infinity. Note that the logarithmic Sobolev inequality is a particular example
for such an inequality.

Theorem 1.8 Lers > %. Then the set

is not uniformly integrable. In particular, fE(()‘Y) does not satisfy a functional inequality
of hypercontractive type.

The proofs of the last two theorems are given in Sect. 3.

2 Proofs of Theorem 1.2 and 1.4
2.1 Proof of Theorem 1.2

The basic idea for the proof will be an approximation of E (F') using the quadratic
forms

E'(F)= Y /(ai<oa,~¢) n (f128) o250 (fnr 8))
i, j=1

x su(fi, £7)dQL (9) )

fOrF(g) =(p(<f15 g)’~~-, <fm,g>) € FC;.HCI'C

1=t I
sn (S, 8) = ;;f(;)g(;)

Assume for the moment that fi, ..., f,; are continuous, so that
lim s,(fi,g) =(fi.g), 1<i<m,
n—0o0

for all g € Go. This implies, lim,_, oo E*(F) = E(F) and similarly, lim,,_, o, F" = F
in Lz(Qg), where

F'"(8) =0 (n(f1,8) s 80 (fm, 8) - 8

In the following denote by F"C g the set of all functions F” that can be represented
in this way.
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198 M. Déring, W. Stannat

Proposition 2.1 (E”,f”Cbl) satisfies a Poincaré inequality with constant less

1
than 7

The proof of Proposition 2.1 requires the following lemma concerning the finite
dimensional projections of E”. To this end define the quadratic form

n—1
£ (@) =nY, / @) dv,,. gec' (R,
iZIEn—I

where g, = ﬁ(%, e, %), xo := 0, x, := 1. It follows for F' with representation
F(g) =o((f1,8)s -, (fm, &), that

E" (F) =&" (¢n)

where @, (X) = ¢ Gy (f1, %), -+, 50 (fn, X)), and 5, (fi, ) = L3071 £ (&) x
Indeed, note that

i
n

1 m
Quiton (V) = ~ > (0r) G (f1,2) - 5 (fon, ) [ ( )
r=I1

so that

E" (gn)

2
1 n—1 m .
-2 / (Z(arw(sn (F1.X) 1o Sn (fna X)) fr (i)) dvy, (x)
r=1

z=12”_l

m

> / @,9050) G (f1, %)+, 5 (fins X))

r,s=12n_I

12 /i i
X (; ;fr (;) Ss (;))d"qn (x)

= 3 sl £4Q @ [ @930 (52 (185 e )
Go

r,s=1

—E"(F).

Lemma 2.2 (5”, C 11 (R"*] )) satisfies a Poincaré inequality on L* (vg,) with constant
less than %
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The logarithmic Sobolev inequality for the Wasserstein diffusion 199

Proof We will show in Sect. 3 below [see estimate (16)] that the quadratic form

n—1
Aqn () = Z / (ama,»go) (x) (xi AXj— xl-xj) dvg, (dx)
i,j:1 2n—l

satisfies a Poincaré inequality with constant ‘qu = % Moreover,
n

Ay @) <0y / @) dvg, = E" (9),

hence £”, too, satisfies a Poincaré inequality with constant less than % O
Proof of Proposition 2.1 Fix F (g) = ¢ ((f1,8),---, (fm, &) € ng, and let

F"(8) =9 (0 (f1,8)s---+80 (fm>8)
0n (x) =@ G (S1.%) 5. S0 (fm, X))

Then Lemma 2.2 implies that

Vargs (F") = Var,, (¢a) < Eé’ (on) = EE (F). )

Hence, Proposition 2.1 is proven. O

Proof of Theorem 1.2 1tis sufficient to prove inequality (2) for all functions F' € FC ;
with F(g) = ¢((f1, &), .-, {fm, &) with continuous fi, ..., fi, since the subspace
of these functions is dense in the domain of the Wasserstein Dirichlet form [E. But for
F of this type it follows that

F() = @(sn(f1,8): -+ 50 (fu, 8)) = F(g) in L2(Q})

and
lim E"(F) = E(F)
n—o00
so that Proposition 2.1 now implies
Var s (F) = lim Var (F”) < l lim E" (F) = lIE(F)
@g n—00 Qg ~ B oo B ’
O
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2.2 Proof of Theorem 1.4
In the following, let C; be any constant such that for all g € Ri, the bilinear form

1

Eq(f) = /t(l — 0 f2() dvy (1), f € C([0, 17)

0

Ci
qinqgL’

satisfies a logarithmic Sobolev inequality with constant less than ie.,

/1f210 o dv, < E,(f), fecC(o, 1] (10)
S, ) T e o

According to Lemma 2.7 in [6] we can choose C; = 160.

Proposition 2.3 Let g € I@’fl and gy = min|<j<p+1¢q;. Then

Ay (f) = Z /x,' (axif)zdvq, fech(RY)

i=ls,

satisfies a logarithmic Sobolev inequality with constant less than 4%.

Proposition 2.3 will be proven by induction on n. The case n = 1 follows from
(10), since

1

Ag(f) = / 20 dvy (1) = Ey(f).

0
For the induction step we need the following

Proposition 2.4 Let p € Rﬁ“, q € I@'J’fl,

m+1 n+l

pl=>D"pi. lgl=>a
i=1 i=1

T:0,1) X Zpy X Zyp = Zppgntl
t,x,y)— (tx,t,t+ (1 —-1)y)=:z,

andr = (|pl,lq]) € R%r Then:

@) T (v ®vp ®vg) =Vipg)-
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The logarithmic Sobolev inequality for the Wasserstein diffusion 201

(ii)

1 <
m//gr (foTC(,x,y) Vp (dx) Vg (dy)

m Xn

1
4
+p—//Ap (foT (@, - y)vr(dt)vg (dy)
0%

1
+qi//Aq (f o T (t,x,) v, (dt) v, (dx)
0 X

mAn

m+n+1 1
4 A .
S( v ) Pea)y "0 )

Proof (i) For the proof of (i) note that
x tEy, 0
DT (t,x,y) = 1 0 0 , where E,, (resp. E;,)
11—y 0 (1-0E,

denotes the identity matrix with dimension m (resp. n). Clearly, |det DT
(¢, x, )| =" (1 —1)", so that

v (dt) vy (dx) vy (dy)

T (p, D ' (p) I (Iq1)
= |det DT (¢, x,
DT D 0T b T T (o TEEIT @)
m+1 n+1
[T —xico? = [T« =0 @i —yim))®" dr dx dy,
i=1 i=1

which implies the first assertion by the change of variables formula.
(ii) To simplify notations, let

dif(t’x’ }’) = ax,f(T (taxv )’))
Clearly

t(A—1)3 (foT)(t,x,y)?

m+1

=1(1-1) Zx,df<rxy>+z )djime1 f (&, %, y)
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202 M. Déring, W. Stannat

<m+n+hrd—r1
m+1

N DIEACTINCES y>+Z 1=y @jsmar NP xy) ). (A1)

i=1 j=1
D xi (B (Fo 1))’ (tx.y) = D Pxi (dif) (t.x. ) (12)
i=1 i=1

and

Sy, (FoD) (txy) =D =02y [djgmer /) oxy).  (13)
j=1 j=1

Using the inequalities

t(l=—0)x? 4+ <t(l—0)xi+2x =tx; =z, 1<i<m+]1
t(A=0A =y + U =07y <t+( =0y =zZitmp1, 1<i<n,

and combining with inequality (11) and equalities (12) and (13), we conclude that the
left hand side of (ii) can be estimated from above by

1 4 m+1
///(nfpleZL ,,)Za(df) (t,x,)

+n+1 4 m+n+1
(% v q—) ST 2 (dif) @x, ) v (dr) vy (dx) vy (dy)

Jj=m+2
m+n+1
mAn

=

1
4 A .
v )(p,q)* o ()

O

Proof of Proposition 2.3 As mentioned earlier, we proceed by induction on n. The
case n = | being contained in [6].

The case n = 2 also has to be checked separately. In this case we decompose
q = (q1, q2,q3) into p = (q1,q2) and r = (|p|, ¢g3). Similar to Proposition 2.4, one
can show that if

T:0,1) x 1 — X, (t,x) — (tx,1),
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The logarithmic Sobolev inequality for the Wasserstein diffusion 203

then T (v, ® vp) =y, and

1

/5 (foT(, X))vp(dX)+—/A (foT(t,-) v (dr)
0

IpIAq

<iA N
T gx 1 '

so that by the assertion in the case n = 1 and Faris additivity theorem (see [4]),
the direct sum of TPTAgs /\ 5 and =+ A, satisfies a logarithmic Sobolev inequality with
constant less than C 1, hence Ay satlsﬁes alogarithmic Sobolev inequality with constant

less than 421 s

Suppose now that the assertion has been proven for all A p P E ]lo%m, m < N for
N=>2andlet Q e RY* Letm = | M | n = N+ 1—m, p:= (Q1,.... Qus1),
q = (Qm+2,..., Ons1) and r = (|pl, Iq|). By assumption A, resp. A, satisfies a
logarithmic Sobolev inequality with constant less than 4% resp. 4%. (10) implies that

&, satisfies a logarithmic Sobolev inequality with constant less than It follows

Cy
~ IpInlgl
from Faris additivity theorem (see [4]) that the direct sum of ——— Tl AI i &, 4 —Ap and Aq
satisfies a logarithmic Sobolev inequality with constant less than Ci. Consequently,
by Proposition 2.4, A, 4) satisfies a logarithmic Sobolev inequality with constant less
than C; (M \% 4) L Due to our choice of m and n we can estimate 2t2+1 <4,
mAn Q mAn

hence the assertion follows. O

Proof of Theorem 1.4 Recall the notations from the proof of Theorem 1.2. Proposi-
tion 2.4 1mphes that £" (¢) satisfies a logarithmic Sobolev inequality with constant
less than & /3 where C| is independent of n. Consequently,

2 F2 B 2 (przz
F; log f dQy = | ¢, log | ——F—— | dvy,
wn@ﬁ lenli2, )

Cy
< —&"(gn) = —E" (F). (14)
B on B
Since
F?2 F?
lim [ F?log | —2A— dQﬂz/leog — | aQ?
n—oo | M HFW@ 0 HMQ@ 0

and lim,,, » E" (F) = E (F), we conclude that (14) holds with F,, replaced by F and
E" (F) replaced by E (F). O
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204 M. Déring, W. Stannat

3 Proofs of Theorems 1.7 and 1.8
3.1 Proof of Theorem 1.7

Let us first derive an alternative representation for IE‘E)S). Note that for F (g) =
f(gt),...,g(t) € FC} we can write

B (F) = Z / 0 f3;f) (1) ... g 1)) K© (g.(11) . g (t)) Qf (dg)

i,j=1

with
o0
KO @y => o @e” (: xyelol].

Note that s > % implies that the sum converges.

Lemma 3.1
KD (x,y)=xAy—=xy

Proof Leth € R", h = (hy, ..., h,) and define

fx) = Zhi (x A xj — xXx;i)

i=1

Then f € H} ([0, 10), f (x) = >0, hi (110,51 (x) — x1), fol fdx =0, and thus

2
Zhh (xi A xj — xixj) /(zh (110,51 (x)—x,))

i,j=1

/f (x) dx —Z (£, v/2cos (mkx))? /f'(x) o (x) dx
k=1 =1

(0.¢] n 2
- Z(Zhiga,il) (xi)) = Z hih i KD (x;, %)) .
k=1

i,j=1
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The logarithmic Sobolev inequality for the Wasserstein diffusion 205

As a consequence, we conclude that the finite dimensional projections of I~E(()1) are
given by

Ay (f) = z /(aifajf) ) (x; Axj — xix;) vg (dx)

ij=lg,

withg = B (t1, 10 — t1, ..., 1 —t,) in the following sense: let
F(g)=f(g),....g ), f € Cy(R"). Then

B (Fy = A4, (f).

We also define the bilinear form

() = Z/x,- (8ij — xj) 8 f; fdmy(x), f e ChpRY).

Li=ly,

In the following let

n
Lo (A) (D 0= 37 (i Ay = xixy) (3019, 6) ()
ij=1
be the carré du champ associated with A, and

r, (é) () (x) = .Zl xi (87 —x;) (3 f9; f) (%)
i,j=

be the carré du champ associated with g‘q. Finally, let us define the transformation

T, 2, — Ay,

X1y o Xp) > (X1, X0 — X1y e oy X — Xp—1) = (21, - -+, Zn) -
Lemma 3.2
L (A) (ot =1 (&) (H@. fech®).
Proof Fix f € C g (R™). To simplify notations, let
dif(x) =0 f(Th(x)), 1=<i=<n.
Then

dif(x) —dit1f(x) ifl<i<n

0, (foTn)<x)=[d o .
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and

r (4) (f o T () = 'Zl (51 A xj = xixj) B, (F 0 To) (03, (f 0 Ty) (@)
i,j=
n IiNj

= D D 2wy (f 0 T) ()dy; (f 0 Ty) (x)

i,j=1k=1

- (Z 2k Oy (f 0 Ty) (x))

i=1 k=1

=> u (Z 3y (f o Tn) (x)) (Z dx; (f o Ty) (x))
k=1 i=k

J=k

n n 2
- (Z 2k D0 (foTy) (x))

k=1 i=k

n n 2
= >z i f(x)? = (Z dekﬂx))
k=1 k=1

= > wlu — 2)di f ()1 f (x) .

k=1

2

]

The previous Lemma in particular implies that for ¢ € ]f%’fl and f € C g R") we
have that

Ay (foTy) =& (f). (15)

Proof of Theorem 1.7 First let s = 1 and consider F (g) = f (g (t1),..., 8 () €
FC ,}. Then Remark 2.2 of [6] implies that

Vary, (f o T,;l) < ééq (f o T;l) ,
where g = B (t1,t0 — 11, ..., ty —ty_1, 1 — 1) € ]f%’:rl. Clearly
Var,, (f) = Varr, (fo ;") .
so that (15) implies

1 -
Vary, (f) = ’EAq(f)~ (16)
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Since on the other hand Vang (F) = Var,, (f) and fE(()l) (F) = Aq (f), inequality
(16) now implies that

1=
Vargy (F) < EEO (F).

Since FC g c D (IEI(()I)) dense, the last inequality also extends to the closure, which

proves the assertion for the case s = 1. The case s < 1 clearly follows from
Remark 1.6 (a). O

3.2 Proof of Theorem 1.8

We first need the following lemma.

Lemma 3.3 Lets > % and § € (O, s — %) Then there exists a finite positive constant
Cs.s such that

KO (0| = G0, x e, 1.
Proof Using the inequality
Isin ()| < lz], reR
we conclude that
ok ()| < V2mkx, x €[0,1].
Consequently,
K® (x,x) = Z(n’k)_zswlz x) < Z(r{k)_%(p,%*z‘s (x) (\/Enkx)
k=1 k=1
oo
< 27 26-9) (Z k_2(5_5))x25,
k=1

which in.lplies the assertion for Cj ; := 272¢—2) >y k=26=9) since s — § > % by
assumption. ]

Proof of Theorem 1.8 Choose a sequence (#,) C (0, 1) such that lim,_, » #, = 0 and
define

~ 1
Fa(9); = fg(tn)-
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Leté € (0, s — %) Then
1
A R T
FrdQy = — |1 A7 (i, p(1-1,)) (1)
n
0
_ITu+2 T Bu+l _
tw Bty T (B+2) B+1 =
and

1 1

) f e 1 1
£y (F,,) = t—/K(” (t, 1) dT (i, B(1-1,)) (1) = Cs,st—/tz‘sdﬂwrn,ﬁ(l—tn)) ()
n n
0

S 1 T (Bt +25) T (B) — Gy, p LBty +28) T (B)

“tn T (Bty) T (B+28) T (B, +1) T(B+28)
It follows that

Cp = ‘ F, ’ -HES) (Fn)
12(2f)
is bounded, hence
F o= F cB (5“)).
Jen 0

We will show next that (Fnz)nzl is not uniformly integrable, which then implies that
B (]I:I(()S)) is neither uniformly integrable. To this end note that for any ¢ > 0

1
[ ract = [ ewradfe

Cnln
{F2>c} {g:8(tn)=/ccnln}
1

1
= / 2d g, (-1, (0

Cnln

Jeenty

1 ' (B)

" euty T(Bt)T (B — 1))
St

1
1 r+1h Pt (] — pyBU==1 gy

T T (Bt + DT (B —1))

ccpty

tﬁl,,—}-l (1 _ t)ﬁ(l_tn)_l dl
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Consequently,

1 r 1
sup /’lfngz B+ t(1—0)f1ar
n>1 sup,>1¢cn I' ()T (B) /

T {F2za)
1 r@p+1)
sup,>1¢n I'(B +2)

which is a lower bound independent of ¢. Consequently,

1 1

lim F2dQ) > ——— —— >0,

c=o0 Sup,.~; cn B+ 1
(Fizc) -

n=—

which implies that (F7) _, is not uniformly integrable. |
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