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Abstract We prove that the Dirichlet form associated with the Wasserstein diffusion
on the set of all probability measures on the unit interval, introduced in von Renesse
and Sturm (Entropic measure and Wasserstein diffusion. Ann Probab, 2008) satis-
fies a logarithmic Sobolev inequality. This implies hypercontractivity of the associa-
ted transition semigroup. We also study functional inequalities for related diffusion
processes.
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28A33 · 35P15 · 60J35

1 Introduction and main results

Let P0 denote the set of all probability measures on the measurable space ([0, 1],
B([0, 1])). Since [0, 1] is compact, it follows that P0, endowed with the weak topology,
is a compact space too. A compatible metric is given by the Wasserstein distance

dW (µ, ν) := inf
γ

⎛
⎝

1∫

0

1∫

0

|x − y|2 γ (dx, dy)

⎞
⎠

1
2

,

where the infimum is taken over all probability measures γ on [0, 1]2 having marginals
µ and ν.
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190 M. Döring, W. Stannat

The space P0 can be identified with the space

G0 := {g : [0, 1[ → [0, 1] right continuous , nondecreasing}

endowed with the L2-distance

‖g2 − g1‖ :=
⎛
⎝

1∫

0

(g2 (t) − g1 (t))2 dt

⎞
⎠

1
2

via the transformation

χ : G0 → P0, g → µg,

where the probability measure µg is defined by

1∫

0

f dµg :=
1∫

0

f (g (t)) dt. (1)

Note that this identification is not the usual identification of µg with its distribution
function t �→ µg([0, t]), but with its right-continuous inverse.

Given β > 0, there exists a unique probability measure Q
β
0 on G0 whose finite

dimensional distributions are given by Dirichlet distributions as follows: for any n ∈ N,
0 = t0 < t1 < · · · < tn < tn+1 = 1

Q
β
0

(
gt1 ∈ dx1, . . . , gtn ∈ dxn

)

= νβ(t1,t2−t1,...,tn−tn−1,1−tn) (dx1, . . . , dxn)

where for q ∈ Rn+1+

νq (dx1, . . . , dxn)

= � (|q|)∏n
i=0 � (qi )

n∏
i=0

(xi+1 − xi )
qi −1 dx1, . . . , dxn

on the space

�n = {
(x1, . . . , xn) ∈ [0, 1]n : 0 < x1 < · · · < xn < 1

}
.

Here, x0 := 0 and xn+1 := 1 and |q| := q1 + · · · + qn+1.

Remark 1.1 Recall that a Dirichlet process �ν with intensity measure ν on a com-
pact separable metric space S is a probability measure on the set P(S) of probabi-
lity measures on S, whose finite dimensional distributions are defined as follows:
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The logarithmic Sobolev inequality for the Wasserstein diffusion 191

given any finite measurable partition A1, . . . , An+1 of S the joint distribution of
µ (A1) , . . . , µ (An) on the n-dimensional simplex

�n :=
{

(x1, . . . , xn) ∈ Rn, xi ≥ 0 and |x | :=
n∑

i=1

xi ≤ 1

}

is given by the Dirichlet distribution π(ν(A1),...,ν(An+1)). Here, for given q ∈ Rn+1+ ,
q > 0,

πq (dx1, . . . , dxn) := � (|q|)∏n+1
i=1 � (qi )

n∏
i=1

xqi −1
i (1 − |x |)qn+1−1 dx1, . . . , dxn

(see [1], Sect. 3.7). Hence, identifying µ with its distribution function g (t) :=
µ ([0, t]), t ∈ [0, 1], [and not with its right-continuous inverse as in (1)] we can
identify the measure Q

β
0 with the Dirichlet process �β·dt .

1.1 The Wasserstein diffusion

In [1], the authors construct a time-reversible diffusion process M = ((Xt )t≥0,

(Pg)g∈G0) on the space G0 which they call the Wasserstein diffusion, because its intrin-
sic metric is exactly the L2-Wasserstein distance dW . The existence of this process is
shown, using the theory of symmetric Dirichlet forms (see [2]). Indeed, the Dirichlet
form associated with the Wasserstein diffusion is given as the closure (E, D (E)) of
the quadratic form

E (F) :=
∫

|DF (g)|2L2(0,1)
dQ

β
0 (g)

with domain

FC1
b := {F (g) = ϕ (〈 f1, g〉, . . . , 〈 fm, g〉) :

m ≥ 1, ϕ ∈ C1
b

(
Rm)

, f1, . . . , fm ∈ L2 (0, 1)
}

,

in L2(Q
β
0 ). Here, 〈 f, g〉 := ∫ 1

0 f (x)g(x) dx denotes integration w.r.t. the Lebesgue
measure and DF(g) is the L2-Frechet derivative of F at g. Note that for F with
representation F(g) = ϕ (〈 f1, g〉, . . . , 〈 fm, g〉) we have that

DF (g) (x) =
m∑

i=1

(∂iϕ) (〈 f1, g〉, . . . , 〈 fm, g〉) fi (x) .

By the general theory of symmetric Dirichlet forms, E uniquely determines a nega-
tive semi-definite self-adjoint linear operator (L, D(L)) on L2(Q

β
0 ) that generates a
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192 M. Döring, W. Stannat

Markovian C0-semigroup (etL)t≥0 of contractions. This semigroup gives the transition
probabilities of the Wasserstein diffusion M in the sense that for all F ∈ Bb(G0),
E·[F(Xt )] is a Q

β
0 -version of etLF .

The main results of this paper are the following two functional inequalities satisfied
by E:

Theorem 1.2 E satisfies a Poincaré inequality with constant less than 1
β

, i.e.,

Var
Q

β
0
(F) ≤ 1

β
E (F) ; F ∈ D (E) . (2)

Remark 1.3 (a) Using the Rothaus Simon mass gap theorem, the Poincaré inequality
for E would also follow from our next theorem concerning the logarithmic Sobolev
inequality for E . Note that the constant would be different from the constant
obtained in the last Theorem, which we think is almost optimal.

(b) It is possible to find explicit lower bounds on the optimal constant for the Poincaré
inequality satisfied by E. Indeed, the explicit formula for the finite dimensional
distributions of gt , t ∈ [0, 1], allows to calculate explicitly certain moments of
Q

β
0 . More precisely, let f ∈ C([0, 1]), then

∫
〈 f, g〉 dQ

β
0 (g) = lim

n→∞
1

n

n∑
i=1

f

(
i

n

)∫
g

(
i

n

)
dQ

β
0 (g)

= lim
n→∞

1

n

n∑
i=1

f

(
i

n

)
i

n
=

1∫

0

f (t)t dt .

Similarly, it can be shown that

∫
〈 f, g〉2 dQ

β
0 (g) = 1

β + 1

1∫

0

1∫

0

f (s) f (t)s ∧ t ds dt + β

β + 1

⎛
⎝

1∫

0

f (t)t dt

⎞
⎠

2

.

In particular,

Var
Q

β
0
(〈 f, ·〉) = 1

β + 1

⎛
⎜⎝

1∫

0

1∫

0

f (s) f (t)s ∧ t ds dt −
⎛
⎝

1∫

0

f (t)t dt

⎞
⎠

2⎞
⎟⎠ .

If we choose f (t) = 1, hence E(〈 f, ·〉) = 1, we obtain that

Var
Q

β
0
(〈 f, ·〉) = 1

12(β + 1)
= 1

12(β + 1)
E (〈 f, ·〉) ,

so that the optimal constant for the Poincaré inequality satisfied by E must be greater
or equal to 1

12(β+1)
.
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The logarithmic Sobolev inequality for the Wasserstein diffusion 193

Theorem 1.4 There exists a finite universal constant c such that E satisfies a
logarithmic Sobolev inequality with constant less than c

β
, i.e.,

∫
F2 log

⎛
⎝ F2

‖F‖2
L2(Q

β
0 )

⎞
⎠ dQ

β
0 ≤ c

β
E (F) , F ∈ D(E) . (3)

The proofs of Theorems 1.2 and 1.4 are given in Sect. 2 below.
Well-known consequences of these functional inequalities are:

(a) (2) implies a mass gap of size greater than β in the spectrum of the generator L

below the eigenvalue 0. In particular,

∥∥∥∥etLF −
∫

F dQ
β
0

∥∥∥∥
L2(Q

β
0 )

≤ e−tβ‖F‖
L2(Q

β
0 )

,

so that the transition semigroup of the Wasserstein diffusion converges to equili-
brium in L2(Q

β
0 ) with exponential rate β.

(b) (3) implies that (etL)t≥0 is hypercontractive, i.e.,
∥∥etL

∥∥
2,4 ≤ 1 for some t > 0.

(c) (3) implies that for all R > 0, the set

{
F2|F ∈ D (E) , ‖F‖2

L2(Q
β
0 )

+ E (F) ≤ R

}

is uniformly integrable.

Proofs and further implications of the two functional inequalities (2) and (3) can be
found in the survey articles [3,4].

Remark 1.5 It is worth to compare the Wasserstein Dirichlet form with the Dirichlet
form associated with a Fleming–Viot process studied in population genetics (see
[5–7] and references therein), which is defined as follows: Let S be a compact separable
metric space, ν be a finite positive measure on S and �ν be the associated Dirichlet
process. Let

D := {F(µ) = ϕ(〈 f1, µ〉, . . . , 〈 fm, µ〉) : m ≥ 1,

ϕ ∈ C1
b(Rm), f1, . . . , fm ∈ Bb(S)},

where 〈 f, µ〉 := ∫
S f dµ this time denotes integration w.r.t. the (probability) measure

µ on S and let

∂ F

∂δx
(µ) := d F

dε
(µ + εδx )|ε=0
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194 M. Döring, W. Stannat

be the Gateaux derivative of F at µ in direction δx . Note that for F with representation
F(µ) = ϕ(〈 f1, µ〉, . . . , 〈 fm, µ〉) it follows that

∂ F

∂δx
(µ) =

m∑
i=1

(∂iϕ)(〈 f1, µ〉, . . . , 〈 fm, µ〉) fi (x).

The Dirichlet form EFV associated with the Fleming–Viot process with parent inde-
pendent mutation

A f (x) =
∫

S

f (y) − f (x) ν(dy) , f ∈ Bb(S)

is then given by the closure of the quadratic form

EFV (F) :=
∫

Varµ

(
∂ F

∂δx

)
�ν(dµ) , F ∈ D (4)

in L2(�ν).
To compare the two forms E and EFV in the particular case S = [0, 1] with

ν = β dt , fix a cylindrical function

F(g) = ϕ(〈 f1, g〉, . . . , 〈 fm, g〉) ∈ FC1
b ,

and define Fi (t) := ∫ 1
t fi (s) ds, 1 ≤ i ≤ m. If we the denote the probability measure

with distribution function g by µ̃g , we can write

〈 fi , g〉 =
1∫

0

Fi dg = 〈Fi , µ̃g〉,

hence

DF(g)(x) = −
m∑

i=1

∂iϕ(〈F1, µ̃g〉, . . . , 〈Fm, µ̃g〉) d

dx
Fi (x) = − d

dx

∂ F̃

∂δ·
(µ̃g),

where

F̃(µ) := ϕ(〈F1, µ〉, . . . , 〈Fm, µ〉) .

It follows that

E(F) =
∫

|DF(g)|2L2([0,1]) Q
β
0 (dg) =

∫ ∣∣∣∣∣
d

dx

∂ F̃

∂δ·

∣∣∣∣∣
2

L2([0,1])
�ν(dµ̃g) .
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The logarithmic Sobolev inequality for the Wasserstein diffusion 195

Hence, in the Wasserstein Dirichlet form, the carré du champ Varµ( ∂ F
∂δ· (µ)) is replaced

by the stronger carré du champ
∣∣∣ d

dx
∂ F̃
∂δ·

∣∣∣2

L2([0,1]).

1.2 Functional inequalities for related Dirichlet forms

Von Renesse and Sturm also studied a second family of gradient forms, based on a
different gradient defined as follows: let

F̃C1
b := {F (g) = f (g (t1) , . . . , g (tn)) :
n ≥ 1, 0 < t1 < · · · < tn < 1, f ∈ C1

b

(
Rn)}

.

For a function ϕ : [0, 1] → R and for given F ∈ F̃C1
b with representation F(g) =

f (g (t1) , . . . , g (tn)), the directional gradient D̃ϕ F(g) of F at the point g ∈ G0 is
defined by

D̃ϕ F (g) :=
n∑

i=1

∂i f (g (t1) , . . . , g (tn)) ϕ (g (ti )) .

In the following let Hs
0 ([0, 1]) be the Sobolev space of order s with Dirichlet boundary

condition on [0, 1]. Denote by ϕk (x) := √
2 sin (πkx), k ≥ 1, the orthonormal basis of

L2 ([0, 1]), consisting of eigenfunctions of the Laplacian �D on [0, 1] with Dirichlet
boundary conditions. Then

‖ f ‖Hs :=
( ∞∑

k=1

(πk)2s〈 f, ϕk〉2
L2([0,1])

) 1
2

defines a norm on Hs
0 ([0, 1]) which is equivalent to the usual norm on Hs

0 ([0, 1]). A

corresponding orthonormal basis of Hs
0 ([0, 1]) is given by the functions ϕ

(s)
k (x) :=

(πk)−sϕk (x).
For given s one can then define the bilinear form

Ẽ
(s)
0 (F) :=

∞∑
k=1

∫

G0

∣∣∣D̃
ϕ

(s)
k

F (g)

∣∣∣2
Q

β
0 (dg) , F ∈ F̃C1

b

on the space L2(Q
β
0 ).

It has been shown in Corollary 6.11 of [1] that for s > 1
2 , the above bilinear form is

closable (in L2(Q
β
0 )) and its closure (Ẽ

(s)
0 , D(Ẽ

(s)
0 )) defines a regular, strongly local,

recurrent Dirichlet form.

Remark 1.6 Monotonicity in s and general consequences
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196 M. Döring, W. Stannat

Note that for fixed F (g) = f (g (t1) , . . . , g (tN )) ∈ F̃C1
b the energy Ẽ

(s)
0 (F)

decreases with s. Indeed, since ϕ
(s)
k = (πk)−sϕk , we conclude that

∣∣∣D̃
ϕ

(s)
k

F (g)

∣∣∣2 = (πk)−2s

(
N∑

i=1

(∂i f ) (g (t1) , . . . , g (tN )) ϕk (g (ti ))

)2

is decreasing in s for all k, so that

Ẽ
(s)
0 (F) =

∞∑
k=1

∫ ∣∣∣D̃
ϕ

(s)
k

F (g)

∣∣∣2
dQ

β
0

decreases with s, too.
This monotonicity in s has the following two consequences:

(a) Let M : R+ → R be nondecreasing on R+ and nonnegative on [m,∞) for some
m ∈ R+, and suppose that Ẽ

(s0)
0 satisfies a functional inequality of the type

∫
F2 M

⎛
⎜⎝ F2

‖F‖2
L2

(
Q

β
0

)

⎞
⎟⎠ dQ

β
0 ≤ c Ẽ

(s0)
0 (F) , F ∈ F̃C1

b , (5)

then Ẽ
(s)
0 , s < s0, satisfies the same functional inequality.

(b) Let M : R+ → R be as in (a) and suppose that

lim
t→∞ M (t) = +∞. (6)

It follows from Theorem 1.2 in [8] that the set

B1

(
Ẽ

(s0)
0

)
:=

{
F2 : F ∈ F̃C1

b , Ẽ
(s0)
0 (F) + ‖F‖2

L2
(
Q

β
0

) ≤ 1

}

is uniformly integrable if and only if Ẽ
(s0)
0 satisfies an inequality of type (5) with

some M satisfying (6). Remark (a) implies that in this case Ẽ
(s)
0 , too, cannot satisfy

an inequality of type (5) with some M satisfying (6) for s ≥ s0.

Similar to the case of the Wasserstein diffusion of Sect. 1.1, we will study the Poin-
caré inequality and the logarithmic Sobolev inequality (and possible generalizations)
for Ẽ

(s)
0 .

Theorem 1.7 (Ẽ
(1)
0 , D(Ẽ

(1)
0 )) satisfies a Poincaré inequality with constant 1

β
. Conse-

quently, (Ẽ
(s)
0 , D(Ẽ

(s)
0 )) satisfies a Poincaré inequality with constant 1

β
for s < 1,

too.
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The logarithmic Sobolev inequality for the Wasserstein diffusion 197

Our next result concerns the question, whether Ẽ
(s)
0 satisfies any functional

inequality of hypercontractive type, i.e., any inequality of the type (5) with M increa-
sing to infinity. Note that the logarithmic Sobolev inequality is a particular example
for such an inequality.

Theorem 1.8 Let s > 1
2 . Then the set

{
F2 : ‖F‖2

L2
(
Q

β
0

) + Ẽ
(s)
0 (F) ≤ 1

}

is not uniformly integrable. In particular, Ẽ
(s)
0 does not satisfy a functional inequality

of hypercontractive type.

The proofs of the last two theorems are given in Sect. 3.

2 Proofs of Theorem 1.2 and 1.4

2.1 Proof of Theorem 1.2

The basic idea for the proof will be an approximation of E (F) using the quadratic
forms

En (F) :=
m∑

i, j=1

∫
(∂iϕ∂ jϕ) (sn ( f1, g) , . . . , sn ( fm, g))

× sn( fi , f j ) dQ
β
0 (g) (7)

for F (g) = ϕ (〈 f1, g〉, . . . , 〈 fm, g〉) ∈ FC1
b . Here

sn ( f, g) := 1

n

n−1∑
l=1

f

(
l

n

)
g

(
l

n

)
.

Assume for the moment that f1, . . . , fm are continuous, so that

lim
n→∞ sn( fi , g) = 〈 fi , g〉 , 1 ≤ i ≤ m ,

for all g ∈ G0. This implies, limn→∞ En(F) = E(F) and similarly, limn→∞ Fn = F
in L2(Q

β
0 ), where

Fn (g) := ϕ (sn ( f1, g) , . . . , sn ( fm, g)) . (8)

In the following denote by FnC1
b the set of all functions Fn that can be represented

in this way.
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198 M. Döring, W. Stannat

Proposition 2.1
(
En,FnC1

b

)
satisfies a Poincaré inequality with constant less

than 1
β

.

The proof of Proposition 2.1 requires the following lemma concerning the finite
dimensional projections of En . To this end define the quadratic form

En (ϕ) := n
n−1∑
i=1

∫

�n−1

(∂iϕ)2 dνqn , ϕ ∈ C1
(
Rn−1

)
,

where qn := β( 1
n , . . . , 1

n ), x0 := 0, xn := 1. It follows for F with representation
F(g) = ϕ(〈 f1, g〉, . . . , 〈 fm, g〉), that

En (F) = En (ϕn) ,

where ϕn (x) = ϕ (s̃n ( f1, x) , . . . , s̃n ( fm, x)), and s̃n ( fi , x) = 1
n

∑n−1
k=1 fi

( k
n

)
xk .

Indeed, note that

∂xi ϕn (x) = 1

n

m∑
r=1

(∂rϕ) (s̃n ( f1, x) , . . . , s̃n ( fm, x)) fr

(
i

n

)
,

so that

En (ϕn)

= 1

n

n−1∑
i=1

∫

�n−1

(
m∑

r=1

(∂rϕ) (s̃n ( f1, x) , . . . , s̃n ( fm, x)) fr

(
i

n

))2

dνqn (x)

=
m∑

r,s=1

∫

�n−1

(∂rϕ∂sϕ) (s̃n ( f1, x) , . . . , s̃n ( fm, x))

×
(

1

n

n−1∑
i=1

fr

(
i

n

)
fs

(
i

n

))
dνqn (x)

=
m∑

r,s=1

sn( fr , fs)dQ
β
0 (g)

∫

G0

(∂rϕ∂sϕ) (sn ( f1, g) , . . . , sn ( fm, g))

= En (F) .

Lemma 2.2
(En, C1

b

(
Rn−1

))
satisfies a Poincaré inequality on L2(νqn ) with constant

less than 1
β

.
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The logarithmic Sobolev inequality for the Wasserstein diffusion 199

Proof We will show in Sect. 3 below [see estimate (16)] that the quadratic form

Ãqn (ϕ) =
n−1∑

i, j=1

∫

�n−1

(
∂iϕ∂ jϕ

)
(x)

(
xi ∧ x j − xi x j

)
dνqn (dx)

satisfies a Poincaré inequality with constant 1
|qn | = 1

β
. Moreover,

Ãqn (ϕ) ≤ n
n−1∑
i=1

∫

�n−1

(∂iϕ)2 dνqn = En (ϕ) ,

hence En , too, satisfies a Poincaré inequality with constant less than 1
β

. �

Proof of Proposition 2.1 Fix F (g) = ϕ (〈 f1, g〉, . . . , 〈 fm, g〉) ∈ FC1
b , and let

Fn (g) := ϕ (sn ( f1, g) , . . . , sn ( fm, g))

ϕn (x) := ϕ (s̃n ( f1, x) , . . . , s̃n ( fm, x))

Then Lemma 2.2 implies that

Var
Q

β
0

(
Fn) = Varνn (ϕn) ≤ 1

β
En (ϕn) = 1

β
En (F) . (9)

Hence, Proposition 2.1 is proven. �
Proof of Theorem 1.2 It is sufficient to prove inequality (2) for all functions F ∈ FC1

b
with F(g) = ϕ(〈 f1, g〉, . . . , 〈 fm, g〉) with continuous f1, . . . , fm , since the subspace
of these functions is dense in the domain of the Wasserstein Dirichlet form E. But for
F of this type it follows that

Fn(g) = ϕ(sn( f1, g), . . . , sn( fm, g)) → F(g) in L2(Q
β
0 )

and

lim
n→∞ En(F) = E(F)

so that Proposition 2.1 now implies

Var
Q

β
0
(F) = lim

n→∞ Var
Q

β
0

(
Fn) ≤ 1

β
lim

n→∞ En (F) = 1

β
E (F) .

�
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2.2 Proof of Theorem 1.4

In the following, let C1 be any constant such that for all q ∈ R̊2+, the bilinear form

Ẽq( f ) :=
1∫

0

t (1 − t) ḟ 2(t) dνq(t) , f ∈ C1([0, 1])

satisfies a logarithmic Sobolev inequality with constant less than C1
q1∧q1

, i.e.,

1∫

0

f 2 log

⎛
⎝ f 2

‖ f ‖2
L2(νq )

⎞
⎠ dνq ≤ C1

q1 ∧ q2
Ẽq( f ) , f ∈ C1([0, 1]) . (10)

According to Lemma 2.7 in [6] we can choose C1 = 160.

Proposition 2.3 Let q ∈ R̊n+1+ and q∗ := min1≤i≤n+1 qi . Then

Aq ( f ) :=
n∑

i=1

∫

�n

xi
(
∂xi f

)2
dνq , f ∈ C1

b

(
Rn+

)

satisfies a logarithmic Sobolev inequality with constant less than 4 C1
q∗ .

Proposition 2.3 will be proven by induction on n. The case n = 1 follows from
(10), since

Aq( f ) =
1∫

0

t ḟ 2(t) dνq(t) ≥ Ẽq( f ).

For the induction step we need the following

Proposition 2.4 Let p ∈ R̊m+1+ , q ∈ R̊n+1+ ,

|p| :=
m+1∑
i=1

pi , |q| :=
n+1∑
i=1

qi

T : (0, 1) × �m × �n → �m+n+1

(t, x, y) �→ (t x, t, t + (1 − t) y) =: z ,

and r := (|p| , |q|) ∈ R̊2+. Then:

(i) T
(
νr ⊗ νp ⊗ νq

) = ν(p,q).
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(ii)

1

|p| ∧ |q|
∫

�m

∫

�n

Ẽr ( f ◦ T (·, x, y)) νp (dx) νq (dy)

+ 4

p∗

1∫

0

∫

�n

Ap ( f ◦ T (t, ·, y)) νr (dt) νq (dy)

+ 4

q∗

1∫

0

∫

�m

Aq ( f ◦ T (t, x, ·)) νr (dt) νp (dx)

≤
(

m + n + 1

m ∧ n
∨ 4

)
1

(p, q)∗
A(p,q) ( f ) .

Proof (i) For the proof of (i) note that

DT (t, x, y) =
⎛
⎝

x t Em 0
1 0 0

1 − y 0 (1 − t) En

⎞
⎠ , where Em (resp. En)

denotes the identity matrix with dimension m (resp. n). Clearly, | det DT
(t, x, y)| = tm (1 − t)n , so that

νr (dt) νp (dx) νq (dy)

= |det DT (t, x, y)| � (|(p, q)|)
� (|p|) � (|q|)

� (|p|)∏m+1
i=1 � (pi )

� (|q|)∏n+1
i=1 � (qi )

m+1∏
i=1

(t (xi − xi−1))
pi −1

n+1∏
i=1

((1 − t) (yi − yi−1))
qi −1 dt dx dy,

which implies the first assertion by the change of variables formula.
(ii) To simplify notations, let

di f (t, x, y) := ∂xi f (T (t, x, y)) .

Clearly

t (1 − t) ∂t ( f ◦ T ) (t, x, y)2

= t (1 − t)

⎛
⎝

m+1∑
i=1

xi di f (t, x, y) +
n∑

j=1

(
1 − y j

)
d j+m+1 f (t, x, y)

⎞
⎠

2
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202 M. Döring, W. Stannat

≤ (m + n + 1) t (1 − t)

×
⎛
⎝

m+1∑
i=1

x2
i (di f )2(t, x, y) +

n∑
j=1

(
1 − y j

)2
(d j+m+1 f )2(t, x, y)

⎞
⎠, (11)

m∑
i=1

xi
(
∂xi ( f ◦ T )

)2
(t, x, y) =

m∑
i=1

t2xi (di f )2 (t, x, y) (12)

and

n∑
j=1

y j
(
∂y j ( f ◦ T )

)2
(t, x, y) =

n∑
j=1

(1 − t)2 y j
(
d j+m+1 f

)2
(t, x, y). (13)

Using the inequalities

t (1 − t) x2
i + t2xi ≤ t (1 − t) xi + t2xi = t xi = zi , 1 ≤ i ≤ m + 1

t (1 − t) (1 − yi )
2 + (1 − t)2 yi ≤ t + (1 − t) yi = zi+m+1, 1 ≤ i ≤ n,

and combining with inequality (11) and equalities (12) and (13), we conclude that the
left hand side of (ii) can be estimated from above by

1∫

0

∫

�m

∫

�n

(
m + n + 1

|p| ∧ |q| ∨ 4

p∗

) m+1∑
i=1

zi (di f )2 (t, x, y)

+
(

m + n + 1

|p| ∧ |q| ∨ 4

q∗

) m+n+1∑
j=m+2

z j
(
d j f

)2
(t, x, y) νr (dt) νp (dx) νq (dy)

≤
(

m + n + 1

m ∧ n
∨ 4

)
1

(p, q)∗
A(p,q) ( f ).

�

Proof of Proposition 2.3 As mentioned earlier, we proceed by induction on n. The
case n = 1 being contained in [6].

The case n = 2 also has to be checked separately. In this case we decompose
q = (q1, q2, q3) into p = (q1, q2) and r = (|p| , q3). Similar to Proposition 2.4, one
can show that if

T : (0, 1) × �1 → �2, (t, x) �→ (t x, t) ,
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then T
(
νr ⊗ νp

) = νq and

1

|p| ∧ q3

∫

�1

Ẽr ( f ◦ T (·, x)) νp (dx) + 1

p∗

1∫

0

Ap ( f ◦ T (t, ·)) νr (dt)

≤ 4

q∗
Aq ( f ) ,

so that by the assertion in the case n = 1 and Faris additivity theorem (see [4]),
the direct sum of 1

|p|∧q3
Ẽr and 4

p∗ Ap satisfies a logarithmic Sobolev inequality with
constant less than C1, hence Aq satisfies a logarithmic Sobolev inequality with constant
less than 4 C1

q∗ ,

Suppose now that the assertion has been proven for all Ap, p ∈ R̊m+, m ≤ N for
N ≥ 2, and let Q ∈ R̊N+1+ . Let m = ⌊ N+1

2

⌋
, n = N + 1 − m, p := (Q1, . . . , Qm+1),

q := (Qm+2, . . . , QN+1) and r = (|p| , |q|). By assumption Ap resp. Aq satisfies a
logarithmic Sobolev inequality with constant less than 4 C1

p∗ resp. 4 C1
q∗ . (10) implies that

Ẽr satisfies a logarithmic Sobolev inequality with constant less than C1|p|∧|q| . It follows

from Faris additivity theorem (see [4]) that the direct sum of 1
|p|∧|q| Ẽr , 4

p∗ Ap and 4
q∗ Aq

satisfies a logarithmic Sobolev inequality with constant less than C1. Consequently,
by Proposition 2.4, A(p.q) satisfies a logarithmic Sobolev inequality with constant less
than C1

(m+n+1
m∧n ∨ 4

) 1
Q∗ . Due to our choice of m and n we can estimate m+n+1

m∧n ≤ 4,
hence the assertion follows. �

Proof of Theorem 1.4 Recall the notations from the proof of Theorem 1.2. Proposi-
tion 2.4 implies that En (ϕ) satisfies a logarithmic Sobolev inequality with constant
less than C1

β
where C1 is independent of n. Consequently,

∫
F2

n log

⎛
⎝ F2

n

‖Fn‖2
L2(Q

β
0 )

⎞
⎠ dQ

β
0 =

∫
ϕ2

n log

⎛
⎝ ϕ2

n

‖ϕn‖2
L2(νqn )

⎞
⎠ dνqn

≤ C1

β
En (ϕn) = C1

β
En (F) . (14)

Since

lim
n→∞

∫
F2

n log

⎛
⎝ F2

n

‖Fn‖2
L2(Q

β
0 )

⎞
⎠ dQ

β
0 =

∫
F2 log

⎛
⎝ F2

‖F‖2
L2(Q

β
0 )

⎞
⎠ dQ

β
0

and limn→∞ En (F) = E (F), we conclude that (14) holds with Fn replaced by F and
En (F) replaced by E (F). �
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3 Proofs of Theorems 1.7 and 1.8

3.1 Proof of Theorem 1.7

Let us first derive an alternative representation for Ẽ
(s)
0 . Note that for F (g) =

f (g (t1) , . . . , g (tn)) ∈ FC1
b we can write

Ẽ
(s)
0 (F) =

n∑
i, j=1

∫ (
∂i f ∂ j f

)
(g (t1) , . . . , g (tn)) K (s) (

g (ti ) , g
(
t j

))
Q

β
0 (dg)

with

K (s) (x, y) :=
∞∑

k=1

ϕ
(s)
k (x) ϕ

(s)
k (y) ; x, y ∈ [0, 1] .

Note that s > 1
2 implies that the sum converges.

Lemma 3.1

K (1) (x, y) = x ∧ y − xy

Proof Let h ∈ Rn, h = (h1, . . . , hn) and define

f (x) :=
n∑

i=1

hi (x ∧ xi − xxi )

Then f ∈ H1
0 ([0, 1]), ḟ (x) = ∑n

i=1 hi
(
1[0,xi ] (x) − xi

)
,
∫ 1

0 ḟ dx = 0, and thus

n∑
i, j=1

hi h j
(
xi ∧ x j − xi x j

) =
1∫

0

(
n∑

i=1

hi
(
1[0,xi ] (x) − xi

))2

dx

=
1∫

0

ḟ 2 (x) dx =
∞∑

k=1

〈 ḟ ,
√

2 cos (πkx)〉2 =
∞∑

k=1

⎛
⎝

1∫

0

ḟ (x) ϕ̇
(1)
k (x) dx

⎞
⎠

2

=
∞∑

k=1

(
n∑

i=1

hiϕ
(1)
k (xi )

)2

=
n∑

i, j=1

hi h j K (1)
(
xi , x j

)
.

�
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As a consequence, we conclude that the finite dimensional projections of Ẽ
(1)
0 are

given by

Ãq ( f ) :=
n∑

i, j=1

∫

�n

(
∂i f ∂ j f

)
(x)

(
xi ∧ x j − xi x j

)
νq (dx)

with q = β (t1, t2 − t1, . . . , 1 − tn) in the following sense: let
F (g) = f (g (t1) , . . . , g (tn)), f ∈ C1

b (Rn). Then

Ẽ
(1)
0 (F) = Ãq ( f ) .

We also define the bilinear form

Ẽq( f ) :=
n∑

i, j=1

∫

�n

xi
(
δi j − x j

)
∂i f ∂ j f dπq(x) , f ∈ C1

b(Rn) .

In the following let

�n

(
Ã
)

( f ) (x) :=
n∑

i, j=1

(
xi ∧ x j − xi x j

) (
∂i f ∂ j f

)
(x)

be the carré du champ associated with Ãq and

�n

(
Ẽ
)

( f ) (x) :=
n∑

i, j=1

xi
(
δi j − x j

) (
∂i f ∂ j f

)
(x)

be the carré du champ associated with Ẽq . Finally, let us define the transformation

Tn : �n → �n ,

(x1, . . . , xn) �→ (x1, x2 − x1, . . . , xn − xn−1) = (z1, . . . , zn) .

Lemma 3.2

�n

(
Ã
)

( f ◦ Tn) (x) = �n

(
Ẽ
)

( f ) (z) , f ∈ C1
b

(
Rn)

.

Proof Fix f ∈ C1
b(Rn). To simplify notations, let

di f (x) := ∂i f (Tn(x)) , 1 ≤ i ≤ n .

Then

∂xi ( f ◦ Tn) (x) =
{

di f (x) − di+1 f (x) if 1 ≤ i < n

dn f (x) if i = n ,
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and

�n

(
Ã
)

( f ◦ Tn) (x) =
n∑

i, j=1

(
xi ∧ x j − xi x j

)
∂xi ( f ◦ Tn) (x)∂x j ( f ◦ Tn) (x)

=
n∑

i, j=1

i∧ j∑
k=1

zk ∂xi ( f ◦ Tn) (x)∂x j ( f ◦ Tn) (x)

−
(

n∑
i=1

i∑
k=1

zk ∂xi ( f ◦ Tn) (x)

)2

=
n∑

k=1

zk

(
n∑

i=k

∂xi ( f ◦ Tn) (x)

) ⎛
⎝

n∑
j=k

∂x j ( f ◦ Tn) (x)

⎞
⎠

−
(

n∑
k=1

zk

n∑
i=k

∂xi ( f ◦ Tn) (x)

)2

=
n∑

k=1

zk (dk f (x))2 −
(

n∑
k=1

zkdk f (x)

)2

=
n∑

k,l=1

zk(δkl − zl)dk f (x)dl f (x) .

�
The previous Lemma in particular implies that for q ∈ R̊n+1+ and f ∈ C1

b (Rn) we
have that

Ãq ( f ◦ Tn) = Ẽq ( f ) . (15)

Proof of Theorem 1.7 First let s = 1 and consider F (g) = f (g (t1) , . . . , g (tn)) ∈
F̃C1

b . Then Remark 2.2 of [6] implies that

Varπq

(
f ◦ T −1

n

)
≤ 1

β
Ẽq

(
f ◦ T −1

n

)
,

where q = β (t1, t2 − t1, . . . , tn − tn−1, 1 − tn) ∈ R̊n+1+ . Clearly

Varνq ( f ) = Varπq

(
f ◦ T −1

n

)
,

so that (15) implies

Varνq ( f ) ≤ 1

β
Ãq( f ) . (16)
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Since on the other hand Var
Q

β
0
(F) = Varνq ( f ) and Ẽ

(1)
0 (F) = Ãq ( f ), inequality

(16) now implies that

Var
Q

β
0
(F) ≤ 1

β
Ẽ

(1)
0 (F) .

Since F̃C1
b ⊂ D

(
Ẽ

(1)
0

)
dense, the last inequality also extends to the closure, which

proves the assertion for the case s = 1. The case s < 1 clearly follows from
Remark 1.6 (a). �

3.2 Proof of Theorem 1.8

We first need the following lemma.

Lemma 3.3 Let s > 1
2 and δ ∈ (

0, s − 1
2

)
. Then there exists a finite positive constant

Cδ,s such that

∣∣∣K (s) (x, x)

∣∣∣ ≤ Cδ,s x2δ, x ∈ [0, 1] .

Proof Using the inequality

|sin (t)| ≤ |t | , t ∈ R

we conclude that

|ϕk (x)| ≤ √
2πkx, x ∈ [0, 1] .

Consequently,

K (s) (x, x) =
∞∑

k=1

(πk)−2sϕ2
k (x) ≤

∞∑
k=1

(πk)−2sϕ2−2δ
k (x)

(√
2πkx

)2δ

≤ 2π2(δ−s)

( ∞∑
k=1

k−2(s−δ)

)
x2δ,

which implies the assertion for Cδ,s := 2π2(δ−2)
∑∞

k=1 k−2(s−δ), since s − δ > 1
2 by

assumption. �
Proof of Theorem 1.8 Choose a sequence (tn) ⊂ (0, 1) such that limn→∞ tn = 0 and
define

F̃n (g) ;= 1√
tn

g (tn) .
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Let δ ∈ (
0, s − 1

2

)
. Then

∫
F̃2

n dQ
β
0 = 1

tn

1∫

0

t2dπ(βtn ,β(1−tn)) (t)

= 1

tn

� (βtn + 2)

� (βtn)

� (β)

� (β + 2)
= βtn + 1

β + 1
≤ 1

and

Ẽ
(s)
0

(
F̃n

)
= 1

tn

1∫

0

K (s) (t, t) dπ(βtn ,β(1−tn)) (t) ≤ Cδ,s
1

tn

1∫

0

t2δdπ(βtn ,β(1−tn)) (t)

= Cδ,s
1

tn

� (βtn + 2δ)

� (βtn)

� (β)

� (β + 2δ)
= Cδ,sβ

� (βtn + 2δ)

� (βtn + 1)

� (β)

� (β + 2δ)
.

It follows that

cn :=
∥∥∥F̃n

∥∥∥2

L2
(
Q

β
0

) + Ẽ
(s)
0

(
F̃n

)

is bounded, hence

Fn := 1√
cn

F̃n ∈ B1

(
Ẽ (s)

0

)
.

We will show next that (F2
n )n≥1 is not uniformly integrable, which then implies that

B1(Ẽ
(s)
0 ) is neither uniformly integrable. To this end note that for any c > 0

∫

{F2
n ≥c}

F2
n dQ

β
0 = 1

cntn

∫

{g:g(tn)≥√
ccntn}

g (tn)2 dQ
β
0 (g)

= 1

cntn

1∫

√
ccntn

t2dπ(βtn ,β(1−tn)) (t)

= 1

cntn

� (β)

� (βtn) � (β (1 − tn))

1∫

√
ccntn

tβtn+1 (1 − t)β(1−tn)−1 dt

= 1

cn

� (β + 1)

� (βtn + 1) � (β (1 − tn))

1∫

√
ccntn

tβtn+1 (1 − t)β(1−tn)−1 dt.

123



The logarithmic Sobolev inequality for the Wasserstein diffusion 209

Consequently,

sup
n≥1

∫

{F2
n ≥c}

F2
n dQ

β
0 ≥ 1

supn≥1 cn

� (β + 1)

� (1) � (β)

1∫

0

t (1 − t)β−1 dt

= 1

supn≥1 cn

� (β + 1)

� (β + 2)

which is a lower bound independent of c. Consequently,

lim
c→∞

∫

{F2
n ≥c}

F2
n dQ

β
0 ≥ 1

supn≥1 cn

1

β + 1
> 0,

which implies that
(
F2

n

)
n≥1 is not uniformly integrable. �
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