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Abstract We prove a Bahadur representation for a residual-based estimator of the
innovation distribution function in a nonparametric autoregressive model. The resi-
duals are based on a local linear smoother for the autoregression function. Our result
implies a functional central limit theorem for the residual-based estimator.
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1 Introduction

Regression models are described by their regression function and their error distri-
bution, and possibly by their covariate distribution. The object of primary statistical
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54 U. U. Miiller et al.

interest is the regression function. Estimators of the error distribution function are
however also of interest, in particular for tests about the regression function and for
prediction intervals about future observations. There is a large literature on estimating
error distribution functions, but it is nearly exclusively concerned with cases in which
the regression function is parametric, in particular with linear regression. We refer
to [12,21,22,24,29,36], and for increasing dimension to [30,35]. Analogous results
exist for autoregressive time series with parametric autoregression function, and for
related time series models. For AR(p) models see [8,23,26]. For ARMA, ARCH and
GARCH models we refer to [3,9,19,25,28]. See also Chapts. 7 and 8 in [24]. Empirical
distribution functions of powers of residuals are studied by [4,18,27].

In these papers, the (auto-)regression function (and volatility) depends on a finite-
dimensional parameter, which can be estimated at the root-n rate. If this function is
nonparametric, different arguments are needed to obtain a stochastic expansion and
hence the root-n rate and asymptotic normality for the residual-based empirical dis-
tribution function. For heteroscedastic nonparametric regression [2] give a functional
central limit theorem for a residual-based empirical distribution function; see also
[20]. A related result is in [10] who uses separate parts of the sample for estimating
the regression function and the error distribution function. Miiller et al. [32] consider
the partly linear regression model ¥ = ' TU + o(X) + & with error ¢ independent
of the covariate pair (U, X). They use a local linear smoother for the regression func-
tion o and get by with weaker assumptions on the error distribution and the covariate
distribution. In these results, the distribution of the covariate X is assumed to have
bounded support.

We expect the results for nonparametric regression to have counterparts in nonpara-
metric autoregression. Indeed [16] show that nonparametric autoregression is (locally)
asymptotically equivalent, in the sense of Le Cam’s deficiency distance, to certain non-
parametric regression models. Below we study a stationary and ergodic nonparametric
autoregressive model

X;=r(Xi—1) +&, telZ,

with independent and identically distributed innovations ¢&;, t € Z. We obtain a sto-
chastic expansion (“Bahadur representation”) and a functional central limit theorem
for a residual-based empirical distribution function, using a local linear smoother for
the function . We assume that the innovations &, have mean zero, finite variance o2
and a distribution function F' with positive density f. Compared to regression, two
technical difficulties arise. One is that the observations are dependent. Another is that
for regression we could assume that X is bounded, but the analogous assumption for
the process X; is ruled out by our requirement that f is positive.

We want to estimate F based on observations Xg, X1, ..., X, of the autoregressive
process. For this we need an estimator 7 of 7. Then we can form the residuals &; =
Xj— r(X j—1), j = 1,...,n. Typically, the performance of the estimator 7 (x) will be
poor for large values of x. For this reason we shall use only the residuals & ; for which
X falls into an interval I, = [a,, b,] where —a, and b, tend to infinity slowly.
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Estimating innovation distributions 55

We achieve this by using random weights

Wnj
w; =

Z?:l Whni '

with w,; = w,(X;_1) based on a Lipschitz-continuous weight function w, that
vanishes off 1,,,is 1 on [a, + y, b, — y] for some fixed small positive y and is linear
on the intervals [a,, a, 4+ y] and [b, — Y, b, ]. Our estimator will be of the form

j=1,...,n

n
F(y=> w;l[z; <1, teR
j=1

We shall compare this estimator with the empirical distribution function based on the
true innovations,

1}1
F(t) = — 1[e; <t], telR.
(t) n;[e,_]

We take 7 to be a local linear smoother. Recall that, for a fixed x € R, the local
linear smoother 7 satisfies 7(x) = By, where (8o, 1) denotes a minimizer of

! . Xji1—x 2 Xj1—x
> (5 -m-n =) K (B2,

j=1 "

Here ¢, is a bandwidth and K is a kernel.
We impose the following conditions on the density f and the regression function r.

(F) The density f is positive, has mean zero and a finite moment of order greater than
8/3, and is Holder with exponent & greater than 1/3.

(R) The function r has a bounded second derivative and satisfies the growth condition
|r(x)] < c|x| +d for some ¢ < 1 and d < oo.

Assumption (F) without positivity of f was already used in [32]. Positivity of f
plays arole in guaranteeing ergodicity of the process. Indeed, together with the growth
condition on r it guarantees geometric ergodicity of the autoregressive model. The
growth condition could be replaced by any other condition on r that implies geometric
ergodicity. Sufficient conditions for geometric ergodicity of nonlinear autoregressive
models are in [1,5,6].

The above assumptions also guarantee the existence of a stationary density g that
satisfies

g(y)=/f(y—r(X))g(X)dx, yeR. (1.1)

Thus positivity and the Holder property of f carry over to g and guarantee that the
latter is bounded and bounded away from zero on each compact subset of R. This
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conforms with the customary assumption in nonparametric regression, namely that
the covariate density is bounded and bounded away from zero on its compact support;
see [32].

We impose the following conditions on the kernel K and the intervals /,,.

(K) The kernel K is a three times continuously differentiable density with mean zero
and support [—1, 1].
(I Theinterval I, = [ay,, b,]is such that —a,, and b,, tend to infinity slowly enough
so that logn inf , ¢/, g(x) stays bounded away from zero.

Assumption (I) is used to obtain uniform rates of convergence for 7 on the inter-
vals I,,. This is analogous to [17] who proves uniform convergence rates for kernel
estimators based on dependent data. Finally, in view of the inequality

by
inf g(x)(bp —an) = /g(X)dx <1,
xely,

dp
it follows from (I) that b, — a, = O (logn).

Theorem 1 Suppose (F), (R), (K) and (I) hold and ¢, ~ (nlogn)~'/4.
Then

sup | F(t) — F(1) — f(t)l Zgj =0,(n"'/?).
teR n

Jj=1

In view of the differentiability assumptions on r, an optimal choice of bandwidth for
7 would be proportional to n~!/>. Thus the present choice of bandwidth results in an
undersmoothed estimator of r. Undersmoothing is needed in our proofs to guarantee
that the bias is asymptotically negligible which amounts to the requirement ncﬁ — 0
on the bandwidth. The choice of bandwidth in the theorem is made to accomplish
this and to make the bandwidth basically as large as possible. Actually, the choice
cn ~ n~/41og™" n works for any positive . We have taken y = 1/4 for notational
simplicity.

We set X = X and ¢ = ¢1. By Theorem 1,

n

. 1
sup F(t) — F(t) — - Z (1le; <t1 = F(O) + f(D)ej)| = 0p(n™"/2).
te ]:1

The terms 1[e; < t]— F(t) + f(t)¢; in this Bahadur representation ofI@‘(t) — F(t) are
martingale increments, and the density f is bounded under assumption (F). Hence by
Corollary 7.7.1 of [24], the residual-based empirical process n'/2(F — F) converges
weakly in D[—o0, oo] to a centered Gaussian process with covariance function

(5,0) > F(s A1) = F()F (1) + f(s)c(t) + f(D)c(s) + f(s) f(1)o?,
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Estimating innovation distributions 57

where

t

c(t) = /xf(x)dx

—0o0

is the mean of ¢1[gs < ¢].
Paradoxically, the asymptotic variance

F()(1 = F(0) +2f (0)c() + f2(t)o?

of the residual-based weighted empirical distribution function I@‘(t) can be smaller
than the asymptotic variance F'(¢t)(1 — F(¢)) of the empirical distribution function
F(t) based on the unobserved innovations. The explanation is that F(¢) does not make
use of the assumption that the innovations have mean zero, while the linear smoother 7
used for the residuals exploits this information (as do other nonparametric estimators
for the autoregression function). For nonparametric regression, a similar observation
is made in [31].

The estimator [7(¢) is efficient. Efficiency can be proved similarly as for nonpara-
metric regression in [31].

A result along the lines of Theorem 1 can be proved for higher lag nonparametric
regression. This requires additional smoothness of the underlying regression function r
of several variables and the use of appropriate multivariate local polynomial smoothers.
We will pursue this somewhere else.

Note that the conclusions of Theorem 1 remain valid if we replace the endpoints
of I, by data-driven versions which take only finitely many values with high pro-

bability. This can be achieved by choosing I, = [ay,, b,] at random from a col-
lection .%, = {[a,b] : a < b,a,b € G} of intervals with G,, = {kn : k =
0,1,—-1,2,-2, ..., |nk| < Clogn} for some small positive n and some constant C.

For this let

50x) = — ZK Xj—x eR
x) = , X ,
& ncnj:1 Cn

be a kernel density estimator of g. Under the assumptions of Theorem 1 we have

sup  8(x) — g(x)| = 0p(n~ /12y,

[x|<Clogn

see (3.1) and (3.2) below withi = 0. Now we can choose I, as the interval with largest
length among the intervals I in .%, with logninf,c; g(x) > 7.

The remainder of the paper is organized as follows. Section 2 describes some
possible applications of Theorem 1. A proof of this theorem is presented in Sect. 3.
Technical details needed in the proof are provided in Sects. 4 and 5.
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2 Applications

In this section we describe some applications of residual-based empirical distribution
functions. These applications have versions in nonparametric regression and have been
extensively studied there.

Quantile functions. By Proposition 1 of [15] on compact differentiability of quantile
functions we obtain from Theorem 1 the following uniform stochastic expansion for
the residual-based empirical quantile function. For0 < o < 8 < 1,

1[e; < F'w]—u
fF~w))

sup |[FTw)— F ') + % > (

a<u<p j=1

+ Sj) = op(n_l/z).

Prediction intervals. A predictor for X, is 7(X,). By the above result on the
quantile function, the probability that X, lies in the prediction interval [r(X}) +

F~1(a/2), #(X,) + F~1(1 — a/2)] converges to 1 — . For a related result in nonpa-
rametric (and heteroscedastic) regression see [2].

Goodness-of-fit tests for the innovation distribution. In order to test for a specific
form of the innovation distribution function F, we can use, e.g. the Kolmogorov—
Smirnov statistic

n'2sup |F(t) — F(1)]
teR

or the Cramér—von Mises statistic
n/(fF(r) — F(t))%dF(@).

Similarly, tests for parametric models Fy can be based, e.g. on

n2 sup |F(1) — Fy (1)
teR

or
n/(lﬁ’(t) — F3(0))%dF (1)

for some estimator 13‘, for example the residual-based maximum likelihood estimator.

Goodness-of-fit tests for the autoregression function. Suppose we want to test
the null hypothesis that we have a parametric form r = ry for the autoregres-
sion function. Let & denote the least squares estimator for ¥, i.e. a minimizer of
Z;’-:l(Xj —ry (Xj_l))z. Let &); = X — r5(X;—1) denote the residuals under the

null hypothesis, and let I@“o(t) = (1/n) Z?Zl EN) j =< t] denote the corresponding
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Estimating innovation distributions 59

empirical distribution function. We can then base a test for the null hypothesis on the
Kolmogorov—Smirnov statistic

n'/2 sup [F(r) — o ()]
teR

or the Cramér—von Mises statistic
n / @) — Fo )2l ().

For a related approach in (heteroscedastic) regression see [38].
For other applications of residual-based empirical distribution functions we refer
to [11,13,33,34].

3 Proof of Theorem 1

In this section we give the proof of our theorem. We will make repeated use of the
following exponential inequality for martingales in [14].

Lemmal Let Yy, ..., Y, be a sequence of martingale increments (with respect to a
filtration Fy, . .., Fn) bounded by c. Set S,, = 27:1 YandT, = 27:1 E(Yj2|.7-"j_1).
Then for positive s and t one has

2

P(S,>s, T, <1) <exp (—ﬁ) .

Throughout we assume that the assumptions of Theorem 1 are met. These imply
that the innovation density f is bounded:

Il flloo =sup f(t) < co.
teR

The stationary density g of our nonparametric autoregression model can and will be
chosen to satisfy (1.1) and is hence positive, bounded and Holder with exponent &.
For a continuous function /# on R and an interval / we let

21l = sup [A(x)].

xel

We begin by studying the behavior of the local linear smoother on the interval 1. To
this end we introduce for a non-negative integer i the function K; by K; (u) = u' K (u)
and the random functions p; and g; by

N 1 - Xj_l—x
pi(x) = Kil—), xeR,
1

ncy ~ Cn
]:
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and

1 < Xj_1—x
(?,'()C) = ZXjKi (J—), x € R.
ncnj - Cn

It is easy to check that on the event {p>(x) po(x) — ﬁ% (x) > 0} we have the identity

_ h2(0)Go(x) = pr(x)g1 (x)

7o 2box) — P2(x)

By the properties of f and K, we obtain from Lemmas 3 and 4 in Sect. 4 and the
choice of bandwidth that

sup |pi(x) — E[pi ()] = 0p,(n~ '), i=0,1,2,... (3.1

xel,

Let us now set
Aiz/Ki(u)du:/uiK(u)du, i=0,1,2,...

Since the density g is Holder with exponent £ and the kernel K has compact support,
we obtain in view of the identity

5i(x) = ELpi(0)] = / g0 — o Ky du, x € R,
that

sup | E[pi ()] — rig(x)| = O(c5), i=0,1,2,... (3.2)
xeR

It follows from (I), (3.1) and (3.2) that

1pi/g — Xill, + 15i/g — Aill, = 0p (™), i=0,1,2,...  (33)
As K is a density with mean zero, we have Ao = 1, A1 = 0 and A, > 0 and obtain
—1/12)'

| P2Po — ﬁ% - X2g2||1n =o0p(n

Since log ninf ¢, g(x) is bounded away from zero and A is positive, there exists an
o > 0 such that

P (logznxiglf Pa() po(x) — ﬁ%(x)) > 0() S (3.4)
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Estimating innovation distributions 61
We can write §; = A; + B;, where
Ai(x) 1i K (Ko R
(x) — ek (2T, eR,
= e, & Cn *
j=1
and
1 ! Xj_l — X
B;i(x) = o ZF(XJ'_])K,' T , xeR
j=l
Since r has a bounded second derivative, a Taylor expansion shows that
I(Bi —rpi = r'capir)/glls, < sup [r"(0)leqll po/glls, = Oplcy).  (3.5)
xeR
It follows from Lemma 5 in Sect. 4 that
1Aill, = 0p(n > l0g’®n), i=0,1. (3.6)
Relations (3.1)—(3.6) imply that
A=F—r=0+1,
where
D A —p A
o) = Pz()_f) o(iC) pl(icz) 1(x) R, 3.7)
p2(x)po(x) — py(x)
and
lall;, = O, ((nlogn)~'/?). (3.8)

Since K is three times continuously differentiable, so are p; and A;. From Lemma 5

in Sect. 4 we derive the following rates for the derivatives of A;,

o

=0 (c;”n_3/810g5/8n), v=0,1,2.

As K l’ integrates to zero, we can write

cnpi(x) = /g(x — cuu) K] (u) du = /(g(x — cnput) — g(xX)) K (u) du

and obtain |lc,p!/gll;, = 0(c5 logn) by (I) and the Holder property of g. Simi-

larly one verifies ||c2p!/gll;, = 0(c5 logn). By (3.3) we have lpi/gll, = O().
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62 U. U. Miiller et al.

We derive that s; = po—; /(papo — ﬁ%) satisfies
lIsill;, = O(logn), llcasill;, = o(1) and licpsll;, = o(1), i=0,1.

n-i

As U = s59Ag — s1A1, we conclude that

1911, = 0p(n~3log”n), (3.9)
19117, = 0,(n~"¥log? n), (3.10)
19”111, = 0p(n'/®log® n). (3.11)

Moreover, it follows from Lemma 6 that
1 — l —
A —1/2
;Z;w,,jv(xj,l) = ;Z}sj +o0,(n" %), (3.12)
j= ji=

Let ¥y, denote the weighted empirical distribution function based on the unobserved
innovations, defined by

n
Fu(t) = wille; <t], teR.
j=1
It is easy to check that

sup [Fy (1) — F(1)] = 0,(n~'/%)

teR
and
_ 1 <&
W= ;zwnj =1+o0,(1).
j=1
We have the identity
W (F() = Fu () = Ht, &) = H@ 0) + B, A),
where
1 n
B(t, A) = = > wy; (Ft + AX;_1)) — F(1))
n
j=1
and

1 n
H(t 8) =~ 3wy (Lej < 0+ AX;-1)] = F@ + AKX 1))
j=1
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Estimating innovation distributions 63

for ¢t in R and A in C(R), the set of continuous functions from R to R. As f is Holder
of order & greater than 1/3, we derive

. 1< R 1< .
sup [B(, &) = (0~ > wnj AX ;1) = ~ 3w LIAG 0],

teR j=1 j=1

where L is the Holder constant of f. In view of this, relations (3.8), (3.9) and (3.12)
yield

. 1< B
sup |B(t, A) — f(1)— Zsj =o0,(n"1/?).
teR n =1
Thus we are left to show that

sup |H @, A) — H(t, 0)‘ = 0,(n"11?).
teR

Since the innovations have a finite second moment, we have

N 12
121;1;(n|£]| op(m'7).
Since || A 7, = 0, (1), the probability of the event

max |e;| <n'/? - 1] N LAl < 1)

1<j<n
tends to one. On this event we have

sup |H(t,A)— H(t,0)| = sup B(, A)

[t|>nl/2 [t|>nl/2

<2F(1 —n"? +2(1 — Fn'? = 1)).

Since F has a finite second moment, we have F(t) = o(t_z) as t — —oo and
1 — F(t) = o(t7%) as t — oo. This shows that

sup |H(t, A) — H(t,0)| = 0,(n~").

[t|>nl/2

Now fix a § in the interval (1/3, 1/2). For an interval 7, let C11+‘S(1 ) be the set of
differentiable functions £ on R that satisfy ||k ; s < 1 where

h(x)—Hh
Vil = Il + 0+ sup e = RO
x,yel,x#y ly — x|
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It follows from (3.9)—(3.11) that v belongs to CIJFS (I,,) with probability tending to 1.
Indeed from (3.10) we obtain

[0 (x) — V'V

Su
P ly — xpP

queln,ly_x‘>n71/4

< 2041814, = 0, (/34 10g% n),

and from (3.11) we obtain

[0 (x) — 0" () < - (=8)/4y 5y —1/8+8/4

3
sup y—xp < 07Nl = op(n log” n).

X»)7€1)1s|y_)‘|§"71/4

Since —1/8 + §/4 < 0 by choice of §, the above and relations (3.9) and (3.10) yield
that

[101l1,,5 = 0p(1). (3.13)
Nowlet Z, ={u+v:u € %, v € ¥,}, where

Uy ={h € CR) : |Ihll;, <n~'Plog™"*n),
Yo =1th € C{ () < Il < n~*/log? n}.
By (3.8), u belongs to %, with probability tending to one; by (3.9) and (3.13), 0

belongs to ¥}, with probability tending to one. This shows that A belongs to Z,, with
probability tending to one. In view of this we are left to show

sup  |H(t, A) — H(t,0)| = 0,(n"/?). (3.14)

[t|<nl/2, A€ D),
To this end set n, = n—1/2 log_1/4n. Letty, ..., ty, be an n,-net of [—n1/2, nl/?,
andlet vy, ..., vy, denote an 1,,-net for ¥}, for the pseudo-norm || - || 7, . We can choose

the former net such that
M, <2+nlog'*n, (3.15)
while we can take the latter net such that

Ny < exp (K*(Z 4 by — an)(nlog/? n)1/<2+25>) (3.16)

for some constant K,; see Theorem 2.7.1 in [37]. Note also that vy, ..., vy, is an
2n,-net for &,,. We have

sup |H(t, A) — H(t,0)| < max |H(t, v) — H(, 0)] + max D;,
|t|<nl/2, AeD), il il
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Estimating innovation distributions 65

where

Di; = sup (1H(1, A) = H(ti, v)| + |H(,0) — H(1;, 0)]) .

[t=ti|<nn. 1A=Vl 1, <27
For |t — t;| < n, and ||A — v;||;, < 2n, we have
Iy <ti =3np+u)] <1y <t +A)] <1y <t +3n, + v(x)]
and
F(ti =3, +vi(x)) < F(t + A(x)) < F(t; + 30, + v (x))
forall y € R and x € I, and thus obtain
|H(t, A) — H(t;, v)| < H(ti + 30, v1) — H(t; — 3nn, v1) +2Ri
with
1 &
Rii=- Z:, waj (F (G + 3+ vi(X 1)) = F (& = 3m, + v/(X;-1))
j=
=6l flloonn-
Similarly, we derive the bound
|H(t,0) — H(t;,0)| < H(ti + 11, 0) — H({t; — 10, 0) + 41 f oo
Thus we have the following bound:

sup |H(t, A) = H@,0)| =T\ + T2+ T3 + 16|l f llocTns

lt|<nl/2, A€,
where
T = max [H(t;, v) — H(t;, 0)],
7§=nngUr+van—an—3%,wL

EzmyHm+wm—Hm—mﬂl
i,

To continue we need the following lemma which follows from a simple application
of Freedman’s inequality.

Lemma 2 Let s, t be real numbers and u and v be continuous functions. Then, for
every B > 0 and every a > |t — s| + |[u — v||y,, we have
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66 U. U. Miiller et al.

“1)2 Bon
P(H(s.w) = H{t )l > pr 5 < 2exp\ =3 5,017 )

Proof We apply Lemma 1 with

Yi=wy (Uej <s+uXj—D]—1e; <t +v(X;-)]
—F(s+u(X;-1) + F(t +v(X;-1))).

We have |Y;| <2, E(Y;|Xp,...,X;j—1) =0and

n n
V=D E(Y}IX0,..., Xj-1) < D w [Fls +u(Xj1) = F(t +v(X;1)]
j=1 j=1

< nll flloo(lt = sl + llu = vliz,) < nel| flloo-
Since
n
P(IH(s,u) = H(t,v)| > pn~ "2y = P [ D ¥;| > pn'%, Vi, <nll flloor | |
J=l1
the desired result follows from an application of Lemma 1. O

Note that [|v]l;, < n=3/8 log2 n + n,. Thus we obtain from Lemma 2 that
P(Ty > pn= %) < 3 P(H (i v) = H(1i. 0)] > pn~ /%)
il

B*n )
<2M,N,exp | — .
- p( 48112 4 20| flloo(n=3/8 log? n + 1)

Similarly,
2
P(T ~1/2y <2M, N, — P
( 2 > ﬁn )— n neXp( 4,3711/2~|— 12n||f||oonn
and
2
P(T5 > Bn~ %) < 2M, N, ex (— pn )
(B3 = P = 2MulNn X0\ = 48 T2 Flloorn

As 1/(2 +28) < 3/8, we obtain from the above and from relations (3.15) and (3.16)
and the fact that b, — a,, = O(logn) that

P(T; > pnY?) >0, i=1,2,3, B>0.

This completes the proof of (3.14) and hence the proof of Theorem 1.
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4 Technical details

Let v be a measurable function and ¢, a sequence of bandwidths. Let 7{, f>, ... be
measurable functions which are bounded by the same constant B. In this section we
study the behavior of the processes

R 1 < X;—
T =— > v ZL—2). xer, .1
ney = n

and

Up(x) =

Zs, ( Cln_x), X eR, 4.2)

on the interval [,,. For this we will use the following result.

Proposition 1 For each x in R, let hy,yx be a bounded and measurable function from
R? into R such that

E(hnx(Xo, X1)|X0) = 0. 4.3)

Suppose there are positive numbers k1, ko and C such that

sup |hnx(XOa Xl)| = C/ logn, (44)
xel,
SupZE(h ((Xj—1, Xj)IXj—1) > C/logn | — 0, 4.5)
xe[n
|7y (Xo, Xl)_ hux(Xo, X1)| < Cn'?ly — x|, x,y eR. (4.6)

Then there is a constant A such that

P | sup Zh,,x(X LX) > A —o. 4.7
xel
nj=l1

Proof Letus set Dj(x) = hyx(X -1, X;). Then M, (x) = 2?21 Dj(x) is a sum of
martingale differences with | D (x)| < C/logn.Set W, (x) = Zl}:l E(Djz(x)lXj_l).
It follows from Lemma 1 that

C n*logn
P |M, >n, W <—1<2 -, 0.
(I w0 =1, Wh(x) < logn) < eXP( 2 +n)C) n >
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Now let x,x = an + k(b, — ay)n™ " fork =0, 1, ..., n™, with m an integer greater
than (1 + «2)/k1. We have

sup | M, (x)| = (max | My (xni)| + Qn,
=0,...,n

xel,
where, in view of (4.6),
0, = max . sup My (x) — My, (i) |
| x—xpk | < (bp—an)n ="

< Cn1+/c2(bn _ an)/qnfqu - 0.

Now consider the events
Ay = {k max My (xu)| > 1+ 2(m +2)C}
=0,..., nm

and

C
B, = {sup Wy(x) < —¢.
xely logn
The above yields, with n = 1+ 2(m + 2)C,

P(Ay) < P(By) + P(Ay N By)

m

< C
< P(B;) + ZP (|Mn(xnk)| >n, Wplxu) < )

= logn

< P(B) +2(1 + ™) exp (_%) — o(l).

Thus the desired result (4.7) holds with A = 2 +2C(m + 2). m]

Let us now compare f",, with Tn, where

[ X;—x
S E(xv (= }Xj,l . xeR
ncy ]:1 Cp

Ty(x) =

Lemma 3 Suppose f is bounded and v is integrable and Lipschitz. Let ¢, — 0 and
nc,/logn — oo. Then

A ~ logn 12
sup [T, (x) — Tp(x)| = O, .
xel, ncy
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Proof We apply Proposition 1 with

1 X1 —x X1 —x
hnx(xo,xozs—(rn(xl)v( - )—E(rn(xov( - )]Xo))

where s, = (nc,, log n)l/2. Assumption (4.3) holds by construction. In order to show
(4.4) note that the assumptions on v imply that v is bounded and square-integrable.
We have

2B|vl|
sup |hnx(XOs X1)| = i

xel, J/ne, logn

This is of the desired order O(1/logn) since logn/(nc,) — 0 by assumption. Next,
we have

‘ 5 B* & Xi—x
ZE(hnx(Xj,xj_mxj_])gSTZE(vz( fc )(Xj_l), x €R.
Jj=1 moj=l "

This yields the desired (4.5) in view of n/ s,% = 1/(c, logn), stationarity, and the bound

LE (1)2 (Xl _x) ‘XO) — / ivz (W) f(y)dy
Cn Cn Cn Cn

=/v2(u)f(x—r(xo)+cnu)du

< ||f||oo/v2<u>du.

Finally, relation (4.6) follows with x| = k> = 1 from the bound

(%) (%)

2B
|hny(X07 X1) — hpx (Xo, X1)| < —sup

Sn zeR
2BA
< ly —x,
SnCn
where A is the Lipschitz constant of v, and the fact that nc, s, — oo. O

Lemma 4 Suppose f is bounded and v is integrable and has a bounded derivative
v’ such that the integral V.= [(1 + |ul)|v'(u)| du is finite. Suppose the functions
to = f,t1,ta, ... satisfy

ltm (Y) — tw (X)| < Hply — x|, x,y eR,m=0,1,2...,

for some exponent &y, 0 < &y < 1. Then

sup |T,(x) — E(T,(x))| = 0, ((Ho + H,) (b, — an)nfl/zcgw) .

xel,
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Proof For s € R, let us define the function ¢, by

¢n,s(x) =t (x)f(x —s), xe€ R.

By the properties of f and #,, the functions ¢, ; are bounded by B]| f ||~ and Holder
with exponent &y and constant A,, = BHp + || f ||co Hp,

s (X) — P s (V)| < Anlx — y[50. (4.8)

It is easy to see that

B 1 n
L) =~ > Ynrix; @), x€R,
j=1

where

Vs () = / Civ (y C_x) bns () dy = / s (x + cat)v() du, x € R.

n n

By the properties of v, the functions ¥, ; are bounded by B| f |l llv|l1 and differen-
tiable with derivatives

Uy (x) = _i/(pn,s(-x +cou)v' () du, x eR.
\ o

In view of [ v'(u) du = 0 we obtain

w,/m(x) = _CL /(¢11,s(x + cpu) — ¢n,s(x))v/(u) du, xeR.

Thus (4.8) implies that

W ()] < Anc§°—1/|u|f°|v’<u)|du, xeR.

Hence the functions v, ¢ are Lipschitz with constant L, = VA,,c,%O_l.

Since the autoregressive process is geometrically ergodic, there is a constant D
such that

n
Var n_l/ZZh(Xj) < DA%
j=I

for every bounded measurable function 4. Since
|wn,r(y)(s) - 1pn,r(y)(t)” <L,ls—t], s,t,yeR,
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we obtain that
Var (n1/2(fn(s) - T,,(t))) <DL>(s —1)%, s,t€l,. (4.9)

Thus it follows from Theorem 12.3 in [7] that the sequence of C ([0, 1])-valued pro-
cesses

W12 3 B
———— (Tu(@n + b — @) = ElTa(a + (b —a)]), 0=x <1
Ly (by — an)
is tight. This is the desired result. O

Lemma 5 Suppose the function v is as in Lemma 4. Let f be bounded and have a
finite moment of order B > 2. Let ¢, — 0, n'/?c, /logn — 0o and c;lnq”/ﬂ logn

be bounded. Then
logn 172
sup |Up(x)| = Op .
xel, ncy

Proof Lets, = (nc, log n)'/2. Define

Ry ) = — (e1 gt = 0]~ E et [iej1 = n#]]) w (y) ’

n

1 X._ —
Snj () = —&j1 [|<9j| > nl/ﬁ] v (Lx) :
n

Cn
_ 1 X_ —
Spj(x) = s_E [sjl [|8j| > nl/ﬂ]] v (%x) )
n n

Since ¢ has mean zero, it suffices to show that

sup | D Ryj(0)| = 0,(1), (4.10)
xel, |

n ]=1
sup | > 8,j(x0)| =0, (1), (@.11)
xel, |

n =1
sup | > 5,j(x)| = 0,(1). (4.12)
xel, |~

nlj=l1

We have

n
P (lmax lejl > n”ﬂ) <> Plejl > 0% < E[1eff1[lel > '/ ]| > 0
=j=n X
j=1
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and thus

n
P sup | D8] >0 §P(lmax |sj|>n1/ﬁ)—>0.

xel, =1 <jzn

The assumptions on v imply that v is bounded, say by B. Hence we also have

IA

sup Z S‘nj(x)

xel, j=1

"B [81 [|s| > nl/ﬂ]]

Sn

IA

nB
£t ]et = '] s
n

12
—0 (nl//ssn—l) =0 ((n—H—Z/ﬁcn—l log—l I’l) )
()
o .
logn

To show (4.10) we apply Proposition 1 with 4, (X;_1, X;) = R;;(x). We have

2Bn'/P 1
sup |hnx(X0, X1)| = =0 .
xel, n IOgl’l

Next, for x in R, we have

2

iE(h2 (Xjot XPIX 1) = = H () (4.13)
o " ~ logn

with

Hy(x) = Lsz (—Xj_cl _x) .

nc,
n j=1

Note that v? inherits the properties imposed on v. Thus Lemmas 3 and 4, applied with
v? in place of v and with & = 0, yield

sup |Hy(x) — E[H,(x)]| = 0p(1).

xel,
Finally,

E[H, ()] < ||f||oo/v2<u)du, xeR.
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This shows that P (sup, . 1, Hn (x) > C) — 0 for large enough C. This yields (4.5) in
view of (4.13).
Since v is Lipschitz for some constant A, we obtain

Anl/B
[hny (X0, X1) — hpx (Xo, X1)| < ly — x| < Cnly — x|.
n+-n
Thus the assumptions of the Proposition 1 hold, and we obtain (4.10). O

5 Proof of (3.12)

In this section we provide the proof of (3.12). More precisely, we prove the following
lemma.

Lemma 6 Suppose (F), (R), (K) and (I) hold and ¢,, ~ (nlogn)~'/*. Then (3.12)
holds.

Proof Let us set

Do—i(x)
P2(x)po(x) — pi(x)

5i(x) = , xeR, i=0,1.

Then we can write 0 = sopAg — s1A1. Changing the order of summation leads to the
identity

1 < 1
=D wed (X)) == > eh(Xi—)
n j=1 =

with h = fzo — fn, where fori =0, 1 and x € R,

hi(x) =

ncy £ n

| x—Xj1
an(Xj—l)Si(Xj—l)Ki — )
j=1

Let i, (x) = E[l; (x)]. We calculate
i (x) = / W (x — Cntt)g(x — catt) (50(x — cnte) — sy (x — cou)) K () dut,

It follows from (3.3) that

sup |g(x)so(x) — 1| = o(n~'/'2) and sup |g(x)s;(x)| = o(n~/1?).

xel, xel,
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Using these properties it is easy to verify that E[(h,(X) — 1)2] — 0. Therefore

1 < _
=2 ek (i (Xe) = 1) = 0p(n™172).
k=1

Indeed a martingale argument shows that the second moment of the left-hand side is
bounded by E[¢2|E[(h,(X) — 1)*]/n.
Thus we are left to show that

n

1 N -
= e (X)) = ha(Xin)) = 0,072, (5.1)

k=1

Abbreviate h — hy, by fl*. Note that fl*(x) = 0 for x outside the interval J, = [a, —
¢n, by + ¢, and that wy,so/ logn and w, s1/logn are uniformly bounded and Holder
with exponent £ > 1/3 and constant H,, = O (logn). Applying Lemmas 3 and 4
with I, replaced by J,,, with #, = wys;/logn and with the choices v = K;, v = Kl./
and v = K/ fori = 0, 1, we obtain

Ihelloo = 0p(n~'73), NALllco = 0,(n™V12) and ||A]]lco = 0,(n"/®).

By (F), f has a finite moment of order § > 8/3. Hence we obtain maxy |ex| =
0,(n"VPyand u, = Elel[le| < n'/P1] = 0,(n=F=V/P) = 0,(n=1/?) as shown in
the proof of Lemma 5. Thus the desired (5.1) follows if we show that

1< A _ “12
=2 enkheXio) = 0, (171, (5.2)
k=1

where g, x = er1[|ex| < nl/ﬂ]—un.TothisendletusﬁrstshowthatP(ﬁ* e ) — 1,
where 77, is the set of all differentiable functions 2 on R which vanish off J,, and
satisfy

h(x)—=Hn
Inlloo <™ and ||h||m+||h’||w+sup%
yEx X =yl

Indeed, by the properties of h we obtain

L0 =B, _ 2y
sup = = 20 Pl o = 0p()

[y—x[>n=1/4
and

| () = )] _

su

—1/6 57
5 <11l = 0p(D).
|y—x|§n*l/4 |y _x|

@ Springer



Estimating innovation distributions 75

Thus (5.2) follows if we show that

Sy = sup |S,(h)| =o0,(n""?), (5.3)
he s,
where
1 n
Su(h) = — > enkh(Xi-).
k=1

Let n, = (nlog n)’l/z. Let Ay, ..., hy, denote an n,-net of 7. Then we have the
bound

n

1
* — E = -1/2
Sn =< lg?/(\/n [Sn(hy)] + n P |£n,k|77n lg\}?l(\’n [Sn(hy)l +0p(n ).

If ||h]loo < n~'/3, we derive from Lemma 1 that

2
-1/2 _ sn
P(lSn(h)| > sn ) = ZCXP( 41’11/‘371_1/35'}11/2 ¥ 262nn—2/3)

§2p11/24
<2exp{—-——————), s>0.
4s + 202

In the last step we used the fact that 8 > 8/3. In view of Theorem 2.7.1 in [37], we
can take

Ny < exp (K*(Z 4260 + by — an)(nlog n)3/8) (5.4)

for some constant K. Thus we obtain

' (2, 11/24
P (lélgi)/(vn 1S, (hy)| > sn~ Y ) < 2N, exp (—m) — 0, s>0.

This completes the proof of (5.3). O
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