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Abstract We prove a precision of large deviation principle for current-valued
processes such as shown in Bolthausen et al. (Ann Probab 23(1):236-267, 1995)
for mean empirical measures. The class of processes we consider is determined by
the martingale part of stochastic line integrals of 1-forms on a compact Riemannian
manifold. For the pair of the current-valued process and mean empirical measures, we
give an asymptotic evaluation of a nonlinear Laplace transform under a nondegeneracy
assumption on the Hessian of the exponent at equilibrium states. As a direct conse-
quence, our result implies the Laplace approximation for stochastic line integrals or
periodic diffusions. In particular, we recover a result in Bolthausen et al. (Ann Probab
23(1):236-267, 1995) in our framework.
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1 Introduction

Let M be a compact connected Riemannian manifold. Consider a diffusion process
({z¢}e>0, {Px}xem) associated with the generator L = A /24b. Here A is the Laplace-
Beltrami operator and b a smooth vector field. Our result is an asymptotic evaluation
of a functional of {z;};>0 determined by stochastic line integrals. In what follows,
we will give a rough sketch of it. For the precise framework, see Sect. 1.1. Let D,
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2 K. Kuwada

be a L2-Sobolev space of 1-forms on M with the differentiability order p. Then, for
sufficiently large p > 0, there is a D_ ,-valued process {¥;};>¢ such that Y; (o) equals
the martingale part of the stochastic line integral fz (0.0 foreach @ € D, P,-almost
surely. We are interested in asymptotic behavior of ¥; as + — oo. Such a process is
first introduced in [21] and we know several limit theorems including the law of large
numbers [10], the central limit theorem [10,12,21] and the large deviation principle
[16-18]. As shown in [16,17,21], the limit theorems for Y; as stated above involve
the corresponding limit theorems for each stochastic line integral or for the empirical
measure [, = [ 8,,ds.

Let us consider the pair Y, := (Y4, [;) of Y, and the empirical measure. We realize [,
as an element of a negatively ordered Sobolev space H_  of scalar functions. Then Y;
becomes a D_,, x H_ ,/-valued random functional. Let Y, :=¢~'Y,. Then Y, satisfies
the large deviation principle with the rate function I explicitly given in (1.10). In this
paper, we will investigate a precision of the large deviation principle in the following
sense. Take a “sufficiently regular” function F on D_, x H_, . Then the Varadhan
lemma asserts

1 —
tlingoglogEx[etF(Y’)]z sup (F(w) — I(w)) =: kr. (1.1)

we‘D,pr_p/

Our goal is to give an asymptotic evaluation of exp (—krt)E [exp {tF(¥))}]
ast — 00.
Let us define the set of equilibrium states X by

Krp:={weD_, xH_,y; F(w)—I(w)=x«r}. (1.2)

Then KXr is nonempty and compact (Lemma 1). Our main theorem will be proved
under the condition that, for each w € K, “Hessian of F — I’ at w is nondegenerate.
Under this assumption, X7 must be a finite set (Lemma 12). In this paper, we will
show the following theorem, so-called “Laplace approximation” for Y;.

Theorem 1 Suppose that “Hessian of F — 1” is nondegenerate on Xr. Then, for
each w = (w, n) € Kp, there is a constant Dy > 0 and hy, € C (M) such that

1—0o0

> 1
lim e "*FE, [e’F(Y’)] = Z Drw hw(x)/ h—dllw (1.3)
w=(w,n)eKp M w

This is a rough version of Theorem 4 and we will describe the precise meaning later.

Note that, by the same argument as given in [2], Theorem linduces a convergence
of path measures associated with F (l_/,) (cf.[4]; see Corollary 4 for details). Let Py g 7
be a probability measure on C ([0, co) — M) given by

exp (TF(I_/T))
E, [exp (TF(YT))]

Py rrldz] = P, [dz] (1.4

for each Borel set A C C ([0, c0) — M).
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Laplace approximation for stochastic line integrals 3

Corollary 1 Suppose the same condition as in Theorem 1. Then we have

. 1 1 oy
dim Pepr=— > | Druwhe) / podu | B,
M

w=(w,n)eXr

with respect to the weak convergence on C ([0, 00) — M). Here Z equals the right-
hand side of (1.3), ay = VF(w) € D), x H, and P is defined by (2.6) for each
o« €Dy x Hy.

Let {X;};>0 be a D_,-valued process determined by X, () = fz[o’[] o for each
a € D, Py-almost surely. This is a realization of stochastic line integrals itself as
D_ ,-valued process. We can obtain a result corresponding to Theorem 1 for (X;, [;)
(Theorem 5). As a result, we can obtain the Laplace approximation for a finite number
of stochastic line integrals by taking F which depends only on a finite dimensional
subspace of D_,. The key ingredient is the expression of X; by a sum of a linear
functional of Y; and a remainder term. To see the result and its proof, we can observe
an effect of the remainder term. It should be noted that the emergence of the effect is a
result of precision of the limit theorem. The remainder term is negligible in considering
other known limit theorems including the large deviation for X;.

Our approach formulated by means of Y; has an advantage to the analysis of rate
function. Actually, if we consider the problem for each individual stochastic line
integral or X;, the rate function corresponding to it is expressed by a variational formula
in general (see [1,16, 18]). Then computing a perturbation of the rate function seems to
be complicated. It should be emphasized that our rate function can be written without
any variational expression. This representation enables us to compute an infinitesimal
behavior of the rate function near the equilibrium states. An intuition from observations
in [16] says that the emergence of variational expression comes from the lack of
information about /;. Actually, the pair (X, /;) has an non-variational expression. But
we choose to analyse (Y, /;) since the derivation of the Laplace approximation for Y;
from that for (X, I;) is much more involved than the converse derivation. Note that
Y; itself has information about /;. Indeed, the rate function corresponding to the large
deviation for Y; also needs no variational expression. Thus, in the theoretical point of
view, we can derive all the results stated above from the Laplace approximation for
Y;. But it s not easy to identify the influence of /; in the expression of the rate function
for Y;. Dealing with the pair (Y7, /;) helps us to understand the connection between Y;
and /. This is a reason why we consider the pair (Y;, /;) instead of Y; only. As another
by-product, we can easily obtain the Laplace approximation for /; by considering the
case F(w, u) = Fy(w) for a functional Fp. In fact, we can derive the same result from
the Laplace approximation for Y; though the calculation is much more involved.

Laplace approximation for mean empirical measures of a (discontinuous) Markov
process is intensively studied in connection with some problems in statistical mechan-
ics, for instance, mean field potential or polaron [2,4,14]. In these works, the asymp-
totic behavior of the same type is obtained for mean empirical measures on a compact
metric space in more general situations. The above observation says that our result
recovers that in [4] in the case of a diffusion process on a compact manifold. On the
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4 K. Kuwada

other hand, we should mention that more general results [3,15] are known for mean
empirical measures even for diffusions on a manifold. These results do not require the
nondegeneracy assumption as we impose on the “Hessian of F — I” on K.

Now we concentrate our attention on the constant D 4, appeared in Theorem 1.
Set ay := VF(w). Note that Dr , is expressed by

B - 12
Dr.w = det (1 ~GEos, . (1.5)

Here S, is a covariance operator of a Gaussian distribution on D_,. As we will give
in (2.19), GL is a composite of an operator Iy from D_j, to D_, x H_, and
V2 F (w), the second Fréchet derivative of F at w. In the framework of [4], the term
corresponding to Gi also appears but it is given only by the second Fréchet derivative.
We will explain below the reason why such a operation appears. We remark that Iy
consists of two operators I, and (dSq,)"; Iy, (1, v) = (I'y, 1, (dSa,)*v). Thus we
observe the role of each component respectively. As a matter of fact, the principle
behind the derivation of our result is the same as in the case of empirical measures.
That is, to evaluate the asymptotic behavior of E, [exp {tF(¥,)}], we reduce the
problem to the estimate of the asymptotic behaviors of Y, near w = (w, w € Kr
in the scaling of the central limit theorem. Indeed, S, is the covariance operator of
the Gaussian distribution appearing in the central limit theorem on D_, near w. For
this purpose, we will transform the measure P, so that ¥; converges to w almost
surely. We can naturally establish such a transformation of measure by the Girsanov
transform associated with a,. Then the operation of I, ;w to Yy —tw corresponds to the
transformation of martingale Y; — Y;"* under the Girsanov transform (Lemma 7) up
to a negligible remainder term. This is the role of the first component I, of I . To
explain the role of the second component, we observe that the central limit theorem
for I; near u will be shown via the 1t6 formula for the generator L*» obtained as the
result of the Girsanov transform:

u(zr) — u(zo) = Y (du) + / L dl,,
M

Since the left hand side is negligible in the scaling of the central limit theorem, we
can reduce the central limit theorem for /; to that for Y;. By using the Green operator
Saw = (—L"‘w)_l, we can write du = —d Sy, L% u. Hence the second component
(dSa,)* of T, Ofw connects the central limit theorem for /; with that for Y. Note that
we can avoid to use the operation (dGg,,)* from H_, to D_,. Actually, the covariance
of the central limit theorem for /; near u can be described in the framework of H_
as we will show in Sect. 6 (cf. [4]). But, if we goes in this direction, we need to use
two covariance operators, S, and the other one on H_ p to describe the result. To
clarify the fact that the central limit theorem for ¥; near (w, p) is reduced to that only
for Y™, we adopt the above expression as (1.5). In this sense, the emergence of the
second component of Iy is not essential for the problem.

Different from the situation on the second component, the emergence of Iy in
our result is essential. It comes from the fact that the definition of Y; itself depends
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Laplace approximation for stochastic line integrals 5

on Py. When we consider only the empirical measure /;, it is invariant under the
change of measures. Thus there appears no correction term corresponding to I .
We should remark that, even in the Laplace approximation for X, some operator like
Iy, depending on ay, also appears. The property that X, (e) is a stochastic line
integral of « is independent of the change of measure via Girsanov transform. Thus
the transformation of measure causes no change like the operation of F;‘w. But, as
we stated above, we need to reduce the central limit theorem for X; to that for a
linear functional of ¥;**. This reduction is based on the Itd formula stated above, and
therefore it depends on L** or e, (see Remark 6 for more details). These observations
tell us that it is natural and inevitable that some additional operation like I, appears
when we deal with the long time asymptotic behavior of stochastic line integrals or
its martingale parts.

The organization of this paper is as follows. In the rest of this section, we will intro-
duce the precise framework of our results. We review there a series of limit theorems
for a current-valued process Y or the pair (Y}, /;), including the law of large num-
bers, the central limit theorem and the large deviation principle. Section 2 is devoted
to a functional calculus of a perturbation near an equilibrium state. The argument is
based on the analytic perturbation theory of differential operators. Such an approach
is available since our state space has a differentiable structure. We should remark that
the functional Y; is not bounded as a random variable while the empirical measure
is bounded; | f u fdlil < tsup|f]|. Thus it is not obvious whether a probabilistic
perturbation argument based on the boundedness of functionals as used in [4] is also
effective or not. In Sect. 3, we will establish the uniform moderate deviation estimate.
Such estimates are essentially shown in [17], but we need more precise estimate con-
cerning the uniformity on scale parameters. Our main theorem (Theorem 4) is proved
in Sect. 4 with the aid of the estimate obtained in Sects. 2 and 3. The proof goes along
the same idea as in [4]. We prove there the Laplace approximation for Y. The Laplace
approximation for X will be shown in Sect. 5 as a corollary of our main theorem. In
Sect. 6, we consider some special cases of our result. First we show that the Laplace
approximation for only /;. Next we consider the case where F' depends only on a finite
dimensional subspaces. In particular, we consider the periodic diffusion on R¥.

1.1 Preliminaries

Let dy = dim M. For a smooth differential 1-form « and r € R, we define a norm
lleell by

1/2

lall, = /|(1—A1)”2a|2dv ,
M

where A is the Hodge-Kodaira Laplacian on 1-forms and v is the normalized
Riemannian measure. Let D, be the completion of the space of smooth 1-forms by
|l - ll-. We identify D_, with D. In the same way, let us define the L2%-Sobolev space
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6 K. Kuwada

H, of scalar functions. That is, H, is the completion of the space of smooth functions
by the L2-Sobolev norm given by

1/2

I £, = I/ (1 — A)7% f12dv
M

Throughout this paper except for Sect. 5, we take p > 0 and p’ > 0 large enough to
satisfy

D) p>doand p’ >inf{n eN; n>p—1}.

For such p, we can realize a D_ ,-valued continuous process Y; introduced in Sect. 1
(see [21]). It means that, for each o € D, ¥;(«) is the martingale part of the sto-
chastic line integral fz [0.1]% of  along the diffusion path {z}sc[0,/] Px-almost surely.
Recall that fz[o, e is defined via the Stratonovich stochastic integral and it becomes
a semimartingale. We can realize stochastic line integrals themselves also as D_ -
valued process. We deal with it in Sect. 5. Let /; be the empirical measure defined by
Iy = fot J;,ds. By the Sobolev embedding, we can realize [; as a H_ ,y-valued process.
SetY; = (¥;,l;) and D, ,y := D, x H,. Then Y; becomes a D*’ ,-valued process.

For later use, we review some known facts for Y. For 1-forms « and 8, («, B8)(x)
stands for the inner product at a cotangent space T, M. Let |x|(x) = («a, o) (x)1/2.
Then («, B) and |a| become a scalar function on M. First, foreacha € D, Y;(«) isa
square-integrable martingale and the quadratic variation (Y («)); of Y;(«) is given by

t

(¥ (@) = / o 2(zy)ds.

0

Next we will review some known limit theorems for Y. Set ¥; = ¢~ '¥,. The law of
large numbers asserts that lim;_, Y, =0inD_ p almost surely. To state the central
limit theorem, we introduce a Gaussian measure on D_ ,. We denote the inner product
on a Hilbert space H and the dual pairing between H* and H by (-, )y and (-, ")
respectively. For simplicity, we write (-, ~)@p =: (-, ")p. and (, '>D,, = (-, ). For
a € H, we denote the conjugate element by «* € H*. We denote by vg the centered
Gaussian distribution with a covariance operator S : D_, — D_,. Thatis, Sisa
nonnegative definite, symmetric bounded linear operator satisfying

1
/ exp (x/—_l(w, oc)) vs(dw) = exp (—5 (o, S(oz*))_p) ) (1.6)

D_P

We denote the normalized invariant measure of £ by m. The central limit theorem (see
[10,21]) for Y asserts that the law of 4/7Y; weakly converges to vg,, ast — oo, where
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Laplace approximation for stochastic line integrals 7

S 1s given by

(Sma™), B) == / (a, B)dm.
M

We now refer to the large deviation principle and its rate function studied in [16]. Let
M be the set of all Borel probability measures on M. For u € My, let L%(d W) be the
space of every measurable 1-form o on M with || € L?(d ). We say w € J—C;L if and

only if there is W € L%(d w) such that, forallee € D,

(w, a) = /(uﬁ,a)du. (1.7)

M

It means that w acts on D, as an inner product on L%(d ). Let us define a functional
I, onD_, by

1
§/|u3|2d,u if we 3,

I =12/ (1.8)
00 otherwise.

We denote by M the totality of € M which is absolutely continuous with respect
tov and \/du/dv € Hy. For p € My and w € D_,,, we say w € £2,, if and only if

(w,du)+/£u dpu =20 (1.9)
M

holds for all u € C*°(M). Here d means the exterior derivative. We can easily verify
that for each w € D_,, such © € M; as w € £2,, is unique if it exists. Set H, =
3, N 82, Let us define a functionals [onD_, by

w) I, (w) ifw e H, for some pu e My,
w) =
o0 otherwise.

As shown in [16], [ is a convex good rate function and this rate function controls the
large deviation principle for Y. It means that for each Borel subset A C D_,,

1 - -
lim sup " log ( sup Py [Yt € A]) < — inf I(w),

t—00 xeM weA

1 _ -
lim inf —log(inf P, [Yt € .A]) > — inf I(w).
xeM

t—oo t weA°
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8 K. Kuwada

Setl__l =t and Y, =Y, = (Y, 1;). We exteznd the large deviation for Y, to that
for Y, to consider the Laplace approximation for Y;.

Definition 1 A functional 7 on fD; p, is defined by

I,(w) if (w, u) € H,

. (1.10)
00 otherwise,

I(w, n) = {

where we say (w, u) € H if and only if u € M; and w € H,.

Theorem 2 Y, satisfies the Large deviation principle in fD; v with the convex good
rate function I.

Before the proof, we give a remark on uniform embeddings. For a bounded mea-
surable function f, set || f|lgp := sup,cp | f(x)|. For a bounded 1-form «, we use
the same symbol: ||| g := sup,cy lo|(x). By (D), the Sobolev embedding theorem
yields that there is a constant Cg > 0 such that

lellp < Csllallp, 1 fllB < Csmin{||flla, | flla,.} (1.11)

foralla € Dy and f € Hy.

Proof The method we will use here is similar to that used in [16] for proving large
deviations for stochastic line integrals or empirical measures from that for ¥;. You can
refer to it for technical details. For ¢ € H,y, let us consider the differential equation

—Lu:go—/(pdm.
M

Note that this equation has a unique solution up to additive constants (see [9], for
example). We denote the solution u with [ vy wdm = 0by Gop. We should remark
that G is bounded operator from H pto Hpig and that dGop € D p follows from it.
By the It6 formula, we have

t

So9(z:) — Sop(zo) = Yi(dSop) +/L90¢(Zs)ds

0
=Y,<d9w)—/<pdlt+r/¢dm
M M

= ((dgo)*Yl — ll + tm, (p>Hp/ .

This equation connects the large deviation for ¥; with that for ¥;. By the contraction
principle, (Y;, (dSG0)*Y; 4+ m) satisfies the large deviation principle in fD;‘7 e The It6
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Laplace approximation for stochastic line integrals 9

formula yields

@S0~ 5+l = s |FuaSo)— [gdi,+ [ pam
- peH
Il <1 m m

1 CslSolla,— Hy
=— sup [Sop(z) — Gopz0)| £ ——F—.
t (pGHp/ t
lelly <1
P

This estimate implies that the approximation of ¥; by (¥;, (dS0)*Y; + m) is superex-
ponential. Thus ¥, satisfies the large deviation principle with the same rate function
as that for (Y;, (dS0)*Y; +m). Let us denote the rate function for (Y;, (dS0)*Y; + m)
by J. Note that J is a convex good rate function because so is /. The contraction
principle involves

Jw.w = inf ﬂmz[“W if (dS0)*w = 4 — m,
D 00

neD_, otherwise.

(1.(d So)*n+m)=(w, 1)

Suppose J(w, u) < oo. Then w € H, for some v € Ml and (dG0)*w = u — m.
These two conditions on w implies

/wdu =((d90)*w+m,<p)Hp, = (w,d90<p>+/¢dm
M M

=—/L90<pdv+/<pdm=/<pdv

M M M

for any ¢ € H,s. It immediately implies 4 = v and therefore (w, u) € H. By a
similar argument, we can easily show that (w, ) € I implies J(w, u) < oo and
J(w, n) = I (w, n). It means J = I and therefore the conclusion follows. O

Remark 1 For (w, u) € H, we have a different expression of (1.9), which will be
used later. For a nonnegative function f € Hj, let us denote by Py the orthogonal
projection on L%( f2dv) to the closure of the space of smooth exact 1-forms. We
denote &7 = lime_o(f + &) ~'df. Here we take the limit in L3(f2dv). When f is
essentially strictly positive, & r equals the logarithmic derivative of f. Letb bea 1-form
corresponding to the vector field b in the canonical way. Then, the Green formula and
(1.7) imply that, for (w, n) € H, (1.9) means

Prb+ Prh—£; =0 (1.12)
(cf. Lemma 4.3 and the proof of Proposition 5.1 in [16]).
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10 K. Kuwada

Now we will try to explain an intuitive interpretation of the large deviation for Y,
and Y;. Let { B;};>0 be the stochastic development of the diffusion {z;};>0 and {Z;};>0
the horizontal lift of {z;};>0 to the orthonormal frame bundle O(M). As shown in
[11], stochastic line integral is represented by means of a stochastic integral of B;.
Indeed, for each 1-form «, there exists a scalarization @ = («q, . .., @g,) of o, which
is R%_yalued 1-form on O(M), such that

d t
/ o= ZO“/&,-(ZX) odB!,
200,11 i=lYp
do
Yi() =" / & (Zs)dB}
i=1 0

hold. As a result, conditioned that the mean empirical measure /; approximately equals
g%dv for g > 0, Y;(«) behaves like Gaussian with the covariance / I la|>g2dv if we
can regard B; and I; to be nearly independent in long time. This is an intuitive reason
why I (w, u) looks like quadratic with respect to w for fixed p in viewing only (1.7),
(1.8) and (1.10). But this observation is not sufficient because we have one additional
condition (1.9), which gives a relation between w and w. In fact, when « is exact,
namely o = du for a scalar function u, Y;(«) heavily depends on /; since the Itd
formula asserts

1 - _
n (u(zs) — u(zp)) = Y:(du) ~|—/Lu di;.
M

Letting t — oo, the left hand sides degenerates to 0 while each term of the right
hand side has the large deviations. Comparing it with (1.9), we can interpret that (1.9)
inherits this relation. To observe more details, we decompose a 1-form w into the exact
component and its orthogonal complement. By using (1.12), we can rewrite I (w, @)
for (w, n) € H withdu = f2dv as follows:

1 n A
twow =3 [ [10=Ppdfau [ ipraPau
M

1 R 1 .
= E/'“ _Pf)w|2dﬂ+§/|be—$f|2du. (1.13)
M M

The second term of this expression depends only on w. Indeed, this part is the rate
function for I, (see [5]); when b= 0, this functional is nothing but the Lz—energy
functional of \/d/dv. Since (1 — Py)w is free from (1.9), I is quadratic with respect
to (1 — Pf)zi). Thus, intuitively saying, under the condition [, ~ gzd v, Y; () behaves
as Gaussian if and only if « is orthogonal to exact 1-forms in L%(gzd v).
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Laplace approximation for stochastic line integrals 11

Let F : D; = [—o0, 00) be a continuous function. We consider the following
three conditions on F':

(F1) F is three times Fréchet differentiable at each w € ZD; p, with F(w) € R,
(F2)
1 _ _
lim limsup — logE, [exp (tF(Yt)) s 1Yl > R] = —00,
R—>o0 500 p.r'
(F3) foreach R > 0,

sup F(w) < o0.
lwlip+ =R
p.p

When F has at most linear growth, (F2) and (F3) hold by Lemma 8 below. Note that
the Varadhan lemma (1.1) holds under (F2). Thus we can define «r and Xr by (1.1)
and (1.2).

Lemma 1 Suppose (F2) and (F3). Then X is nonempty and compact.

Proof Let{w,},en C D; v be a sequence so that F (w,) — I (w,) — kF asn — 00.
By (F2), there is R > 0 such that F(w) — I (w) < «p — 1 holds when [[w||p+ > R.
p.p

Hence {w,, },en is bounded in fD”I; ,. Then (F3) implies that { F'(w;,)}, <N is bounded
above and hence {I (w;)},eN iS. SI;nce I is good, {wy},cn has a convergent subse-
quence. By the upper semi-continuity of F — I, its subsequential limit of {w;,}, cx 18
in X and hence Kr # . The compactness of K follows from the same argument.

O

Remark 2 The assumption (F3) is rather technical and it is used only in the proof of
Lemma 1. Instead of (F2) and (F3), we may assume that

1 _ i
lim sup lim —log E [exp ((F(TD) : IVlpe | > R] = —o0 (1.14)
P0-

R—o00 —>0o0

for some dy < po < p. We show that (1.14) implies (F2) and Lemma 1. Since
the embedding D’; op fD; p, is continuous, (F2) follows from (1.14). For proving
Lemma 1, it suffices to show sup,, .y F (w,) < oo foreach sequence {w, },eny C D*

with lim;, s oo F(wy,) — I (w,) = kF. Indeed, (1.14) implies sup, iy |lw, D+ < 0.
PO P

Since the embedding D*

* . . ’
oy po’p, is compact, the desired result follows.

2 Perturbation
2.1 Regularity of principal eigenfunction
Here we consider the existence and regularity of the principal eigenfunction associated

with an operator obtained by lower-order perturbation of the generator £. In the rest
of this paper, we abbreviate L>(dv) as L>. Take a € Dy and V € Hy, where dy < ¢
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12 K. Kuwada

and dy < q’. We consider a family of operators {f",(“’ V)} +~0 given as follows:

t

TV ox) ;= Ey | exp Y,(a)-f—/V(Zs)dS @(z1) 2.h
0

for ¢ € C(M). We can easily verify that

t
sup E, [exp{a | Y:(x) +/ V(zs)ds <00 2.2)
xeM o

forany a > 0.Recall that the semigroup Y:I(O,O) is ultracontractive and has an extension
on L" as a compact operator for any r € [1, co]. Combining it with (2.2), we can show
that the same is true for Tt(a’ V) In addition, by a standard argument, we can show
that 7" is a Feller semigroup, i.e., 7, f € C(M) if f € C(M). The generator
ﬁg;v) of {TY)|,2_, 2}1=0 is given by

2
Lg;v)u = Lu + (a, du) + (% + V)u

for u € C°°(M). Note that the domain of ﬁg;v) coincides with Hy, the domain of the

closure of A on L?. For simplicity, we abbreviate I:Eg)’v) as L@V,

In the following, we discuss the existence and regularity of the principal eigenfunc-
tion of T,(a’v) and its logarithm. Though it may be a kind of well-known argument,
we should mention it since « and V' are not infinitely differentiable.

Since Tt(a’ Vs positivity preserving, the Krein-Rutman theorem (see [22] for exam-
ple) yields that T,<a’v) has a principal eigenvalue A and a v-a.e. nonnegative eigen-
function & € L? which is unique up to multiplicative constant. By definition, h € H,
and

1 lor]?
EAh:Ah—bh—(oz,dh)— T+V h. 2.3)

By virtue of the theory of multipliers (see [19]), if u € H, with r € N, then («, du) €
H—1yA[q1 and (Jo? /2 + V)u € Hpn[qia[q']- Here [a] stands for the integer part
of a > 0. Thus, combining this fact with the hypoellipticity of A, we obtain 2 €
Hig121n147+2] by a recursive argument using (2.3). By the choice of ¢, the Sobolev
embedding theorem implies 7 € C(M). Note that the ultracontractivity of Tt(a’v)
implies the L"-independence of the logarithmic spectral radius:

1 - 1 -
— @V) N @vyy
A= Ihm p log || T; 22 = thm p log || T; lor—1
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Laplace approximation for stochastic line integrals 13

for any 1 < r < oo. Thus A is also a principal eigenvalue of the Feller semigroup
ft(a’v)|c(M)%c(M). Therefore the Krein-Rutman theorem for Tt(a’v)|c(M)ﬁc(M)
implies that & is strictly positive. The property of the principal eigenfunction / obtained
above is summarized in the following proposition.

Proposition 1 Take o € D, and V € Hy, where g > doand q’ > dy. Let T,(a’v) bea

semigroup defined by (2.1). Then there is a unique continuous principal eigenfunction
S i

h € Higsoinig+2 of T 112 12 with ||| 2 = 1 and b > 0.

Since h > 0, we can consider log 7 and V. We claim logh, JVh e Hig01n19742)-
Let ¢ be a bounded smooth function with bounded derivative of each order satisfying
@(r) =logr forinfyepy h(x) <r < sup,cy h(x). Then we have ¢(h) = logh. Thus
we can reduce the proof of the claim to the following lemma.

Lemma 2 Let g be a bounded smooth function on R with bounded derivative of any
order. Then, for each f € H,,r € Nwithd/2 < r, we have g o f € H,.

By virtue of the equivalence of Sobolev norms [23], we can prove this in the same
way as in Chapter 1,§2 of [20].

Corollary 2 Let h be given in Proposition 1. Thenlogh € Hig+2) and /h € Hig1).

2.2 Hessian at equilibrium states

Foreachoa = (o, V) € D p.p'» let A(er) be the principal eigenvalue of ﬁ“, where L%
is defined in Sect. 1.1. As shown in [16], we have

I(w) = aesfgi)‘p/ ((w, ap - A(oc)) , 2.4)
A(@) =  sup ((w, ap - I(w)) . 2.5)
weD;p, '

The L?-normalized principal eigenfunction of L% is denoted by h%. By Proposition 1,
we can choose h% as a strictly positive continuous function. We give a probability
measure P on C ([0, oo) — M) by

1
P%(z; € E) := e‘“"‘”m—(x)lEx (1% @) exp(Yy(@) + L(V)1zery] . (2:6)

Set * = —log h*. We define a differential operator L% as follows:
L% = Lu + (a — dy®, du).

Note thatdy* € D, by Corollary 2. Under P§, {z;}>0 is a diffusion process associated
with the generator L. The normalized invariant measure of L% is denoted by m.
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14 K. Kuwada

We define A% : D, ,» — Rand /% : D;p, — [0, oo] by

1
A%(B) := lim —logE? [eyf(ﬂ)],
t—o00 t

1wy = s ((w,B)p, , —4%B)).
BeD ’

p.p

Since

1 1
@Y — i - a[ B = i ~ e e [JYi(B)
A¥(B) = [1_1)m ; log (XS;JEIIEX [e ]) [1_1)m ; log (xlg/l]Ex [e ]) ,

we can easily verify that A*(8) = A(x + B) — A(«). In addition, (2.4) yields
I*w) = 1) - (w,@)p , + A@). @7)

In the rest of this section, we suppose (F1) and we set wg = (wop, o) € Kr and
oy = (g, Vo) := VF(wy) € (D;p/)* = :Dpypf.

Lemma3 () 7% (wg) =0.
(i) Foreach (B,U) € D, (wo, (B, U)) = / ((oto —dy*, ,3) + U) dmey,. In
M

particular, (Lo = Myy,.

Proof Leta € D, ;. By (2.5), [* > O0and I*(w) = Oholdsif and only if a functional
(-, o) D, 1 () attains its supremum at w. Thus, to prove the first assertion, it suffices
to show that wq is the maximizer of (-, oco)gw/ — I(-). The fact wy € K implies
that, for each w € fD;’p, and0 < ¢ < 1,

F(wo) — I(wp) > F((1 —&)wo +ew) — I (1 —&)wp + ew)
> F((1 —e)wy+ecw) — (1 — &)l (wy) — el (w).

The last inequality follows from the convexity of 7. Thus we have
F(wo) — F(wo — &e(wo — w)) — &l (wo) = —el(w).

Dividing both sides by ¢ and ¢ — 0, we obtain V F (wg)(wo) — I (wg) > VF (wo) (w)—
I(w). Since ap = V F (wy), the first assertion holds.
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Laplace approximation for stochastic line integrals 15

Setaa = (a, V) € Dp)p/. By using (2.5), (1.7) and (1.10), we have

M@= swp (wayp,  —Iw)
weD;’p, '

1
= sup /((ﬁ),a)+V)du—§/|ﬁ)|2du
(w,n)eH

2
= sup / u—f-V ——/|w—a|2d,u
(w,)eH

When « = «g, wg is the maximizer of the right .hand side. Thus we will consider the
condition on the maximizer. By (1.12), for © € Mj with \/du/dv = f, the functional

w /|ﬁ)—a|2du

on X, attains its minimum only at w with (1 — P¢)w = (1 — Py)a. Using (1.12)
again, we obtain

Ala) = (AA/ |oc|2 £2 1/ 2
®) = sup —+V dv—= [ |Pra+ Prb—&2f2dv ). (2.8)

eH
feH i
We now remark that ¥ satisfies

LY + % |dye|* - (% + v) = —Aa). 2.9

Substituting (2.9) to (2.8), we obtain

sup /Aw“ f2dv —/ydw“yszdv+2/(5+a, dy®) f2dv
M M

€H;
f M

- / |Pro + Ppb — &¢I f2dv | =0.

@ Springer



16 K. Kuwada

By the Green formula,

/Al//a F2dv —/ |d1/f“|2f2dv+2/ (13+a, dw“) F2dv
M M M
—/|Pfa+Pf13—§f|2f2dv
M

=2 / @y®, &f) frdv — / ldy®|? f2dv
M M

+ 2/ (PfIS + Pfo:,dw“) frdv — / |Prb+ Pra— &g | f2dv
M M

= —/ |Ppb+ Pra — & — dy®|* f2dv.
M

Thus the maximizer f of the functional must satisfy Pf13 +Pra—§ { —dy®* =0. We
can see that this condition is equivalent to f = /dmy /dv, thatis, f~dv = dm. Note

that «/dmy /dv € Hj holds by Corollary 2. Set fy = +/duo/dv. These observations
conclude that the maximizer wy = (wo, (o) € I of (-, oco)g)p.p, — I() is expressed

as follows:

(wo, (B, U)):DN,/ = /(li)oﬁﬁ)dltoJr/Uduo
M

M

= /((1 — Pyy)o, B)d o +/(be1110,,3)duo+/Udlto
m M

M

= /((1 — Ppa, B)dme, — /(Pfol; — &0 BYdmyg, +/ U dmg,
M M

M

— / ((o —dy®, B) + U) dme,.
M
Thus the second assertion follows. O

Let € be a Banach space which consists of continuous 1-forms with the supremum
norm | - || . The following proposition provides an infinitesimal behavior of our rate
function I near wy € K.

Proposition2 For ¢’ > 0, let y. : (—=&',&’) — @ be a C-valued function with
Yo = ag — dy*. We denote by e the unique probability measure which satisfies the
following relation:

/ L+ (ye,du))dpe =0 (2.10)
M
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Laplace approximation for stochastic line integrals 17

for each u € Hj. Suppose that y. and s depend smoothly on ¢ and that |1, € M.

Here we regard e as a C(M)*-valued functional with weak topology. We denote by

y(l) or /JLS) the i-th order derivative of y. or e respectively. Let us give a current

we € D_, as follows:

(we, B / (Ver B) dte. @.11)

Then, for w, = (wg, Ws), we have

1% (w,) = — / sV Pdme, + o(e?).

Proof Since w, € H,,, and W, = y,, we have

1
I(w,) = z/mﬂdug. 2.12)

Thus, by the assumption, /% (w,) = I (w,) — (w,, oco)@p y + A(ag) is smooth at
& = 0. With the aid of Lemma 3, (2.11) and (2.12),

d

de

1w = / oo —d 0 Pd el — / (o0 — Ay, ag)d e — / Vodug
M

M

+/(V(§l) ap — dy™)duo — /(Vé”,ao)duo
M

1 aol?
M M

- / D, dy)duo.

Differentiating (2.10) once at ¢ = 0, we obtain

/L"‘Ou dul + /(yg”, du)dpy = 0. (2.13)
M M
Applying (2.13) to the case u = ¥* and substituting (2.9) to it, we obtain
U w2 g ol 1 = [, dy)du = 0
3 [ |y dug” - 5t Vo)d (7/0 Y*0)d o
M M

@ Springer



18 K. Kuwada

since ,uol)(M ) = 0. It means

d

| 1w =o0. (2.14)

e=0

For the second derivative,

d2

2
de* |,

1w, = + / oo —dy ™ P — / (@~ v, cao)duf” - [ Voduf?

M

+2 / ", a0 — dy®)dp — / ", ao)dul

/ 0, ao — dy®)dpg — / 02, ao)d o+ / lys Pdpuo

1 2, @ / |0l0| @
= - dy® |~ d — d
3 / |dy*|” d g — I
M

M

2 / D, dy®)dul)
/ v, dy*)d o + / lysP Pdpo. (2.15)

Differentiating (2.10) twice at ¢ = 0, we have

/L"‘Ou dnl? + 2/(;/(“, duydpl” + /(7/0‘2), duydug =0.  (2.16)
M

Applying (2.16) to the case u = ¥*0 and substituting (2.9) to it, we obtain

1 apl?
5/}dwao|2duéz)_/(%_{_Vo)du((f)
M

M

=2 [ avranl) + [ avduo. @.17)

Thus, combining (2.15) with (2.17), we obtain

d2
d_z

1“°(w8> / lysP Pdpo. (2.18)
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Laplace approximation for stochastic line integrals 19

Since o = mg, by Lemma 3, the Taylor expansion of /% (w,), (2.14) and (2.18)
imply the desired result. O

Fora = (o, V) € D p,p and @ € Hy, let us denote the solution of the following
differential equation

—L%u=¢ —/(pdma
M

with f L dmy = 0 by Gu¢. As mentioned in the proof of Theorem 2, the above
equation has a unique solution up to additive constants. Thus G ¢ is well-defined. In
addition, Gy is abounded linear operator from H, to H 1. We define I, : D, = D,
by I'uf = B+ dGe(a — dyy®, B). It should be noted that Iy is a bounded linear
operator. We define Iy, : D, » — D, by I, (B, U) = Iy +dGaU

For each w € @; Pz let GL be a bounded symmetric operator on D_, defined by

(n.Gon) = V2 FIpayn. ) (2.19)
foreachn e D_,.

Proposition 3 Let y;, jie be as in Proposition 2. We define wo € D_,, by

(io. B) : / " B)dma,. (2.20)

Then we have
@) w =TI, wo,

(i / 9" Py = (10, Gl i)
i 4

Proof Set u%-F = Sao(@ —dy*, B). For B = (B, U) € D, ,, the definition of 1o,
Geap and p implies

(W, — wo, B) = / (ve — a0 + dy®, B) due

[ | (o - ay. p) - / (00 — ¥ B) dpo | dpe

M

+ U— /Uduo dite

I\
/
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20 K. Kuwada

Il
+ R— R

(ve — a0 + dy®, ) dpe — / L0 P 4 Gy U)dpie
M

(ve — a0 +dy™, B) due

/(Vg — g + dy®, du®P + dSa,U) dpe
M

Ye — Y0, Faoﬂ) due.

I
T

To obtain the third equality, we used (2.10) for u = u®-# + Y, U . Dividing by ¢ and
taking ¢ — 0, we obtain w(()]) =T ;0 wo. Thus (i) follows.
Since wy € K, we have

F(wo) — I'(wo) = F(we) — I(we).
By using (2.7) and Lemma 3 (i), we have
1% (we) = F(we) — F(wo) — VF (wo) (we — wo).
The Taylor expansion of F yields
F(w) — F(wo) — VF(wo)(we — wo)
= %V2F(wo)(wa — wo, we — wo) + o(||we — wol|> ).

Thus the conclusion follows from Proposition 2 and (i). O

In the following lemma, we will construct a smooth perturbation explicitly. This
construction asserts that, for any @« € D, a perturbation infinitesimally toward
a-direction is possible.

Lemma 4 For each o € D, there is ¢’ > 0 and a smooth perturbation y.

(=€, &) = Cwith yo(l) = « which satisfies the assumption of Proposition 2.
Proof Fix a € D). For each ¢ € C, we define a differential operator £g0 by
2

ﬁ‘;‘ou = L%y + ¢ (o, du) + %|a|2u.

We can easily show that {L?O};ec is a holomorphic family of type (A) defined in
VII §2 of [13]. Thus we can apply the analytic perturbation theory. With the aid of
Proposition 1, it yields that there is a small neighborhood U of 0 in C and a family of
functions {h;};cv C Hjpy2y such that k. satisfies the following:

@ Springer



Laplace approximation for stochastic line integrals 21

(i) he is an eigenfunction of L‘ZO,
(ii) h; analytically depends on ¢ as H|,2)-valued function,
(iii)) ho =1 and
(iv) infrevxem he (X)) > 0.
Note that the general analytic perturbation theory only guarantees that & is analytic

as L2-valued function. In this case, however, it implies (ii) (cf. IIT Sect. 1 Remark 1.38
of [13]). In the same way as we introduced L% by using 4%, we define L'ZO by

dh
L‘;Ou = L%y 4 (Ca — —C, du) .
hg

By Corollary 2, h;ldh; is analytic as a H[p11)-valued function. By applying the
analytic perturbation theory to (L?O)*, the dual operator of L‘ZO in L2, we obtain a

family of Hpp17-valued function {g; }, <y indexed by an open neighborhood U" C C
of 0 which satisfies the following:

(i) g is an eigenfunction of ( g?o)*’
(ii) g is anti-analytically depends on ¢ as H|,41)-valued function,

Mo and

(iii) go =
(iv) /g; dv = 1 foreach ¢ € U’ and g, takes its value in Rif £ € U' NR.
M

Indeed, there exists a family of functions {g; }; - satisfying (i)—(iii) and [}, &, dv #0.
Hence g; = g/ fM g dv satisfies (i)—(iv). Take ¢ € U N U’ N R. By the continuity
argument for the spectra of perturbed operators, we can choose a neighborhood Uy C U
of 0 in R so that A, is a principal eigenfunction if ¢ € U;. By the same argument, we
obtain a neighborhood U C U’ so that g.dv is the normalized invariant measure of
LYifeeU 1’ It follows from the fact, which is a consequence of the Krein-Rutman
theorem, that the principal eigenvalue of (L£°)* is 0.

We take ¢’ > 0 so that (—¢’,¢') C Uy N U NR. Set ¢, := —logh,. We claim
that y, := ea — d, fulfills all our requirements. By the choice of A, g. and ¢/,
dye. = h;ldh ¢ and the invariant measure g.dv of L§° are smooth. In order to complete

the proof, it suffices to show that w(gl) is a constant function. Note that v/, satisfies

1
L8Oy, — 3 lea — dyre|? = A% (sr). (2.21)

Obviously v is a constant function. Differentiating (2.21) at ¢ = 0, we have

d
Loy = — AT,
=l

Integrating this equality by mg,, we obtain L% 1//(51) = 0 and hence l/fél) is also a
constant function. O
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27 K. Kuwada

In order to express the result of Proposition 3 in more useful form, we will introduce
an operator S, and a functional L, for i € M. We take an orthonormal basis {c; },eN
of L% such that «,, is an n-th eigenform of — A corresponding to the n-th eigenvalue
Ay (counting multiplicity) for eachn € N. Obviously o, € D, foreachn € N. Letting
&, := (1 4+ A,)"P?a,, we obtain an orthonormal basis {@, },cy of Dp. Let {w,}nen
be the dual basis of {a, },eN. For each u € My, a linear operator S;, : D_, — D_,
is given by

Spwy = Z su(n, m)wy,

meN

sp(n, m) ::/(&n,&m)du.

Lemma 5 Let u € M.
(1) S, is a symmetric, nonnegative definite operator of trace class. In particular, S,
is positive if supp[u] = M
(i) (Su(a®), B)= / (o, B)dp foreach o, B € D).
M

Proof (i): S, is obviously symmetric. First we show that S, is of trace class. Take
q > 0withdy/2 < g < p —dp/2. Then we have

Z | (Sp.wna wn | = z |S;L(n m) (wm, wp) — p|

neN n,meN
- 2 - 12
=S summ =3 [lalde = lalE.
neN neN, neN

Here C > 0 is a constant of the Sobolev embedding from D, to €. By the definition
of ay, |la, |I§ = (1 + A,)~P*4. The asymptotic formula for {,},cn (see [8]) implies
(14 1,)" P+ < C'n*a=P)/4 for some constant C’ > 0. It yields > nen lan ||§ < 00.
Hence S, is of trace class. Next we show that S, is nonnegative definite. For w =

2neN dn@n € Dp,

(u) Su w z Anaysy,(n,m) = /‘Zanan

n,meN neN

du > 0.

Thus the desired result follows. The final part of the assertion is now obvious.
(ii): It suffices to prove the assertion in the case « = &, and 8 = &,,. Since & = w;,,
we have

(Suwnv O[m Zs,u.(n k) {wr, o) —Su(lfl m) = /(ans Q) d .
keN

Thus all assertions are proved. O
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Take a € D,,. Let g be defined by (2.20) with y, constructed in Lemma 4 so as to
satisfy yo(l) = «. By virtue of Lemma 5 (i), we can easily verify that wg = S, («™).
Thus, for @ € D, Proposition 2 and Lemma 5 (ii) imply

(. Sup@h)_, = (Sﬁo(a*),(}io<>Sp0(a*))_p.
Since * is bijective, for each w € D_,
(w. Sugw)_, = (Sﬁouu(}a)oSﬁow) . 2.22)
-P

For ;v € My, let us define L, : D_, — [0, oo] by

1. 5 .
L,(w) = Elnf{Hn”fp; w= S;m} if w € Range(\/S)) .

00 otherwise.

(2.23)

By definition, 2L, (Syw) = (Suw, w)_, follows.

Lemma 6 L, = I,. In particular, Range(,/S,,) = 3},

Proof Note that Range(S,) C J'C;L. It follows from Lemma 5 (ii). In addition, for

Suw € 3, S/ME = w* holds. Thus

1
(%mwﬂ:zﬁwm@szM&m.

| =

1
1, (Suw) = 5/ w*Pdp =
M

That is, Lu |Range(S,L) = I/,,'Range(Sﬂ)'
We can easily verify that the functional (1},)
1/2

172 defines a norm on Range(S,),

and that its closure by (1;,)"/* coincides with J{},. On the other hand, by using the
spectral decomposition of §,,, we can show that the functional L}/ % defines a norm

on Range(S,,) and that its completion by L}/ 2 coincides with Range(,/S,,). Through
these observations, we obtain the conclusion. O

Remark 3 By the observation in the above proof, fH;L becomes an Hilbert space with

norm induced from «/EL}/ % when supp[u] = M. We can easily show that the triplet
(D—p, J—CL, vs,) becomes an abstract Wiener space. Here the Gaussian measure Vs,
is defined by (1.6).

For n € My, w € Range(,/S,) and 8 € D, we have

1/2 172

(w, B) = /(w,ﬂ) du| < /Itblzdu /|ﬂ|2du <V3IBllsLu ).
M M

M
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Hence we obtain
lwll—p < V2CsL,, (w)"/. (2.24)

Thus, for each w € Range(,/S,,), we can take a sequence {w,},eny C Range(S,) so
that |lw, — w| -, and L, (w, — w) converge to 0 as n — oo. Thus, by Lemma 6 and
(2.22), we obtain

1 F
Lygw) = 5 (w, Gwow)_p (2.25)
for each wyp € X and w € D_,.

3 Uniform moderate deviation estimate

/,let Y

Take wy € K and set @y = VF(wo) as in Sect. 2.2. Fora = (a, V) € D, ,

be a D_ ,-valued process defined by

t

YA(B) = Yi(B) — / (@ —dy®, B) (zo)ds.

0

Also, let R be a D; p,—valued process defined by

RY(B,U) := Ga((a —dy®, B) + U)(z0) — Ga((@ — dy*, B) + U) ().

Recall that * is defined in Sect. 2.2. In fact, {Y*};>¢ is a D_,-valued martingale
under P¢. We prove the following auxiliary lemma which explains how ¥; changes
under the Girsanov transform driven by wy.

Lemma7 Y, —two = I} Y + R".

Proof Note that ;1p = mq, by Lemma 3. The definition of G, and the Itd formula
imply

t t

(I, — tpo, U) =/ U(zy) —/Udmao ds = —/L"‘"SaOU(zs)ds
0 M 0
= SaoU(20) — SaoU (21) + Y (d Sy U). 3.1
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Similarly, Lemma 3 implies

Yi(B) =t (wo, B) = ¥ (B) + / (@0 — dy®, B) (z5)ds

0

—t [ (o =y, ) duo

M
t
= Y (p) - / LGy (c — dY™, B)(2)ds
0

=Y (o B) + Gy (0 —d Y™, B)(20) — Gy (0 —d Y™, B)(21)) -

(3.2)

Combining (3.1) with (3.2), the conclusion follows. O
Note that there exists a constant Cg = Cg(eg) > 0 such that

sup |R{*(B)| < Cr (3.3)

ﬂEDp,p/
for each + > 0 by the Sobolev embedding. The following lemma, obtained as a

corollary of Lemma 3.3 of [17], plays a crucial role in the proof of Proposition 4
below.

Lemma 8 Fordy < p’ < p, there is a constant C; = C1(p’) so that

r2
>r | <Ciexp (—C—) .
1

Proposition 4 For each closed set A C D_,,

sup P%0 H —Y"co
xeM

1
lim sup( sup  — log P{° [—Y,“O € sAi|) <- inqum(w).
we

€00 \c<s<+/t/c s

Proof For simplicity of notation, we assume that «g = 0. Our proof also works for
the case ap # 0 in the same way. We divided the proof into two steps.

Step 1: the case A is compact. For § > 0, set LS,‘L” = (L — 8) A (1/65). The
functional & : D, — R given by
1 2
== d
3 / |BI7dm
M
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is the Legendre conjugate of L,,. It means

Ly(w) = sup ((w, B) — E(B))
BeD,

Thus, for each w € D_,, there is ay, € D), such that
(w, o) — & () = LY (w).

Since ay, : 1 > (1, o) is continuous, there is a neighborhood Uy, of w in D_, so
that

sup ({w, ory) — (1, ayy)) < 8.
nely

Foreacha € D,

1 1
P, [EY[ € Uwi| <E, |:exp (th(a)—(w,a))} exp (nseuli (w, a)—(n, a))).

Substituting o = szozw,

1 1 1 s
—logP, | —Y, e U, | < =logk, |exp{ —Y;(x —{(w, ay) + 6.
2 g x|:s\/;t w:|_S2 g x[ P(\/; t( w))i| ( w)

Choose a finite subcover {U,, }'_, of a covering {Uy }yec.4 of A. Then

n
i=1

1 1 1 .
S_zl()g]PX I:s_ﬁYt € .Aj| < ;logn +6— 11;11_1;1” ((wi,awi)

1 s
-2 log E, |:exp (E Yt(otwl.)):|) . (3.4)

Now we claim the following:

1
limsup sup (—2 log E, [exp (th(oz))]) < E(a). (3.5
€00 c<s<i/t/c S \/;

If (3.5) holds true, (3.4) implies

1 1
limsup sup (—2 log P, |:—Y, € A])
=00 <5< fi/c N S\/;

<8— min L (w;) <8 — inf LY (w).
j weA

1<i<n

Hence, as § — 0, the conclusion follows.
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Set
! 2
Aer = ;(Y(Ol))t — [ la|”dm| < ¢
M

By the Schwarz inequality,

12
E, |:exp (%Yt(a)) ; Ag),] < |]Ex [exp (%Y,(ot)):“ P, [Ag),]l/z
< exp (s2C3llel?) P [42, ]2 (3.6)

et

holds. Since (Y (@)); = (I, ||?), the large deviation for [, yields that there is 7 > 0
such that

Py [AS,] < exp (—r1) 3.7)

for sufficiently large 7. On the other hand,

s 52 ’ s2e
E, | exp (EY}(O()) ; Aer | <exp E/|a| dm—l—T . (3.8)
M

By (3.6), (3.7) and (3.8), we obtain

1 )
su —logE, |exp | —=Y; (a))])
CS»YSBE/C (sz g [ p(\/; '

1 _ € 202 rt
< sup —210g2+(a(a)+§)v Cilally = 55 ) |-
cfsf«/f/c s S

Since

1t rc
2 2 2 2
Cilally — 55 = Cillall), = = — oo

’
2s2
as ¢ — 00, we have

1
limsup sup (—2 logE, |:exp (th(oz))iD < E(x) +
=00 <5< fi/c s \/;

By letting ¢ — 0, (3.5) follows.

Step 2: the case A is closed. Choose p; > 0 withdp < p; < p. Forr > 0, We
write B/ = {w € D_, ; [lw|_,, < r}. Then we have A C (B/' NA) U (BF')".
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28 K. Kuwada

By Lemma 8,
DrogB [ v eal< Liogrs (Lioge, - -
—lo — —lo —lo - —
S2 215 S\/;t _S2 g S2 gL Cl
1 1
v|—=logP, | —Y, e ANnB|).
(S2 & X[S«/?t r})

Since A N BP' is compact, this estimate implies

li (llp[ly A])<(r2) inf Ly (w)
imsup sup — log —Y € <{— — in w
€00 c<s<i/c s? ' S\/; t Ci weANB!! "

r2
< (——) \% (— inf Lm(w)) .
Cq weA

As r — 00, the desired result follows. |

<

Let L{ be the rate function determined by the contraction principle for L, via I';':

L w) = .]ll 14 n). 39
Corollary 3 For each closed set A C D /5

1 1
limsup su — log P%0 |:—Y — Jtwg € s.Ai|) < — inf LT (w).
C_)OOPCSSS&/C (S2 B ‘/; l ’ wed

Proof Take 8 > 0. Set A® ¢ D by

@) . ® oL _
A ._[weﬂp’p/,"lgdfqllw 77||_p§5]-

Lemma 7 and (3.3) imply that, for #, s > 0 with Cg < 85/, we have
1 I o )
{ﬁYt—\/;woes.A]C[thoe(F:O) A .

Hence, by Proposition 4,

1 1
limsup sup (—2 log P%° |:—Y[ — Jtwy € S.A:|)
c— 00 Cfsfﬁ/c N \/;
< - inf L = — inf LF .
- we<r&1‘(?>*lﬂ<6> no(W) == B Lo
By letting § | 0O, the conclusion follows. O
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4 Proof of main theorems

In addition to (D) and (F1)-(F3), the argument in this section requires the follow-
ing assumption concerning the nondegeneracy of the Hessian at equilibrium states
(cf. (2.25)):

Assumption 1 For each wy = (wo, 1o) € K, there exists 8y, > 0 such that
l F 2
Lug(w) = 5 (w, Gy L + du llwllZ, 4.1)

holds forall w € D_,.

Remark 4 Inorder to verify Assumption 1, it suffices to show (4.1) forw € (U-C/’l o, NKer

szo)l, the orthogonal complement of H{;LO N Ker G,'ZO in U{LO with respect to the

inner product induced from L ,,. To show the assertion, we take w € fH;LO and write

w = wg + we, where wg € K, N Ker Gio and we € (K, N Ker GL)*. Then

o

(2.24) implies
Lw, GE w) +1[5 A( ! )]n 2
S W GyW)—p 1 5 7 9w A2 wii—p
2 0 2 2C5
1 1
< —lwkl, + 8w lwcll®, + = (we, GL we)—
2cé )4 0 p 2 wo p

= L;,L()(wK) + L/t()(wC) = L/Ao(w)~

Hence Assumption 1 holds with the constant (8, A (ng /2))/2.
First we consider the simplest case, that is, the case #Kr = 1.

Theorem 3 Let ¢ : M — R be a positive continuous function. Suppose that (D),
(F1)—(F3) and Assumption 1 hold. Assume #Xr = 1. Set wg = (wo, o) € KXr. Then

1 %
= p Y Ewo) / dpo.
det(1 — GL 0 8,1/ 2 ATl
M

lim e "*TE, [e’F(i’)go(zt)]

t—00

In order to give a proof, let us decompose the left hand side into three parts. For
c1,c2 >0,

_ yt = C1
JiCer, 1) = e B, [T Toz) 5 1Y — wollp |, < —],
P.p \/;

— e [ P, oA y
D(ct,cr,t) i=e ™FE, | e ¢ ’)QO(Zt) ;o —= < |1Yr — wO”D;p, = C2i| )

i Vi

Jste. 1) i= B [P e < ¥ —wollpy |-
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30 K. Kuwada

Associated with this decomposition, the proof is divided into the following three
lemmas.

Lemma 9 limsup,_, ., J3(c2,t) = 0 forall c; > 0.

Proof The large deviation principle for ¥; implies

1
hmsup log J3(c2, 1) < —«kF + sup {F(w) —I(w); lw—wolp , > 02} < 0.
p.p

—00
This estimate yields the conclusion. O
For simplicity of notation, we set «g = V F(wp) as in Sects. 2.2 and 3.

Lemma 10 There exists f] (c1):=lim;_ o J1(c1, t) for all but countably many c1 >0,
and

. p 1 4
lim J(c)) = }%0 2 a
oJm 1(c1) det(I — GL 0 S0 172 (X)AZ a0 41O

Proof Let A := {||Y; — wo || D =< c1t71/2}. The Taylor expansion of F near wo up
p.p
to the second order yields

Ji(c1,t) = exp {t([(wo) — (wo, OCO)QDN,/)}

x By [@(z0) exp {¥; (et0) + 1 (F (¥;) — F(wo)
—VF(wo)(Y; — wo))}; A

1 _ _
hft(fig) exp ’t (EVZF(W())(YI —wp, Yy — wp)

+rp(Y, — wo))] ; A} : (4.2)

= h% (x)E0 [

Here rr(w) is the remainder term satisfying rr (w) = 0(||w||:2D* ) as |lwllp+ , goes
p.r p.p

to 0. Take 8 > 0. Since |rp(Y; — wo)| < 8 holds on .A for all sufficiently large 7, we
obtain

lim sup Jy (¢, t) < e’ lim sup h* (x)ES0
I—o0 —00

|: ©(z1)
h*(z;)

t _ _
X exp (EVZF(wO)(Y, —wp, Y, — wo)) ; A] .
By Lemma 7 and (3.3), if t > C%572,

<c1+9$6 (4.3)

17’

|,
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holds on A. Let Cg := sup _1 |V2F (wo)(w, w)|. Then we have
lwllps <1
p.p

Cr
lim sup Ji(cy, t) < exp [8 + —8(201 + 38)]

t—00

. ®(z1) 1 F .
x h%0(x) lim sup EZ0 [hdo(z,) exp (Z—I(Y"‘O,Gont“O)-p CAYL
(4.4)

In the same way as we derive the estimate (4.4) from (4.2), we obtain

C
liminf Ji (c1, 1) > exp [—5 — 2 52e + 35)}
1—00 2
x h®* (x) lim inf E% Mexp l(Y"‘O GE y®0) A
i—oo * | h?0(z) R (Y A
4.5)

Note that the integrand of the expectation in the right hand side of (4.4) or (4.5) is

bounded.
E(S = H L(Y;XO _ Yl¥0 < st
Vi Y

We set
For each random variable W with |W| < C for some constant C > 0, Lemma 8
implies

o . pc oo | oo o 82\/;
B [w s 5] < cre [ v, > avi]] = coren (227,

Thus
lim E° [W Ea] 0. (4.6)
—00
We write 8’ = 8| I | p_ D . Note that (4.3) implies that, if t > C%572,
AOE(SCIH Yy <c1+8+6’ =: As. 4.7)
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3 K. Kuwada

Thus, by virtue of (4.6), we have

. (P(Zt) 1 v F v
lim sup E20 = (rrean ) )i a
PG [h“o(z) exp (2; f L
. ©(z1) 1 « F v
=1 E%0 —(Y",G Y") - ANE
ltn—ljgp X I:haO(Zt) exp (Zt t wo "t —p §

C
< exp [ TFa’(zcl +25 + 35/)]

. o ©(z¢) 1 Fy .
Xhﬂiﬁ'pExo[hao(z,) p( (v oG ) ) ’ A‘S]‘ (4.8)

Since A_sNEs C AN Es holds if t > C%(S_z, we have

1
lim inf EY° () exp | — (Y,“O,GF Y“O) A
1—00 h®o(z;) 2t —p

@ ©(zr) i( o« ~F vlo) .
_htn—l>logf]E |:h°‘0(2,) exp > Y; ,GwOY, L  ANE;s

C
> exp {—%8/(201 + 25 +38")

.. o ®(zr) l F .
X htrg(l)rngx |:h°‘0(zt) exp o ( U0 Gy \/;)—p ; A_s N Es

C
= exp [—%8’(261 +285 +38)

o ®(z1) 1 o) F yo .
 lim inf E20 [hao(z,) exp (— (Yt oo GhY Oﬁ)_p) : A_s] (4.9)

The last equality follows from (4.6).

We choose ¢ and § so that vsuo({w e D, Iy w||D* y = a}) = 0 for
a=ci,c1+8+8,c1 —8— 8. Recall that VS, is given by (1. 6) for S = §,,- Since
{z¢}s>0 is strongly mixing under PY° (see [5,6]), z; and Y:‘_" ; are asymptotically
independent as t — oco. Therefore, the central limit theorem for Y% yields that

. @ ©(zr) 1 F .
i [ en( (7 050%,) ) 4]

1
/ g Ao / exp (5(“” Giow)p) Vs, (dw),

HI';OwH:D* <c1+6+8
p.p

©(z¢) 1 Fy .
llt‘ﬂgéfan[h«o(z) p( ( i Guo f) ) ’ Aa}
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1
/ hTOduo / exp (E(w, Giow)_p) VS, (dw).

Ow”:D;,p/ <c1—8—¢'
Combining this fact with (4.4), (4.5), (4.8) and (4.9) and letting § — 0, we obtain

Jien) = lim Jier.n =A%) / 4o

1 F
X / exp z(w,Gwow)_p vsuo(dw)

LG wips  <ei
D,

o

(4.10)
by the choice of c;. Since we have
/ exp (l(w, Gi w)_p) vs, (dw) = !
2 ‘ "0 det (1 — GL 08,,)"
—p
as a result of Lemma 4.4 in [7], the conclusion follows as ¢; — oo in (4.10). O
Lemma 11 For sufficiently small ¢, > 0, lim¢, o0 sup,.1 J2(c1, c2,1) = 0.
Proof For e > 0, let
A, = [w €Dt L 92 F (wo) (w, w) + Swliky. =1
s 2 2 .0
First we will show
1nf LT (w) > 1 4.11)

provided ¢ is sufficiently small. Recall that L 50 is given by (3.9). For § > 0 we define
As by

- 1
As = [w € E;p, —V2F(wo)(w, w) > 1 —8].

)

Then, for all » > 0, we have

1r1f LF (w) > inf Lgo(w) /\( inf LF (w))

lwlps =r weA,
p.p re/2
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Since (2.24) involves

lim inf LT (w) =00
r—=00 |wllpr > 0
p.p'

we take > 1 sufficiently large so that inf lwlpe = Lr o (w) > 1. Since
inf LT (w) = (1 —E) inf LT (w)
wE.Arg/z 2 weﬂo

for ¢ < 2r—L, it suffices to show that inf we Ay Lgo (w) > 1. Actually, this assertion

follows from Assumption 1. Thus we obtain (4.11) for sufficiently small ¢ > 0.
Fix such a small ¢ > 0. If ¢; is small enough, the Taylor expansion implies

F(Y,) — F(wo) — VF(wo)(Y; — wp)

1 _ i P
< ~V2F(wo) (Y, — wo, ¥; — wo) + = |¥: — wol|5y
2 2 p.p

for ||Y; — w0||gy; LS Thus, we have

1
Ja(et, ca, 1) < C2EY |exp 1 = V2 F(wo) ( —Jtwy, —Y; — \/;WO)
) Vil f
e 1
+= —Yz \/—wo ;1 < H—Yz — Vtwy <ot
2l o, Vi D,

=C2/ds eSIP’fC‘O 7Yt \/—W()G«/—.Ag,
R

< et |, 4.12)
:D;p/

1 =

7Yt «/—wo

where C := [|h*| g |l¢/h*| 5. By Corollary 3 and (4.11), there exists » > 1 and
¢ > 0sothat foreach ¢, s > 0 withc < /s < \/;/c,

1
P% | —Y,
) I:\/; t
Note thatinfye g, [[wlp* | = +/2/(CF + ¢) holds. Take c; sufficiently small so that

) p.p
) < c‘K/Z/(Cp + ¢€) holds. Then we have

—Vtwg € \/§A5i| < exp(—rs).

t
ﬁAgm{w; lwllgoe ,gczﬁ} — ¢ ifts > v
14 C
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Take a constant ¢y > ¢ and set

2

€0
Jo1 = / ds C‘YP;LO —Yl \/_wo e /sAg,
NG
—0oQ
1 = — Vtw <oV,
D*
p.p
7 1
Do = /ds P | —Y, — Viwg € /s A,
Jt
&
1
c1 < ||—=Y, — Vtw <ot
NG D
p.p
By Lemma 7 and Lemma 8,
g
lim sup sup J2,; < lim sup sup P%° ” — Vtwy > ¢ / e’ ds =0.
cl—>0 t>1 =0 t>1 \/E D*
p.p —00
4.13)
For J; 7,
t/c?
N o 1
sup oo =sup [ ds e P | —Y, — Viwy € /s A,
t>1 t>1 \/;
€0
1 = — Vtw <ot
D*
p.p
t/c?
! 1
<sup [ dse’P¥ |:—Y, —Jtwy € ﬁﬂg]
t>1 «/?
€0
o0
< /e(lfr)sds _ ;e(lfr)c(z). (4.14)
r—1
&
Combining (4.13) and (4.14) with (4.12), we obtain
lim sup sup J>(cy, 2, (=g,

c1—=>00 t>1
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Thus the conclusion follows as cg — o0. O
Before discussing the general case, we will prove the following lemma.

Lemma 12 Suppose that (D), (F1)—(F3) and Assumption 1 hold. Then X has no
accumulation point.

Proof Take w = (w, u) € Kr and w, = (wy, u,) € Xr for n € N so that wy,
converges to w as n — oo. We write o, = (o, V) := VF(w,) and & := (o, V) =
VF(w). By Lemma 3, for § = (8,U) € D, ,,

(W, B) I/((an—dl//a",ﬁ)—i-U)dmun,

P
M

(w, ﬂ>D;p, = / (¢ —dy®, B) +U)dm,

M

holds. For ¢ € [0, 1], we write w, . = ew, + (1 — e)w. Let f, := du,/dv and
f=du/dv. Then (wy ¢, tne) := Wy € H and

Hne = EUn + (I—-eu,
1

efn+ (1 —e)f

~

Wp,e =

{efulan —dy®) + (1 — &) f(a —dy*)}.

Obviously, w, . satisfies the assumption of Proposition 2. Thus, by the Taylor expan-
sion of I (w, ¢) by ¢, there is a constant 0 < g; < 1 so that

. 1 43
1(w,) = = /| SIETIRY 5o B! (4.15)

Note that we have

iy = %(an — Ay —a+dy®).
It yields
A(l) o o, |2
/ ol fdu_/—}a dy® — o, +dy®r (4.16)
By the direct calculation, the remainder term in (4.15) is written by
d3 (f = f) 21} 2
— I“(w ):3/ i o —dy® — a, + dy®
e’ ” J (A =enf+ &1 fu)* | "
4.17)
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Since w,, converges to w in D*  as n— oo, &, converges to & in D, , as n — oo.
Then, by the stability theorem ([13] Chapter IV §3.5), we can show that dy*" con-
verges to dy® in D, and f, converges to f in H, asn — oo (cf. Lemma 5.2 of
[16]). As a result, we have C3 :=sup, ((fu(x) A f()c))_1 < 00. Then, by (4.16) and
4.17),

d3

d? Ia(wn ¢)
e—s

<3)f - fn||H,c3cs||f||H,/|“”| £ dv.

Take § > O arbitrary. Then, the argument above provides that there is N1 € N such
that, for all n > Nj, we have

d3

E - I (wy )

<-/|A<”| fdv. (4.18)

Let us turn our attention to the estimate of F (w, ). The Taylor expansion of F'(wy .)
by ¢ yields that there is 0 < &5 < 1 such that

F(w,) — F(w) = VF(w)(w, — w) + %VZF(w)(w,, —w, w, — w)

1
+ 6v3F(w)(w,,,g2 — W, Wy — W, Wy, — W), (4.19)

We define w, € D_, by

(i, B / @, Bdu.

By Proposition 3 (i), we have w, — w = I';w,. Thus we have
1 2 ~ F ~
EV F(w)(w, —w, w, — w) = (Wy, GypyWy)—p. (4.20)
In addition, there is No € N such that, for all n > N,, we have
13 o)
M Fw)(Wp,e; — W, Wy5p — W, Wpg, —W)| <8 [|wnllZ,. (4.21)
Take n € N with n > Nj Vv Nj. Since we have

/|w;‘5| Fdv = 2L, (D).
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(4.15), (4.18), (4.19), (4.20) and (4.21) yield

Lo pe - 3
F(w,)—Fw)~1w)+1w) = 3 (i, Glyiy) = (1= )L, (i) + 8lnl2,,
2 -p
(4.22)

By Assumption 1,

1 ~ F ~ ~ ~ 2

E(wnv wan)fp - L/L(wn) < —dy ”wn”fp . (4.23)
Then (4.22) and (4.23) yield

1
Fwy) = F(w) = I(w,) + 1) < 38y, Glpibn)—p + (6 = (1= 8)bw)| Bl

Gyl .
S [(1+8w+ 2w 8_81.0 ||wi’l||2—p

(4.24)

Choose § > 050 that § < 8 (1 + 8y + [|GE|/2)~. Then W, = 0 and w,, = w for
n > Ni Vv N; since the left hand side of (4.24) is 0. Thus w is an isolated point in K.
O

By virtue of Lemma 12, the general case easily follows from Theorem 3.
Theorem 4 Letp : M — R be a positive continuous function. Under (D), (F1)—(F3)

and Assumption 1,

t—00

1 VF W) 4
= 2 det(1 —G,iosu)lfzh YW | erm s 429
M

lim e *FE, [CIF(Y’)(p(Z[):I

w=(w,n)eXr
Obviously, this theorem is a refined version of Theorem 1.

Proof Tobegin with, we should remark that Lemma 12 together with Lemma 1 implies

that K is a finite set. We write B, () := {w € CD’; e lw—nllp < r}. Take
’ ]7,]7,

e > 0 so that Bg(w) N K = {w} for each w € K. Take a smooth function f

on R which satisfies f|1/2,12) = 1, fl=1,1)c = 0and 0 < f < 1. We define

Fy : D*; s R as follows:

1
Fy(n) = F(n) +log f (8—2 Iy — w3 ) :
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Then

e "B, [e’ d (Yl)‘P(Zt)]
= > TR, [ g |

wepr

i} 1 .- !
+e—leEx elF(Yr)(p(Zt) 1 — Z f (8—2 || Yl‘ — w||2®* /) . (426)
p.p

wepr

The large deviation principle for ¥; implies

1 5 -
lim —logE, [GZF(Yt)l{ﬂweJcF Bs/z(W)”}(Yt)]

t—oo t

=supyF(mp) —1(m); ne ﬂ Bepp(w) ¢ < kF.

wefKF
Hence we have
. —tkp tF(Y;) 1 2 '
0= fim B | Mo y1= 3 GV -wlp
wepr
< lim e B [ FTn pw (F)] =0, (427)

We can easily verify «xr = «kp,, X, = {w} and V2ZF(w) = V2Fy,(w) for each
w € K. Hence (4.26), (4.27) and Theorem 3 imply the conclusion. O

From Theorem 4, we can obtain the convergence of path measure as announced in
Sect. 1:

Corollary 4 Suppose the same condition as in Theorem 4. Let Py .1 be given by
(1.4). Then we have

lim Px,F,T
T— 00

1 1 VF(w) 1 VF(w)
=7 2 Nawazcrosym® @ | jwrade |
w=(w,)eXp w M

with respect to the weak convergence on C ([0, 00) — M). Here Z equals the right-
hand side of (4.25).
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5 The case for stochastic line integrals

The same idea as used in Sect. 4 also works in dealing with the case for D_ ,-valued
process defined by stochastic line integrals. In this section, we assume
D) p>dp+1landp >inf(neN; n>p—1}

instead of (D). Under (D), we can realize a D_ ,-valued continuous process X; which
is characterized by the following property: X; (o) = fz[o ne foreach @ € D, P,-
almost surely (see [21]).

5.1 Preliminaries

We will review some properties for X as we did in Sect. 1.1 for Y. Recall that A =
—dTd, where d¥ is the adjoint derivative of the exterior derivative d in L2, that is,

/(df, oc)dv:/fd"Lozdv.
M M

First we see that, for each exact 1-form du, we have
X, (du) = u(z;) — u(zo). (5.1)

To state the next property, we will introduce an operator I and a functional e. Recall
that b is a 1-form corresponding to the vector field b. Let us define an operator r by
Fo:=a+d 90((13, o) —d a/2). Note that I” becomes a continuous linear idempotent
operator on D,. When g = 0, I" is the orthonormal projection to co-exact 1-forms.
Let us definee : D, — Rby

e(a) = / ((l;,a) — %dTa) dm
M

Then X,(I"a) — te(I"a) = Y,(I"a) holds for any o € D,,. Since e((1 — Na) = 0,
we have
X, —te=T"Y+1—-T"X, (5.2)

(see [21] for example). Note that
I =X - < C' (5.3)

holds for some constant C’ > 0. This estimate comes from (5.1) and the continuity
of Go. These properties mean that X, equals r*y, plus a remainder term.

Next we see limit theorems for X. Set X; := r~!X; — . The law of large numbers
[10] asserts lim;— 0o X; = 0in D_ p Py-almost surely. The central limit theorem for
X asserts that the law of /7 X; Weakly converges {0 Vp, g ast — 00 respectively.
As shown in [21], these limit theorems for X is resulted from that for Y. Indeed, (5.2)
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and (5.3) imply the desired result. The same idea as stated above involves the large
deviation principle for X; := (X, I;). via the contraction principle (see [16] for more
details). SetI' : D, ,, — D, by I'(B,U) = (I'B, U). Then the rate function Ix

for X is given by Ix(w) := inf Fry=w I(n). We should remark that, there appears no

influence from the term (1 — r *)X, in above-mentioned limit theorems for X.

5.2 Laplace approximation for currents of stochastic line integrals

As in the beginning of Sect. 4, we suppose the following assumption concerning the
nondegeneracy of the Hessian at equilibrium states. We write Fj := F o I'* and

Assumption 2 For each wy = (wo, o) € K, there exists 8,(,,10) > 0 such that
1
Lug@w) = 5 (w. G,‘Zgw)fp + 80wl

holds for each w € D_,.

Theorem 5 Let¢ : M — R be a positive continuous function. Under (D’), (F1)—(F3)
and Assumption 2,

lim e '“AE, [e’F(X’)go(z;)]

—00
1 ay Y G
= B (x)e " ™) / —e" du
F1 12 oy ’
w=(w,n)eKF, det(l — Gy o Sy) / M h
where a,, = VF|(w), &, is a projection of VF(f*w) to D, and un =

—So((h, @) — dTa,/2).

Remark 5 A similar result also holds for the bounded variation part of X;. But this
part is nothing but a different realization of the mean empirical measure /;. Thus we
omit it because it is not important.

Proof In the following, we assume K, = {wo}. The extension to the general case is

now obvious. Set ny = f*wo and (wo, (o) := wo. As in the proof of Theorem 3, we
decompose the left hand side into three parts. For c1, ¢ > 0,

e A, [e’mf)cp(zt)] = J{(c1,t) + Jiy(c1, 2, 1) + J3(ca, 1),
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where

_ X’ S Cl
Jer, 1) i=e "nE, [ Xoz) 11X, —nollp |, < —],
p.p \/;

—tkr X cl -
Jz/(cl, e, 1) :=e KN E, etF(X’)QD(Zz) ; ﬁ < IX: — 770||D*; p = Cz] )

Jiea,1) 1= e R | M) 5 o < 1K, = mollpy p']‘

Since

kpp = sup {Fi(w)—I(w)}= sup {F(m) —Ix(},

weD* | neD*
p.p PP

the large deviation principle for X; implies lim SUp;_, o J3(c2, 1) = Oforeachcy > 0.
Let us turn to the estimate of J]/(c1, t). Let g = (ag, Vo) := VF(wp), ay =

(@o. Vo) := VF(qo) and u® := —So((b. &) — d'&o/2). Note that ety = I'ét and
(1 = "y = du®. Then, by (5.1) and (5.2),

Jier,0) =exp (1 (1wo) — (wo, a0)p: ) Ex [w(zt) exp (1 X1 (@)
x exp (1 {F(X:) — F (o) — VF(10)(X; —10)}) ;

— cl
||Xt - 7]0”@;]}/ = $:|

©(z1)
h®(z,)

x exp {1 (V2 F o) (X = 10, X = o) + 70X — o))

= h" (x)Eff"[ exp (M&O (z1) — u® (ZO))

— cl
||Xt - 7]0”@;]}/ = $:|7

where r ¢ is the remainder term of the Taylor expansion satisfying r r (w) = o (]| w]|| ZD* ).
p.pr
Thus (5.2) and the remark after (5.2) imply

A , L a & . o (p(Zz) o
lim Ji(er, 1) = h*(x) exp (—u 0(x)) [Jim B |:h"‘0(z,) exp (u °(z,))
X exp {t (V2F1 (wo)(Y; — wo, ¥, — wo))} ;

Hﬁ*(Y’ ~ o) H D

C1
< —|.
p.p \/;:|
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Therefore, as in Lemma 10, the central limit theorem and the mixing property of
{z¢}1=0 induce that there exists J{(c1) := lim,_ o J{(c1, t) for all but countably many
c1 > 0and

. A @ Q@
lim J{(c;) = h% (x)e ™" O(x)/—e” d .
er=oo ! det(1 — G5} 0 8,,)1/2 heo

M

Finally, we will estimate J3/ (c1,cp,1). Let A’S be given by

1 £
A, = [w 1S ZD’;,p, ; EVZFl(wo)(w, w) + 3 ||w||293* = 1] .
p.p

As in the proof of Lemma 11, we can show

inf inf LI (g) > 1 5.4
S0, ot R0 (5.4)

for sufficiently small ¢ > (0. With the aid of (5.2), almost the same argument as used
in Corollary 3 implies the following uniform moderate deviation estimate

1 1
lim sup( sup  — log P° |:$Xz — i € s./l]) < —inf inf Lgo(w)

=00 \c<s<i/ife S weA fry=w

(5.5)

for each closed set A C D; .. Then we obtain lim¢, o0 sup,. | J5(c1, c2,1) = 0in
the same way asin Lemma 11 ﬁy using (5.4) and (5.5) instead of (4.11) and Corollary 3.
On the basis of these estimates on J{, J; and J3, the desired result follows. O

Fora = (o, V) € D, s, let us define Iy D, — D, by Ty =B +dSe((b+
a—dy*, B) — dt B/2). Note that I 0= I" holds. The following lemma characterizes
the influence of I, in Theorem 5.

Lemma 13 Faf = f‘a.
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Proof By the definition of I, and r,
Iol'B =B +dSele—dy®, ')
=B +dS (a —dy*®, B +dSo ((13, B) — %d*ﬂ))
A A~ 1
=I'B+dSy (0 —dy®, B) +dS5eL%S0 ((b, B) — szﬂ)
N 1
—dSaLS0 ((b, B) — EdTﬁ)
~ 1 .
=B +dG (@ —dy*, B) +dS« ((b, B) — §d1ﬁ)
= ﬁa.B-
Hence the desired result follows. O

Remark 6 Let us define a operator fa : D,y — Dyby fa(ﬁ, U) = fa,B +dSeU
Note that Lemma 13 asserts I, af' =T, «- By using this notation, we obtain

(n.GUn) = V2 FE @ ). (5.6)

As we have seen in (5.1), X, degenerates on exact 1-forms in long time. The equation
(5.2) together with (5.3) means that the range of " determines the complementary
subspace to degenerate parts. To see the definition of Iy, we can say that a transform
of operator I — Iy corresponds to the transform of generator L +— L%. Thus
Iy I = I, means that the change of generator causes the change of the complementary
subspace.

Recall that the emergence of I'* in the Laplace approximation for Y; comes from the
transformation of martingales driven by the Girsanov transform. Since the definition
of stochastic line integral is invariant under the Grisanov transform, it it natural that I"*
does not appear in the Laplace approximation for X,. Indeed, if we rewrites Theorem 5
by using (5.6), I"* actually disappears. But as aresult, the transform [ T , emerges
instead of it.

Remark 7 In our framework, we have considered a (nonsymmetric) diffusion process
{z:}:>0 with the generator A /24 b. But, when we consider the Laplace approximation
for Y; or X;, itis sufficient to consider the case b = 0, that is, {z;};>0 is the Brownian

motion. Let {If”x}xE M be the Wiener measure 0{ the Brownian motion. We define a
map VW, : H_, — D_, by (¥y(n), B) = (i, (b, ﬂ))Hp,.Then the Girsanov formula
implies

E. [exp(t F(Y))¢(z:)]

A - - N 1 - 4
=1, [exp [z (m, = (0. T + FiB) — S . |b|2>H,,/)] m)} .
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Thus letting a functional F on fD;’p, by F(w, W) = F(w — W), u) + (w, l;)

- %(M, IEIZ)HP,, we obtain

E, [exp(t F(Y)p(z)] = E. I:exp(tF(Yt))cp(zt)] .

Thus we can reduce the Laplace approximation to the case » = 0. The same argument
also works for X;. We remark that X, is invariant under the Girsanov transform and
therefore W, does not appear in this case.

6 Some special cases
6.1 Functional of empirical measures

In this section we consider the Laplace approximation only for mean empirical mea-
sures /;. This problem is nothing but considering Theorem 4 under the following
additional assumption:

Assumption 3 there exists Fp : H_,; — [—00, 00) such that F(w, u) = Fo(w)
holds for any (w, u) € D; o

Of course, Theorem 4 implies the Laplace approximation for /; under Assumption 1.
The aim in this section is to reveal that our result recovers that in [4], which is obtained
as an example of the general Laplace approximation result for mean empirical mea-
sures of a Markov process.

Note that all the derivatives in D_, direction vanishes under Assumption 3. It
means that for w = (w, ), VF(w) = (0, VFy()) holds. Thus the Varadhan lemma
asserts that

—>0o0

1 -
lim n logE, [exp (tFo(lt))] =KFp
holds. Let I be the rate function for /,. Set

kB = sup (Fo(u) — Io(w)) .
/.LGpr/

K, = (n € Hop 3 Fo(w) — Io(w) = Ky, ).
Let: : ®>'[‘7 v H_ s be the canonical projection.

Lemma 14 [n the above framework, kg = K([);O holds. In addition, . maps K to 3(970
as a homeomorphism.

Proof By the contraction principle, we have Ip(u) = infwepfp I(w, n). Thus kg =

K% immediately follows. Since ¢ is continuous and open mapping, it suffices to show
0
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that ¢ is bijective. By (1.12), (1.13) and a remark after that, we have I (w, u) = Ip()
if and only if w € D_, is given by

(w, B) = — / (Pyb — &7, Brdp, (6.1)
M

where f = /du/dv. We denote w defined by (6.1) by w,,. Then the above observation
yields that (w, u) € K holdsifandonlyif w = w,, and u € K,. Thus the bijectivity
of ¢ is now obvious. O

For V € H,, we simply denote LOV) pOV), mo,v), S,v) and I g, v) by LV,
hY,my, Sy and I'y respectively. Set év =Gy + ST , where 94{, means the adjoint of
Sy on L2(dmy).

Lemma 15 Under Assumption 3 and (F1), (4.1) is equivalent to the following: for
any o € fKOO, there exists 8., > 0 such that

1 _
E/fSVFo(uo)fdMO
M

1 _ _ _
> EVZ Fo(100) (Sv Fo (o) f 140> GV Fo (o) f 140) + 8y IISVFO(MO)fMOII%LP, (6.2)

holds for any f € Hp.

Proof First we derive (6.2) from Assumption 1. Take uo € fK%O. By Lemma 14, there
exists wo € Kr such that «(wp) = o holds. Then Lemma 3 asserts o = my,. For
f e Hy,letw e D_, be given by (w, ) = fM (dSVOf, /3) dpo. Note that Hj, 1 is
closed under multiplication and p + 1 > 2 because p > dy. Thus we have

2L (w) =/|d9v0f|2duo=/LV°(9v0f>2duo—2/9v0fLV°9v0fduo
M

M M

- / 3w f duo. 63)
M
In a similar way, for g € H,/, we have

(vo . g)yy, = (w.dSue) = [ (5w s.dSvg)dno= [ edws duo. (64
M M

Thus we obtain ¢ o F§0w = QVO f 1o- Hence Assumption 3 yields

(w. G,iow)_p — V2 Fo(po) (o T w, to T w) = V2Fo(0) vy f 1205 Gvi £ 120).
(6.5)
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Note that there is a constant C > 0 such that

lwl-p= sup |(w,a)|> sup |(w,dSyg)

aeD, ger/
ol <1 JdSvoe], <1
= s | [ @9ng.dSvf)duo| = C 3w fuol, - ©6)
geH 4
Il <1 M

By substituting (6.3), (6.5) and (6.6) to Assumption 1, we obtain (6.2).

Next we show the converse implication. Take wy € K. By Lemma 14, pug :=
t(wp) € K%O holds. For ug € 9{(}0, set Vo = VFp(uo). Lemma 3 asserts (o = my,.
By Remark 4, it suffices to show that there is a constant &,,, > 0 such that for any w

. €L
with S,,w € (3, NKer Gy, )™,

2
Lo (Spow) > (smw, GE o S,mw)_p 84 | Sow [ - 6.7)

N =

Indeed, once we obtain (6.7), we can replace S, ,w with w € f}{;m as we obtained
(2.25) from (2.22). Take w as above. Assumption 3 implies Ker Gf;o D Ker(dGy,)* =
Ker d*. Thus we have (fH;LO N Ker GgO)J‘ C (j{;m N Ker d*)*~. We set « = w* and

dpo = fgdv. Then we have (S,,w, B) = [}, (@, B) dpo. Since n € Ker d* means
(n,du) = 0 for any u € Hy, Pfa = o holds. A regularity argument as we did in

Sect. 2.1 implies fo € H, and fp > 0. Set f = (fo_ldfo, o) —d /2. Then we can
show Ppa = dGy, f. Since

(Syugw., ) = / (@ B) dyuo = / (dSv, f. B) dyo.
M

M

(6.3), (6.4) and (6.5) imply
1 _
Lo (Spow) = §/f9v0fdlto,
M
(S,mw, Gl o S,mw) = VFo(10)(Gvy f 120, Sv f 10)-

Since there is a constant C’ > 0 such that Iglla, < C'ldSv,gll, for any ¢ € H,y,
there exists a constant C” > 0 such that we have
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ISvo froll,; , = sup /(d9V0g7d9Vof)d,u0
P geH,
gl <1 M

= sup |(Suow, d9V08)| >C” “SMowH_p'
gEHp/
Il <!

Therefore, substituting these estimates to (6.2) yields Assumption 1. O

ForV € Hp, let S?, : H_, — H_, be defined by

(s90r72.¢), = [ riveamy

M
forany f, g € Hy.
Lemma 16 S?, is a symmetric, nonnegative definite operator of trace class.

Proof By (6.3), symmetricity and nonnegativity obviously follow. Take ¢ > 0 such
that dy/2 < g < p —dp/2. Since dGy : H,_1 — D, is continuous, the Sobolev
embedding from D, to C yields

(s8¢ %), =] rovrdmy= [ 1dsv ramy < Clasv 12 < €Al
R M

for some constants C, C’ > 0. Since p’ — (¢ — 1) > p — q > dy/2 by (D), the
conclusion follows from a similar argument as in the proof of Lemma 5 by calculating
the trace norm with respect to an orthonormal basis of H,_; consisting of normalized
eigenfunctions of —A. O

Theorem 6 ([4]) Let ¢ : M — R be a positive continuous function. Suppose that
(D), (F1)—~(F3) and Assumption 3 hold. Suppose that, for each (o € IK%O, (6.2) holds

forany f € Hy,. Then #fK?VO < 00 and

— 19 7
Lim e IKFO]EX I:etFo(l:)(p(Zt)]

—0o0

1 @
- hVFo(l”(x)/—d/,L
o2 0)\1/2 hVFo(uw) "

s det (1 — V2Fy(u) o 59) A

Here, we identify the quadratic form V> Fy(u) on H_, with the operator from H_
to itself.

Proof ByLemma 15, Assumption 1 holds. In particular X r is a finite set by Lemma 12.
Thus Lemma 14 asserts #K(}O < 00. Moreover, we have kp = /cgo and Theorem 4
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yields

— 10 7
lim e “(F()EX [etFO(Z’)Qﬂ(Zt)]

11— 00

= lim e '*FE, [e’F(?’)go(Zt)]

—>00

' 1
_ Z hVFo(MO)(x)/ %duo / exp (E(w,Giow),p) vSﬂo(dw).
M

wo=(wo,0)€XF D_p

(6.8)
For simplicity we set Vy := V Fy(uo). By the definition of I'* and Giw we have
(w-Glyw) = V2Fo(uo)(@Sv) . (@Sy,) ).

By (6.3) we have

/exp (J—_l((dgvo)*w, g)H,,/) vsy, (dw) = /exp (\/—_l(w, dSVOg)) Vsy, (dw)

M M

1
exp [ —3 / 1Sy, g1*d o
M

1 _
= exp —z/gSVOgd/to

M
1
= exp (—5 (g*, S?/o(g*))H ) :
-p

Thus the induced measure Vsy, © ((dSVO)*)’1 on H_, is also a Gaussian measure
with the covariance S?,O. Hence the conclusion follows from (6.8). O

6.2 Finite dimensional case

Let f : R — R be a smooth function. Let F’ : D_ p — R be defined by
F'(w) = f({w,a1), ... {w,a)) for some o; € Dp,i =1,..., k. In what follows,
we consider the case that F is given by F(w, u) = F’(w). In this case, some parts of
our argument are reduced to the calculus on a finite dimensional space. Indeed, since
we have

k

VF'(w) = Z o (w,a1), ..., (w, o)),

0x;
i=1
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{aw}wexc,» which appeared in Theorem 4, are all written by linear combinations of
(o, O)f.‘zl. For each w = (w, n) € Kp, Remark 4 says that it suffices to verify
Assumption 1 when w € D_, acts on D, as an inner product on L?(d ) with a linear
combination of {Fawai}f: |- Note that, when we consider Theorem 5, all elements in
{Otw}weg([,l are written by linear combinations of (f o, O)?:r In this case, we only
need to verify Assumption 2 for each w = (w, u) € Xp, when w acts as an inner
product on L%d ) with a linear combination of {faw a,-}f.‘zl.

We remark that this framework includes the case of periodic diffusions on R, Let z;
be a solution of the following stochastic differential equation on k-dimensional torus

T* = [0, DF:

k
dzi = Za]’:(z,) odz] + 0' (z1)dt,
pt (6.9)
20 = X.

Here {o} }fi j=pand {67}%_, are smooth functions on T¥. Let g/ = >h, oo . Assume
that {gij}f.‘,j:l is nondegenerate at each point. Then {g;;} = {g"/}~' induces a
Riemannian metric on T. With respect to this metric, the generator of z, is of the form
A /2 4 b for some smooth vector field b. We take 1-forms «; = dxt,i=1,... k.
Then, the Stokes formula for stochastic line integrals on R¥ implies X, (;) = Z) — Z),
where Z; is a solution of the following stochastic differential equation on R¥, which
is a periodic extension of (6.9):

k

dz; = 651G 0dz] +6' Gt
j=1

z0 = X.

Here & and 6 are a periodic extension of o and 6 respectively. Note that, if we denote
the canonical projection from Rk to T by P, P(x) = x and P(z;) = z;. These
arguments and the remark at the beginning of this subsection tell us that the Laplace
approximation for =z, follows as a corollary of Theorem 5.

Acknowledgments The author would tell my gratitude to Professor Erwin Bolthausen and anonymous
referees for their valuable comments on the improvement of this paper.
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