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Abstract The aim of this paper is to study the d-dimensional stochastic heat equation
with a multiplicative Gaussian noise which is white in space and has the covariance
of a fractional Brownian motion with Hurst parameter H € (0, 1) in time. Two types
of equations are considered. First we consider the equation in the It6-Skorohod sense,
and later in the Stratonovich sense. An explicit chaos expansion for the solution is
obtained. On the other hand, the moments of the solution are expressed in terms of
the exponential moments of some weighted intersection local time of the Brownian
motion.

Mathematics Subject Classification (2000) 60H15 - 60HO7
1 Introduction
This paper deals with the d-dimensional stochastic heat equation
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ar 2 9tdx

(1.1

driven by a Gaussian noise W/ which is a white noise in the spatial variable and a
fractional Brownian motion with Hurst parameter H € (0, 1) in the time variable (see
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286 Y. Hu, D. Nualart

(2.1) in the next section for a precise definition of this noise). The initial condition
uq is a bounded continuous function on R4, and the solution will be a random field
{urx,t = 0,x € Rd}. The symbol ¢ in Eq. (1.1) denotes the Wick product. For
H = %, % is a space-time white noise, and in this case, Eq. (1.1) coincides with
the stochastic heat equation considered by Walsh (see [20]). We know that in this case
the solution exists only in dimension one (d = 1).

There has been some recent interest in studying stochastic partial differential equa-
tions driven by a fractional noise. Linear stochastic evolution equations in a Hilbert
space driven by an additive cylindrical fBm with Hurst parameter H were studied
by Duncan et al. [3] in the case H € (%, 1) and by Tindel et al. [18] in the general
case, where they provide necessary and sufficient conditions for the existence and
uniqueness of an evolution solution. In particular, the heat equation

u 1 ZwH
=—A

a2 MM s

on RY has a unique solution if and only if H > %. The same result holds when one

adds to the above equation a nonlinearity of the form b(¢, x, u), where b satisfies the
usual linear growth and Lipschitz conditions in the variable u, uniformly with respect
to (¢, x) (see Maslowski and Nualart [9]). The stochastic heat equation on [0, 00) X R4
with a multiplicative fractional white noise of Hurst parameter H = (Hy, Hy, ..., Hy)
has been studied by Hu [5] under the conditions % < H; <1fori =0,...,dand
Z?:o H; <d— 2}10%1 Another important and relevant paper is [11].

The main purpose of this paper is to find conditions on H and d for the solution
to Eq. (1.1) to exist as a real-valued stochastic process, and to relate the moments of
the solution to the exponential moments of weighted intersection local times. This
relation is based on Feynman-Kac’s formula applied to a regularization of Eq. (1.1).
In order to illustrate this fact, consider the particular case d = 1 and H = % It is
known that there is no Feynman-Kac’s formula for the solution of the one-dimensional
stochastic heat equation driven by a space-time white noise. Nevertheless, using an
approximation of the solution by regularizing the noise we can establish the following
formula for the moments:

k k t
Eluf, ] = E% | [Tuow + Bhexp | > /30 (Bi-Bl)as)|. a2
j=1 i,j=li<j 0

for all k > 2, where By is a k-dimensional Brownian motion independent of the space-
time white noise W%. In the case H > % and d > 1, a similar formula holds but
fot 80(B§ — B])ds has to be replaced by the weighted intersection local time

t t
LG, j) = HQH — 1)/ / s — r2H=25, (B_;' - B,j) dsdr, (1.3)
0 0
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Stochastic heat equation driven by fractional noise and local time 287

where {Bj s> 1} are independent d-dimensional Brownian motions (see Theo-
rem 5.3).

The solution of Eq. (1.1) has a formal Wiener chaos expansion u; , = Z,C;o:o 1,
(fn(, t,x)). Then, for the existence of a real-valued square integrable solution we
need

2P a1 ) e < 00, (1.4)

n=0

where Hy is the Hilbert space associated with the covariance of the noise W (see
(2.2) in the next section). It turns out that, if H > %, the asymptotic behavior of the
norms || f, (-, ¢, x)||H§m is similar to the behavior of the nth moment of the random
variable L; defined in (1.3). More precisely, if uq is a constant K, for all n > 1 we
have

D 1 fu 1,05 o = K2E(L).

These facts lead to the following results:

i) Ifd =1and H > %, the series (1.4) converges, and there exists a solution to
Eq. (1.1) which has moments of all orders that can be expressed in terms of the
exponential moments of the weighted intersection local times L;. In the case
H = % we just need the local time of a one-dimensional standard Brownian
motion (see 1.2).

(i) IfH > % and d < 4H, the norms || f,, (-, 1, x)||H§n are finite and E(L}) < 00
for all n. In the particular case d = 2, the series (1.4) converges if ¢ is small
enough, and the solution exists in a small time interval. Similarly, if d = 2 the
random variable L; satisfies E(expAL;) < oo if A and ¢ are small enough.

(i) Ifd = 1and% < H < %,thenorms I fuC,t, x)||Hflzm are finite and E(L}) < o0
for all n.

A natural problem is to investigate what happens if we replace the Wick product
by the ordinary product in Eq. (1.1), that is, we consider the equation

u 1 ZwhH
— ==-Au+ u .
ot 2 0tox

(1.5)

In terms of the mild formulation, the Wick product leads to the use of It6-Skorohod
stochastic integrals, whereas the ordinary product requires the use of Stratonovich
integrals. For this reason, if we use the ordinary product we must assume d = 1 and
H > % In this case we show that the solution exists and its moments can be computed
in terms of exponential moments of weighted intersection local times and weighted
self-intersection local times in the case H > %.

The paper is organized as follows. Section 2 contains some preliminaries on the
fractional noise W#! and the Skorohod integral with respect to it. In Sect. 3 we present
the results on the moments of the weighted intersection local times assuming H > %
Section 4 is devoted to study the Wiener chaos expansion of the solution to Eq. (1.1).

The case H < % is more involved because it requires the use of fractional derivatives.
We show here that if % < H < %, the norms || f,, (-, t, x)||H§n are finite and they are
da
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288 Y. Hu, D. Nualart

related to the moments of a fractional derivative of the intersection local time. We
derive the formulas for the moments of the solution in the case H > % in Sect. 5.
Finally, Sect. 6 deals with equations defined by using ordinary product and Stratonovich
integrals.

2 Preliminaries

Suppose that W = {WH (1, A),t > 0, A € B[R?), |A| < oo}, where B(RY) is the
Borel o-algebra of RY, is a zero mean Gaussian family of random variables with the
covariance function

1
EWH (¢, AWH (s, B)) = 5 (IZH +52 1 —s|2H) IANB|, (2.1

defined in a complete probability space (2, F, P), where H € (0, 1), and |A| denotes
the Lebesgue measure of A. Thus, for each Borel set A with finite Lebesgue measure,
{(WH(t, A),t > 0} is a fractional Brownian motion (fBm) with Hurst parameter H
and variance > | A|, and the fractional Brownian motions corresponding to disjoint

sets are independent.

Then, the multiplicative noise aa tvg

of the random measure W (z, A):

wh, A) = //

We know that there is an integral representation of the form

appearing in Eq. (1.1) is the formal derivative

wH, A)://KH(t,s)W(ds,dx),

where W is a space-time white noise, and the square integrable kernel K g is given by

t H; 1 / 3
1 1 1 3
Ky(t,s) =cy (—) (t—s)H_Z—(H—§)s2_H/(u—s)H_2uH_2du ,
s
N

for some constant cy. We will set Ky (t,s) =0if s > 1.
Denote by £ the space of step functions on R, . Let H be the closure of £ with
respect to the inner product induced by

(Lo Los1)y, = Ku (2,9).

The operator K* € — L2(R+) defined by K* 7 d0,:)(s) = Kg(z,s) provides a
linear isometry between H and L>(R,).
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Stochastic heat equation driven by fractional noise and local time 289

Define the tensor product
Hg = H @ L>(RY). (2.2)

The mapping 1{0,/jx4 — WH(t, A) extends to a linear isometry between H, and the
Gaussian space spanned by W# . We will denote this isometry by W# . Then, for each
¢ € Hg we have

WH(so)z//(K;®1)¢(t,x)W(dt,dx).
0 Rd

We will make use of the notation W (¢) = [ [ps 9d WH.

ItH = %, then H = L?(R..), and the operator K 77 is the identity. In this case, we
have Hy = L?(Ry x RY).

Suppose now that H > % The operator K7, can be expressed as a fractional integral
operator composed with power functions (see [13]). More precisely, for any function
¢ € & with support included in the time interval [0, 7] we have

(Kiye) 0 = eyt~ 117 2 (0157 4) 0.

_1
where I;]_ ? is the right-sided fractional integral operator defined by

T
_1 1
17 = T / (s — "3 f(5)ds.
I

In this case the space H is not a space of functions (see [16]) because it contains
distributions. Denote by |H| the space of measurable functions on R such that

o0 o0
//|r —ul 2|9, ||puldrdu < oco.
00

Then, |H| C 'H and the inner product in the space H can be expressed in the following
form for ¢, ¥ € |H|

0]

(9. ¥)n =//¢(r, wer@udrdu, 2.3)
0

0
where ¢ (s, 1) = HQH — 1)|t — 5|72
Using Holder and Hardy-Littlewood inequalities, one can show (see [10]) that

lelln, < Bullell 1 (2.4)

LH Ry L2(RY))
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and this easily implies that

< 2,
”(0“’}—[@ ﬂH ”(p”LH(Rn LZ(R”d)) ( 5)

IfH <5 L the operator K7, can also be expressed as a fractional derivative operator
composed w1th power functlons More precisely, for any function ¢ € £ with support
included in the time interval [0, T'] we have

(Kiyo) ) = et~ D" (po)s"4) 0,

1_
where D%_H is the right-sided fractional derivative operator defined by

T
Moy ! £ _(1_H) f) =@

r(a+) \(r—n2=H \2 (s — t)”"

Moreover, for any y > % — H and any T > 0 we have CY([0,T]) C H =

l_H
177 (LARy).
If ¢ is a function with support on [0, T'], we can express the operator Kj,; in the
following form

T
0Ky
Kot) = Ku(T, He(t) +/[</>(S) P1—=(s, tyds. (2.6)

t

Let us now present some preliminaries on the Skorohod integral and the Wick
product. The nth Wiener chaos, denoted by H,,, is defined as the closed linear span
of the random variables of the form H, (W (¢)), where ¢ is an element of H, with
norm one and H, is the nth Hermite polynomial. We denote by I, the linear isometry
between H?” (equipped with the modified norm +/n! ”'”H?") and the nth Wiener

chaos H,,, given by 1,(¢®") = n!H, (W (¢)), for any ¢ € H,y with llelln, = 1. Any
square integrable random variable, which is measurable with respect to the o-field
generated by W has an orthogonal Wiener chaos expansion of the form

F=EF)+ > L(f

n=1
where f, are symmetric elements of H?”, uniquely determined by F.
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Stochastic heat equation driven by fractional noise and local time 291

Consider a random field u = {u; s, > 0, x € R?} such that E (47 ) < oo for all
t, x. Then, u has a Wiener chaos expansion of the form

wix = EQiy) + D In(fulo 1, %)), 2.7)

n=1
where the series converges in L3().

Definition 2.1 We say the random field u satisfying (2.7) is Skorohod integrable if
E(u) € Hy, foralln > 1, f, € HS’("H), and the series

WHEW) + D Iy 1 (f)

n=1

converges in L?(2), where f;l denotes the symmetrization of f;,,.We will denote the
sum of this series by 8(u) = [;° [pa usWH.

The Skorohod integral coincides with the adjoint of the derivative operator. That is,
if we define the space D'-? as the closure of the set of smooth and cylindrical random
variables of the form

F=f (W, ... wH ),

hi € Hy, [ € C;o (R™) (f and all its partial derivatives have polynomial growth)
under the norm

IDFI 2 = E(F2) + E(IDF I, ),
where

n
0
DF =3 f (WH(hl), o WH(h,,)) hj,
i1 ax]'
then, the following duality formula holds
E@u)F)=E ((DF,u)y,) . (2.8)

for any F € D2 and any Skorohod integrable process u.
If F € DY2 and & is a function which belongs to Hy, then Fh is Skorohod
integrable and, by definition, the Wick product equals to the Skorohod integral of Fh:

8(Fh) = F o WH (h). (2.9)
This formula justifies the use of the Wick product in the formulation of Eq. (1.1).

Finally, let us remark that in the case H = %, if u; , is an adapted stochastic
process such that £ ( fooo fIRd utz xdxdt) < 00, then u is Skorohod integrable and § (1)
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292 Y. Hu, D. Nualart

coincides with the It6 stochastic integral:

S(u)z//u,,xW(dt,dx).

0 R4

3 Weighted intersection local times for standard Brownian motions
In this section we will introduce different kinds of weighted intersection local times
which are relevant in computing the moments of the solutions of stochastic heat equa-
tions with multiplicative fractional noise.

Suppose first that B! and B? are independent d-dimensional standard Brownian

motions. Consider a nonnegative measurable function 7 (s, t) on Ri_. We are interested
in the weighted intersection local time formally defined by

T T
I =//n(s,t)80(le — B*)dsdt. (3.1
0 0

We will make use of the following conditions on the weight ,:
(Cl1) ForallT >0
T T

Inlly 7 := max | sup /n(s,t)ds, sup /n(s,t)dt < 0.

0<t<T 0<s<T

(C2) Forall T > 0 there exist constants y7 > 0 and H € (0, 1) such that
n(s.t) <yrls— 1?72,

foralls,t <T.

Clearly, when H > %, (C2) is stronger than (C1). We will denote by p;(x) the

Ix[?

d-dimensional heat kernel p;(x) = (27‘[[)_%67 2. Consider the approximation of
the weighted intersection local time (3.1) defined by

T T
I, =//n(s,t)p8(BX1 — B?)dsd1. (3.2)
0 0
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Let us compute the kth moment of I, where k > 1 is an integer. For this we will
follow the approach used in Sect. 2 of [6]. We can write

k
£(15) = [ TTneinovets.odsat (33)
(0.7 =1
where s = (s1,...,5¢), t = (¢1, ..., 1) and
Ve 5.0 = E (pe (B — BY) -+ pe (BY, — BY)). (3.4)
We denote by ¥ (s, t) the density at the origin of the kd-dimensional Gaussian
vector (lel — Btzl, e, lek — Btzk), that is,
_kd _d
Y(s,t) = (2m)" 2 [detM(s,t)]" 2, (3.5)

where M (s, t) is the k x k matrix whose entries are M;;(s,t) =s; Asj +1; Atj. We
claim that

Ve(s, t) < Y(s, b). (3.6)

In fact, notice first that

V(s t) = (E (ps (bs‘l - b,zl) D (b;k - b,zk)))d , 3.7)

where b;, i = 1, 2, are independent one-dimensional Brownian motions, and in (3.7)
pe denotes the one-dimensional heat kernel. Using the Fourier transform of the heat
kernel, with the notation « = /—1, we can write

Epe (br=00) - pe (b =13)

k
1 e

= _(2yr)k /E exp LZ (Ej (bslj - btzj) — 5512) d&

Rk Jj=1
< 1 /67% 21;.1:1 Sj(Sj/\Sl+tjAt1)$]d%_
~ @)k

Rk
— (27) "% [det(M(s, )], (3.8)

where & = (&1, ..., &). In view of (3.5) and (3.7), this implies (3.6). From (3.3) and
(3.6) we obtain

E (1;‘) <a, (3.9)
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where

k
o = / [ [ nGsi. )9 (s, tdsdt. (3.10)
[O,T]Zk i=1
Then, if ax < oo for all k > 1, the family 7, converges in L?, for all p > 2, to a limit

1 al’ld E([ ) = 0. In faCt,
S,B‘L ( & 5) 2

so I, converges in L2, and the convergence in L? follows from the boundedness in
L7 for g > p. Then the following result holds.

Proposition 3.1 Suppose that (C1) holds and d = 1. Then, for all A > 0 the random
variable defined in (3.2) satisfies

T
sup E (exp (Alg)) < 1+ CD(\/;”n”LT )»)’ (.11

e>0

where ®(x) = 21311 r(f—:l) Also, I, converges in LP for all p > 2, and the limit,
2
denoted by 1, satisfies the estimate (3.11).

Proof Taking into account the above discussion on the convergence of I, it suffices
to show the estimate (3.11). We have, using (3.9)

o0

k [k 00 )»k
EexpOl) =Y o <1 > B (3.12)
2.5

k=0

where oy has been introduced in (3.10). Thus, in order to show the inequality (3.11)
we have to estimate the terms «. For any s = (s1, ..., sx) we denote by M (s) the
k x k matrix whose entries are M;;(s) = s; As;.If s and t are two elements in (0, oo)k
with pairwise distinct components, the associated matrices M (s) and M (t) are positive
definite, and by A8, (viii) in [12] we have

det M (s, t) > det M (s)+ det M (t),

which implies
W(s,t) < (2)" 2 [det M(s) det M(t)] "% .

We recall that (Zn)’g [det M (s)]_% is the density at the origin of the Gaussian vector
(b,...,bL). This density is equal to (277)" 2 B(s)"2, where B(s) = so1)(s502) —
So(1y) -+ - (So(k) — So(k—1)), and we denote by o the permutation of {1, ..., k} such
that So(l) <+ < So(k)- Hence,

Y(s.t) < Q)72 [BS)BM)] . (3.13)
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Therefore, from (3.13) and (3.10) we obtain

k ‘ 1
ap < (2m) 2 / Hn(sl', 1) [B($)B(H)]* dsdt. (3.14)

.7 =1
Applying Cauchy—Schwarz inequality yields

k %
@ < (2m)7 / H’?(Si,li)ﬁ(S)f%dsdt
[0, T2 i=1
1
X 3
X / Hﬁ(si,ti)ﬂ(t)_%dsdt

[0. T i=1

_1 k _1
= (@mHmhr) & [ e~ Eds
Ty
k k
k127372 ||nllf
_ - _1’T’ (3.15)
rGG+1
where Ty = {s = (s1,...,8t) : 0 < 51 < --- < sx < T}. Substituting (3.15) into
(3.12) leads to the estimate (3.11). m]

This result can be extended to the case of a d-dimensional Brownian motion under
the stronger condition (C2):

Proposition 3.2 Suppose that (C2) holds and 2 < d < 4H. Then, limg oI, = I,
exists in L?, for all p > 2. Moreover, if d = 2 and A < Lo(T), where

HQH —1)2 1 \2A-!
ho(T) = ¢ )] - (1 - ﬁ) 712, (3.16)
yrByuT (1= 37)

and By is the constant appearing in the inequality (2.4), then

sup E (exp (A1) < o0, (3.17)

e>0
and 1 satisfies E (exp (A1)) < oo.

Proof As in the proof of Proposition 3.1, using condition (C2) and inequality (2.5)
we obtain the estimates
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k
o < vk @m)~t / [T — P2 1B)B®)I % dsdt

(0,772 =1
2H
kd
<vhem %o, / B(s) T ds
0.7}

= (vran <2n)—%)k ey LU 1

—
—
=~
—_
|

|~
~
+
—

' (k')ZH

— ¢ (3.18)
Hal L (k(1-7%)+1

2H’
)

2 _d
where oy = % and cy a1 = yTaH(er)_%F (1- %)ZH T(2H 2). For any

a € (0, 1) we have

I'(ak + 1
lim & = Cq4 (3.19)
k— 00 aakkj_j(k!)a

where ¢, is a positive constant. Therefore, from (3.18) and (3.19) we deduce that there
exists a constant kg 4 such that

d )(‘z’”’)" y

o < kH,dcl;{,d,T (l — ﬁ

Combining this estimate with (3.12) allows us to conclude the proof. O

Ifd=2and (s, 1) =1 itis known that the intersection local time [ [ 8 (B —B2)
dsdt exists and it has finite exponential moments up to a critical exponent Ao (see

[L7]).

Consider now a one-dimensional standard Brownian motion B, and the weighted
self-intersection local time

T T
I = //77(51 I)SO(BS - B[)dsdt
00

As before, set

T T
I, ://n(s,t)pg (By — B;)dsdt.
00

Proposition 3.3 Suppose that (C2) holds. If H > %, then we have

sup E (exp (A [I — E (I,)])) < oo, (3.20)

e>0
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for all A > 0. Moreover, the normalized local time I — E (1) exists as a limit in L? of
I. — E (1), for all p > 2, and it has exponential moments of all orders.
IfH > %, then we have for all » > 0

sup E (exp (A1) < o0, (3.21)

e>0

forall & > 0, and the local time I exists as a limit in L of I, for all p > 2, and it is
exponentially integrable.

Proof We will follow the ideas of Le Gall in [7]. Suppose first that H > % and let us
show (3.20). To simplify the proof we assume 7" = 1. It suffices to show these results

for
1t
Je :=//n(s,t)ps(BS — By)dsdt.
0 0
Denote, forn > 1,and 1 < k < 2"!

|:2k—2 2k—1:| |:2k—1 2k:|
An’kz X -—

n 7 on o on
(Fig. 1).
Set
ai,k = / n(s, 1) pe(By — By)dsdt
Ank
and

&Z,k = a,i,k —E (O‘i,k) ‘

Notice that the random variables aj el <k= 2n=1 are independent. We have

) 211—]
Je=22 s
n=1 k=1
and
00 2n—|
E() =) > a,
n=1 k=1

We can write

1 1
_ 2k — 1 s 2k—1 t
nk_2 n —2—n,2—n+2—n pg(BZl;;l %—Bzg’ll+2n)dsdt
00

1 1
< )/12_2"_(2H_2)'1//|I+S|2H 2 (BM_L — B Lyt )dsdt,
T 2
0 0
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09 - i

[1/2,3/4]x[3/4,1]

0.8 | [0,1/2)x[1/2, 1] |

0.6 [ -

[3/4,7/8]x[7/8,1]

0.5 -

t-axis

o4r \ [1/2,5/81x[5/8,3/4]
[0, 1/4Ix[1/4,1/2]

03 [ -

1/4,3/8]x[3/8,1/2
ozl [1/4,3/8x(3/8,1/2] |

01 [0,1/8]x[1/8,1/4] b

s-axis

Fig. 1 Plot of the domains A,

which has the same distribution as
11
1_
Bk = y12(2 2H)n// It 4 5222 peon (le — Bzz) dsdt,
0 0

where B! and B? are independent one-dimensional Brownian motions. Notice that
E (&,‘i’k) = 0, and for any integer j > 2,

Thus,

@ Springer



Stochastic heat equation driven by fractional noise and local time 299

<1 +Z@E ((/3;,{)"). (3.22)

The moment of order j of ,8; « can be estimated from (3.15) with the weight n(s, 1) =

72H)n 71

1 1
y12(2 2H)n|t + 5|2 =2 which satisfies ||77\||1’1 < C12(2 , where C| = 577

Thus, A
. J
j11 (clz(i‘”)”)

E ( Bn j) < : : (3.23)
( n,k) F(% N 1)
and substituting (3.23) into (3.22) yields
E (exp (2} ;) < 1+ cun, (3.24)

where ;
. (C22(;—2H)nx)
Crn = Z r (% N 1) )

j=2

with Cp = 2_%C 1. Notice that c; , is finite for any A > 0, because the radius of
convergence of this power series is infinity.
Fix a > 0 such that a < min (% —2H,4H — 2). For any N > 2 define

N
by =T (1-270),
j=2

and notice that limy o by = boo > 0. Then, by Holder’s inequality, for all N > 2
we have

N 2/1—1
E | exp )‘bNZ &
n=1 k=1
N—127-1 1-2eh
Aby — e
= {E| o | Togmem 22 2
n=1 k=1
- g—a(N—1)
x L E |exp | aby2¢N-D Z ay i
S J
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N—12""1

<{E|exp )LbN_lzz&ﬁ’k

n=1 k=1

X {E [exp (AbNZ‘Z(N_l)&fV’k)]}
= AN By.

21— (N=1)

Using (3.24), the second factor in the above expression can be dominated by

2(-a)(N-1)
By < (1 +CAbN2a(N—I),N) .

Taking into account thata < 2H — % we can write

< 3 2(-4H+20N

- (C22(;2H+a)Naka)j
C)thza(Nfl)’N = Z

& i)
for some constant C3. Hence, using that log(1 4+ x) < x we obtain

By <exp (C42(“+2_4H)N) ,

where C4 = €329~ 1. Thus by induction we have

N 21 N
E | exp | Aby z z Ak < exp [Z C42(“+2_4H)”} E (exp 6{1,1)

n=1 k=1 n=2

< exp (C4 (1 . 2a+2—4H)_1)

xE (exp (a1,1)) < oo,
because a < 4H — 2. By Fatou lemma we see that

sup E (exp (Aboo (Je — E (Jp)))) < 00,

e>0

and (3.20) follows.
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On the other hand, one can easily show that
lim E((Je — E (Je)) (Js — E (J5)))
£,8]0

= / n(s.0n (s'. 1)

s<t<l,s'<t' <1

t—s |Ls. e1N [, 2] =3
X[(det[us,t]m[s’,t’]\ Vs D

o (G s’))_£:| dsdtds'dt’ < oo,

which implies the convergence of J, — E (J;) in L?. The convergence in L” for p > 2
and the estimate (3.20) follow immediately.
The proof of the inequality (3.21) is similar. The estimate (3.24) is replaced by

E (exp (A (o5 1)) = 1+ dyn, (3.25)

N (sz(;—ZH)nk)j
b= 2y

j=1

where

and, assuming thata < 2H — % and using that H > %, we obtain

N 2!
E | exp | Aby Z Zafhk
n=1 k=1
N 3
< exp ’2C42(2_2H)"] E (exp (a1,1))
n=2

< exp { Ca(l — 2(3”))‘1] E (exp (o1,1)) < oo.

By Fatou lemma we see that

sup E (exp (Abxo Js)) < 00,

e>0

which implies (3.21). The convergence in L? of J is proved as usual. O

Notice that condition H > % cannot be improved because

T T T T
E //|t—s|_%80(BX _ Bydsdt | = //|t—s|_ldsdt=oo.
0 0 0 0
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4 Stochastic heat equation in the Ito-Skorohod sense

In this section we study the stochastic partial differential equation (1.1) on R?, where
WH is a zero mean Gaussian family of random variables with the covariance function
(2.1), defined on a complete probability space (€2, F, P), and the initial condition
uo belongs to Cp (RY). First we give the definition of a solution using the Skorohod
integral, which corresponds formally to the Wick product appearing in Eq. (1.1).

For any ¢+ > 0, we denote by F; the o-field generated by the random variables
(W(s,A),0 <s <1, A e BR?Y,|A| < oo} and the P-null sets. A random field
u = {u;x,t > 0,x € R} is adapted if for any (¢, x), u, » is F;-measurable.

For any bounded Borel function ¢ on R we write p;p(x) = f]Rd pr(x — y)e(y)dy.

Definition 4.1 An adapted random field u = {u;,,t > 0,x € Rd} such that
E(uix) < oo for all (z, x) is a solution to Eq. (1.1) if for any (¢, x) € [0, 00) x RY,
the process {p;—s (x — y)ug y1jo,n(s), s >0,y € Rd} is Skorohod integrable, and the
following equation holds:

1
Ut x = Dprug(x) +//pt7s(x - Y)us,ySWsIg,‘ 4.1)
0 Rd
The fact that Eq. (1.1) contains a multiplicative Gaussian noise allows us to find
recursively an explicit expression for the Wiener chaos expansion of the solution. This
approach has extensively used in the literature. For instance, we refer to the papers

by Hu [5], Buckdahn and Nualart [2], Nualart and Zakai [15], Nualart and Rozovskii
[14], and Tudor [19], among others.

4.1 General chaos expansions

Suppose that u = {u; x,t > 0,x € R?} is a solution to Eq. (1.1). Then, for any fixed
(t, x), the random variable u; , admits the following Wiener chaos expansion

e =D Li(fal 1, %)), (4.2)
n=0

where for each (¢, x), f,,(-, ¢, x) is a symmetric element in H?" . To find the explicit
form of f,, we substitute (4.2) in the Skorohod integral appearing in (4.1), and we
obtain

t 00 t
[ [ st = sesowl =3 [ [ 1utpiate = gateoso s,
0 Rd n=07 Ra

=D L1 (s (6 = ) fal 5. 9)).

n=0
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Here, p;—s(x — ¥) f(+, s, y) denotes the symmetrization of the function

Di—s(x — ) fu (81, X1, ..., Sn, Xn, S, Y)

in the variables (s, x1), ..., (S, X»), (s, ¥), that is,

—~—

pl—S(x _y)fn('!sv y) = pT—S('x - y)fl’l(slv-xls e Sny Xy S, y)

n—+1

n
+Zpt—j‘j(x - yl)

j=1
X fru(S1, X1, ooy Sj—1, Xj—1, 8, Y, Sj+1,
'xj+17 s Sny )’n’ Sj, y])

Thus, Eq. (4.1) is equivalent to say that fy(t, x) = p;up(x), and

e~

Jnr1Co 1, x) = pros(x = ¥) fu (5, y) (4.3)

for all n > 0. Notice that, the adaptability property of the random field u implies that
Su(S1, X1, ..., Sp, X, t,x) =0 if s; > ¢t for some ;.
This leads to the following formula for the kernels f,,, forn > 1

f”l(slv-xl’ ...,Sn,x”,t,x) = ’7

X Pt=so00 (X = Xon) *** Psoy=so) Ko (2) = Xo (1)) Psyy 40 (X (1)), (44)

where o denotes the permutationof {1, 2, ..., n} suchthat 0 <s5 (1) < -+ < Sg(n) <I.
This implies that there is a unique solution to Eq. (4.1), and the kernels of its chaos
expansion are given by (4.4). In order to show the existence of a solution, it suffices to
check that the kernels defined in (4.4) determine an adapted random field satisfying
the conditions of Definition 4.1. This is equivalent to show that for all (¢, x) we have

o0

2 faCo t ) o < 00. 45)

n=1

4.2 Case H > %
Suppose first that H = % and d = 1. In this case it is easy to show that (4.5) holds.
In fact, we have, assuming |ug| < K, and with the notation x = (xy, ..., x,), and

S =(S1,...,8,):
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1
G, 2, x)”H®" = )2 / /szsa(n) (x = Xom)’ ** Psyiy—soty Ko@) = Xo(1)’
70 Re

Xpsau)MO(xa(l))z dxds
2 (4m)~2
(nh)?

n
_1
/ [TGoq+n = sai)2ds
[o e J=1

K2%@4
ELRY) ) O

7, /=1
where T, = {(s1,...,5,) € [0,¢]" : 0 < 51 < --- < s, < t} and by convention
sn+1 = t. Hence,
K223
2
||fn("t9-x)|| ®n < —
T ()

which implies (4.5). On the other hand, if H = %, ug = 1, and d > 2, these norms
are infinite.
Notice that if ug = 1, then (n!))2 || (-, 1, x)II;{@n coincides with the moment of
1

order n of the local time at zero of the one-dimensional Brownian motion with variance
2t, that is,
t n
O 1t = E | ( [ ducBads
0
To handle the case H > %, we need the following technical lemma.

Lemma 4.2 Set

gs(xla e xn) = pt—sg(,,) (.X - xa(n)) e psa(z)—sa(l) (-xO’(Z) - xU(])))' (46)

Then,

(gs» gt>L2(]Rnd) =y, t),
where (s, t) is defined in (3.5).
Proof By Plancherel’s identity

(85, 88) L2qnay = 7)™ (Fgs, Fge) 12ty
where F denotes the Fourier transform, given by

nd " d
FesEr, .. &) = Qm) 73 [[ 6o = s0() 2

j=1

/Hexp( 65— %o (j+1) _xa(,/)|;)dx’

2 . — .
pnd J=1 (SG(/H) Sa(j)
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with the convention x, 1 = x and 5,41 = f. Making the change of variables u; =
Xo(j+1) — Xo(jyif 1 < j <n—1,and u, = x — x5(u), we obtain

n

w 4
FesEr. ... &) = Qm) 77 [[Goirn — o) ?
=0

x / Hexp(i(&m’x—un—--'—Mj)

Rnd j=1
2
_ Juj| )du
2 (so(j+1) = So(j))

n
=E H exp (i (£5(j)- x — B — By, ;)))
j=1

=E Hexp (i (€. x — B: — By)))
j=1

As a consequence,

n
(gs, gt)L2(R”d) = (zﬂ)ﬂld / E Hexp (i <§j, lej — Btzj» dé&,
Rnd j=1

which implies the desired result. O

In the case H > %, and assuming that uy = 1, the next proposition shows that the

norm (n!)? || f (- 1, x)ll%iw coincides with the nth moment of the intersection local
d

time of two independent d-dimensional Brownian motions with weight ¢ (¢, s) =

HQH — D)t — s> -2,

Proposition 4.3 Suppose that H > % and d < 4H. Then, for alln > 1

t n

t
DL £, ) en < Nuoll% E / / ¢ (s, r)80(B; — Bydsdr | | < oo,
0

0
4.7

with equality if ug is constant. Moreover, we have:

1. Ifd =1, there exists a unique solution to Eq. (4.1).
2. Ifd = 2, then there exists a unique solution in an interval [0, T] provided T < Ty,
where

1/H-1)

2H (2H(2H— D ( ( 1 ))ZH)
Ty = r(1-— . (4.8)
2H — 1 vr B, 2H
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Proof From (4.4) we deduce

n
(n!)2||fn<-,z,x>||§1§,,snuouio / [T 1) (gs. 80) r2gmuay dsdt,  (4.9)
[0,[]2” j=1

where gg is defined in (4.6). Then the results follow easily from from Lemma 4.2,
Eq. (3.10) and Proposition 3.2. O

4.3 Case H < %andd:l

We know that in this case, the norm in the space H is defined in terms of fractional
derivatives. The aim of this section is to show that || f;, (-, 7, x) II%@,,1 is related to the nth
1

moment of a fractional derivative of the self-intersection local time of two independent
one-dimensional Brownian motions, and these moments are finite for all n > 1,
provided % < H < %

Consider the operator (K ;fl)®2 on functions of two variables defined as the action
of the operator K, on each coordinate. That is, using the notation (2.6) we have

(K5)® £(r1,r2) = K (T, r)K (T, r2) £ (1, 72)

0K
B (s.r) (f(r1.8) = f(r1.r2)) ds

t
+ Ku (T, rl)/
as

r

0K
asH W, 1) (f (. r2) — f(r1,12)) dv

t
+ Knu(T, "2)/

[ 0K gy 0K gy
+//—(SJ2) (w,r) [f (v, 8) = f(ri,s) = f(v,r2)
as ov

+ f(r1 , )] dsdv.

Suppose that f (s, r) is a continuous function on [0, 7']%. Define the Holder norms

1£l, = sup['f(s"” AL R #Sz],
[s1 — s2l”
11 = sup [ LD =IO .71 0
and
[f(s1,01) — f(s1,02) — f(s2,11) + f(s2, 12)|
I flli,2,, = sup ,

ls1 — s2|V[t1 — 12]Y
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where the supremum is taken in the set {t{, 2, s2, 52 € [0, T'], 51 % 52, 1] # t2}. Set

I fllo, = 1Ay + 1 f 2, +11F 12, -

Then, (K}:,)®2 f is well defined if | f1lp, < oo for some y > 3 — H. As a con-
sequence, if B! and B? are two independent one-dimensional Brownian motions, the
following random variable is well defined for all ¢ > 0

T
Jo = / [(K3) ac | ¢ ryar, (4.10)
0

where g, (s, 1) = pg(B; — Btz). The next theorem asserts that J, converges in L” for
all p > 2 to a fractional derivative of the intersection local time of B! and B>.

Proposition 4.4 Suppose that % < H < %.Then, for any integer k > 1 and, T > 0
we have E (J;‘) > 0 and
sup E (Je") < . 4.11)
e>0
Moreover, for all p > 2, J. converges in L? as ¢ tends to zero to a random variable
denoted by

T
/ (K5) % 80(B! — B2)(r, r)dr.
0

Proof Fix k > 1. The proof of the estimate (4.11) is technical will be done in several
steps. Before proceeding to the proof, we will give the main ideas.

In order to compute the k moment of J® we have to apply the operator K},
to all the coordinates of the function ¥ (s, t). First we show that we can replace
Ve (s, t) by ¥ (s, t), and it suffices to consider the restriction of this function to Tkz,
which equals (up to a constant) to H’;ZI(Sj —S8j1+1t;— tj_l)_%. Then, although
the operator K7j, is not positivity preserving, we show that we get the same esti-

mates if we work with Hl;zl((sj =5 — tj_l))—%. Thus we have to estimate
(K;Z[)@’k (HI;-ZI (s — sj_l)_% l{seTk}). The operator K7, behaves as fractional deriv-

ative of order % — H, and when we apply it to a product of functions, it will give rise to
several termsi The worst case is when it acts on botlh coordinates of one of the factors
(sj —sj—1)" 4. Inthis case (K1*1)®2 ((sj — sj,l)_i) behaves as (s; —s;_1)", where

y = —A—IL +2(H — %) =2H — %. Twice this quantity, 4H — %, must be larger that

—1, which leads to the condition H > %

Step 1. Let us first compute the moment of order k of J.. We can write
®2
£ () = / E(H[(K}"z) 4| (ri,ri))dl‘. 4.12)
[O,T]k l=1
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Using the definition of v, (s, t) given in (3.4), we obtain

(f[[ ) qa](r,-,rn):[( ARG [CE5)

where (K 1*1)®2k Ve (s, t) is defined as the action of the operator (K f,)®2 in the coor-

dinates (si, #1), . .., (S, #x). The operator K I’fl does not preserve positivity. However,
we claim that this expression is nonnegative, and

[( )®2k%](r r)<[( )Mw](r,r). (4.13)

In fact, from (3.8) we obtain

(ki) v o)

:(2n)—k/ _(KH)®2" DI TR Aw+t,m)](r e 5lEP dt
Rk )
= (2n)*"/ [(k3)® e Py éjmsw)]z (rye~ 5% ge
Rk )
B 2
< @) / (K7)® &3 Ziam 5500 e, (4.14)
Rk

which leads to (4.13). Therefore, it suffices to show that

/ [(K;‘;)®2k w] (r, 1)dr < oo. (4.15)
[0, T
Step 2. If the points s and t belong to the simplex 7, = {0 <) < --- <t < T},

then the function (s, t) has the simple expression

1
. PR b
sj—=sj—1+t—tj-1] 2.

=

Yis.t) = 2m) "2

j=1

We are going to show that in order to prove (4.15) we can replace Y by its restriction
to Tkz.
1 k X A
Set g(€, s) =2 254=1 57510 Then, we have

(Ki)® 269 = > [(Ki)™ g€ 9 pweny | ®

o
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= Z [ K}) g(U(é)va(S))l{U(S)ETk}] (r)

= Z [ KI*{ g(a(%‘), S)l{sETk}] (o(r)),

where o runs over all permutations of {1, ..., k}, s51), ..., So k), and o (§) and o (r)
are defined in the same way. In fact, the second equality follows from g(&,s) =
g(o (&), 0(s)), and the third one is a consequence of the definition of the tensor product

(K3) ®* Then, from (4.14) we obtain

/ [(K;,)®2k w] (r, r)dr

0.7}
2
—em* [ (Z[(Ki,)@”‘g(o(s),s)l{serk}](o(r))) dédr
0,77 Rk N 7
2
sen Y [ [ K™ se© 91| @andear
7 [0, TIk Rk
2
= 2m)~* (k)2 / /[(K;,)®kg(s,s)1{seTk}] (r)d&dr. (4.16)
[0,T7¢ Rk
Finally,

2
/ [(K3)™ 2 91ery | @)ae

Rk

(K5)%% [ 1saen / ¢ 9)gE 0dE | | @
Rk
k
:(271)% (KH ®2k l{steTk H Sj_l-f-tj—tj_l]_% r). @&.17)
j=1

Substituting (4.17) into (4.16) it suffices to show that the integral
2k £ !
/ (K}k{)@) 1is.tety) H [Sj —Sj—1+1j —tj_l]_2 (r)dr (4.18)
Tk J=1

is finite.
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Step 3. Again, although the operator (K }“1)®2k is not positivity preserving, we claim
that the proof that (4.18) is finite can be reduced to show that

2
k
_1
/ (K3 Viseng [T [s5 = s5-1]7* | | @ar (4.19)

Ty j=1

is finite. In order to show this claim, we fix a constant @ and we are going to compute

1

(K5) = 1{@“]_[ tj—tis1+a] 2| @. (4.20)

To do this we need some notation. Let A ; and I; be the operators defined on a function
ft, ... 1) by
Aif = f = fly=r:

and

1F = Fly=r;-

The operator K7, is the sum of two components (see 2.6), and it suffices to consider
only the second one because the first one is easy to control. In this way, substituting
the expression

0Ky 1 H-—L 1_pg H-—3
—(t,s)=cy | H— < )t" 252 t—s 2
a7 (t,5) = Il( 2) (rt—ys)
in (4.20), and considering only the second component of the operator K¥,, we obtain,
up to a constant, a term of the form

k
H-—1L _1
/ / Al Ag Htj 2 [l‘j—[j_l—’-a] 21{1j71<tj}
Jj=1

T | 10,7
2

_3 1-H
X H(tj — rj)H ZVJ-Z l{rj<,j} dr.

1

H-% 1_H . l_H H-1 .
Because t 2p? < 1, we can disregard the factors rj2 and t %, Using the

J
rule

Aj(FG) = F(t))G(tj) — F(rj))G(r))
=[F@tj) — Frp)]G@;) + F(rj) [G(tj) — G(r))]
= AjFG+IjFAjG,
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we obtain

k _1
Al Ag (H [tj —tj +a] 2 l{tj1<tj})
_1
H S; ([tj —tj_1 —|—a] 2 l{lj1<tj}) )

Jj=1
where §; is an operator of the form:
i IAG A, Aj A,
where I denotes the identity, and for each j, A ; must appear only once in the product
H]]‘-: 1 5. Let us estimate each one of the possible four terms. Fix ¢ > 0 such that

H—%>28.

1. Term I1;:

1

_1 _1
11; ([fj —tj-14a] 2 l{zj1<zj}) =[rj —tj-1+a] 2 1y <,
2. Term IAj:

_1
‘IAJ' ([tj —tj +a] 2 l{tjl<tj})‘

1 1
[t —tjimr+a] 2 Ly iy — [ —tjmr +a] 2 Ly

1— —_ —
<Cltj—ri]? e [rj —tj-1 +a]H e Ly i<y

_1
+C [tj — i +a] 2 l{rj<zj,1}-
3. Term Aj_I:

_1
‘Aj_ll ([l‘j — i1 +a] 2 l{tj—l<t_j})’

1 1
[t =t 4a] 2Ly ywpy— [t —rjcr +a] 2 1y

1 _Hye H—1—¢
< Cltj=1 —rj-1]? [t —tj—1 +a] Ly <tj <))
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4. Term Aj_1Aj:

_1
‘Aj—lAj ([fj —tj—14a]? l{r_,-_.<z_,})‘

_1 _1
[tj — i1 +a] <y — [rj — i +a] 1y <)

_1 1
_ [tj —rj—1 +a] 2 l{rj,1<tj} + [rj —rj-1 +a] 2 l{rj,1<r/-}

= ¢ [t/ - rj]%_H-H [tj—l - rj—l]%_HJre [Vl — tj—l +a]2H—%—2g

l{tj,1<rj<tj}

—H+te ]H—I—E

1
+C [tj—1 —rj-1]? [ti—ti-1+a Lrj<tj ) <t;}

1
+C [rj —rj-1 +a] : 1{rj,1<rj<tj,1<tj}~

If we replace the constant a by s; — s; 1 and we treat the term s; — s; 1 in the
same way, using the inequality

(@+b)*=<a3b 3,
we obtain the same estimates as if we had started with (4.19) instead of (4.18).

Step 4. As a consequence of the previous estimates, in order to show that (4.19) is
finite it suffices to control the following integral

/ /HA“”(t r)dt | dr, 4.21)

T Ty j=1

where a, b € {0, 1}, and A has one of the following forms

U rj]_1+£ [tj-1— rj_l]_1+g [rj — tj_l]zH—§—28

== [ff—fj—l]H_ [ty =]
3
2

]H

l{tj,1<rj<tj}s

I\-)\w

[
=1
2 =1
O = [t = [ = ] e
=l
; [ Loy <tjoi<tjys
=l

_1
3= [rj—ri] =) e = e Ly yrpstjor<ij)s

and with the convention that any term of the form A(j).’] or A}’] must be followed by
A?’O or A(]).’1 and any term of the form A(}’O or A}’O must be followed by A}’O or A}.’ L
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It is not difficult to check that the integral (4.21) is finite. For instance, for a product
of the form A(;’BIAH we get

1

[rjct = tja] # [t —ria ][

2H—3-2¢
1. 4
rj—tj-1]

{r_,'_l <tj_1<rj <t_,'}
—1+4e
dl‘j_l

x [tj = )]
1

=[rjor =t F = PHE [y — g

and the integral in the variable r; of the square of this expression will be finite because
4H — 3 —2e > —1.

So, we have proved that sup, E (Jsk ) < oo for all k. Notice that all these moments
are positive. It holds that lim, 5o E (J¢ Js) exists, and this implies the convergence in
L2, and also in L7, for all p=>2. O

On the other hand, if the initial condition of Eq. (1.1) is a constant K, then for all
n > 1 we have

t n

0 1o o100 o = KPE / (K5)%80(B! — BO(r.rydr | | < oo,
0

provided H € (%, %) In fact, by Lemma 4.2 we have

n
) | fu ot x)n;i?n =K* / (g5 80) 2 | | Ky (dti, i)
[0,£] i=1
n
X H K7y (ds;i, ri)dsdt
i=1

n n
= K? / vis. ) [ [ K de.r) [ Ky dsi. riydsdt,
(0127 i=1 i=1
and it suffices to apply the above proposition. Here fooo (1) K7, (dt, r) is a notation
for (Kj;¢)(r).

However, we do not know the rate of convergence of the sequence | f;, (-, t, x) ||2

HE"
as n tends to infinity, and for this reason we are not able to show the existence of a
solution to Eq. (1.1) in this case.

5 Moments of the solution

In this section we introduce an approximation of the Gaussian noise W/ by means
of an approximation of the identity. In the space variable we choose the heat kernel
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314 Y. Hu, D. Nualart

to define this approximation and in the time variable we choose a rectangular kernel.
In this way, for any ¢ > 0 and § > 0 we set

t
Wi = / / @5t = 5)pe(x — Y)W, (5.1)

0 Rd

where !
@s(t) = 51[0,5](&

Now we consider the approximation of Eq. (1.1) defined by

auf,i 1 £,6 £,6 16,0
a—l: = EAMI: + ut:x < Wt,;c . (5.2)

We recall that the Wick product uff o Wf”f is well defined as a square integrable

random variable provided the random variable ufﬁ belongs to the space D!? (see
2.9), and in this case we have

N
ugy o Wiy = / / @s(s = r)pe(y — Dus S8 WL (5.3)
0 R4

The mild or evolution version of Eq. (5.2) will be

t
Ul = puo(y) + / / Prs(x — usS o Woddsdy. (5.4)
0 Rd

Substituting (5.3) into (5.4), and formally applying Fubini’s theorem yields

' 1
u) = puuo(y) +// //p:—s(x — Mps(s —r)pe(y — z)ui;idsdy swi.
0 R4 \O0 R4
(5.5)
This leads to the following definition.

Definition 5.1 An adapted random field u®® = {uf2,7 > 0,x € R?} is a mild
solution to Eq. (5.2) if for each (r, z) € Ry x R? the integral

t
t,x __ £,8
Yo = //pt—s (x = V@s(s —r)pe(y — 2uyydsdy
0 R

exists and Y is a Skorohod integrable process such that (5.5) holds for each (¢, x).
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The above definition is equivalent to saying that u; fx b e L?(), and for any random
variable F € D2 | we have

E(Fu?) = E(F)puo(y)

13
+< //pz_x(x—y)qva(s—~)pg(y—')u§;§dsdy ,DF> . (5.6)

0 R4 Hy

where Hy = H ® L>(RY) (see 2.2).

Our aim is to construct a solution of Equation (5.2) using a suitable version of
Feynman-Kac’s formula. Suppose that B = {B;, t > 0} is a d-dimensional Brownian
motion starting at 0, independent of W. Set

rot
/W,S(SSX_‘_Bst=///g05(t—s—r)p€(Bs +x_)))dWrI:§,dS
0

0 0 Rd
t
B
z//AS awr
0 R4
where
t
Aif;s = /‘Pé(f — 85 —1)pe(Bs +x — y)ds. 3.7
0
Define
uf? = EB L ug(x + By exp //Ag AW — —a®0 || (5.8)

0 Rd

where o®% = ||A‘€"S ”314

Proposition 5.2 The random field ufj given by (5.8) is a solution to Eq. (5.2).

Proof It suffices to show that (5.6) holds for a random variable of the form F,, where
for any ¢ € H we set

1
Fy = exp (WH«p) -3 “90“%,,) ,
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316 Y. Hu, D. Nualart

because the set of these random variables spans a dense subset of D2, We will make
use of the notation S; ,(¢) = E (uf,‘f Frp)- From (5.8) we have

1 1
Six(p) = EE® (uo<x + By) exp (W”(A‘**5 +) = Ja = ||‘P||%—(d))

— EB (uo(x + B;) exp ((Aeﬁ’ g‘))Hal))

t

= E® [uo(x + B)) exp /(wa(t =5 —)pe(Bs +x — ), )y, ds
0

By the classical Feynman-Kac’s formula, S; x(¢) satisfies the heat equation with
potential V (¢, x) = {(ps(t — -) pe(x — ), )3y, that is,

98 .x(9)

1
5 = A5 (@) + 5x (@) (@5t = )pex =), 9), -

Asa consequence,

r
Si.x(p) = pruo(x) +//Pt—s (x =) S5,y (@) (@s(s = )pe(y =), )y, dsdy,
0 R4

which implies Eq. (5.6) because DF, = ¢ F,. O

The next theorem says that the random variables ufﬁ have moments of all orders,
uniformly bounded in ¢ and &, and converge to the solution to Eq. (1.1), which is
unique by Proposition 4.3, as § and € tend to zero. Moreover, it provides an expression

for the moments of the solution to Eq. (1.1).

Theorem 5.3 Suppose that H > % and d = 1. Then, for any integer k > 1 we have

£,8
Uy x

supE|: ki| < 00, 5.9)

£,8

and the limit lim, o lims o uff exists in LP, for all p > 1, and it coincides with the

solution u; x of Eq. (4.1). Furthermore, ifU(fg (t,x) = H?zl uop(x + B,j), where B/
are independent d-dimensional Brownian motions, we have for any k > 2

t
E[uf’x]zEB Ul.xrexp (> | so(Bi - Bhds | | (5.10)
i<j
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ifH:%, and

Eluf, ] = E® | Uf (. xrexp Z//¢)(s 1)so(B! — B)dsdr | |, (5.11)

i<j

if H > %

In the case d = 2, for any integer k > 2 there exists to(k) > 0 such that for all
t < to(k) (5.9) holds. If t < to(M) for some M > 3 then the limit lim, o limg o uf_’i
exists in LP forall2 < p < M, and it coincides with the solution u; x of Eq. (1.1).
Moreover (5.11) holds forall 1 <k <M — 1.

Proof Fix an integer k > 2. Suppose that B = {Bti, t> O}, i =1,...,k are inde-
pendent d-dimensional standard Brownian motions starting at 0, independent of W/ .
Then, using (5.8) we have

1
E|:(utx)i| HEB uo(x+B])exp //AMB’dWH _2 o8B ’

where AfY B/ and a®% B are computed using the Brownian motion B/. Therefore,
L z |k \ &
3 8,87 6,B) '
E [(u;,x) } —EP | exp ZAS -3 2| [Tt + 81
Ha =1 =1
=EP| exp Z <As’8’Bi,A$’8’Bj> Huo(x—i—B])
i<j Jj=1

That is, the correction term %oﬁ"s in (5.8) due to the Wick product produces a cancel-

lation of the diagonal elements in the square norm of ZIJ;] A58’ The next step is

to compute the scalar product <A5"3’Bl , A&SB >H fori # j. We consider two cases.
d

Case 1. Suppose first that H = % and d = 1. In this case we have

t t t
<A8’5’B',A5’3*B/>H = ////wa(t—sl—r)ps(Bj.]+x—y)
1
R O 0O

x5t — 52 — F)Ps(stz +x — y)dsidsadrdy

t t t
=///¢3(1—51—r)¢5(t—S2—V)
000

x p2e (Bl — Bl,)dsidsydr.
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We have

t
/(ﬂa(f — 51 —r)es(t —s2 —r)dr
0

=52t —sD)A(—s)—(t—51 =8V (t—s—8T]

= ns(s1, 52).

It is easy to check that ns is a a symmetric function on [0, 7]* such that for any
continuous function g on [0, t]z,

t

ot
laif(}//775(&1,S2)g(S1,S2)dS1d32 =/g(s,S)dS-
0 0

0
As a consequence the following limit holds almost surely

t

= / p2e(BE — Bl)ds,
0

llm <A8,B,B’ , Aé‘,B,BJ>
H

810 1

and by the properties of the local time of the one-dimensional Brownian motion we
obtain that, almost surely.

t

- /30(3;' — Bl)ds.

0

lim lim <A8"3’Bl ASDB >H

e0 8]0 1

The function 7 satisfies
t

sup /na(s,r)ds =1

0<r<t

and, as a consequence, the estimate (3.11) implies that for all A > 0

sup E B [Aexp <A€"S'Bi, A8’5'3j> i| < 00.
e,8 Hi

Hence (5.9) holds and lim, ¢ lims o uf? := v, existsin L?, forall p > 1. Moreover,
E (vf‘ ) equals to the right-hand side of Eq. (5.10). Finally, Eq. (5.5) and the duality
relationship (2.8) imply that for any random variable F € D!? with zero mean we
have

t
E(Fuf,’f?):E <DF, //pz_s(x—y)wa(s—-)pa(y—-)uijidsdy > ,
R Hi
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and letting § and ¢ tend to zero we get

E(Fvy)=E ((DF, vp,_.(x_.))H])

which implies that the process v is the solution of Eq. (1.1), and by the uniqueness of
solution proved in Proposition 4.3, v; x = u; x.
Case 2. Consider now the case H > % and d = 2. We have

20 A A 4
<As’5’Bl,A€’5’B]>H = /////wg(t—sl—rl)pg(B£l+x—y)
T R000 0

x5t — 52 — rz)pe(ijz +x — y)dsidsy ¢(r1, r2)dridrady

t t t t
////fps(t—S1—h)(ﬂa(t—Sz—rz)
0000

X p2e (Bl — Bl,)dsidsr (r1, ra)dridr.

This scalar product can be written in the following form

ot
(aco' a0t = [ [ ssr.s2)pac(B, — Blodsidsa
d
0 0

where
t t
ns(s1,82) = //%(l — 81 —r)@s(t —s2 —12) ¢(r1, r2)dridr. (5.12)
0 0

We claim that there exists a constant y such that
ns(s1,$2) < ylsi — 5272 (5.13)

In fact, we can assume that s = 5o — 51 > 0. We have

5146 5246
ns(s1, ) < HQH — 1)8 2 / / lu — v*2dudv

ST 82
-2 H H H H
=87k (Bl - 82) (Bl - 1)

1
= 27 [(S 82 H |5 — P _2S2Hi|7
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where B is a fractional Brownian motion with Hurst parameter H. Then, if s > §

s+36
ns(s1,s2) < H8™? / (yzH_l -(y- 5)2H_1) dy < H§*H=2 < g2>72H 21 =2

N

which implies (5.13). On the other hand, if s < 8, clearly (s +8)* —|s — §|*H —252H
is bounded by a constant times 827, and again (5.13) holds.
It it easy to check that for any continuous function g on [0, ]2,

t ot t t
18%//na(ShSz)g(Sl,Sz)dSldSz=// @ (s1,52)8(s1, s2)ds1dso.
00 00

As a consequence the following limit holds almost surely
t

t
lgiiggif&@s’aﬂl,AS"S’B”>H[I :// <15(S1,Sz)50(3§1 — Bl)dsids.
00

From (5.13) and the estimate (3.17) we get

sup EB |:exp (A <A8’5’Bi, A6‘5’3j> )] < 00, (5.14)
£,8 Ha

if A < Xo(2), where Ag(?) is defined in (3.16) with y7 replaced by y.
Hence, for any integer k > 2, if 1 < o(k), where “5-10 = 34(1(k)), then (5.9)
holds because

2
k k(k—1) 1 2 =D
£ [(Mff) :| = ||M0||k (EB [eXp( 2 <A£’8’B (AT >Hd)i|) .

Finally, if t < #to(M) and M > 3, the limit lim, ¢ lims uff ‘= Vs eXists in LP,
for all 2 < p < M and it is equal to the right-hand side of Eq. (5.11). Finally, we
conclude that v; , = u; by the same arguments as in the case 1. O

6 Pathwise heat equation

In this section we consider the one-dimensional stochastic partial differential equation

ad 1 .
i = —Au+uWl

6.1
a2 e ©.1

where the product between the solution u# and the noise W/'fc is now an ordinary
product. We first introduce a notion of solution using the Stratonovich integral and a
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weak formulation of the mild solution. Given a random field v = {v; ,t > 0, x € R}
such that [/ [ vr.x|dxdt < oo as. forall T > 0, the Stratonovich integral

T

//Ut,x Oth{i

0 R

is defined as the following limit in probability if it exists

lim lim v Ws’adxdt,
£10 aw// brTex
0 R

where Wf”x‘s is the approximation of the noise W# introduced in (5.1). This generalized
integral has been defined through the regularization method studied, among others, by
Russo and Vallois in [17].

Definition 6.1 Arandom fieldu = {u; ,,t > 0, x € R}isaweak solution to Eq. (6.1)
if for any C* function ¢ with compact support on R, we have

t t
/u,,xw(x)dx :/uo(x)w(x)dx—l—//us,xgo”(x)dxds—i—//us,xw(x)odWslfx.
0 R 0 R

R R

Consider the approximating stochastic heat equation

uss
dt

N
=34 S ut W (6.2)

Theorem 6.2 Suppose that H > %. For any p > 2, the limit
£,8
lim lim ut Y =Usx

£10 80

exists in LP, and defines a weak solution to Eq. (6.2) in the sense of Definition 6.1.
Furthermore, for any positive integer k

k t ot
E(uf,) = EP | Uf a0 exp Z / / D51, s08(B, — BLydsidss | |.

where UOB (t, x) has been defined in Theorem (5.3).
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Proof By Feynman-Kac’s formula we can write
t
u;? = EP Luo(x + By exp / / AWl )t (6.3)
0 R

where Ai"; has been defined in (5.7). We will first show that for all k > 1

k
sup E |: ut? :| < 0. (6.4)
8,¢ ’
Suppose that B! = {B;, t > O}, i = 1,...,k are independent standard Brownian

motions starting at 0, independent of WH . Then, we have, as in the proof of
Theorem 5.3

k

E((uf;;ﬁ)k)=EB exp %Z (a2 B am0) N ufan | 65)

ij=1 1

Notice that
t ot
(asor' a0’} = [ [nstor.spac B, - Bldsidsn
1
00

where ns(s1, s2) satisfies (5.13). As a consequence, the inequalities (3.11) and (3.21)
and the fact that H > % , imply that for all A > 0, and all i,j we have

sup E (expk(Ag"SBi, A€’53j> ) < 00.
e,8 Hi

Thus, (6.4) holds, and

k
lim lim E [(uf’f) }
0 810 ’

=EB exp UOB(t, X) exp

t ot

//45(51,S2)50(B§1 — Bldsidsz | | (6.6)
00

p>

i,j=1

N =

VA4
In a similar way we can show that the limit lim, .| lims 5o E (uffuf 0 ) exists.

Therefore, the iterated limit limg o lims o uff exists in L2. Furthermore, the conver-
gence also holds in L?, for all p > 2, and from (6.5) it follows that this convergence
is uniformin (¢, x),if0 <t < T and |x| < K.
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Finally, in order to show that u solves Eq. (6.1) we need to show that

t
T H 768 —
E&)llélﬁ)l //umgo(x)odW& // ufSp(x)Weidsdx | =0,
0 R

in probability. .
From the weak equation satisfied by ut x, it follows that fo f]R usji(p(x)Wﬁfdsdx
converges in L to some random variable G as § | 0 and ¢ | 0. Hence, if

Bes = / / — ug ) p()WE L dsdx (6.7)

converges in L? to zero, u s,x@(x) will be Stratonovich integrable and

t
//us,xw(x)odWs{ix =
0 R

In order to show the convergence to zero of (6.7), we will express the product
(ufi Us, X) Wf,’f as the sum of a divergence integral plus a trace term (see, for
instance, Proposition 1.3.3 in [13]). In this way we obtain

(”ii - MSX // — Usx ‘PE(S —r)pe(x — 2)8W,

+(D (U5 =) @5(s = Ipex =)y - (6.8)

Substituting (6.8) into (6.7) yields

Be.s _//d)”aWH

//w(X) —tsx) 95(s = Ipe(x — )y, dsdx
= B1 ¥ + Bg 5
where
// — Ug x w(x)‘PS(S_r)ps(x_Z)dex
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For the term Bel’ s> using the estimates on the L? norm of the Skorohod integral (see
(1.47) in [13]), we obtain

£|(8) = £ (10 13) + £ (106 P are)

We have

t t
E(10705) = [ [ [ [ B (0 =) (45 = 00s) ) erp)
0RO
X

R
(@s(s = ) pe(x — ), @s(r = )pe(y — )y, dsdxdrdz

t t

=/ / / / E (2 = o) (53 = ny) ) 000 0)
0RO R
x15(s — r)pae(x — y)dsdxdrdz,

where ns(s — r) has been defined in (5.12). Then, applying the estimate (5.13) and
assuming that ¢(x) = 0 if |x| > K, yields

E (”(peﬁ”;l) <C sup E ((“ii _ ”s,x)2),
0<s<t

Ix[<K

which converges to zero as § | 0, and ¢ | 0. On the other hand, we have
D (%) = E ¥ Juo(x + B exp / / ATYAW, | A%

and similarly to (6.6) we can show that

/ ! 2
lim lim E <D .0 ,D( M))
Jim  Jim ( (i) D (i),
t t

2
=E® | uo(x + Buo(x + Bhexp [ D //¢(s1,s2)60(B — Bl,)dsids>
0 0

i,j=1

tot
X//¢(S1,S2)3()(BS]1 _Bszz)dS1dS2

00

This implies that uﬁjﬁ converges in the space D2 to usxasd | Oande | 0, and the
convergence is uniform in (¢, x), whenever 0 <t < T and |x| < K. Then,
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2
E (1063621, )

t t
B ////E (<D (ufsx = usx) D (”ff - u”’)>m) P ()p(y)
0 R OR

XA{s(s = )pe(x =), @s(r = ) pe(y — )y, dsdxdrdz

converges to zero as § | 0 and ¢ | 0. Finally, notice that

t

(A%, 0565 = 9pix = g = [ 0 =52 5)p2e B,
0

and

(D (u52) s @s(s = ) pex — ')>H1
t

=E B Yup(x + By) | exp //Ag‘deH /na(t—s,S)pzs(Bs)ds

From this expression, it follows easily that

lim lim [(B 5 ]

This completes the proof. O

Since the solution is square integrable it admits a Wiener-1t6 chaos expansion. The
explicit form of the Wiener chaos coefficients are given below.

Theorem 6.3 The solution to (6.1) is given by

e =D In(fulr 1, %)) (6.9)

n=0

where
fn(t],x], "'7tnaxn7t’x)

t t
1
= EB | up(x + B;) exp E//¢(slss2)80(3s1 — By,)ds1ds>
0 0

x80(By +x —x1)---80(By, +x —xp) | . (6.10)
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Proof From the Feynman-Kac formula it follows that

ry

uf,’j = EB | uog(x + B)) exp /A*’""gdWth

2
1 / 1
= E” Juo(x + B)) exp (EIIA”II%) exp / / ATRdW, = SIATIG,,
0 R

= D> L0, X)),

n=0

where
1 5 5
-fns,b‘(tlv Xlyeons tl‘ls Xn, t? x) = EB [MO(X + Bl)exp (EHAE’BH%{I) A‘;:l’.,)cl T A(;r;,Xn}'

Letting § and ¢ go to 0, we obtain the chaos expansion of u; . O

Consider the stochastic partial differential equation (6.1) and its approximation
(6.2). Assume that the initial condition u(x) is nonnegative and not identically zero.
We shall study the strict positivity of the solution. In particular we shall show that
E [u,(x)fp] < 00.

Theorem 6.4 Let H > 3/4. Assume that ug > 0, and uy is not identically zero. Then
forany 0 < p < oo, we have that

E (u,ff) < 00 6.11)

and moreover,

E [u/(x)"P] < (Euo(x + B)) P E B | lug(x + By)|

t t
2
X exp %//S(le—Bsz)q)(sl,sz)dsldsz . (6.12)
00

Proof Denote k), = (E Bug(x + B,))_p - Then, Jensen’s inequality applied to the
equality uf)‘g =EB [ ug(x + B;) exp ( fé Jr Af,‘;sd er’y)} implies that

t
-p
(uff?) SKpEB uo(x + B;)exp —p//Af:y‘der{i,
0 R
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Therefore

E [(u;;g)"’}

IA

t
KpEEB Yuo(x + B)E | exp —p//Af;ﬁdWr{’y
0 R

P’ 2
< EP [uo(x | BYE [exp (7 ||Ag’5||Hl)“ ,

and we can conclude as in the proof of Theorem 6.2. O

Using the theory of rough path analysis (see [8]) and p-variation estimates, Gubinelli
et al. [4] have proved that for H > %, the equation

u 1 . o
E = EAI/{ +G(M)Wf,x

had a unique mild solution up to arandom explosion time 7 > 0, provided o € C,f (R).
In this sense, the restriction H > %, that we found in the case o (x) = x is natural, and
in this particular case, using chaos expansion and Feynman-Kac’s formula we have
been able to show the existence of a solution for all times.
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