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Abstract Let X“ be a Markov process with generator Zi’ j 0 (a’j 0; ) where a is a
uniformly elliptic symmetric matrix. Thanks to the fundamental works of T. Lyons,
stochastic differential equations driven by X¢ can be solved in the “rough path sense”;
that is, pathwise by using a suitable stochastic area process. Our construction of the
area, which generalizes previous works of Lyons—Stoica and then Lejay, is based on
Dirichlet forms associated to subellitpic operators. This enables us in particular to
discuss large deviations and support descriptions in suitable rough path topologies.
As typical rough path corollary, Freidlin—Wentzell theory and the Stroock—Varadhan
support theorem remain valid for stochastic differential equations driven by X“.

Mathematics Subject Classification (2000) 60H99

1 Introduction

Let V = (Vi,..., Vy) be a collection of sufficiently nice vector fields on R¢ and
consider the stochastic differential equation in the Stratonovich sensedY = V (Y) dB,
Y (0) = yo € R?, driven by a d-dimensional Brownian motion, a diffusion with gene-
rator % Z?:l 8i2. We try to understand what happens when B is replaced
by a d-dimensional diffusion process X = X“ with uniformly elliptic generator in
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476 P. Friz, N. Victoir

divergence form "¢ j=19i (a9;-). Of course, d¥ = V (Y)dX still makes sense as
Stratonovich equation if a is smooth but this breaks down when a is only assumed to be
measurable. Such an assumption is not only standard in the theory of partial differential
equations but also a basic example in the theory of Dirichlet forms [12] and the
construction of the corresponding diffusion process X¢ is well-known, e.g., [12,28] .

We recall that one can construct X¢ as weak limit of semi-martingales X“) along
a sequence of mollifier approximations {a (¢) : ¢ > 0}. It is a natural question [16]
if the sequence of SDE solutions driven by X% converges. One can also replace
X“ by piecewise linear approximations X“ (n) and ask if the resulting ODE solutions
converge. It turns out they all converge to the same limiting object which can be
constructed intrinsically as solution to the rough differential equation [17,19] of form
dY = V (Y)dX.A stochastic area process A“ is now considered part of the driving
signal X = (X%, A%). The construction of A% was carried out by subtle forward-
backward martingale arguments in [20], together with a convergence statement for
piecewise linear approximations. It is verified in [15] that convergence takes place in
suitable rough path metrics . By the fundamental continuity result of rough path theory
this implies the convergence of ODE solutions driven by X¢ (n), i.e., a Wong—Zakai
theorem.

In contrast to [15,16,20] we emphasize and exploit the Markovian nature of
(X%, A%). The basic observation is that for smooth a we are dealing with semi-
martingales X“ so that the stochastic area process should be given in terms of Itd
stochastic integrals,

N =

t
t—> A = /(X“@dX“—dX”@X“) € so(d).
0

It is a simple exercise in Ito calculus' to see that the process (X4, A%) is Markov with
(uniformly subelliptic) generator of form

d
L=>u (a"ij.). (1)
i j=1
The vector fields Uy, ..., Uy are defined in (3) and play the role of coordinate
vector fields 91, ..., 94 on g2 (Rd ) = R @ so (d), which is given the structure of a

Lie group G. Of course, L“ is understood in a weak sense and the correct mathematical
object is the Dirichlet form?

! Once can proceed as follows. First write X = X as solution to a Stratonovich SDE involving a smooth
square-root of a. In combination with the fact the the lift of X, denoted by Y say, is obtained by solving

the Stratonovich equation dY = Z,d: 1 Ui (Y)odX i along the left-invariant vectorfields Uy, ..., Uy on
g2 (Rd) as defined in (3), a few lines of Itd calculus identify the generator of the lift.

2 Lebesgue measure on g2 (Rd) coincides with Haar measure m on G. Then Ui* = —U; where * denotes

the formal adjoint with respect to m.
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On uniformly subelliptic operators and stochastic area 477

d
=, / dmaU; fUjg. 2)

iLj=1g

We can thus use the highly developed analytic machinery of Dirichlet forms [5, 12];
the collections of results in [30], in conjunction with [27], applies directly to (2).
Leaving precise references to those papers, the relevant results in [30] are based on
the seminal works of De Giorgi, Nash, Moser for the elliptic case and the various
extensions to subelliptic/Hormander type operators as studied in papers by Rothschild,
Stein, Jerison, Sdnchez-Calle, Nagel, Waigner and many others.

This paper is organized as follows. In Sects. 2 and 3 we spezialise the toolbox
of Dirichlet forms to our situation and settle the notation. In Sect. 4 we show that
the g2 (Rd )—Valued Markov process X has, just as Brownian motion and Lévy area,
(1/2 — &)-Hoélder regularity with respect to Carnot—Caratheodory distance on g2 (Rd )
It follows that, a.e., sample path X? (w) is a geometric Holder rough path in the sense
of Lyons [17,10]. In fact, the Holder norm of X is seen to have Gaussian tail which
answers a question raised in Lyons’ St. Flour lecture [18]. In Sect. 5 we study both
weak approximations, a, — a, a.e., is seen to imply X% — X¢ in distribution, and a
strong Wong—Zakai type theorem. The latter shows that our stochastic area associated
to X“ coincides with the area constructed by Lyons and Stoica [20] and we improve
on results in [15,16]. In Sect. 6 we note that an RDE solution jointly with its driving
signal X“ is Markov and describe its generator, using stochastic Taylor expansions
for random RDEs obtained in [11]. In Sect. 7 we prove a sample path large deviation
principle for X? making crucial use of Ramirez’s result [25]. As a typical rough paths
corollary, we obtain Freidlin—Wentzell type large deviations for stochastic differential
equations driven by X“ in the rough path sense. Finally, in Sect. 8 we revert to the
case where X¢ is the lift of X¢ (that is, a is defined on R rather than g2 (Rd))
and prove that X has full support in suitable Holder topologies. As a typical rough
paths corollary, we obtain a Stroock—Varadhan type support theorem for stochastic
differential equations driven by X in the rough path sense. Such a support description
was conjectured by T. Lyons in [18].

Notation 1 Although the key notations are introduced in the main text as appropriate
we feel the reader will be helped by this brief summary. The space of real antisymmetric
d x d matrices is denoted by so (d) and is given the standard Euclidean structure with
- denoting the scalar product. The corresponding norm is denoted by |-| . It will cause
no confusion to use - and |-| also for standard scalar product and Euclidean norm on
R, The vector space g* (Rd) = R? @ so (d) will be given a nilpotent Lie algebra
structure so that the corresponding Lie group can and will be realized on the same
space, (g2 (Rd), *, 0). Points in g* (Rd) are denotedby x, y, z, . . .and may be written
out in coordinates as ((xl‘i), (xz;fk) L k=1,...,dwith j < k). We also write
x! = 71 (x), x? = m(x) for the projections to R%, so (d) respectively. Haar measure
on g* (]Rd) coincides with Lebesgue measure on R? & so (d) and is denoted by m, in
integrations we write dm, dm(x) or simply dx. We use (-, -) for the scalar product in
L? (g2 (Rd), m) and the corresponding L*-norm is written as I'l2 or || p2(pyfor D C
g2 (Rd).The Lie group g* (Rd) has a dilation structure 8, (x) +— (Am (x), Azng(x)),
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carries a Carnot—Carathedory continuous norm x +— || x||, homogenuous in the sense
that |5, (x)|| = M| ||x|l, and equivalent to |mi(x)| + Inz(x)|1/2. It induces the left
invariant Carnot—Caratheodory distance d(x,y) = ||x_l *y ||under which g* (Rd)
is a metric (in fact: geodesic) space. This distance coincides with the intrinsic metric
from a reference Dirichlet form E. A family of Dirichlet forms {E® : a € B (A)}, where
E (A) denotes a class of certain diffusion matrices with ellipticity constant A, gives
rise to a family of intrinsic metrics on g* (]Rd), denoted by d*, all Lipschitz equivalent
tod. Stochastic process with values in g> (Rd) are denoted by capital bold letter such as
X or X%* to indicate dependence on a € B (A) and starting point. The so (d)-valued
area process A := 1y (X) will be of interest. A fixed path in C ([O, 11, g2 (Rd)) may
be written as X = X (+) or w, the latter is used when C ([0, 11, g% (Rd)) is equipped
with a Borel measure such as the law of X** for which we write IP’“’X. LP-norms
with respect to P%* are denoted by ||- ||Lp([p>a Xy Apath xeC ([O 1] g ( )) has
increments xy, x;lxx, = (Xﬁ X ) Note x! —x! = x” but x> — x2 # x” =
th x — [ S Xsl ] /2. (Semi-)norms and distances are defined naturally on this path
space over g (R ) In particular,

Nl = sup $0eX0 xR
e tol 0<s<t<l [t —s|¥ O<s<r<l1 [t —s|¢ O<s<t<1 It —s|®
and
d (XSJ’ YS,I)

dy-nsl (X,y) = sup

0<s<t<I1 [t —s]¥

We write dy = do—ps and ds (X,y) = SUPg<r<1 d (x,, y,). Care must be taken
since dy and d~o are not Lipschitz equivalent. We avoid the double bar notation, i.e.,
I-l¢...), for semi-norms resp. distances on the path space over some Euclidean space
R¢, e € N. For instance, when y € C ([0, 1], R®) we write

] swp DTl _ |Vs.e]
—Hol = EPREeT .
“ 0<s<t<l [t —s|* 0<s<t<l [t —s|*

Vector fields (usually on some Euclidean space R¢, e € N) are denoted by V and
usually assumed to be in some regularity class Lip? which means bounded deriva-
tives up to order | pl, and Holder regularity of the | p|th derivative with exponent
p — Lpl. In particular, such vector fields are bounded. The (smooth but unboun-
ded) invariant vector fields on g> (Rd) are denoted by U;. A dissection D of [0, 1]
is acollection {0 =1tg < t; <--- <typ_1 < typ = 1}. Its mesh is defined as |D| =
sup;_;. pli —ti—1. Givent € [0, 1] we write tp for its lower neighbour in D that is
tp = max {t; € D : t; < t}. Similarly, t? denotes the upper neighbour in D. Constants
which appears in statement are typically indexed by the statement number. To indicate
changing constant in proofs we sometimes number them with upper indices. (This will
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On uniformly subelliptic operators and stochastic area 479

cause no confusion with powers.) We try to be explicit about the dependence of all
constant with the exception of d = dim (]Rd).

2 Analysis on the group

Let g2 (R?) be the free step-2 nilpotent Lie algebra over RY, that is g* (RY) = R? &
so (d) (so (d) being the space of antisymmetric d x d matrices) with Lie bracket

[x, y] = [(xl’xz)’ (yl’y2)i| — ! ®y1 —ylex

Due to nilpotency and the Campbell-Baker—Hausdorff formula, we can and will realize
the associated Lie group on the same space g2 (Rd) = R4 @ so (d) with product

1
x*y:x+y+§[x,y]

and unit element 0. Lebesgue-measure dx on R? @ so (d) is the (left- and right-
invariant) Haar measure m; in symbols dx = dm, see [37] for instance. For i =

1, ..., d we define left-invariant vector fields by
1 . .
U;(x) = 9; +§ Z xl’faj,,- — Z xl’]ai,j 3)
I<j<i<d I<i<j=d

where 9; denotes the coordinate vector field on R? and 0;,j with i < j the coordinate
vector field on so (d), identified with its upper diagonal elements. A simple computa-
tion shows that [U,', U j] = 0;,; and all higher brackets are zero. Since Hérmander’s
condition is satisfied, we call V = (Uy, ..., Uy) the hypoelliptic gradient. A (sym-
metric, regular, strongly local) Dirichlet form on L? (g2 (Rd ), dx) is defined by

E(f,8) = / Vf-Vgdm
§*(RY)

with domain F := D (£) := {f eL?>:E(f f) < oo}, closure of smooth compactly
support functions with respect to

1/2
1717 = (D +UF Praeey)

This is a very standard setting, see [12,37], and as pointed out in the introduction,
€ is the Dirichlet form associated to the Markov process Brownian Motion plus its
canonical Levy area. The Dirichlet form £ is based on the carré du champ operator
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d
rf,e)=Vf-Ve=> Uif()Uig(),

i=1

which can be defined for all f, g € Floc = {f eL?>:I'(f f)elLl! (dm)}. The

loc
associated energy measure is simply dI" (f, g) := I' (f, g) dm. Givenx, y € g* (RY)
the (left-invariant) Carnot—Caratheodory or control distance d(x, y) is defined as the
length of the shortest path from x to y which remains tangent to span {Uy, ..., Uy},
and the induced topology coincides with the original topology of g2 (Rd); the Carnot—
Caratheodory normis defined as || x| = d (0, x). See [22,37] or [10]. From [4, Lemma
5.29], this distance coincides with the intrinsic metric of £,

d(x,y) =sup{f(x) — f(y): f € Fioc and f continuous, I" (f, f) < 1}.

Proposition 2 (I) Completeness Property: In the metric space (g2 (Rd), d), every
closed ball B

B(x,r) = {y €g’ (Rd) td(x,y) < r}

is complete and compact.
(II) Doubling Property: The volume-doubling property

Vr > 0:m(B(x,2r)) <2¥m (B(x,r)).

holds with N = d>.
(1)  Poincaré Inequality: For allr > Q0 and f € D (E)

/ f = 7 dm < Cor? / r(f. f)dm
B(x,r) B(x,r)
where
fr=m @B, ) / fdm.
B(x,r)

(IV) Nash Inequality: For all f € D (§) N L' we have

2 2
YT < cseof HIAIE

Proof Property (I) is a simple consequence of (g2 (Rd), d) being complete, property
(IT) follows from left then, every closed subset is complete. (II) follows readily from
invariance of m under translation, B (0, r) = §,B (0, 1) and the Jacol?gif{ml of §, (as
map from g* (RY) = RY & 50 (d) into itself) being equal to 1. (Xz)% =A%,
Property (III) appears explicitly in an appropriate Lie group setting in [14]. At last,
Property (IV) follows from [4,26] or [37]. O
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On uniformly subelliptic operators and stochastic area 481

3 Uniformly subelliptic dirichlet forms

For A > 1 we call E (A) the set of all measurable maps a from g2 (]Rd) into the space
of symmetric matrics such that

1
VE R g <€-ak < AP
A symmetric Dirichlet form on L? (g2 (Rd), dx) is defined by

(). 8) = / Vf(x)-ax)Vg(x)dm
g2 (RY)
d ..
ZZ / a’ (x)U; f(x)Ujg(x)dx.

ivj=1g2(Rd)
The associated carré du champ operator and energy measure are given by
r‘(f.g) =Vfx) -ax)Vgx), dre(f.g) =r"*(f, g dm,

respectively. The forms £ and £ are quasi-isometric in the sense that D (£) = D (%)
and for all f in the common domain,

1

Xg(f»f)ic‘ia(f,f)il\g(ﬁf)- 4)
The intrinsic metric associated to £¢ (f, f),
d(x.y) = sup {f () = f(3) : f € Fioc and f continuous, I'* (f. f) < 1}

is obviously Lipschitz equivalent to d(x, y) and hence a metric on g ((RY)) which
induces the original topology so that, in particular, d* (-, -) is continuous. Moreover,
(g2 ((Rd)), d“) is complete since (g2 ((Rd )), d) is and closed balls are easily seen
to be compact, see property (I) above and in Propositions 2 and 4. The following
proposition is a special case of a result in [32].

Proposition 3 For all a € E (A), the space (g2 ((Rd)), d“) is a geodesic space in
the sense that for all x, y there exists a continuous map y : [0, 1] — g2 ((Rd)) with
Yo==x, y1=yand

d*(vr,y) =d* (e, vs) +d* (vs, i) forall0 <r <s <t <1

Proposition 4 Let a € E (A). Properties (I),(I),(II),(IV) in proposition 2 remain
valid when we replace € by £* and d by d*.
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Proof Such properties are invariant under quasi-isometry, i.e., whenever we have (4).
This is easy to see for properties (I), (II), (IV). Invariance of the Poincaré inequality
(I1I), discussed in detail in [30], is seen by first proving that the Poincaré inequality is
equivalent to a weak Poincaré inequality for which quasi-isometry is obvious.) O

Standard semigroup theory [5, 12] allows us to associate a non-positive self-ajoint
operator L% to £*. We then have>

Proposition 5 (V) Parabolic Harnack Inequality: Let a € E (A). There exists a
constant Cs = Cs (A) such that

sup u(s,y) <Cs inf u(s,y),
(s,y)eQ~ (s,y)eQt

whenever u is a nonnegative weak solution of the parabolic partial differential equation
oru = L% on some cylinder Q = (t — 4r2, t) X B(x, 2r) for some reals t,r > Q.
Here, 9~ = (t — 32— 2r2) x B(x,r)and QF = (t —r2, t) x B(x, r) are lower
and upper sub-cylinders of Q separated by a lapse of time. The statement remains
valid for balls with respect to d“.

Proof Based on the classical ideas by Moser [23,24], Grigor’yan, Saloff—Coste, it is
shown in [30] that if (I) holds then (II)+ (IIT) <> (V). For a more direct proof along
ideas of Nash, see [27,28]. O

Following [8,28,30] (these paper building on the seminal works of De Giorgi—
Moser-Nash) we have also Holder regularity of such weak solution (and in particular
of the heat kernels discussed below). We will refer to this simply as De Giorgi—-Moser—
Nash regularity:

Proposition 6 Let a € B (A). Then there exist constants 1 € (0, 1) and Ce, only
depending on A, such that

|1/2 AN\
— d ,
sup |M(S,y)—u(s/’y/)| < Cg sup |u|.(|s s | + (y )’)) .
(5:3),6%,y) €01 e, ,

whenever u is a nonnegative weak solution of the parabolic partial differential equation
osu = L% on some cylinder Q) = (t — 472, t) X B(x, 2r) for some reals t,r > 0.
Here Q| = (t —r2 - 2r2) X B(x,r) is a subcylinder of Q».

3.1 Upper and lower heat kernel bounds

Heat kernel existence is not an issue here. (For instance, [5,8,27,28], Nash’s inequality
(IV) implies an estimate on || Pf || L2 and then via duality on || Pf ” L1y 00 which
implies existence of the heat kernel p* = p“(¢, x, y) .) We now turn to Aronson-type

3 In view of De Giorgi—-Moser—Nash regularity, see below, we may indeed write inf, sup rather than ess-inf,
ess-sup.
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On uniformly subelliptic operators and stochastic area 483

[1] heat-kernel estimates. As a well-known consequence of our proposition 4 (see [30,
Corollary 4.2], also [5,8,28]) we get

Theorem 7 Let a € E (A). The heat kernel p? satisfies, for ¢ > 0 fixed,

Cq d®(x, y)?
a(t < 77
p(,x,y)_tdz/zeXp( Ry

for some constant C7 = C7 (g, A).

Theorem 8 Let a € E (A). The heat kernel p® satisfies

11 Csd“(x, y)*
a > _ o Il

for some constant Cg = Cg ().

Leta € B (A). Let C7, Cg denote the constants of the previous two theorems. Then

Cy d(x, y)?
< p(t, x, < — - ).
)_p( ' y)_td2/2eXp( A@d+et

Proof Lipschitz-equivalence of d(x, y) and d(x, y). m]

1 1 CsAd(x, y)?
Cg 122 P ‘

3.2 The associated Markov process

Following a standard construction, the heat kernel p¢ gives rise to a consistent family
of finite-dimensional distributions and determines a g> (Rd )-valued (strong) Markov
process (X{"* : 7 > 0) where a € E (A) and Xj* = x € g* (RY). The natural time
horizon is [0, co) but our focus will be on finite time horizon and by scaling (cf. next
section) there is no loss of generality to work on [0, 1]. The heat kernel estimates are
more than enough, via Kolmogorov’s criterion, to guarantee that any such process can
be taken with continuous sample paths; the law of X%* is then denoted by P%*, a
Borel measure on C ([0, 11, g% (RY)), under which we can think of X = X“** simply
as coordinate process X; (w) = w;. By construction, the density of X; under P, or
equivalently, the density of X{"*, with respect to m is given by p“ (¢, x, ).

3.3 Scaling

We will refer to the following simple proposition as scaling. Recall that the dilation
operator 8 extends scalar multiplication to g2 (Rd).

Proposition 9 Foranya € E (A),r # 0 seta” (x) :==a (81, x) € E (A). Then

(x?“" > 0) 2 (arx”"“/"(x) 1> 0).

t/r?
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3.4 Short time asymptotics

When a = I, the identity matrix, an essentially sharp lower bound with 1/Cg =
4 (1 — ¢) is known, see [36]. This implies Varadhan’s formula

4¢ logp’(t,x, y) — —d’(x, y)2 ast — 0.

The generalization to arbitrary a € E (A) follows from the recent work of Ramirez
[25] and will be central to our discussion of large deviations.

Theorem 10 The heat kernel associated to L® satisfies, for all x, y € g* (Rd)

4t log p°(t, x,y) = —d*(x,y)*> ast — 0.

3.5 A lower bound for the killed process

Theorem 11 Leta € E (A). For x € g> (Rd) andr > 0, define

%ﬁo,r) = inf {t >0:X"" ¢ B (xo,r)},

a;x _ a,x a;x
Bt () =P (X0 € 850, > 1),

Then Pg;(fm (A dy) = Py (X, ¥)dy. > >> CHECK B versus B®. <<< More-
over, if x, y are two elements of B* (xg, r) joined by a curve y which is at a d*-distance
R >0o0fg* (Rd) /B% (xq, r) there exists constant C1| depending only on A,

1 d(x, y)* Cur
P%(x(),r)(t,x’y) z WGXP (—Cllf CXP\ =2

where § = min {t, Rz}.
Proof See [30] or [27], the ideas are adapted from [8,28]. O

One should observe that d“ can be replaced by d, at the price of changing the
constants.

4 Construction of associated rough paths

In conjunction with the ever useful Garsia—Rodemich—Rumsey’s lemma, the upper
heat bounds leads to Holder regularity of the sample paths ¢ — X{** (w). Moreover,
a Fernique estimate holds by which we mean that the homogenous Holder norm of
the g2 (Rd)-valued process X%* has a Gauss tail.
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Lemma 12 Forall n < ﬁ we have

d (X, X;)?
sup  sup  sup EOT{exp Uu < 00.
acB(A) xeg?(R4) O=s<r=I1 t—s

Proof By scaling and the Markov property, for any a € E (A),

d (X, Xy)?
sup sup Ea,x exp n ( t s)
xeg?(Rd) 0=s<r=1 t—s

: xe:;J(II)Rd) aeSlElE)A) o (exp (77 HXO’I ”2))

(Recall that d (X;, X;) = d (0, X' % X;) = | X, ||where ||-|| = d (0, ) denotes the
Carnot-Caratheodory norm.) Fix n < g, and ¢ > 0 such that n < Then,

1
. 4(T+e)A "
from the heat kernel upper-bound, we obtain

20 (exp (1 %01 7)) = [ exp (ndx.57) p*1x, 30y

1
=cr o (~(ram =) 2o

From m (B(x,r)) = m(B(0,1)) rd2 we have dm (B(x,r)) /dr = m (B (0, 1))
d?r?*=1 5o that

B (exp (1 X))

r=0

and by our choice of 7, ¢ the right hand side is finite, uniformly in x and a € E (A)
as required. O

The previous lemma combined with a standard application of the Garsia—

Rodemich—Rumsey lemma leads immediately to Fernique estimate for homogenous
a-Holder norm

d (Xl ) XS )
= sup —m—

1 X1l —Ha1: 10,1 .
“ 101 0<s<t<1 |t —s|*

More precisely, we have
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Theorem 13 Let 0 < a < 1/2.There exists a constant C13 = C13 (A, o) > 0 such
that

sup sup E®* [exp (C13 ||X||i_H61;[0,1])] < 00.
acB(A) xeg?(RY)

In particular, for a € (1/3,1/2) almost every sample path t — X{** (w) is an
a-Holder geometric rough path.

For later use—namely our discussion of Wong—Zakai approximations—we record
the following estimate.

Corollary 14 Let

d (X, X;)?
M,:= sup sup sup E“*[exp n—( £ Xs) . 5)
a€E(A) xeg?(R9) 0=s<r=lI t—s

Then there exists C14 = C14 () such that M,y < exp (C14n) for all n € [O, 1(+A)

Proof It suffices to show M, < 1+ C147. From the inequality exp(x) < 1+x exp(x)
for x > 0 we obtain

d (X;, X,)? d(X;, X,)?
M, <1+nsup sup IE‘“‘(—( t Xs) exp(n—( t Xs) ))

xeRd s<te[0,1] r—s [
Define

It — s|?

d (X, Xy)*
Q4:= sup  sup sup E%* X1, Xs) -
acB(A) xeg?(R9) s<t€[0.1]

The proof is now finished by Cauchy—Schwarz,

d (X, X)?
M, <1+ nQ‘l‘/2 sup sup E@x{exp znu
\ xeRd s<tel0,1] =5
1 dX, X)?
<1+ 77Q41t/2 sup sup E4¥{exp 1 dXe, Xo)
\| xeRd s<tel01] 8A t—=
and Lemma 12. O
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5 Approximations
5.1 Weak convergence

Theorem 15 Let (a,) be a sequence of (smooth) functions in E (A) such that ay
converges almost everywhere to a € E (A). Then we have

(i) uniformly on compacts in (0, 00) x g2 (Rd) x g2 (Rd),

phi(t,x,y) = pi(t,x,y) asn — oo;

(ii) convergence in distribution X“* 2 X%* with respect to uniform topology on
{w:C (10,11, 8% (R?)) : @ (0) = x}, with fixed x € g* (RY);

(iii) the convergence in distribution remains valid with respect to homogenous
a-Holder topology of exponent for o € [0, 1/2).

Proof The proof of (i) is identical to the proof of [28, Theorem II.3.1] and implies
convergence of the finite-dimensional distributions. A standard tightness argument
leads to (ii) and (iii). O

Remark 16 [16] discusses the case when a(x) depends only on the projection
m1(x) eRY,

5.2 Strong convergence
5.2.1 Geodesic approximations

Recall that g? (Rd ) equipped with Carnot—Caratheodory distance is a geodesic space.
Given a dissection D of [0, 1] and a deterministic pathx € C a—Holder ([0, 1], g2 (Rd))
we can approximate X by a path x? e CLiP ([0, 11, g2 (Rd)) obtained by connecting
the points (X[i it € D) with geodesics run at unit speed. If there are several geodesics
between two points X;; and X;,_, it is immaterial which one is chosen. It is not hard to
show that

b < 3 |IXll o —Ho1der - (6)

|«
a—Holder

Clearly, x? — x pointwise as |D| — 0 and, in fact, this convergence is uniform in
view of the uniform bound (6). A simple interpolation argument then gives a’-Holder
convergence, o' € (0, ). All this results are purely deterministic and discussed in
detail in [10]. By Theorem 13 these approximation results apply to, a.e., sample path
of X%*, We emphasize that these approximations required apriori knowledge of the
area rp (X%). In fact, (XD ) is simply the concatenation of path segments designed
to wipe out prescribed areas.
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5.2.2 Piecewise linear approximations: Wong—Zakai

In contrast to geodesic approximation, convergence of piecewise linear approxima-
tions, based on the R¢-valued path 71 (X**) alone and without apriori knowledge of
the area mp (X%¥), is a genuine probabilistic statement and relies on subtle cancella-
tions. (An example by McShane, see [13], shows what can go wrong if one replaces
linear cords by general interpolation functions.)

The ldea Fix adissection D = {t; : i}of [0, 1]anda € E (A). Letus project X = X¢
to the R?-valued process X = X¢ and consider piecewise-linear approximations to
X based on D, denoted by XP. Of course, X? has a canonically defined area given
by the usual iterated integrals and thus gives rise to an g2 (Rd)-valued path which we
denote by S (X?). For 0 < o < 1/2 as usual, the convergence

de—tioder (5 (XP), X) = 0 in probability )

as |D| — 0 is a subtle problem and the difficulty is already present in the pointwise
convergence statement S (X b )o,z — Xo.; as |[D| — 0. Our idea is simple. Noting
that straight line segments do not produce area, it is an elementary application of the
Campbell-Baker—Hausdorff formula to see that for r € D = {¢;}

(),

where A is the area of X and U; [ti, ti+1] = [0, ¢]. On the other hand, it is relatively
straight-forward to show that the L” norm of || S (X b ) ”a—Hél; [0.1] is finite uniformly
over all D. In essence, this reduces (7) to the pointwise convergence statement which
we can rephrase as >°; Ay, ., — 0. Itis natural to show this in L? since this allows

1
# X0 = D Agis ®)
i

lit1
to write*
2
2
E Z At tig = Z]E (|At1,t[+1 | ) + ZZE (Atith—l ’ At./‘v’j+1)'
i i i<j
For simplicity only, assume ;41 — t; = 6 for all i. As a sanity check, if X were a

Brownian motion and A the usual Lévy area, all off-diagonal terms are zero and
2 1 .
ZE(|Alivti+l| ) ~ 252 ~ 552 — 0 with [D|=8—0
i i

which is what we want. Back to the general case of X = X%, the plan must be to
cope with the off-diagonal sum. Since there are ~ §%/2 terms what we need is

4 We equip so (d) ¢ R? ® R? with the Buclidean structure A - A = ZZI:I ARLARL and 1412 = A - A.
It may be instructive to consider d = 2 in which case A can be viewed as scalar.
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E (As.i41 - Arjjsy) = 0 (82).To this end, let us momentarily assume that
sup E“* (Ao,s) = 0 (5). ©)
holds. Then, using the Markov property,
B (A - Ary)| S (|| > [EY Aos|) = B (|Ag . ]) x 0®)

and since E (‘A,[, fit1 |) ~ §, by a soft scaling argument, we are done. Unfortunately,
(9) seems to be too strong to be true but we are able to establish a weak version of (9)
which is good enough to successfully implement what we just outlined. The key to all
this (cf. the proof of the forthcoming Proposition 18) is a semi-group argument which
leads to the desired cancellations.

Uniform Holder Bound Let X denote the piecewise linear approximation to X =
X (w). We now show L7 (P%*)-bounds, uniformly over all dissections D, of the
homogenous a-Holder norm of the path X and its area.

Theorem 17 There exists n = n (A) > 0 such that

2

sup sup sup E®* |exp | n—-—"— < 00.
acB(A)xeg?(Rd) D 0<s<t<I =y

As a consequence, for any o € [0, 1/2) there exists C17 = C17 (o, A) > 0 so that

2 ))
< Q.
a—Hol;[0,1]

Proof The consequence is animmediate application of the Garsia—Rodemich—-Rumsey
lemma and we only have to discuss the first estimate. We remind the reader that from
Lemma 12 for n € [0, ﬁ),

2
a,x HXS,I ”
My = Sup sup E“"fexp{n—"—")) < oo
acE(A)xeg?(RY) O=s<r=<1 t—s

sup sup E** (exp (C17 HS (XD)
acE(A)xeg?(RY) D

@ Springer



490 P. Friz, N. Victoir

By the triangle inequality (recall ¢p, t were defined at the end of the Introduction)

s (xP),, j s (x), 0] N Is ()| 5P,
r—s sD — Vip —sP Vi—ip
< xPo s S(XP) 0, H . |xD,
T VsD— JVip —sD N
D
B SR
T Vs — Vip —sP Vt—tp
2 1/2
T Y ] CCSO IO YO
sP—s tp —sP I —1p
Hence
2
HS xP
o (o [ S50
r—s
T LG PO (YoM
a,x 5,50 sP.tp Ip,t
=E PN sD—s + tp —sP t—1tp
HS (XD)SD t
< Mg,,IE“’x exp | 61 g SDD
and the proof is reduced to show that for some 7 > 0 small enough
2
HS (XD)V t
sup sup sup E®* | exp 6nt—” < 00.
—

acE(A)xeg?(RY) D s<teD

By the triangle inequality for the Carnot—Caratheodory distance, for #;, ¢; € D,

HS(XD) 5||x,,.,,j||+d(x,,,,_,,s(xb) )
1,1 1t

To proceed we note that, similar to equation (8),

—1 j—1
(502),,) s = E e
Y k=i
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By left-invariance of the Carnot—Caratheodory distance d and equivalence of
continuous homogenous norms (so that, in particular, || (x, A)|| ~ |x| + |A|'/? where
|-| denotes Euclidean norm on R4 resp. R? @ R?) there exists C such that

d (Xt,-,tjv S (XD)ti t,) Z Atk Tk+1 H
1/2

E Afk Te+1

| /\

By Cauchy—Schwartz,

HS xb),
E“* | exp | 65—
< E9* (exp( X, LA ” ) (12C ” T, Tkt 1 ” ))
t—1;

a,x fA Tk+1 ”
< M4, E* Hexp(24C —t —, )

k=i J !

and the E** (---) term in the last line is estimated using the Markov property as

follows.
j—1
X
H eXp 24C || Ty Tk+1 ||
i =1
1 X 2
Ji—
et — 1 X
< H sup [E | exp | 24Cn ket k el 7
ki *€Rd =t  lep1 — Ik
j—1
= M24C ’kt+l —
k=i
J—1 1
H exp (C14 x 24Cn ﬁ) for n small enough
J Tl
p(24C14C17) < 0.
where we used Corollary 14, valid for  small enough. The proof is finished. O
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The Subtle Cancellation Let us define
1
rs (¢, x) = EJE”*" (Arr45) € so(d) and  rs(x) = rs (0, x).

For instance, (9) is now expressed as limg_, ¢ rs(x) — O uniformly in x. Our goal here
is to establish a weak version of this. We also recall that

Aiys =12 (Xii45) = 102 (X[_I * Xr+8)-
Proposition 18 (i) We have uniform boundedness of rs.; (x),

sup sup sup rs(t,x) < oo.
xeg?(Rd) 8€[0,1]1€[0,1-9]

(i) Forallh e L' (g* (RY), dx),

lim / dxh(x)rs(x) = 0.
g*(RY)

Proof (i) follows from Lemma 12. For (ii) we may consider 4 smooth and compactly
supported. Now the problem is local and we can assume that smooth locally bounded
functions such as the coordinate projections 7y;; and mo;; are in D (£7). (More
formally, we could smoothly truncate outside the support of # and work on a big
torus). Clearly, it is enough to show the componentwise statement

lim / dh(¥) 2t (75(x)) = 0
(R)

for k < [ fixedin {1, ..., d}. To keep notation short we set f = ma.;; (-) and abuse
notation by writing A instead of AX/. We can then write

E“ (A =E* (f X)) =: P f ()
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and note that P f(x) = A when x = (x!, A) € g* (R?). Writing (-, -) for the usual
inner product on L? (g2 (R?), dx) we have

1
(h, E® Ag,) = <h, B f (Xp) = A = 5B ([., X}])>

= (n. P f = F§f) ~ <h’ %E (bt ])>

t
_ a a 1 a,- 1
_/5 (h, P! f)—<h,§IE ([-,x,])>
0
1
=& (h, f)x 1 — <h, SE* ([-, X}])> +o().

Here, again, we abused notation by writing [-, -] instead of picking out the (k, /)
component and using the cumbersome notation [, &L, Note that in general £¢ (h, )X
t # o (t) and our only hope is cancellation of 2E¢ (h, f) with the bracket term

e (0 = o (- 508))
To see this cancellation, we compute the bracket term,
(B (1 X)) = / dx h()E (x X — o lIXE)
- /dx h(x) ((xl;k [Pom1a] (v) — <" [Pl (x))),

and by adding and subtracting x '¥x !/ inside the integral this rewrites as

/dx h(x)x bk {[P,“m;l] (x)—m;l(x)}—/dx h(x)x B! {[Pt“m;k] (x)—m;k(x)}.
It now follows as earlier that
<h, E* ([, th]k’l)> = [Su (hﬂ];k, 7'[1;1) - & (hﬂ];l, ﬂ];k)] Xt+o(t)

and we see that the required cancellation takes place if, for all # smooth and compactly
supported,

[Ea (/’L]Tl;k, 7T1;1) — & (]’UTI;I, JTI;k)] = 2&¢ (/’l, 7T2;k,l)~

We will check this with a direct computation. First note that
E (hmyk, mig) — E@ (hmiy, k) = /ﬂl,de“ (h, 1) —/ﬂl,ldra (h, 1 k)
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which is immediately seen via symmetry of dI"¢ (-, -), inherited from the symmetric
of (a’f ), and the Leibnitz formula

£ (g8’ h) =/ng” (¢'.n) +/g/dF“ (g, h).

It is immediately checked from the definition of the vector fields U;, see equation (3),
that

—(1/2)7'[1;1 ifi =k
Ui f=Umy=1A/2)my  ifi=1
0 otherwise

so that
[msart (hm) = 3 [ maivnvm, =23 [ @ipa wm
ij i

and similarly

- [mart (nmi) =3 [ (ma)@lvinvm =23 [ W i,
i,J i

Therefore, using U; f = 0 for j # {k, [} in the second equality,

&g (hnl;kvnl;l) & (hﬂ];l, ﬂ];k) =2 Z Z/ (Ujf) aij (U,'h)

j=k,1 i

:22/(Ujf) a' (Uih)
inj

and this equals precisely 2E¢ (h, f) as required. O

Corollary 19 Forallt € [0,1) and all h € L' (g* (RY), dx),

A
lim / doh (x) RS~ (ﬂ) =0.
§—0 )
g2(Rd)

Proof We first write

/ dvh ()R (%) _ / / hGO P (1. x. y)rs(y)dx dy
= / (/h(x)p“(t,x, y)dx) rs(y)dy.
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Then, noting that y — [ h(x)p;(x, y)dx isin L' (g* (R), dx), the proof is finished
by applying the previous proposition. O

Theorem 20 For all bounded sets K C g2 (Rd) and all o € (0, 1],

E“Y (%)‘ =0.

Proof It suffices to prove this for a compact ball K = B (0, R) C g* (R?) of arbitrary
radius R > 0. We fix o € (0, 1] and think of s = r5(¢, ¥) as a family of maps, indexed
by 6 > 0, defined on the cylinder [o, 1] x K, that is

lim sup sup
8—=0¢¢l0,1] yek

(t,y) €lo, 1] x K +— rs(t,y) € so(d).

By Proposition 18, (i) we know that sups. ¢ [15]oc < 00. We now show equicontinuity
of {rs : § > 0}. By the Markov property, rs(f, y) equals

A E* (A
E® (ITHS) - <P“ (.5, ¥> =(p* (t,,,75(0,),

so that, for all (s, x), (t,y) € [0, 1] X K,

Irs (s, x) — rs(t, )| = |(p* (s, x, ) — p* (t, y, ), 75 ()]
=< ( sup |r5|oo) |Pa (s,x,°) — Pa (t, Vs ')|L1 .
§€(0,1]

From Proposition 6, (¢, y) € [0, 1] x K — p“(t, y, z) is continuous for all z ; the
dominated convergence theorem then gives easily continuity of (¢, y) — p® (¢, y,-) €
L' In fact, this map is uniformly continuous when restricted to the compact [o, 1] x
K and it follows that {rs : § > 0} is equicontinuous as claimed. By Arzela—Ascoli,
there exists a subsequence (") such that rs» converges uniformly on [o, 1] X K to
some (continuous) function r. On the other hand, Proposition 18, (ii), applied to & =
p®(t,y,-), shows that rs(¢, y) — 0 as § — O for all fixed y, ¢t > 0. This shows that

r = 0 is the only limit point and hence
E%Y (_A’é’“)‘ =0.

lim sup sup
8—=0¢¢lo,1] yek

O
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Convergence of the Sum of the Small Areas For fixeda € 2 (A) and x € g° (Rd)
let us define the real-valued quantity

Ko5 = sup [E (Aurz - Avyoo) |

0<uj<uz<v)<vy<l: (uz —uy) (v2 —vy)
v —Uuz>0,
lur—uil,lva—v1|<8

where §, o € (0, 1). As above - denotes the scalar product in so (d).
Proposition 21 For fixedo € (0, 1), k,l € {1,...,d} we have lims_.o K55 = 0.

Proof By the Markov property,

Xu

|Ea,x (Aul,uz : Avl,v2)| Ea,x (Aul’llz . Ea 2 (Avl—uzﬂ)z—uz))‘
sz —uy) (v —v1) (ur — uy) (v2 — 1)

B (Aulguz - E4¥e (Avl—uz,vz—uz; |

Xu| = R))|

<
= (2 —up) (v2 — vy)
E4* (Aul,u2 CE4Xu (Amfuz,vzﬂlz; Xu, ” = R))‘
+
(uz —uy) (v2 —vy)
< E (| Auy |5 [Xus | < R) sup sup w
(w2 —uy) §<8 llyll<R &
u€lo,1]
a.x (| A ,
+E* (—|Au1’u2|§ Xu, ” > R) sup L/MM—HS)
uy —uj JULX 8
< wSup sup w
(u2 —u1)  y<s|y|<R &
u€lo,1]
o | Avv [
e (= ) o (| 2]

B (|Auurs])

X sup ,
& u,x §
Eaay A /
< csup sop E Gl oo - 1
B uZ[t_r,l]

for some constant C = C (||x||, o, A) using Lemma 12 and Proposition 18, (i). We
then fix ¢ > 0 and choose R = R (¢) large enough so that

C sup /E&~ (|X,,2| > R) <e/2.

uz€[0,1]
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On the other hand, Theorem 20 shows that

E%Y (A '
Csup sup M < ¢
8'<8 |y|<R 8 2
uelo,1]
for all § small enough and the proof is finished. O

Corollary 22 There exists Coy = Cyp (A) such that for all subdivisions D of [0, 1],
s,t € D, foranyo € (0, 1),

oy (’d (s (XD) . Xs,,)

Proof Recalling the discussion around (8), equivalence of homogenous norms leads

to
o (‘d (s (XD)S . Xs,t)

Let us abbreviate > ;.. c ps.p) t0 2_; in what follows. Clearly, E“* (| 32; Ay, 1, ) is
estimated by 2 times

ZE(LX (A[iJHI ’ Aijthrl)

4
) <Cx» [(l —$)? Ko p| + (¢ —S)U]-

2
4
) = CE"* Z Alf,tiﬂ

iitieDN[s,t)

i<j
a,x a,x
= Z E (AtiJH—l 'At_/,tj+1) + Z E (At,-,z,+1 ~A,j,;j+,)
i<j i<j
tj—tit120 tji—tiy1<0
=< Ko, D Z (tig1 — 1) (tj41 — 17)
i<j
tj—tiy1=20
2 2
+ Z \/ o (|Ali’fi+1| )Ea'x (|Alj’fj+1| )
i<j
tj—tiy1<0
2
< Ko p| (t =5)"+C Z (i1 — 1) (tj+1 — 1)
ij
ti—tiy1 <0

and the very last sum is estimated as follows,

Z(tiJrl—fi) Z (tj+1—tj)EUZ(ti+1—ti)=U(l—S)~

J
ti—tiy1<0

The proof is finished. O
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Putting Things Together

Theorem 23 Let D be a dissection of [0, 1] with mesh |D| . Then, forall 1 < g < oo
and ) <o < 1/2,

da-vciger (S (XP). X) = 0in L9 (P**) as |D| > 0.

Proof We first show pointwise convergence. We fix ¢ > 0 and apply Corollary 22
with o = ¢/2C. Then,

4
€
sup  E“* ’d (S (x”) X,) < CKoyp| + ~
s,teD:s<t .t 2
By Proposition 21 it then follows that, for | D| small enough,
4
sup |d (S (x?) X,) <.
s,teD:s<t St LA(Pa-x)
By Theorem 17 we have for all g € [1, 00),
s (XD) Xl s . 10
Sgp ‘H a—Holder Lq(Pa,x) + H “ ”0( Holder ||Lq(P ) =000 ( )
and both results combined yield
lim  sup |d (s (XD) ,Xs,t) —0
IDI=00<s<r<1 5.t L4(Par)

and by Holder’s inequality the last statement remains valid even when we replace L*
by L4 for any g € [1, 00). Now, for every m > 0,

B (dos (5 (XP). X))
< o B0 (1i?£md (S (XD)% ’X,{,>q)
e (s ([0 | o )

|t—s|<%
=< ¢gm sup

(5(57), %)
0<t<1 ! La(P )

1\* a,x D\ ¢ q
e ()5 (15 ()] 50 )
q 1\*
<cgm sup Hd (S (XD) ,Xr) +C(_) '
0=t=1 t La(Pax) n

q
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By choosing first m large enough and then D with |D| small enough we see that
do (S (XD), X) — 0in L? as |D| — 0, for all ¢ < co. An easy application of the
Campell-Hausdorff formula gives a dy/do-estimate,

vx,y € € (10, 11,87 (B') )  do (x.¥) = dox (%) + CV/[¥ o doo (X, ¥).

With Cauchy—Schwarz and a standard Holder interpolation argument, using (10) with
a’ € (a, 1/2), we then see that

da-rioiger (S (XP).X) = 0in L7 (P**) as |D| > 0.

]

Remark 24 This convergence result implies that o (AS,, u<s<t< v) C Fsi =
o (X” s <r< t) where X =y (X) and X5, = X, — X € R4,

Corollary 25 Let Y = 7 (0, yo; X) = 7w (X) denote the R¢-valued (random) RDE
solution driven by X% along fixed Lip? vector fields Vi, ..., Vg on R¢, with y > 2,
and started at time 0 from yq fixed. Let Y° = 1t (0, y0, XP ) be the piecewise smooth
solution to corresponding control ODE

d

ar?=>"v, (YD) axDi,

i=1

Then for any « € [0, 1/2) we have ‘Y — YD|
q < oo.

w_HoL[0.1] 0 in L9 (P4Y), for all

Proof The universal limit theorem [17,19] shows immediately that

‘Y—YD

— 0 in probability.
«—Hol1;[0,1] P Y

It then suffices to remark that the estimates on the Itd6-Lyons map in [11] combined
with Theorem 17 show that for all ¢ < oo,

q

q
1Y 1o _mo1:10,17 < ©©

supE ‘YD ,
D a—Hs1;[0,1]

6 RDE solutions as Markov processes

The following is an immediate consequence of the stochastic Taylor formula for
random RDEs [11].
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Lemma 26 Let @ € (1/3,1/2), N = 2. Assume the random rough path X is such
that | X||g—nst1:j0,1] < 0© has a Gauss tail and let Z denote the random RDE solution
driven by X along fixed Lip? vector fields Vi, ..., V4, with y > 2, and started from z.
Then for all f € Cp° we have

d
ELf (Z0]=f @+ D Vif @E[71; (Xo.)]
i=1

d

1
+5 ”_Z_I ViVi fQE [ (Xo) 71,5 (Xo.) ]

1 d
+5 2. Vi Vil F@E[m; (Xou) ]+ E[R: (¢, ).

i,j=1
with remainder term,

EflRx (t, HIl=0() ast—0.
As earlier; (-, -) denotes the inner product on L2 (g2 (Rd), m)

Lemma 27 Let g be a compactly supported smooth function. Then, for all k,l €
{17 L] d})

a,. d
lim <g, w> = Z / a" (»)U;g(y)dy,
=1

t—0 t
g*(RY)
B [k (X X
llii% <g, [7m1 ( 0;1) i ( O,t)]> _ s / (g () dy,
g*(RY)

t—0 t

lim <g, il ey (XO”)]> 0.

Proof Third equality was shown in Proposition 18. For the first statement, almost by
definition of £9,

B [y 4 (X a :
,lg% <g’ M> = &4 (7T1,k, g) = Z / aki MUjg(y)dy.
j=]g2(Rd)

Let us now consider the second equality. First rewrite 71 ¢ (Xo,/) 71.; (Xo,/) as

ik Xo) 1 Xp) — 71k Xo) 711 Xo) — 71k Xo) 711 (Xo,r)
710 (Xo) w1 (Xo,r).
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Then, by a similar argument as above,

a,.
hm <g, E® [ (Xo;t) 1, (Xo,t)]> = &9 (miamis g)

—E (k. w108) — E (M1, T1kE).

By the Leibniz formula, recalling that dI"? (f, f') = (Zi’j alU; fU; f’) dm is the
energy measure of £%, we have

EY (mixmi, 8) =/771,1df ks 8 +/JT1 ¥dI? (71, 8)
E (mik, m118) =/771 1dre (mie, g +/gdra Tk, TT1,1)
EY (m10. m1k8) =/7T1 )dl4 (1, g) +/g (710, 1)

and using the symmetry of a we see that

fim <g7 E [ (Xo,r) 71, (Xo,z)]>

t—0 t

2> / al (g Uim k(U1 1(y)dy
b=l (re)

) / a* (y)g()dy.
g2(R9)

O

Let us fix a collection V = (V,..., Vy) of Lip3 vector fields on R¢ on let us
consider the RDE?

dY = V(Y)dX*~*
Yo=1.

where Y is the R¢-valued solution path.® In general, Y is not Markov, but it is easy to
see that Z% = (X%*,Y) € g2 (]Rd) @ R¢ started at z = (x, y) is Markov and (unique)

5 Regularity of the vector fields could be improved to Lip2+€ . Also, one can easily add a drift term V) (Y') dt
by considering the canonical space-time rough path (X“’X, t).

6 We could construct the solution as (random) geometric rough path with values in g2 (]Re) and the argu-
ments which follow extend to this case.
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solution of the RDE

[dzZ = W (Z%) dX*~,
Z5=(x,y).

where W = (Wy, ..., W;) with vector fields W; on g2 (Rd) @ R¢ given by
Wik, ) = Wi, Vi), () € g (RY) @ R,

Recall that U; : g2 (Rd) — g° (Rd) are the vector fields defined in (3) and, by the
usual identification with first order differential operators, the U; extend canonically
to first order differential operators (and hence vector fields) on g2 (Rd) @ R¢ which

we denote for clarity with U;. We now describe the infinitesimal behaviour of the
associated semigroup 1 — E“ (f (Z;)).

Proposition 28 Let f, g € C° (g* (RY) & R®). Then

lim
t—0

<IE (f(Z)— 1 0O) .

! ’ >L2(g2(Rd)est>

d
=-> / a’ ()W f(x, )Wig(x, y)dxdy =: 7 (f. g)
i’jzlgz(Rd)eaRg

where W* is the adjoint of W with respect to Lebesue measure on g> (Rd) @ Re.

Proof Let us fix f,g C° (g2 (Rd) @Re). We want to apply Lemma 26 with
unbounded vector fields W (the unboundedness comes from the U;) and we need
to localize our problem. Let R > 0 such that f and g are O outside B (0, R), and
define compactly supported smooth vector fields Ul.R such that Ul.R and U; agree on
B (0,2R). Let ZR denote the solution of the RDE driven by X along the vector
fields WR = (U[, V;). Observe first that WX f = W; f by construction. Applying
Lemma 26, we obtain

- <IE (£ (z%)-ro)

t ’ g>
L2 (g2 (RT)®R?)

= Z lim <Wif ) Bl o)) [m’; (Xo.)] ) g>
L2(g*(RY)@R¢)

E [, (Xo.r) 71,5 (Xo.r) ] ¢
' t

| >L2(82(Rd)@R")

B [72,,7 (Xo.0)]

| >L2(g2(R")®R") |
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As ZIR" and Z differ only through the area of X, using that uniformly over x €
B (0, R), the probability of X** going outside B (0, 2R) is bounded above by C exp
(—C Rz), we easily see that

- <E (r (z") - f<->),g> i <E(f (z)) - f(.))’g> .

R—o0t—0 t t—0 t

We then use lemma 27 to obtain

<E(f (Ziz —f(-)),g>

lin})
"~ 12(g? (RY) @)

d
- / a'l () U; [gW; £] (x, y)dx dy
= neg? (RY) xRe

d
-Y [ s W f i dy,

i’jzl(x,y)egz (RT)xRe
The proof is finished if we can show

a'l(x) (U; [gW; f] (x, y) — g(x, Wi W; f(x, y)) dx dy
(x,y)eg?(RY) xIR¢

= / al (Wi f(x, »Wig(x, y)dxdy

gz (Rd)EBRe

and to see this we may assume, by a simple limit argument, thata € & (A) is smooth.
We have a"/ (x)U; [¢W; ] (x, y) equal to

(7i [aij (ngz(Rd) (.)) ngf] (x,y) — l7i [aij (ﬂgz(Rd) (‘))] (ng f) (x, ),
and a/ (x)g(x, y)W; W; f (x, y) equal to

g Wi [a (mamay O) Wif | o) = Wi [ (mgeay O) | (eWsf) (e, v,

But by construction of W; we have W; [aij (JTgZ(Rd) (.))] = fji [aif (iTgZ(Rd) (.))].
Moreover, by integration by parts,

0 [ (mgeey (0) gWif | (x v)dxdy =0,
(x,y)eg?(RY) xIR¢
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and we see that

a(x) (Ui [gW; f] (x, ) — g, Wi W; f(x, y)) dx dy
(x,y)eg?(R9) xRe

= / g(x, MW, [a’j (JTgZ(Rd) (-)) W; f] (x, y)dxdy

(x,y)eg?(RY) xRe

=- / al(x)Wrg(x, Y)W, f(x, y)dx dy,
(x,y)eg?(R4) xRe

by definition of W/". O

Remark 29 The reader might want to check that when a(x) is smooth and depends
only on the projection of x onto R¥, an application of Itd’s lemma leads to the same
result. In particular, when @ = I the process Z solves a Stratonovich equation along
vector fields W = (W1, ..., Wy) with generator in Hérmander form

d
L =>"w?
i=1

and the associated form (f, g) > — (L% f,g) = — >0_, [ W; fW}g agrees with
Proposition 28.

7 Large deviations

We fix a € E(A). The law of t > X%* (et) where X" is the g? (R)-valued
process associated to the Dirichlet form £¢, started at x, can be viewed as Borel
measure on C, ([O, 1], g2 (Rd)) ccC ([0, 1], g2 (Rd)), i.e., the space of continuous
paths started at x, and is denoted by P¢*. As usual, we write X = X“* when no
confusion is possible and in particular under P4* where X; (w) = w (t) = w;. We
shall see that a sample path large deviation principle holds w.r.t. to uniform (and then
homogenous Holder!) topology on Cy ([0, T1, g* (]Rd)). Having properties (i)—(iii) of
the of following propostion, the proof follows essentially Varadhan [34], see also [2],
and we outline the key steps for the reader’s convenience.

Proposition 30 (i) (g2 (Rd), d“) is a geodesic space.
(i) The Varadhan-Ramirez short time formula holds,

lim 4¢ log p®(e, x, y) = —d®(x, y)*. (1)
e—0
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(iii) For o € (0, 1/2) there exist a constant C3y = C3zg (o, A)such that

. d* (X, X 2
sup P4~ su M >r | <Cxex L

p p o p C
reg?(RY) 0<s<t<1 |t — 5| 30

and the same estimate holds with d instead of d°.

Proof (i) was shown in Proposition 3, (ii) was discussed in the section on short time
asymptotics and (iii) follows from Theorem 13. O

On C ([0, 11, g2 (Rd)), equipped with uniform topology, we define the energy or
action functional

2
Cl); Wy,
I? (w) = lim sup Z 2o ])
N i —ti—1
IDI=0ep

€ [0, oo]. (12)

We shall see shortly that /¢ is a good rate function in the sense that ¢ — I¢ (¢) is
lower semicontinuous with compact level sets.

7.1 Upper bound

We first recall that d¢ is a geodesic distance, i.e., that for all x, y € g2 (Rd), there
exists a continuous path joining x to y, of length d“(x, y).

Proposition31 () OnC ([0, 1], g2 (Rd)) we have
de , 2
inf 19 () = L9
w: o(s)=y,w(t)=z — S

and the infimum is attained by a d“-geodesic path.
(i) More generally,

m 2
d® (x;, xj—
inf I (w) =1 (a)D)z E —( i Xi—1)
o(ti)=x; . ti - ti—l
i=1,..., m i=1

D

where wP is a piecewise d®-geodesic path with P (t;) = x; for all i =

1,...,m.
(i) In particular,
d* (w5, 0) < 197 (1 = 5)'/2. (13)

Proof Straight-forward, see [2,34] for instance. O

Lemma 32 (i) The functional 1¢ is a good rate-function.
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(i) If C is closed and Cs D C denotes the §-neighbourhood of C (indifferently
defined via d or d*) then

lim inf I¢ = inf ¢ )
§—>0 weCs (a)) weC (w)

Proof Using (13) and Arzela—Ascoli this is proved as in [35]. O

Lemma 33 Let D be a dissection of [0, 1] with #D points and define the (continuous)
evaluation map

M @) = @ep < [¢* ()] -

Let C be a closed “cylindrical” set of form I'IB1 Awith A € [g2 (Rd)]#D closed. Then

lim sup 4¢log Py (C) < —inf 1 (w).
weC

e—0

Proof Using the short time formula (11) and Lemma 31 this is proved in the same
way as [34, Lemma 3.1]. O

Lemma 34 Forevery § > 0,

lim sup lim sup ¢ log  sup Pg”‘( sup d“ (X,, X,D'") > 8) = —00

m—00 e—=0 xegz(Rd) 0<t<1

where XPr is the d-geodesic approximation connecting the points (X, : t € D™} with
D" ={j/m:j=0,...,m}.

Proof Forafixedt and D = Dy, let tp be the closest pointin D to the left of z. Noting
that X;, = Xg and using Lipschitz equivalence of d and d* we have

d (Xt, X,D) < d (X, X,p) +d° (X,D, Xg) +d" (XP, X{;)

< Cl, (d (Xe. X1p) +d (X’D’ X’%))

We know from the earlier section on strong geodesic approximation that

< 31Xl e
o HOL[0.1] = Xl —ms1: 10,1

sup HXD
D
and it follows that

sup d° (X,,X,D) < 41Xllg—nsi;j0,17 % DI

0<r<l
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where | D| denotes the mesh of D as usual. By a simple scaling argument (Sect. 3.3)
and Proposition 30, (iii) we see that

) 1 82 20
P& (41X llg—ns1:0.17 > dm®) < C3pexp (—C—30 - )

and, noting that C3o does not depend on x,

sup Pf‘x( sup d* (X, X" > 3) < sup P& (4 X lg et 0.1 > 6m)
X X

0<r<l
1 82m2a
< Czpexp (—— )
Cyy ¢

It readily follows that

lim sup lim sup 8logsupIP’“ "( sup d° (X;, '”) > 5) = —00

m— 00 e—>0 0<r<1

as claimed. O

Theorem 35 For any measurable A C C ([0, 11, g (R?))

lim sup 4¢log Py (A) < —inf 17 (w).

e—>0 w€eA

where A is the closure of A w.r.t. to the uniform topology on path space.

Proof It suffices to consider A closed. We write A; D A for the §-neighbourhood of
A (indifferently defined via d or d) and set

159 (w) = inf I1°(@) and Ts:= inf I (w).
wEAS

@:8UP;¢[0, 1] d(wys,wp) <8
If w € A then %4 (w) > T and therefore, D™ being defined as above,

P& (A) < P4 (w0 1 (w) > Tj)
< P& [sup d* (@, o) = 8:| + P [19 (0P) = 73],
t

Noting that lemma 34 states precisely that

m—00 £—0 X 0<t<1

lim sup lim sup ¢ log sup P;"x( sup d? (a),, thm) > 5) = —00.
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and that, by Proposition 31, (ii), the set {w : I (w”m) > T} is equal to
= {w : i—dﬂ (o 0n1)” Ta]
=l i B
we see from Lemma 33 that for any m,

lim sup 4elog P& [C™] < — incf I* (w) < —Ts.
weC™

e—0

By Lemma 32, lims_,g 75 = inf,eca [ (w) and combining all these results yield the
upper LDP bound. O

7.2 Lower bound
Lemma 36 For every w € Cy ([0, 1], g2 (Rd)) and every § > 0,

lim inf04£ logPi" (Bs () = —1? (w)
E—>

where

Bs (w) = {a) cC, ([o, 1, ¢ (Rd)) . sup d°(wy, @) < 5}.

te(0,1]

Proof Using the short time formula (11), Lemma 31 and the upper LDP this is proved
as [34, Lemma 3.4]. O

Corollary 37 For any measurable A C Cy ([0, 11, g* (R?))
— inf I (w) <lim inf 4elogP"" (A)
weA° e—0

where A° is the interior of A w.r.t. to the uniform topology on path space.

Proof W.l.o.g. assume that A is open. Take any w € A and § > 0 small enough such
that V = Bs (w) C A. From the last lemma it then follows that

lim inf 4elogPy" (A) > lim inf 4elog Py (V) > —I1? (w).
e—0 e—0
As this is true for all f € A we have the result. O

7.3 LDP in Holder topology and Freidlin Wentzell

The above estimates are summarized in

@ Springer



On uniformly subelliptic operators and stochastic area 509

Theorem 38 Let P&~ be the law of t > X“* (et) where X% is the g* (R?)-valued
process associated to the Dirichlet form £%. Then (IP’E“”‘)DO

principle in uniform topology on C, ([0, T1, g* (]Rd)) with good rate function ¢
defined in Eq. (12).

satisfies a large deviation

It would be easy to deduce from this result a functional form of Strassen’s Law of
Iterated Logarithm holds, see [7], but we shall not pursue this here.

Corollary 39 Fix a € [0, 1/2). Then (]P’f”‘ )€>0 satisfies a large deviation principle
in a-Hélder topology on C%~Holder ([0, T1, g° (Rd)) with good rate function 1°.

Proof The random variable HX‘“X ”abe] der Nas @ Gaussian tail foralle < 1/2. By the
inverse contraction principle [6] we see that the large deviation principle in uniform
topology can be strenghtened to «-Holder topology. O

From the contraction principle and Lyons’ universal limit theorem [17] we obtain

Corollary 40 (Freidlin—-Wentzell) Let Y, = & (0, Y0; ng”) denote the R¢-valued
(random) RDE solution driven by X* = X%* (¢-) along fixed Lip>*¢ vector fields
Vi,..., Vq on R® and started at time O from yq fixed (i.e., 7w is the Itd6 map). Let
Qe denote the law of Y. Then (Qg : ¢ > 0) satisfies a large deviation principle in
a-Holder topology, o € [0, 1/2), with good rate function

J9(y) = inf {I”(a)) ‘weCy ([o, 11, ¢ (Rd)) and 'y = 7 (0, yo; a))}.

8 Support theorems

To prove an extension of the Stroock—Varadhan support theorem [13,29] ([3] and [21]
for Holder topology) to RDEs driven by the “Markovian” rough paths X%, it would
be enough to show to for fixed a € E (A) and some @ € (1/3,1/2),

supp (IF’“"‘) =xxCJ® ([0, 11, g (Rd)).

The C direction is obvious (from Sect. 5.2.2) but equality remains an open (and
challenging) problem. Nonetheless, we are able to prove the desired extension of the
Stroock—Varadhan support theorem. First, by shifting the argument of @ we can and
will assume x = 0. If we can show that for fixed a € E (A), some n > 2 and

oe (4. 4).
supp ((Sn)* Pa;o) = ([0’ 1. 8" (Rd))

where S, : Cg’y (10,11, g* (R?)) — Cg’y ([0, 11, g" (R?)) is the continuous Young-
Lyonslift,y € (1/3, 1/2), the extended Stroock—Varadhan support theorem (in Holder
topology of exponent less than 1/n and hence in uniform topology) is a consequence of
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basic consistency properties of RDE solutions and the fundamental continuity result of
rough path theory. Validity of the Stroock—Varadhan support theorem for differential
equations driven by X% in the rough paths sense was conjectured, via conditional
statements, by T. Lyons in [18].

8.1 Support in uniform topology

Let h, x € C} ([0, 11, R?). Every such x can be lifted to S(x) € Cy~** ([0, 11,
g2 (Rd)) via iterated integration. Similarly, one can lift x 4 A, the translation of x in
direction &, to a g2 (Rd )—valued path S(x +h). Provided @ € (1/3, 1/2],this operation
extends to a continuous translation operator 7},

x € co—Hol ([o, 1, ¢ (Rd)) > Tpx € CHol ([0, 11, g2 (Rd)).

We refer to [19] for details. We note that for 2 € C& ([O, 1], Rd) fixed and a sequence
(Xk),

1 ThXxllg—pgst — O ask — oo iff dy_pe (S (h),xx) > 0 ask — oo.

Assuming that a(x) only depends on m(x) , with abuse of notation a = a (1 (+)),
we have that X + 4 is Markov with (formal) generator

S (al‘f (—h) a,-) + > ko
i,j k
and 7, X is a Markov with (formal) generator

> Ui (¥ o1 () = h) Uj) + D iU
iJ k

where Uy, ..., Uy are the generating left-invariant vector fields on g> (Rd).

Proposition 41 Let h € CO1 ([0, 1], Rd). There exists a constant C41 depending only
on A and |fl|oo,[0 1 such that for all ¢ € (0, 1],

. 1 Cy
0
PO (1T X llosj0,1] < €) = T P (—8—2)

As a consequence, the support of P*0 equals the closure of S (C(l) ([0, 11, Rd)), with
respect to uniform topology on Cy ([O, 11, g2 (Rd)).
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Proof We first consider 4 = 0. Let n be the smallest integer such that n= /% < /2.
Setyp =0 € g° (Rd). Clearly, P40 (||X||Oo’[0’1] < 5) is greater or equal than

. i+ 1
Qo i= PO (Vie{l,...,n}:HXiH<n_l/2 and  X,€B (0, ¢) Vre[’—,’+ D
n n n

Hence, letting pB (0.9)denote the Dirichlet heat kernel for X = X“;O, the Markov pro-
perty implies

den= / / PE©.e) /1,50, Y1)+ Po.) (/10 yu—1, yn) dy1- - -dyn.
B(0.-12)  B(0.n-1/2)

We join the points y; and y; 11 by the curve y;, which is the concatenation of a geodesic
curve joining y; to 0 and a geodesic curve between O to y; 1. In particular, the length
of y; is bounded by 2n~1/2, and y; remains in the ball B (0,n~'/2) C B (0, ¢/2).
Hence

R; =d" (Vi’ s (Rd) /B (0, 8)) >¢e/2>n"1/?

and we can apply the lower heat kernel bounds for the killed process with t = 1/n
and § = min (Rl2 t) = 1/n to obtain

a nd’/? 1 2 Cil
pB((),g) (l/nv Yis )’z+1) > 1 eXp (_C41nd ()’i, Yi+1) )exp T
Cy nR;
nd2/2
> ol exp (—SCil)
41

where we used d (i, yit+1) < 2n~ 12 and R; > n~Y2, Since m (B, (0)) ~ N with
doubling constant N = d” we find

" 1 m (B (O, n_l/z))
Gen > —— exp —5Ch ) x ——> T
e,n llzll Ci] ( 41) (nfl/Z)dz

> {exp (—Cfl)}n > exp (—Cg—‘zl)

For h # 0 we note that the process 7} (X) is described by a non-symmetric, time
dependent Dirichlet form as in [31], for instance. More precisely, the R¢-valued pro-
cesst— h(t)+ X! (¢) is desribed by the form

(foo = [[a Cnasa+en cnag]ax
R4
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and the bilinear form for 7}, (X) its the natural lift obtained by replacing 9; by U; for
i=1,...,d,

(f.8) = / |4 (r1 (). D) Ui fUjg + ' (.0 Ui f | dm
g*(R7)

Such lower order perturbations and time-dependence have been discussed in [27,28,
33]. In particular, there are lower heat kernel bounds for the killed process which allow
the above proof to go through. O

8.2 Support in Holder topology: a conditional result

Motivated by [9] we first study the probability that X%* stays in bounded open domain
D C g* (RY) for long times.

Proposition 42 Let D be an open domain in g> (Rd) with finite volume, no regularity
assumptions are made about dD. Let a € E (A) and X¢ be the process associated
1o £ started at x € g* (Rd) and assume x € D. Then there exist positive constants
K1 = Ki(x, D, A) and K> = K, (D, A) so that forallt > 0

Kie™ <P[X{* € DVs:0<s <t] < Koe™

where A = A{ > 0 is the simple and first Dirichlet eigenvalue of —L® on the domain
D. Moreover,

Va € 8(A):0 < Amin < A{ < Amax < 00

where Amin, Amax depend only on A and D.

Remark 43 The proof will show that Ky ~ /{ (x). Noting that v{ (x)efklllt solves the
same PDE as u (¢, x), the above can be regarded as a “partial” parabolic boundary
Harnack statement.

Proof 1If p{, denotes the Dirichlet heat kernel for D we can write

u? (t,x) :=P* [Xf eDVs:0<s < t] = /p“D(t,x,y)dy.
D

Recall [12] that p{, is the kernel for a semigroup Pf, : L% (D) — L2 (D) which
corresponds to the Dirichlet form (£¢, Fp) whose domain Fp consists of all f € F =
D (£%) with quasi continuous modifications equal to 0 g.e. on D¢. The infinitesimal
generator of Pf, denoted by L%, is a self-adjoint, densely defined operator with
spectrum o (—L%) C [0, 00). We now use an ultracontractivity argument to show that
o (—L‘Il)) is discrete. To this end, we note that the upper bound on p“ plainly implies

1p% (1, )|, = O(4/2). Since |D| < oo if follows that | P& (1) ,1_,~ < o0

— L™
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which is, by definition, ultracontractivity of the semigroup Pp). It is now a standard
consequence [5, Theorem 2.1.4] that o (—L%)) = {1,125, ...} C [0, 00), listed in
non-decreasing order. Moreover, it is clear that )fl' # 0; indeed the kernel estimates
are plenty to see that || P (1) || 12,12 — 0ast — oo which contradicts the existence

of non-zero f € L% (D) so that Pj (1) f = f forallt > 0. Let us note that

A = inf o (H)
= inf {5“ (f, f): f € Fpwith | fli2py = l} (by Rayleigh-Ritz)

D

andsince I' (f, f) /T (f. f) € [A~!, A]for f # Oitfollowsthat A € [Amin, Amax]
for alla € E (A) where we set

Amin = ATAL Apax = ALL (14)

From [5, Theorem 1.4.3] the lower heat kernel estimates for the killed process imply
irreducibility of the semigroup P#, hence simplicity of the first eigenvalue A, and there
is an a.s. strictly positive eigenfunction to A = A{, say ¥ = ¥, and by De Giorgi-
Moser-Nash regularity we may assume that 1 is Holder continuous and strictly positive
away from the boundary (this follows also from Harnack’s inequality). We also can
(and will) assume that [|{/[|.2(p) = 1.

Lower bound: Noting that v (¢, x) = e "1/ (x) is a weak solution of 3,v = L% v with
v (0, ) = ¥ we have

v (1, x) =/p7')(t,x,y)w(y)dy,
D

at first for, a.e., x but by using a Holder regular version of p¢, the above holds for all
x € D. It follows that

0 <y
_ o / PGt X, )Y ()dy
D
= [t e [ (v 0w @dsdy
D D

IA

ex(wl)/ Po X, y) /[p‘l‘)(l,y,z)]zdz\// Y2 (z)dz | dy
D D

C (A, D) Dy (1, x)
=[C (A, D) e)‘"‘“] x eMu (¢, x)

IA
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and this gives the lower bound with K| = v (x)/[C (A, D) e*m]. Clearly ¢ = y/{
depends on a and a piori so does Kj. We now show that ¥ (and hence K1) depends
on a only through A. From

o0
Poty. ) =D e M |yt
i=1

evaluated at r = 1 say we see that

YOI < e ph(ly,y) < e ph(l,y,y) < e pi(L y, y)
and by using our upper heat kernel estimates for p* we see that there is a constant
M = M (A, D) such that ||, < M. Given x and M we can find a compact set & C

D sothatm (D\R) < 1/(4M2) and x € R (recall that m is Haar measure on g2 (]Rd)).
By Harnack’s inequality

sup ¥ < Cy(x).
R

for C = C (R, A) = C (x, D, A). We then have

=¥l = Mym (D\R) + CY(x)ym (R) = 1/2 4+ C(x)y/m (D)

which gives the required lower bound on ¥ (x) = v¥{ (x) which only depends on x, D
and A.

Upper bound : Recall that —A = —A{ denotes the first eigenvalue of L¢, with associated
semigroup Pj,. It follows that

|PE @) fl2 <e™™Iflp2

which may be rewritten as

/P‘b(tv"z)f(z)dZ Seim|f|[‘2~

D L2
Lett > 1. Using Chapman—Kolmogorov and symmetry of the kernel,
u(t,x) = /p“D (t,x,2)dz = //p“D(l,x, »ph @ —1,z, y)dydz
D D

D
) 172

_ J/m (D) / /p‘,sa—l,z,wp‘z)(l,x,y)dy dz

D D
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= /m (D) /p‘})(t— L, y)ppH(1, x, y)dy

D LZ(D)
= Vm (D) |Pp (t = 1) ph (1.x. )] 2,
S Vm(D)e_)L(l_l) |p% (19 X, .)|L2(D)

< m (D)e*mxe™ [pd (2, x, x)

< Kze_)‘t.

where we used upper heat kernel estimates in the last step to obtain K» = K5 (D, A).
(]

Corollary 44 Fix a € E (A). There exists K = K (A) and for all ¢ > 0O there exist
x = A9 such that

_ _ -2
K~ le e < Pa’O[HXHo,[o,z] <¢] (15)

-2

Vx o PO (X0 < €] < Ke ™. (16)
Proof A straight-forward consequence of scaling and Proposition 42 applied to
D=BOD={y:lyll <1}

where ||-|| is the standard CC norm on g2 (Rd). Then A is the first eigenvalue corres-
ponding to a scaled by factor ¢. O

Proposition 45 Let o € [0, 1/2). There exists a constant Ca5 such that for all ¢ €
O0,1]and R > 0

2
IPa’O sup HXSJH >~ R ”X”O[O np<el]= Cysexp _LR— .
lr—s|<e2 [T =51 ” B Cys e2(172)

Proof There will be no confusion to write P* = P“* and P} = P* (-I 1XIlo:0,17 < e).
Suppose there exists a pair of times s, # € [0, 1] such that

X

|t —s]®

s <t, |t—s|<82 and

Then there exists a k € {1,..., [1/&?]} so that [s,7] C [(k — D) &%, (k+ 1) &?]. In
particular, the probability that such a pair of times exists is at most

[1/¢7]
> E (”X”a,[(kfl)sz,(kJrl)ez] > R)~

k=1
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Set [(k — 1) &%, (k + 1) 2] =: [T}, T»]. The rest of the proof is concerned with the
existence of C such that

R
P (11Xllo,7, 731 > R) < Cexp (_C lgzu—za))

since the factor (1 / 82—| can be absorbed in the exponential factor be making C bigger.
We estimate

PO (IXla(7y.75 > R [IXllo.0.1) < €)
_ PO (X lai7,.751 > Rs 11Xl o131 < &5 [Xllo,rr.17 < )
= PO[11Xllo.10.17 < €]

By using the Markov-property and the above lemma, writing 1) = A% this equals

EO [PXTZ (I1X1l0.10.1-751 < €)5 1 Xllary.751 > R: 1Xllojo.7y7 < 8]
PO [11X] o, 10,17 < €]

(&)g=2 2@ 1= -2
= €M TR [ TP Xl g7, 7y > R: 1Xlo o) <€

() -2
= Ce" TP [1X] g7y 15) > R X007y < €]

where constants were allowed to change in insignificant ways. If X had indepedent
increments in the group (such as is the case for Enhanced Brownian motion B) PV [. . .]
would split up immediately. This is not the case here but the Markov property serves
as a substitute; using the Dirichlet heat kernel p‘é(o’s)we can write

PO (11X g 71751 > R: 1Xllo.0.777 < €]
= / dx p%o.e) (11,0, ) P [1IX] g 10, 75-77) > R]-

B(0,¢)

Then, scaling and the usual Fernique-type estimates for the Holder norm of X gives

1( R\
sup P* [[1X[l, 0,7, -1y > R] < CCXP(—E (_51—2(1) )
X
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where we used T» — T} = 2¢2, and we obtain

PO (11Xl (7.7 > R [1Xllojo.7y] < €]

1 R \*\.o
<Cexp| —z o= ) )P0 [IXllo0.1 < €]

1 R 2 a7 g2
SCCXP(—E ({;ITZO‘) )e 1 .

Putting things together we have

2
©) (T o2 1 R
B (Xl 11,75 > R[IIXlloo.) < ) = €70 e"p(_E (%) )

1 R \?
2)\max
< Ce exp( C (812"‘) )

and the proof is finished. O

Corollary 46 Let o € [0, 1/2). For all R > 0 the ball {X DXl —ms1:0.17 < R} has
positive P*O-measure and

lim P (Xl -piotj0.11 < R| 1Xllospo.1y < £) = 1. (17)

Proof We first observe that the uniform conditioning allows to localise the H6 Ider
norm. More precisely, take s < ¢ in [0, 1] with t — s > €2 and note that from
IXllo:j0,17 < & we get HX”H /t—s]% < e!=2* Tt follows that for fixed R and ¢
small enough,

PO (1Xly—mstj0.1 = R| 1Xllo:j0.17 < &)

X
=P qup ”S”LzRHMMmu<8
lt—s|<g? |t — sl

and the preceding proposition shows convergence to zero with € and (17) follows.
Finally,

]P)a’o (”X”afHﬁl;[O,l] < R) > ]P)a’o (”X”otin)'l;[O,l] < R| ”X”O;[O,l] < 8)
< PO (Xl 0,17 < £)
> pa-0 (IXllo:f0.17 < €) /2 (for € small enough)

and this is positive by either Proposition 44 or Proposition 41. O
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518 P. Friz, N. Victoir

Corollary 47 LetY = 7 (0, yo; X“°) = 7 (X) denote the R¢-valued (random) RDE
solution driven by X®* along fixed Lip**¢ vector fields Vi, . .., V4 on R¢ and started
at time 0 from yy fixed. Then, for any R > 0,

PO (1Y |y —potjo.1] > R| IXllo.o.1) < €) = 0 withe — 0.

Proof From, Lyons’ limit theorem, [|X||,_pg1.[0,1) —> O implies, deterministically,
1Y lo—nsi;0,11 = 0 o

8.3 The Stroock—Varadhan support theorem for Markov RDEs

Let h € C(l)_VaI ([0, 1], Rd). Give a uniformly elliptic a : RY > R4 @ RY, so
that a o m; € E (A) we know that 7j, (X%) is Markov. Furthermore, Xo .= Xg,, €
CgiH.dl ([0, 11, g2 (Rd)) for y € (1/3,1/2) and from basic facts of the translation
operator we also have

Ty (X) € ¢} 19! ([o, 11, g (Rd))

This “step-2” y-Holder rough path lifts uniquely and continuously to any step-N rough
path

Sy (Ty (X)) e ;19! ([o, 1, ¢V (Rd)).

Obviously, specializing to 2 = 0 and it is clear that Sy (X) is also «-Holder for
1/(N+1) <a < 1/N and thus a “step-N”’ «-rough path in its own right. By basic
consistency properties of rough differential equations, the solutions corresponding to
driving Sy (X), as step-N rough path, and X as step-2 rough path, coincide. Hence, it
is good enough to obtain a support description for Sy (X) in «-Holder topology and
we are able to do this with N = 6 and any o < 1/6.

Lemma 48 Lety € Cg_Hél ([0, 11, g2 (Rd)), y € (1/3,1/2). For every integer N,
there exists K such that for all s < t in [0, 1],

ISv (D —not; (5,01 < KN 1YL —Ho1: 5,11

(Notice that the respective y-Hélder “norms” are with respect to g™ (Rd)-valued
paths on the left-hand-side and with respect to g* (Rd)-valued paths on the right-
hand-side.)

Proof See [17, p. 242]. o

Proposition 49 Let y € [0,1/2). Let h € CL™ ([0, 11,RY) and y € ¢}

([O, 1], g2 (Rd)). Then, there exists a constant C49 > O suchthatforall0 <s <t <1,

170 )| = Cao (I¥11, —moteps.oy 18 = SI7 + 1B1) —var,15.07) - (18)
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On uniformly subelliptic operators and stochastic area 519

In particular, if h € 'H, the usual Cameron—Martin space with |h|y = |l:l|L2([0 1LRA) »
then

1
ITh DI —no1 (5.1 = Ca9 <||Y||y—H<51;[s,z] + iy It — 5|2 y)- 19)

Proof 1t is easy to see that ” Th (Y5 H is less equal than a constant times

t t

+ \/M"‘ /hs,r ® dl’lr + /hs,r ® dyr

N N

hs: + Y;,z

The first three summand are easy to estimate. To deal with the last two it suffices to
note

= \/ sup |ys,r‘-|h|1—var,[s,t]

rels,t]

IA

1 1
A sup] |ys,r| + ) |h|17var,[s,t] )

2 rels,t

then use integration by parts for the last summand. Finally, []| _yar. 5. < |1l3¢ [t — 5] >
implies (19). O

Let us remark that Proposition 41 and remains valid with identical proof in the step-
N setting. (The toolbox of Dirchlet forms applies immediately with gV (Rd ) instead
of g? (R?). Constants may depend on N, but N = 6 will suffice for us.

Theorem 50 Let h be a Lipschitz path and « € [0, 1/6). Then, for all ¢ > 0,

P (I1Ss (Tin X)) lg—tosfo,11 < €) > 0.
Proof By take « close enough to 1/6 we may assyme that N = [1/a] = 6. We
shall choose a (good) Holder exponent y = y («) € (1/3, 1/2), to be chosen below
(y =1/3+(1/6 — «) /2 will do). For any p > 0 (to be choose large later on),

P ISy (Tn X)) llg—ts1:10.1] > €)

S ]P) Sup w > & +IED Sup w > ¢
[t—s|<ePl [t —s| |t—s|>eP |t — 5|

cpf wp GO g, IO )
i—si<er 1t —sl” —sjzer It —sI*
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520 P. Friz, N. Victoir

Using P(A) <P(B) +P(C) = P (A°) > —P(B) + P (C*) we see that

Sy (T (X)),
P (ISn (Th X)) llg—mst:[0.1] < €) = —]P’( sup M > 8)

[t—s|<eP |t —s|”

+P (1I1Sx (Th XD lloorjo.17 < &- (7))
= () + D).

and the proof will be finished if we can find p = p («) such that (/) /(II) — O as
& — 0. It follows from Proposition 41 that as ¢ — 0,

1 o 2 1 1 24+2pa
(II) > —exp|—ci (8 4 ) = —exp| -1 |-
C1 C1 &

which we express without the irrelevant positive constants as

1 2+2pa
log(I1) 2 — (g) . (20)

At the same time,

(I) =P sup w > &
[t—s|<eP [t —s]”

[1/e71

Z P (I1Sn (Th )y —Ho1: [(k—1)er .kt 1yer] > €)
k=1

[1/eP] ¢
Z P (”Th Xy —HoL:[(k=1)e?, (k+1)sP] > a)
k=1

A

IA

where ¢ = Ky is the constant from Lemma 48. (Here we used y > 1/3.) By
Proposition 49 this estimate continues with

A

[1/671 1 .
I-y
>p (llxlly—ﬂm;[(k—l)sp,(k+1)ap] + |hly (267)27 > g)

[1/eP7

&
Z P (”X”y—Hél;[(k—l)sl’,(k+l)81’] > a)

k=1

IA

where the term indicated by the curley bracket can indeed by omitted as ¢ — 0
provided p is chosen large enough so that p (1/2 — y) > 1. With scaling and Fernique
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estimates we see that

/e

” ” & < 1 & 2
p X a1 4 > — csel ex —
E y—Hol; [(k—1)eP,(k+1)eP] ca) = 5 p cs (81’)1/2_)/

k=1

Focusing on the decay rate of (/) and again ignoring irrelevant positive constants, we

see that
e 2 1\ ~2+p(1-2y)
< - — (=
log (1) < ((Sp)l/2—y) (s) .

Recalling log (1) > — (1/¢)>TPC it is clear that, by choosing p large enough,
(I)/UI) — Oase — 0provided that 1 —2y > 2a. Our only constraintis y > 1/3
and we now see that this is precisely possible when « < 1/6 and so the proof is
finished. O
Corollary 51 The support of the law of Se (Xgo) ina-Holder topology, o € [0, 1/6),

equals Cg 10 ([0, 11, g° (RY)).

Proof Given « € (0,1), N = [1/a], a fixed Lipschitz & and x € Cg""—Hﬁl
(10, 11, gV (R?)) we know [19, p57] that

X — T (X)

is continuous under dy_Hg on the pathspace Cg‘afHél. It then easily follows that

Ty (x") > 0 < x" — Sy (h).

Indeed, “<=" comes from continuity of x+— 7_j (x) and T_j, (Sy (h)) =Sy (h—h)=
0 while “=" follows from

ThT-n (x") = T (0).
—_————— ~——
=x" S (H)

Then use Theorem 50. O
Corollary 52 (Stroock—Varadhan) Let Y = 7 (0, yo; X**) = w (X*¥) denote the
R¢-valued (random) RDE solution driven by X% along fixed Lip®*® vector fields
Vi,..., Vg on R and started at time O from yqo fixed. Let QQ denote the law of

(Y; : 0 <t <1). Then the support of Q in uniform topology is the closure of all
control ODE solution,

S = {n ©, yo, h) 1 h € C! ([o, 11, ]Rd)}.
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522 P. Friz, N. Victoir

Here y = 7 (0, yo, h) denotes the unique solution, started at time O from yy, of the
ordinary differential equation

d
dy =D Vi(ydn'.

i=1

Proof 'Y is obtained as RDE solution driven by a X*°. By a basic consistency proper-
ties of RDE solutions, it is also the RDE solution driven by Sg (X”'O) . By continuity of
the Itd6-Lyons map, the support description of the later implies the Stroock—Varadhan
support description for Y. O

Acknowledgements The authors would like to thank T. J. Lyons, S. R. S. Varadhan and J. R. Norris
for helpful discussions. The first author is grateful to T. Coulhon, A. A. Grigor’yan and E. B. Davies for
conversations during the writing of Sect. 8.2.

References

1. Aronson, D.G.: Bounds for the fundamental solution of a parabolic equation. Bull. Am. Math.
Soc. 73, 890-896 (1967)
2. Bass, R.F.,, Kumagai, T.: Laws of the iterated logarithm for some symmetric diffusion processes. Osaka
J. Math. 37(3), 625-650 (2000)
3. Arous, G.B., Gradinaru, M., Ledoux, M.: Holder norms and the support theorem for diffusions. Ann.
Inst. H. Poincaré Probab. Stat. 30(3), 415436 (1994)
4. Carlen, E.A., Kusuoka, S., Stroock, D.W.: Upper bounds for symmetric Markov transition func-
tions. Ann. Inst. H. Poincaré Probab. Stat. 23(2, suppl), 245-287 (1987)
5. Davies, E.B.: Heat Kernels and Spectral Theory, Vol. 92 of Cambridge Tracts in Mathematics. Cam-
bridge University Press, Cambridge (1989)
6. Dembo, A., Zeitouni, O.: Large Deviations Techniques and Applications, Vol. 38 of Applications of
Mathematics (New York), Second edition. Springer, New York (1998)
7. Deuschel, J.-D., Stroock, D.W.: Large Deviations, Vol. 137 of Pure and Applied Mathematics. Aca-
demic, Boston (1989)
8. Fabes, E.B., Stroock, D.W.: A new proof of Moser’s parabolic Harnack inequality using the old ideas
of Nash. Arch. Rational Mech. Anal. 96(4), 327-338 (1986)
9. Friz, P, Lyons, T., Stroock, D.: Lévy’s area under conditioning. Ann. Inst. H. Poincaré Probab.
Stat. 42(1), 89-101 (2006)
10. Friz, P, Victoir, N.: A note on the notion of geometric rough paths. Probab. Theory Related
Fields 136, 395-416 (2006)
11. Friz, P, Victoir, N.: Euler estimates for rough differential equations. J. Differ. Equ. (2007). doi:10.
1016/j.jde.2007.10.008
12. Fukushima, M., Oshima, Y., Takeda, M.: Dirichlet Forms and Symmetric Markov Processes, Vol. 19
of de Gruyter Studies in Mathematics. Walter de Gruyter, Berlin (1994)
13. Ikeda, N., Watanabe, S.: Stochastic Differential Equations and Diffusion Processes, Second edi-
tion. North-Holland, Amsterdam (1989)
14. Jerison, D.: The Poincaré inequality for vector fields satisfying Hormander’s condition. Duke Math.
J. 53(2), 503-523 (1986)
15. Lejay, A.: Stochastic differential equations driven by processes generated by divergence form operators
I: a Wong—Zakai theorem. ESAIM Probab. Stat. 10, 356-379 (2006)
16. Lejay, A.: Stochastic differential equations driven by processes generated by divergence form operators
II: Convergence results. ESAIM Probab. Stat. (2007, accepted)
17. Lyons, T.: Differential equations driven by rough signals. Rev. Mat. Iberoamericana 14(2), 215-
310 (1998)
18. Lyons, T.: St. Flour Lectures on Rough Paths, 2004. Handwritten notes available at www.sag.maths.
ox.ac.uk/tlyons/st-flour/

@ Springer


http://dx.doi.org/10.1016/j.jde.2007.10.008
http://dx.doi.org/10.1016/j.jde.2007.10.008
www.sag.maths.ox.ac.uk/tlyons/st-flour/
www.sag.maths.ox.ac.uk/tlyons/st-flour/

On uniformly subelliptic operators and stochastic area 523

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Lyons, T., Qian, Z.: System Control and Rough Paths. Oxford University Press, Oxford Mathematical
Monographs, (2002)

Lyons, T., Stoica, L.: The limits of stochastic integrals of differential forms. Ann. Probab. 27(1),
1-49 (1999)

Millet, A., Sanz-Solé, M.: A simple proof of the support theorem for diffusion processes. In Séminaire
de Probabilités, XX VIII, volume 1583 of Lecture Notes in Math., p. 36-48. Springer, Berlin, (1994)
Montgomery, R.: A tour of subriemannian geometries, their geodesics and applications, Vol. 91 of
Mathematical Surveys and Monographs. American Mathematical Society, Providence, (2002)
Moser, J.: On a pointwise estimate for parabolic differential equations. Commun. Pure Appl.
Math. 24, 727-740 (1971)

Moser, J.: A Harnack inequality for parabolic differential equations. Commun. Pure Appl.
Math. 17, 101-134 (1964)

Ramirez, J.A.: Short-time asymptotics in Dirichlet spaces. Commun. Pure Appl. Math. 54(3), 259—
293 (2001)

Robinson, D.W.: Elliptic Operators and Lie Groups. Oxford Mathematical Monographs. Clarendon,
Oxford University Press, New York, 1991. Oxford Science Publications

Saloff-Coste, L., Stroock, D.W.: Opérateurs uniformément sous-elliptiques sur les groupes de Lie.
J. Funct. Anal. 98(1), 97-121 (1991)

Stroock, D.W.: Diffusion semigroups corresponding to uniformly elliptic divergence form operators. In
Séminaire de Probabilités, XXII, Vol. 1321 of Lecture Notes in Math., pp. 316-347. Springer, Berlin,
(1988)

Stroock, D.W., Varadhan, S.R.S.: On the support of diffusion processes with applications to the strong
maximum principle. In Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and
Probability (Univ. California, Berkeley, CA, 1970/1971), Vol. III: Probability theory, pp. 333-359,
Berkeley, 1972. University California Press

Sturm, K.T.: Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality. J. Math. Pures
Appl. (9), 75(3), 273-297 (1996)

Sturm, K.-T.: Analysis on local Dirichlet spaces. II. Upper Gaussian estimates for the fundamental
solutions of parabolic equations. Osaka J. Math. 32(2), 275-312 (1995)

Sturm, K.-T.: On the geometry defined by Dirichlet forms. In Seminar on Stochastic Analysis, Random
Fields and Applications (Ascona, 1993), volume 36 of Progr. Probab., pp. 231-242. Birkhiuser, Basel,
(1995)

ter Elst, A.FM., Robinson, D.W.: Second-order subelliptic operators on Lie groups. II. Real measurable
principal coefficients. In Semigroups of operators: theory and applications (Newport Beach, CA, 1998),
vol. 42 of Progr. Nonlinear Differential Equations Appl., pp. 103—124. Birkhiuser, Basel, (2000)
Varadhan, S.R.S.: Diffusion processes in a small time interval. Commun. Pure Appl. Math. 20, 659—
685 (1967)

Varadhan, S.R.S.: Lectures on diffusion problems and partial differential equations, Vol. 64 of Tata
Institute of Fundamental Research Lectures on Mathematics and Physics. Tata Institute of Fundamental
Research, Bombay, 1980. With notes by Pl. Muthuramalingam and Tara R. Nanda

Varopoulos, N.Th.: Small time Gaussian estimates of heat diffusion kernels. II. The theory of large
deviations. J. Funct. Anal. 93(1), 1-33 (1990)

Varopoulos, N.Th., Saloff-Coste, L., Coulhon, T.: Analysis and Geometry on Groups, Vol. 100 of
Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge (1992)

@ Springer



	On uniformly subelliptic operators and stochastic area
	Abstract
	1 Introduction
	2 Analysis on the group
	3 Uniformly subelliptic dirichlet forms
	3.1 Upper and lower heat kernel bounds
	3.2 The associated Markov process
	3.3 Scaling
	3.4 Short time asymptotics
	3.5 A lower bound for the killed process

	4 Construction of associated rough paths
	5 Approximations
	5.1 Weak convergence
	5.2 Strong convergence

	6 RDE solutions as Markov processes
	7 Large deviations
	7.1 Upper bound
	7.2 Lower bound
	7.3 LDP in Hölder topology and Freidlin Wentzell

	8 Support theorems
	8.1 Support in uniform topology
	8.2 Support in Hölder topology: a conditional result
	8.3 The Stroock--Varadhan support theorem for Markov RDEs

	Acknowledgements


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


