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Abstract We consider the random fragmentation process introduced by
Kolmogorov, where a particle having some mass is broken into pieces and the mass is
distributed among the pieces at random in such a way that the proportions of the mass
shared among different daughters are specified by some given probability distribution
(the dislocation law); this is repeated recursively for all pieces. More precisely, we
consider a version where the fragmentation stops when the mass of a fragment is below
some given threshold, and we study the associated random tree. Dean and Majumdar
found a phase transition for this process: the number of fragmentations is asymptoti-
cally normal for some dislocation laws but not for others, depending on the position
of roots of a certain characteristic equation. This parallels the behavior of discrete
analogues with various random trees that have been studied in computer science. We
give rigorous proofs of this phase transition, and add further details. The proof uses
the contraction method. We extend some previous results for recursive sequences of
random variables to families of random variables with a continuous parameter; we
believe that this extension has independent interest.
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400 S. Janson, R. Neininger

1 The problem and result

Consider the following fragmentation process, introduced by Kolmogorov [28], see
also Bertoin [3, Chapter 1] and the references in [3, Section 1.6]. Fix b > 2 and the
law for a random vector V = (V, ..., V}); this is commonly called the dislocation
law. We assume throughout the paper that 0 < V; <1, j=1,...,b,and

Vi =1, (1.1)

b
=1

J

i.e., that (Vq, ..., V}) belongs to the standard simplex. For simplicity we also assume
that each V; < 1 a.s. We allow V; = 0, but note that, a.s., 0 < V; < 1 for at least
one j. (The case (1.1) is called conservative. The non-conservative case, not treated
here, is known to be quite different.)

Starting with an object of mass x > 1, we break it into b pieces with masses
Vix, ..., Vpx. Continue recursively with each piece of mass > 1, using new (indepen-
dent) copies of the random vector (V7, ..., V) each time. The process terminates a.s.
after a finite number of steps, leaving a finite set of fragments of masses <1.

As said above, this model has been studied by many authors, with or without our
stopping rule and often without assuming (1.1). The model can be embedded in contin-
uous time (this is immaterial for our purpose), see Bertoin [3, Chapter 1]; in particular,
[3, Section 1.4.4] uses the same stopping rule as we do (in a more general situation
than ours). Different stopping rules are treated by Gnedin and Yakubovich [19] and
Krapivsky et al. [29,30].

We let N(x) be the random number of fragmentation events, i.e., the number of
pieces of mass >1 that appear during the process; further, let N, (x) be the final number
of fragments, i.e., the number of pieces of mass <1 that appear. Dean and Majumdar
[12] found (without giving a rigorous proof) that the asymptotic behavior of N (x) as
x — oo depends on the position of the roots of a certain characteristic equation; the
main purpose of this paper is to give a precise version of this in Theorem 1.3 below.
Some special cases have earlier been studied by other authors, see Sect. 7.

It is natural to consider the fragmentation process as a tree, with the root represent-
ing the original object, its children representing the pieces of the first fragmentation,
and so on. It is then convenient to let the fragmentation go on for ever, although we
ignore what happens to pieces smaller than 1. Let us mark each node with the mass
of the corresponding object.

We thus consider the infinite rooted b-ary tree T}, whose nodes are labeled with the
strings J = ji - -+ jx with j; € {1, ..., b} and k > 0. Let B* denote the set of all such
strings, and let (VI(J), R Vb(J)), J € B*, be independent copies of V. Then node

J = ji---jx gets the mass x []*_, Vj.(ijl"'ji*‘). Thus N (x) is the number of nodes
with mass >1, i.e.,

N(x) = Z l{xl—lle Vj(i_,'l..._,'l-fl)zl}. (]2)

JeB*
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The size of random fragmentation trees 401

By the recursive construction of the fragmentation process, we have N(x) = 0 for
0<x<1and

b
NS 1+ > NDVin), x =1, (1.3)
j=1

where N (.) are copies of the process N(-), independent of each other and of
Vi, ..., Vp).

We define the fragmentation tree T (x) to be the subtree of 7 (co) = T} consisting
of all nodes with mass >1. Thus N (x) = |7 (x)|, the number of nodes in 7 (x). More
precisely, using standard terminology for trees, we call these nodes internal nodes of
7T (x), and we say that a node in 7 (c0) is an external node of 7T (x) if it has label <1
but its parent is an internal node of 7 (x).

Thus N (x) is the number of internal nodes, and N,(x) is the number of external
nodes. Since each internal node has b internal or external children, we have, forx > 1,
N(x)+ N.(x) =14+ bN(x), or N.(x) = (b — 1)N(x) + 1. Hence the results for
N (x) immediately yield similar results for N, (x) and the total number of external and
internal nodes N (x) + N,(x) too.

In this paper we thus study the size of the fragmentation tree 7 (x). Of course, it is
interesting to study other properties too, such as height, path length, profile, ...

Remark 1.1 1t is obviously equivalent to instead start with mass 1, so node J =
J1 -+ jr gets the mass Hfle Vj(i“'"]"*l), and then keep all nodes with mass > ¢ = 1/x,
now considering asymptotics as ¢ — 0. This formulation (used for example by Bertoin
[3, Section 1.4.4]) is sometimes more convenient, for example, it allows us to define
T (x) for all x > 0 simultaneously, using the same Vj(J); this defines (7 (x)),>0 as
an increasing stochastic process of trees. Nevertheless, for our purposes we prefer
the formulation above, mainly because of the connection with the discrete models
discussed in Remark 9.3.

Remark 1.2 We assume for convenience that each object is split into the same number
b of parts. Our method applies also to some case of a random number of parts. Indeed,
if the number of parts is bounded, we can use the results below with b large enough,
setting the non-existing V; := 0. It seems possible to extend the proofs below with
minor modifications to the cases when the number of parts b = oo or b is random and
unbounded (under suitable assumptions), but we have not pursued this and we leave
this extension to the reader.
Note that N (x) makes sense also for b = oo, while N, (x) = oc in this case.

Our main result is Theorem 1.3 below on the asymptotic distribution of N (x),
together with the corresponding estimates for mean and variance given in Theorem 3.1.
We define (with 0% := 0), at least for Re z > 0,

b
$(2) =D EV, (1.4)

j=1
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402 S. Janson, R. Neininger

and note that ¢ (z) is bounded and analytic in the open right half-plane {z : Re z > 0}.
More precisely, there exists a € [—o00, 0) such that (1.4) converges for real z > a
but not for z < a; then ¢ (z) is analytic in {z : Rez > a}. In some cases, ¢ may be
extended to a meromorphic function in a larger domain. (For several examples of this,
see Sect. 7.)

Since we assume (1.1), clearly ¢(1) = 1. Since further 0 < V; < 1 as., the
function ¢ (z) is decreasing for real z > 0; hence ¢(z) > 1 when 0 < z < 1 and
¢(z) < 1forl <z < oo. Further, [p(2)| = 2, E|V;| = ¢(Rez),s0[p(2)] < 1
when Rez > 1.

A crucial role is played by the solutions to the characteristic equation

o) = 1. (1.5)

By the comments above, A = 1 is one root, and Re 1 < 1 for every root A; furthermore,
there is no real root in (0, 1). Let, for any § € [—00, 00) such that ¢ is analytic, or
at least meromorphic, in {z : Rez > §}, M (8) be the number of roots A of (1.5) with
Re A > 6.

We further define

b
a=—¢'(1) =D E(=V;InV)), (1.6)

j=1

the expected entropy of (V1, ..., Vp).

We need a (weak) regularity condition on the distribution of (Vy, ..., V}). We find
the following convenient, although it can be weakened to Condition B(§) in Sect. 2 for
suitable §. For examples where this regularity and Theorem 1.3 fail, see Example 8.1.

Condition A Each V; has a distribution that is absolutely continuous on (0, 1),
although a point mass at 0 is allowed.

Note that there is no condition on the joint distribution. In one case, however,
we need also a condition including the joint distribution. (Note that both conditions
are satisfied if V has a density on the standard simplex, i.e., if (V,..., V,_1) hasa
density.)

Condition A’ The support of the distribution of V on the standard simplex has an
interior point.

If Condition A holds, then, by Lemmas 2.2 and 2.1 below, the number M (§) of
roots of ¢(A) = 1 in {1 : Re X > §} is finite for every § > 0. We may thus order

the roots with Re A > 0 as Ay, A2, ..., Ay (o) With decreasing real parts: A} = 1 >
Re X, > Re A3z > ---; we will assume this in the sequel. If A; = 1 is the only root
with Re A > 0, we set A, = —oo for convenience.

We let MC denote the space of probability measures on C, and let
M5y i= [nem®: [P ane <o, ana [aane =y, yec.
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The size of random fragmentation trees 403

We let T denote the map (assuming Ay # —00)

b
T: MC - MC, nr—)ﬁ(ZVr)‘ZZ(’)), 1.7)

r=1

where (V1, ..., V), ZW, ..., Z® areindependentand £L(Z)) = nforr =1, ..., b.
Note that 7 maps Mg(y) into itself for each y, since A, satisfies ¢ (Ap) = 1.

We state our main result. The constant « > 0 is defined in (1.6) above and S is
given explicitly in Theorem 3.1. The £, distance between distributions is defined in
Sect. 4.

Theorem 1.3 Suppose that Condition A holds. Then we have:

(i) If Rery < 1/2then EN(x) = a lx + o(y/x), Var N(x) ~ Bx with B > 0
and

N(x) — a lx
Jx
(i) If Rery = 1/2 and each root )i with ReX; = 1/2 is a simple root of

¢ (L) = 1, and further Condition A’ too holds, then E N (x) = o lx+ O (Vx),
Var(N (x)) ~ Bx Inx with B > 0 and

4 N, B).

N(x) — a x4

NOTY: — N(O, B).

(iii) If Rers > 1/2, and A> and A3 = Ay are the only roots of (1.5) with this real
part, and these roots are simple, then E N (x) = a~'x + Re(yx*?) + O (x),
for some y and k withy € C\ {0} and 1/2 < k < Re Ly, and

-1
% (N(x) —aTX b (Eeilmkzlnx)) -0 (xK—Rexz) ’

xRe A2

—~

for some complex random variable E. Furthermore, L(E) is the unique fixed
point of T in Mg(y).

Remark 1.4 In case (iii), the normalized N (x) thus does not converge in distribution;
instead we have an asymptotic periodicity in log x of the distribution. This type of
asymptotic periodicity is common for properties of some types of random trees, see
for example Chern and Hwang [10], Chauvin and Pouyanne [8], Fill and Kapur [16],
Janson [22, Example 7.8, Remark 3.20] and Janson [24, Examples 4.4, 4.5].

The trichotomy in the theorem is very similar to the situation for multi-type branch-
ing processes and generalized Pdlya urns, see [22], in particular Theorems 3.22-3.24
there; in that case, the A; are the eigenvalues of a certain matrix.
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404 S. Janson, R. Neininger

Remark 1.5 We canregard our process as a general (age-dependent) branching process
[21, Chapter 6], provided we make a logarithmic change of time as in Sect. 3. (This ap-
proach has been used in related problems by for example Gnedin and
Yakubovich [19].) Indeed, there are two versions. For internal nodes, the individu-
als in the branching process live for ever, and give birth at times —In Vp, ..., —In V.
For external nodes, we have a splitting process where each individual when it dies
gives birth to new particles with life lengths —In Vi, ..., —In V. For both versions,
we obtain a supercritical branching process with Malthusian parameter 1, but the iden-
tity (1.1) causes the asymptotics for moments and distributions to be quite different
from typical supercritical branching processes; the reason is that the intrinsic martin-
gale [3, Section 1.2.2] degenerates to a constant, unlike in the non-conservative case
(such as, e.g., in [2,4,19]).

Remark 1.6 Distributions that are fixed points of (1.7) can sometimes be found explic-
itly. For example, if A, in (1.7) is real, then the stable distributions of index 1/A; are
examples of fixed points of 7. Note, however, that in our case, A; is never real. More-
over, the fixed points we are interested in have finite variance, and are thus quite
different from stable distributions. Other examples with explicit solutions are given
in, e.g., Gnedin and Yakubovich [19] (in this case, generalized Mittag—Leffler distri-
butions).

For the related Quicksort fixed point equation, Fill and Janson [15] found a com-
plete characterization of the set of fixed points; in that case, all fixed points are formed
by combining certain stable distributions with the unique fixed point with mean 0 and
finite variance.

Remark 1.7 Condition A’ is needed only in part (ii), and is needed only to exclude
the possibility that for each root A; of (1.5) with Re A; = 1/2,

b
> v].*" =1 as. (1.8)
j=1

This is easily seen to be impossible if Condition A" holds, and even otherwise it seems
highly unlikely for any particular example, but it seems possible to construct examples
satisfying Condition A where V is concentrated on a curve, say, such that (1.8) holds.

We will prove the statements on mean and variance, with further refinements, in
Sect. 3. To prove convergence in distribution, we will use a continuous time version
of the contraction method. We develop a general theorem, that we find to be of inde-
pendent interest, in Sect. 5. This theorem is applied to our problem in Sect. 6. Some
examples are given in Sects. 7 and 8.

Remark 1.8 As an alternative to using the random vector V to describe the fragmen-
tation process, one can use the point process > 8y, on [0, 1]. Let n be the intensity
of this process; thus 7 is a measure on [0, 1]. In this formulation, ¢ is the Mellin
transform of the measure 7; further ; and v in Sect. 3 equal the measures 1 and its

size biased version s7(ds) after the change of variable s = e™*.
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The size of random fragmentation trees 405

2 Further preliminaries
We define (again with 0° := 0)
b b b b
Y w)=Cov | D VED VI =E[D VID V| —p@¢pw). Q1)
j=1 j=l1 =

j=1 k=1

In particular, ¥ (z, z) = ]ET|Z[;:1 ij — (j)(z)|2 > 0, with equality only if Z};:l ij =
¢(2) as.

For Re z, Re w > 0, we have |Vf|, |V]?”| < 1 and thus |¢ (z, w)| < 2b%.

We say that V is lattice if there exists a number R > 1 such that every V; €
{R™"},50 U {0} a.s.; otherwise V is non-lattice. Basic Fourier analysis applied to the
probability measure v defined in (3.16) shows that V is non-lattice if and only if A = 1
is the only root of (1.5) with Re A = 1. (Otherwise, there is an infinite number of roots
with Re A = 1.) We will assume this, and more, below.

We introduce a family of regularity conditions that are weaker than Condition A.

Condition B(6) (Here § is a real number with § > 0.)

lim sup [¢ (6 +it)| < 1.

t—0o0

Lemma 2.1 If Condition B(8) holds for some § > 0, then Condition B(8") holds for
every 8' > § as well; moreover

limsup |¢(2)| < 1.
Rez>$6
Im z—o00

Proof Choose first ¢ > 0 such that limsup,_, o |¢ (8 4+ it)] < 1 — 2¢, and then A
such that |¢ (6 +ir)| < 1 —2¢ifr > A, and thus also if t < —A. Recall further that
¢ (8 4 it)| < b for all ¢. Since ¢(z) is analytic, and thus harmonic, in the half-plane
Hs := {z : Rez > 8} and bounded and continuous in Hj, ¢ is given by the Poisson
integral of its boundary values [18, Lemma 3.4]:

[e¢]

¢(x +1iy) = / Pi_s(y —t)¢p(5 +ir)dt, x >4, 2.2)

—00

where P,(y) = x/ (r(x% + y2)), the Poisson kernel for the right half-plane. Let
wx +1iy) = f_AA Py_s(y — t) dt, the harmonic measure of [§ —iA, § + iA]; then
(2.2) implies

e ¢]

lp(x +iy)| < / Pi_s(y — )¢ +it)|dt <bw(x+iy)+1—-2e. (2.3)

—00
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406 S. Janson, R. Neininger

Itis well-known, and easy to see, that the set B := {z € Hs : w(z) > ¢/b}is bounded;
in fact, it is the intersection of Hg and a circular disc [18, p. 13]. Thus, A; =
sup{fImz:z € B} < oo, and if Rex > § and |y| > Aj, then w(z) < ¢/b and
(2.3) yields |p(x +iy)| <1 —e. m]

Lemma 2.2 [f Condition A holds, then Condition B(§) holds for every 6 > 0.
This is given in [2, Lemma 2] and included here for completeness.

Proof We have E V}t =E (ei’ InV; 1{Vj>0}), the Fourier transform of the distribution
of In V; (ignoring any point mass at 0), so by Condition A and the Riemann-Lebesgue
lemma, E Vit 5 0 ast — oo for every j, and thus ¢ (it) — 0 as t — oo. Hence,
Condition B(0) holds, and the result follows by Lemma 2.1. O

Lemma 2.3 If Condition B(8) holds for some § > 0O, then there is only a finite number
of roots to p(A) = 1 with Re A > 4.

Proof By Lemma 2.1, all such roots satisfy [Im A| < C for some C < oo. Further-
more, all roots satisfy ReA < 1, so if further ReA > §, A belongs to a compact
rectangle K in the open right half-plane. Since, ¢ (z) — 1 is analytic and non-constant
in this half-plane, it has only a finite number of roots in K. O

In particular, by the comments above, Condition B(§) with § < 1 implies that V is
non-lattice.

3 Mean and variance
We let A denote the set of solutions to the characteristic equation (1.5), i.e.,
A=) =1} 3.D
we further define its subsets
A(s) :={z € A :Re(z) = s}. 3.2)

In general, ¢ (1) is defined only for Re A > 0, and we consider only such A in (3.1).
However, in cases where ¢ extends to a meromorphic function in a larger domain (for
example, when ¢ is rational), we may include such A too in A; this makes no difference
in Theorem 3.1. (In Theorem 3.4, we include all roots in the complex plane.) We will
use A(s) only for s > 0, where there is no ambiguity.

Letm(x) := E N(x) and 6>(x) := Var N (x). We will show the following asympt-
otics.

Theorem 3.1 Assume that Condition B(8) holdswith0 < § < 1,andletAy, ..., Ay s)
be the elements of {, € A : Re A > 8}, ordered so that .\ = 1 > Rei, > ReA3 >
<o  (If M(S) =1, let .y = —00.) Then, as x — oo:

A mx) ~a
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The size of random fragmentation trees 407

(i) If further ¢'(A;) # O fori = 1,..., M($), i.e., each X; is a simple root of
¢ (L) = 1, then, more precisely, for every §' > 6,

M)

_ -1 1 Ai 8
mx) =a'x + gzl Syt O (x ) . (3.3)

(iii) If § < 1/2and Re Ay < 1/2 (including the case M (8) = 1), then oz(x) ~ Bx,
with

g = o b T w2+ i 1/2 — iw)
Y ] 2wl - 2+ )l

du € (0,00). (3.4)

(iv) If 6 < 1/2 = Re Xy, and each ); withRe A; = 1/2is a simple root of p (1) = 1,
then o(x) = Bx Inx + o(x Inx), with

1 —
P= 2. pgop’* =0 o

reA(1)2)

If, moreover, Condition A’ holds (or, more generally, for some A; € A(1/2),
(1.8) does not hold), then B > 0.

(v) If Reiy > 1/2, and each ’; with Re .; = Re Ay is a simple root of p (1) = 1,
then

1
2(4) = N A
77 A,.,A,(;(RW Tk d O o) (L= G Ay VA 1

+0(x2Re)\2).

Remark 3.2 It follows from the proof that for (i) we do not need Condition B(8); it is
enough that V is non-lattice.

Remark 3.3 The case when some ¢’(%;) = 0 is similar; now terms x* Inx (and
possibly x* In? x, d > 2) will appear in (3.3). We leave the details to the reader.

If ¢ is a rational function, then (3.3) can be improved to an exact formula. Further-
more, in case (iii) of Theorem 3.1 we then can give an alternative formula for S.

Theorem 3.4 Assume that ¢ is a rational function, and let L1, ..., Ay be the roots
of $(A) = 1 in the complex plane, with A1 = 1. Suppose further that all these roots
are simple.

(i) Then

M
— ! Ao !
m(x) = ; —)»i¢’()\i)x 50— 1 x> 1. 3.6)
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408 S. Janson, R. Neininger

(ii) Assume further that Red; < 1/2 fori =2,..., M, and that V; > 0 a.s. for
every j. Define, for notational convenience, Ay := 0, ap := —1/(b — 1) and
a; = —1/(¢' W) fori =1,..., M. Then 02(x) ~ Bx, with

b
_ a;aj Ai A s —
2 o (ZE‘G AN Ol Ak—2¢<1—xk)+1>
ik#1 jil=1

M b
_ aj Moy 1—A
p 22;(2 E(Vj v, —w)lmfvj}—¢(1—/\,~)+1>
=2

Jil=1

b
— 20 %ag < > EVi(nV; —InV)ly,<v;) — a>

Jil=1

b
+a™? (Z E(V; A V) — 1) —al.

jl=1

The proof of these theorems will occupy the remainder of this section. We first
show that all moments of N (x) are finite.
Lemma 3.5 For every m > 1 and x > 0, EN(x)" < oo. Furthermore,
Supg<y <, EN ()" < oo.
Proof For a string J = j; --- jx € B* we denote by |J| = k the depth of the corre-
sponding node in 7. Note that we have [{J € B* : 0 < |J| < k}| < b**+1. Hence,
if N(x) > _bk“fl for some k > 0 then by (1.2) there exists a J = ji --- jr € B* with
x 15, V;i] 17Ji=1) > 1 Markov’s inequality implies that for all ¢ > 1

k
PN > o <p | {ijgfl“'ff”zux}

JeB*:|J|=k li=I
k
(1-Ji=1)

> (H > 1)

JeB*:|J|=k \i=l
< Z quH(V(Jl Ji- 1))

JeB*:|J|=k i=1
= x7¢(q)".

Hence, for all y > b we obtain with k = |log;, y] — 1 and ¢(¢q) < 1 that

W legb b (3.7)

We have ¢(q) — 0as g — oo since V; < 1 as. and by dominated convergence.
Hence, for all m > 1 there exists a g > 0 with log;, ¢ (¢) < —m. The tail bound (3.7)
thus implies E N (x)™ < oo forallm > 1 and all x > 0.

The final statement follows because 0 < N(y) < N(x) when 0 <y < x. O

P(N(x) > y) < x7¢(q)* < xI¢(q)'°®? 72 =
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The size of random fragmentation trees 409

We find it convenient to switch from multiplicative to additive notion. We therefore
define

Xj:=—InV; €(0,00], j=1,...,b,
N.(t) := N(¢"), —o0 <t < o0.

The definition (1.2) and the recursive equation (1.3) thus translate to

Ny (1) = E i JGiicn_ 1 (3.3)
X <
JeB* {Zlfl Ji —[}
d b i
No@®) =1+ > NP —Xp, 120, (3.9)
j=1

where Nij ) () are independent copies of the process N, (-), and N, (t) = 0 for —oo <
t < 0. Further define

m(t) :=E N (1) = m(e"),
02(t) := Var N, (1) = o%(e").

Thus m.(t) = o*z(t) = 0 for r < 0. Taking expectations in (3.9) we find

b
m*(t)=1+]EZm*(t—Xj), t>0. (3.10)
j=1

Let 1 be the distribution of X ; on (0, 00); this is a measure of mass 1 — P(V; = 0);
let further p := Z?: 1 #j- Then (3.10) can be written as

b
me(0) = 14D pjxme(0) = 1+ pxm(), 120, (3.11)
j=1

where p x f(t) = fooo f(t —x)du(x). This is the standard renewal equation, except
that p is not a probability measure.
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410 S. Janson, R. Neininger

Similarly, conditioning on X1, ..., Xp, fort > 0,

E ((Na(0) = ma0)? | X1, X)
b 2
—E| | SN — X))+ 1= mao) ( X1 ... X
j=1

= Var

b
NP — X))+ 1—m@) ‘ Xi, ..., Xp

j=1

2

b
H D mat = X)) +1—ma(0)
j=1
2

b b
=D 02t =X+ [ Domat = X)) —ma(t) + 1
j=1

Jj=1
Taking the expectation we obtain

b
o2(t) = ]Ezaj(z — X))+ h(t) = wkol(t) +h(t), t>0, (3.12)
j=1

where, recalling (3.10),

2
b
h(t) =B [ D mat = X)) — ma(t) + 1

j=1
b 2 b

= E Zm*(t—Xj)—m*(t) +2 ]EZm*(t—Xj)—m*(t) +1
j=1 j=1
b 2

=E([D m.t— X)) —m.)| -1 (3.13)
j=1

Both (3.11) and (3.12) are instances of the general renewal equation (3.14) below, and
from renewal theory we get the following result. We say that a function on [0, 00) is
locally bounded if it is bounded on every finite interval.

Lemma 3.6 Assume that V is non-lattice. Let [ be a locally bounded measurable
function on [0, 00). Then the renewal equation

F=f+uxF (3.14)
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has a unique locally bounded solution F on [0, 00). We have the following asymptotical
results, ast — 00,

(1) If f isa.e. continuous and fooo f*(t) dt<oo, where f*(t):=sup,, e "|f(u)],
then F(1) = (y +o(1)e', withy = a™" [7° f(1)e™ d1.
(i) If f(t) =é', then F(t) ~ a”'te'.
(iii) If f(1) =™ withRe ) =1and ImA # 0, then F(t) = o (te').
(v) If f(t) = e withRe A > 1, then F(t) ~ (1 — ¢p(1)) "' e,

Proof For a functior} f on (0, 00) and z € C, we define, when the integral exists, the
Laplace transform f(z) := fooo e ¥ f(t) dt. Similarly, the Laplace transform of u is

o]

b b
fi(z) = /e*’Z du(t) =D Ee ™M =Y BV =¢(2), (3.15)
0 j=1 j=1

at least for Re z > 0. (Using the original variable In 7, the Laplace transforms become
Mellin transforms, cf. Remark 1.8.)

Since p is not a probability measure, we define another (“conjugate” or “tilted”)
measure v on [0, co) by

dv(u) =e "duu). (3.16)

Then v is a probability measure because, by (1.1),

o b b b
v[O,oo):/ " du(u) =Z/ e "duju)=> Ee X =D"EV;=1.
0 =1y Jj=1 j=1

Further, the mean of the distribution v is

oo oo

b b
Ev :/udv(u) :/ue_” du(u) :ZE (Xje_Xf) :zIE ((—ln V/)V/) =«
0 0 j=1 j=1
(3.17)
and the Laplace transform is, for Re z > 0, recalling (3.15),
o0 [o,0]
V(z) = /e_zu dv(u) = /e_”_z" dpu(w) =pz+1)=¢+1). (3.18)
0 0
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Let g(t) := e~ ! f(t) and G(t) := e ' F(t). Then (3.14) translates to

Gt)=e 'F)=e"f() +/e_lF(t —u)du(u)
0
=g+ / Gt —uw)e " duu) = g(t) +v*G(1).
0

In other words, G satisfies the renewal equation for the probability measure v, so we
can use standard results from renewal theory.

First, it is well known that the equation G = g+ v * G has a unique locally bounded
solution which is givenby G = > 7 v*" s g, and thus F = >"7° ( u*" x f; see, e.g.,
[1, Theorem IV.2.4] (which also applies directly to F). If we let Y7, Y>, ... be i.i.d.
random variables with the distribution v, and let S,, := Z'f Y;, this can be written as

G) =D E(gtt — S)lis,<n) =E D gt = S). (3.19)

n=0 Sy <t

Under the assumptions of (i), f* is non-increasing and integrable; further, sup f* <
supjo.17 | f1+ f*(1) < 0o, s0 f*is bounded too. Hence [1, Proposition IV.4.1(v),(iv)]
shows that f* and g are directly Riemann integrable. The key renewal theorem [1,
Theorem IV.4.3] and (3.17) now yield G(t) — o' [ g(u) du = y, which proves
@).

In case (ii) we have g(¢r) = 1, and thus G () ~ alt by the elementary renewal
theorem [1, IV.(1.5) and Theorem 2.4].

For (iii), g(r) = e*~V" = ¢ for some real b # 0. The solution to (3.14) may
be written [1, Theorem IV.2.4] G(t) = fot g(t —u)dU(u), where U is the locally
bounded solutionto U = 14+ v U (i.e., U = G for case (ii)). Since, in analogy with
3.17), f u? dv(u) = Z/’ E ((ln Vj)sz) < 00, the distribution v has finite variance,
and the renewal theorem has the sharper version [14, Theorem XI.3.1]

Ult)=a 't +c+ R@),

where c is a certain constant (f u? dv(u)/2a2) and R(t) — Oast — oo. Hence, using
integration by parts for one term,

t 13

G(1) =/eib(’_“)o¢_1 du + cel” +/eih(t_”)dR(u)

0 0
t

= O(1) + R(t) — R(0)&™”! +ib/eib<f—”>1e(u)du = o).
0
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For (iv), we have by (3.19) with g(r) = ¢*~ D!, using dominated convergence and
(3.18),

o
HE@) = 1G(r) = ZE (6(1—x)z+(x—1)(t—sn>l{tssﬂ})

n=0
00 00 00
LS 08) = 3B () = S w1y
n=0 n=0 n=0

)" =1 -9,

M

3
Il
=}

O

Proof of Theorem 3.1 We first apply Lemma 3.6 (i) to (3.11), with f(¢) = 1 fort > 0,
and obtain y = o~ Vand m,. (1) ~ e~ te!, which proves Theorem 3.1 (i).

To obtain more refined asymptotics, we use Laplace transforms. Let H (¢) := 1y;>0)
(the Heaviside function), and note that I-I(z) = fooo e '“dt = 1/z,Rez > 0. Since
the Laplace transform converts convolutions to products, the renewal equation (3.11)

yields 75 (z) = H(z) + [i(z)in(z), and thus

Hz) 1
1—7i(z)  z(1 —¢(2)

my(z) = (3.20)

for z such that the transforms exist. By the estimate () ~ a~'e’ above, m,(t) =
O(e") and thus m(z) exists for Rez > 1. Consequently, (3.20) holds for Rez > 1,
and can be used to extend m,(z) to a meromorphic function for Re z > 0.

We want to invert the Laplace transform in (3.20). This is simple if ¢ is rational,
yielding (3.6). (Note that ¢(0) = E|{j : V; > 0}] > 1.) In general, there are dif-
ficulties to doing this directly, because 717, (z) is not integrable along a vertical line
Re z = s; it decreases too slowly as | Im z| — co. We therefore regularize. Let ¢ > 0,
and let H, := H % e’ll[o,g]; thus

0, t <0,
H(t)y=11—1t/e, 0<t<eg,
1, t>e.

Let my, = Ziio w* x Hg be the locally bounded solution to m,e = Hg + (L * M.
Note that H.(t) < H(t) < H.(t + ¢), and thus

Mg (t) < my(t) < mye(t +€). (3.21)
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We have

&
e—SZ

H, H -1 —zt 1 —
H.(z) = H(z)e /e Lt = —

SR Rez > 0,
z
0

and we find, arguing as for (3.20) above,

Hiz) = 1—e*
— @) e?(1-9@)’

Mye(2) = 1

first for Re z > 1, and then for Re z > 0, extending Tye tO @ meromorphic function
in this domain. This function decreases (using Condition B(8) and Lemma 2.1) as
|Imz|_2 on vertical lines Rez = s > §, and is thus integrable there. Hence, the
Laplace inversion formula (a Fourier inversion) shows that for any s > 1 and t > 0,

] s+ico
Mye (1) = 3 / e e (2) dz. (3.22)
s—ioco

We may, increasing ¢ a little if necessary, assume that ¢(z) = 1 has no roots with
Rez = §; in cases (iii), (iv) and (v) we may similarly assume that each A € A with
Re A > § has ¢’ (1) # 0.Itis then easy to show, using Condition B(§) and Lemma 2.1,
that we may shift the line of integration in (3.22) to Re z = § and obtain, for0 < ¢ < 1,

8+ioo M(5)
1
My (1) = % e’ m*e(Z) dz + Z Res;—, e m*s(Z))
§—ioco
8+ioco
15 . 1 ¢ M) ethi 1 — e &H
=0 |e min | —, — ldz| +Z ;
lz| " |z] — i@’ (Ni) e
§—ioco i=l

E ti t8 1
; M)(M(1+0(s))+0(e (1+lng)).

Now choosing ¢ := e~! we obtain

MO o,
Mo (1) = D Saon Tow+o (€’ +n), t=0.
i=1
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Replacing ¢ by t + &, we obtain the same estimate for m.. (¢ + ¢), and thus (3.21)
yields

Oy

e ’
mt)=>» ———+0(), >0, (3.23)
; =A@ (i) ( )

which yields Theorem 3.1 (ii). (Recall that —A1¢' (A1) = —¢'(1) = @.)

For the estimates of the variance, we use Lemma 3.6 and (3.12). It is easily seen
(by dominated convergence) that 7 in (3.13) is a.e. continuous. Choose 8’ > § with
§ < &' < ReAps); in case (iil) with M (8) = 1, let further 8" < 1/2.

Note that then (3.23) trivially holds for r < 0 too. Hence,

M) Zb_ =X ki _ pthi
]_

b
St =X —m) = _l—x,«p’(x,-) ¢ +0(e’5’)

j=1 i=l
MO i

Z—Aqﬁ(k) ZV +0(e’5,),

where we use the fact that A; = 1 and thus ZJ 1 Vkl —-1= Zl Vi—1=0.
Consequently, by (3.13) and (2.1), letting 67 := Re A, > 8"if M(8) > 2,and o := &’
it M©) =1,

Sy et 1(8'+02)
=33 prwrrerTnt AT Chi) B CED

For Theorem 3.1 (iii), (3.24) yields h(¢) = O (e2"2[ ) with oo < 1/2, and Lemma 3.6
(i) applies to (3.12), yielding o2(t) ~ ye'. We postpone the calculation of g = y,
verifying (3.4), to Lemma 3.7.

For Theorem 3.1 (iv) and (v), we treat the terms in (3.24) separately, using lin-
earity; for the error term we also use monotonicity and comparison with the case
f@ = ¢! ¢'+92) In order to solve (3.12), we thus consider (3.14), with f(¢) replaced
by the individual terms in (3.24), and apply Lemma 3.6, letting ¢ := In x. For (iv), i.e.,
Re Ay = 1/2, aterm in (3.24) with Re Ax = Re A; = 1/2 and Ay = A;, and thus A; +
A = 1,yields by Lemma 3.6 (ii) a contribution (aA; Axd’ ()@’ (Ae) "' (As, Ap)te’ =
a YA’ (M) 72 (Ai, Ai)te'. The contributions of all other terms in (3.24) are o(te"),
by Lemma 3.6 (iii) (the other cases with Re Ay = Re A; = 1/2) and Lemma 3.6 (iii)
(the remaining cases).

Similarly, for (v), the leading terms come from the cases Re Ay = ReX; = Re 1,
and Lemma 3.6 (iv).

Furthermore, by (3.5), 8 = 0 in (iv) only if for every X; € A(1/2), we have
Yri, i) =E| Zj V].)‘i — ¢ (A)|* = 0, and thus, since ¢ (1;) = 1, (1.8) holds. O
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Lemma 3.7 Under the assumptions of Theorem 3.1(iii), with h(t) as in (3.13),

o0

/h(t)e” df = yAaztiw 12— o (os)
2w ) T2+l —¢(/2 1P
0 —00

Proof Write f(t) := (my(t) —a~'e') e7!/?, —00 < t < 00. Thus, by (3.23), f(t) =
0 (e_“/z_‘m’) forr > 0and f(r) = —a~'e!/? = O (e_"|/2) for t < 0. In partic-
ular, f € L2 (=00, 00). Furthermore, the (two-sided) Laplace transform f () =
ffooo f()e™ "% dt is analytic for —(1/2 — 02) < Rez < 1/2.

Define further fi (1) := f(t)e'/? = my(t) —a~'e' and f(t) := fi(t)1;>0). Then
f(@)=0 (e"Z’ ), and thus the Laplace transform f~2(z) is analytic for Re z > 0. For
Rez > 1 we have, by (3.20),

h) = /e’” (m*(t) - a”ef) dt =iz (2) —e 'z — 17!
0

=9 az-1)

by analytic continuation, this formula holds for Re z > o». Consequently, for o7 <
Rez < 1,

0
fi@) = fz) +/ e (—aleYdt = Hz) —a 1 -2 = m
Since f(z) = f1(z + 1/2), we find the Fourier transform

A 7 . ~ ~ 1

= / e f@yde = ) = fith i) = —— —
/ o (5 +iu) (1= ¢ (3 +iu))
(3.26)

Next, since Zj e Xi = Zj V=1,

b b b

Dot =X —m() =D filt = X)) = fi) +a” D N a7l
j=1 j=1 j=1

b
=D flt—X)— fio),

j=1
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so by (3.13), and defining ¥ (w, y) := ffooo f@&—w)f@—y)dt,

2
00 00 0 b

/h(t)e*’dt+1 =/(h(t)+ l)e*’dtzE/ Zfl(t—Xj) — i) e 'dt
0 0 —00 Jj=1
0 p
—E/‘Ze Xil2f(t - X; )—f(t)‘ dr
“o J=1
b
=K Z e Xl X2y (X 5, Xy)
jok=1
b
—2E) e XiPW(X;,0) + ¥(0,0).
j=1

By Parseval’s relation and f = f,

o0 00
1 B -~ 1 n .
W,y =o- / e f e f () du = —— / | Fa) 20 gy,
2 27
% .
Hence,
o0 o0 b
/h(r)e" dr+1 _E—~ / 1faP [ D e XX/ 2Hu=xX,)
2 ;
0 —00 k=1
b b
_Z —Xj/2+iqu _Ze—Xk/Z—iuXk +1 du
j=1 k=1
o0
/ |f @) E\Zvl/z “‘—1( du
—0o0
o0
/If(u)l Y(1/2 +iu, 1/2 — iu)
¢ (1/2 + i) — 117) du
Using (3.26),
1T © o
E— A212-_12d:/—“:/_’4=2,
2ﬂ/lf(u)l lp(1/2 +iu) — 11" du e £+u2 .
e o J

and (3.25) follows by (3.26).
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Since ¥ (z,z) > 0, and by dominated convergence is continuous for Rez > 0,
it follows from (3.4) that 8 = 0 only if for every z with Rez = 1/2, ¥ (z,2) =
E|X, Vi- #(2)|? = 0, and thus

b
>v)/ 2R _ 5 (1/2 +iu) (3.27)
j=1

a.s., for every real u. Considering first rational u, we see that a.s. (3.27) holds for all
real u.

However, for any realization (Vi, ..., V) and ¢ > 0, the Kronecker—Weyl the-
orem shows that (1, ..., 1) is a cluster point of (exp(iu log V1), ..., exp(iu log V}))
as u — oo (even with u € N); thus it is possible to find arbitrarily large u with

Re Vi > (1—¢)and thusRe V;/*™™ > (1—&)V/* for j = 1..... b. Hence, (3.27)

implies that lim sup,,_, |¢(% +1iu)| > ¢(1/2) > 1. This contradicts Condition B(§)
and Lemma 2.1. Hence 8 > 0. O

Proof of Theorem 3.4 (i): As remarked above, (3.6) follows by inverting the Laplace
transform in (3.20), using a partial fraction expansion. (ii): Note first that ¢ (z) — 0 as
z — +oo (by dominated convergence); hence, ¢ being rational and thus continuous
at oo, ¢(o0o0) = 0 and ¢(z) — Oas |z] — oo. Consequently, Condition B(6) holds for
every 8. We thus see that the conditions of Theorem 3.1 (iii) are satisfied, and from
the proof above we see that, with & given by (3.13),

o0 oo
B =a—1/h(t)e—’ dt =a—1/h(1nx)x—2dx.
0 1

We have, by (3.6), m(x) = 3™ a;ix* 1(y>1) and thus

M
my(Inx — X;) = m(xe %Xi) = m(xV;) = Za,- ()CVj)Ail{vaf—l}.
i=0 ’

Hence, letting Vo := 1,60 = —1 and ¢; = 1 for j > 1, and recalling (1.1),

b M b
H(x) i= > m(Inx = X;) = m(Inx) = D aix’ [ D VL o) = Tz
j=1 i=0 j=1 !
b b
Ai Ai . )
= Z“ix zvj gfl{sz;]} _“lxzvflugKv;]}'
i#1 i=0 j=1
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By (3.13), this leads to

oo o oo
/h(lnx)xfzdx +1= /EH(x)fozdx =IE/H()C)2)C72 dx
1 1 1

b o0
_E Z aia Z 8;81V]-A" v / 2 g

iks#1 j1=0 yToy-]
j 1
—1
b b Y
—ZEZa a-ZZS-VA’V i ldx1
14 VARG {V/-_]SV,_I}
i#1 j=0i=1 -
Vi
ViAo

b J

+Eaf > Vv, / dx

ji=1 |

and the result follows by straightforward calculations, noting that a; = o~ O

4 Zolotarev metric and minimal L metric

In this section we collect properties of the minimal Ly metric and the Zolotarev metric
that are used subsequently.

We denote by M the space of probability measures on R?. The minimal L metric
Ly, s > 0, is defined on the subspace ./\/lf C M of probability measures with finite
absolute moment of order s by

vy i=inf [IX = YI s X Ly SolL ey,

where || X ||s := (E|X|*)!/* denotes the Ly norm of X. The infimum is taken over all
random vectors of X, Y on a joint probability space with the given marginal distribu-
tions w and v. (In other words, over all couplings (X, Y) of u and v.) We will also use
the notation £4(X, Y) := £,(L(X), L(Y)).

Fors > 1 and y € R?, we denote by M%(y) C M¢ the subspace of probability
measures with expectation y. The pairs (Mf, £s), s > 0, and (Mf(y), Le), s > 1,
are complete metric spaces and convergence in {; is equivalent to weak convergence
plus convergence of the absolute moments of order s.

Random vectors (X, Y) with X £ 1, ¥ £ v, and £,(u,v) = | X — Y| are
called optimal couplings of (u«, v). Such optimal couplings exist for all u, v € /\/lf.
These properties can be found in Dall’ Aglio [11], Major [32], Bickel and Freedman
[5], and Rachev [34]. Similar properties hold for probability measures on C4 (because
C4 = R*), where we use corresponding notations.
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The Zolotarev metric ¢, s > 0 is defined by

G(X,Y) = C(L(X), L)) := fsuﬁ_ [ ECf(X) = fFDI, 4.1

where s =m + o with) <o < 1,m = [s] — 1 > 01is an integer, and
Fo={f e C"RLR) : | f™(x) = f™ W < llx =yl

where C” (R?, R) denotes the space of m times continuously differentiable functions
fonR? and £ their mth derivative.

The expression ¢ (X, Y) is finite if X and Y have finite absolute moments of order
s and all mixed moments of orders 1, ..., m of X and Y coincide.

The metric s is an ideal metric of order s, i.e., we have for Z independent of (X, Y)
and any d x d square matrix A

where ||Allop := supy =1 [lAu|l denotes the operator norm of the matrix. Conver-
gence in ¢ implies weak convergence. For general reference and properties of ¢; we
refer to Zolotarev [38,39] and Rachev [34].

5 General contraction theorems in continuous time

In this section we extend a general contraction theorem for recursive sequences (Y, ) >0
of d-dimensional vectors as developed in Neininger and Riischendorf [33] to families
(Y1)r>0 of d-dimensional vectors with continuous parameter ¢ € [0, 0o). (For future
applications, and since the proof is the same except for some minor notational dif-
ferences, we state the result for random vectors. The reader may concentrate on the
one-dimensional case, which is the only case needed in the rest of the paper.) We
assume that we have

K
y, £ ZA,(z)Y;?) +by, 1> 10, 5.1
where K is a positive integer, 79 > 0, and TO = (Tl(t), ol TI((I)) is a vector
of random indices Tr(t) € [0, ], the A,(t) are random d x d matrices for r =
1,..., K and b, is a random d-dimensional vector; further, (Yt(l)),zo, e, (Y,(K)),zo
and (A[(2), ..., Ag(t),b;, T ))IZO are mutually independent families of random vari-
ables, and for each ¢t > 0, Y; and Y,(r) are identically distributed forall» = 1, ..., K.

We assume that all Y; as well as A, (), b, and T® are defined on some probability
space (€2, F, i), and that they are measurable functions of (¢, ®). (This is a techni-
cality to ensure that the sum in (5.1) is well-defined. Note, however, that the joint
distribution of Y; for different ¢ is irrelevant.)
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We introduce the normalized random vectors

X, =C "2, - M), t>0, (5.2)

where M, € R? and C, is a symmetric, positive definite square matrix. We assume

that M; and C, are measurable functions of ¢; further restrictions on M; and C, will
be given in Convention C. The recurrence (5.1) implies a recurrence for X;,

K
X £ 3 AVXD, +b0, 1=, (5.3)

r=1

with independence relations as in (5.1) and

K
—-1/2 1/2 —1/2
AD =Y A,(t)CTr/(,), b =V (bt - M, +Z(A,(t)MTr<t>)). (5.4)

r=1

As for the case with integer indexed vectors we establish a transfer theorem of the
following form: Appropriate convergence of the coefficients Aﬁl) — A}, b — p*
implies weak convergence of the quantities X; to a limit X. The distribution £(X)
of X is a fixed point of the limiting equation obtained from (5.3) by letting formally
t — o0:

K
x4 > ArX b7, (5.5)

r=1

where (A7,..., A%, b"), XD xE) are independent and xX® < X forr =
1,..., K. To formalize this we introduce the map T on the space M of probability
measures on R? by

K
T: M > M, ne c(z Arz®" —|—b*), (5.6)

r=1

where (A7, ..., A%, b"), zW 7K are independent and L(ZW)y = n forr =
1,..., K. Then X is a solution of (5.5) if and only if £(X) is a fixed point of T'.

We make use of Zolotarev’s metric {g with 0 < s < 3. To ensure finiteness of the
metric subsequently we make the following assumptions about the scaling imposed
in (5.2):

Convention C For 1 < s < 3 we assume that M; = EY;. For 2 < s < 3 we assume
that Cov(Y;) is positive definite for all # > 71 with a 71 > 7 and that C; = Id, for
0 <t <1 and C; = Cov(Y;) fort > 1.

This convention implies that X; is centered for 1 < s < 3 and has Id; as its
covariance matrix for 2 < s <3 and ¢ > 7. (For 0 < s < 1, Convention C is void.)
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Theorem 5.1 Let 0 < s < 3 and let (Y;);>0 be a process of random vectors
satisfying (5.1) such that ||Y;||s < oo for every t. Denote by X; the rescaled quanti-
ties in (5.2), assuming Convention C. Assume that ||A£t)||s < o0, 6Dy < oo and
SUPg<y < 1 Xulls < oo foreveryt > 0, and

(Aﬁ”,...,Aﬁ?,b“)) B (AT AL b, 5.7)

K
ED AN < 1. (5.8)

r=1

o]’
. [I{Trmsr} | OJ —0 (59)
foreveryt > 0andr = 1,..., K. Then X; converges in distribution to a limit X,
and

Ls(Xe, X) > 0, 1 — o0, (5.10)

where L(X) is the unique fixed point of T given in (5.6) subject to || X |y < oo and

[EX:O forl<s <2, S

EX =0, Cov(X) =1d; for2 <s <3.

Proof This proof is a continuous extension of the proof of Theorem 4.1 in Neininger
and Riischendorf [33] for the discrete time case. The existence and uniqueness of the
fixed point of T subject to (5.11) is obtained as follows: For 1 < s < 3 Eq. (5.3)
implies Eb") = 0 for all 7 > 0, thus by (5.7) we obtain Eb* = 0. For2 < s < 3
Eq. (5.3) implies that for all t > 7

Idg = Cov(X;)

K
_ ® (1O)" OF: O\" 0 (4 O)"
_E[b (b ) ]HE[Z (I{Tf’)«nA’ Cro (A’ ) g0, A (A’ ) ’

r=I1

vyhere b denotes the transpose of a vector or matrix and C ;.= Cov(X,); recall that
C; =I1d whent > 1.
By (5.7), (5.9) and Holder’s inequality this implies

K
E[p*®")"]+ E [Z A;"(Af)“} =1dg.

r=1

Now, Corollary 3.4 in [33] implies existence and uniqueness of the fixed-point.
Since

K K
EZ 1AL5, — IEZ IAF IS, = & <1 (5.12)
r=1 r=1

@ Springer



The size of random fragmentation trees 423

there exist £ € (¢, 1) and tp > 11 such that for all # > 7o we have

K
ED AV, <& < 1. (5.13)
r=1

Now, we introduce the quantity

K
0= A0 (1{T,m<f2}x(;}> + 1{Tr<,>>n}x<”) 00, =1, (514
r=1

where (A, ..., A%), p®O 7Oy xM o xK) (Xt(l)), o (X,(K)) are indepen-
dent with X ~ X and X ~ X, forr = 1,...,K and t > 0. Comparing
with (5.3) we obtain that Q; is centered for 1 < s < 3 and has the covariance matrix
Id; for 2 < s < 3 and ¢t > 7. Hence, ¢ distances between X;, Q; and X are finite
for all + > 7. The triangle inequality implies

A1) = &s(Xr, X) = &(Xy, Q1) + 85(Q1, X). (5.15)

As in the proof for the discrete case we obtain ;(Q;, X) — 0 as ¢t — 0, where we
use that supy, <, | X¢lls < oo.

The first summand of (5.15) requires a continuous analog of the estimate in the
discrete case. Using the properties of the {; metric, we obtain, for r > 79,

K
o|* )
&(Xe, Q) < ]E;l{ﬂ(”zrz} HA, oA (T, ) , (5.16)
and, with (5.15), and r;, := {(Qy, X) it follows
K N
A(r) < Ezl{n@m} HA£’> o A (T,(’)) + 7. (5.17)
r=1 -

Now, we obtain A(t) — 0 in two steps, first showing that (A(#));>o is bounded and
then, using the bound, that A(¢) — O.
For the first step we introduce

N (1) ;== sup A(u). (5.18)

<u<t

We have A*(t) < oo for all 1 > 1, since, for 75 < u < t, we have ¢,(X,, X) <
Co(IX15 + 11Xull5) < Cs(IXIIS + supy, <<, 1Xull§) < 0o with a constant Cs > 0,
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using [38, Lemma 2]. By definition, A* is monotonically increasing. With R :=
SUP; g, It < OO We obtain for 7o < u < t, from (5.17), (5.18) and (5.13),

N

A*(u) + R
op

K
Aw) <ED’ 1{Tr(,,)m} HAgm
r=I1

SELAT(D+R.

Hence, we obtain A*(¢) < &4 A*(t) + R, thus A*(¢) < R/(1 — &;). This implies

A*(00) 1= sup At) < < 00. (5.19)

21 1—&

For the second step we denote L := lim sup,_, ., A(¢). For every ¢ > 0 there exists a
73 > 77 such that we have A(¢) < L + ¢ for all t > t3. Thus, from (5.17) we obtain

N s

(L+e)+r
op

ap

(o)

K K
AOSEX N o) AEITES L0 ) [a®
r=1 r=1

and letting ¢+ — oo we obtain by (5.9) and (5.12)
L <&(L+e).

If L > 0, this is a contradiction for 0 < & < L(1 —&)/&. Hence, we have L = 0. This
proves (5.10). Finally, recall that convergence in ¢ implies weak convergence. O

As a corollary we formulate a univariate central limit theorem that corresponds to

Neininger and Riischendorf [33, Corollary 5.2] for the discrete time case. For this we
assume that there are expansions, as t — 00,

EY, = f(t) +o(g"2(1)), Var(Y;) = g(t) + o(g(t)) (5.20)
with functions f : [0, 0c0) — R, g : [0, c0) — [0, 00), with

sup | f ()| < oo for every ¢t > 0, tl_l)rgo g(t) =00, supg(u)=0(g()). (5.21)

u<t ust

Thus, for some constant C > 1, g(u) < Cg(t) when 0 <u <.
Then the following central limit law holds:

Corollary 5.2 Let 2 < s < 3 and let Y, t > 0, be given s-integrable, univariate
random variables satisfying (5.1) with A,(t) = 1 forallr = 1,...,K andt > 0.
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Assume that sup, ., E|Y,|* < oo for every t, and that the mean and variance of Y;
satisfy (5.20) with (5.21). If, as t — 00,

— 2 =L =@ A, 5.22
g o | T ) 622
1 < o)) _& 5
AT bt—f(t)+;f(Tr ) Lo, (5.23)
and furthermore
K K
D An* =1as., P(U{Aj = 1}) <1, (5.24)
r=1 r=1
then
Yi—f(@) 4
SRy S NO.D. (5.25)

Proof We begin by replacing g(¢) by max(g(z), 1); by (5.21), this does not affect g(¢)
for large ¢, and it is easy to see that (5.20), (5.21), (5.22), (5.23) still hold. We may
thus assume that g(¢) > 1 for every 7.

Denote M, := EY; and 0,2 := Var(Y;). By (5.20), 012/g(t) — 1. (All unspecified
limits are ast — 00.) Choose t; > 1¢ such that %g(l) < 0,2 < 4g(t)fort > 11.Let, as
in Convention C, C; := 1fort < 1y and C; := O’t2 fort > 1, and write 6, := Ct]/2 and
e(t) :=6,/gM)'* — 1= (C;/g)'/* = 1. Fort = 11, 8(t) = (Var ¥, /g(1))'/* — 1,
so by (5.20),

e(t) > 0 ast — oo. (5.26)

Further, C;/g(¢t) = 1/g(t) < 1fort < 71, while C;/g(t) = o,z/g(t) <4fort > 1.
Hence |e(¢)| < 1 for all . With (5.4) and A, (¢) = 1 we have, for ¢t > 1y,

172
o (e (1) ()
A0 = 2 , (5.27)
Oy O;
K
b = o (bt -M+ MTr<,)). (5.28)
r=1
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Since g(T,(l)) < Cg(t) by (5.21), we have, for t > 11,

1/2 1/2
(t)) ( (t))
T, T,
A,{t) - _g ( r — | =€ (Tr(t)) i

Oy

gw)'’?

t

e(u)

(5.29)

< sup
Oy u<t

S S

For any 6 > 0, there exists, by (5.26), 7(§) > t1 such that |e(¢)| < § when ¢ > T(§).
Thus, if 7(8) < u < t, then
g)!/?

Ot

C l1/2
<5807 0.

‘s(u)

Oy
On the other hand, if u < t(§), then

g)'/?

o

1/2
< Cg(z(3)) N

Ot

‘s(u)

ast — 00.Hence, sup, ., le(u)g(u)'/?/o,| < 2C8 for sufficiently large 7. Since § > 0
is arbitrary, it follows that the right hand side of (5.29) tends to 0 as + — 00, and thus
(5.29) yields

¢ (T(t)) 1/2
A0 _ "

r o

0. (5.30)

Since g(1)'/2 /o, — 1, (5.22) yields g(Tr(t))l/Z/U, i) A%, which combined with
(5.30) yields AL %5 A% jointly forr = 1, ... k.

Next, for any ¢ > 0, there exists by (5.20) t. > 77 suchthat |M; — f(¢)| < 8g(t)1/2
if + > 7.. Consequently, if T,(t) > 7., then

1/2
My — f (Tr([)) | <eg (Tr(’)) < Ceg(n)V2.

Since sup,, ., |M, | and sup, ,_|f (u)]|are finite, the same estimate holds for 7 <1,

1/2

too, provided ¢ is large. Consequently, |M o — f (Tr(’))l /g(t)'/< < Ceif t is large

enough. It follows that M.« — f(T\")lls/g(1)'/> — 0 as t — 0o, s0 by (5.28),

(5.23) and (5.20), 5® -5 0.
We apply Theorem 5.1 with2 < s < 3; we have shown that (5.7) holds with b* = 0.
The two assumptions in (5.24) and s > 2 ensure that we have EZle |A¥]* < L
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Finally, by (5.30), for every 7 and r,

172
¢ (1)

12
) o 8 (T’(t))
l{TrmS,}Ar S < l{Tr‘”St}a—, + |47 — P
s N
Co(r)!/2
< & +o(1) — 0.
O

Now, Theorem 5.1 implies (Y; — M;)/o; —d> X, where L£(X) is characterized by
IXlls <oo,EX =0, Var(X) =1, and

K
x< > arx), (5.31)
r=1

with assumptions as in (5.5). Since Zle (A:‘)2 = 1thisissolved by £L(X) = N(0, 1).
Consequently,

Y, — M,
TS N,
Ot
which, in view of (5.20), implies the assertion. O

The following theorem covers cases where the previous central limit theorem of
Corollary 5.2 fails due to the appearance of periodic behavior. For this we assume that
there is an expansion of the mean, as t — oo,

EY, = f(t) + Re (yt*) + o(t), (5.32)

with a function f : [0,00) — R,y € C\ {0}, and A € C with 0 := Re(}) > 0. We

denote
7O\
AD =), r=1,....K, (5.33)

K
b = tia(b, —fO+>f (T,“))). (5.34)

r=1

Note that A" in general is complex, while b is real.

Theorem 5.3 Let Y;, t > 0, be given square-integrable, univariate random variables
satisfying (5.1) with A,(t) = 1 forallr = 1,...,K and t > 0. Assume that
sup,<; E |Y.|? < oo for every t > 0 and that the mean of Y; satisfies (5.32) with
A =0 +it and o > 0, and some locally bounded function f(t). If. ast — 00,

AP ADY 2t LAY and B0, — 0, (5.35)
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and furthermore

K
EY A5 < 1, (5.36)

then, ast — 00,

132( f ® g Re (Xe 1”‘”)) =0, (5.37)

where L(X) is the unique fixed point in /\/lg:(y) of

K
T: M5 MC, n z(z AfZ(’)), (5.38)

r=1

where (A7, ..., A%), ZWD 25 are independent and L(ZT)) = n for r =
I,...,K.

Proof We extend an approach based on the contraction method from Fill and Kapur
[16]. We may assume that g > 1.
First, for technical convenience we show that we further may assume Y; = 0 and

f@) =0for0 <t < 1. Let (Yt(r)*)t, r = 1,..., K, be another set of copies
of (Y;);, independent of each other and of everything else. We may replace Yt(r) in
(5.1) by Y,(r)l{tzl} + Yt(r)*l{t<1}, which has the same distribution and independence
properties. Hence Y,(r 1(;>1) satisfies (5.1) (for t > 79 > 1) with b; replaced by

by i=b +3, Y((,) (IO <1y This replaces b®) by b) with

000 = 3 s

(1" <1)

s0 |60 — b, = 0(~) and (5.35) still holds. We may thus consider ¥, 1;;= )
instead, and thus we may assume that Y’ t(r) = Owhent < 1. Similarly, we may assume
that f(r) = 0 fort < 1, changing b by O (7).

With X; := (Y; — f(¢))/t° fort > 0 and X( := 0 we obtain

a1V )
,
X => = XTr(,)—i—b(’), t > 1, (5.39)
1

r=

with 5 as given in (5.34).
Next we prove that the restriction of 7 defined in (5.38) to Mg(y) maps into
Mg:(y) and is Lipschitz in ¢ with Lipschitz constant bounded by

1,2
(]E K |A;*|2) <1
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Note that (5.36) implies ||A¥||» < oo forall r =1, ..., K. This implies that 7' ()
has a finite second moment for all n € /\/lg: Next we claim that Zerl E A = 1. This
implies that 7'(n) has mean y forall € Mg(y). To prove Zle E A’ = I, note that
(5.32) implies E X, = Re(y#'") + o(1) as t — oo. On the other hand, the right hand
side of (5.39) has mean, using E p — 0,

K O\’ v < (1)
ZE[(T’;) Re(y (T,<’>) ):|+0(1):Re yZE(t—U) +o(l)
1

r=1

K o
=R Y Ef L 1
ely ; (t) +o(1)
) K
:Re(yt”ZEAf)—i—o(]),
r=1

where we also used that E(T,(t)/t))‘ — [E A}, see (5.35). Hence, together we obtain,
ast — oo,

K
Re(y'") + o(1) =Re(ytifZEA:‘)+o(1). (5.40)

r=1

Thus, y # Oyields Zle E A} = 1. For the bound on the Lipschitz constant in £, of T
restricted to Mg see Rosler and Riischendorf [36, Lemma 1] and Fill and Kapur [16]:
Forpu, v € Mg choose (ZW, wDy, .. (25K w&K))asidentically distributed vec-
tors of optimal couplings of u and v and such that (Z(l), W(l)), R (Z(K), W(K)),
(A7, ..., A%) are independent. Then we have

BT (), T(1))

K K
= ¢} (Z Arz®, ZA;‘W(”)
r=1 r=1
K 2
ZA»: (Zm _ W(r))
r=1

<E

K
=E D 1A1Z0 - wOR > A (z<’> - W(’)) AF (26 = W)
r=1 r#s
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K
=E> |A7*65 (1, v) +0
r=1
K
= > E|AFP6 (1. v).
r=I1

Altogether we obtain that 7" has a unique fixed point £(X) in Mg:(y).
The fixed point property of £(X) implies

K

1 1

— Re (" X) 4 t—aRe(Zt’\AfX(’)). (5.41)
r=1

where (A7, ..., A%), XM . X® are independent and £(X ) = L(X) for r =
1, ..., K. We may assume, e.g., by taking optimal couplings, that ||A£t) —Afl,—0
as t — 0o. We choose X l(r) as optimal couplings to Re(r'" X)) (with the right dis-

tribution, i.e., the distribution of X;) fort > O and r = 1, ..., K. Clearly, we may

assume that, as required, X t(r), r = 1,..., K, are independent of each other and of

(TD, by)y.
We denote, fort > 0,

A(t) =1 (Yt_t—af(t) Re (Xeir l“‘)) =40 (Xz, I%Re (tAX)) }

Using (5.39) and (5.41) we obtain, for ¢ > 1,

K r®O\° " 1 K
r r )\.
At) = £, (;( . ) X0 + 5D, t—oRe(rZ}t A:‘X“)))
K O\
T, 1
S~ ) X0 - 5 Rre (Farx®)
—l t T, 1o )
O\
LY yo _ 1 pe (Ta))* 0
t o "
2
K
> (i Re ((T,W)A X(’)) LI (;*A;ﬂxw))
1o 1o

By (5.35) and (5.33) the second and third of the three latter summands tend to zero as
t — o0o. We abbreviate

) 1"\ o 1 0\ v
1) . r t
W= =) X0 - S Re ((T, ) x’). (5.43)

(5.42)

2
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Hence, (5.42) implies

% o 172
A(t) < E(Z W}”) +o(1)
r=1
172
K 2 K
— (> (W,(’)) +ES wOWO | 4 o). (5.44)
r=I1 rs=1

r#s

By the definition of A(¢) and the fact that (X ,(r), Re(r'" X (’))) are optimal couplings
forallt >0andr =1, ..., K we obtain

Tr(t) 20'
E(W")? =E - AZ(T,U)) . (5.45)

From (5.32) we obtain
1
EX, = t—aRe(yt*) +R(@), >0,

with R(t) — 0 ast — oo. Since E X" = y and by the independence conditions we
obtain E W, = E[(T\") /t)° R(T\")] and, for r # s,

7O 7O\
]2 | () w0 e ()|

Splitting the latter integral into the events {Trm < tjor Ts(') < t1} and {T,(t) > 1
and Ts(t) > t1} for some #; > 0 we obtain, for every ¢; > 0,

t o
E[wow]| < (71) IRIZ + sup R (),

u=1

where ||R||c := sup,|R()] < oo. From this we obtain first, letting t — oo,

lim sup,_, o, ‘E[W,(’)Wg(l)]‘ < Sup,>, Rz(u), and then, letting 1{ — oo,

E [W§’>W§f>] ~0 ast — 0. (5.46)

Now, (5.44), (5.45), and (5.46) imply, for t > 19,
1/2

K (l) 20
AW < (E Z(TT) A(TO) [+ RO |+ RO, 647

r=1

with R (t), Ry(t) — Oast — oo.
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We first show that ||A|s < 00. Define A*(t) := supy_, <, A(u). By the assump-
tions supg., <; E |Yu|2 < oo and supy., <, | f(u)| < oo, together with ¥, = 0 and
fu) = 0 for u < 1, we have A*(1) < ooforallt > 0. Lett; > 7o be such that
[R1(t)| < 1and |R(¢)| < 1 fort > t;. Then with (5.47) we obtain, for r > 1y,

1/2

K T(t) 20
At < |E Z(;) (A1) | +1 +1.

r=1

By (5.33), (5.35) and (5.36) there exists a t, > t; such that for all + > #, we have

ESX (1\"/1)% <& < 1. Thus, forall t > 1, we obtain, with v/a + b < /a++/b
fora,b >0,

A1) < VEA* (1) +2,

and thus
A*(1) < VEA (1) + 2+ A*(12),

which implies [|Aloo < (2 + A*(£2)) /(1 — /&) < o0.

In a second step we show that A(r) — 0 as t+ — oo. For this we assume that
L :=limsup,_, o, A(t) > 0. Let ¢ > 0. There exists a 13 > 1, such that for all > 13
we have A(¢) < L + ¢. Then (5.47) implies

A(1)
12

K T(l) 20
! 2
=" Z( t ) (1{Tr(”<t3}+1{T,(”3r3})A (Tr(t)) + Ri1(2) + R (1)

r=1

1/2

K 20
(Z (%3) IAIZ +E(L +e)* + R1<t>) + R ().
r=1

IA

Hence, t — oo implies

L < JE(L +e),

whichif L > 01is a contradiction if we choose ¢ small enough. Consequently, we have
L = 0 yielding the assertion. O

Remark 5.1 Note, that ¢> convergence implies convergence of second moments.
Hence in the situation of Theorem 5.3 we also obtain the first order asymptotic term
of the expansion of Var Y;:

Var Y; ~ 2% Var (Re (Xeiflm)) = %t% (IE X — > +Re (emln’ E(X — y)z)) )
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6 Proof of Theorem 1.3

In this section we prove Theorem 1.3. The statements on mean and variance of N (x)
are proved in Sect. 3. It remains to identify the asymptotic distribution of N (x) Note
that recurrence (1.3) for N (x) is covered by the general recurrence for Y; in (5.1) by
making the choicesd =1, K =b, 1o =1, A (t) = 1, Tr(t) = V,t and b; = 1 for all
r=1,...,Kandt > 1.

We consider the three cases (i)—(iii) appearing in Theorem 1.3 separately:

Case (i): Theorem 3.1 yields EN(x) = o~ 'x + o(4/x) and Var(N (x)) ~ Bx with
B > 0. We apply Corollary 5.2 with the choices f(f) = a~'t and g(r) = Bt. The
conditions (5.20) and (5.21) are satisfied. We have sup, ., E |Y,|* < oo for s = 3 by
Lemma 3.5. Condition (5.22) is satisfied with A* = \/V, forr = 1, ..., K, condition
(5.23) is trivially satisfied, and we have (5.24). Hence, Corollary 5.2 applies and yields

Nx)—alx 4

N/ — N(0, 1),

which is the assertion.

Case (ii): Theorem 3.1 yields E N (x) = a lx + O(y/x) and Var(N(x)) ~ BxInx
with 8 > 0. We apply Corollary 5.2 with the choices f(t) = @'t and g(¢) = Bt Int.

Now we have g(T,(t))/g(t) = V. + V. In(V,)/Int, hence we obtain, since x — x Inx
is bounded on [0, 1],

B 0
g(gt—;)),..., g(;—f)) (AL AY),

with A¥ = /V, forr =1, ..., K. All conditions of Corollary 5.2 are satisfied as in
case (i) and we obtain

N(x) — a lx 4

N/IaTE — N(0, 1).

Case (iii): Theorem 3.1 yields E N (x) = o 'x+Re(yx*?)+0(x?), whereo = Re 15,
which verifies (5.32) (with A = A;). We apply Theorem 5.3 with f(x) = o lx. We
have Ay) = (Tr(t)/t))‘2 =V forallt > landr =1,..., K, so Af = V2. Further,
by =1land f(t) = Zerl f(T,([)), sob® =179 and [bV ||, =+t7° — Oast — o0.
Finally, EZle |A*? = EZ{;I V?° < 1since ¢ > 1/2. Thus all conditions of
Theorem 5.3 are satisfied and we obtain

N(x) —a~lx i
E2 (W?Re (dellmkzlnx) -0
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as x — oo. This completes the proof except for the explicit rate of convergence in
Theorem 1.3 (iii).

Now, we give a refined version of the proof of Theorem 5.3 for the special recurrence
(1.3) which yields also the stated rate of convergence.

The restriction of T defined in (1.7) to /\/lg (v) is Lipschitz in £, with Lipschitz con-
stant bounded by (IE Zle V,2 Re(}‘z)) 1/2; cf. the first part of the proof of Theorem 5.3.

From o0 = Re 1, > 1/2 we obtain that 7' has a unique fixed point L(E) in Mg(v).
For X; := N(t) — a~ 't we obtain with (1.3)

b
x, < >XP 41 6.1)
r=1

where X,(r) are independent distributional copies of X, also independent of
(V1, ..., Vp). With the fixed point property of E we have

b
17 Re (Eeir 1‘”) =Re(?E) £ Re (Z(Vrr)A2 a<’>),

r=1

where (Vi, ..., Vp), 2D, ..., E® are independent and £(E®)) = L(E8) for r =
1,...,b. We choose X,(r) as optimal couplings to Re(tk2 E(’)) fort > O0Oand r =
1,...,b and denote A(z) := €(X;, Re(t*2 E)). Note that in the definition of X, we

did not rescale by ¢, hence we have to show A(¢) = O(t).
With W := X\, — Re((V,1)2E") we obtain, for r > 1,

b b
A(t) = £ (Z Xgr)t + 1, ZRe ((Vrt))“z E(r)))

r=1 r=1
24 1/2

b
E(Z W,(’)) +1

r=1

IA

1/2
b

b
1S E (W,(’))2 + S EWOWOE 4L
r=1

r,s=1

r#s

Conditioning on (V1, ..., V) yields IE(Wr("))2 =EA%(V,t). FromEN(t) = « ' +
Re(yt*?) + O(t“) and E E = y we obtain E W,(l) = 0(t*). Since Wr(t) and Ws(l) are

independent for r # s conditionally on (Vi, ..., V}), it follows that
b 1/2
INOE [ZEAZ(Vrt)-i—O(tZK)} +1, 1= 6.2)
r=1

@ Springer



The size of random fragmentation trees 435

Now, we show that A(¢)/t = O(1). Note that this implies the assertion. We denote

W*(t) ;== sup A)

I<u<t U

Then, (6.2) implies, that for appropriate R > 0

b 1/2
W < [ZEV&“(W*)%) + R] +1 =1,

r=1

and, with va + b < \/a + /b for a,b>0and & = Ezlr’zl Vrz" < 1 this implies

~VR+1
\IJ*
=iz

<0

The assertion follows.

7 Examples

Example 7.1 (Random splitting of intervals) Sibuya and Itoh [37] studied the tree
defined by random splitting of intervals, with uniformly distributed splitting points;
thisisthecase b =2and V = (U, 1 — U), with U ~ U(0, 1). (See also Brennan and
Durrett [6,7]; Kakutani [27] for other properties of such splittings.)

We have

1

2
¢(z)=EUZ+IE(1—U)z=2/uZdu= T2 Rez > —1,
Z

0

which is a rational function. The characteristic equation (1.5)is 2/(14X) = 1, and has
the single root A = 1. Thus Theorem 1.3 (i) applies and shows asymptotic normality,
as shown by Sibuya and Itoh [37]. Further, « = —¢’'(1) = 1/2, so Theorem 3.1 (ii)
yields EN(x) = m(x) = 2x + O (x?%) for every 6 > 0. More precisely, Theorem 3.4
yields

ENX)=mkx)=2x—-1, x>1,
which also can be shown directly from (1.2) or from (3.11) [37].
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For the asymptotic variance, we obtain from Theorem 3.4 (ii), since M = 1 and
ap = —1, using symmetry,

B=a'BEWU+2UA1-U)+1-U)—-2+1)
+20 2 2E(U(n(1 = U) —InU)y<i-vy)) — 2o~

+a B QREWUAAQA-U))—a"!
1/2

=20E(U A (1 = U)) + 16/u(ln(l —u) —In(u)) du — 6

0
=8In2 — 5~ 0.545177.

This can also be obtained from Theorem 3.1 (iii); we have

Yz, w) =E(U + A =U))U" + 1 -U)") — ¢ (@) (w)

2 4

= ——+2Bz+ 1L, w+1)— ——mF——
Theqw T2BEHLwr D= T

. 2 'z+DH'(w+1) 4

Cl4z4w I'z+w+2) (1 +2)(1 +w)
and thus

. . . . 4

4

T
= 1+[1/2 +iul? —~ :
/2 dul coshmu  |3/2+ iul?

and, since | —¢(z) = (z—1)/(z+ 1),

o0
1 T . 4 13/2 4 iu|?
== 1 1/2 Z_ du,
p i /( +coshnu|/ +iul |3/2+iu|2) [1/2 + iul* "
—00

which can be integrated (with some effort) to yield 8In2 — 5.
Consequently, by Theorem 1.3, we recover the limit theorem by [37]:

N(x)—2x 4

Example 7.2 (m-ary splitting of intervals) We can generalize Example 7.1 by splitting
each interval into m parts, where m > 2 is fixed, using m — 1 independent, uniformly
distributed cut points in each interval. This has been studied by Dean and Majumdar
[12].

@ Springer



The size of random fragmentation trees 437

We have b = m, and Vi,...,V,, have the same distribution with density
(m — 1)(1 —x)>=2,0 < x < 1. Hence,

1
$() =mEV =m(m — 1)/xz(l —x)¥dx=mm—-1DBGE+1,m—1)
0

_ T+ Dm! m!

Frm+z (+D--G+m—1)

The characteristic equation ¢(z) = 1 becomes I'(z +m)/T'(z + 1) = m!, or
z4+ 1D (z4+m—1)=ml (7.1)

The same equation appears in the analysis of m-ary search trees. It is shown by
Mahmoud and Pittel [31] and Fill and Kapur [17] that if m < 26, then Re A, < 1/2,
and thus (i) applies, but if m > 27, then Re Ay > 1/2, see also, e.g., Chauvin and
Pouyanne [8] and Chern and Hwang [10]. Theorem 3.4 yields an exact formula for
E N(x) (although it is hardly useful except when m is small). It further leads to a
formula for the asymptotic variance, provided m < 26.

We have, with ¥ (z) := I''(z)/T(z) and H, := ¥ (z + 1) — ¥ (1) (for integer z,
these are the harmonic numbers)

a=—¢'()=y(m+1)—yQ2) =Hy— L

Example 7.3 (Random splitting of multidimensional intervals) Another generaliza-
tion is to consider d-dimensional intervals, where an interval is split into 2¢ subinter-
vals by d hyperplanes orthogonal to the coordinate axis and passing through a random,
uniformly distributed point. This too has been studied by Dean and Majumdar [12].

We have b = 24, V1, ..., Vp have the same distribution, V/; 4 Uy ---Ug, where
U ~ U(0, 1) are i.i.d. Hence,

2 d
$(2) =2'E Vi =2 (RUY)! = (l+z) .

Again, ¢ is rational. The characteristic equation may be written ((1 +21)/2)¢ = 1,
with the roots

A={2e7Kd_1:0<k<d-1}.

Thus o, := Reiy = 2cos 27” — 1, and the condition Re 1, < 1/2 is equivalent to
cos(2m/d) < 3/4, which holds for d < 8, while Re 1, > 1/2 ford > 9. This justifies
the claims in Dean and Majumdar [12].

The same characteristic equation, and the same phase transition, appears for quad
trees, see Chern et al. [9].

We further observe that @« = —¢’(1) = d/2.
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The random trees in these three examples have also been studied by [20], [25]
and [26], where the properties of a randomly selected branch are investigated. This
problem is quite different, and there is no phase transition. See also [23].

Example 7.4 (Random splitting of simplices) Consider d-dimensional simplices,
where a simplex is split into d + 1 new simplices by choosing a uniform random
point X in the interior and connecting it to the vertices of the original simplex; each
new simplex has as vertices X and d of the original d + 1 vertices.

It is easily seen that this is equivalent to d + 1-ary splitting as in Example 7.2, see
[13, Lemma 3], so we have the same results as there, with m = d + 1. In particular,
N (x) is asymptotically normal if d < 25.

Example 7.5 (Non-uniform splitting of intervals) Returning to binary splitting of inter-
vals, we can generalize Example 7.1 by taking another distribution for the cut points;
we thus have b =2 and V = (V, 1 — V), where V has any distribution on (0, 1). An
interesting case is when V has a beta distribution V ~ B(a, a’) with a, a’ > 0; then

1
B(a,a/)fl /xz+a71(1 —x)u/ildx —
0
_ T+a) T+ad),
" T(iz+a+a) T()

B(a+z,d)

E V?
B(a,a’)

E(1 — V)? is obtained by interchanging a and a’. In particular, if @ and a’ are integers,
then ¢ is rational.
We consider two special cases.

(i) The symmetric case witha’ = a, V ~ B(a, a). Then

$(2) = I'(z+a) I'2a)  T(z+a) I'(l+2a)
" T'(z4+2a) T(@) T(z+2a) IF'l+4a)’

We have a« = —¢'(1) = Hy, — H,, with H, as in Example 7.2. Numerical
solution of the characteristic equation seems to show that Re A, < 1/2 if and
only if a < ag, where ag ~ 59.547.

(ii) Thecasea’ =1,V ~ B(a, 1). Then

_ T'z+a) T@@+1 Fz+1
9@ = Fz+a+1) T(a) * F(Z+a+1)r(a+1)
a FC+D ra,

T i4a TGt+at

One finds « = H,;/(a + 1). The characteristic equation ¢ (A) = 1 is equivalent
tol'a+DI'A+1)/T(A+a+1)=A/(A+a)or

C(a+X)

T =T(a+1).
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When a = m is an integer, this is the same as (7.1), so Re A, < 1/2 for integer a
if and only if a < 26. In general, numerical solution of the characteristic equa-
tion seems to show that Re Ay < 1/2 if and only if ¢ < ag, where ag ~ 26.9.

8 Non-examples
In this section, we give a few examples where our theorems are not valid.

Example 8.1 (Lattice). In the lattice case, there exists R > 1 such that every V; €
{R7%: k > 1} U {0} as. In this case, ¢ is periodic with period 27i/In R; in partic-
ular, the characteristic equation (1.5) has infinitely many roots 1 4+ 2min/In R on
{A : Re A = 1}, and thus Condition B(§) fails. Indeed, it is obvious from (1.2) that
N(x) = N(R™) when R" < x < R™*! soE N(x)/x oscillates and does not con-
verge as x — 00. The natural approach is to consider only x € {R™ : m > 0}. It is
then straightforward to prove an analogue of Theorem 3.1, using the lattice versions
of the renewal theory theorems that were used in Sect. 3. An analogue of Theorem 1.3
then follows by the usual (discrete) contraction method, as in [33]. We leave the details
to the reader.

Example 8.2 (Deterministic). If V = (Vy, ..., V) is deterministic, then so is N (x),
and it is meaningless to ask for an asymptotic distribution. However, it makes sense
to study the asymptotics of N(x) = m(x). (Clearly, o2(x) =0.)

If V is non-lattice, then N(x)/x — « by Theorem 3.1 and Remark 3.2. If V is
lattice, we consider, as in Example 8.1, only x = R", m > 1.

We may assume that V; > 0 for each j. By the Kronecker-Weyl theorem, for every
e > 0, there exist arbitrarily large ¢ such that |V — 1| < ¢ for j = 1,..., b; thus
lim sup,_, o, |¢ (1 + it)| = 1. Hence Condition B(1) does not hold, and therefore, by
Lemma 2.1, Condition B(8) does not hold for any § < 1.

Moreprecisely,if|V}’—1| <eforj=1,...,b,letzg = 14it. Then |p(z0)— 1| <
¢ and

b
10/ o)+l = | D> IV (V} T — V)| < za.
j=1

Since further [¢”(z)| < >°; [InV; |> for Rez > 0, it follows easily that if & is small
enough, then ¢(z) — 1 has a zero in the disc B := {z: |z — z0| < 2¢/a}. (Use the
Newton—Raphson method, or Rouché’s theorem and a comparison with the linear
function ¢ (z0) + (z — z0)®’(zo).) It follows that there exists a sequence A, € A with
ReA, - landImA,, — +o0.

We give some concrete examples:

V = (1/2,1/2) is lattice with R = 2 and N(2"") = 2".

V = (t7!, 172) where T = (1 + +/5)/2 (the golden ratio) is lattice with R = 1
and N(t") = F,43 — 1, n > 0, as is easily proven by induction. (F, denotes the
Fibonacci numbers.) Thus, N (z") ~ 5~ 1/2¢n+3,
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V = (1/3,2/3) is non-lattice and thus N(x) ~ o lx, where & = %1n3 +
2In(3/2) =In3 — 3 In2.

9 Some related models

The basic model may be varied in various ways. We mention here some variations
that we find interesting. We do not consider these versions in the present paper; we
leave the possibility of extensions of our results as an open problem, hoping that these
remarks will be an inspiration for future research.

Remark 9.1 By our assumptions, the label of a node equals the sum of the labels of
its children. Another version would be to allow a (possibly random) loss at each node.
One important case is Rényi’s parking problem [35], where a node with label x is inter-
preted as an interval of length x on a street, where cars of length 1 park at random.
Each car splits an interval of length x > 1 into two free intervals with the lengths
Ux —1)and (1 — U)(x — 1), where U ~ U(0, 1). An obvious generalization is to
split (x — 1) using an arbitrary random vector (V1, ..., V). (The one-sided version,
where we study only one branch of the tree, is studied in [20], [23].)

Remark 9.2 Krapivsky et al. [29] have studied a fragmentation process where frag-
mentation stops stochastically, with a probability p(x) of further fragmentation that in
general depends on the mass x of the fragment. Our process is the case p(x) = 1j;>1).
Another interesting case is p(x) = 1 — e™*, see Remark 9.3 below. A different sto-
chastic stopping rule is treated by Gnedin and Yakubovich [19].

Remark 9.3 Our model is a continuous version of the split trees studied by Devroye
[13], where the labels are integers (interpreted as numbers of balls to be distributed
in the corresponding subtree) and each label 7 is, except at the leaves, randomly split
according to a certain procedure into b integers summing to n — sg; here s is a small
positive integer (for example 1) that represents the number of balls stored at the node.
Typical examples are binary search trees, m-ary search trees and quadtrees. We can
regard the continuous model as an approximation of the discrete, or conversely, and it
is easy to guess that many properties will have similar asymptotics for the two models.
This has been observed in several examples by various authors, see [12] and [9]. For
example, the results for Example 7.2 parallel those found for m-ary search trees by
[81, [10], [17], [31] and others. Similarly, the results in Example 7.3 parallel those
found for quadtrees by [9].

We study only the continuous version in this paper. It would be very interesting to
be able to rigorously transfer results from the continuous to the discrete version (or
conversely); we will, however, not attempt this here.

Note that for binary search trees, we have n random (uniformly distributed) points
in an interval, split the interval by the first of these points, and continue recursively
splitting each subinterval that contains at least one of the points. If we scale the initial
interval to have length n, then the probability that a subinterval of length x contains
at least one point is & 1 — e~ *. Thus it seems likely that the binary search tree is well
approximated by a fragmentation tree, with V as in Example 7.1, with a fragmentation
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probability 1 — ¢™* as in Remark 9.2. The same goes for random quadtrees and
simplex trees corresponding to Examples 7.3 and 7.4.
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