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Abstract In this paper we study the behaviour in time of the trace (the partition
function) of the heat semigroup associated with symmetric stable processes in domains
of R?. In particular, we show that for domains with the so called R-smoothness property
the second terms in the asymptotic as ¢+ — 0 involves the surface area of the domain,
just as in the case of Brownian motion.
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1 Introduction and statement of main result

Let X; be a symmetric a-stable process in R o ¢ (0, 2]. This is a process with
independent and stationary increments and characteristic function E%¢!é X1 = ¢~1IE*,
£ eRY, 1> 0.By p(t, x,y) = p;(x — y) we will denote the transition density of this
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314 R. Baiuelos, T. Kulczycki

process starting at the point x. That is,

P*(X; e B) = /p(t,x, y)dy.
B

Since the transition density is obtained from the characteristic function by the inverse
Fourier transform, it follows trivially that p,(x) is a radial symmetric decreasing
function and that

pex) =17 p 7V x) < 17 py(0), >0, x e R (1.1)

Thus in fact

1 o
pi(0) = 17% py(0) = ¢4/ W/eflx‘ dx
T

R4
o
— e P [ s (G-
2n)da
0
— 4/ M (1.2)
Qm)da

where w, is the surface area of tl;e unit sphere in RY. Of course, when o = 2,
2

In this paper we will be interested in the process X, in open sets of R? and the
behavior of the corresponding semigroup. Let D C R? be an open connected set and
denote by tp = inf{t > 0 : X, ¢ D} the first exit time of X, from D. We will
always be under the assumption that D has finite volume. By {P};>¢ we denote
the semigroup on LZ(D) of X; killed upon exiting D. That is, for any + > 0 and
fe L%(D) we define

pi(0) = (4m1)~/2, since wy =

PP f(x)=E*(tp > t; f(X;)), xeD.

The semigroup has transition density pp(t, x, y) satisfying

PPy = [ potx s dy

D

and just as in the case of Brownian motion (case o = 2),

pD(tv-xvy):p(tv-xvy)_rD(t7-xvy)v (13)

where
rp(t,x,y) = E*(tp < t; p(t — p, X(1p), y)). (1.4
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Trace estimates for stable processes 315

Whenever D is bounded (or of finite volume), the operator PtD maps L?(D) into
L°°(D) for every t > 0. This follows from (1.1), (1.4), and the general theory of
heat semigroups as described in [15]. In fact, it follows from [15] that there exists an
orthonormal basis of eigenfunctions {¢, } > | for L?(D) and corresponding eigenvalues
{An 152 of the generator of the semigroup {PP},>0 satisfying

O<Ai <Ay <A3<---
with A, = oo as n — oo. That is, the pair {¢,, A,} satisfies
PPy, (x) = e M'p,(x), xeD,t>0.

Under such assumptions we have

po(t,x, ) =D e M 0, ()pa(y). (1.5)

n=1

Let us point out that the generator of the semigroup {P,”};>¢ is the pseudodiffe-
rential operator

SO = f&)

|x—y|d+"‘

)

—(—A)*? f(x) = lim Ag_q /
e—>0t

[y—x|>¢

where Ay, = I'((d — y)/2)/Q" 74T (y/2)]), see [12].

The study of the “fine” spectral theoretic properties of the killed semigroup of stable
processes in domains of Euclidean space has been the subject of many papers in recent
years, see for example, [1-4,11,13,14,16-18,23,24]. In this paper we are interested
in the behavior of the trace of this semigroup as t — 0. More precisely, we study the
behavior as t — 0 of the quantity

Zp(t) =/pD(t,x,x)dX- (1.6)
D
Because of (1.5), we can re-write (1.6) as
o o
Zp(t) = Ze_)‘”’/go,%(x)dx = Ze_)‘”t. 1.7)
n=1 D n=1
The quantity Zp(t) is often referred to as the partition function of D. For any set

D C R? we denote its volume (d-dimensional Lebesgue measure) by | D|. It is shown
in [6] that for any open set D C R of finite volume whose boundary, D, has zero
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316 R. Baiuelos, T. Kulczycki

d-dimensional Lebesgue measure,

z CilD|
D(Z) ~ th, ast — 0, (18)

with C| = %. By (1.8) we means that

lim 1175t = C1|D|. (1.9)

(We will show below that (1.8) holds without assuming that d D has finite volume.) If
we now let N (1) be the number of eigenvalues {A ;} which do not exceed 2, it follows
from (1.8) and the classical Karamata tauberian theorem (see for example [19] or [25],

p.- 108) that
N(L) ~ &W“, as A — 00. (1.10)
I'(d/a+1)
This is the analogue for stable processes of the celebrated Weyl’s asymptotic formula
for the eigenvalues of the Laplacian. As we shall show below, (1.9) follows easily
from (1.3) and (1.4).

Our goal in this paper is to obtain the second term in the asymptotics of Zp ()
under some additional assumptions on the smoothness of D. Our result is inspired by
a similar result for Brownian motion by M. van den Berg, ([5], Theorem 1).

To state it precisely we need a definition.

Definition 1.1 The boundary, d D, of an open set D in RY is said to be R-smooth if
for each point xy € dD there are two open balls By and B, with radii R such that
B; C D, B, c R\(DUJD) and B, N 3B> = xo.

Theorem 1.1 Let D C R4, d > 2, be an open bounded set with R-smooth boundary.
Let | D| denote the volume (d-dimensional Lebesgue measure) of D and |0 D| denote

its surface area ((d — 1)-dimensional Lebesgue measure) of its boundary. Suppose
o € (0,2). Then

CiID|  C2aD|t" /|  C3|D|t¥/®

Zp() -~ | < e 170, (1.11)
where
wqT'(d/a)
C| = 0) = ——,
1= p1(0) 2 yla
o0
Q=Q@m=/m&umw”mmﬂwnwwh
0

C3=C3(d,a), H={(x1,...,xq) € R : x| > 0} and ry is given by (1.4).

@ Springer



Trace estimates for stable processes 317

The asymptotic for the trace of the heat kernel when o = 2 (the case of the Laplacian
with Dirichlet boundary condition in a domain of R?), have been extensively studies
by many authors. The van den Berg [5] result which inspired our result above states
that under the R—smoothness condition when o = 2,

Jt C,|D|t1=4/2
Zp(t) — (1) 4/ (|D| _ T”wm)‘ < %, t>0.  (1.12)
For domains with C! boundaries the result
ATt
Zp(t) = (1)~ (|D| _ T”|aD| + o(tl/z)) 150, (1.13)

was proved by Brossard and Carmona in [9]. R. Brown subsequently extended (1.13)
to Lipschitz domains in [10]. We refer the reader to [5,9, 10] for more on the literature
and history of these type of asymptotic results as well as corresponding results for
the counting function N (1). It would be interesting to extend Brown’s result to all
a € (0,2) and we believe such a result is possible. At present we do not see how
to do this. Finally, we should mention here that the emerging of the surface area
of the boundary of D is somewhat surprising in our setting since stable processes
“do not see” the boundary. That is, under our assumptions on D, for any x € D,
P*{X., € 0D} = 0 (see [8], Lemma 6). What naively would expecting for the
second term is, perhaps, some quantity involving the Lévy measure of the process.
On the other hand, as pointed out by the referee, for small ¢+ X, is small, and only
the starting points within a ¢!/% neighbourhood of the boundary of D contribute to
rp(t, x, x). The measure of this set is approximately 7'/%|3 D| and this, despite the
fact that the processes never hits the boundary, is the correct intuition.

The paper is organized as follows. In Sect. 2 we present several preliminary results
which will be used in Sect. 3 for the proof of Theorem 1.1. Throughout the paper we
will use ¢ to denote positive constants that depend (unless otherwise explicitly stated)
only on d and « but whose value may change from line to line.

2 Preliminaries

We start by setting some standard notation and recalling some well known facts. The
ball in R center at x and radius r, {y € R? : |x — y| < r} will be denoted by B(x,r)
and we will use 6 p(x) to denote the distance from the point x to the boundary, d D, of
D. That is, §p(x) = dist(x, dD). The Lévy measure of the stable processes X; will
be denoted by v. Its density, which we will just write as v(x), is given by

@2.1)

where Ay, =T((d — y)/2)/(2V71d/2|F(y/2)|). We will need the following bound
on the transition probabilities of the process X; which can be found in [26]: For all
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x,yeRdandt>O,

t 1
P(LX,)’)SC(W/\W)- (2.2)

Throughout the paper we will use the fact ([8], Lemma 6) that if D C R? is an open
bounded set satisfying a uniform outer cone condition, then P*(X (zp) € dD) =0
for any x € D. The scaling properties of p;(x) are inherited by the kernels pp and
rp. Namely,

1 x Y
Pp(t, X, y) = 0 Ppjiije (1’ /e tl/a)’
(2.3)

1 X y
rp(t, x,y) = “dja "D/ (1, e W) .
Also, both pp and rp are symmetric. That is, pp(¢t,x,y) = pp(t,y,x) and

rp(t,x,y) = rp(t,y,x). The Green function for the open set D C R? will be
denoted by G p(x, y). Recall that in fact,

[ee]

Gp(x,y) =/pp(t,x,y)dt, x,yeR?
0

and that for any such D the expectation of the exit time of the processes X, from D is
given by the integral of the Green function over the domain. That is,

E*(tp) =/GD(X,)’)dY~
D

Lemma 2.1 Ler D C R? be an open set. For any x, y € D we have

t 1
rp(t, x,y) Sc(m/\m)-

Proof By (1.4) and (2.2) we see that

rp(t,x,y) = E” (tp < t; p(t — tp, X(tp), X))

cE?Y ; A L
v — X (rp)|dte " 1l

t 1
=cC —8%+a(x)/\m .
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Trace estimates for stable processes 319

Remark 2.2 Before we proceed, let us observe how this estimate implies the
Blumenthal-Getoor (1.9) estimate given above without the assumption that 0 D has
finite volume. Indeed, by (1.3) we see that

ppt.x,x) . rp{tx, x) 2.4)
p(t, x, x) p(t, x, x)
and since
Cy
pt,x,x) = dja
we see that (2.4) is equivalent to
td/a td/oz
t,x,x)=1———rp(t, x, x). 2.5
c po(t, x,x) c rp(t, x, x) (2.5)
Thus in order to prove (1.9), we must show that
td/a
C /rD(t,x,x) dx — 0, ast— 0. (2.6)
1

D

For 0 < ¢ < 1, consider the sub-domains D; = {x € D : 8p(x) > t1/2*} and
its complement Df = {x € D : p(x) < t1/2%} " Since the characteristic function
of the set Dy tends to zero pointwise, the Lebesgue dominated convergence theorem
implies, assuming |D| < oo, that | Df| — 0. Since pp(t, x, x) < p(t, x, x), by (2.5)

we see that
td Ja

rp(t,x,x) <1,
1

for all x € D. It follows that

td/oz
Cy

/rD(t,x,x) dx — 0, ast— 0. 2.7

Dy
On the other hand, by Lemma 2.1 we have
ld /o

pd/a+1
rpt,x,x) <c{ —— A 1]. (2.8)
¢ 5 (x)

Forx € D;and0 < ¢ < 1, the right hand side of (2.8) is bounded above by cr?/2*+1/2
and therefore

td/a
C

/rD(t,x, x)dx < ct¥?*+1/2 pj (2.9)
D,

and this last quantity goes to 0 as t — 0. This proves (1.9).
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320 R. Baiuelos, T. Kulczycki

Proposition 2.3 Let D and F be open sets in R such that D C F. Then for any
X,y € RY we have

pr(t,x,y) —pp(t,x,y) = E*(tp <t,X(tp) € F\D; pr(t — 1p, X(1p), y)).
Proof We have

pF(tﬂ‘x’ )’) - pD(tv-xa )’) - rD(t,x, J’) - rF(t,.X, )’) (210)
= E*(tp < t; p(t —p, X (D), y)) (2.11)
—E'(tp <t; p(t —F, X(tF), ).  (2.12)

Note that on the set tp = tf both expected values are equal. We also have tp < tp
s0 (2.11-2.12) equal

E*(tp <t, tp < tF; p(t — tp, X(TD), ¥)) (2.13)
—E*(tp <t, tp < TF; p(t — 1F, X(TF), ¥)). (2.14)

Now we will prove the key equality

Ef(tp <t, tp < tF; p(t — 1F, X (TF), y)) (2.15)
=E*(tp <t, tp < tp; 1Rt — tp, X (D), ¥)). (2.16)

First, conditioning we see that

E*(zp <t, tp < tp; rp(t —tp, X (tp), ¥))

= E* [t <1, t < 7 EXOP)(tp <1 =55 plt = 5 = T, X(@0), ) fs=op |
By the strong Markov property this equals

Ex[tD <t, Tp < TF,
XTpo®ry +5<t;p(t —s —1F 00O, X(TF) 0 O, y) ‘SZ'ED ]
= Ex[tD <t, Tp < TR,

XTFo®, +1p <t; p(t —TF 0O, —Tp, X(TF) O @,D,y)].

Note thatontheset tp < tr wehave tpo®;,+1p = trand X (1r) 0O, = X (TF).
So the last expression equals

E*[tp <t, tp < TF, TF <t; p(t — TF, X (tF), y)]
which is the same as (2.15). This proves the equalities (2.15-2.16). Note that the

condition tp < tF may be written as X (tp) € F\D. Hence (2.15-2.16) and (2.13-
2.14) imply the assertion of the proposition. O
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Trace estimates for stable processes 321

We will need the following well known estimate on the Green function of the
complement of the unit ball. This follows from [12], Lemma 2.5.

Lemma 2.4 Let Q = B(w, 1), w € RY, d > 2. We have

clx — w|*/2 842 (y)

Ga(x,y) < ~ A= X,y € Q.

We will say that an open set D C R satisfies the uniform outer ball condition
with radius 1 if at each point z € 9D there exists a ball B(w, 1) C D¢ such that
aDNIB(w,1) =z

An easy corollary of Lemma 2.4 is the following result.

Corollary 2.5 Let D C R?, d > 2 be an open set satisfying the uniform outer ball
property with radius 1. Then we have

8%2(y) (1x — y| + 8p(x) + 1)/2
|x — y|d=e/2

Gp(x,y) < , x,yeD.

Proof Lety € D and y, € daD be such that |y — y,| = 8p(y). There exists a ball
B(w, 1) € D¢suchthatd DNoB(w, 1) = y,. By Lemma 2.4 we obtain that G p (x, y)
is bounded from above by

2 2
cle —wl*2 537 _ e85 (1x =yl +p(x) + D2
= yldmez = o — yld=er2 '

G @) =

Lemma 2.6 Letd >2,b >0, 2= B(0,2b)\B(0,b) and x € RY. Then we have

E*(1q) < cb®/?6%/*(x),

P*(X(tq) € B(0.2b)) < cb™/?850  (x).

Proof For any open set D C RY, Borel set A € R?, b > 0, x € R? we have the
following scaling properties

E"(tpp) = b*E*(tp),
PP (X (tpp) € bA) = P (X (tp) € A).

It follows that we only need to deal with the case b = 1.

The ring 2 = B(0,2)\B(0, 1) is a bounded ¢! domain. For bounded C!! do-
mains it is known that E*(tp) < c(D, ot)(S(lx)/z(x), ([21], Proposition 4.9) and there
are also well known estimates for P*(X (tp) € -) (see [12], Theorem 1.5, see also

[13], Theorem 1.2). The lemma for » = 1 follows from these estimates. m]
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322 R. Baiuelos, T. Kulczycki

Lemma 2.7 Let T > 0,d > 2 and 2 = B(0,2)\B(0, 1). There exists a constant Ct
(depending on T, d, «) such that for any t > T we have

pa(t, x,y) < Cr8%(x)s&(y).

Proof Itis well known ([13], Theorem 4.6) that the semigroup {P,Q }i>0 1s intrinsically
ultracontractive. It follows that for any # > T > 0 we have

palt,x,y) < Croi1(x)e1(y),

where ¢ is the ground state eigenfunction for €2. It is also well known ([13], Theorem
4.2) that ; (x) < 6%/ (x), and the lemma follows. O

We will need the following “space-time” generalization of the Ikeda—Watanabe
formula [20]. Such a generalization has been proved for the relativistic stable process
in [22], Proposition 2.7. The proof of this generalization in our case is exactly the
same as in [22] and is omitted.

Proposition 2.8 Let D be an open nonempty set and A a Borel set such that A C
DC\OD. Assume that 0 < t; <ty < 00, x € D. Then we have

%]
P*(X(tp)e A, t1 <1p <h) = //pp(s,x,y)ds/v(y —z)dzdy.
D A

The following proposition is already known for relativistic stable process [22] (see
Theorem 4.2).

Proposition 2.9 Let @ = (B(w, 1)), w € RY, d > 2. There exists a constant ¢ such

that foranyt > 0, x,y € Q and |x — y| > a > 0, we have
c(t v )85 (y)

@ A D = y[Fe

pa(t, x,y) < (2.17)

Proof The proof of this proposition is very similar to the proof of Theorem 4.2 in
[22]. We will assume that w = 0, so that Q = (B(0, 1))¢. We have

ct

tv-xv S tv-x9 S—'
pelt,x,y) < pt. x,y) pep—r e

Thus for y such that §q(y) > (a A 1)/8 the proposition holds trivially. From now we
suppose that 5 (y) < (a A1)/8. Letus also assume that y = (]y], 0, ..., 0). Consider
the ring R = B(p,2b)\B(p, b), where p = (1 — b,0,...,0)and b = (a A 1)/8.
Note that 6o (y) = dB(p,») ().

In order to show (2.17) we will estimate the integral of pq(t, z, y) over the smaller
ball B(x, s), s < b. We will then differentiate this quantity by dividing by the volume
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and taking the limit as s tends to 0. First observe that B(x, s) C R¢. We have

pa(t,z,y)dz = PY(X(t) € B(x,s), tp > 1)
B(x,s)
< PV(tg <t, X(1tg) € Q\R, X (1) € B(x, 5)).

By the strong Markov property the last expression equals
EY [rR <1, X(tr) € Q\R; PX (X (1 —r) € B(x, s))|,:tR]. (2.18)

Let A = B(x, |x — y|/4). Note that A C R°. We will divide the set 2\ R into two
subsets A N Q and F = Q2\(A U R). Observe that

EY [tk <1, X(we) € F3 PXO(X (1 = 1) € B, )=t

=FEY|tp <t,X(tg) € F; / p(t — g, X(tR), 2)dz
B(x,s)

Note also that X(tg) € F, so for z € B(x,s), s < b < |x — y|/8 we have
|X(zr) — z| = |x — y|/8. By (2.2) this is bounded above by

1|B(x, )|

Yy -
cP¥(X(tg) € F) T

By Lemma 2.6 and the fact that 6o (y) = 8p(p,») () this is bounded above by

2
ct88* ()| B(x, 8)|

b2l =y

Now let us estimate the part of (2.18) corresponding to the set A N Q2. By the
“space-time” Ikeda—Watanabe formula stated above, (Proposition 2.8), we have

E? [TR <1, X(tg) € AN PXTR(X(t —r) € B(x, s))|r:TR]
=P'[tr<t,X(tr) e AN, X(1) € B(x,s)]

t
://pR(r,y,u) / v(u —v)P’'(X(t —r) € B(x,s))dvdrdu. (2.19)
R O

AN

Note thatforu € R,v € ANQ,wehave [u—y| <4b < [x—y|/2,|lv—x| < |x—y|/4.
Thus

vu—v)<clx—y| ™ ueR veANQ.
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324 R. Baiuelos, T. Kulczycki

We also have

/ P'(X(t —r) € B(x,s))dv = / / p(t —r,v,z2)dvdz < |B(x,s)|

ANQ B(x,s) ANQ

and

'
//pR(r,y,u)drdu S/GR(y,u)dquy(tR)
R 0 R

< cb*/25%?

2
By () = 02852 ().

It follows that (2.19) is bounded above by

cb*/25%% (y)| B(x, s)]
|x _ y|d+a

Recall that b = (a A 1)/8. Finally diving both sides by | B(x, s)| gives

2
1 c(t v 1)L (y)
—_— t,2,y)dz < —5————.
o | retads s e
B(x,s)
Letting s — 0 we get the assertion of the proposition. O

An immediate corollary of the above result is

Corollary 2.10 Let D C R?, d > 2, be an open set satisfying the uniform outer ball
condition of radius 1. There exists a constant ¢ such that foranyt > 0, x, y € D with
[x —y| > a > 0, we have

c(t v 184 (y)
(a A 1)“/2|x _ y|d+¢x'

pp(t,x,y) <

Proposition 2.11 Let @ = (B(w, 1)), w e R?,d >2and 0 < § < T < oo. There
exists a constant cs.t (depending on S, T, d, o) such that for any t € [S, T] we have

2
pa(t,x,y) < CS,T5?2/ ), x,yeQ.

Proof We assume that w = 0. We have

palt,x,y) < pt, x,y) <™,

so when §q(y) > 1/2 the proposition holds trivially. Thus we may assume that
3a(y) < 1/2.Let R = B(0,2)\B(0, 1). By Proposition 2.3 pq(t, x, y), equals

PR, x,y) + E*(tg <t, X(tr) € Q\R; pa(t — tr, X (tR), ¥)).
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Trace estimates for stable processes 325

By Lemmas 2.7 and 2.6 we obtain

2 2
Pr(1, X, y) < cs8%7(3) = 5887 ().

Since dq(y) < 1/2 and | X (tg)| > 2, we see that |X(tg) — y| > 1/2. By Proposi-
tion 2.9 we obtain

pa(t = T, X (tr), y) < T8 (y),
and the proposition follows. O

Corollary 2.12 Let D C R, d > 2 be an open set satisfying the uniform outer ball
property with radius 1. Let 0 < § < T < oo. Then there exists a constant cs.T
(depending on S, T, d, o) such that for any t € [S, T] we have

2
pot,x,y) < cs.78%(y), x,y€D.

We will need some facts concerning the “stability” of surface area of the boundary
open sets with R-smooth boundary under certain perturbations. The following lemma
is proved by van den Berg in [5].

Lemma 2.13 ([5], Lemma 5) Let D be an open bounded set in R? with R-smooth
boundary 9 D and define for0 < g < R

D, ={xeD:épkx)>q)

and denote the area of its boundary 0 Dy by |0 Dy|. Then

R—g\! R \d-!
o [0D]| < [0Dy| < | —— [0D], 0<g <R. (2.20)
R R —gq

This lemma is formulated in [5] for open bounded regions but it follows easily that
it holds for all open bounded sets. Using this lemma we obtain the following result.

Corollary 2.14 Let D be an open bounded set in RY with R-smooth boundary. For
any 0 < g < R/2 we have

(i)
279D < 19D, | < 297119,
(i)
24|D|
19D| < ,
R
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326 R. Baiuelos, T. Kulczycki

(iii)

24dq|aD| - 224dq|D|

[18Dg| —18D1| < R =R

Proof (i) follows directly from (2.20) under our restriction on ¢g. By (i) we obtain

R)2
|ID| > |D\Dgp2| = / 0Dy dg > 2741aD|R,
0

which gives (ii).
By (2.20) we get

((%)d1 - 1)|aD| < 19D,| - 10D = ((R%q)d] - 1)|8D|.

Now (iii) follows from the mean value theorem and the fact that the derivatives of both
(RL;q)d’] and (%)d’l with respect to g € (0, R/2) are bounded by 24RO

3 Proof of main result

Proof of Theorem 1.1 We begin by observing that for r'/* > R /2, the theorem holds
trivially. Indeed for such #’s we have

2/a
2o < [ ptt.x.xydx < 21 P
= X = Jdja = "R2dja

D

By Corollary 2.14 (ii) we also have

C>|dD|t!/ - 24Cy| DIt/ - 24410, | D2/
td/()t - th/ot - thd/ot

Therefore for 11/* > R/2 (1.11) follows.
From now on we shall assume that 11/ < R/2. From (1.3) and the fact that
pt,x,x) = ﬁpl(O), we see that

C1|D|
Zp(t) — tij/a :/pp(t,x,x)dx—/p(t,x,x)dx
D D
= —/rD(t,x,x)dx, 3.1
D
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where C1 = p1(0) as stated in the theorem. Therefore we must estimate (3.1). We
will use the notation of Lemma 2.13. We break our domain into two pieces, Dg/2 and
its complement. We will first deal with the contribution in Dg 3.

Claim 1
c|D|r?/

i (3.2)

/ rp(t,x,x)dx <

Dg)2

fort!/% < R/2.To verify this, observe that by scaling the left hand side of (3.2) equals

1 X X
7 | o (1 T ,1/a) dx. (3.3)
Dg)2

For x € Dy we have 8510 (x/11/%) = R/(2:'/%) = 1.1t follows by Lemma 2.1
that

c c ct?/e

oy = 52 Vay = R
(x/1'/%) D/,l/a(x/t )

X X

"Dyet/e (1’ m’ m) = 8d+a
D/tl/e

Hence (3.3) is bounded by ¢|D[r*/*/(R?*t?/%), which gives (3.2).

Now let us introduce the following notation. Since D has R-smooth boundary, for
any point y € 9D there are two open balls By and B, both of radius R such that
By C D, B C Rd\(D UdD), 0By NdBy = y. For any x € Dg there exists a
unique point x, € d D suchthatép(x) = |x —x4|. Let By = B(z1, R), B» = B(z2, R)
be the balls for the point x,. Let H (x) be the half-space containing Bj such that 0 H (x)
contains x, and is perpendicular to the segment 7125.

The next proposition asserts that for small 7, the quantity rp (¢, x, x) can be replaced
by rr(x)(t, x, x). This is a crucial step in the proof of Theorem 1.1. The proof is fairly
long and technical and is deferred to after the proof of Theorem 1.1.

Proposition 3.1 Let D C RY d > 2, be an open bounded set with R-smooth boun-
dary 9D. Then for any x € D\Dgyp and t > 0 such that 1'% < R/2 we have

Ctl/a tl/a d+a/2—1
lrp(t, x,x) = ree @, x, x)| < R/ ( ) ALY (3.4)

8p(x)

Let us assume the proposition and use it to estimate the contribution from D\ Dg 2
to the integral of rp (¢, x, x) in (3.1).

Claim 2

c|D|t?/
rp(t, x, x)dx — rH) (X, x)dx| < “R2dla

D\Dg/> D\Dg/>

(3.5)
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for /% < R /2. To see this observe that by Proposition 3.1 the left hand side of (3.5)

is bounded above by
l/ot l/ot d+a/2—1
o (O )

By Corollary 2.14, (i), the last quantity is smaller than or equal to

R/2 dva/2—1
alleop) [ (T Y (3.6)
RidJa . q. .
0

1/a

It is easy to show that the integral in (3.6) is bounded above by ct
Corollary 2.14, (ii), we obtain (3.5).

. Using this and

Recall that H = {(x1,...,x4) € RY: x| > 0}. For abbreviation let us denote

fu,q) —rH)(t (¢.0,...,0),(g,0,...,0)), t,g>0.

Of course we have () (t, x, x) = fu(t, Su(x)(x)). Note also that f (¢, q) satisfies
the following properties

fr(t.q) =1 fylqr™ %), fu(l,q) <c(@ " A,
In the next step we will show that

R/ 211/

t1/213D| c|D|t*/@
”H(x)(h%x)dX—W fu,q)dq Ew- 3.7

D\Dg/> 0

Note that the constant C which appears in the formulation of Theorem 1.1 satisfies
Cr = [° fu(l,q)dq.

We have
R/2
rH(x)(tvxvx)dXZ/|3Du|fH(t,u)du
D\Dg/>
R/2
- 10Dy frr (1, ut™"*) du
_td/o‘ ulJH\L,
0
1/a
o R/(Q211/%)
= T / 10Dj1/ug| f12 (1. q) dg.
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where the second equality follows by scaling and the third by the substitution ¢ =
ut =1/ Hence the left hand side of (3.7) is bounded above by

R/(2t1/)

tl/a

” / 10 Dy11a, | — 10D| frr(1, ) da.
0

By Corollary 2.14, (iii), this is smaller than

R/@1%)
c|D|t3/
R qfu(l,q)dq
0
oo
c| D1/ i c| D2/
Sw/lﬂq Al)dQSW.

0

This gives (3.7). Finally, we have

R/t 0o
t1/219D| t1/219D| c|D|r?/®
—dja fu(l,q)dg — —dja fal,q)dq| = Rl (3.8)
0 0

To see this recall that R/(2t'/%) > 1. So for ¢ > R/(2t'/*) we have fy(1,q) <
cq~%® < ¢q2. Therefore

00 [e9] d 1o
q ct
1,9)dg <c — < .
/ fu(l,q)dq = / 2= R
R/(2t1/2) R/(2t1/2)

This and Corollary 2.14, (ii), gives (3.8). Now, (3.1), (3.2), (3.5), (3.7), (3.8) give
(1.11). O

Proof of Proposition 3.1 Let x, € 9D be a unique point such that [x — x.| =
dist(x, 0D) and B; and B be the balls with radius R such that By C D, B, C
Rd\(D U dD), 0B N 0By, = x,. Let us also assume that x, = 0 and choose an
orthonormal coordinate system (xi, ..., xg) so that the positive axis Oxj is in the
direction of 0}7 where p is the center of the ball B;. Note that x lies on the interval Op
sox = (]x],0,...,0). Note also that By C D C (B) and B; C H(x) C (B,)¢. For
any open sets Ay, Ap such that A| C Ay we haverq, (f, x,y) > ra,(t,x,y) so

|VD(I,X,.X) _rH(X)(tv-xa-x)| S VBI([,.X,)C) —F(E)L»([,X,x).
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Recall that for any open set A C R the function r4(, x, y) satisfies the scaling
property (2.3). So in order to prove the proposition it suffices to show that

1 X X by X
tdje (rBl/’l/“ (1’ /e’ tl/“) ~ By it (1’ /e’ tl/a))
ctl/a tl/a
S N /\] ’
Rt/ Sp(x)
for any x = (|x[,0,...,0), |x] € (0, R/2].

Given the ball B;, we set W = B]/tl/"‘, U= (B_z)c/tl/"‘ and s = R/tl/“. Note
that s is the radius of W. Recall that 9W N oU = x, = 0. Note also that

Sp(x) X . X X
T =90 () = dist (;75-0) = \tT

Replacing x/1'/% by x, it follows that in order to prove the proposition it suffices to
show

rw (L, x, %) —rg (1, x,x) < es™ (x| 7472H A,

for any x = (Jx|,0,...,0), |x| € (0, s/2].
By Proposition 2.3 it suffices to show

E*(tw < 1, X(tw) € U\W; pu(1 — tw, X (tw), X)) (3.9
<es N(|x| A, (3.10)

for any x = (|x],0,...,0), |x| € (0, s/2].

Letusset A = {tw < 1, X(tw) € U\W}, f = pu(l — tw, X (tw), x). So the
expression in (3.9) is just E*(A; f). Let P be the following set P = B(0, s)\(W U
(U°)). We will divide E*(A; f) into 3 terms:

E*(X(tw) ¢ P, A; f), (3.11)

E*X(zw) € P, | X(tw) — x| > 1, A; f) (3.12)
and

E*(X(tw) € P, | X(zw) — x| < 1, A; f). (3.13)

We estimate each term separately.
By (2.2) we have

c

pu(l —tw, X(tw), x) < p(1 —w, X(tw), x) < W
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Let a, b be the centers of W and (U)°. That is, set W = B(a, s) and (U)¢ = B(b, s).
We have

E*(X(tw) ¢ P, A; f)
< cE*(X(tw) ¢ (B(0,5) U B(a, 5)); | X (zw) — x| 77%). (3.14)

The distribution (harmonic measure) P*(X (tp(x,,r)) € *), X € B(xp, r) is well
known. Indeed, by [7] we have

r? —|x —xo|»)*? dy
— x0|2 — r2)@/2|x — y|d”

P*(X(tp(xg.ry) € V) = C / o
\%

for x € B(xg, r) and V C B¢(xo, r) where C¢ = I'(d/2)7r~%/>~!sin(;ra/2). There-
fore (3.14) is bounded above by

(2 — |x —al>)*?dy
c . (3.15)
(Iy —al* = s2)%/2|x — y|2d+e

B¢(0,s)UB¢(a,s)

Note that on the set B°(0, s) U B (a, s) we have |x — y| > c|a — y|. Changing to polar

coordinates (p, ¢, ..., @4—1) centered at a we see that (3.15) is bounded above by
o
d—1
o 4 d,O —d—uo
o / (o — 5)*paligiata =
N

Note that s > 2 because '/% < R/2. Using this and the fact that x| € (0, s/2) we
have s =47 < ¢s~(|x|74~%/2+1 A 1). This shows that EX(X (tw) ¢ P, A; f) is
bounded by (3.10).

Now we will estimate (3.12). By Corollary 2.10 we have

852 (X (zw))
pu(l — T, X (tw). x)) < W

on the set | X (tw) — x| > 1. Thus (3.12) is bounded above by

cEX(X(tw) € P18/ (X (zw)) |X (zw) — x|~47)

2
[ Sl —aP)y ) dy G16)
] (Iy —al? = s2)/2|x — y|2d+e’ '
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Since (s2 — |x —a»)*/? < c|x|/25%/ and (|y — a|? — s2)%/2 > ¢85 (y)s*/2, (3.16)

is bounded above by
a/2

5 d
c|x|“/2/ i Wdy 3.17)
Sy () [x — y|2d+e

Let us recall that | X (tw) — x| > 1 so |x — y| > 1in (3.17). Now we will use
techniques developed in [21]. For completeness we repeat several arguments from
that paper. Let us introduce spherical coordinates y = (p, ¢1, ..., ¢a—1) with the
origin 0 and principal axis Oa. There are small technical differences between the case
d = 2 where ¢ € [0,2m) and the case d > 3 where ¢ € [0, 7). We will make
calculations for the case d > 3. The case d = 2 is very similar and we leave it to the
reader.

Consider the triangle T = y0Oa with vertices y, 0, a. We have

ly —al> =1y = 0> +10 —al®> = 2|y — 0]|0 — al cos 1.
Since |0 —a| = s and |y — 0] = p, we get
|y —a|2 = p2 +5% — 25 COS 1.
For 0 < p < s let B(p) be the angle satisfying 0 < B(p) < 7 /2 and
2 =,02—i-s2 —2pscos B(p). (3.18)

The angle B(p) has the following property. y = (o, ¢1, ..., 94—1) € P if and only if
0 < p <sand

T —Bp) = ¢ = B(p).
From (3.18) we get
_ L
cos B(p) = 5
Thus if y € P we have cos 8(p) < 1/2. Hence
7/2> B(p) = 7/3 and sinB(p) = /3/2.

Note thatif 7 /2 > y > 0 then (7/2) sin y > y. Using this we obtain

wo_r (T T
=Zsin (5 B0) = 5~ Blo).
Hence 7P
5. =7 —2B(0). (3.19)
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For y € P the double angle formula gives

ly —al® — 5% = p? — 2ps cos((¢1 — B(p)) + B(p))
= p* —2ps cos B(p) cos(p1 — B(p)) + 2ps sin B(p) sin(p1 — B(p)). (3.20)

But by (3.18) we have p> — 2ps cos B(p) = 0 and this gives that (3.20) is bounded
below by

2ps sin B(p) sin(p1 — B(p)) = pssin(p; — B(p)).
It follows that for y € P,
Sw(y) =y —al—s = (y —al’ =5 /s = psin(g — p(p)).
Recall that (U)¢ = B(b, s). Similarly as above for y € P we obtain
ly —b|* — 5% < p*> —2ps cos(w — B(p)) = 2p°,

508y (y) =y — bl —s < cp?/s.
We now return to (3.17). Let us recall that |x — y| > 1. Let us divide P into 2 sets:

Pr={yeP:|y—xle(,2x]}
and
={yeP:|ly—x|=1Vv2x|}.

We first estimate the integral in (3.17) over the set P;. Since the set P; is not empty
only when |x| > 1/2, we may assume that [x| > 1/2. Note also that for y € P} we
have |y — x| > c|x|. It follows that

a/z a/2
d s d
clx*/? / 72 DY py-2i-ar2 / —Ua/(zy) 2. (3.21)
F (y) |x — y|2d+e Sw

Py

Note that for y € P} we have |y| < 3|x|. Using polar coordinates we obtain

542 (y) dy
ot/2

9 (6))
x| m—B(p) = 7 2w p“/s“/z
/ / / pe/2sin®/2 (g1 — Bp)
Blpy) 0 00
p”’ Vsin? 2 gy ... singg_2dga—i ... dp (3.22)
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3lx] 7—B(p) Y
gc/p'H zp./(f/z LA (3.23)
) A p%/2 sin** (g1 — Bp)
0
We now claim that
7—B(p)

pe/sPder  _cp
p%/2sin®?(p1 — Bp) ~ s

(3.24)
B(p)

Indeed, the left hand side of (3.24) equals

T—=2p(p) T=2B(p)
pa/Z do - Cpa/2 do
so/2 sin?/2¢ = s@/2 g2

0 0

But now (3.24) follows from (3.19). Hence (3.23) is bounded by cs ™V x |9 Tt follows
that (3.21) is bounded by cs Vx| 747*/2+1 'We have assumed that |x| > 1/2s0(3.21)
is bounded by cs ™! (Jx|~4¢/Z+ A D).

Now we will estimate (3.17) over the set P>. For y € P> we have |y — x| > c|y]|.
Note also that for y € P> we have

Iyl =1y =x| =[xl = A =[x} VIx] = (1/2) V |x].

Hence,
80{/2 d 80{/2 d
C|x|a/2/ - v (n)dy §c|x|a/2/#- (3.25)
b Sw O |x — y|2d+e 85 (n)|y|2d+e
Using polar coordinates this is bounded above by
s T—PB(p) o
clx|*? p—2d—apd—1 / p% /57 de
p/2sin*/? (g1 — Bp)

1/2)V|x| B(p)
By (3.24) this is smaller than
CS71|)C|01/2 / pfdfot dp S Cs71(|x|7d701/2+1 A 1)
1/2)v|x|

It follows that (3.12) is bounded by (3.10).
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Now we will estimate (3.13). For this we may assume that |x| < 1. Let P3 = {y €
P : |y| <2}.(3.13) is bounded above by

E*(X(tw) € P3, A; f)
=E"(tw < 1/2, X(tw) € P3; py(1 — tw, X (Tw), X))
+E*(tw € [1/2,1], X (zw) € P3; pu(1 — tw, X (tw), X))
=14+1L

We estimate I first. When ty < 1/2 we have 1 — Ty > 1/2 so by Corollary 2.12 we
obtain

pu(l — 1w, X (tw), x)) < e8> (X (tw)).
Therefore

1< cEX(X(tw) € Py; 82 (X (tw)))

[ a5 dy 526
Iy = xol? = sH*72fx =317 ‘

P3

Using the same argument used to estimate (3.16) by (3.17), we obtain that (3.26) is

bounded above by
/2
o [ A0
1)

a2 :
5 dw () lx — y4

We divide Pj3 into 2 sets:

Py={yeP:ly—x|=2|xl}, (3.27)
Ps={yeP:ly—x|>2lx|}. (3.28)

As before, the arguments used for (3.21) and (3.25) give

/2 -
b, Ow () lx =y

8¢ (y)d
C|x|a/2/# < s Vx |2,
8

W ) lx —yld

/2
c|x|“/2/ 8y (»dy < o5~V [¥/2H,
)

Using the fact that |x| < 1 we finally obtain that

I<es (x| 747924 0 A D).
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Now we need to estimate II. By the generalized space—time Ikeda—Watanabe
formula (Proposition 2.8),

II_//pW(s X, z)/| |d+apU(1 s,y,x)dydsdz.

w12
We estimate pw (s, x, z) in the following way. We have s € [1/2,1]. Forz € W N

B(0, 3) by Corollary 2.12 we obtain py (s, x, ) < ¢8%°(z). For z € W N B(0, 3)
we get pw (s, x,2) < p(s, x,2) < clx —z|747% It follows that

M=c / a/z(z)/l |d+a/pU(l—s,y,x)dsdydz

WnB(0,3)
1
+c 1—s5,v,x)dsdydz.
/ |x ZI””“/IZ y|d+“/pU( y.x)dsdy
WnNB<(0,3) 1/2

We have
/PU(l =s,y,x)ds < Gy(y, x),
1/2

where Gy (y, x) is the Green function for U. Hence II is bounded above by

ot/2

(2)dz dz
Guly. ow @)az dy.
c/ vy, %) / Iz — yldte * / |x — z]d+e|z — y|d+a Y

P3 WNB(0,3) WNB(0,3)

For y € P3 and z € W we have Sy (z) < |z — y| and hence

2
/ 8512 (2) dz - / e —y?dz _ e
|z _y|d+a - |z _y|d+a - (x/2( )

WNB(0,3) B<(y,8w (y))

Fory € Pyandz € WNB(0,3) wehave |x —z| > c|z], |y —z| > CIZI,(S;VQ/Z(Y) >c

thus
dz dy < —dz << —— ¢
|x—z|d+"‘|z—y|d+°‘ y=c¢ |Z|2d+2a = a/z( )
WNB<(0,3) B<(0,3)
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Hence

II§c/ Guv(y.x) ,

2
AT

Recall that |x| < 1. By Corollary 2.5 for y € P3 we get Gy (y, x) < CBZ/Z(y)|x —
y|%/2=4 Thus

2
II< c/ 85/ )

— 2
) b=yl )

Finally, we can divide P3 into sets Ps, Ps (see 3.27, 3.28). The same arguments used
for (3.21, 3.25) and the fact that |x| < 1 give that

I < es™ (x| 747424 A D).
This shows inequality (3.9-3.10) and finishes the proof. O
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