Probab. Theory Relat. Fields (2008) 142:151-188
DOI 10.1007/s00440-007-0101-2

Critical behavior and the limit distribution
for long-range oriented percolation. I

Lung-Chi Chen - Akira Sakai

Received: 13 March 2007 / Revised: 14 August 2007 / Published online: 9 October 2007
© Springer-Verlag 2007

Abstract We consider oriented percolation on Z? x Z, whose bond-occupation
probability is pD(-), where p is the percolation parameter and D is a probability
distribution on Z¢. Suppose that D(x) decays as |x|~¢~* for some > 0. We prove
that the two-point function obeys an infrared bound which implies that various cri-
tical exponents take on their respective mean-field values above the upper-critical
dimension d. = 2(« A 2). We also show that, for every k, the Fourier transform of the
normalized two-point function at time 72, with a proper spatial scaling, has a convergent
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subsequence to e for some ¢ > 0.

1 Introduction

Oriented percolation is a model that exhibits a phase transition when the percolation
parameter p in the bond-occupation probability pD(-) changes its value, where D
is a given probability distribution on Z¢. It has been proved using the lace expansion
[16,20] that finite-variance oriented percolation, where the tail of D decays fast enough
to ensure finite variance 62 = > lx |2D(x) in particular, exhibits the critical behavior
for (finite-range) branching random walk, if d > 4 and o2 > 1 ord > 4 it has also
been proved that, for every p < p. for finite-range oriented percolation [20] and for
general (possibly infinite-range) finite-variance oriented percolation at p = p. [16],
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the Fourier transform of the normalized two-point function at time n, spatially scaled
by +/n, converges to e"""'2 for some constant ¢ € (0, 00).

In this paper, we consider long-range oriented percolation with index o > 0, where
D(x) decays as |x|~¢~% forlarge |x|. In[8], Chen and Shieh studied a long-range model
with @ = 1 and proved that, if > 2 (and a certain spread-out parameter L >> 1), the
standard susceptibility exponent y and a couple of other critical exponents take on their
respective mean-field values. The goal of this paper is to investigate the «-dependence
of the critical behavior and the limit distribution. We prove that the model exhibits the
mean-field behaviorifd > 2(a¢ A2) (and a spread-out parameter L > 1). Furthermore,
we prove that, for every p < p., the Fourier transform of the normalized two-point

function at time n, spatially scaled by n o7 ifa # 2orby . /nlognifa = 2,isbounded
from below by e=<kI”"% and from above by e~ K" in 1 0o, where ¢, ¢ € (0, 00)
and ¢/c’ = 1 + O(L™9). We stress that, although we do not prove convergence in
this paper, our results hold for p < p. for general finite-variance oriented percolation,
which is not completely covered in the aforementioned results in [16,20].

Our proof is based on the lace expansion for oriented percolation. We analyze the
lace expansion for all « > 0 simultaneously to discover a potential crossover in the
critical behavior by changing the value of «. However, since our D does not have
finite variance when o < 2, the standard Taylor-expansion analyses for the Fourier
transform of the expansion coefficients for finite-variance oriented percolation do not
always work. To overcome this difficulty, we use the trigonometric techniques that
were first developed in [6] for percolation on finite graphs and later in [25] for finite-
range self-avoiding walk on Z¢. We adapt these techniques for the time-oriented setting
(to analyze the Fourier—Laplace transform of the expansion coefficients).

1.1 Model

We define the model more precisely. A bond is an ordered pair ((x, n), (y,n + 1))
of vertices in space-time Z? x Z., where Z, = {0} U N is the set of nonnegative
integers. Each bond is, independently of the other bonds, occupied (resp., vacant) with
probability p D(y —x) (resp., | — pD(y —x)), where D is a probability distribution on
7. The percolation parameter p € [0, || D|| gol ] equals the average number of occupied
bonds per vertex. We say that (x, /) is connected to (y, n), and write (x,[) — (y, n),
if either (x, l) = (y, n) or there is a time-oriented path of occupied bonds from (x, /)
to (y, n). Let P, be the probability distribution of the bond variables, and denote its
expectation by [E,.

Our D is defined as follows. Let 4 be a bounded probability distribution on R?
that is invariant under rotations by 7 /2 and reflections in the coordinate hyperplanes.
Suppose that % is piecewise continuous, so that fRd d“x h(x) = 1 canbe approximated
by the Riemann sum Ll—d > vezd h(x/L) for large L < oo. We define

h(x/L)

D(x) = =~
=5 /D)

(1.1)

where x/L = (x1/L, ..., xq/L). Note that the denominator is O (L%).
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Fix o > 0 throughout this paper. We assume that there is an £ < oo such that
h(x) < x| (x| = 0), (1.2)

where f(x) =< g(x) means that f(x)/g(x) is bounded away from zero and infinity.
We note that the rth moment ), _74 |x|" D(x) does not exist if » > «, but exists and
equals O (L") if r € (0, «). A simple example of / that satisfies the above assumptions
is

1
hx) = 1z (%] v 14, (1.3)

where A is the normalization constant. In this case, D equals

(15| v 1=
> ez (4] v D)=d=e

D(x) = (1.4)

The main properties of D are summarized as follows:

Proposition 1.1 Let A = L™, and denote by D** and D, respectively, the n-fold
convolution and the Fourier transform of D:

D =1 N .
pri(xy = | PO ) =D Ay = > D).
S ez DOV D = y) (12 2), =
(1.5)
Then, for L >> 1, there are C < oo and A € (0, 1) such that
a . 2—A (ke[-mn]?,
ID* o < CAn~a2, 1—D(k){" kel-mrlD,
> A (Iklloo > (EL)™7).
Moreover, when ||k|lso < (L)~}
. LIk|)*"? 2),
| by < | EHDE @) 0
(LIk[)"log a7y (@ =2).
We will prove Proposition 1.1 in Appendix A.
1.2 Main results
We investigate the following two-point function:
op(y —x,n—=1) =Pp((x,]) > (y,n)), (1.8)
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where we have used the fact that the right-hand side depends onlyon y —x and n — [,
due to the translation invariance of the model. Assuming summability of the two-point
function, we define, for k € [—7, ]9 and z € C,

Zytkin) = D" gy, Gpk.2)= D Z,(kin)z". (1.9)

xeZd nely

Let C, be the set of vertices at time n that are connected from (o, 0), and let C =
UnzO Cy. The quantities in (1.9) for k = 0 and (k, z) = (0, 1) can be described as

Z,(0;n) = E[J[|Cn|]7 Xp = (ﬁp(ov D= IEp[|C|]7 (1.10)
where |A| is the cardinality of a set A, and x, is called the susceptibility. Since

Z,(0; n) is sub-multiplicative, i.e., for /,n > 0,

Z,0:1+m) = > Py | |J 0,0 > 0. DIN{0. D) = .1+ m))
xeZd yeZd
Z,(0;D) Z,(05 n), (1.11)

IA

the radius m, of convergence of the series ¢, (0, z) is well-defined and satisfies (cf.,
e.g., [9, Appendix II])

m,! = lim Z,(0:n)"/" = inf Z,,(0; n)"/". (1.12)
ntoo n>1

This implies that ¢, (0, m) for m € R diverges as m 1 m,, for every p > 0, because

p P

neZ+ neZ+

This also implies that m, > 1 if and only if x, < oo. Since ¢o(0,m) = 1 for any
m > 0, we define my = oo. It is known [1,2,5,10] that there is a unique critical point
Pc > 1 such that

=0, ifp<
®pETP’p(|C|=oo){ PP g

>0, if p > pc,

< oo, ifp < pe,
Xp .
= o0, if p> pc,

and that lim 4 . xp = oo (hence m,, < 1) and lim,, ®, = 0.
Our first result is about an upper bound on |¢, (k, z)| for p < pc and |z| < m .

Theorem 1.2 Letd > 2(a A 2) and L >> 1. Then, there is a C < 0o such that

C
plmy, — |z]) + larg(z)| + 1 — D(k)’

1§p(k, 2)| < (1.15)
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forany p € (0, pe), k € [—m, w1? and z € C with |z| < mp.

To prove this theorem and the other results throughout this paper, we use the lace
expansion for oriented percolation. We will briefly review it in Sect. 3.

It has been proved [19,20] that (1.15) holds for finite-variance oriented percolation
(for which, 1 — [)(k) = |k|?)ifd > 4and 62 > 1 or d > 4, hence

/ d% do
Qn)d 2x

[_n’n—]dJrl

. 3
ép(k. me“))] (1.16)

is bounded uniformly in p < p. and m < m . By the dimension-independent results
in [2,3], this implies that the critical exponents 8, y and § defined as

O, = (p—pdf. xp = (pe=p)77, Pr(Cl=n) = n7V°  (117)
Pl pe P pe ntoo

exist and take on their mean-field values ford > 4: § = y = 1 and § = 2. Since
our 1 — ﬁ(k) satisfies (1.7), the integral (1.16) is bounded uniformly in p < p. and
m < mp whend > 2(a A2). Let T and 7 be the critical exponents for m,, — m ,_  and
Zp.(0; n), respectively:

m, —mp, p%v\p (pe —p)'. Zp(0;n) nTxoo n'. (1.18)

Corollary 1.3 Letd > 2(aA2) and L > 1, so that Theorem 1.2 holds. Then, m p, =1
and the critical exponents B, y, § and t exist and take on their respective mean-field
values: B =y =t =1and § = 2.

The identity T = 1 follows immediately from y = 1 and the inequality

c
PPy —1<—  (0<p<po). (1.19)

Xp PXp

The lower bound is due to (1.13) for m = 1, and the upper bound is due to Theorem 1.2
for (k, z) = (0, 1). By the continuity of X[,_l in p, we obtain m . = limpy . m, = 1.
It may be worth pointing out that the trivial bound Z,(0; n) < p”" and the inequality
(1.19) with x, > 1imply m, =< p~! forall p € (0, 1).

The mean-field result on the exponent 7 is in Theorem 1.5 below.

The critical exponents are generally believed to be universal in the sense that their
values depend only on d and «, but not on the microscopic details of the model,
such as the value of L < oo. However, the value of p. is not universal and changes
depending on the value of L. In [15], an asymptotic estimate of p. as L — 0o was
investigated for various finite-variance models, such as self-avoiding walk, percolation,
oriented percolation and the contact process, above the model-dependent upper-critical
dimension. Using Proposition 1.1 and Theorem 1.2, we obtain the same asymptotic
estimate of p. for our long-range oriented percolation for d > 2(x A 2), as follows:
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Theorem 1.4 Letd > 2(a A 2). Then, as L — 00,

I 2
pC=1+§Z;D "(0) + O(1?), (1.20)
n=

where the sum of the 2n-fold convolutions over n > 2 is O(X) ifd > o A 2.

Our last results are about asymptotic estimates of the expected number Z,(0; n)
of vertices at time n connected from (o, 0) and the Fourier transform of the normalized
two-point function Z,(-;n)/Z,(0; n). For finite-range oriented percolation with
d > 4and 6> > 1 ord > 4, Nguyen and Yang [20] used Tauberian estimates
to prove that, for any p € (0, p.] and k € R4, there are c1,¢c; = 1 + O()\) such
that Z,(0; n) ~ clm;” and Zp(k/ﬁ; n)/Z,0;n) ~ e"?““z; sharper error esti-
mates for general finite-variance oriented percolation at p = p. were obtained in [16]
by an inductive analysis of the lace expansion. In this paper, we follow the line of
[20] using Tauberian estimates to prove the following theorem for long-range oriented
percolation:

Theorem 1.5 Let d > 2(ax A 2) and L > 1, so that Theorem 1.2 holds. Fix € €
O, 1A d_z(‘“z)). Then, the following (i)—(ii) hold for any p € (0, p.] and k € R¢:

an2

(1) Thereisa C; =14+ O()\) such that
Z,00;n) = Clm;” (1 + O(n_e)) (n>1). (1.21)

In particular, the critical exponent n takes on its mean-field value: n = 0.
(i) Suppose that there is an L-dependent constant v, € (0, 00) such that

vo || (o #2),
1-D ~ 1.22
*) k| —0 {v2|k|zlogﬁ (@ = 2). (1.22)

Let
] A
Then, there are Cy and Cé, both equal to 1 + O (L), such that
=€l i inp 2ot ) 2o &) ame g oy

n—oo ZP(O,n) T nsoo Zp(o’n) -

We note that our D satisfies the bound (1.7) on 1 — ﬁ(k) for small k. The assumption
(1.22) identifies the coefficient of the leading term of 1 — ﬁ(k).

In the proof of the above theorem, we estimate fractional moments for the time
variable of the lace-expansion coefficients. In the ongoing work (LC Chen and A Sakai,
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In preparation), we have been able to show that the limit of Z, (k,; n)/Z,(0; n) exists
fora > 2 and d > 6 by crude fractional-moment estimates for the spatial variable
of the expansion coefficients. The difficulty in proving existence of the limit for all
a > 0and d > 2(x A 2) is due to the fact that the support of our D is unbounded,
so that we cannot simply bound |x|" ¢, (x, n) for some r > 0, which may show up in
the fractional-moment analysis, by a multiple of n" ¢, (x, n), as done in [20] for finite-
range oriented percolation. To squeeze the bounds in (1.24) in order to identify the
limit of Z,(k,; n)/Z,(0; n), we may have to improve the aforementioned fractional-
moment estimates for the spatial variable. We expect that the idea may also be extended
to investigate 51(;) (n) =2, Ix"gp(x,n)/Z,(0; n). Nguyen and Yang proved in [20]
that é}f) (n) < n for any p € (0, p.] for sufficiently spread-out finite-range oriented
percolation for d > 4. We are aiming to show that & [(,’ '(n) < nar2 for any p € (0, pc]
and r < « for our long-range oriented percolation for d > 2(x A 2).

1.3 Organization

The rest of this paper is organized as follows. In Sect. 2, we prove the above three
theorems assuming a couple of key propositions. These propositions are proved in
Sects. 4-6. Finally, in the Appendix, we prove Proposition 1.1.

2 Proof of the main results

In Sects. 2.2-2.4, we prove Theorems 1.2, 1.4 and 1.5, respectively, assuming several
key ingredients. The most important ingredient is the lace expansion.

2.1 Lace expansion

The idea of the lace expansion was initiated by Brydges and Spencer in [7] for investi-
gating weakly self-avoiding walk for d > 4. Later, the lace expansion was applied to
various stochastic-geometrical models, such as strictly self-avoiding walk for d > 4
(e.g., [13]), lattice trees/animals for d > 8 (e.g., [12]), percolation for d > 6 (e.g.,
[11]), oriented percolation for d > 4 (e.g., [19]) and the contact process for d > 4
(e.g., [22]). Application to the Ising model was recently reported in [23]. See [25] for
a complete list of references up to 2005.

The derivation of the lace expansion, the definition of the expansion coefficients and
their diagrammatic bounds in terms of two-point functions depend on which model is
concerned, but are independent of the specific choice of D. Therefore, we can apply
the standard lace expansion for oriented percolation to the current long-range setting.
We will briefly review the expansion in Sect. 3.

The result of the lace expansion is a recursion equation similar to that for the
random-walk two-point function

Pp(xv n) = 8x,00n,0 + an*n(x)ﬂ{nzl} = 8x,000,0 + (Qp * Pp)()ﬁ n, 2.1
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where 1y...} is the indicator function and

qp(x,n) = pD(x)dy,1. (2.2)

For oriented percolation, we have (see Proposition 3.1 below)
ppx,n) =mp(x,n) + (Tp xqp * @p)(x,n) 0 < p < o00), 2.3)
where 7, (x, n) is the alternating sum of the nonnegative lace-expansion coefficients

rr;,N) (x,n):
o0
V) =0 (N=0,1,...), mp.n)= D> (—DVzM(x.n). (24
N=0

If n = 0, then nI(,N)(x, 0) = 6x,00n,0, hence 7, (x,0) = dx 0, due to the definition

(3.10) of JTI(,N )(x, n) below. Comparing (2.1) and (2.3), we are naturally led to expect
that ¢, (x, n) behaves similarly to P, (x, n), if ,,(x, n) — 6x,00,,0 is small.

2.2 Infrared bound
We prove Theorem 1.2 by comparing ¢, (k, z), where k € [—, 7]? and z € C with

|z| < mj, with the Fourier transform of the random-walk Green’s function with a
certain rate ;4 = p,(2) € C:

A , 1
Gur= > Puemett=————  (ul<D. @5
(x,n)eZd <7y 1- MD(k)

It is not hard to see that G (k) obeys the following infrared bound:

c

1Gub)] < — (2.6)
(I = Jub) + [arg(u)| + 1 — D(k)
where ¢ < oo is independent of y and k.
Let
1p@ = (1= 9,0, 2D 7") €172, 2.7

where |up(z)] < 1 for |z|] < m, and pup(m) 1 1 as m 4 mp. Inspired by the
bootstrapping hypotheses used in [6] for percolation on finite graphs and in [25] for
finite-range self-avoiding walk on Z¢, we define

f(P’m) = igaZX?)fi(p’m) (17 < Pc, M < mp)v (28)
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where
@p(k, 2)
fitp,m)=pmv 1), fa(p,m)= sup |z, 2.9)
kel—m x| Gy (k)
zeC:|z|e{m,1}
fa(p,m) sup G“P(’”Vl)(k) |¢p(lv z) — %(ép(l +k,2)+ @p(l —k,2))]
3 y =

kiel-mmd K Z(j,j/):(o,ﬂ),(l,_n G, + k) G, + j'k)]

zeC:|z|e{m,1}

(2.10)

for some large but finite constant K > 0 whose precise value is unimportant for
the moment and will be determined in Sect. 4.2. These functions will be used in
the bootstrapping argument, as stated in Proposition 2.1 below. We emphasize that,
although the work in [6,25] did not concern the long-range models, the definition of f3
is well-adapted to the long-range setting, especially for « < 2; since we are not using
the Taylor expansion for the numerator of (2.10), we do not have to assume convergence
of the second moment for the spatial variable of the two-point function. We use similar
functions in the bootstrapping argument in the ongoing work (M Heydenreich et al.,
in preparation) to investigate the critical behavior for the long-range Ising model,
percolation and self-avoiding walk on Z2.
We prove below Theorem 1.2 using the following proposition:

Proposition2.1 (i) Letd > 2(a A2)and L > 1 and fix p < pc andm < m.
Then, f(p, m) < 3 implies that there is a (p, m)-independent constant C < 00
such that

> e, mm" < (€)M (N =0, r=0,1),
(x,n)eZ4 xN
2.11)
> (=cos(k - x)) (e, m)m" <C 2. Gymvn®) ™" (kel[—m, 7]%).
(x,n)eZd <7y

(2.12)

(ii) Letd > 2(a A2)and L > 1 and fix p < pc and m < m. Then, (2.11), (2.12)
and f(p, m) < 3 imply the stronger bound f(p, m) < 2.
(iii) The function f(p,m) is continuous in m < m, for every p < pc, and f(p, 1)
is continuous in p < p¢, with £(0,1) = 1.
We will prove Proposition 2.1 in Sect. 4.

Proof of Theorem 1.2 assuming Proposition 2.1 Note that Proposition 2.1(i), (ii) imply
f(p,m) ¢ [2,3) for every p < p. and m < m . With the help of the continuity in
Proposition 2.1(iii), we conclude that indeed f(p,m) < 2 holds for all p < p. and
m < mp. In particular, by (2.6) and the definition of f>, we have

2¢
(1 = |pp@D) + larg(@)] + 1 — D(k)

lgpk, )| < (P < Pe, |zl <mp).  (2.13)
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To complete the proof of Theorem 1.2, it suffices to show that

. B 1
lﬂmMNE%®MDIZyMu—M) O<p<pd) (214

Before proving (2.14), we note that ¢,,(0, m) diverges as m 1 m,, for every p > 0
(cf., (1.13)) and that, by using (2.3),

1< > gpx.mym” = $,0.m)
(x,n)eZA X7
7,(0, m)

=2 - . 2.15
1—pmﬁp(0,m) <00 (m<mp) ( )

By (2.11) for r = 0, |7'Ar[7 (0, m) — 1] is uniformly bounded by O(X). Moreover, by
monotone convergence and (2.11) forr = 1,

mp|7p(0.mp) — 7p(0.m)| < D |7y, )| my(m —m")

(x,n)

< (m, —m) Z |y (x, n)|m'

(x,n)

< (mp,—m) Z Z:rz7‘r1§7’v)(x,n)m::7

(x,n) N=0
o
— ; (N) n
= (my —m)m]gllp Z Znnp (x,nm)ym
(x,n) N=0
<O0MN)(my —m), (2.16)

where the O (1) term is independent of m, so that 7,(0, m,) = limypm,, 7p(0, m).
Therefore, for ¢, (0, m) to diverge as m 1 m, the denominator in (2.15) should be
nonnegative and vanish as m 1 m, and hence

pmpt,(0,mp) =1 (0 < p < pe). (2.17)

Now we continue with the proof of (2.14). Since 7%,,(0, z) =14+ O0R) > 0 as
explained above, we obtain

7,(0, |z])
1 — plz|7, (0, |z])

—1
@wmm‘=( ) = 7,0, 1z = plzl.  (2.18)
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By repeated use of (2.17), ¢, (0, |z|)_1 is rewritten as

$p (0, 12D~ = 7,00, 12D = plzl + pmp — 7,0, mp) "
j%p(03 mp) - ﬁp(os |Z|)

=pimp —[z) + — -
! 7p(0, 12) 7 (0, m )
my(7p(0,mp) —7,(0, |z]))
=p|0mp—lzh+ -2 . (2.19)
( ! (0, I2)
By (2.16), we have arrived at
¢p(0. 12D~ = (1 = 0() pmp —I2)). (2.20)
This completes the proof of Theorem 1.2 assuming Proposition 2.1. O
2.3 Asymptotic estimate of p
We begin with the identity (2.15) for m = 1:
. 7p(0,1)
1< xp=¢p0.1) = 0 (p<po) .21)

T = . <
1 — p7,(0, 1)

By (2.11) form = 1 and r = 0, |f1p(0, 1) — 1] is bounded by O(X) uniformly in
p < pc.Since xp T ooandmy | Las p 1 pe, we have

L= peye(0.1) = pe lim ,(0. 1. (2.22)
P71 Pe

and therefore p. = 7, (0, Dl'=14+0W0.
To improve this estimate, we use the following proposition:

Proposition 2.2 Letd > 2(x A2) and L > 1. Then, there is a C < oo such that, for
p € (17 pc),

10,70, 1)| < Ca. (2.23)

We will prove Proposition 2.2 in Sect. 5.

Proof of Theorem 1.4 assuming Proposition 2.2 First we rewrite (2.22) as

1= pe (p. (0, 1) = 71(0, D) + (pc — 1) (71(0,1) = 1)
+ (710, 1) = 1) + pe. (2.24)

We already know (p. — 1)(71(0,1) — 1) = 0(1?). By the mean-value theorem and
Proposition 2.2,

|7 (0, 1) = #1(0, D] = (pe — D|3,7,(0, D] < OGA). (2.25)
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Moreover, by (2.11) for (p, m) = (1, 1) and r = 0, we have #;"(0, 1) < O(W)" for
N > 2. Therefore,

pe=1+#"0,1) — (7”0, 1) — 1) + 0O(A?). (2.26)

To complete the proof of Theorem 1.4, it suffices to show that, for d > 2(a A 2),

#00,1) - (720, 1) 1) = % > D (0) + 0(\Y), (2.27)
n=2

where the sum is O(A) if d > o A 2, because of Proposition 1.1. In fact, (2.27)
follows from the same argument as in [15, Sect. 3.1] and using Proposition 1.1. The
main point is that, since p = 1, we can estimate ﬁli) (0, 1) with random walks. For
example, n(o) (0, 1) — 1 is the sum over (x, n) € Z¢ x N of the probability that there
are at least fwo bond-disjoint connections from (o, 0) to (x, n) (cf., the definition (3.2)
of 71(0) (x, n) below). Since p = 1, each of these bond-disjoint connections can be
approx1mated by a random-walk path from o to x in n steps. Therefore, the main
contribution to nl(o) 0,1)—1is

—Z > (D7)’ ZD*”( ), (2.28)

n=2 yecz74d n=2

where the combinatorial factor % is due to the symmetry between the two bond-disjoint
connections (cf., [15, (3.11)]), which is absent in the main contribution to n{”(O 1)
(cf., [15, (3.22)]), leading to the factor 1 5 in the difference (2.27). The corrections to
7%1(0)(0, 1) — 1 and frf])(O, 1) can be estimated as O (A?) by applying Proposition 1.1
to the error terms in [15, Sect. 3.1]. For example, [15, (3.29)] is replaced by

> oo 0G)
t,s,s'€Zy (1 v )d/@r) (1 v (s" — s5))d/@r2)
0<s<s'<t

2
< Z q 06" <00Y), (2.29)

\/t)d/(OlAz) 1 —

where we have used d > 2(a A 2). This completes the proof of Theorem 1.4 assuming
Proposition 2.2. O

2.4 Limit distribution

Assuming the lace expansion (2.3) and the bounds in Proposition 2.1 on the expansion
coefficients, we have that, for p € (0, p¢), k € [—, n]d and m < m,

Gplke,m)~" =7, (k, m)~" — pmD(k), (2.30)
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where 7, (k, m) = 1+ O(%). In the course of the proof of Theorems 1.2 and 1.4 in
Sects. 2.2 and 2.3, we obtained pm, = 7,(0, ml,)_1 =1+ 0®) for p € (0, pc]
and m . = 1, as stated in Corollary 1.3. Form < 1, 71, (k, m) = lim 4, 7, (k, m) is
well-defined, due to (2.30) and the continuity of ¢, (k, m) in p < p. foreverym < 1,
as well as the uniform bound on 7 plk, m).

Using these facts and Tauberian estimates, we first derive an asymptotic formula
of Z,(k;n) for every p € (0, pc]. Then, by using this formula, we will prove
Theorem 1.5.

Since 7, (k,m) = 1+ O()) and 7,,(0, m,,)_1 = pm,, we can reorganize (2.30)
form < m) as

Gplle,m)™" = 7, (k, m)~" — pmD (k) — (fr,,(k, mpy)~! — pm,,é(k))

P(mp_m)Ap(k;m)

2y mp) ™ = pinp D) = (7,0 mp) ™" = pm,)

pmp By (k)

= pm, ((1 - %) Ak, m) + é,,(k)) : (2.31)

where

Aptk,mp)~t — 7,0, m)~!
p(mp —m)
Apk,mp)~t = 7,(0,mp) "1

pmp

Ap(k,m) = D(k) — , (2.32)

By(k) =1—D(k) +

(2.33)

Similarly to (2.16), we can show that the second term in A pl(k, m)is O(2) and the last
term in B, (k) is O(W)G 1, m,v1y(k) = O — D(k)) for p < pe, k € [-m, 71
and m < m,. Then, we decompose Ap(k, m) as Ap(k, m) = A;,”(k) + A(If)(k, m),
where

. . Oty (k, mpy) !

AV = Dk — 22 ik, mp) (2.34)
pmp

My 7t p(k, mp)~! B fpk,mp) ™t — 7,k m)~!

pmp p(mp —m)

Ag)(k, m) = . (2.35)

where 0,7, (k, m p)_1 is an abbreviation for 9,7, (k, m) ™ mem ,- Again, similarly to
(2.16), we can show that the common term in (2.34) and (2.35) is O (A) forany p < p.
andk € [—x, 7]¢. In particular, A;,”(k) is continuous at k = 0, and A;,”(k) +B,(k) =
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1 + O(A). Using these quantities, we can rewrite (2.31) as

1

L= ) Atk m) + By(h)

= : + &, (k, m), (2.36)

(1 - mﬂp) AV (k) + B, (k)

pm @, (k,m) = (

where
_ (1—,%) A2k, m)

((1—%) Ak, m) + é,,(k)) ((1—%) AV (k) + ép(k)) '

d,(k,m) = (2.37)

The first term of the rightmost expression in (2.36) can be expanded in powers of mﬂp
as

1
A (k) + By (k) — mﬂpz&‘,?(k)
1 > (m\" AW (k) !
= — ) =) . (2.38)
AY (k) + B, (k) § (mp) (A‘,P(k) + B,,(k))

In Sect. 6, we will prove the following bound on ) plk, m):

Proposition 2.3 Letd > 2(a A2) and L > 1, and fix an € € (0, 1A M)

an2
Then, there is an €-dependent constant C. < 0o such that

19D (k, mpe)| < Cell — ¢| 72T (2.39)
holds for p € (0, p.], k € [—, n]d and ¢ € Cwith |¢| < 1.

n ~
By thisresultand [18, Lemma 6.3.3(ii)], the coefficient of {" = (r;”—p) in®,(k, m)

is bounded by O(n_é/) for any ¢/ < ¢. Together with (2.36) and (2.38) and using
pmp =1+ O(1), we finally obtain

m" Avw Y
Zpkin) = A A A A
pm AV (k) + B, (k) \ AV (k) + B, (k)

+0(m,"n™) (n = 1). (2.40)

Proof of Theorem 1.5 using (2.40) When k = 0, since é[,(O) = 0, we immediately
obtain from (2.40) that

Zp(0:n) = Cim," + O(m,"n™)  (n=1), (2.41)
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where C1 = (pm) Af,,” 0)~! = 140(O). This completes the proof of Theorem 1.5(1).
To prove Theorem 1.5(ii) using (2.40), it suffices to investigate

1 _n(1-DW) Bpk)
AV w iPa 1=k

A n A By
A(])A#k}) Y Ii‘l’)(k)) (2.42)
AV (k) + B, (k) AD k)

for small &, for which A(,i)(k) is bounded away from 0 and l§p (k) is close to 0. For &,
defined in (1.23),

AD k)
A ,.P 1 A
Ly Bolk) NPt n( = D)) K2
AP (k) ntoe AP (k) ntoe AP(0)

(2.43)

where we have used the continuity: Ag)(kn) — AS)(O) =14 O(). By (2.12) and
(2.33), B,(k)/(1 — D(k)) = 1 + O() uniformly in k. This completes the proof of
Theorem 1.5(ii) using (2.40). O

3 Review of the lace expansion
3.1 Derivation of the expansion

In this section, we briefly explain the lace expansion (2.3) for oriented percolation.
In the literature, there are currently three different ways to obtain (2.3) and different
representations for 7, (x, n). One is based on an algebraic approach using the Markov
property [19], another one is to use inclusion—exclusion and nested expectations [17],
and the other is to use inclusion—exclusion and the Markov property [22]. Here, we
provide a quick overview of the third approach, which is thought to be conceptually
simplest. The readers who are familiar to the lace expansion for oriented percolation
may skip this section and immediately go to Sect. 4.

Recall that ¢, (x, n) is the probability that (o, 0) is connected to (x, n). In order for
this event to occur, there are two disjoint events depending on whether there is or is
not a pivotal bond for {(0, 0) — (x, n)}. If a bond b is pivotal for {(0, 0) — (x,n)},
then (x, n) is not contained in the set of sites connected from (o, 0) without using b.
For (v,1) € Z¢ x Z4, let

Clw,l) ={(y,n) € Z% x Z : (v,1) — (y, n) without using b}. (3.1)
If there is no pivotal bond for {(0, 0) — (x, n)}, then (0, 0) = (x, n) or there are at
least two bond-disjoint nonzero occupied paths from (o, 0) to (x, n). We denote this

event by {(0, 0) = (x, n)} and define

n[‘,o)(x, n) =Py((0,0) = (x, n)). 3.2)

@ Springer



166 L.-C. Chen, A. Sakai

Then, by taking the first pivotal bond b (if it exists) for {(0, 0) — (x, n)}, we obtain

ople,n) =70 (c,n) + > P, ((o, 0) = b — (x,n) ¢, 0)) . 33)
b

where, by denoting b = (b, b), we have used the abbreviation

{(0,0) = b — (x,n)} ={(0,0) 2 b} N {b — (x,n)}
= {(0,0) = b} N {b is occupied} N b— (x,n)}. (3.4)

By inclusion—exclusion in terms of the condition (x, n) ¢ ¢t (0, 0), the second term
in (3.3) is

S By(0.0) =b— (x.) = D P, ((o, 0) = b — (x.n) € C’, 0))
b b

= (r[[(,o) *qp*@p)(x,n) — R;,l)(x, n) 3.5)

where we have applied the Markov property for the first term, and

Ry ram =D By (0,00 = b = (x,m) € C¥(0,0)). (3.6)
b
Therefore,
opx,n) =7 (x,n) + () % qp * @p)(x,n) — R (x, n). (3.7)

This completes the first step of the full expansion (2.3).
To proceed the expansion further, it suffices to consider Rg) (x, n). Given a set C of
vertices, we define

E(b,(x,n); C)={b— (x,n) e C}n{#b'pivotal for {b— (x, n)} satisfyingb’ €C},

(3.8)
—
and, for N > land by = (b1, ..., by),
N ~
E%i](x, n) ={(0,0) = b} N m E (bi’ by Cchi (bifl)) , (3.9)

i=1
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with the convention by = (0, 0) and by, = (x,n).For N > 0, we define

]Pp((o’ O) j (-xr Vl)) (N = 0)7

W (x. n) = ~ ) 3.10
7, (x, n) ZPP (EZ’N(X’H)) (N=1, (3.10)
by
R})N‘Fl)(x’ n) = Z P, (~%]\)]@N+l) N {bN-H — (x,n) € ébN+1(EN)}) )
By
(3.1D)

which are consistent with (3.2) and (3.6). It has been proved [14,22] that

R (x,n) =7, (x,n) + (7, % qp * 9p)(x,n) — Ry (x,n). (3.12)
We note that R;,N)(x, n) involves the sum over by, ..., by with Zj_l < 5]- for j =

2,..., N, hence R;,N)(x, n) = 0if N > n. Repeatedly using (3.12), we arrive at the
following conclusion:

Proposition 3.1 ([14,22])

ep(x,n) =mp(x,n) + (mp *qp * @p)(x, n), (3.13)
where
mpx.n) = D (=DNx M (x, ). (3.14)
N=0

Extending the above idea, we obtain the following representation! of 3,7, (x, n)
for p € (0, pc), which will be used in Sect. 5 to prove Proposition 2.2.

Proposition 3.2 ([14]) For p € (0, pc),

dpp(x,n) = ! > =V n), (3.15)
pN:l

1 Proposition 3.2 is a result of applying Russo’s formula [21] to ¢ (x, n) and compare the result with the
derivative of (3.13). Since Russo’s formula can be used only for finite systems, we should first approximate
¢p(x,n) by a finite-volume version ¢, g(x,n) = Pp((0,0) — (x,n) in Ag), where Ag = (Z N
[—R, RD? x Z4, and then apply Russo’s formula. This strategy is explained in [14, Sect. 3.2], where a
sort of finite-confinement argument of random-walk paths is used. Since the tail of the underlying random
walk in the current setting does not decay fast, we restrict p to p < pc and use the fact that x, < oo and
Ap.R = Z(x,n)¢AR @p(x,n) — 0as R — oo. Then, the corresponding quantities to the first and second

lines of [14, (3.58)] are bounded respectively by X, g and X; X p,R>both of which tend to zero as R — oo,
hence we obtain (3.15), (3.16).
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(x,n) (x,n) (x,n) (x,n)

7Oz, n) : 7W(x,n) : 7@(x,n) : U
b (z,m) p(,)bl p(,)bl )

(0,0) (0,0) (0,0) (0,0)

(x,n) (x,n) (x,n)

) ©(z,m) 7 U 3

Im:(x,n) : I 1 (x,n) :

P b, P b, b,
(0,0) (0,0) (0,0)

Fig. 1 Schematic representations of n;N) (x,n) for N =0,1,2and l'I(pN) (x,n) for N = 1,2. The b’s are
bonds that are summed over

where
N
l'I<PN>(x, n)= Z ZIPP (E%\)](x, n)nN {b:bj or b is pivotal for {b; — Qj_H}}) ,
Db I=1

(3.16)

with the convention by, | = (x, n).

3.2 Diagrammatic bounds on the expansion coefficients

In this section, we provide diagrammatic bounds on n;,N) (x,n) and H;,N) (x, n). These
bounds consist of two-point functions, and are results of applications of the BK
inequality [4] and

wp(x,n) < (gp*xpp)x,n)  (n=1). (3.17)

For example, 77, (x, n) is bounded as

2
70, n) < @p(x.n)* = 8y 0800 + (1 — 81.080.0) @p(x. 1))
< 8x.080,0 + (qp * @p) (x, n)%. (3.18)

The other terms are bounded similarly.
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fp = sup H,= sup J
(z,n)€Z4+1 (z.n),(a' ,n')€ZIH1
(x.n) =

(0,0) (xn) L
(0,0)

Fig. 2 Schematic representations of fp and Hp

Let 3" (x, n) = ¢, (x, n)m" and define the weighted bubble W, (k), the triangles
(m)

T," and T, the square § » and the H-shaped diagrams H), as (see Fig. 2)

WP (k) = sup Z (1 —cos(k - y))
o ()
(qp * @p) (v, 1) - (mqp x ")y —x, 1 —n), ifm <1,
x (3.19)

(mqp * op )3, 1) - (qp * 0p)(y —x,t —n), ifm>1,

T = sup D (qp*¢p* 9p) (v, 1) - (mgp * i) (y — x, 1 —n), (3.20)

) (y )

SU = sup D (qp * @p* @p x9p) (v, 1) - (mgp x9Sy —x.t —n),  (321)

@) (5.1

Tp=sup D (qp*@p*qp*p)(y. 1) (qp*9p)(y —x.1—n), (322)
@) (y.1)

Hy = sup D @k ep) 1) (9p xapkep) (2 — Y112 — 1)

G, (A1) (1) i=1,2,3
X(Qp * @p)(y2 —Xx,tp —n)- (Qp * (pp)(y3 —yi,13—1)

X(qp * 9p) (X' 4+ y3 — y2,n" + 13 — o). (3.23)

The expansion coefficients obey the following bounds:
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Proposition3.3 (i) For N >0andr =0, 1,2,

> wr @ nm" < (N+1)(1+2T") TN -HVo
(x,n)eZ4 xN

(m) _
x HTP (r=0.1), (3.24)

Sy’ (r=2),
> =costk-x)mS" (. mym" < 3(N + 1>(1 +2T")

(x,n)eZd <7y

X (2T,§m>)<N—“V°W[gm>(k). (3.25)
(ii) For N > 1,

> OPem = N +210) (1) + T TN

(x,n)eZd x 7.y

+H, QTN 20) (3.26)

The proof of the above proposition is irrelevant in this paper, and is found in [24].

4 Proof of Proposition 2.1

In this section, we prove Proposition 2.1 that was the key for the proof of Theorem 1.2.
First, in Sect. 4.1, we prove Proposition 2.1(iii) that is nothing to do with the lace
expansion. Then, in Sect. 4.2, we prove Proposition 2.1(ii) using the trigonometric
technique in [25, Sect. 5.1]. Finally, in Sect. 4.3, we prove Proposition 2.1(i) using the
diagrammatic bounds on the expansion coefficients in Sect. 3.2.

4.1 Proof of Proposition 2.1(iii)

First we prove f(0,1) = 1. When p = 0, by definition we have f1(0,1) = O,
ook, z) =1, up(z) = 0(cf., (2.7)) and hence G,LO(Z) (k) = 1. Therefore, f>(0,1) =1
and f3(0,1) =0.

Next we discuss the continuity of f(p, m). Since f(p, m) = p(mV 1) is obviously
continuous in p and m, we only need to investigate f>(p, m) and f3(p, m).

Fix p < pc. To prove the continuity of f(p,m)inm < m, it suffices to show that
f(p,m) is continuous in m € [0, m] for every m < m . To prove this for f>(p, m),
it suffices to show that the derivative

~

5, (k, me'? On®p(k, me'? 0 G i0y (k)
plplleme ) Onbpme) e meity D
Gup(meie)(k) Gup(meie)(k) Gup(mei(?)(k)
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is bounded uniformly in (k, 0) € [, 719t and m € [0, /] (cf., [25, Lemma 5.13]).
However, by ng, (x,n) < (gp * ¢p * ¢p)(x, n) (cf., [22, (5.17)]), we have

0m@pk, me'®)] < D" ng, (e, mym" ™" < pg,(0,m)* < p,0,m)>.  (4.2)

(x,n)

Since |G Mp(me,-e)(kﬂ > %, the first term on the right-hand side of (4.1) is indeed
uniformly bounded. Also, since ¢, (0, m) (> 1) is nondecreasing in m, we obtain

G meit (k)
G,u.,,(me“’) (k)2

In@p (0, m)

7y (0, m)7 @3

' = D) e p(me')| <

which is uniformly bounded by p, as described in (4.2). Consequently, (4.1) is uni-
formly bounded by p@, (0, 11)(2¢,, (0, i) 4+ 1). This completes the proof of the conti-
nuity of fo(p, m) inm € [0, m].

Similarly to the above, we can easily show that the derivative

Grayom @) (@ (1.me) = (G (1 + k. me) + 6, (1 — k. me?)))

8m S . S .
G mey U+ JK) Gy ey (L + j'K)

(4.4)

is bounded uniformly in (k,0) € [—m, 7]%*!, (j, j) = (0,%1),(1,—1) and m €
[0, m]. This justifies the continuity of f3(p, m) inm € [0, m].

To prove the continuity of f(p, 1) in p < p., it suffices to show that f(p, 1) is
continuous in p € [0, p] for every p < p.. First we note that, by Russo’s formula
[21] (see also Footnote 1) and the fact that x, = ¢,(0, 1) (= 1) is nondecreasing in
p, we have, for |z]| = 1,

0p0p k. )| < D Bpep(r,n) < D (pp i x9p)(x,n) < x5, (45)

(x,n) (x,n)
3,G () (k) . 3
SO = D) By ()] < AL <1, (4.6)
G uper (k) 12

Since |G, (-) (k)| = %, we obtain

p9p(k, 2)
Gp.,,(z)(k)

8[7@“]) (2) (k)

G;L,,(z) (k)2

<

+19p(k, 2)]

-
'a opk.2) < x5+ 1. @)

p A
Gup(z)(k)

uniformly in k € [—m, 1%, |z| = 1 and p € [0, p]. This implies the continuity of
fo(p,1)in p € [0, p] for every p < pc.

The continuity of f3(p, 1) can be proved in a similar way. This completes the proof
of Proposition 2.1(iii). O
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4.2 Proof of Proposition 2.1(ii)
In this section, we prove that, for every p < p. and m < m,, the weaker bound
f(p,m) <3and (2.11), (2.12) imply the stronger bound f(p, m) < 2if L > 1.

First, by (2.17) (recall that this is a consequence of the assumed bound (2.11) and
the fact that ¢, (0, m) diverges as m 1 m,) and (2.11), we immediately obtain

filp.m)y=pmVv 1)< pm, =7,0,mp)"' =1+00) <2.  (438)

Next we consider f>(p, m). First we rewrite ¢, (k, z)/é#p(z) (k) as

opk,2) . 1 #yk, 2)
AR znp(k,z)—i-(pp(k,z)( < . - )
Gup(z)(k) Gup(z)(k) opk,z)

= fip(k, 2) + §p(k, 2) (pzip(k, 2) — 1p(2)) Dk)

1
=7,k,z)+ ¢ (k,z)( |z|7T (k,z)—l—i-A—)
’ or PRy PRONE)

xe' €@ P k), 4.9)

where
plzlt,(k,z) — 1+ m
= plzl (Apk, 2) — 7,0, 12)) — (1 — plzl7,(0, |2) ) + 5,010
7p(0,12D/@p (0, |2
= plz| (mp k. 2) — 7, (0, 12)) + % (4.10)
We note that |7,(k,z) — 1| = O(A), due to (2.11) for r = 0, and that

|¢p(k,2)/$p(0, |z])] < 1 by definition. To complete the proof of fo(p,m) = 1+
O()) < 2, it thus suffices to show that

19p(k, 2| (17 (k, 2) = 7 (0, 2)| + 17, (0, 2) — 7, (0, [z)]) = O(),  (4.11)

uniformly in k € [—m, 719 and z € C with |z| = m or 1. However, by (2.11), (2.12)
and denoting & = arg(z), we have
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7k )=, 0, D < 0G) G pomvny (07 = 0G) (1=p2p0m v H+1=D(k)),
(4.12)

7(0, 2) =, (0, 2D =| D7y (x. )zl (" = 1)

(x,n)

SIGIanﬂp(x, nllz|"=0M)6].

(x,n)

(4.13)

On the other hand, by f2(p,m) < 3,(2.6) and |up(z)| < pp(m V1) for |z| = m or
1 (cf., (2.7)),

3¢
1—pu,(mv1)y+16]+1—Dk)

lgp(k, 2)| < (4.14)

This completes the proof of (4.11), and hence f>(p, m) < 2. '
For f3(p, m), we introduce the following notation for f(I) = > .74 f (x)etlx:

MfD) = fA+k)+ fd—k) —2F0). (4.15)

We note that —%Ak f(l) is the Fourier transform of (1 — cos(k - x)) f (x):

1 A ) i(l+k)-x i(l—k)-x
—sMf =3 f(x)(e’l'x - ;e )
xeZd
= D f(0) (1= costk-x)) e, (4.16)
xeZ4

Recall the definition of f3(p, m) whose numerator contains —%Aké p(l, z). Let

ap(l,2) = pzDD) 7y, 2) = Z(qp % 7,)(x, n)Z" cos(l - x), (4.17)
(x,n)

sothat ¢, (/, z) = 7,(I, 2)/(1 —a,(, z)). Then, we have

Ak(ﬁp(lv Z) =

Aty 2) @p(+jk, 2)—7, 1, 2))(ap(U+jk, 2)—ap(, 2))
it 2

I=ayl.o) " & (1 —a,(,2))(1 —a,( + jk,2))

+7,(,2) Ak (4.18)

I—a,.2)

where, by (2.11), (2.12) and f2(p, m) <2,

1051, ) < O Gy vy ()G i, ) D).

(4.19)

' Akﬁ’p(l, 2)
1—a,(,z)

‘Akﬁpa, )
20, 2)
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The second term of (4.18) can be bounded as follows. First, by |e”'x (el/kx — D <
| sin(k - x)| + 1 — cos(k - x) for j = =1,

[7p + jk,2) —7p(l, 2)| < z Isin(k - x)||7p (x, n)llz|"

(x,n)

+ Z (I —cos(k - x)) |y (x, m)|z]",  (4.20)

(x,m)

where the second term is bounded by O(A)Gup(mvl)(k)_l, due to (2.12). By the
Cauchy—Schwarz inequality and using (2.11), (2.12), the first term is bounded by

1/2 1/2
> Imp > sintk -l (e, mlll”
(x,n):x#0 (x,n):x#0

1/2
<OoW'" | D] (1 =costk - x)) |7y (x. n)z]"

(x,n)

< 0 Gy, ()2 4.21)

Therefore, |7,( + jk,z) — 7y, 2)| < O(A)éup(mvl)(k)—l/z. Similarly, we can
show |, (I + jk,z) —ap(, 2)| < O()G v (k) ~/2, where we use

> (1 —=cos(k - x)) (gp * |7pD(x, m)zl"
(x,n)

< 5p|z|(z (1 —cos(k - ) D(y) D lrplx = y,n = Dllz|*"!
S

(x,n)

1—D(k) 1+0()

+> D) D (1 —cos (k- (x—y)) |mp(x =y, n— 1)||z|"—1)

y (x,n)

0 G vy ()~

<102+ 00) Guymvny ()~ 4.22)

Here, the first inequality is due to 1 — cos(X + Y) < 5(1 — cos X) + 5(1 — cos Y)
(cf., [25, (4.50)]), and the second inequality is due to fi(p,m) < 2 and 1 — D(k)
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< Zf}up(mvl)(k)_l (since wp,(m Vv 1) € [0, 1]). Therefore, for j = £1,

(p + jk,2) — 7p(, 2))ap + jk,2) —ap(l, 2))
(1 —ap,2)A —ap( + jk,z2))
< O Gpuymvy ) NG, (1) Gy + jR)I. (4.23)

To complete bounding A, (I, z), it remains to investigate Ag (1 — a,(l, ) Lin
the last term of (4.18). Let

ay" (I zi k) = 3 (qp * mp)(x, n)z" cos(l - x) cos(k - x), (4.24)
(x,n)

fl;in(l, k) = 2 (qp *7p)(x, m)Z" sin(l - x) sin(k - x). (4.25)
(x,n)

Then, by [6, Lemma 5.3],

1 op,2) Opl+ jk,2) (o8 R
A = = X ~ o . _ \a l,Z,k —da Z,Z
kl_ap(lyZ) ﬂp(l:Z) j=Z:t:1 7Tp(1+]k’1) ( r ( ) [?( ))

ik
42 [T 22 cing ) (4.26)
i Ayl + jk,2) P

where, by (4.22),

a1,z k) — ap(. )| < D (1= cos(k - x)) (gp * |7p) (x, m)2|"

(x,n)

<102+ 00) Gy (4.27)

Moreover, by the Cauchy—Schwarz inequality,

Gz = D @p % a2l sin’ (- x)

(x,n)

X D (gp * |mph)x, n)|z|" sin (k - x)

(x,n)

<22 [ D (0 —cosl - ) (gp * |mp) (x, m)2I"

(x,n)

x D (1= cos(k - x)) (gp * |7y ) (x, m)2|"

(x,n)

<202+ 0 Gpyimnvty O Gy~ (4.28)
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As aresult, since fo(p,m) <2 and |G,y (D] < Gpupmvry(D) for [z] = m or 1, we
obtain
‘ 1
Ak,\—
1—ay(l.2)

< Gy [402+00)) D 1Gu, oD Gy + jK)
j=%1

+80% 2+ 0 |G, o) +K) Gy (1 — b

<2K (1+00) Guymvny() ™!

x > Gy U+j0) Gy U470 (429)
(J,j)=0,£1),(1,=1)

where K = 2 - 80°.
Finally, by summarizing (4.18), (4.19), (4.23) and (4.29), we arrive at

G K 13A0,0, 2
kv ® 13 40 C, D] <1400 <2 (430)
K> . in=040,0,-1) |G, + jK) G, (L + j'6)|

This completes the proof of Proposition 2.1(ii). O

4.3 Proof of Proposition 2.1(i)

Proposition 2.1(i) is an immediate consequence of Proposition 3.3(i) and the following
lemma:

Lemmad4.1 Letd > 2(a A2) and L > 1, and fix p < p. and m < m . Then,

f(p,m) <3 implies that there are (p, m)-independent constants Cy, Cyy, < 00 such
that

Ty" < Crhe Wy (k) < CwdGpuyomvny (). (4.31)

Proof Note that the Fourier transform of (p;,'")(x, n) = @p(x,n)m" form < my is

(ﬁ(pm)(k’ ei@) — Z g0(pm)(‘x, n)eik-xeien

(x,n)

= > oplx.me* (me'y" = ¢, (k. me'). (4.32)
(x.n)
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By fi(p,m)V fa(p,m) < 3and (2.6), Ty" is bounded as

T
d% -
T\ < p*m / ——— D(k)? / o |9k, €DPIgE (K, 7))

(2m)d
[, 7]¢ -
2
<32 d’k 2 d_9 3¢
) / it PO ) 2 \ e b
[—m,m]d - ¢p(0,1) 0]
3c
D(k)2 00 .
=od =od —1)D*(0) < O()),

[—7m,m]d

(4.33)

where the last inequality is due to (1.6) and d > 2(x A 2).
To prove the bound on W;,m)(k), we first note that, by (g, * @) (¥, 1) < (qp *qp *
ep)(y, 1) fort > 2,

Z (I —cos(k - y)) (qp *p)(y.1) - (qp * @p)(y — x, 1 —n)
(1)
=p Z (I —cos(k - y)) D(y) - (gp * ¢p)(y —x,1 —n)
yeZd
+ D (L—=costk-y) (qp % qp *9p) (¥, 1) - (qp * 9p)(y = x, 1 —n).
(v,1):t=2
(4.34)

In the first sum on the right-hand side of (4.34), 1 — n must be larger than or equal to
1.If 1 —n = 1, then, since (qp*gpp)(y—x 1) =pD(y—x) < pllDl|loc < CpA (see

(1.6)), fi(p,m) <3and 1 — D(k) < ZGHp(mW)(k) I (see below (4.22)), we obtain

P (1= cos(k- ) DG - @y @)y —x, Dm < 32Ca (1= Dik)
y

< 18CAG vy (k). (4.35)

If 1 —n > 2, then we use (g, *¢,)(y, 1 —n) < (qp *qp*¢p)(y, 1 —n), fi(p,m) Vv
fa(p,m) <3,(2.6)and 1 — D(k) < 2G ., mv1) (k)" to obtain that, for m < 1,
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p Y (1 =costk-y) D(y) - (mqp xmgp * ¢5")(y — x, 1 —n)

53(1 —f)(k)) /

[-m,7]d

() / 33¢
+|0|+1—D(l)

dil D(l)2
m)¢ 1 - D)

< 01) Gy mony @) /

[-m,7]d

<=0o0W Gup(mvl)(k)_ , (4.36)

where the last inequality is due to (1.6) and d > « A 2. The other case of m > 1 can
be estimated in the same way.
To complete the proof of the bound on WI(,'") (k), it remains to show that the second

sum on the right-hand side of (4.34) is bounded by a multiple of 1G " p(mvl)(k)_l.
Using 1 —cos 33 X; <737 (1 —cos X)) (cf., [25, (4.50)]), we have

(I —cos(k - y)) (gp *qp *p)(y, 1)
< 7p2 Z ((1 —cos(k -u)) Dwu)D(w —u)p,(y — v, t —2)

u,veZd
+Dw) (1 —cos(k-(v—u)) D —u)p,(y —v,t—2)
+DW)D(w —u) (I —cos(k-(y—v))@p(y —v,t— 2)) . 4.37)

Recalling (4.16) and using f1(p, m) < 3, we obtain that, form < 1,

D (1 —costk - y)) (p *qp * ¢p) (v, 1) - (mgp x 95" (y — x, 1 — )
.0

N ddl a d i m —i
<7.33 2(1—D(k)) / Gy D(l)z/—|g0p(l ¢ ¢l e
[—JT,J'[]d -7
/ ddl \D ()|3/_9 ‘1A (,0 «, 619) |"(m)(l e—i9)|
[—T[,H]d -7
(4.38)

Similarly to the above, by using 1 — D(k) < 2G,,(uvy(®)~", fa(p.m) < 3 and
2. 6) the first term on the right-hand side of (4. 38) is bounded by a multiple of
AGMp(mvl)(k) I when d > & A 2. For the second term on the right-hand side of
(4.38), we use fo(p,m)V f3(p, m) < 3 to obtain
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w
i . do o
/ m)d |D(l)|3/§ ‘%Akwp(l,e’e) 194 (e
[—m,7]d -7
¢ - dl .
(j,j/)=(0,il),(1,71)[_7{’”]‘1

T
do . . o
x/Z|Gup(e,-e)(l+]k)IIGMp(em)(l+]/k)||GMP(me_,-e)(l)|. (4.39)

—7T

By using (2.6) as in (4.33), the summand is bounded by a multiple of A for any k (the
worst case is when k = 0) as long as d > 2(x A 2). This completes the proof of the
bound on W;,m)(k) and of Lemma 4.1. O

5 Proof of Proposition 2.2

In this section, we prove Proposition 2.2 that was used in Sect. 2.3 to prove Theo-
rem 1.4. First we note that, by (3.15),

19,7, (0, 1)] < ! > 0., (5.1)

N=1 (x,n)

where l'[%v) (x, n) obeys the diagrammatic bound (3.26), with T,ﬁl) < CrAasin (4.31).
Therefore, to complete the proof of Proposition 2.2, it suffices to prove the following
lemma:

Lemma 5.1 Letd > 2(a A 2) and L >> 1. Then, there are C;, Cy < 00 such that,
fOrp € (17 pC)’

T, < Cih, H, < Cyr* (5.2)

Proof The bound on fp can be proved in the same way as in (4.33). Taking the Fourier
transform and using Theorem 1.2 and p. = 1+ O(X) < 2, we can bound H), as

o
d%, dky R . a0, L2
H < Dksz2‘Dk—k‘/—Ak,’9"
p =P / Qe @n)d (k1) D(k2)” |D (k1 — k2) o @p(ky, e™)
[—J‘[,H]Zd —1T
f do 2 2
2 | A i A~ (01 —
x [ 52 [ootha ™[ [t — ko)
-7
A%, dlk T do c 2
1 2 A A 1
<2 / 7 D(k1)*D(kp)? / — (—)
2m)d 2m) 27 \|01| +1— D(ky)
[—T[,IT]Z‘I -7
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e

S5 G o) oo o)
J 2 NIl + 1= D)) \11 — 2 +1 = Diki — ko)

5 / dk; d%k; D(k1)2D(ky)?
= @m)4 2m) (1 — D(ky))?

[—71,7'[]2‘1
s
» do, o(l)
J2m (6] + 1= D)2 (61| + 1 = D(ky — k2))
dk D(ky)? dk D(ky)?
< o() / 2d (Az) / 1d ] ( 1A) .
2 (1 — D(ky))? Qm)4 (1 — D(ky) v Dk — k))?
[—m,7]d [—m,m]d

(5.3)

To prove the bound on H), in (5.2), it suffices to show that the last integral with respect
to ky is O (A) for every ky. Since this is trivial if f)(kl) > D (k1 —k»>) (then the integrals
in (5.3) are decoupled, each of them is O (1)), it is sufficient to prove that

d a 2
/ "k Dk = 0. (5.4)

; m) (1 — D(ky — ky))2

[—m.7]

However, by (1.6), the integral over ||k; — k2||co > (¢L)~! is bounded as

dk D(ky)? 1 d%;
/ 1 (k1) < L / 1 Diky)?

Qm)? (1 — Dk — k)2 — A? (2m)d
llki —k2loo>(£L)~1 [—m,m]d
1Dl oo
=5 =00, (5.5)

Moreover, by (1.7), the integral over ||k; — k2|00 < (¢L)~! is bounded as, for a # 2,

erL)!

d A2
/ d kld P(kl) < O(L-2ar)y / dr pd—1-2@n2)
(2m) (1 — D(k; — kg))2 9

k1 k2 lloo <(£L)~!
= 0(}). (5.6)

The case for « = 2 can be estimated similarly, since the log divergence as |k| — 0 in
(1.7) is unimportant in (5.6) as long as d > 4. This completes the proof of Lemma 5.1.
O
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6 Proof of Proposition 2.3

In this section, we prove Proposition 2.3 that was used in Sect. 2.4 to show (2.40), the
key ingredient for the proof of Theorem 1.5.

First we derive an expression for o, <f>p(k, mp¢). Since Ap(k, z7) = AE,”(k) +
Ag) (k, z), where Ag)(k) is independent of z, we have

—(1 = QA (k. mpt)
(0 =0k mp0) + By0)) (1= AP ®) + By(h))
_ Ay (k. mpt) — (1 = D)3 AR (k. mpt)
(1= A kmp0) +B,0)) (1 = AP K) + B, (k)

—(1 =AY (k, my¢)
(1= )AY (k) + By (k)
LAY R+ APk mpt) — (L= 03 AY (k. myt)

~ A 2
(=4, mp0) + B, )

3Dk, mpe) = 0,

—(1 = DAYk, mp0) Ay (k)
= ~ R A 2°
(=0 Aptmp0) + By ® (1 =) AP + B, b))
6.1)
Recall that
. derpk,my)™l Ayk,my) "t — Ak, mpg)!
ARk, myp) = S0 T T o (62
pmp pmp(l —-¢)
where 9,7, (k, m‘,,)_1 is an abbreviation of 8;7%p(k,mp{)_1|;:1 = mpd,p

(k, 2)" |2z, s that

~ -1 _ = —1
(1 B g_) BZAA?(k,mp;) _ (1 B {) 8;. (_ﬂp(k,mp) ﬂp(k,mpé.) )

Pmp(l -{)
O Apkomp)t Ak omp) T — (ko m )
- pmp B Pmp(l —-¢)
A7t pk, mpl) V=37, (k,mp) !

— A
- o +AD (k, mpe). (63)

Therefore, A (k,mp¢) — (1 — £)d: A (k,m,¢) in (6.1) can be replaced by
ay’ (k, mp¢), which is

deAptk,mp)t — 3ty (k,mpe)~!

a, (k.mp¢) =
P P p,

6.4)
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Now, Proposition 2.3 is an immediate consequence of the following lemma:

Lemma 6.1 Letd > 2(axA2),e€ € (0,1 A M) and L > 1. Then, the following
hold uniformly in p € (0, pc], k € [—m, 71 and ceCwith|] < 1:

(1)  There is a positive constant ¢ such that

=AY W + B, Wl )F ' '

(i)  There is a finite constant c. such that

|AD (k, m )|
|a;3><k mp¢)|

] <cell = ¢l (6.6)

In the following proof, the constant in the O( - ) term is independent of p, k and ¢.

Proof of Lemma 6.1(i) Since both bounds can be proved in the same way, we only
prove the bound on |(1 — g)ﬁg)(k) + 1§p(k)|.

We consider the following four cases: (a) H¢ < 0; (b) R¢ > 0 with R(1 — ¢) >
(1 —¢); () M > 0 with (1 —¢) < (1 —¢) and D(k) > 1 — A; (d) Re > 0
and b(k) < 1 — A. Note that these four cases exhaust all { € C with |¢| < 1. For the
moment, we abbreviate A;,”(k) to A and B p(k)to B.

(a) Since A, B € R and |w| > |Nw| for any w € C,
[(1—¢)A+B|=|A+B— A| > |A+ B+ AR(=0)|. 6.7)

SAince l5(k) > —1 + A holds for all k € [—m, 7]? (cf., (1.6)), we have A =
Dk)+ 00> —-14+A—0@R).SinceA+ B =1+ O(A) and R(—¢) > 0,
we obtain

A+ B+ AR(=0)| = A+ B+ AR(=¢) = A — 0, (6.8)

uniformly in the concerned ¢.
(d) Using W¢ > 0and D(k) <1 — A, we can prove (6.8) similarly.
(b) SinceA+B=1+0R),B>0,% >0,andR(1—-¢) > %ll —¢|, we obtain

|1 =¢)A+ B[ =[(1-¢)(A+ B) + B{|
> [(A+ B) (1 — &) + BM¢C|
1-0(@%)

Z(A+B)R1-27) = 7

=< (69
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(¢) Since A = b(k) +0MN)>1—-A—0M)and |[S(1—=2¢)| > %H —¢|, by using
the imaginary part (i.e., |w| > |Sw| for w € C) we obtain

1—A—0®

(1 =2)A+ B[ = |[AS(1 = O = AR =] = 7

[T—2¢|
(6.10)

This completes the proof of Lemma 6.1(1). O

Proof of Lemma 6.1(ii) First, by adding and subtracting, we can rewrite A(If) (k,mpl)
in (6.2) as

A7ty (k, mp) Aplk,mp) —7Apk,mp)
pmpity(k,mp)?  pmy(1 — )7, k, mp)7,(k, myl)
7p(k,mp)—7p(kmpt)

1-¢
pm 7, (k, mp)?
(Rp(k, mp) — 7k, mp0))°
pmp(l — é‘)ﬁp(ka mp)zﬁp(k» mp&) 7

AD (k,mpt) = —

7t p(kym ) —

6.11)

and @y (k, mp¢) in (6.4) as

B;ﬁp(k,mp) 8§ﬁp(k,mp§)
pmpit,(k,mp)?  pmpit,(k, mpg)?
ek, my) — Ay (ko mp0)

pmpit,(k, mp)?
(7p(k,mp)? — 7plk, mpe)?) 0 plh, mpt)
pm 7, (k, mp)2it, (k, mpt)?

a;)z)(kv mpé‘) = -

6.12)

Since pmp,(k,mp)* = 14+ OQ), 7,k mpg)? = 1+ O, 19:7,(k, mp)| =
O and |7y (k, mp) — 7p(k, mps)| = O] — ], the second terms in (6.11) and
(6.12) are O (|1 —¢|). To prove (6.6), it thus suffices to show that the numerator of the
first term in (6.11) and that in (6.12) are both bounded by Oc(1)|1 — ¢|¢, where the
constant in the O, (1) term may depend on €. Since both can be proved similarly, we
only prove that |3, 7, (k, m ) — 07T p(k, mp¢)| < Oc(D|1 — €.

Note that

|07 p(k,mp) — 07t p(k, mp)| Z n(l—¢" Ny (e, nye™m’,

(x,n):n>2

> ol ="y ml. (6.13)

(x,n):n>2

IA
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For n > 2, we have

Coon—1y _ |1 en—1yl—e 1= 1\¢ e
=" ={1-=¢"") (—I—C 1-0
n—2 €
1—¢l° <21 —¢[n". (6.14)
1=0

Moreover, for € € (0, 1), we have (cf., [18, Sect. 6.3])

1/(1—€)

o
1+€ n2 —np d 615
= Tatas ) 4 @1
0

Applying these to (6.13) and using the diagrammatic bound (3.24) for r = 2 and

( ) . ~ _ A 1/(1—e)
Tpm” < CrA withm, = mpe™" , we have

R R 211 = ¢|¢
1077 (ky mp) — B 7t p(k,mpt)| < (l—Ie)F(gl|—e)/ Zn |7 (x, n)|
(x,n)

_ 2042601 ¢
T (1-erd-e

oo oo
x D (N + 1)2(2CTA)(N_1)VO/dp Sy,

(6.16)

where, by (1.15) and p < pm, =1+ O(}),

[o/0] 3
do C
dp S5 / 2/ A
/ P < p’m, Q2n)d D) 27 \ p(mp, — 1)+ 10|+ 1 — D(k)

0

—pl/=e)

7 C
X/d'o - ~
) pmp(l —e=P )+ 10| +1— D(k)

% o) —p!/79

2m)? (1 — D(k))? O/ P oo +1—=Dk)

(6.17)
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However, since

o0 1/(1-€) 00

d _ d (I—G)S_G B .. _ Jd—e
1 0o ——= [ ds — ~ Cp=s"9
)l +1=Dk) ) 1—e™ +1-Dk)
00 1
1—¢ s s €
=— dse” + | ds ———————
l—e s+1—D(k)
1 0
1-D(k 1
1_
< — <+ /ds + /dss_l_é
1—e~ 1—D(k)
0 1-D(k)
l—¢ 1—Dk) (1—Dk)©
< < H—( (k) n ( (k) ’
1 —e! 1—e€ €
(6.18)
we obtain that
7 k0.3
/dp sy 5/ -~ D 0, (6.19)
) Q@m)? (1 — D(k))>+e

aslong as d > (2 + €)(a A 2), due to (1.7). By (6.16), this completes the proof of
[0, 72 p(k, mp) — 07t p(k, mps)| < Oc(1)]1 — ¢|€ and of Lemma 6.1(ii). O

Acknowledgements This work was supported in part by the Institute of Mathematics at Academia Sinica
in Taiwan, and in part by EURANDOM and the Department of Mathematics and Computer Science at TU/e
in the Netherlands. The work of LCC was also supported in part by National Science Council, and the work
of AS was also supported in part by the Netherlands Organisation for Scientific Research and in part by the
London Mathematical Sociaety. LCC would like to thank EURANDOM for its hospitality during the visit
in the period of August 3—-27,2005. AS would like to thank the Institute of Mathematics at Academia Sinica
for a comfortable and stimulating environment during the visits in the period of November 27-December 17,
2005, and in the period of December 18, 2006 to January 6, 2007. We would like to thank Wei-Shih Yang
and Narn-Rueih Shieh for valuable conversations, and Markus Heydenreich, Remco van der Hofstad and
Mark Holmes for useful comments on the previous version of the manuscript.

A Proof of Proposition 1.1

In this section, we prove the bounds on D summarized in Proposition 1.1. Since the
bounds on 1 — ﬁ(k) in (1.6) are equivalent to [16, (1.20)—(1.21)] whose proofs are
independent of the range of D (see [16, Appendix Al]), it thus remains to prove the
bound on || D*||« in (1.6) and the bounds on 1 — D(k) for ||klloo < (¢L)~Vin (1.7).

First we prove the bound on || D*" || assuming (1.7). By definition, it is trivial
whenn = 1. Forn > 2, we let

={ke[-mml%: |kl < L)', Dk) >0}, (A.1)
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sothat [D(K)| = 1 —(1—D(k)) < e=1=P®) fork € R, and that0 < |D(k)| < 1 —A
for k ¢ R, due to the bound on 1 — D(k) in (1.6). Therefore, for any x € Z4,

d
D (x) < / ALY N

(2m)d |
[-m,7]d
d% N d% .
—n(1=D(k)) -2 2
i € " +(1—A) /(27‘[)‘1 D)2, (A2)
RC

where the integral over k € R® = [—m, 7]\ R is bounded by [Dlloo(1 — A2 <
O (1) n=4/@"2) For the integral over k € R, we use the bounds on 1 — D(k) in (1.7).
If @ # 2, then

o0

d

dk e —n(1—D(k)) <c " dr rdefanr"‘Az _ ¢ F(ozAZ))” (A.3)
Q2m)d r (a0 A 2)(cn)d/@n2)’

R 0

for some ¢, ¢’ € (0, 00), where r = £L|k|. If a« = 2, then

1
d
dk —n(l D(k)) <c )»/d d e~ log2
r

(2m)d
R

d
<c [0 ap-mn _ TR . (A4
2(6//,1)11/2

where ¢’ = clog % > 0. This completes the proof of the bound on || D*"|| in (1.6).

Next we prove the bounds on 1 — ﬁ(k) for |k| < (¢L)~! with L > 1. Since
llklloo < ||, this is sufficient for the proof of (1.7). First we note that, by the Riemann
sum approximation,

% > hx/L) = /ddx h(x) +o(1) = 1+ o(1), (A.5)

xezd R
where o(1) — 0 as L — oo. Therefore,

1—Dk) =1+ 0()) () + I + I3), (A.6)
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where
L=L" Z h(x/L) (1 —cos(k - x)), (A7)
xeZd:|x|<CL
L=L" Z h(x/L) (1 — cos(k - x)), (A.8)
xeZ4:
ZL<|)¢|<2V(I
L=L"1 Z h(x/L) (1 — cos(k - x)) . (A.9)
xeZd:|x|> ol
However, by (1.2) and using 1 —cos(k-x) =< |k|?|x|%if |x| < ZL and 1 —cos(k-x) <2
otherwise, we obtain
Lok > |xIP=0«LIkD?. (A.10)
xeZd4:|x|<CL
e O ((LIK])*"?) (@ #2),
12 = O(La|k|2) Z |-x| d-at2 = 0 (L|k|)21 b4 ( — 2)
rerd; °tamm) @ =4
€L<|x|<ik‘
(A.11)
I3 < O(L%) Z x|~ = O((LIkD™). (A.12)
xeZ4:x|> Lk
This completes the proof of (1.7). O
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