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Abstract In Briand and Hu (Probab Theory Relat Fields 136(4):604-618, 2006), the
authors proved an existence result for BSDEs with quadratic generators with respect
to the variable z and with unbounded terminal conditions. However, no uniqueness
result was stated in that work. The main goal of this paper is to fill this gap. In order to
obtain a comparison theorem for this kind of BSDEs, we assume that the generator is
convex with respect to the variable z. Under this assumption of convexity, we are also
able to prove a stability result in the spirit of the a priori estimates stated in Karoui
et al. (Math Finance 7(1):1-71, 1997). With these tools in hands, we can derive the
nonlinear Feynman—Kac formula in this context.

Mathematics Subject Classification (2000) 60H10

1 Introduction

Since the first existence and uniqueness result for backward stochastic differential
equations (BSDE:s in short for the remaining of the paper) of Pardoux and Peng [14],
lots of works have been done in this area and the original Lipschitz assumption on the
generator, the function f in the BSDE
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has been weakened in many situations. Let us recall that, in the previous equation,
we are looking for a pair of processes (Y, Z) which is required to be adapted with
respect to the filtration generated by the Brownian motion B. Even though there exist
some improvements of Pardoux—Peng’s result for multidimensional BSDEs (see e.g.
[3,13] ), the case of real valued BSDEs meaning that Y is a real process is easier to
handle. The main reason for the gap between the real case and the multidimensional
one comes from the comparison theorem which turns out to be a powerful tool to
construct solutions for real valued BSDEs. Roughly speaking, a comparison theorem
for BSDEs allows one to compare solutions to BSDEs as soon as one can compare
the terminal conditions (£ in the previous equation) and the generators. In particular,
a classical strategy in order to obtain a solution to the BSDE (1) consists in construct-
ing an increasing sequence of solutions to BSDEs and then passing to the limit. This
method is used for instance in [11] for continuous generators with a linear growth.
But one of the most important application of this approach is the work of Kobylanski
[10] concerning quadratic BSDEs. We should point out that quadratic BSDE means
a BSDE whose generator has a quadratic growth with respect to the variable z. For
these quadratic BSDE:s, all the classical results, existence and uniqueness, comparison
theorem and stability of solutions, has been stated in [10] but with the restriction that
the terminal conditions have to be bounded random variables.

It was known for a long time that the boundedness of the terminal condition is not
really needed for studying a quadratic BSDE. Actually, on simple examples, on can
see that the existence of an exponential moment of sufficiently large order is enough
to get a solution. In [4], existence of solutions to quadratic BSDEs with unbounded
terminal conditions was studied and it was proved that the existence of an exponential
moment of & is a sufficient condition in order to construct a solution. However the
question of uniqueness of solutions in this setting was left open in that work. Qua-
dratic BSDEs with bounded terminal conditions has an interesting feature : Z o B,
the stochastic integral of the process Z with respect to the Brownian motion B, is a
BMO-martingale. This observation can be used to obtain uniqueness see [9] and also
other properties [2]. When the terminal condition is not bounded, Z e B is, in general,
no more a BMO-martingale: this is a difficulty for uniqueness.

The main contribution of this paper is to obtain a uniqueness result for quadratic
BSDEs with unbounded terminal conditions when the generator of (1) is assumed
to be in addition convex or concave with respect to the variable z. Let us mention
that convex generators appear naturally for BSDEs associated to stochastic control
problems, see e.g. [8]. With this further assumption, it is possible to obtain a com-
parison theorem for solutions to unbounded quadratic BSDEs which of course gives
uniqueness see Sect. 3. The key idea for proving this result is the following: instead of
trying to estimate the difference of two solutions, say Y and Y’, we estimate, for each
0 € (0,1), Y — 0Y’; this allows to take advantage of the convexity of the generator.
Moreover, it turns out that the convexity of the generator with respect to the variable
z is also a convenient assumption to obtain a stability result. The proof of this last
result relies mainly on the same computation mentioned before even though technical
difficulties arise and impose us to go into details carefully. Finally all these results
yield the nonlinear Feynman—Kac formula in this framework.
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Quadratic BSDEs with convex generators and unbounded terminal conditions 545

The paper is organized as follows. In Sect. 2, we prove an existence result in the
spirit of [4]: here, we work with generators which are quadratic with respect to z and
monotone with respect to y. This monotonicity assumption allows as usual to get rid
of the growth assumption on the generator with respect to y. Section 3 is devoted to the
comparison theorem from which we get as a byproduct an existence and uniqueness
result for quadratic BSDEs with unbounded terminal conditions. In Sect. 4, we obtain
a stability result in our framework and finally in the last section we derive the nonlinear
Feynman—Kac formula.

Let us close this introduction by giving the notations which we will use in all the
paper. For the remaining of the paper, let us fix a nonnegative real number 7 > 0. First
of all, B = {B;};>0 is a standard Brownian motion with values in R? defined on some
complete probability space (€2, F, P). {F;};>0 is the natural filtration of the Brownian
motion B augmented by the P-null sets of F. All the measurability notions will refer
to this filtration. In particular, the sigma-field of predictable subsets of [0, T'] x 2 is
denoted P.

As mentioned in the introduction, we will deal only with real valued BSDEs which is
an equation of type (1). The function f is called the generator and £ the terminal condi-
tion. Let us recall that a generator is a random function f : [0, T]x 2 x RxR? — R
which is measurable with respect to P ® B(R) ® B (Rd ) and a terminal condition is
simply a real Fr—measurable random variable.

By a solution to the BSDE (1) we mean a pair (Y, Z) = {(Y;, Z;)}se[0,7] of pre-
dictable processes with values in R x R? such that P-a.s., t —> Y, is continuous,
t —> Z; belongs to L2(0,T), t —> f(t,Y:, Z;) belongs to L1(0, T) and P-as.

T T
Y,=§+/f(s,YS,Zs)ds—/Zs-st, 0<tr<T.
1

t

We will sometimes use the notation BSDE(&, f) to say that we consider the BSDE
whose generator is f and whose terminal condition is &; (Y/(¢), Z/(£)) means a
solution to the BSDE(¢, f). A solution (Y7 (£), Z/ (§)) is said to be minimal if P-a.s.,
foreacht € [0, T, th(é) < Ytg(g“) whenever P-a.s. & < ¢ and f(¢,y,2) < g(t,y,2)
forall (¢, y, z). (Y/(€), Z/ (£)) is said to be minimal in some space 3 if it belongs to
this space and the previous property holds true as soon as (Y4(¢), Z8(¢)) € B.

For any real p > 1, §” denotes the set of real-valued, adapted and cadlag processes
{Y:}se0,77 such that

1
Y llsp := E [supy,<7 1¥:17]"7 < +o00.

(S?, || - |ls») is a Banach space.
M7 (Rd) or simply M” denotes the set of (equivalent classes of) predictable pro-
cesses {Z;};c(0,7] With values in R such that
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T p/2l/p

1Zlvp :=E /|ZS|2ds < +o00.
0

M?P (Rd) is a Banach space endowed with this norm. We set § = U,-15”, M =
Up>1M? and S* stands for the set of predictable bounded processes.

Finally, we will say that a real process Y, adapted and cadlag, belongs to £ if the
random variable Y* = sup,., . |¥;| has exponential moments of all orders and we
recall that Y belongs to the class (D) as soon as the family {Y; : ¢ < T stopping time}
is uniformly integrable.

2 An existence result

In this section, we prove a straightforward generalization of the existence result for
quadratic BSDEs we obtained in [4]. We consider here the case where the generator
has some monotonicity property with respect to the variable y. As usual, this kind of
assumptions allows to get rid of the (linear) growth of the generator f in y. See e.g.
[3,5,13]. Of course, we still consider the case of a generator with a quadratic growth
in the variable z and of an unbounded terminal condition. In this section we assume
the following on the generator.

Assumption (A.1) There exist two constants § > 0 and y > 0 together with a pro-
gressively measurable nonnegative stochastic process {o(¢) }o</<r and a deterministic
continuous nondecreasing function ¢ : Ry — Ry with ¢(0) = 0 such that, P-a.s.,

(i) forallt €[0,T], (y,z) —> f(t,y, z) is continuous;
(i) monotonicity in y : for each (¢, z) € [0, T] x RY,

VyeR, y(f(t,y,2)— f(t,0,2) < Blyl%

(iii)) growth condition:
14
V(t,y,2) €[0.TI x Rx R, |f(t,y,2)| < a(®) +@(y]) + EIZIZ-

Let us denote by % the (random) function i (¢, x) = «(¢) + fx. First of all, we want
to derive a sharp estimate for solutions to the BSDE (1). The idea is the following: we
apply Ito—Tanaka’s formula to compute U (z, |Y;|) = "V ©Y1) with v to be chosen
later. Actually, ¥ will be of the following form:

t

Ut x) = 1/_/(t,x)+/6t(r)dr,

0
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Quadratic BSDEs with convex generators and unbounded terminal conditions 547

where 1 is a smooth function and @ is an adapted process with paths in L (0, T') a.s.
Let us denote L the local time of Y at 0. We have

T T

T
Y0 = 5]+ / sen(Yy) £(s, Yo, Zs) ds — / sen(Y,)Z, - dB, — / dL,,
t

t 13

and, from the growth of f (A.1) (ii)—(iii),

sgn(¥y) f (s, Ys, Zy) = sgn(¥Ys) (f (s, Yy, Zs) — f(s,0, Zy)) + sgn(¥s) f (s, 0, Zs)
< Bl +a() + Z1ZP = his. %D + Z1Z, 2 @)
From It6’s formula, we derive the equality

dv @ 1Y)

ST = (T Y InDsen ) f e Y Z) + e YD
) t

+§x/fx<r, VARIARY

1
+§1/fxx(t’ Y, DI Zi|Pdt + e, 1Y) ALy
+x (@, |Yi]) sgn(Y) Z; - d By.

If ¥, (¢, x) > 1 for x > 0, we have, taking into account the inequality (2),
14
Vet 1Y D sen(Y) (1, Yo, Zo) = Y (0, 1Y) = S, 1Y D21 Z P
S @ 1Y DR YD) — Y (2, 1Y D).

The idea is now clear; we want to find a solution ¥ to the PDE: for s € [0, T],
Vi(t,x) —h(t, )Yx(t,x) =0, Y(s,x) =W(x), 1€[sT]

such that ¥, (¢, x) > 1 and ¥, (¢, x) > O for x > 0. But the previous PDE can

be solved by the method of characteristics (see e.g. [1]). Let {v(u; ¢, x)}o<u</ be the

solution to the integral solution

t

v(u;t,x) =x +/h(r, v(r;t,x))dr, 0<u<t.

u

It is easy to check that,
d
— Y (u,v(u; t,x)) =0,
du
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hence
Yt,x) =Y, vt t,x) =Y, vis; t,x)) =W (v(s; £, x)) .

In our case, h(r, x) = a(r) + Bx, the solution is given by the formula

t
v(us 1, x) = xePU=0 —i—/a(r)eﬁ(r*“) dr.

u

We choose W (x) = x and we get, if o is a stopping time such that s <o < T,

(o2

el = U (s, |Y5]) < Ulo, Yy ) —/yU(z, VDY (2, V]) sgn(Y) Z, -d B, (3)

N
This computation leads the following a priori estimate.
Proposition 1 Ler (Y, Z) be a solution to the BSDE (1) such that the process

T

exp ye’gT|Y,|+y/a(r)eﬂrdr
0

belongs to the class (D). Then, P-a.s.,

T
1
Ve €[0,T], Y| < —1logE jexp yeﬂ(T7’)|$|+y/oz(r)e’3(rft)dr Fl. @
Y

t

Proof Lets € [0, T1.Set,asbefore (¢, x) = xeP =)+ [Ta(r)ef" =) dr,U(t, x) =
e?¥ (%) Let us consider, for each integer n > 1, the following stopping time:

t
0, = inf te[s,T]:yZ/Uz(r,|Y,|>1/fx<r,|Yr|)2|zr|2drzn AT.

s
It follows from the inequality (3) and the definition of o, that

T
e’ISI<| (eVl/f(g”"Y""l)}.ﬁ) <E [|exp yeﬂ(T_S)|Y(,n| + J//a(r)eﬂ(’_s)dr F

N

Thus, the inequality follows by sending » to infinity. O
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Quadratic BSDEs with convex generators and unbounded terminal conditions 549

Remark 1t is clear, from the previous computations, that an a priori estimate can be
stated for functions # which are not linear as we did. For instance, it is possible to
obtain such an estimate when

y(f(t,y,2) = f(t,0,2) < |ylo(yD

where p : Ry — Ry is convex, C! with p(0) = 0; | f(z, y, 2)| < o¢—i—ga(|y|)—f-%|z|2
(a > 0) and

+00
du .
/ = 400, withh(u) = pu) + «.

h(u)
0

In this case, one has to choose ¥ (t, x) = Ot — s + O(x)) where

X

du
o) =/ h(u)’

0

Seee.g. [4,12].

Asabyproduct of this a priori estimate, we see that, when £ | and |«|| := fOT a(s)ds

ATy,

are bounded random variables, any solution (Y, Z) to (1) such that ¢ | belongs

to the class (D), is actually bounded. More precisely,
Y] < ePT 15+ |l oo

This observation allows to generalize a little bit, with exactly the same proofs, some
of Kobylanski’s results [10].

Lemma 2 (M. Kobylanski) Let the assumption (A.1) hold. If & and || are bounded
random variables, then the BSDE (1) has a minimal bounded solution (and a maximal
one also).

Moreover, let ( f,,)n>1 be a sequence of generators satisfying (A.1) with (a, B, v, )
independent of n such that (f,(t, yn,2n)),>1 converges to f(t,y,z) as soon as
(Vn> 2n) —> (¥, 2) and let (§,)y>1 be a sec}uence of terminal conditions converg-
ing almost surely to &. Let us assume that, for each n > 1, the BSDE associated to &,
and f, has a solution (Y", Z") € S® x M? such that (Y™)p>1 is nondecreasing and,
Jor some constant C, sup,,~, 1Yo < C.

Then, there exists (Y, Z) € S® x M2, solution to the BSDE (1), such that Y™ p>1
converges to Y uniformly on [0, T'] in probability and (Z"),>1 converges to Z in M2,

We are now in position to generalize to this framework the result we obtained
in [4].
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550 P. Briand, Y. Hu

Proposition 3 Let (A.1) hold.
If || + |a|y has an exponential moment of order yePT, then the BSDE (1) has a
solution (Y, Z) such that

T
1
Vie[0.T),  |%i] < ~logE [exp [ yefTDlel + y / a(refcar | | 7
Y

t

®)

Proof Letus assume that £ and f are nonnegative. For each integern > 1, we consider
&n =& Anand fu(t,y,2) = li<q, f(t, y, 2) where

t
o0, = inf te[O,T]:/a(s)dszn AT.
0

According to the first part of the Lemma 2, let (Y”, Z") € S* x M? be the minimal
bounded solution to the BSDE whose terminal condition is &, and whose generator is
fn- It follows, from Proposition 1, that for each n > 1,

77] = togE (exp (v (1 + laln) 1 51) i= X,

Since &, < &,11, fu < fa+1 and since we are dealing with minimal solutions, the
sequence (Y") is nondecreasing. We have in mind to use the stability property quoted
in the second part of Lemma 2. To use this result, we need to know that the sequence
(Y™) remains bounded which, of course, is not true in general. To overcome this dif-
ficulty the idea is to use the previous estimate and to work on random time interval
instead of working on the whole interval [0, T']. To do this, let, for k > 1, 7; be the
following stopping time

7 =inf{t € [0, T]: X, >k} AT.

By construction the sequence (in n) Y;'(t) = Y/, remains bounded in k. Setting
moreover Z}/ () = Z}' 1;<y,, we have

T T
Y1) = YI’; + / Li<yno, f (s, Yy (s), Z,f(s)) ds — / Z;(s) - dB;.

1 13

We apply the second part of Lemma 2 to obtain, for each k, a solution (Y, Zx) to the
BSDE

Tk

T
Yi(t) = & + / £ (5, Ye(s), Ze(s)) ds — / Zi(s)-dBy, with & = sup,_, Y.
t
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Quadratic BSDEs with convex generators and unbounded terminal conditions 551

But by construction, 7 < 7441 so we have the localization property
Yirr(t At) =Yi(0),  Zip1(Dli<q, = Zi(1).

If we define the processes Y and Z on [0, T'] by the formula

Y =Y1Oli<g, + D YO Vo 0@, Zi = ZiOlie, + D Zi(0) Ly (1),
k>2 k>2

the previous BSDE is rewritten as follows

Tk

17"
Y =& +/f(s7 Yy, Zs)ds _\/Zs -dBy.
t t

The last point is the fact that, P-a.s., ty = T for k large enough which allows to send
k to 400 in the previous equation to prove that (¥, Z) is a solution to (1). Of course,
the inequality of the theorem is verified by the process Y since it is verified by each
process Y" in view of Proposition 1.

In the general case, we use a double approximation; £"7 =&t An — &~ A p,

fn’p(ts Y, Z) = 1[§O'nf+(tv Y, Z) - llfo'pfi(ti Y, Z)'

Corollary 4 Let the assumption (A.1) hold.

If |&| + |a|1 has an exponential moment of order ). > yeﬂT then the BSDE (1) has
a solution (Y, Z) such that Y satisfies the inequality (5) and Z belongs to M?.

In the case where |&| + ||y has exponential moments of all order; this solution is
such that Y belongs to £ and Z belongs to MP for all p > 1. More precisely, for each
p>1,

r/2

T
E exp(yp sup |Y,|)+ /|Zs|2ds < CE[exp(py (€] + lal))] (6)
0

0<t<T

where C depends on p, y, B and T.

Proof Let (Y, Z) the solution to (1) obtained in Theorem 3. Then Y satisfies the
estimate (5). It follows immediately from this estimate and Doob’s maximal inequal-
ity that ¢”¥" belongs to 87 for some ¢ > 1 when ¢ := |&| + |«|; has an exponential
moment of order A > yeﬁ T and that the estimate (6) holds true for Y when ¢ has
exponential moments of all order. To obtain the results for the process Z, we argue as
in [4].
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552 P. Briand, Y. Hu

For n > 1, let 7, be the following stopping time

'
7, = inf tzO:/ezy‘YY‘|Zs|2dszn AT,
0

and let us consider the function from Ry into itself defined by

1

u(x) = v (e”x -1- yx) )

x +— u(|x|) is C* and we have from Itd’s formula, with the notation sgn(x) =
_1x§0 + 1x>0,

tAT,

1
u(IYol) = u([Yirg, ) + / (u'(IYsI) sgn(Yy) f (s, Ys, Zs) — Eu//(|YS|)|ZS|2) ds

tAT,

- / W/ (1Y) sgn(¥) Z, - dB.

It follows from (2) and since u’(x) > 0 for x > 0 that

INT, ATy
u(1Yol) < u(|Yiag,l) + / u' (|Ys]) (a(s) + BIYs|)ds — / u'(|Ys|) sgn(Yy) Zy - d By
0 0
IAT,
1
) / (" (1Ys)) — y u' (1Y) |1 Z,|?ds.
0
Moreover, we have (u” — yu')(x) = 1 and u(x) > 0 for x > 0, so taking the

expectation of the previous inequality

Til T
1 1 1
SE /|Zs|2ds <E|—5 sup eV'Yf'+—/eV'YS'<a<s>+ﬂ|Ys|)ds
2 ) Y 1€0,7] 4

Fatou’s lemma together with the fact that ¢? ¥l € S7 for some ¢ > 1 gives the result
when ¢ has an exponential moment of order A > yefT.
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Quadratic BSDEs with convex generators and unbounded terminal conditions 553

For the second part of the result, let us observe that

T, T
1 1 1
5 /|Zs|2ds <— sup ey — /ele‘l(a(s)+,3|Ys|)ds
) YT 0=t=T 4
AT,
+ sup /u’(|YS|)sgn(YS)ZS-dBS .
0<t<T

It follows from the BDG inequalities, since |y| < e?/y and u/(|y|) < e¥1!/y, that

T p/Z T p/47]

E /|Zs|2ds <CE| e’ 4PV R1g P 4 /e2V'Y~v‘|ZS|2ds
0 0 ]
p/7]

Tn
* * 1
SC/]E[epVY + Y /2|a|f/2]+§E /|Zs|2ds
0

from which the result follows using Fatou’s lemma. O

3 Comparison theorem

Let us consider now the main topic of this paper: uniqueness for quadratic BSDEs
with unbounded terminal condition. We state in this section a comparison theorem
for solutions to quadratic BSDEs and let us recall first that, in the bounded case, such
a result exists (see [10]) even though it requires more assumptions than those in the
existence result. In our unbounded framework the situation is exactly the same: the
assumptions to prove uniqueness are stronger than those needed for existence. In par-
ticular, a very convenient way to derive the comparison theorem is to assume that the
generator is convex (or concave) with respect to the variable z. From the point of view
of PDEs, the convexity of the generator seems a natural assumption see e.g. [6]. Let
us consider the following assumption on the generator f.

Assumption (A.2) There exist two constants y > 0 and 8 > 0 together with a non-
negative progressively measurable stochastic process {«(f)}o<;<r such that, P-a.s.,

(i) forallr €[0,T], forally € R,z —> f(t,y, z) is convex;
(i) forall (z,z) € [0, T] x R?,

)

V(y.y)eR:  |ft.y.0— ft.y. D] <Bly—)

(iii)  f has the following growth:
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554 P. Briand, Y. Hu

V(t.y.2) € [0.TIx Rx RY, (1, y.2) <a(t) + Byl + % 121

(iv) |a|; has exponential moment of all order.

Theorem 5 (Comparison theorem) Let (Y, Z) be a solution to (1) and (Y’', Z') be a
solution to the BSDE associated to the terminal condition &' and to the generator f'
such that both Y and Y' belongs to £, namely,

Vi > 0, E [e”* + eky/*] < +o00.
We assume that, P-a.s.,
E<&. VYi,y.20el0,TIxRxRY f(t,y.2) < f(t.y 2.

If f verifies (A.2), then P-a.s., for eacht € [0, T], Y; < Y,/.
If moreover, Yo = Y, then

T

P E/—’&:O,/(f/—f)(t,Yt/,Z;)dtzo -0,

0

Proof The idea is the following: instead of trying to estimate the difference between
the processes Y and Y’, we estimate Y — 0Y’, for each 6 € (0, 1), in order to take
advantage of the convexity of the generator. Similar idea is also used for quadratic
PDEs in [6] where the authors prove that u — @u’ is nonpositive for two solutions u
and u'.

Let6 € (0, 1) and let us set U; = Y; — 0Y/ and V; = Z; — 0Z;. Let us consider a
real stochastic process {a(#)}o<;<7, progressively measurable, with integrable paths
to be chosen later. We set, for all r € [0, T], A; = fot a(s)ds. We have, from It6’s
formula,

T T
AU, = AU +/eAszds—/eAsvs-st, 0<t<T,
t t

where, of course,
(f(l Y. Z) - 0f' (l Y. Z /)) —a®)U. (7
Let us set as usual 81 (t) = (f — f') (¢, Y/, Z]) so that

f@. Y, Z2)—0f (1Y, Z) = f(t, Y, Z) = 0f (t. Y/, Z]) +05f (1)
=(ft. Y. Z)— f(t.Y.Z))+ (f (t.Y]. Z))
—6f (1. Y/, Z;)) + 05 (1).
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Quadratic BSDEs with convex generators and unbounded terminal conditions 555

Since f is convex with respect to z, the second term of the right hand side of the
previous inequality can be easily bounded from above. Indeed,

/! 92/
(Y. z) zf( [, 0Z, +(1_9)_9)

Z, — 07
<0f (Y. Z)+(A-0)f (t, Y/, ﬁ)

and from the growth of the generator f, (A.2) (iii),

14

[y Z) <of (1Y) Z) + (1= 0) (@) + B[Y/]) + 2(1-0)

|z, -0z, .
®

Roughly speaking, the first term does not change anything since it depends more
or less only on y and f is Lipschitz with respect to this variable. We get rid of it with
a classical linearization. Let us write

1@, YtsZt)_f(t Y, Z:) = f @, Yt,Z,)—f(t,QY,/, Zt)
+f(t.0Y),Z) — f (1. Y], Z1)
=aU; + f (1,0Y,2Z,) — f(t.Y], Z))

where a(r) = [f (¢, Y;, Z)) — f (,0Y/, Z;)] /U, when U; # 0 and a(r) = B in the
other case. Since f is B-Lipschitz, a is bounded by $ and

f@ Y, Z) = f (.Y, Z) <a®U + (1 -0)BY/]. ©)

If we choose for a the process we have just introduced, we get, from (8) and (9),
coming back to the definition of F (7),

Fo< (1—6) () +28|Y]]) + ﬁw + 051 (). (10)

Now, we get rid of the quadratic term with an exponential change of variables. Let
oA X
c¢>0andletusset P, = ¢Vt O, = ¢P,V;e. From Itd’s formula we deduce that

T

T
/Psef‘v( ce? Vil )ds—c/eAsPSVs .dB,
t
=P /G als—/QY dBy.

t
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556 P. Briand, Y. Hu

Equation (10) yields, since ¢ is nonnegative,

G, < cPre™ {(1—-0) (a(t) +2B|Y/|) +08f (1)}

A

Yy ce’! b
Pl — " ) iv.?.
e (2(1—9) 2 )l d

But A, > —BT so that, if we choose ¢ = ¢(0) = yeﬂT/(l — 6) we obtain the
following inequality,

G, < Pie™ (ec(e)af(t) +yePT (ar) + 28 |Y,’y)) . (11)

Finally, let us introduce the processes

t

D; = exp /eAs (9c(9)8f(s) +yefT (a(s) +28 !YSD) ds |,
0
131 =D P, ét = DtQt-

Once again It6’s formula gives us, for any stopping time 7 suchthat0 <t <7 < T,
T
i;t Sﬁr_/és'st-
t
Let us consider, for n > 1, 1,, the stopping time
u
T, = inf uzt:/|é5|2dszn AT.
!

We get from the previous equation

Tn

P, <E|[exp /eAS (ec(e)af(s)+yeﬂT (oz(s)~|—2,3‘Ys")) ds | P,

t

Fi |,

and, in view of the integrability assumption on «, Y and Y, since |As| < BT, we can
send 7 to infinity to obtain

T
P, <E [ exp / e (0c©)8F(5) + ye! () +28 1)) ) ds | Pr | 7

t
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Quadratic BSDEs with convex generators and unbounded terminal conditions 557

On the other hand, (§ — 0€’) = (1 —0)§ +6 (§ — &) < (1 — 0)|€| + 08¢, and since
8& and §f are nonpositive, we finally derive the inequality

BT+A,
ye
exp( o (Y, — QY,/))

T T
<E<exp[1y_99 <5s+/8f(s)ds) +yefT (§+/ (a(s) +281Y]|) d )l ']—})
t

12

In particular, since §¢ and §f are nonpositive and ST + A, > 0,

T
7 togE ((exp { ye” |5|+/(a<s>+2f3IY;I)ds ’f: ,

t

—0Y, <

and sending 0 to 1, we get ¥; — ¥, < 0 which gives the first part of the result.
For the second part of the theorem, if in addition we have Yy = Y/, then, coming
back to the inequality (12), we deduce that

T T
e’ < | |:exp[1y_09 <8§+/8f(s)ds> + ye*T <|5|+/(06(5)+2l3|ys/|)d5) ]i| ’
0 0

and, once again, sending 0 to 1, we get

T

8T

0<e’ 0 <E Lset 7 57(s)ds—0 €XP ye | igl +/ (a(s) +2BY]]) ds
0

which says that P (ag =0, [T 8f(s)ds = o) 0. 0

As a byproduct, we obtain, using Corollary 4, the following existence and unique-
ness result.

Corollary 6 Let the assumption (A.2) hold and let us assume moreover that the ran-
dom variables |&| and |«|| have exponential moments of all order. Then the BSDE (1)
has a unique solution (Y, Z) such that Y belongs to £ and Z belongs to MP for each
P>l

4 Stability

As we have seen in the previous section, the convexity of the generator with respect
to the variable z leads to the comparison theorem. It turns out that we can also derive a
stability result under this assumption. To be more precise, let us consider a generator
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558 P. Briand, Y. Hu

f for which (A.2) holds with parameters («, £, ) together with a sequence of gen-
erators (f,)n>1 : foreachn > 1, f, satisfy (A.2) with parameters (o, B, y). Finally,
let & and (&,),>1 be random terminal values such that, for each A > 0,

EPN“WM]+wm5EPﬂmHWW]<+w- (13)

According to Corollary 6, let (¥, Z) be the solution to the BSDE (1) and let us
introduce, for each n > 1, (Y", Z") the solution to the BSDE

T

—En /fn(s Y Zn)ds—/Z?.st_

Proposition 7 Let (A.2) hold for f and f, and let us assume moreover that the
inequality (13) holds true.

If &, — & P-a.s. and, m being the Lebesgue measure on [0, T], m ® P-a.e., for
each (y,z) € R x RY, f,(t,y,2) —> f(t,y, 2), then, for each p > 1,

p/2

E | exp (supg<;<7 1Y/ — Y;l) /|Z” Zs|* ds — 0.

Proof 1t follows from Corollary 4 and the integrability assumptions (13) that the
sequence ((Y", Z")),> satisfies, for each p > 1,

p/2
supE | exp (supg <7 |¥/"1)” / |22 ds < +o0.
n>1
It is thus enough to prove that
T
supg<, <7 Y7 — Vil +/ |2} — Z|* ds
0

converges to 0 in probability to get the result of the proposition.
Letus fix@ € (0, 1) and n > 1. First of all, since f, is convex in z and B-Lipschitz
in y, we can argue exactly as in the proof of the comparison theorem (Theorem 5) to

estimate Y;' — 6Y;. Setting P, = ¢ce"Us and Q; = cPie™ (Z} — 6Z;) where

t

ar = [fu (LY Z]) = fu (0.0, Z0) ]/ [Y] —0Y1] . A =/a(s>ds, c=

0

yePfT
1—6

k]
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Quadratic BSDEs with convex generators and unbounded terminal conditions 559

we have d Py = —G; dt + Q; - d B;, with, see the inequality (11),
Gr = Pie™ (08, £(1) + v (nd) +28 1Y),

where 6, f(¢) stands for (f,, — f) (¢, Yz, Z;). Buy taking into account the fact that a(z)
is bounded by 8, we have

G, < PyeT ('51]:—(;)' o) + ZﬂIYzI) .

Let us introduce as before the process
t
D! =exp (7T [ (@nts) + 2610 ds |
0

we get from Itd’s formula

287 L
P /PvD?|3nf(S)|ds

t

;P <E(Dppr+ X

Fi

We observe that, since a is bounded by S,

ye2ﬁT
Py < Gn(0) := sup eXP( (Y| + IY,"I)),
0<r<T 1-0

28T

ve
Pr < X,(0) = exp T

(1€" — 08| v I§ —QE"I)) :

With these notations, we derive the inequality

(1 —g)e T4

Y'—60Y <
Y

y BT

x logE [ D7.X,,(6) + T—o

T
D}G,0) [ 18 (5)ds | 7
t

and finally, since logx < x,

1-6
Y=Y, < (1-0)I%l+ TE (DT X (0) | F)

T
+e*TE D’}Gn(e)/|6nf(s)|ds‘}} ) (14)
t
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560 P. Briand, Y. Hu

Now we want to find an upper bound for ¥; — Y/* and to do this we use the same
approach. Once again, let 0 € (0, 1) and letus set Uy =Y, — 0Y', Vi = Z; — 0Z].
We have

dUt - —H[ d[ + V[ . dB[

with H; = f(t,Y;, Z;) — 0f, (¢, Y], Z}). To get the same inequality, we split H in
the following way:

Hl‘ = f(ta Yh Zl) - fl’l(t’ YI9 Zl) + fn(ta Yl‘a ZT) _efn(t, an Z?)
= _Snf(t) + fn(t! Ylv Zl) - an(tv Yls Z[n) +9fn(t’ Yh Z;l) - Qfl‘l(t9 Y[ns Z;’l)

As before, the convexity of f;, with respect to z leads to

Fale, Yoo 20 = 0030, Y, Z]) = (1= 0)en(@) + BV + 577 Vil

For the third term, let us introduce the process

o0, Y, Z1) — fu0, Y ZT)

a(t) =
® T

|Y,—Y}"|>0
which is bounded by 8 so that

Ofn(t, Yy, Z1) — 0fu (1, Y, Z}) = 0a()(Y; — ¥[') = a()(0Y; — Y, + ¥; — 0Y]")
= A =Y +a®)U;.

It follows from the previous inequalities that

Hs = 180 f ()] + (1 = ) (an(s) + 2B[¥s]) + 7 |Vil* + a(s)Us

_r

(1-16)
with @ bounded by B. It follows from It6’s formula that, taking as usual A, =
fot a(s)ds,

T T
eA’U,:eATUT+/eA~‘Fsds—/eA5Vsst, 0<t<T,
t t

with

Fs = 100 f ()1 + (1 = 0)(an(s) +2B1¥s]) + 5 Vil

_r
(1-6)
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Quadratic BSDEs with convex generators and unbounded terminal conditions 561

This is the same inequality as (10). As a by product, we deduce that the inequality (14)
is valid also for ¥; — Y/', namely,

1-6
=17 < (=0 + B (D} X,0) | )
T
+TE (Dj6,6) [ 15, (5)lds | 7
t

and finally we have

1-6
Y =Yl < (1=60) (1Y +1Y:]) + TE (D} X, (0) | 1)

T
+e2PTER D;Gn(e)/wnf(s)ws F . (15)
0

Let us fix ¢ > 0. We have from (15) and Doob’s maximal inequality

3(1—-6
]P’( sup Y — Y| > 8) < %E[ sup (|Yt”| + |Y,|):|

0<t<T 0<t<T

31-0) o,
+T]E [D}X,(0)]

T
3
—i—ezﬂTgE D';Gn(e)/lanf(s)lds
0

and since, for 0 € (0, 1), the sequences (SUP()gng (1Y + |Y,|)n>1), (D}),-, and
(Gn(0)),> are bounded in all L spaces, we deduce from Holder’s inequality

T
1-6 ce®
IP’( sup |Y/' — Y| > 8)5 — ¢+ ||Xn(0)||2)+L) /ISnf(S)Ids
0

0<r<T &
2
(16)

Let us recall that X,,(6) = exp (VfiZT (|E" — OE| Vv |E — 9§"|)) S0, as 1 goes to oo,

X, () converges to exp (yezﬂT|E|) almost surely and actually in all L? spaces in
view of the integrability assumptions on the sequence (§,),>1 (see (13)). Moreover,
18n f () = |f — ful(s, Yy, Zg) converges to O m ® P-a.e. and, since

18, £ ()] < a(s) + an(s) + 281Ys| + y1ZsI?,
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562 P. Briand, Y. Hu

Corollary 6 and the inequality (13) ensures the convergence to 0 of fOT |6, f(s)|ds in
all L? spaces. The inequality (16) yields, forall0 <0 < 1,

1-06
lim sup]P’( sup |an — Y| > 8) <—0FC (1 + Hexp ()’eZﬁTISI) Hz) )
&

n—>+00 0<t<T

and, sending 6 to 1, we obtain the convergence of supy, 7 |¥;" — ¥;| to 0 in proba-
bility. As we mentioned before, we obtain the convergence of ¢*"Po=i=r V7' =¥il i a]]
L? spaces.

To get the convergence of fOT |Z} — Z |2 ds to 0 in probability, let us just mention
that, from It6’s formula we have

T
E /|Z;l — Zs|*ds
0

T
<E|l& —E7+2 sup |an_Yt|/|fn(S, Y{LZE) — f(s. Yy, Zy)l ds
0

0<t<T

from which the result follows directly. O

5 Application to quadratic PDEs
In this section, we give an application of our results concerning BSDEs to PDEs which
are quadratic with respect to the gradient of the solution. More precisely, we want to

obtain the nonlinear Feynman—Kac formula in this framework. Let us consider the
following semilinear PDE

dru(t,x) + Lu(t,x)+ f (t, x,u(t, x),c*Vult, x)) =0, u(T,)y=g, U7)

where £ is the infinitesimal generator of the diffusion X’0-*0 solution to the SDE

t t
X, =X0+/b(S,Xs)dS+/U(S, X)dBy, to<t<T, X, =xo. t <to. (18)

4] 4]

The nonlinear Feynman—Kac consists in proving that the function defined by the
formula

Y(t,x) € [0, T] x R",  u(t,x):=Y* (19)
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where, for each (19, xo) € [0, T] x R, (Y0-¥0, Z0-%0) stands for the solution to the
following BSDE

T T
Y, =g (X7) +/f(s,X§0’x0,Yx,Zs) ds—/Zs -dBs, 0<t<T, (20
t

t

is a solution, at least a viscosity solution, to the PDE (17). Our objective is to derive
this probabilistic representation for the solution to the PDE when the nonlinearity f
is quadratic with respect to V,u and when g is an unbounded function.

Let us first give our assumptions concerning the linear part of the PDE namely the
coefficients of the diffusion.

Assumption (A.3) Letb : [0, 7] x R* — R"and ¢ : [0, T] x R” — R"*? be
continuous functions and let us assume that there exists 8 > 0 such that:

G) forall €[0,T], |b(,0)] < B, and
V(x,x') eR*xR", |b(t,x)=b(t,x)|+|o(t.x)—0 (t.x")]| < B|x — x'|;

(ii) o is bounded.

Under the assumption (A.3), for each (fy, xg) € [0, T] x R”, the SDE (18) has a
unique solution denoted X"-*0, Classical results on SDEs show that, for each p > 1,
X% belongs to SP. Actually, since o is assumed to be a bounded function, for
1 < p < 2, we have

A‘X’O"O

P
VA > 0, E I:SUPOSIST e i| < Cekc‘xlp,

where the constant C depends upon p, T, 8, A and |0 || . Indeed, we have

t

u
sup |X;°’X°| < |xo| + BT —l—,B/ sup ’Xfo’x°| ds + sup /o (s, X1¥0) d By
to<t<u 1<I<s to<t<T

10 1o

and we deduce from Gronwall’s lemma the inequality

t

sup |X[0*] < ( |xol + BT + sup /o(s,xg(J»XO)st T

to<t<u to<t<T
0]

It follows from the Dambis—Dubins—Schwarz representation of the continuous
martingale

t
/o(s) dB;, with o(s) =0 (s, X§°’x°) 1y<s<7 + 1=
0
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that, for A > 0and 1 < p < 2,

' p
E| sup exp|A /o(s, X0-%0) d By §E|: sup e)‘B’pi|,

to<t<T 2 O<r<|lo|3.T
which is a finite constant depending on p, A, T and |0 || -
With this observation in hands, we can give our assumptions on the nonlinear term
of the PDE, the generator f, and the terminal condition.

Assumption (A.4) Let f : [0,7] x R" x Rx RY — Rand g : R” — R be
continuous and let us assume moreover that there exist two constants 8 > 0 and
1 < p < 2 such that:

(i) foreach (¢, x,z) € [0, T] x R” x R?,

V(y.Y)eR: |fx.y. 0~ f(t.x, ). 2)| <

(i) foreach (t,x,y) € [0,T] x R* x R, z —> f(t, x, y, z) iS convex on RY;
(iii) foreach (r,x,y,z) € [0,T] x R* x R x R,

£, 3, D+ 18] = B (14 1x17 + 1yl + 122)

Since, for 1 < p < 2, sup|X;”*|” has exponential moments of all orders, the

growth condition on f and g allows one to use Corollary 6 to construct a unique solu-
tion, (Y 10-%0 Z’O’XO), to the BSDE (20). Moreover, Y% belongs to £ and the process
Z'0*0 belongs to the space M? for each p > 1.

It is worth noticing that Y 10-%0 js actually deterministic for each point (fg, xo) €
[0, T] x R". Indeed, the process {X o 0} f0<i<T is known to be measurable with
respect to the filtration generated by the increments of the Brownian motion after
time 7o and it is by now well known that the process {(¥;*"*°, Z{>**)} 1o<i<7 inherits
this property. As a byproduct of this observation, u deﬁned by the formula (19) is a
deterministic function. Let us prove that u is a viscosity solution to the PDE (17).

Proposition 8 Let the assumptions (A.3) and (A.4) hold.
The function u defined by (19) is continuous on [0, T] x R" and satisfies
Y(t,x) € [0, T] x R",  |u(z, x)] < C(1+|x|").

Moreover u is a viscosity solution to (17).
Before proving this result, let us recall what is a viscosity solution to (17).
Definition A continuous function u# on [0, T'] x R" such that u (T, x) = g(x) is said

to be a viscosity subsolution (respectively supersolution) to (17) if

d (10, x0) + Lo(to, x0) + f (10, x0, u(to, x0), 0*Veo(to, x0)) = 0,
(respectively < 0)
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Quadratic BSDEs with convex generators and unbounded terminal conditions 565

as soon as u — ¢ has a local maximum (respectively minimum) at (¢, xo) € (0, T) xR”
where ¢ is a smooth function.
A viscosity solution is both a viscosity subsolution and a viscosity supersolution.

Proof Our proof uses standard arguments since, in our setting, the BSDEs have all
the properties required: comparison and stability. First of all, the continuity of u is
an immediate consequence of the stability property (Proposition 7) since the map
(t, x) —> X" is known to be continuous. Secondly, the growth of the function u
comes directly from the general estimate on Y see (5).

Let us briefly explain why u is a viscosity subsolution to (17). Let ¢ be a smooth
function such that u — ¢ has a local maximum at the point (79, xg) € (0, T) x R".
Without loss of generality, we can assume that ¢ (7, xg) = u(fp, x9) and we want to
prove that

d (10, x0) + Lo(to, x0) + f (t0, x0, u(to, x0), 0* Vg (to, x9)) = 0.

Let us assume that the previous inequality does not hold. By continuity, there exist
6>0and 0 < a < T — 19 such that

u(t,x) < ¢(t, x), and,
dot, x) + Lo, x) + f (t,x,ut,x), 0" Vip(t, x)) < =8

assoonasfy <t <fy+«aand |x — xo| < c.
Let 7 be the following stopping time

t=inf{u>19:|X0% —xo| > a} A (to + ).

The proof consists in applying the comparison theorem, actually the strict version, to
the processes

(V2 1i=eZP™) and (g (1 AT XIRE)  Lizeo™Vag (1, X))

respectively solution to the BSDEs
fot+a fo+a

Y = Yipqa + / Li<c f (Sa Xio,xo’ Yy, Zs) ds — / Zs - dBy,

ty+a ty+a
Y, = ¢ (z, X0%) 4 / ~Ls<r (B9 + Lo} (5, X100) ds — / 7! - dB,.

t t

In order to compare the terminal conditions and the generators of these BSDEs, let
us recall that the uniqueness of solutions to (20) yields the Markov property:

YO =u (8, X), t > 1.
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566 P. Briand, Y. Hu

Hence, we can rewrite the first BSDE in the following way

fo+o to+o
Yy =u (v, X0%) + / Li<r f (5. X000, u (s, XI0%0) | Z,) ds — / Z - dB;.
t t

By definition of the stopping time 7, we have u (7, X?*°) < ¢ (t, X?*™) together
with

fyze f (5, X001 (5, X0). 2)
= ce £ (5 X001 5, X)L 0" Ve, X))
< —Ly< {89 + Lo} (5, X20) — 81y,

Moreover, it is worth noticing that

o+
/ —Li<r o+ Lo+ ) (s, X2, u (5, X0M) , 0" Ve (s, XI0%0)) ds > 8(r —19)

fo

and of course P(t = r9) = 0. Thus, we can apply the second part of the comparison

theorem, Theorem 5 above, and we get u(fp, xo) = Yz, < Yt’0 = ¢(ty, x0). But we

have assumed that u(fg, x0) = @(to, x0): u has to be a subsolution to (17). The fact
that u is a supersolution and thus a solution can be shown in the same way. O

Remark When f does not depend on the variable y it can be shown that u is the unique
viscosity solution with quadratic growth: [u(t, x)| < C (1 4 |x|?). This follows from
the uniqueness results in [6] concerning Bellman—Isaacs equation.
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