Probab. Theory Relat. Fields (2007) 139:605-635
DOI 10.1007/s00440-007-0055-4

Exact inequalities for sums of asymmetric random
variables, with applications

Tosif Pinelis

Received: 25 May 2006 / Revised: 26 December 2006 / Published online: 7 February 2007
© Springer-Verlag 2007

Abstract Let BS;,...,BS, be independent identically distributed random
variables each having the standardized Bernoulli distribution with parame-
ter p € (0,1). Let my(p) := (1 +p +2p»/Q2J/p —p?> +4p») if 0 < p < § and
my(p) = 1if 1 < p < 1. Let m > my(p). Let f be such a function that f and
f" are nondecreasing and convex. Then it is proved that for all nonnegative
numbers cq, .. ., ¢, one has the inequality

Ef(c1BSy + -+ -+ ¢,BSy) < Ef(s"(BSy + - -+ + BSy)),

where s = (1 3 2m) 7, The lower bound (p) on m is exact for each
p € (0,1). Moreover, Ef (c;BSy +- - - +¢,BS,) is Schur-concave in (c%m, e ,c,%m).

A number of corollaries are obtained, including upper bounds on gener-
alized moments and tail probabilities of (super)martingales with differences
of bounded asymmetry, and also upper bounds on the maximal function of
such (super)martingales. Applications to generalized self-normalized sums and

t-statistics are given.
Keywords (super)martingales - Probability inequalities - Generalized
moments - Self-normalized sums - #-statistic
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606 1. Pinelis

1 Introduction

Exponential upper bounds, say of the form e="/28%_on the tails probabilities
of sums of independent random variables (r.v.’s) or, more generally, martingales
have had many applications in probability and statistics. In the applications, the
ratio B/x is usually small.

Such exponential bounds are based on upper bounds on the correspond-
ing exponential moments. However, in comparison with the “ideal”, “normal”

estimate 1 — @ (x/B) ~ %27 e=¥/@B) of the tail probability (where & (u) :=

P(Z < u), with Z ~ N(0,1)), the exponential upper bound e=*"/8") “misses”
the usually small factor < B/x.

The apparent cause of this deficiency is that the class of exponential moment
functions is too small (and so is the class of the power functions). See [10,19-
21,24] for more on this subject.

For all @ > 0, consider the following much richer classes of functions f: R —
R:

HE = (f: o) = / (x— 0% u(d) Vu R, (1)

where 1 > 0 is a Borel measure, x; := max(0,x), and x§ = (x;)* for x € R,
0 := 0; however, the subscript ; will have a different meaning when used with
functions or classes of functions (as, for example, in the symbol H¢). It is easy
to see [21, Proposition 1(ii)] that

0<B<a implies H% CH’. 2)

For a characterization of the class H% for natural « see Lemma 2 in Sect. 4 of
this paper (cf. [24, Proposition 1.1]). In particular, for every t € R, every 8 > «,
and every A > 0, the functions u — (u — t)_’?r and u — e*®=) belong to HY.

The following is a special case of Theorem 4 of Pinelis [21]; see also Theo-
rem 3.11 of Pinelis [20].

Theorem 1 Supposethata > 0, & and n are real-valued r.v.’s, and the tail function
u > P(n > u) is log-concave on R. Then the comparison inequality

Ef€) <Ef(n forallf e H* 3)
implies
. Em—-0%
P > x) < Bopt(x) == te(l—nofo,x) —(x — ) 4)
< a0 P(n > %) (&)
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Inequalities for sums of asymmetric random variables 607

for all real x, where the constant factor
Ca0 =T+ 1)(e/x)* (6)

is the best possible.

A similar result for the case when « = 1 is contained in the book by Shorack
and Wellner [29], pp. 797-799.
Note that ¢y 0 ~ vV2ro aso — oo and ¢y > 1 foralla > 0.

Remark I The log-concavity of the tail function g(u) := P(n > u) in Theo-
rem 1 is needed only for inequality (5) but not for inequality (4). In view of
[20, Remark 3.13], the log-concavity requirement can be removed by replacing
q in (5) with any (e.g., the least) log-concave majorant of g. However, then the
optimality of ¢, is not guaranteed.

Bound Bopt(x) in (4) is obvious but useful in some cases, since it is optimal
[20]. Theorem 2.5 of [20] provides a general description of how to compute the
optimal bound Bopt(x) effectively, even in a more general setting (the natural
condition x < sup suppn was missing in parts (iii) and (iv) of the theorem;
thanks are due to V. Bentkus for having drawn my attention to that omission).
In [4], some general properties of Bopt(x) are presented, and the description of
the calculation of Bopt(x) given by the mentioned Theorem 2.5 of [20] is detailed
for @ € {1,2,3} and specific families of distributions of the r.v. n: exponential,
uniform, normal, Bernoulli, binomial, and Poisson.

Note that, since the class HY contains all increasing exponential functions
for each o > 0, the optimal bound Bopt(x) is also majorized by the standard
exponential bound P

o—— 1 - n
Bexp(x) := fllgfo e "™ Ee". (7)

In particular, since obviously Bexp(x) < 1 for all x, it follows that Bopt(x) < 1
for all x; cf. [4, Lemma 3.1]. Thus, Bexp(x) is better than the bound ¢, 0 P(7 > x)
in (5) for all small enough x. However, in applications (especially in statistics)
it is large values of x that usually are of primary interest, and then the bound
cqe0 P(n > x) will significantly outperform the exponential bound. For other
related developments, see [5,8,20-22,25,26].

In what follows, let (So, S1,...) be a sequence of r.v.’s adapted to a nonde-
creasing sequence of o-algebras (Hgo, Hgy, . . . ), with differences

X,' = S[‘ —Sl’_l, i= 1,2,....
The possible property of (So,S1,...) being a (super,sub)martingale will be
understood with respect to (Hgo, Hg, - . ).

The following normal domination statement is one of the main results of
[24].
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608 1. Pinelis

Theorem 2 [24] Suppose that (So, S1,...) is a supermartingale with Sy < 0
almost surely (a.s.) such that for every i = 1,2,... there exist H_1y-measur-
able r.v.’s A;_1 and B;_q and a positive real number c; such that

—A;_1<Xi<Bj_1 and (8)

3(Aim1 + Binp) < i ©)
a.s. Then forall f € Hi andalln =1,2,...

Ef(Sy) < Ef(sv/n2), (10)

where
(1) . C% + PR + C’21
: —

si=s (11)

Note that inequality (10) for the smaller class of exponential functions in
place of the class Hi is due to Hoeffding [13].

Based on Theorem 2 and a more general version of Theorem 1, upper bounds
onEf(S,)forf € Hi with 8 € [0,5] were given in [24], including upper bounds
on the tail probabilities P(S, > x), as well as similar bounds on the distribution
of M,, := maxogk<n Sk in place of S, and the most precise presently known
bounds for the measure concentration phenomenon in terms of separately-
Lipschitz (or, equivalently, £!-Lipschitz) functions on product spaces.

Yet, it can be seen that even the best possible normal domination result may
be inadequate if the asymmetry of the random summands X; is significant or if
n is not large. In such a case, one may try to use binomial domination instead of
normal, asin [1, Theorem 1], [3, Theorem 1.1], and [23, Theorem 2.3]. However,
in those theorems it was assumed that all the X;’s are almost surely bounded
from above by the same constant. This condition may be too restrictive in
certain applications.

In this paper, another approach to the problem of asymmetry is presented.
Here we provide binomial upper bounds on generalized moments and tail prob-
abilities for S, assuming that certain indices of asymmetry of the X;’s (rather
than the X;’s themselves) are uniformly bounded from above. This assump-
tion of bounded asymmetry (in contrast with the uniform boundedness) of the
X;’s is rather natural in applications to generalized self-normalized sums and
t-statistics; see Sect. 3.

2 Statements of basic results and discussion

Let C? denote the class of all twice continuously differentiable functions f: R —
R. Consider the following class of functions:

]—"i = {f € C?: fand f" are nondecreasing and convex}. (12)
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Inequalities for sums of asymmetric random variables 609

An equivalent definition would be given by the formula

}'}r ={feC*: f,f,f" and f” are nondecreasing},
where f”" denotes the right derivative of the convex function f”.
For example, functions x = a+bx+c(x—0% andx — a+bx+c e’ belong
to F3 foralla e R,b >0,c>0,t € R, >3,and A > 0.
It is easy to see that the strict set inclusion Hi C ]—"}r takes place; a related,
more nontrivial observation will be presented later as Proposition 2 on page 619.

Remark 2 If afunction f: R — Ris convex and ar.v. X has a finite expectation,
then, by Jensen’s inequality, E f(X) always exists in (—o0, co]. This remark will
be used in this paper (sometimes tacitly) for functions f in the class F3, as well
as for other convex functions.

Throughout the paper, unless indicated otherwise, the following notation/
assumptions will be used:

mefl,00), pe©1), g:=1-p, andBSy,....BS, ~ BSp), (13)

where BS(p) denotes the standardized Bernoulli distribution with parameter
p: for ar.v. BS we let, by definition,

E~B&m<=¢P@£= g)zpzl—P@§=_¢§y

thus, BS(p) is a two-point zero-mean unit-variance distribution. In particular,
BS(%) is the distribution of a Rademacher r.v. ¢, with P(¢ = £1) = %
Introduce

1 2p?
trEcp it0<p<l,
my(p) = Z(VP—p2+2pﬂ (14)
1 if 1 <p<lL.

Later it will be clear that m,(p) increases from 1 to co as p decreases from %

to 0 (see the proof of Lemma 17).
Introduce also the notation

1< o
st = (— E c,zm) (15)
n
i=1

for any nonnegative numbers cq, . .., cy.
Of the main results of this paper, the following one is perhaps the easiest to
state (but not to prove).
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610 1. Pinelis

Theorem 3 For any real number

m = my(p), (16)
allf e F 3 all natural n, and all nonnegative numbers c1, . . ., c,, one has
Ef(@BS + - +cuBSy) SEf (s (BS; +--+BS)),  (17)

Moreover, the lower bound m.(p) on m is exact for each p € (0,1).

The exactness of the lower bound m,(p) is understood here in the following
sense: Theorem 3 would be false if the function m, in (16) were replaced by any
other function, say m,: (0,1) — R, whose value m,(p) at any point p € (0,1) is
less than m,(p).

The necessary proofs are deferred to Sect. 4.

Remark 3 The general restriction m > 1 in (13) is quite natural. Indeed, if
inequality (17) held for some m € (0,1) then, takingcy =1, =--- = ¢, =0,
and letting n — oo, one would have, by the central limit theorem, the inequality
Ef(BSy) < f(0) forall f e F3, which is false even for f(x) =e*or f(x) = xi.

Here is a extension of Theorem 3:

Theorem 4 Suppose that (So, S1,...) is a supermartingale with Sy < 0 a.s. such
that for some natural n and every i € {1,...,n} there are positive H_1)-mea-
surable rv.’s A;_1 and B;_1 such that

— A1 <X; < B, (18)
VAi-1Bi_1 <¢i, and (19)
Bi1 _q
< = (20)
Aicr o p

a.s., where c; is a non-random number. Then, for any real number
m = my(p) (21)

and f € F3, one has the inequality
Ef(Sw) < EF (s (BSt ++--+BSy), (22)

where s" is defined by (15). Moreover, the lower bound m.(p) on m is exact for
each p € (0,1).

Condition (20) may be referred to as a bounded-asymmetry condition.
One should compare (19) and (15) with (9) and (11). If X, stands for a
zero-mean r.v. taking on values in the set {—a, b} for some positive a and b, then
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Inequalities for sums of asymmetric random variables 611

obviously the half-range %(a + b) of X, is no less than its standard deviation

Vab. That is, (9) is more restrictive than (19). On the other hand, one has the
inequality s“ > s for m > 1. Moreover, the greater the uniform bound ¢
on asymmetry in (20) is, the greater m must be according to (21) and hence the
more pronounced the inequality s*™ > s will be. Yet, it will be demonstrated
elsewhere that, overall, (19) and (15) work better in certain important statistical
applications than (9) and (11). Note also that one can choose the “ideal” value
m = 1 whenever the asymmetry index z% does not exceed 1, that is, whenever
the X;’s are not skewed to the right.

We shall show that conditions (18), (19), and (20) in Theorem 4 can be
replaced by conditions (23), (24), and (25) below. In fact, these two sets of
conditions are equivalent to each other in a certain sense; see e.g. Remark 2.4
in [24] and the proof of Theorem 2.3 therein, as well as the proof of Corollary 1
in Sect. 4.1 below.

Corollary 1 Suppose that (So, S1,. . .) is a supermartingale with So < 0 a.s. such
that for every i € {1,...,n} there exist non-random positive real numbers b; and
¢; such that a.s.

Xi <bja.s, (23)
Var(X;|Hi-1)) < cl2 a.s., and (24)
b? ¢
C—; < ; (25)
l

Then inequality (22) holds—again for any m > m(p) and f € F3, and again
with s'™ defined by (15).

Recall the definition of the Schur majorizarion: for a:=(aq,...,a,) and
b:=(b1,...,b,) in R", a = b means that ay +--- +a, = by +--- + b, and
ar) + - +a[]~] > b[l] + - +b[j] forallj e {1,...,n}, where ar Z o 2 [y
are the ordered numbers ay, . . ., a,, from the largest to the smallest. Recall also
that a function 9: [0,00)" — R is referred to as Schur-concave if it reverses
the Schur majorization: for any a and b in [0, 00)" such that a = b, one has
Q(a) < Q(b).

Theorems 3 and 4 are contained in the following theorem, which may thus
be considered the main result of this paper.

Theorem 5 The following statements are equivalent to one another.

I m=my(p).
(I) Forallf € F3 1, all natural n > 2, and all nonnegative numbers cy, . .., cp,
one has (17).

(IIl)  For every natural n > 2 and every function f € F3 1, the function

[0,00)" 3 (ar,...,an) — Ef(ay ™ BS; + - +a)/®"BS,)  (26)

is Schur-concave.
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612 1. Pinelis

(IV) LettheS;’s, A;_1’s, Bi_1’s, ¢;’s, and s"™ be as in the statement of Theorem 4.
Then one has (22) for all f € F3.

The special case of statement (IIT) of Theorem 5 with p = % and m = 1is
essentially due to Whittle [31] and Eaton [9].

From the “right-tail” Theorem 5, one can deduce its left-tail and two-tail ana-
logues. Appropriate left-tail and two-tail counterparts of F J3r are the following
classes of functions:

F3 :={f € C*: f and f” are nonincreasing and convex} (27)
={f:3dg e ]—'fr Vx e Rf(x) =g(—x)} and
F3:={f € C?: fand f” are convex). (28)
Remark 4 Theorem 5 holds with 72 in place of 3 if the restrictions that (i)
B;_
(S0,S1,...) is a supermartingale with Sy < 0 a.s. and (ii) — ! < 4 a.s. in
i—1 P

Theorem 5 are replaced, respectively, with the following: (i) (So,S1,...) is a

q

izl < = a.s. This “left-tail” analogue

Bi_4

submartingale with Sp > 0 a.s. and (ii)
is a trivial corollary of Theorem 5.

The “two-tail” analogue of Theorem 5 is more difficult to prove. It relies in
part on Proposition 1 below, preceded by the following definition.

Definition 1 Let us say that a sequence of functions (f,,) in C?> converges to a
function f in C? and write f, — f (as n — 00) if f,(x) 1 f(x) and £/ (x) — f"(x)
for all real x. (This stronger notion of convergence will make it easier to verify
the convergence of relevant expected values; also, it naturally provides for the
relevant classes of functions to be closed.)

For any subset A of C?, its closure—denoted here by cl .A—will be understood
here simply as the set of the limits of all sequences in .4 that are convergent in
C2. Obviously, c1 A D A, for every A C C2.

Obviously, the “two-tail” class F> contains both “one-tail” classes }'i and
F3. The more informative relation of 73 to ]—"}r and 3 (on which the proof of
Corollary 2 below is partly based) is given by

Proposition 1 One has F3 =cl1G3, where

Q3z={f602:Elc>03f+e.7-'i3f,e}'foeR
F@) = ex?/24 (0 + f- (). (29)

However, F3 # G3. For example, the function f defined by the formula
fx) = g A —x)?Ix <0} + (g —Ax+ %+ %x3 + 11—6x4> I{x >0} (30)
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Inequalities for sums of asymmetric random variables 613

(for all x € R) belongs to F> but not to G*. Here and elsewhere in the paper, I{-}
denotes the indicator function.

Moreover, functions x — a + bx + cx? +d|x — 1|, x — cosh Ax, x > e,
x> (x—-0%,andx — (t —x0)% belongto]—"3 forallae R,beR,c>0,d >0,
t € R,a > 3, and A € R. Note also that the classes ]-"i, F3,and F3 are convex
cones; that is, any linear combination with nonnegative coefficients of functions

belonging to any one of these classes belongs to the same class.

Corollary 2 Theorem 5 holds with F> in place of Fi 3 if the reszrictions i)y m >
m.(p), (ii) (So, S1, - . .) is a supermartingale with Sy < 0 a.s., and (111) A < q a.s.
in Theorem 5 are replaced, respectively, with the following stronger restrlctlons

(i) m=mu(p)andp < %,

(i) (So, S1,...) is a martingale with Sy = 0 a.s., and

(Bil Aic1 ) q
(ili) max

. < —as.
A1 Big p

Using Theorem 4, Corollary 1, and Remark 1 (and in view of definition (12)
and Lemma 2 on page 619), one immediately obtains the following bounds on
the tail probabilities of S,, which may be compared with those provided by
Corollary 2.2 in [24].

Corollary 3 Suppose that the conditions of Theorem 4 or the conditions of Cor-
ollary 1 hold. Let

Ty :=s" (BSy + -+ BSp),
where s"™ is still defined by (15). Then for all m > m,(p) and all real x

E(T, — 03}

m e
te(—oox) (x —1)3

< ez PO(T, > ), (32)

P(S, > x) < (31)

where x — P(T,, > x) is the least log-concave majorant of the function x +—
P(T, > x)onR.

According to Remark 1, the upper bound in (31) is majorized by the expo-
nential upper bound (7), so that under the conditions of Corollary 3 one has

P, >x) <e (33)
for all real x, where H := (p+y)1np’# +(q —y)ln% 0 <y:=% Y29 - g

n s(m)
H:=—-Inpify=¢q,H :=ocify > g,and H := 0if y < 0. This exponential
upper bound is essentially due to Hoeffding [13].

Note that P'€ (T, = x) = P(T, > x) for all x in the lattice

={nb+kh:kelZ}
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614 1. Pinelis

generated by the support of the distribution of T}, where b = s \/g and
h :=s" /. /pq. Using also results of [23], one immediately has the following.

Corollary 4 Under the conditions of Corollary 3,
P(Sy >x) <c30 PPMO(T, >x+8) vxeR, (34)

where x — PY™C(T, > x) is the least log-concave majorant of the linear inter-
polation of the tail function x — P(T, > x) over the lattice L.

The upper bound in (34) usually works better in statistical practice than those
in (32) and (33). An explicit formula for PY™C(T,, > x + %) is given in [23].

Corollary 3 should be compared with Theorem 1.3 of [3], which states that,
if (S;) is a martingale with Sy = 0 satisfying conditions (23) and (24) with the
additional restriction

bi=c¢ Vi=1,...,n,
in place of (25), then Vx € R
P(S, = x) <cap PLC(T,, >x) with T, =sV.(e; + -+ &n). (35)

Thus, this result of [3] is a special case of Corollary 3—with p = % (so that one
may take m = 1). By the central limit theorem, inequality (35) implies

P(Sn > x) < 3o PsVvVnZ > x). (36)

Inequalities (36) and (35) are extensions of results in [19,20]. A version of
inequality (36), with constant factor 1/P(Z > +/3) = 24.01... in place of
c30 = 2e3/9 = 4.46..., appeared earlier in [2]. The generalized moments
E f(T,) in the above upper bounds, where T}, := s . (BS; + - - - + BS,), can be
replaced by E (s \/nZ) provided that p > % That (S, Sq, ... ) is allowed to be
a supermartingale (rather than only a martingale) makes it convenient to use
the simple but powerful truncation tool; cf. the discussion at the end of Sect. 2
in [24].

We shall also prove the following stronger, “maximal” version of the previous
results.

Corollary 5 One can replace S,, in the left-hand side of inequalities (31) and (34)
by

M, := max Sy.
0<k<n
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Inequalities for sums of asymmetric random variables 615

3 Applications: bounds on self-normalized sums

(Detalils on the results presented in this section are given in [27].)
Efron [11] considered the so-called self-normalized sum

Xl+"'+Xn
JXT 4+ + X7

assuming that the X;’s satisfy the orthant symmetry condition: the joint distribu-
tion of §1 X1, ..., 8,X, is the same for any choice of signs 1, ...,8, € {1,—1},s0
that, in particular, each Xj; is symmetric(ally distributed). It suffices that the X;’s
be independent and symmetrically (but not necessarily identically) distributed.
Ontheevent {X|1 =--- =X, =0},let V:=0.

Following Efron [11], note that the conditional distribution of any symmetric
r.v. X given |X| is the symmetric distribution on the (at most) two-point set
{X,—X}. Therefore, under the orthant symmetry condition, the distribution
of V is the mixture of the distributions of the normalized Khinchin—Rade-
macher sums aje1 + - - - + a,&,, where the ¢g;’s are independent of the X;’s and
a; = X,-/(X12 + -+ Xg)%, so that a% + -+ a% = 1 (except on the event
{X1 =--- =X, =0}, where a; = --- = a, = 0). Hence, using the well known
bound Eexp {A (a161 + -+ + anen)} < e*’/2 (see e.g. the introduction in [24])
one has

V= (37)

Ee'V < EeM” (38)
for all A € R, whence
P(V=x)<e ™2 vx>0. (39)

These results can be easily restated in terms of Student’s statistic 7, which is a

monotonic function of V, as noted by Efron; namely, 7 = ,/ "n;l V/J/1=V2/n.
Inequalities (38) and (39) were improved in [9,10,19] as follows:

Ef(V)<Ef(Z) VfeH (40)
and
2¢3
P(V}x)<7P(Z>x) Vx € R. (41)

Multivariate analogues of these results, which can be expressed in terms of
Hotelling’s statistic in place of Student’s, were also obtained in [19].

It was pointed out in [19, Theorem 2.8] that, since the normal tail decreases
fast, inequality (41) implies that relevant quantiles of V' may exceed the cor-
responding standard normal quantiles only by a relatively small amount, so
that one can use (41) rather efficiently to test symmetry even for non-i.i.d.
observations.

@ Springer



616 1. Pinelis

Here we shall present extensions of inequalities (40) and (41) to the case
when the X;’s are not symmetric.

Our basic idea is to represent any zero-mean, possibly asymmetric distri-
bution as an appropriate mixture of two-point zero-mean distributions. Let us
assume at first that azero-meanr.v. X has an everywhere strictly positive density
function. Consider the truncated r.v. X,,;, := XI{a < X < b}. Then, for every
fixed a € (—o0,0], the function b — E X, is continuous and increasing on the
interval [0, 00) from E X, < 0 to EX,~ > 0. Hence, for each a € (—00,0],
there exists a unique value b € [0, 00) such that E X, ;, = 0. Similarly, for each
b € [0, 00), there exists a unique value a € (—o0,0] such that E X, ;, = 0. That
is, one has a one-to-one correspondence between a € (—o0,0] and b € [0, 00)
such that EX,; = 0. Denote by r := rx the reciprocating function defined on
R and carrying this correspondence, so that

EXI{X isbetweenxandr(x)} =0 VxeR;

the function r is decreasing on R and such that r(r(x)) = x Vx € R; moreover,
r(0) = 0. (Clearly, r(x) = —x for all real x if the r.v. X is symmetric.) One also
has

F(0) = x_(GO0) Ifx > 0} + x4 (G) Ix < 0}, (42)

where x4 (1) stand for the positive and negative roots x of the equation G(x) = h
and, in turn,
Gx) := E|X|I{|X] < |x|, sign X = signx}. (43)

Thus, the set { {x,r(x)}: x € R} of (at-most-)two-point sets constitutes a parti-
tion of R. Moreover, the two-point set {x, r(x)} is uniquely determined by the
distance |x — r(x)| between the two points, as well as by the product |x| |r(x)].
Now one can see that the conditional distribution of the zero-mean r.v. X given
W = |X — r(X)| (or, equivalently, Y := | X r(X)|) is the uniquely determined
zero-mean distribution on the two-point set {X,r(X)}. Thus, the distribution
of the zero-mean r.v. X with an everywhere positive density is represented as
a mixture of two-point zero-mean distributions. This mixture is given rather
explicitly, provided that the distribution of r.v. X is known.

Thus, one can introduce the following generalized versions of the self-nor-
malized sum (37), which require —instead of the symmetry of independent r.v.’s
X;—only that the X;’s be zero-mean:

X 4. .+ X X 4+ 4+ X
V= —AE A g V= LA gy

L
IW2 4 4 W2 (Y7 4 Y

where m > 1,

W;=1X; —rn(Xy)l, and Y;:=|[X;rX))l,

and the reciprocating function r; := ry, is constructed as above, based on the
distribution of Xj;, for each i, so that the reciprocating functions r; may be
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different from one another if the X;’s are not identically distributed. On the
event {X| = --- = X,, = 0} (which is the same as either one of events {W; =
=W, =0}and{Y; =--- =Y, =0}),let Viy :=0and Vy,, := 0. Note that
Vw = Vy1 = V when the X;’s are symmetric. Logan et al. [16] and Shao [28]
obtained limit theorems for the “symmetric” version of Vy ,, (with Y; = Xiz).

These constructions can be extended to the general case of any zero-mean r.v.
X, absolutely continuous or not. Here, one can use randomization (by means
of a r.v. uniformly distributed in interval (0,1)) to deal with the atoms of the
distribution of r.v. X, and a modification of the inverse functions x (h) to deal
with the intervals on which the distribution function of X and hence the func-
tion G are constant. Namely, in general r(X) is replaced by r(X, U), where U
is a r.v. uniformly distributed in interval (0, 1) and independent of X and, for
xeRandu € (0,1),

rex,u) == {x—(G(X—) +u-(Gx) —Gx-))) ifxe[0,00),
X (GxH) +u-(Gix) — Gix+))) ifx e (—o0,0],

x4 (h) := inf{x € [0,00]: G(x) > h},

x_(h) := sup{x € [—00,0]: G(x) > h}.

It follows that, conditionally on the Y;’s (or, equivalently, on the W;’s), the
Xj’s are independent zero-meanr.v.’s, and the conditional distribution of each X;
is supported by the two-point set {X;, r(X;)}. Thus, the distribution of each Xj is
a mixture of zero-mean two-point distributions on the sets of the form {x;, r;(x;)}
for x; € [0, 00). Let us now use Theorem 4 and Corollary 3 with each supermar-
tingale-difference X; there replaced by a zero-mean r.v. taking on two values,
(—=A;_1) and B;_1, where

ri(x;) Xi

- 1 Bi=— —
O+ y 7 G+ y

Aior=—

k]

vi == |xiri(x;)|, and x; € [0, 00); at that, let ¢; := \/A;_1B;_1. Then one obtains

Corollary 6 Suppose that for some p € (0,1) and alli € {1,...,n}

Xi q
I{X; >0} < = as. 45
IXnl p )
Then for all m > m,(p)
Ef(Vym) <Ef(T,) VfeF> and (46)
P(Vym=x) <c3oPC(T, >x) VxeR, (47)

where T, and PLC(Tn > x) have the same meaning as in Corollary 3, with
st = p=V@M and, in accordance with (6), c39 = 2e3/9 = 4.4634 . . ..
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Similarly, using the W;’s instead of the Y;’s and results of [24] instead of
Theorem 4 and Corollary 3 of this paper, one has

Corollary 7

Ef(Z) VfeH),, whence (48)

Ef(Vw) <
) <espP(Z>x) VxR, (49)

PVw > x

where, in accordance with (6), cs o = 51(e/5)°> = 5.699....

Of course, one can replace the upper bound in inequalities like (47) by either
of the more precise (but slightly less transparent and more difficult to compute)
upper bounds given in (31) and (34).

Condition (45) is likely to hold when the X;’s are bounded i.i.d. r.v.’s.

Note that the reciprocating function r depends on the (usually unknown in
statistics) distribution of the underlying r.v. X. However, if, e.g. the X;’s con-
stitute an i.i.d. sample, then the function G defined by (43) can be estimated
based on the sample, so that one can estimate the reciprocating function r. Thus,
replacing X1 +- - - + X, in the numerators of Vy and Vy ,, by X1 +- - -+ X,, —né,
one obtains approximate pivots to be used to construct approximate confidence
intervals or, equivalently, approximate tests for an unknown mean 6. One can
also use bootstrap to estimate the distributions of such pivots.

Inequalities presented in Corollaries 6 and 7 may be compared with limit
theorems for large deviations, such as the ones given in [14,28]. In addition
to the obvious distinction that limit theorems provide asymptotics, rather than
certain and explicit bounds, one may notice that in most cases the limit theo-
rems are obtained for i.i.d. X;’s. Therefore, the inequalities may turn useful for
small and/or heteroscedastic samples, as they provide universal conservative
bounds, which may be rather accurate. Another advantage of our approach is
that it provides one with generalized moment comparison inequalities (such as
(46) or (48)) for rich classes of generalized moment functions f. Exponential
and power-moment inequalities for self-normalized sums were obtained in [7].

4 Proofs
4.1 Statements of lemmas and proofs of the main results

The proofs of the main results are preceded in this section by some definitions
and a series of lemmas. Atleast one of them (Lemma 12) may be of independent
interest. The proofs of the lemmas are deferred further to Sect. 4.2.

Let us introduce more classes of functions, in addition to the classes H> , }]3_,
F3,F3,and G (recall (1), (12), (27), (28), and (29)):

gi::{f:HaeR,beR,heHi‘v’xeR fx)=a+bx+ h(x)}; (50)
G i={f:3aecRb>0heHIVxeR fx)=a+bx+hx)}. (51)
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Remark 5 It is not difficult to see that, if a function f is in ]—'}r or any other
defined above class of functions, then the shifted function x — f(x + a) is also
in the same class, for any real constant a. That is, all these classes of functions
are shift-invariant.

Our first lemma is very simple and probably well known, but I have not been
able to find it in the literature. So, it is stated (and proved) here for the readers’
convenience and easy reference.

Lemma 1 Suppose that a function g: R — R is convex and such that there exists
a finite limit g(—o0) := limy_, _o g(x), in particular, the latter condition will obvi-
ously be the case if g is nonnegative and nondecreasing on R. Then g’ (—o0) = 0,
where g’ is the right derivative of g.

Lemma 2 If o is a natural number then H% coincides with the class 7-Z‘j‘r of all
functions f: R — R such that the derivative f©=1 is everywhere finite and con-
vex, and fO (—o0) = -+ = f@D(—00) = 0. Moreover, if f € H%, then all the
functions fO, ... f@=D are nonnegative.

Lemma 3 Let f: R — R be a function such that f” is finite, nonnegative, non-
decreasing, and convex, with f”(—oc0) = 0. Then f € cl gi. If, moreover, f is
nondecreasing, then f € cl gi 4

Lemma 4 One has F3 = cl1G3 .

Lemma 5 One has F> = c1G3, where G° is defined by (29).
Lemma 6 Iff € F3 then either f(x) = O(x) as x — oo or
liminf,_, o f(x) /x> € (0, 00].

Lemma?7 Iff € F3, then f(x) = O(|x|) as x — —oo.
Lemma 8 7> # G

Proposition 2 There exists a function g € ]-"i \ gi. (For example, one can let
g =, where f is defined by (30).) Since QLF c gi, it follows that }'i # QLF.
(This proposition complements Lemmas 4 and 8. )

The following two lemmas are essentially well known. Their statements (and
proofs) are given here for easy reference.

Lemma 9 (Cf. e.g. [15] and [3, Lemma 4.3].) Let X be a r.v. such that EX < 0
and —a < X < b a.s. for some positive real numbers a and b. Let BS ~ BS(p)
with

a
b+a

pi=
Then
Ef(X) <Ef(VabBS)

for any nondecreasing convex function f, and hence for any function f € F. J3r
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Lemma 10 /f X is a zero-mean r.v., then E f(c X) is nondecreasing in ¢ > 0 for
any convex function f and hence for any f € .7-"43_.

Lemma 11 Let BS(p) ~ BS(p). Then e(p) := Ef(BS(p)) is nonincreasing in
p € (0,1) forany f € Hi and so, by (2), for any f € H>., whence, by Lemma 4,
forany f € fi.

The extension from Theorem 3 to Theorem 4 is based in part on the following
simple lemma, which may be of independent interest.

Lemma 12 Suppose that (So, S1,. ..) is a supermartingale with So < 0 a.s. such
that for every i € {1,...,n} one has (18), (19), and (20). Then

Ef(Sn) < Ef(clle +---+ CnBSn) (52)

for any f € HZ, and so, by (2), for any f € Hi, whence, by Lemma 4 and
Lebesgue’s dominated convergence theorem, for any f € ]—'}r.

For m > 1, introduce

2m4+1—4m—-1)(m+2) +1
42m —1)
2

T om-HCm+ 1+ JAm-DmiD+ D)

Px = psx(m) =
(53)

so that p, € (0, %]. Introduce also

81, ¢,p,m) i=2¢(1 — M 2yu 4 2pe(l — M1y 4 2(1 — -y,
&, c,p,m):=1—-p)1 — C2m—1)u2
+2c(1 — C2m72)u +2pc(l — c2m71) + 62(1 _ c2m73);

_ C2m—1u2 _ 2(62m_1

83(u,c,p,m) = —cp+cpu

+ ((26 + 2 —2c¢2m C2m+1)p _ CZm—l);

Sa(u,c,p,m) =1 =" p (1 + ¢+ w

Lemma 13 For any given pair (p,m) suchthatm > 1andp € (0,1), the following
two statements are equivalent to each other.

(i)  Forevery every function f € Hi, the function

[0,00)? 3 (a1, a2) —> Ef(a}/(zm)le + a%/(zm)BSZ),

is Schur-concave, where BS; i BS(p),i=1,2
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(ii) forallu € R and c € (0,1), one has the inequalities

81(u,c,p,m)I{u > 0} > 0;
S (u,c,p,m)I{—c <u <0} >0
83(u,c,p,m) I{—1 <u < —c} > 0.

Lemma 14 For allu > 0, c € (0,1), p € [p«,1), and m > 1, one has §{(u) :=
81(u,c,p,m) = 0.

Lemma 15 For all u € [—c,0], ¢ € (0,1), p € [ps, 1), and m > 1, one has
S2(u) = 82(u,c,p,m) = 0.

Lemma 16 For all u € [—1,—c], ¢ € (0,1), p € [p«, 1), and m > 1, one has
83(u) = 83(u,c,p,m) = 0.

Lemma 17 (Recall (14) and (53).) For p € (0,1) and m > 1, one has
m > my(p) <= p = ps«(m).

Lemma 18 [n the context of Theorem 5, implication (11) = (1) is true.

Proof of Corollary 1 According to Theorem 2.1 in [23] (cf. [1,3,4]), conditions
(23) and (24) imply that

Ef(Sn) SEf(Zi+--+Zn) VfeHi, (54)
where Z1,...,Z, are independent zero-mean r.v.’s such that each Z; takes on
only two values, B;_1 := b; and —A;_ := —ch /bi, so that condition (18) of

Theorem 4 is satisfied with Z; in place of Xj;, and at that conditions (19) and (20)
hold (the latter one by virtue of (25)). Thus and in view of inequality (54), set
inclusion (2), and Theorem 4, one has the inequality (22) of Corollary 1 for all
f € H>., and so, by Lemma 4 and Lebesgue’s dominated convergence theorem,
forall f € F: J3r This completes the proof of Corollary 1. (Note: Theorem 4, used
in this proof, follows immediately from Theorem 5, which will be proved next,
without using Corollary 1.) O

Proof of Theorem 5 1t suffices to prove the implications

() = (III) = (II) = (I) and
(1) = (IV) = (1I). (55)

(I) = (I11I):  Suppose that condition m > m,(p) of item (I) takes place. By
Lemma 17, this condition is equivalent to p > p,(m). Now statement (III) for
n =2 with 13 in place of F3 follows from Lemmas 13, 14, 15, and 16. Hence,
by the definition (51) of G3 , and Lemma 4, one has (IIT) for n = 2 ( recall that
the r.v.’s BS; each take on only finitely many, namely two, values).
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Now, in view of Remark 5 on page 619, by conditioning on all of the r.v.’s
BSy,...,BS, except any given two of them, (III) for any natural n > 2 follows
from the well-known result by Muirhead [18] (see, e.g., [L7, Remark B.1 of
Chap.?2]), which states that a function of n nonnegative arguments is Schur-
concave iff it is Schur-concave in any two of its arguments.

(IIT) = (II): Let here a; := c%m, ey = cflm anda:= (a1 +---+ay)/n,
so that s = g1/@™_ Note that (ay,...,a,) = @,...,a). Now implication

——
n
(IIT) = (II) follows.

(IT) = (I): This implication is true by Lemma 18.

(I) = (IV): This implication follows immediately from Lemma 12.

(IV) = (II):  This implication is trivial. ]

Proof of Proposition 1 This follows immediately from Lemmas 5 and 8. O

Proof of Corollary 2 1t suffices to prove the same implications, (55), as in the
proof of Theorem 5, only with the changes stated in the formulation of Corol-
lary 2. Below, all these implications are understood in the context of Corollary 2.
The proofs of most of these implications are similar to their proofs in the context
of Theorem 5. Below, only the most significant changes are described.

(I) = (I1II): To prove this implication, in view of Theorem 5, Remark 4,
and Proposition 1, it suffices to verify that the function (26) is Schur-concave
when f(x) = x? (for all real x). Also (cf. the proof of implication (I) = (III) in
the proof of Theorem 5), one may assume that n = 2. Thus, it suffices to verify
that, for any given m > 1, the expression

E(BS; cos!/™ 0 + BS; sin'/” 6)? = cos*™ 0 + sin®™ 6

is nondecreasing in 6 € [0, 7/4]. But this is easy to see.

(IT) = (I): This implication follows from Theorem 5, Remark 4, and the
observation that both classes ]—"j’_ and F3 are contained in F°.

(I) = (1V): In view of Theorem 5, Remark 4, Proposition 1, and
Lebesgue’s dominated convergence theorem, it suffices to verify that inequal-
ity (22) holds when f(x) = x2 for all real x and (Sp,...,S,) is a martingale as
described in the formulation of Corollary 2. Note that inequality (52) holds for
the function fy(x) := x% in place of f, since fy € H%. By symmetry, (52) also
holds for the function fg(x) = (—x)zL in place of f, given that (S, ...,S,) is a
martingale as described. Thus, (52) holds when f(x) = x?( = x4 + (-x)3) for
all real x. It remains to note that

E(1BS1 + - +cnBSp)? = n (sW)? < n (") = E(s"™ (BSy + - - - + BSy))?,

so that one does have inequality (22) when f(x) = x* for all real x. a

Proof of Corollary 5 In the case when (§;) is a martingale, one can obtain Cor-
ollary 5 similarly to Corollary 3, using the Doob inequality P(M,, > x) <
E.S, — t)i/(x — 1) for the convex function u — f,(u) := (u — t)%r andt < x.
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It remains to observe that any supermartingale-differences X; satisfying
condition (18) are majorized by certain martingale-differences X; satisfying
(18) (in place of X;) as well. Such a reduction is similar to that in the proof of
Lemma 3.1 in [23]. Namely, for eachi = 1,2,... let

Ei1Xi

(1 —yi—)Xi +vi-1Bi—1, where y;_1 E_Xi— B,
and E; denotes the conditional expectation given H;; then y;_1 is Hgi_1)-
measurable; hence, E;_; X; = 0 a.s.; the conditions B;_; > 0 and E;_1 X; < 0
a.s. imply that y;_; € [0,1) a.s.; hence, condition (18) yields X; € [X;, B,_1] <
[—A;_1,Bi_1] a.s. Thus, the X;’s are martingale-differences satlsfylng the same
condition (18), while X; > X; as. foreachi,sothatS, < X;+---+ X, as. O

4.2 Proofs of the lemmas

Symbolic calculations in the proofs of some lemmas (especially Lemmas 13, 15,
17, and 18) are rather involved and better done with Mathematica or similar
software.

Proof of Lemma 1 The convexity of g implies g(0) — g(x) > g'(x)(—x) and
8(2x) —g(x) > g'(x)x, so that |g'(x)||x| < max(|g(0) —gXx)I,[g(2x) —g(x)]) for all
x € R. Letting now x — —oo and using the existence of the finite limit g(—o0),
one has g'(—oc0) = 0. O

Proof of Lemma 2 This lemma was stated essentially as Proposition 1.1 in [23].
The proof given here is a little more detailed. Assume first that f € H¢, so that
f(x) = [(x — % du(?) for a function © € M%, whence f@D(x) = a! [(x —
1)+ du(r) is convex as a limit of linear combinations with nonnegative coeffi-
cients of convex functions x +— (x — £);. The conditions f(—oc0) = --- =
fle- 1)( 00) = 0 follow by Lebesgue’s dominated convergence theorem. Thus
f € H%. Moreover, it is clear that all the functions f©, ..., @D are nonnega-
tive.

Assume now that f € ﬁi Consider first the case @ = 1. Then f is convex
and f(—oo) = 0. Hence, by Lemma 1, one has f'(—o0) = 0. Therefore,

f) = / f/w du = / du / df'w) = / @ —v)dp),

by Fubini’s theorem, where p := f’; thus, f € H}r. The case of any natural ¢ > 2
can now be treated by induction, in a similar manner. Indeed, if f € H¢ for a

natural « > 2, then ' € 7:[‘}:1, by the definition of 7-2‘}‘r Hence, for a function
we Mq,
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X

feo = / f/(w) du = / du / (=% du) = / (- dum/a,

—00
so that f € HY. O

Proof of Lemma 3 Let f be any function satisfying the conditions of Lemma 3.
For any y € R, introduce then the functions defined by the formulas

Foy@) = (F'O) + "0 =) Tx <y + /@ T >y} (56)

y
70 1= (F0) 4 £ )=+ [ 0 @ =0 du) I < )

+f ) I{x > y} (57)

for all real x. Here f”” denotes the right derivative of the convex function f”,
so that f is nondecreasing. Since f”(y) > 0, the function f>, is continuous,
whence it is seen that

5 =ray. (58)

Because f” is convex, one has

fr@ ="+ "0 —y) (59)

for all y and x; also, it is given that f” is nonnegative; it follows that

f// = fZ,y- (60)

Observe that, moreover, the family of functions (f2,) is nonincreasing in
y € R. Indeed, let y and y; be any real numbers such that y; < y. Then
by, =f" = foy on[y1,00),in view of (56) and (60). Recalling (59) and the fact
that /" is nondecreasing, one has the inequalities f”(y1) = f(y) +f" ) (y1 —y)
and [ (y1)(x — y1) = f”(y)(x — y1) for all x < y;; adding these inequalities, one
sees that f”(y1) + f"(y1)(x — y1) = () + " () (x — y). It follows, in view of
(56), that >, > f>,, on the interval (—oo, y;] as well, and hence on the entire
real line.

Using integration-by-parts/Fubini’s theorem as in the proof of Lemma 2, one
can verify that for any function g € C? and all real y and x

y
gx) = (g(y) +&WMx—y+ / g (W) (u—x) du) I{x < y}
+gx) I{x > y}. (61)
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By (58), for any real w one has f,, € C2, so that one can substitute f,, for g in
(61). In fact, let us do so for w € {y,y1}, again assuming that y; < y. At that,
by (57), one has f,, = f = f, on the interval [y, o0) and hence f,, (y) = f,(y)
and f} (y) = f;(»). Now, since the family of functions (f})yer = (f2,)yeR is non-
increasing, one can see that the family (fy),er is nonincreasing as well. Next,
since Ifx < y} - O and I'{x > y} — 1 for each x as y - —oo, one concludes, in
view of (58), that for any decreasing sequence (y,) in R converging to —co one
has f,, — f,in the sense of Definition 1.

It remains to verify that for every real y one has f, € gi and, moreover,
fye gi .. in the case when f is known to be nondecreasing. Observe that

fy@ =" -2z <x <y} + /(0 I{x >y}, (62)

where

2=y I{f" () =0} + & = f"O/f" N I{f" () # 0}

Indeed, f”” is nonnegative and nondecreasing (since f” is nondecreasing and
convex). Hence, in the case when f”/(y) = 0, one has f” = 0 on the entire
interval (—oo,y]. This and the condition f”(—o0) = 0 implies f” = 0 on the
entire interval (—oo, y], so that f”(y) = 0. Now one sees that expressions (56)
and (62) both equal f”(x) I{x > y} in the case when f”/(y) = 0. In the other
case, when f"(y) # 0, one has f”(y) > 0 (since f”” is nonnegative). Also, here

'O+ ") x —y) =f"(y) (x — z), whence (62) again follows.
Now, for the right derivative fZ/,y of 2y, (62) yields

by ="Mz <x <y} + "0 Ix > y).

Since f” is nonnegative and nondecreasing, it follows now that fZ/,y is non-
decreasing. Therefore, f2), is convex. That is, by (58), £}/ is convex. Also, (62)
and (58) show that fy” = 0 on the interval (—oo0, z]. This means that

fy(x) = a+ bx for some real constants a and b and all x < z. (63)

Let now
hy(x) := fy(x) — (a+ bx)

for all real x. Then h/y’ = fy” is convex. Moreover, i, = 0 on the interval (—oo, z],

so that Ay (—00) = h(—00) = hjj(—00) = 0. By Lemma 2, hy € H3. Thus,
fyegi.
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If, moreover, f is nondecreasing, then ' > 0. Hence and because (in view of
(60)) f"(w) = foyWw) = fry(w) I{u > x} for all x, y, and u, one has

y
£10 = (70 = [ oyl Fw> x) du) Ix < 31+ 014 > )

> (=) I{x <y} + f () IH{x > y} > 0

for all x. Now (63) implies b > 0. Since h, € H3, one finally sees that f, €
Gl o

Proof of Lemma 4 First note that cl 73 = .7-'J3r, because the pointwise conver-
gence preserves both the monotonicity and the convexity.
Next, take any f € gi 4, so that

fx) = a+bx+/(x—t)§rd,u(t)

for all x, where a € R, b > 0, and p is nondecreasing and f(—t)i du(t) < oo. It
follows that f is nondecreasing and convex, since the functions x — (x — t)%r are
so. Similarly, /" is nondecreasing and convex, since f”(x) = 6 [(x — )4 du(?).
That is, f € .7-]3r for any f € gi+, so that QLF C ]—'}r, whence cl QLF Cc cl]—'i =
F3.

It remains to show that ]—"i Cecl gi .- Take any f € }'}r. Then, by definition
(12), f and f” are nondecreasing and convex. Hence, f’ is nonnegative, nonde-
creasing, and convex. Now Lemma 1 yields f” (—o0) = 0. Also, f” is nonnegative,
since f is convex. Thus, by Lemma 3, f € cl gi 4 O

Proof of Lemma 5 First note that cl 73 = F3, because the pointwise conver-
gence preserves the convexity.

Next, it is trivial that G> € F>, whence c1G> C ¢l 3 = F3.

It remains to show that 7> C c1 G3. Take any f € 2. Then, by definition (28),
f and f” are convex. The latter condition implies that at least one of the follow-
ing three cases must take place: f” is nondecreasing on R or f” is nonincreasing
on R or f” switches from nonincreasing to nondecreasing.

Case 1: f" is nondecreasing on R.  Since f is convex, f > 0 on R. Hence,
there exists the limit ¢ := f”(—o0) € [0, 00). Let

g(x) i=f(x) — cx?/2

for all real x. Then g’ = " —c = f” — f’(—o0) = 0, since f” is nondecreas-
ing. Also, g’ = f” — c is nondecreasing and convex, since f” is so. In addition,
g’ (—00) = 0. Therefore, by Lemma 3, g € cl gi. That is, there exists a sequence
of functions (g,) such that g, — g and

8n(x) = an + by x + hy(x)
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for all real x, where, for each n, a,, and b,, are real constants and /4, is a function
in H3 ;then h,, € ]-"43_ (because Hi - ]-"i, as seen, for example, from the proof
of Lemma 2). Let now

fn(x) = cx2/2 +gnlx) = cx2/2 +an+ by x + hy(x)

for all x and n. Then g, — g implies f;, — f. Moreover, for every n one
has f;, € G3. Indeed, if b,, < 0, then the function A, belongs to ]—"f_ and the
function x +— a, + b, x belongs to F3.and if b, > 0, then the function x >
an + by x + hy,(x) belongs to ]—"i and the function x — 0 belongs to F 3. Thus,
f eclG? for any f € F3 satisfying the condition of Case 1.

Case 2: f" is nonincreasing on R.  This case reduces to Case 1 by consider-
ing the function x > f(x) := f(—x) in place of f. Indeed, if f € 7> and f” is
nonincreasing, then f e F3 and f” is nondecreasing. Moreover, f, € > <=
fn € G3, where f,,(x) = f,(—x) for all real x.

Case 3: There exists some real xy such that f” is nonincreasing on (—o0,xo]

and nondecreasing on [xo, 00). Here without loss of generality (w.l.0.g.) xo = 0.
Let

g0 = f00) = f'(O)x — " (0)x*/2
for all real x, so that g(0) = £(0) and g’(0) = g”(0) = 0;moreover, g’ = f"—f"(0)
is convex on R (since f” is s0), nonincreasing on (—oo,0], and nondecreasing
on [0, 00), whence g’ > 0. Let, for all real x,
hy() :=g"I{x >0} and h_(x):=g"x)I{x <0},
sothat hy +h_ = g’, hy > 0, hy is nondecreasing, and /_ is nonincreasing.

Also, hy and h_ are convex, since g” is convex and g’ > g”(0) = 0. Let further,
for all real x,

H,(x) = / (x—0H4thy(@dt and H_(x) := / (t—x)4 h_(1)de,

so that H4(0) =0,

X

H (x) = /I{x >t} hy () dt =/ g’ deI{x > 0} = g () I{x > 0};
0
HY(0 = g0 > 0) = hy ()
0
H ()= / He=x) ho(di=— / ¢ diT{x < 0) = g (I{x < 0)

H” (x) = g"(0)I{x <0} = h_(x).
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628 1. Pinelis

It follows that H', + H' = g/, whence for all real x one has H (x) + H_(x) =
g(x) — g(0), that is,

F) = £0) + £/ O)x + f(0)x*/2 + Hy (x) + H-(x). (64)

Also, H'! = h, is nonnegative, nondecreasing, and convex, and hence H is
also convex. Also, since i > 0, the first expression for H’, (x) above shows that
er > 0. Thus, H; and Hj/r are nondecreasing and convex; that is, H; € }‘43_.
Similarly, H_ € F>.

Note also that f”(0) > 0,since f belongs to F 3 andis hence convex. If f/(0) <0,
then the function H belongs to ]—'}r and the function x — f(0) +f'(0)x + H_(x)
belongs to F2; and if f/(0) > 0, then the function x — f(0) 4+ f/(0)x + H, (x)
belongs to .7-]3r and the function H_ belongs to F>. Thus, (64) implies that
fe G3 CclG3 for any f € F 3 satisfying the condition of Case 3.

One concludes that, in all cases f € F3 implies f € cl G3. That 1is, Ficag?
indeed. O

Proof of Lemma 6 Letf € .7-]3r.

Case 1: f” = 0onR. Then there exist real a and b such that f(x) =a+ bx
for all real x, so that f(x) = O(x) as x — o0.

Case 2: there exists some t € Rsuch that f”(t) # 0. By (12),f” is nonnegative
(because f is convex) and nondecreasing. Hence, f”(f) > 0 and f”(x) > f”(¢) for
all x > . It follows that f(x) > f(t) + f'(t) (x — ) + f"(t) (x — H)?>/2 for all x > t,
whence liminfy_ o f(x)/x*> > f"(t)/2 > 0. O

Proofof Lemma 7 Let f € ,7-'J3r. Since f is nondecreasing, one has f(x) < f(0)
for all x < 0. On the other hand, f(x) > f(0)+f"(0)x for all real x, since f convex.
It follows that |f(x)| < [f(0)| + |f'(0)x]| for all x < 0, so that f(x) = O(|x|) as
X — —o00. O

Proof of Lemma 8 Let f be the function defined by (30). Then it is easy to see
that f € F>.

Suppose that f € G3. Then, by (29), there exist ¢ > 0, f; € ]—'i, andf_ e F3
such that for all real x

F@) = cx?/2+ f1r(0) + - (x).

Let x — —oo. Then, by Lemma 7, f; (x) = O(|x|), while by Lemma 6, either
f-(x) = O(|x]) or liminf,_, _o f_(x)/x* > 0. It follows that either f(x) = O(|x|)
as x — —oo or liminfy_, _o f(x)/x> > 0. However, neither of these two alter-
natives is compatible with the fact that f(x) = % (1 = x)3/2 for x < 0. Thus,

feF3\g. O

Proof of Proposition 2 Let g := f’, where f is defined by (30). Then it is easy to
see that g € }'i.

Suppose that g € G3. Then, by (50), there exist real a and b and h € H> such
that for all real x one has g(x) = a + bx + h(x) and hence g'(x) = b + I/ (x).
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Inequalities for sums of asymmetric random variables 629

By Lemma 2, h(—o00) = h'(—oc0) = 0. Hence, b = g’(—00). But, by inspection,
g (—o0) = 0. It follows that b = 0, and so, g(—o0) = a + h(—o00) = a € R. This
contradicts the fact that g(—oo0) = —o0. O

Proof of Lemma 9 Write

X b—X
_ +ab

X =
b+a + b+a

(—a).

Let f be any nondecreasing convex function. The convexity (together with the
condition —a < X < b a.s.) implies that

X+a b—X fb) —f(—a)
X) < b —a)=Ef(Wab —X
fX) b+af()+b+af( a) =Ef(VabBS) + b a
a.s. Now, since f is nondecreasing and E X < 0, the lemma follows. O

Proof of Lemuma 10 Since f is convex, the function [0,00) > ¢ — f(c X) is con-
vex as well. Hence, the function [0, 00) > ¢ — g(c¢) := E f(c X) is convex. Since
E X = 0, one has g(c) > g(0) for all real ¢, by Jensen’s inequality. Therefore, the
right derivative of g is nonnegative at 0 and hence on [0, c0). Now the lemma
follows. O

Proof of Lemma 11 In view of the definition of the class H2 , it suffices to verify
the statement of the lemma for all functions f of the form f;(x) := (x — z)2+, for
all real 1, so that e(p) = E(BS(p) — 1)3.. Then

o= (51 (5115 <1< 3] <o

Proof of Lemma 12 The proof is rather standard; cf. e.g. the corresponding
proofs in [9,30,19,12,20,6]. W.l.o.g., the BS;’s are independent of the S;’s. For
i=0,1,...,nand f € H2, introduce

Fi:=Ef(Si+cipBSiy1 + -4 caBSy).

Recall that, by Remark 5, the classes H¢ are invariant with respect to the shifts.
Hence, by Lemmas 9, 10, and 11,
Fi=EE; 1f(Sic1 +Xi +ciy1BSip1 + -+ + cuBSp)
<EEi1f(Sic1 + VAi_1Bio1 BS; + ¢ 1BSi1 + -+ + ¢, BSy)
<EEi1 f(Sic1 4 ¢ BSi + ¢i1BSist + -+ + ¢, BSy)
SEE_1f(Sic1 +6BSi + ¢ 1BSiq + - -+ cuBSy)

= -1
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630 1. Pinelis

for i = 1,...,n, where E; | denotes the conditional expectation given the
o-algebra G;_1 generated by H(;_1) and (BS;11,...,BS;), and the conditional
distribution of BS; given G;_; is BS(p;), with

A

P v AL

so that p; > p, according to (20). Hence,
Ef(Sn) = F, < Fo <Ef(e1BSy + -+ + ¢uBSy);

the last inequality follows because Sy < 0 a.s. and all functions f € Hi are
nondecreasing. O

Proof of Lemma 13 Statement (i) is equivalent to the following: forevery ¢ € R,
the function

1/2 1/2
[0,00)% 5 (a1,a2) —> erpmlar,a2) == Ef; (al/ GBS + a)* m)Bsz)

is Schur-concave, where BS; Hd BS(p) and
fiy=Ltx-nl.
Using the homogeneity property

_3/em)

erpm(ray, Aa) €,-1/0m 1 p (a1, a2)

for every A > 0, one may assume w.l.o.g. thata; +a, = 1,sothata; = cos? 6 and
a, = sin? 0, for some 6 € [0, /2]; moreover, in view of the same homogeneity
property, one may replace here the i.i.d. standardized Bernoulli r.v.’s BS; and
BS, with i.i.d. centered Bernoulli r.v.’s BC; and BC», such that

PBCi=1-p)=p=1-P®BC;=-p), i=12.
Therefore, statement (i) is equivalent to

Apm(®,1) := 39 (Efi(BCy cos'/™ @ + BC, sin'/™ 6)) (65)
being nonnegative for all 6 € [0,7/4] and all t € R (where 9y := 93/30).
Substituting (—u — p cos!/™ @ — p sin/™ @) for ¢ (after the differentiation of
Ef;(BC; cos'/" 6 +BC, sin!/™ 0) in §), one sees that statement (i) is equivalent

to
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. m 1-1/m g o 1=1/m
At pm(0,u) := ———— cos 6 sin 0
o I —=pp
X Apm (0, —u — p cos'/™@ — p sin!/™g)
= Az,p,m(cosl/m 0,sin'/" 0, u) (66)

being nonnegative for all 6 € [0,7/4] and u € R, where

Appmlcr,er,u) == =" =" qud — (" g+ ") (e +w?
" g+ S p) (e +wi
He" =" Hp e + e +w)?l (67)

Now, in view of the homogeneity relation

Mopmlct,ca,u) = ™ Ay m(Lco/cr,u/cr), where 0 < ¢y < ¢y,
statement (i) reduces to Az p (1, c,u) being nonnegative for all ¢ € (0,1) and
ueR.

It remains to note that

81(u,c,p,m) ifu>0,
&u,c,p,m) ifu e [—c,0],

Azpm(lcu) = 183(u,c,p,m)  ifue[—1,—c], (68)
S4(u,c,p,m) ifuel[-1—c,—1],
0 otherwise,

and 84(u, c, p,m) is manifestly nonnegative for all ¢ € (0,1), u € R, p € (0,1),
and m > 1. O

Proof of Lemma 14 Note that é;(u) > 61(0) foru > 0,c € (0,1),and m > 1
Next, (68) shows that §;(0) = §,(0). Now the lemma follows immediately from
Lemma 15 (which will be proved next, without using Lemma 14). O

Proof of Lemma 15 W.l.o.g., m > 1. Note that
2, c,p,m) = (2¢ —uP)(1 — "1y >0
foru € [—¢,0], c € (0,1), and m > 1, so that w.l.o.g.
P = P« = px(m).

Next, §2(u) is a convex quadratic polynomial, whose minimum over all # € R is
attained at

C(l _ 62m72)
(1 —c2m=Hd —p)’

u = uy(c,p,m) = —
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632 1. Pinelis

Hence, it suffices to show that y (¢, p) is nonnegative for allc € [0,1]and m > 1,
where

29

_ 2m-1 _
A=A =-p) _ 21— &

C
+(1 _ C2m—1)(2 —c + C2m—2 _ 2C2m—1)p _ C2m—2(1 _ C)Z.

y(c,p) = 8 (us(c,p,m),c,p,m)

The main idea in the proof of this lemma is to replace here the entry of p? with
the equivalent (for p = p.), first-degree in p polynomial expression according
to the identity

2 @m?—1p,.—1

69
* 22m —1)2 (69)

(which follows from (53)), to obtain

@m —1)?y(c,ps) = f(c,ps)s
where

fle,p) = 1 =& H2 — 2m — 12 — ¢)2c2m2
+p (1 _ sz_l)(zm _ 1)((21’)1 _ 3)(1 _ CZm—l)
—@2m -1 —c*3).

It suffices to show that f(c,p) > 0 for all p € (0,1), m > 1, and ¢ € (0,1).
Introduce

g(c) = f(c,p) /™™
g1(c) :=g'(c) /™" ;
g2(c) = gi(c) %
83(0) := gh(e) fc' 7™,
ga(c) = g4(0)/c' =",

g5(¢) = gy(e) /"
Then, letting
s:=m—1>0,

one has gi(c) = 8c 151 4+ 5)(1 + 2921 + 4s)(1 —p+ 4s2p) > 0 for all
c € (0,1), and so, g5 is increasing on (0, 1) to

gs(1) = =165 (1 +5)(1 +25)>(1 — p + 5 + 4s°p) < 0.
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Hence, g5 < 0 on (0, 1), so that g4 is decreasing on (0, 1) to
ga(1) =8s(1 +25)%(1 — p+s+4s’p) > 0.

Hence, g4 > 0 on (0,1). Since g3(1) = g2(1) = g1(1) = g(1) = 0, it follows
successively that g3 < 0, g2 > 0,81 < 0,and g > 0 on (0, 1). This completes the
proof of Lemma 15. O

Proof of Lemma 16 This follows because §3(u) is concave in u, §3(—1) = 21—
czm”)p > 0, and §3(—c) = §2(—c) > 0, where the latter equality and inequality
follow immediately from (68) and Lemma 15, respectively. o

Proof of Lemma 17 1tis clear from the second expression for p, (/) in (53) that

p«(m) decreases continuously from % to 0 as m increases from 1 to co. Also, one

can verify that m, (p.(m)) = m for all m > 1 (here one may use identity (69)).
If now p € (0,p.(m)), then p = p,(my) for some my > m, whence m < my =

It remains to consider the condition p > p.(m). If at that p > %, then
m > 1 = my(p), by (14). If, however, p € [p.(m), %], then p = p,(m,) for some
my € [1,m], whence m > mqy = m,(p.(my)) = m(p). O

Proof of Lemma 18 Suppose, to the contrary, that statement (II) of Theorem 5
is true, while m < m,(p). Then, by Lemma 17, one has

D < Px = px(m);
then, in particular, one has 0 < p < % Introduce
217 (m — 1)
Up i m ——————.
P em-1a-p)

In view of the elementary inequality p, < 1/(2m — 1) for m > 1 and the
condition p < p,, one has

1

P=om=1
which implies that

1
=272 < up <0.

Taking into account these bounds on p and u, and recalling (66)—(67), one can
see that

21-1/Cm 2m — 1) (p — p) (P — Pas)

80Al,p,m(6,up)|9=ﬂ/4 = ’ (70)

m(1—p)
2m+1+A4m—1)(m+2) +1
where  pus i= pas(m) := \/4((2m—1))( : P
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Because of the assumption p < p., identity (70) yields

g A1 p (0, up)lo=rs4 > 0.
On the other hand,

21/m71

3 Dm0, —u =217V ey
(I—pyp o P)lo=x/

A1 pm (0, Wlo=r/4 =

for all real u; this follows from (66), in view of the fact that the derivatives of
cos!™1/™ g sin! =1/ ¢ and cos!/™ 6 + sin'/™ 6 in 6 at & = /4 are zero. Hence,

9 Apm(O,tp)|o=rsa > 0 fort, := —u, — 2171/ p,

Note also that A, (7/4,1) = 0 for all real ¢. Therefore, Ap;,(0,1,) < 0 for all
6 in a left neighborhood of 7 /4. Now (65) implies that /4 is not a point of
maximum in 6 of E f,(BC; cos!/”" 6 + BC, sin!/” ) for t = 1. Hence, in view of
the homogeneity argument used in the proof of Lemma 13, 7 /4 is not a point
of maximum in 6 of E f;(BS; cos'/” 6 + BS; sin'/" 9) for ¢ = t,/./pq. But, for
anyt € R, one has f; € H3 C F3 (where the set inclusion follows by Lemma 2).
Thus, one obtains a contradiction with the assumed statement (1I) of Theorem 5.

]
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