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Abstract. We consider infinite systems of macroscopic particles characterized by their
masses. Each pair of particles with masses x and y coalesce at a given rate K (x, y). We
assume that K satisfies a sort of Holder property with index A € (0, 1], and that the initial
condition admits a moment of order A. We show the existence of such infinite particle sys-
tems, as strong Markov processes enjoying a Feller property. We also show that the obtained
processes are the only possible limits when making the number of particles tend to infinity
in a sequence of finite particle systems with the same dynamics.

1. Introduction

Coalescence is a widespread phenomenon: it arises in physics (droplets, smoke),
chemistry (polymer), astrophysics (formation of galaxies), biology (hematology,
population theory), and mathematics (graphs and trees).

We consider a possibly infinite system of particles characterized by their masses.
The total mass of the system is supposed to be equal to 1. The only interactions
taken into account are the following: two particles with masses x and y are assumed
to merge into a single particle with mass x + y at some given rate K (x, y) > 0,
which we will refer to as the coagulation kernel. Two different situations have to
be separated.

(a) Assume first that the particles are microscopic, and that the rate of coalescence is
infinitesimal. Then the system can be described by {c(z, m)};>0,me(0,00), Where
c(t, m) is the concentration of particles with mass m at time ¢. In such a case,
{c(t, m)}me(0,00) SOlves a nonlinear deterministic integro-differential equation,
known as the Smoluchowski coagulation equation, see Laurengot-Mischler [7]
and Leyvraz [8] for recent reviews on this topic.

(b) When the particles are macroscopic and when the rate of coagulation is not
infinitesimal, then the study can not be reduced to the investigation of a deter-
ministic quantity.

N. Fournier: Centre de Mathématiques, Faculté de Sciences et Technologie, Université Paris
XII, 61 avenue du Général de Gaulle, 94010 Créteil Cedex, France.
e-mail: nicolas. fournier@univ-parisl2.fr

Mathematics Subject Classification (2000): 60K35, 60J25

Key words or phrases: Coalescence — Stochastic interacting particle systems


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: No
     Embed Thumbnails: No
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails false
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize false
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


510 N. Fournier

We refer to the review of Aldous [3] on stochastic coalescence and on the links
between the microscopic and macroscopic scales. The present work is dedicated to
the study of case (b).

When the initial state consists in a finite number of macroscopic particles,
the stochastic coalescent obviously exists, and is known as the Marcus-Lushnikov
process [10, 9]. When there are initially infinitely many particles, stochastic coa-
lescence with constant, additive, and multiplicative kernels have been extensively
studied, see Kingman [6], Aldous [1], Aldous-Pitman [2]. Much less seems to be
known for general kernels. The only work dealing with general kernels seems to be
that of Evans-Pitman [5], where the existence of such processes satisfying a Feller
property is proved under some quite restrictive conditions on the coagulation kernel
and the initial state.

The aim of this work is to generalize the results of [5], and to investigate
existence, uniqueness, and Feller property of stochastic coalescents with general
kernels. Corollary 2.5 below answers partially to Open Problem 13 of Aldous [3].

2. Notations and main results

Consider the following state space
(0.¢]
S= {m=(mk)k>1, my=my > =0, Yy my < 1}.
k=1

We think a state m € S as the sequence of ordered masses of the particles in
an infinite system. We endow S with the pointwise convergence topology, which
makes S compact (due to the Fatou Lemma), and which can be metrized by the
distance

dm, ) =2 K|my —rig. @.1)
k>1

In the sequel, a coagulation kernel K will be a function on [0, 112 such that
forany x, y € [0, 1], K(x, y) = K(y, x) > 0. The number K (x, y) represents the
rate at which two particles with masses x and y will aggregate.

For 1 < i < j, the coalescence between the i-th and j-th larger particles is
described by the map ¢;; : S — &, with

cij(m) =reordered(my, ... ,mj—1,m; +mj, mig1, ... ,Mmj_1,Mjy41,...).
2.2)

For any k > 1, [¢;j(m)]y stands for the k-th element of the sequence c;; (m).

Our aim is to study a S-valued Markov process (M (t));>0, starting from some
given M (0) € S, with generator £ given, for any ® : S > R sufficiently regular,
any m € S, by

LOm)= Y K(mi,mj)[®(cijim) — dm)]. (2.3)

1<i<j<oo
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We will prove in Section 3 that £ is at least well-defined, as soon as K is
bounded, on the following class of functionals:

C={d:S— R, F¢>0,VmmeS, |[Pm)— d(m)| <cd@m,m)}.
2.4)
For example, for any n > 1, any Lipschitz function f : [0, 1]" — R, ®(m) =

f(my, ..., my,) belongsto C.
We need to introduce some subsets of S. First,

50={m=(mk)k31 €S, ka=1, dn>1 m=(my,... ,mn,O,-n)}
k>1

contains all states with finitely many particles. Next, for A € (0, 1],

o
Sy =q1m=mp=1 €8S, kazl, Zm2<oo
k>1 k=1

stands the set of states with total mass 1 and with a moment of order A. Note that
foranyO <X < pu <1,

SoC S CS,CSr.

Definition 2.1. (i) We say that a S-valued (or S;-valued) process (M (¢));>o is
cadlag if a.s., the map r — M (¢) is cadlag for the pointwise convergence
topology on S.

(i) For a coagulation kernel K bounded by K, we consider a Poisson measure
N(dt,d(i, j),dz) on [0,00) x {(i, j) € N?,i < j} x [0, K] with inten-
sity measure dt (Zl<k<l<oo S(k,l)) dz, and denote by {F;};>0 the associated
canonical filtration.

(iii) Let M(0) € S. A cadlag {F;},>0-adapted S-valued process (M ());>o is said
tosolve (SDE(K, M(0), N)) ifa.s., forall > 0,

' K
oy =mo+ [ [ [ [0 — 6]
i<j

ﬂ{zSK(Ml(97)’M/(Y7))}N(ds, d(l, j), dZ) (25)

Remark 2.2. Equation (2.5) has to be understood as: for all # > 0, all k > 1,

t K
M (1) =Mk(0)+/0 / /O {leij (M (s—)1k — Mi(s—)} (2.6)
i<j
W<k i sy 55—y N s, d(i, ), dz),

and the above integrals are a.s. well-defined and finite for any cadlag {F;};>o-
adapted S-valued process (M (t));=0.

The convergence of the integrals will be checked in Section 4.
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Remark 2.3. Consider a bounded coagulation kernel K, and let N be as in
Definition 2.1. Consider an initial conditionm € Sp. Then there exists a unique solu-
tion (M™(t));>0 to (SDE(K, m, N)). Furthermore, (M (t)),>¢ is a strong Markov
So-valued process. Its infinitesimal generator is given by £ on all bounded mea-
surable functions @ : S — R. (Notice that L& (m) is well-defined for any m € Sy
and any bounded measurable @ : S — R). Such a Markov process is unique (in
law), and is called the (K, m)-Marcus-Lushnikov process.

The proof of this remark is almost immediate, since in this case,_the total rate of
jump of the system is bounded from above by the constant @K ,wheren e N
is such that my; = O for all k > n. We refer to Aldous [3] and the references therein.

To state our result, we introduce, for A € (0, 1], for m and 7 in S;,

mll =Y mp.  dum, i) =Y |mg —riig]. 2.7)

k>1 k=1

Theorem 2.4. Consider a coagulation kernel K bounded by K and satisfying, for
some k > 0, some A € (0, 1],

IK(x,y) — K@, v)| <« (Ix* —u*|+y* —v*), Yx,y,uvel01]
(2.8)

Let N be as in Definition 2.1.

(i) For M(0) € Sy, there exists a unique S -valued solution (M (t));>o to (SDE
(K. M(0), N)). )

(ii) For any pair of initial conditions M(0) € Sy and M(0) € S,, denote by
(M(t))r>0 and (M(t)),zo the associated Sy -valued solutions to (SDE(K, M
(0), N)) and (SDE(K, M(0), N)). Forallt > 0,

E [sup d5. (M (s), M(s))} < d,(M(0), M(0))* IMOILHIMOI (3 gy
[0,¢]

Remark that if A = 1, then ||M(0)||, = ||A~4(0)||A = 1. Notice also that if
K is constant, then (2.8) holds for each A € (0, 1] with k = 0, so that d, is
non-expanding along solutions to (2.5). As a corollary, we obtain the following
result.

Corollary 2.5. Consider a bounded coagulation kernel K satisfying (2.8), for some
A e 0,1], « =0.

(i) For any m € S, there exists a unique (in law) cadlag S, -valued process
(M™(t))s>0 such that for any sequence m" € Sy satisfying lim,, dy (m, m") =
0, the sequence of (K , m")-Marcus-Lushnikov processes (M m" (1)) >0 defined
in Remark 2.3 converges in law to (M™(t));>0 in D([0, 00), S)), Sy being
endowed with the distance d;,.
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(ii) The process (M (t));>0 is a strong Markov process enjoying the following
Feller property: for all t > 0, the map m + law(M™(t)) is continuous
from S, into P(S,) for the weak convergence topology on P(S,), S, being
endowed with the distance d;,.

(iii) The infinitesimal generator of (M™ (t))s>0 on functions ® € C is given by L.

When K = 1, (M(¢));>0 is known as the Kingman coalescent, [6]. The case
where K (x,y) = x + y (resp. K(x, y) = xy) is called the additive (resp. mul-
tiplicative) coalescent, see Aldous-Pitman, [2], Aldous [1]. When the initial state
contains infinitely many particles, the only work dealing with general kernels seems
to be that of Evans and Pitman [5]. They have shown the existence of (M (¢));>0 as
a Feller process in the situation where K (0, 0) = 0 and where K is Lipschitz on
[0, 172, for initial values in the set {m € S1, D 4~ kmi < oo}. Hence, Theorem
2.4 seems to improve consequently their result: it applies to a wider class of kernels
(suchas K (x, y) = x* +y* or K (x, y) = (xy)*,forall A € (0, 1]), and even in the
case of a Lipschitz kernel, we require a weaker assumption on the initial condition.

After some preliminaries about the distances d and d, presented in Section 3,
we prove Theorem 2.4 in Section 4.

3. Preliminaries

We devote this section to some technical issues: we investigate the action of coa-
lescence on the distances d and d,.

To this aim, we start with a lemma, which will often allow us to neglect the
reordering after a coalescence. Recall that a finite permutation o of N = {1, 2, ...}
is a bijection from N into N such that o (n) = n for all n sufficiently large.

Lemma 3.1. Consider a finite permutation o of N and two nonincreasing non-

negative sequences m = (my,msy,...) and m = (my,ma, ...). Consider also a
nonincreasing nonnegative sequence (ay)k>1. Then

Zak|mk —my| < Zak|mk — Mo @)l

k>1 k>1
Proof. 1t clearly suffices to check that forany n € N, any m; > --- > m, > 0,
My > -+ >, > 0, and any permutation o of {1, ... ,n}, Y !, ailm; — m;| <

Y iy ailm; — mg)|. We work by induction on n.

Step 1. If n = 2, we just have to consider the case where o (1) =2,0(2) = 1.
Recalling that a; > ap > 0, and assuming for example that m| > m,

ailmy —mi| + az|lmy — mz| = ay(my —m2) + ay(may — my) + azlmy — my|
= ay|my — mz| — ay|m; — ma| + azlmy — my|
< ailmy —ma| + ax(—|m — ma| + |my — ma|)

< ailmy —ma| + az|my — m|.
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Step 2. Assume now that the property holds for permutations of {1, ... ,n —1},

and consider a permutation o of {1, ... , n}. If o (n) = n, the inductive assumption

allows us to conclude immediately. Else, consider the inverse bijection T = o~ L

and denote by k = 7(n). Define the permutation ¢ of {1,... ,n — 1} as
6(@)=0@G) fori#k, ok)=on).
Due to Step 1, since my > mpy, gy = my, and ax > ap,
aplmp — my| + aglmy — Mo @)l < anlmy — Mgl + axlmi — nyl,
which can be rewritten as
aplmy — my| + aglmg — ms gl < anlmy — Mo @)l + axlme — g @)l

Hence,

n n—1
Zailmi — Mo (i)l = anlmp — Mo )| + arlme — Mo x| + Z ailmi — mq p)|
i=1 i=1,ik
n—1
> aplmy — my| + axlme — mg gl + Z ajlm; — mg )|

i=1,i#k
n—1
> aplmy — my| + Zai|mi - m&(i)|-
i=1
We may conclude, using the inductive assumption. O

The next statement contains some estimates that will be of constant use.

Corollary 3.2. Consider m,m € Sand 1 <i < j < oo. Recall that c;;(m) and
and d were defined by (2.2) and (2.1). Then

d(cij(m),m) < 327 'mj, Y| pojeaod(cra(m), m) < 3, 3.1)
d(cij(m), cij(m)) < (2" +27)d(m, m). (3.2)

Let now A € (0, 1]. Recall that || ||, and d) were defined in (2.7). Then, for any
m,minS,, foranyl <i < j < 00,

llcijm) |l < llm]]., (3.3)
dy(cij(m), cij(m)) < d,(m,m), (34
dy (cij(m), i) < dy,(m, ) +2m’. (3.5)

Proof. First note that for m € S, ¢;j(m) is a nonincreasing sequence, and that
there exists a finite permutation o of N (with o(n) = n for all n > i + 1) such
that ([¢;j(m)]sk))k=1 = (cx)r=1, the sequence ¢ being defined by (cp)i>1 =
(mi,...,mi_y,m; +mj,miy1,...,mj_1,mjyq,...). We may also build the
corresponding & and (¢x)x>1 for m.
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Using Lemma 3.1 with a3 = 2% we obtain

d(cij(m), m)y =y 27 |[cij(m)k — mi| <Y 27 |[cij (m)]o @) — mil

k>1 k>1
o0
<Y 2 e —mil =27"mj+ Y 27K impy — i
k>1 k=j

< 2_’mj +2_ij < 52_lmj,

since |myy1 — my| = my — myp41 and i < j. Since ijl m;j =< 1, the second
assertion in (3.1) follows immediately.
To prove (3.2), recall that o (n) = 6 (n) = n forn > i + 1, and write

j—1
d(cij(m), cij (i) = Zz— l[cij )Tk — [eij il + Y 27 Img — g
k=1 k=i+1
+ Y 27Ky — i | (3.6)

k=j

< D lleijm)l = [eij Gl +2 Y 27 mye — sl

k=1 k=i+1

Next, due to Lemma 3.1 (with gy = 1 and with the permutation 6 o o=l of

{1,...,i}),

D e m)Ik = [eij )] < D lleij (m)Ik = [cij ()]500-1 )|

k=1 k=1

i i
= Z lco—1t) = Co-t(y| = Z ek — Cil
k=1 k=1

i—1
= > lmg —sie| + lmi +mj — i — i |
k=1

i
<|mj—mj|+2 ZZ_k|mk — Figl. (3.7)
k=1
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Gathering (3.6) and (3.7), we deduce (3.2).
Next, (3.3) is immediate, since A € (0, 11, so that (m; +m ;)* < m} + m;‘ We now

use Lemma 3.1, with a; = 1 for all k and with the permutation ¢ o oL, to deduce
that

dy(cij(m), cij(m)) = Z |Lcij ()1 — [eij G|

k>1

= Jleyoml; =l T, 1|

k>1
_ A o _ A=
—Z Co=1(k) Ca—‘(k)‘_Z’ck &|
k=1 k>1
A ~ A A ~ ~ \A A ~ A A ~ A\
=Z|mk—mk’+|(mi+mj) —(m,'—l—mj) |—|ml~ —mi|—|mj—mj|
k>1

< Z |m,)(‘ — n~12| =d)(m,m).
k>1

We used here that forany 0 < x < y,0 <u < v, since A € (0, 1],
[+ = @+ )" <16+ 0" = @+ M+ 1@+ ) = @+ )
< y* = vt It -t
We finally check (3.5), using Lemma 3.1, with a; = 1 for all k.

di(eijom, i) = 3 |leij mVs oy — | = D | =i}

k>1 k>1

i—1
<> |mp — k| + (omi + m ) — |
k=1

j—1
A=A A -2
+ D |mp =g+ Y impyy — gl
k=it1 k>

A ~ A A ~ X\ A ~ X\
< 3ok i+ {1y — ) — i
k>1

A ) A
+ > {Imiyy =gl = lmy —gl}
k>j

< dp(m. ) + |(mi +mp)* —m} |+ (mf —mpy )
k>j

< dy(m, i) +m’; +m}.

This ends the proof. O
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We conclude this section with a Lemma concerning the operator L.

Lemma 3.3. Consider ® in C (recall (2.4)).

(a) If K is bounded, L is well-defined and bounded on S.
(b) If K is continuous on [0, 112, L® is continuous at any point m € Sy.

Proof. Point (a) is straightforward from (3.1), since for ® € C, form € S,
LD (m)| < cK Z d(cij(m), m) < 3cK /2.
1<i<j<oo

We now study the continuity of £&. First, let 1 < i < j < oo be fixed. The
map m > ¢;j(m) is continuous on S due to (3.2). Since K is continuous and
® el mmr— Ajjim) = K(m;,mj)[®(c;j(m)) — &(m)] is continuous on S.
Let now m € Si, and let m! € S go to m pointwise. Inferring the dominated
convergence Theorem, we just have to prove that

Jim_Tim sup D 1A iy sk =0. (3.8)

k—o00
=00 I<i<j<oo

Using (3.1), we obtain

Z |A;j(m) | Uit jsh) < cK Z d(cij(m'y, m"Y 4 j=x)

I<i<j<oo I<i<j<oo

3cK _; 3cK
=== ) Ymillgmy == YoM
I<i<j<oo j>k/2

To deduce that (3.8) holds, it suffices to note that, since Ziz 1 m; = 1 and since

lim; m!

hmsup Z m'. <1—1imlinf Z mljzl— Z mj = Z mj,

Jzk/2 J<k/2 J<k/2 Jjzk/2

= m (pointwise),

which tends to 0 when k — oo. m]

4. Existence and Feller property

This section is dedicated to the proofs of Theorem 2.4 and Corollary 2.5. We first
check that (2.5) always makes sense.

Proof of Remark 2.2. Consider any cadlag {F;};>o-adapted process (M (¢));>0. For
each k > 1, set

Cel(t) = / ds Y E[K(Mi(s), M; () |leij M) = M) ]

i<j
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Then the integrals in the right-hand side of (2.6) are well-defined for all k£ > 1 if
Ci(t) < ooforall k > 1, all t+ > 0. But, recalling (2.1) and using (3.1),

t
Y 2k < 12/ dsE | Y d(M(s), cij(M(s)) 515%,,

k>1 0

i<j
The heart of the proof lies in the following estimate. O

Lemma 4.1. Assume (2.8), for some A € (0,1], « > 0. Consider a Poisson
measure N as in Definition 2.1, and M (0), M (0) € S,. Assume that there exist
some S -valued solutions (M (t));>0 and (M(t)),zo to (SDE(K, M(0), N)) and
(SDE(K, M(0), N)). Recall (2.7).

1. Almost surely, t — ||[M(t)|| (and t — IM@®)|],) is nonincreasing.
2. Foranyt >0,

E |:sup dy (M (s), M(s)):| < d, (M(0), M(O))em(("M(O)H*JFHM(O)H*)I.
[0,7]

Proof. The proof of 1 follows from (3.3). To prove 2, note that, since M and M
solve (2.5) with the same Poisson measure N, we have, for any ¢ > 0,

dy,(M(1t), M(1)) = d(M(0), M(0)) + A, + B, + Ct,

where

1 K ~ _
ac= [ [ st e - dino-, 1)
<j

Lk i 5 M (s AK (35— 75 sy IV (S A, ), d2),

t K . .
b= [ [ [ [ aron. st - ). i)
0 Ji<j JO

Uik, (s—).M; (s—))sst(Mi(s—),Mj(s—))}N(‘“’ d(, j), dz),

t K
Com [ [ {6y - -, dis-n)
0 Ji<j JO

ke oty 5,0 () << K (it s 01 sy N (A5 A ), d2).
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Due to (3.4), we know that A; < 0 for all ¥ > 0 a.s. Next, using (3.5) and (2.8),
we conclude that, setting (x);+ = max(x, 0),

t
A . . _ 2 7
E[[sgfgzas]s /0 E | Y2 5) (K (Mi5). My () = K(WHi(s). 11;(5))) | ds

i<j

T -

52/{/ E ZM}(s)ﬁM}(s)—M}(s)|+|M}(s)—M}(s)|] ds
0

_i<j

t o0
52/{[ E Z|M}(s)—1\”4}(s)| Z M (s) | ds
0

| i1 j=i+1

t j—1
+2K/ E Z|M}(s)—M}(s)|ZM}(s) ds
0 i=1

Jj=2

! ~
< 4/</0 E [dA(M(S),M(S))HM(S)HA] ds.

t
< sl [ £ [0, 1)) as.

We used here that for m € Sy, Z;/:_ll m? < Z‘l.’:_ll m?* < ||m||;, and Point 1.
Using finally the same computation for C;, we conclude that

E Lso“ﬁ dy. (M(s), M(s))] < d;(M(0), M(0))
N3

t
+aic (1M1 + 190112} /0 E[d(M(s), M(s) ] ds.

The Gronwall Lemma allows us to conclude. O

Proof of Theorem 2.4. Point (ii) has already been checked in Lemma 4.1, from
which the uniqueness part in point (i) follows immediately. We thus just have to
prove the existence part. We thus consider A € (0, 1] to be fixed, we assume that
(2.8) holds, that M (0) € S;, and we consider a Poisson measure N as in Definition
2.1.

Step 1. For each n > 1, consider the initial condition

M"(0) = <M1(0),... , M"(O),o,...>, an =Y M;0).
i=l1

273 Qpn
Due to Remark 2.3, there exists a unique Sp-valued solution (M" (¢));>1 to (SDE (K,
M"(0), N)). Since M (0) € S,, easy computations show that
lim d; (M (0), M"(0)) =0, 4.1)
n
> di (M (0), M (0)) < o0, (4.2)
n>1

a :=sup,> ||M" ()| = sup,>1 =0 [IM" @)[|x < o0. (4.3)
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One may then apply Lemma 4.1 to get, for each T > 0,

E [sup ds, (M"(s), M"“(s))] < Crd;,(M"(0), M"1(0))
[0,T]

where C7 = sup,, HT UM OILAHIM™ O < o0, Thus, due to 4.2),

Z E |:sup d (M"(s), M”+1(s))i| < 0.

[0,7]

n>1

We deduce that there exists a cadlag adapted Sy-valued process (M(t));>0 such
that forall T > O,

lim E |:sup d, (M"(s), M(s))] =0. 4.4)
n [0,7]

The fact that (M (¢));>0 is Sy -valued relies on the strong convergence (4.4).
Step 2. One may then pass to the limit in (2.5): it suffices to show that A, (r) — 0
as n — oo, for any ¢ > 0, where

t K
An(r>=E[/O[,/O N(ds,d(, j),dz)y 27
1<j

k>1
‘ (Leij (M (s=)1k = Mi(s=)) Wiz <k (M5 (5. M (s—))
— ([eij (M" (s=) 1k — M} (s—)) H{ng(M[?l(sf)‘M;’(sf))}H
< An(®) + Bu(),

i<j AY (1), with

where A, (1) =)

.. t
A1) = fo dsE[K(Ml- (5), Mj(s) Y 27
k>1

| (e M) = Mi(5)) = (les M)k = ME®) [].

and
t
B0) = [ dsE[ Y0 [K (M0 M) = K7 ), M} 9)|

Y 2k ]

[eij (M" ()1 — M} (s)
k>1
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First, recalling (2.1), using (2.8) and (3.1),

t
Ba0) < [ E[ 3 {10760 = i+ 108760 = a1 601
i<j

xd(M"(5), cij (M"(5))) |ds
< 3—"/tE[Z{|(M"<v>)A — (M) + (M (5D = (M (5}
-2 J — P o j !

i<j
x2_iMl;‘(s)]ds

t
< 3/</ E[dA(M(s),M"(s))]ds
0

which tends to O due to (4.4). Next, we prove that A,(¢) tends to O using the
Lebesgue dominated convergence Theorem. It suffices to show that:

(a) foreach1 <i < j, Al '(t) tends to 0 as n tends to infinity,
(b) limg_, o0 lim sup,,_, Zl+]>k Al @) =0.

Foreachi < j,using (3.2) and since d(m, m) < d, (m, m) foreachm, m € S,,
we obtain

.. _ t
Al <K fo dsE[d(M(s), M"(5)) + d(ci (M(5)), ¢ij (M (5)))]

t

<KQ +27 + 1)/ dsE[d(M(s),M”(s))]
0
t

<KQ +2 + 1)/ dsE[d,\(M(s),M”(s))] )
0

as n tends to infinity, due to (4.4). Thus (a) holds. On the other hand, we obtain,
using Corollary 3.2,

IA

B ot
Aln =k fo dsE[d(M(s), cij(M(5) + d(M"(5), e (M"(s))) |

3K 1

5 [ as2 'E[Mj(s) i M;’(s)]. (4.5)
0

Since ijl A E[M;(s)lds <t and since Ziz] 2~ =1, (b) reduces to

hm llmsupZ/ dsE M”(s)

k—>00 p—soo
Jzk
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But for each k > 1, since M"(s) and M (s) belong to S;, and since the map
m Zlf I j is continuous for the pointwise convergence topology,

k—1

t t
1imsup/0 dsE | Y M (s) =/0 ds |1~ lim E > M)

e Jzk j=1

:/ds L—E|> M)
0 X
j=1

o]

t
:/ dsE ZM./(S) ,
0

j=k

which tends to 0 as k tends to infinity, due to the dominated convergence Theorem
(for each s, a.s., Z?‘;k M (s) tends to 0 because M (s) € Si, and Z;’ik Mj(s) <
le L' Q@ x[0,1],P® ds)). Thus (b) holds, and A, (¢) tends to O as n tends to
infinity. =

Proof of Corollary 2.5. Let N be a Poisson measure as in Definition 2.1. For each
m € S,,denote by (M™ (t));>0 the unique Sy -valued solutionto (SDE (K, m, N)).
Point (i) is clear from Theorem 2.4-(ii). The fact that (M™ ());>0 is a strong Markov
process is straightforward, since it solves a time-homogeneous Poisson-driven sto-
chastic differential equation for which (pathwise) uniqueness holds. The announced
Feller property follows immediately from Theorem 2.4 (point (ii)). Finally, it is
straightforward that for ® € C and m € Sy,

d
—E[®M™(1))]

= = LD(m). (4.6)

=0

Indeed, it is clear from (2.5) that for all > 0, a.s.,
t
E[®M™(1)] = P(m) + / dsE[LP(M™(s))]. 4.7
0

Furthermore, a.s., limy_.o M (s) = m for the pointwise convergence, since s >
M (s) is a.s. right continuous. Due to Lemma 3.3 and since m € S, C S;, we
deduce that L& (M™(s)) is bounded and tends to L (i) a.s. as s tends to 0. Hence,
due to the Lebesgue Theorem,

d
—E[®M™(1))]

Lt meeny] —
- :}fé?fo dsE[LP(M™(s))] = LP(m), (4.8)

t=0

which concludes the proof. O
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