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Abstract. Consider a low temperature stochastic Ising model in the phase coexistence
regime with Markov semigroup P,. A fundamental and still largely open problem is the
understanding of the long time behavior of 8, P, when the initial configuration # is sampled
from a highly disordered state v (e.g. a product Bernoulli measure or a high temperature
Gibbs measure). Exploiting recent progresses in the analysis of the mixing time of Monte
Carlo Markov chains for discrete spin models on a regular b-ary tree T?, we study the above
problem for the Ising and hard core gas (independent sets) models on T?. If v is a biased
product Bernoulli law then, under various assumptions on the bias and on the thermody-
namic parameters, we prove v-almost sure weak convergence of §, P, to an extremal Gibbs
measure (pure phase) and show that the limit is approached at least as fast as a stretched
exponential of the time 7. In the context of randomized algorithms and if one considers the
Glauber dynamics on a large, finite tree, our results prove fast local relaxation to equilibrium
on time scales much smaller than the true mixing time, provided that the starting point of
the chain is not taken as the worst one but it is rather sampled from a suitable distribution.

1. Introduction

Let G = (V, E) be a countable infinite graph of bounded degree and consider,
for definiteness, a continuous time stochastic Ising model (Glauber dynamics)
{0/}, > o on G with initial condition  and infinitesimal generator £. Here 7 is
picked from the set 2 of assignments of a =1 variable to each vertex x € V. The
main problems discussed in this paper can be formulated as follows.

Assume that the thermodynamic parameters are such that there exist multiple
reversible Gibbs measures for £. For stochastic Ising models this amounts to say
that the inverse temperature 8 and the external field & are such that u* # u~—,
where 1T and 1~ are the Gibbs measures obtained by taking infinite volume limits
with pure 4+ and — boundary conditions, respectively. Suppose that n € 2 is dis-
tributed according to a Bernoulli product measure with parameter p, i.e. {ny}sev
is a collection of i.i.d. random variables with P(1, = +1) = p. Then:

i) Under which condition on the bias p is the Ising plus phase ™ the unique limit
point of the law of o," ast — oo, fora.a.n ?
ii) If so, how fast does the law of o,” approach u* ?
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The above questions, with G some regular lattice, have their origin in the the-
ory of “phase ordering kinetics” [6] — that is growth of order through a dynamical
domain coarsening — and clearly represent basic problems in the theory of interact-
ing particle systems. Unfortunately, a rigorous approach to these problems is still
largely missing.

If the law of the starting configuration 7 stochastically dominates the plus phase
wt it is possible to use some monotonicity arguments (allowed by the ferromag-
netic character of the model) to prove that 1™ is indeed the unique limiting point
of the process and that the convergence takes place faster than any inverse power
of t. We refer to section 6.7 in [23] for the case G = Z¢ and to our Lemma 2.4
below for a stronger statement in the case of regular trees. However, it is easily seen
that such a stochastic domination requirement for the initial Bernoulli distribution
forces the bias p to be exponentially close to 1 when § — oo. For 8 < oo we do
not know of any result that goes beyond this simple case.

On the other hand, the extreme case f = oo (zero temperature Glauber dynam-
ics) has received considerable attention in the probabilistic literature, and various
kinds of graphs (Z, the hexagonal lattice and the binary tree) have been considered
[7, 13,8, 14, 11]. In this case, besides the motivation from physics to study simple
models of spatial domain coarsening, there is also an interesting connection with
(non-linear) voter models [21]. The relevant quantities are then the probability that
a given vertex flips its value finitely or infinitely many times, the probability that a
given spin has not flipped before time ¢, the typical size of clusters of vertices with
a common spin value and other related percolation questions.

Going back to our original problems, a major obstacle for progresses in the case
G = 74 is represented by the absence of tight bounds on the mixing time of the
Glauber dynamics in finite boxes with plus boundary conditions, i.e. those bound-
ary conditions that select the plus phase. On the contrary, when G is the regular
b-ary tree, this question has been recently solved in a sharp and constructive way
for various models [24]. Exploiting the results of [24] we have been able to study
the above basic questions for two attractive systems on trees: the Ising model and
the hard core gas (independent sets). Our results provide some answers to i) and
ii) in non trivial cases. For instance we show that if the bias is sufficiently large
(but independent of ) then we have the desired convergence for all temperatures.
The paper also includes a discussion of several interesting problems that are left
unsolved and that we would like to consider in future work. For simplicity we pres-
ent now our main result only for the Ising model, and defer the reader to section 6
for the analogous theorem for the hard-core gas. Before stating our results we will
now briefly overview the model and its basic features.

1.1. The Ising model on the b-ary tree

From now on T? denotes the infinite, rooted b-ary tree, where each vertex has
exactly b children (b > 2 is a given integer). The Ising Gibbs measure on T? at
inverse temperature 8 and external field &, formally given by
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u(o) x exp Z 0x0y +h Zax s

xXyeE

where E is the set of edges of T?, has recently received a lot of attention as the
canonical example of a statistical physics model on a “non-amenable” graph (i.e.,
one whose boundary is of comparable size to its volume) — see e.g. [4, 15, 10, 31,
17, 2, 3]. The phase diagram of the model in the (4, 8) plane is known ([12, 22])
to be quite different from that on the cubic lattice Z? (see Fig. 1).

‘We now recall some of its basic features. We write Ty for the rooted tree obtained
by removing all vertices which are at distance greater than ¢ from the root. The
measures ;T and p~ are obtained by imposing +1 and, respectively, — 1 boundary
data at the leaves of T, and taking the limit £ — oo. The free measure . is
defined as the limit £ — oo when the boundary data at the leaves of T are free
(i.e. absent).

On the line & = O there is a first critical value By = 5 log(2}), marking
the dividing line between uniqueness and non-uniqueness of the Gibbs measure

(i.e. u™ # w~ as soon as B > fBo). Then, in sharp contrast to the model on Z¢,

Vb+1
Vb—1
“spin-glass critical point” [9] and has different 1nterpretations. If one considers for

instance the model with 2 = 0 on the finite tree 7, with i.i.d. Bernoulli random
boundary data n with p = 1/2 at the leaves of Ty, then the distribution of the mag-
netization at the root (as a function of 1) becomes non trivial only if 8 > B, see
[9]. In particular, as £ — oo, for 8 < B; the Gibbs measure on 7y with the above
random boundary 7, converges (weakly) a.s. to the free measure 17°¢. Another way
to look at B is to say that 14 is an extremal Gibbs measure iff 8 < B (see [4,
15, 16, 2] and, more recently, [24]). Finally 81 has also the interpretation of the
non-reconstruction/reconstruction threshold in the context of “bit reconstruction
problems” on a noisy symmetric channel [10, 27, 26].

When an external field /4 is added to the system, it turns out that for all 8 > By,
there is a critical value h. = h.(8,b) > 0 of the field such that u* # p= iff

there is a second critical point 8] = & log( ) which is often referred to as the

T=1/8

B,

L,

h

—o-1) b1
Fig. 1. The critical field /.(8, b). The Gibbs measure is unique above the curve
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|h] < h.. The Ising model on the tree at external field i = £k, therefore shares the
following two properties with the classical Ising model on Z¢ at zero external field:
on one hand the Gibbs measure is sensitive to the choice of boundary condition;
on the other hand any arbitrarily small increase of || causes the Gibbs measure to
become insensitive to the boundary condition.

1.2. The Glauber dynamics

The Glauber dynamics on T? is the unique Markov process {o,’}; >0 on Q with
at":() = n and Markov generator £ formally given by

(L)o) = Z ex(@)[f (o) = f(o)], (1.1)

xeT®

where o* denotes the configuration obtained from o by flipping the spin at x, and
¢y (o) denotes the flip rate at x.

Glauber dynamics on trees has received recently considerable interest [2, 24].
Results in [24] show in a rather strong form that the mixing time (see e.g. [29]
for a definition) on the finite subtree 7; is always O () if either 8 < f; and h
is arbitrary or if g, h are arbitrary and the boundary conditions on the leaves of
T, are identically equal to +1 (or, by symmetry, to —1). In particular, the Glauber
dynamics in the pure plus phase .+ always mixes fast (see [24] and section 2 below
for more details).

Although all our results apply to any choice of finite—range, uniformly positive,
bounded and attractive flip rates satisfying the detailed balance condition w.r.t. the
Ising Gibbs measure (see [23]), for simplicity in the sequel we will work with
a specific choice known as the hear-bath dynamics (see section 2 below for the
definition). We will use the standard notation P; = ¢~ for the Markov semigroup
associated to £. The spin at x at time ¢ with starting configuration 7 is denoted by
crt"’x and we will often use the shortcut notation

pr.x(n) = (Prox)(n) (1.2)

for the expected value E(alrfx) of O’ZX given that the process starts in 7.

1.3. Main results

In order to state our main results we need an extra bit of notation. We first define the
set of initial configurations 7 such that the Glauber dynamics o," converges weakly,

at a certain rate, to the plus phase u™.

Definition 1.1. Given o € (0, 1), Qq will denote the set of starting configurations
n € Q such that for any x € T there exists a time ty = to(n, x) < oo such that for
allt >ty

| o1, () = ¥ (o) | < exp(—1%). (1.3)
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We will see in Corollary 2.3 below that for any 1 € Q, the law of the process o’

converges weakly to um as t — oo.

The initial configuration 7 is often sampled from a Bernoulli product measure
with parameter p, i.e. n, = +1 with probability p and 1, = —1 with probability
1 — p independently for each x € T’. We write P,,E, for the corresponding
probability and expectation. Finally, we need to recall the notion of partial ordering
(stochastic domination) between probability measures on 2. Given two configura-
tions o, n €  we will write 0 < niff o, < 7y Vx € T?. A function f : Q — R
is called monotone increasing (decreasing) if o < o' implies f(o) < f(o')
(f (o) = f(o')). Given two probability measures w, 1’ on  we write u < ' if
w(f) < i/ (f) for all (bounded and measurable) increasing functions f.

Our main results can now be stated as follows.

Theorem 1.2.

a) For everya > 0, b > 2, there exists p < 1 such that for all B € (0, 0o0) and
h > —he(B, b) + a we have v(Q2y) = 1, for some « = a(B, h, b) > 0, for any
initial distribution v such that v > IPp,.

b) For every p > % there exist by € N and By € (0, 00) such that for h = 0,
b > by, B = Po we have v(2y) = 1, for some ¢ = (B, b, p) > 0, for any
initial distribution v such that v > IPp,.

c) Let Q denote the event defined in (1.3) with w™ in place of u™. For every
p < 1 there exist by € N and By € (0, 00) such that for b = by, B > Bo and
h = —hc(B, b), we have v(2,) = 1 for some a = a(B, b, p) > 0, for all initial
distributions v such that v < P).

1.4. Remarks

Let us make some remarks on the above statements.

1. We believe that in the case 4 = 0, convergence to the plus phase should occur
as soon as p > % Unfortunately our bounds on p in statement a) are far
from being sharp. However, as stated in b), we can approach the critical value
%, by taking b large. Another interesting issue is the dependence of p on A.
Our technique in the proof of part a) of Theorem 1.2 breaks down in the case
h = —h¢(B, b) and the value of p in that statement approaches 1 asa — 0. On
the other hand, statement c) shows that if h = —h.(8, b) the critical value of p
for convergence to the plus phase must approach 1 when b — oo.

2. The main arguments we use to prove Theorem 1.2 are based on two essential
features of the Ising model on T?. The first is monotonicity which is shared
by all so—called attractive interacting particle systems. The second is a sort of
“rigidity” of pure phases for spin systems on trees. Roughly speaking this means
that, as long as & > —h,, if we are in the pure phase u™ we can add a small
density of spins of the opposite (—) phase and this will not alter significantly
the structure of u+. We refer to section 3 below, where we introduce obstacles
to bound the magnetization p; (1) from below. The hard core gas model will
be shown to have both these properties and our results there (see Theorem 6.1
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below) will be obtained essentially by the same methods. On the other hand
these techniques do not apply when the above mentioned rigidity of phases is
absent, as e.g. in the Ising model on 74 (see [30] for a deep investigation of the
metastable behavior of this model), or when there is no attractivity, as e.g. in
the g—state Potts model for g > 3.

3. A close check of the various probabilistic estimates needed for the proof of
Theorem 1.2 and which are behind a Borel-Cantelli characterization of the set
Qq, shows that there is also an L2-version of Theorem 1.2, with (1.3) replaced
by a bound of the form:

Ep((p — 1T (0:)?) < exp(—1*),

for any ¢ large enough.
1.5. Plan of the paper

The rest of the paper is organized as follows. In section 2 we give the basic prelim-
inaries for the proof of Theorem 1.2. In section 3 we explain our main argument.
In particular, here we give the proof of Theorem 1.2 by assuming the validity of
several technical claims. Section 4 and 5 deal with the proof of these claims. In
section 6 we present our results for the hard core gas. Finally, some further results
and open problems will be discussed in section 7.

2. Some preliminaries

Here we first collect several useful preliminaries concerning the Gibbs measure
and the Glauber dynamics and then discuss some basic results on convergence to
the plus phase, together with properties of the sets €2, introduced above.

2.1. Finite Gibbs measures on the b-ary tree

We denote by d(x, y) the tree distance between two vertices x, y € T If r is the
root of the tree, we write d(x) = d(x, r) for the depth of x. When A is a subset of
vertices of T? we set d(x, A) = inf.c4 d(x, z). The boundary of A, dA, is defined
as the set of vertices x such that d(x, A) = 1. E(A) denotes the set of T’—edges
(x,y)withx,y € A.

The Ising spin configurations space is the set 2 = {—1, —i—l}Tb and its elements
will be denoted by Greek letters o, 1, £ etc. The set Q2 is equipped with the standard
o—algebra F generated by the variables {0y}, ». For any finite subset A C T
and any n € €2, we denote by MZ the Gibbs distribution over €2 conditioned on the
configuration outside A being n: i.e., if o € Q agrees with 1 outside A then

MZ‘(G) x exp['B(nyeE(AuaA) 0x0y +h erA ax)],

where S is the inverse temperature and / the external field. We define MZ(O’) =0
otherwise. If the boundary configuration 5 is identically equal to +1 (—1) we will
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denote the corresponding conditional Gibbs distribution by ,uX (1 4). Whenever
the set A will coincide with the finite subtree 7, = {x € T? : d(x) < £} we will
abbreviate the symbol 7; in the Gibbs measure with £, i.e. u; stands for ,u%.

For a bounded measurable function f :  — R we denote by /LZ( f) =
Y seq 14 (0) f (o) the expectation of f w.r.t. the distribution 11"y . Analogously, for
any X € F, ,LLZ(X) = “2 (1x) where 1y is the characteristic function of the event
X. We will write Var,» (f) or Var'} (f) for the variance p/\(f?) — n'(f)? and

(for f > 0) Ent,» (f) or Ent}y (f) for the entropy s (f log f) — s (f)log i (f)

W.I.t. MZ. Note that Varg( f) = 0 iff, conditioned on the configuration outside A
being 1, f does not depend on the configuration inside A. The same holds for
Entz (f). We shall use the symbol 4 for the map n — “2' Similarly, Var4 and
Ent4 stand for n — Varl and n — Entz.

A probability measure p on (Q . F ) will be called a Gibbs measure for the Ising
model with parameters (8, h) if

M(,uA (X)) = u(X), forall X € F and all finite sets A C T?.

In this work a crucial role will be played by the following monotonicity property of
the Gibbs measures (and of the Glauber dynamics, see below) known as attractivity.
For any increasing bounded measurable function f:

(i) forany A C T? the map n ,uZ(f) is increasing; 2.1)
(i) uh(f) < wuh(f) whenever A C B. (2.2)

Recall that the “plus phase” u™ is obtained as the weak limit as £ — oo of ,u}'.
Existence of this limit follows from the monotonicity properties described above.
Similarly one defines the “minus phase” p ™. It turns out that any (infinite volume)
Gibbs measure u satisfies u= < pu < u™.

2.2. The Heat Bath dynamics on finite trees

For any finite subset A C T? and any 7 € Q we define the Heat Bath Glauber
dynamics in A with boundary condition (b.c.) T (see e.g [23]) as the continuous
time Markov chain on QY := {0 € {—1, 1}Y9 : o =t on 9A} with generator

(LYN)(o) = Zcx(ﬁ)[f(dx) - f)], o€}, (2.3)
xX€eA
where (0%), = o, forall y # x and (6*), = —0, and

cy(0) ZM?X}(UX) = 1++(0), wy (o) :=exp [2/80,C (h + Zy: Ay Uy)] .

In analogy with the infinite volume case discussed in the introduction the chain

started from £ will be denoted by {07}, > 0. If A = T; we will simply write
El,T
o
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It is well known that there is a global pathwise coupling among the processes
{(Uf;A’T)tzo, A C T, &, Tte Q} such that, forany A C B C T?, any £ < &' and
any T < 1’

ats;A’T < af AT Vi >0 (2.4)
G,E’A T < U;;‘,B,r < G,E’A’+ vt >0

It is a well-known (and easily checked) fact that, for any finite A C T? and any
7, the Glauber dynamics in A with b.c. 7 is ergodic and reversible w.r.t. the Gibbs
distribution 1, i.e. for any function f

lim e f = p}(f).
t—00

The rate at which the above convergence takes place is often measured using two
concepts from functional analysis: the spectral gap and the logarithmic Sobolev
constant. We now describe these two quantities for a generic (finite or infinite
volume) Gibbs measure (.

For a local function f : Q — R define the Dirichlet form of f associated to
the Glauber dynamics with reversible measure p by

1
Du(f) =5 D e[ flo™) = F@) =Y uVary (). (2.5

(The Lh.s. here is the general definition for any choice of the flip rates c,; the last
equality holds when specializing to the case of the heat-bath dynamics.) The spectral
gap cgap(u) and the logarithmic Sobolev constant csop (1) of u are then defined by

D) =g DD

, , (2.6)
Var,, (f) =0 Ent,(f)

Coap(p) = inf
f
where the infimum in each case is over non—constant functions f.
The spectral gap cgap (1) measures the rate of exponential decay as t — 0o of
the variance w.r.t. i, i.e. cgap(t) is the (largest) constant such that for any f

Var, (P, f) < e 20 Var, (f), 2.7

where P; denotes the semigroup associated to the Dirichlet form D, (f). The log—
Sobolev constant co (1) is related to the following hypercontractivity estimate
(see e.g. [29]): setting ¢; := 1 + e¥esob (D! e have, for any function f and any
t>0

1P fllgn < IHFll2pp s (2.8)

where || fl p, .. stands for the L”—norm of f w.r.t. u.
If 1 is a finite volume Gibbs measure (i.e. u = ') then both cgap(ut) and
csob() are always strictly positive (possibly depending on A, t). The striking
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result of [24] is that the same is true for any choice of the parameters (8, h) if
w = p is the infinite volume plus phase. More precisely one has

i%f Coap(1f) > 0, i%f csob(f) > 0. (2.9)

Such a result does not imply however any ergodicity statement for the infinite vol-
ume Glauber dynamics. Simple monotonicity considerations show in fact that for
any increasing local function f and any ¢ > 0, denoting by P, f(—) and P; f(+4)
the processes started in the all “—"" and all “+4” configurations respectively:

Pf(o)<u () <ut(H < PfH).

In particular, there is non—ergodicity whenever u~ # u™, that is for 8 > Bp and
|h] < he(B).

2.3. Convergence to the plus phase: preliminary results

A first important step in the proof of Theorem 1.2 is to show that convergence to
wt occurs when we start from all + spins. Recall that p; () = E(ot'?x) stands for
the expectation at time ¢ under the infinite—volume dynamics started in 7.

Lemma 2.1. Forall b, B, h there exist § > 0 such that the following holds. For all
x € T? there exists 1y(x) < oo such that ift > to(x) then

0 < prx(+) — ' (0x) < exp(=81) (2.10)

Proof. The left inequality is a direct consequence of monotonicity (see (2.4)) and
the fact that u™ (pr.x) = ut(oy) for all x since ut is an invariant measure. We
now prove the right inequality. For simplicity we only analyze the case of the root

x = r (the general case requires no modifications in the argument.) Fix a length

scale £ and observe that for any 7 monotonicity implies p; (1) < ,of,’,+ (n), with the

latter denoting expectation of crt'?’,e’+ (the spin at the root at time ¢ for the dynamics
in Ty with + b.c. at the leaves of 7, and initial condition 7). Let also gbf "+ denote
the function n — Pﬁ’f(ﬁ) - MZ(or) so that

prr(4) — ut(00) < [ (o) — (0] + 65T ().

Setting g;2 = 1+2sab (401 gngd observing that "+ = P, /2¢>f/‘;r , with P; denoting
the semigroup of the dynamics in 7 with + b.c., the estimate (2.8) yields

£+ £+
18 gy it < D5

Let u; (n) denote the probability of having configuration 7 in 7y under u;. Observe
that, for any n

1
l, 7 l,
o0ty < () w2 g0t
qt/2:M4,
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Itis also clear that there exists C1 < oo such that, for all 7, uj(n) > e’clbi. More-
over by (2.9) we know that g,/ > 2! for some positive constant ¢, independent
of £. Then, taking n = +

__L
o) < () NGy, 0
< exp (C1b' ™) 1y Il i - @11

Set now £ = c3t with ¢3 > 0 small enough. Using (2.7) and (2.9) we therefore
arrive at

. + .
) < exp (Crblem e e oot

for a suitable constant ¢4 > 0 and ¢ sufficiently large. Now the claim (2.10) follows
from the fact (see e.g. [24]) that in the + phase the influence of plus boundary
conditions decays exponentially fast at any temperature: there exists ¢5 > 0 such
that

lut (o) — uf (o) < e°.

O

The previous result allows to show that the set €2, is increasing, i.e. its indicator
function is increasing.

Corollary 2.2. For any a € (0, 1) the event Q2 is increasing.

Proof. We need to show that for any pair (', n) with n” > n and n € Q,, also
the first component 1’ belongs to €. To prove the claim we observe that, for any
x € T? and any ¢ > 0, monotonicity implies

Prx () — 1 (02) < prx () = 1 (00) < pra(H) — (o) (2.12)

The Lh.s. of (2.12)is > — e~** for any large enough time 7 because n € Q4 by
assumption. The r.h.s. is instead bounded via Lemma 2.1 above. O

Another consequence of Lemma 2.1 is the following

Corollary 2.3. For any n € Qq the law of the process o, converges weakly to u*

ast — oQ.

Proof. Observe first that by the global coupling, for any x € T? and n € Q we
have

Po/, #o,f) =P(o,", = +1) = P(o/, = +1) = = (pr.x(+) — pr.x(0)) -

N =
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Let f be a function on 2 depending only on the spins in a finite set A C T? and let
1 € Qq. Then, using the invariance of u™, i.e. u™ P (f) = [duT(E) (P f)(E) =
wt(f), for all ¢ large enough depending on A, we have

E(f (o) —n (NI < I]E(f(dtr’)—f(dt+))|+|fdu+(§)E(f(0,+) — f@))l

<20l Y[ Bl £ 00+ [dnt@rf, £ 0 |

X€A

= 1 llso 3| 21x(+) = prs @) = 1 00) | < fllslAI 267 47 ]

x€eA

Therefore E(f (0,'7)) — ut(f) for every bounded local function and the weak
convergence 8, P, — pu follows. O

Finally, the following generalization of Lemma 2.1 will also be useful. Let us
define the set 2 5, for § > 0, as the set of € €2 such that (1.3) above holds with the
stretched exponential exp(—¢*) replaced by the true exponential exp(—4¢). Lemma
2.1 then says that + € s for some § > 0.

Lemma 2.4. For every b, B, h, there exists § > 0 such that v(21,s) = 1 for any
v>ut

Proof. Since v > ut we have v(p;.x) = u't(oy) forall ¢ > 0. From Lemma 2.1
we then infer

V(I1prx — (0] = e <P u(1p — T (00)1?)
<2u(pfy — 1 (00?) < 27 (prx(H) = nF(00) <272

Therefore, the Borel-Cantelli lemma implies that there exists ¢ = (8, b) > 0 and
a subset Q9 C 2 of v-full measure such that for all n € Qo, all integers j large
enough and all x € T; (the tree of depth £ = ¢j),

1pjx () — T (o) < e %/% (2.13)

To prove the lemma we will establish a bound of the type (2.13) on |p; () —
wt(o,)|,1i.e. at the root x = r, but for all times ¢ large enough and not just integer
ones. The case of general x is obtained by straightforward modifications. We simply
write p; for p; . Then, if |#] is the integer part of ¢:

t
pi(n) — ut(or) = piy(m) — ntor) + /H ds Psg(n),  g:= Loy (2.14)
t

For s>|t | the Markov property yields Psg(m)=P|;) Ps— ;)8 ()=E([Ps— s g](cr[lJ ).
On the other hand standard arguments (the so—called “finite speed of propagation”
estimate) based on tail estimates for the mean one Poisson process (see e.g. [23])
show that

sup  |Pug(§) — PugEN < C1 Y & — &l e @40 (2.15)
0<uxl P
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for constants C, C» with the property that we can take C; as large as we wish
provided Cj is large accordingly. Therefore by the global coupling and the invari-
ance of u™,

1P = 1 @1 = | [ dict @BQP-1g)0T) = [Pl )
< C Yy e @l / At &), — ol D)
x
To handle the last term we add and subtract of{ |.x SO that by monotonicity
/ dpt ©E(o),  — o ) < 2P =D =P}, =1
- f du* Bl =1

l _ 7t _,t
< 2|,0Llj,x(77) w @)+ (o () =™ (0x)).

Fix j = [t]. When x € T; we use (2.13) for the first term above. If ¢ is sufficiently
small the argument of Lemma 2.1 also yields

Pl — nF(or) <e 1,

for some 8; > 0, uniformly in x € Tg|;). In conclusion, for a suitable 5, > 0 we
have

|Pig(n) — nT(g)] < e %! (2.16)
for all sufficiently large ¢. The desired estimate now follows from (2.16) and (2.14),
since u*(g) = 0 by invariance of u™. O

3. Proof of Theorem 1.2

We will provide a unified proof of the three statements in Theorem 1.2. In order
to be able to do so we need some preliminary observations. The first is that by
the monotonicity of the events €, (Corollary 2.2), statement b) in Theorem 1.2 is
equivalent to

b*) For every p > % there exist by and By such that for b > by, B > Po and
h =0, we have P, (£2¢) = 1 for some a = (B, b) > 0.

Similarly, performing a global spin—flip, statement c) in Theorem 1.2 can be
rephrased as

c*) For every p > 0 there exist by and By such that for b > by, 8 > Bo and
h = +h.(B, b), we have P, (2y) = 1 for some o = (8, b) > 0.

The last observation is that we may replace statement a) in Theorem 1.2 with

a*) Foreverya > 0,b > 2, there exist p < 1 and Sy > O such that for all 8 > By
andh > —h¢(B, b) +a wehave P, (2y) = 1, for some o = a (B, h, b) > 0.
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In other words, we are taking B large enough. To see why this is not restrictive
recall that by an obvious domination argument one has P, > ut if

(O+1+m)B ) 1 p
Z Pph = cOHTFE | g ritp & B < 2b+1+h) log(l _

).
p
Lemma 2.4 therefore implies that P, (2) = 1 foralla < 1if p > pg ;. We then
achieve the result of Theorem 1.2 a) from a*) above by a suitable tuning of the
parameter p.

3.1. Main argument

As the convergence result of Lemma 2.1 makes clear, to prove Theorem 1.2 we
need a lower bound on the quantity o; (1) — T (o) in the three statements a*),b*)
and c*) emphasized above. We shall focus only on the case x = r, since the case of
arbitrary x is obtained with essentially no modification, see also the remark at the
end of this section. Setting p; () := p; (1) what we want is a bound of the form

o) —uto) > — e, (3.1)

for all ¢ > #9(n), P,—almost all 5. As far as this section goes, we shall not distin-
guish the specific setting (a*,b* or c*), since all we do here works for the three cases
without any difference. What does depend on the setting are some key estimates
that will be proved in the next two sections. The latter have been emphasized as
separate claims in the text (see Claims 1 to 4 below).

In order to describe the main idea behind the lower bound (3.1), we must first
introduce the notion of the Ising model and the associated Glauber dynamics in a
random environment of obstacles. Realizations of the environment are described by
elements o of Q. We say that a vertex x € T? is an obstacle if w, = —1, and that x
is free if wy = +1. We call T (w) the largest connected component of the set of free
vertices containing the root. Note that 7'(w) = @ if the root r is itself an obstacle.
By construction, all vertices in 97 (w) are obstacles. We will be mostly concerned
with the case where w is picked according to the product Bernoulli measure P,
i.e. when each vertex is free with probability p, independently of all others. In this
case, P, (T (w) is infinite) is positive as soonas p > 1/band tendstolas p 7 1
for fixed b, or as b /' oo for fixed p, see e.g. [28].

Given a realization of obstacles w, the Ising model among obstacles is defined
as before by replacing the tree T? with the random tree T (w) and the configuration
space Q2 with the space

By ={teQ:t,=—-1, Vx ¢ T(w)}.

Given a finite subset A ¢ T? and © € B, we denote by ,uz » the Gibbs mea-
sure i~ ()" We also write ) Lo for the Gibbs measure ,uT ()’ where we use the
notation Ty(w) := Ty N T(w). From this definition we see that obstacles act as a

“minus” boundary condition. The maximal allowed configuration 7} € B,, is such
that 74 is +1 at every vertex of T (w). With slight abuse of notation, we will write
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Fig. 2. Free vertices (o) and obstacles (e) in a given realization w on the binary tree

) for the Gibbs measure obtained as weak limit of H’?{u as £ — oo. Note that 11}
corresponds to the equilibrium measure with “—" b.c. at the boundary of 7' (w) and
“4” b.c. at infinity.

Similar notations apply to the Glauber dynamics. Given a realization of obsta-
clesw, A Cc TP and 7 € B, we will write 0,%;?’T for the Glauber dynamics in
A N T (w) with boundary condition t started from the restriction to 7 (w) of the
configuration § € Q. If A = T, we simply write UEf’T. When A = T(w) the
§

tw- In the same

boundary condition is necessarily “— and we will only write o
way we will use p; ., (&) for the expected value of O’Ew at the root and ,ofy’;) (&) for

the expected value of af;f’r at the root. Monotonicity implies that, for any § < &/,

Uzg,w = of . In particular,

Pro() < (), t20. (3.2)

We now turn to our main argument. Fix a length scale ¢, to be related later on to
the time ¢, a configuration 1 € Q2 and define the associated realization w = w(n, £)
of obstacles by the rule:

1 ifd(x) <?
T (3.3)
nx  otherwise

Clearly G,rfw < 0, so that

() — ut(or) = [prw®m — nho)] —[ut (o) — pnle)l. (34

If now L = £Y, y > 1, is another length scale, monotonicity shows that if we
impose + b.c. on the leaves of Ty (w) we may estimate

[or.0(m) = (0:)] = [T (07) — puf (0]
> [pfo () = i 0] = (o0 1) = pro(D] = [ (0r) — nf ()]
(3.5)

Notice that in the above formula the role of the Bernoulli configuration 7 is twofold:
it enters as the starting configuration in the first two terms but it also defines the
random realization of obstacles w, see Figure 3.
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L

A+t

Fig. 3. Random obstacles below level ¢: Infinite tree (left) and finite tree with + boundary
condition below level L = ¢7, y > 1 (right)

Most of the statements that will be proved below on the r.h.s of (3.5) concern
properties which hold almost surely with respect to the starting configuration 5
(and therefore w.r.t. w) picked according to the Bernoulli measure IPj,. To simplify
the exposition, we shall adopt the following convention: given some statements &y,
¢ € N, we say that & holds P,—a.s. for £ sufficiently large whenever n € &, for all
£ = Lo(n), for Pp—a.a. n € Q, or in other words, P, (£, eventually) = 1. We are
now in a position to explain how we will bound the three terms in the r.h.s of (3.5).

Estimate on [11*(0,) — 1} (0,)] Bounding the third term in (3.5) is a purely
static problem which on the tree can be solved via a suitable recursion. In section
5 we prove

Claim 1.
It (or) — nh(on)] < e, (3.6)

P,—a.s. for £ sufficiently large.

Estimate on [,otL,(’;r(n) — /chryw(ar)] The first term in (3.5) is related to the speed
of relaxation to equilibrium in the finite tree 77, (w) with plus b.c. Here we need the
following bound on the logarithmic Sobolev constant cgop (;[[ B

Claim 2. There exists { < o0 independent of £ such that
Csob(,uz_,w) >L°
holds PP p—a.s. for any L > £ sufficiently large.

We can repeat exactly the computation (2.11) with ,uZ' replaced by M“LL, w ¢f’+ by

L L
b (D) = pie, () — il ,(00),

2 Csob (”’Z,w) t

and g;p :=1+e . We obtain, for any n

_ +
bt ()] < exp (Crbte i)ty ol (3.7)

”2’M2—,w ’

for some constant C; < oo. Assuming Claim 2 above, using cgap = 2¢sob (Which
is always true, see e.g. [29]) we estimate (3.7) with the help (2.7) and obtain, for
L=1,

_ [N ¢
lorat () — 1f (@] = 1of5T ()] < exp (CrbEe™ /e 70 (3.8)

IP,—a.s. for £ sufficiently large.
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Estimate on [,o,% L’f(n) — pr.o(n)]  The control of the second term in (3.5) is a true

dynamical question and it involves proving that the two processes alrfw and alrf;oL‘Jr
remain identical at the root up to time ¢ with large probability. This is achieved via a
coupling argument together with some equilibrium estimates. The final bound will

be of the form

PET ) = prw(n) <12 (3.9)

IP,—a.s. for £ sufficiently large, provided that y > ¢ + 1, where ¢ is the constant
appearing in (3.8). The argument goes as follows.

To keep the notation to a minimum, we will abbreviate the two processes a,’?w

and "1 " with & and &7 respectively. Set

- 3 5
A=xeT(w): dix) =20}, A={xeT(w): 52 <dx) < EE}.
By the global coupling
0 < ofaf ) = prot =E[&, — &, |
< 2P[as<t, IxeA g;ﬂésﬁx]. (3.10)

In the last bound we have used the fact that if Esl’ x = ES% . atevery x € A and

s € [0, t] then necessarily f;‘,{ ;= SE, since the starting configurations are identical
at time O for all x with d(x) < L — 1 and any discrepancy coming from vertices y
with d(y) > L must cross level A to travel up to the root in the time interval [0, #].
Define Aj, j =0,1,..., [t], as the event

Aj={AxeA: & #& ).
We then estimate
1) Le)+1
IP[EIs <t dxeA: g ¢s§x] <Y Pap + Y P[Ajfl ﬂBj]
j=1 j=1
(3.11)

where

Bj:={3selj—1jl,IxeA: & £}
The probability of the event Ajl_l N B; is estimated by a standard argument: the
event Aj_ | N Bj implies that a discrepancy between 5‘}_1 and 5,2—1 located outside

I . . . . 3
A, reaches in a time smaller than 1 a point x € A. Since there are at most b2t
possible (self-avoiding) paths from A to (A)¢ and since the rates are bounded by
one, a simple tail estimate for Poisson random variables implies

P(AS_; N Bj) < cb3t 720108/ o= (3.12)
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for a suitable constant ¢ and all sufficiently large £. Similarly, if we look at the
event A, we are requiring that at least one of the discrepancies at time 0 in level
L travels up to level %6 in a time less than j. Therefore

P(A;) < cbt e~ (L=30log(L=30/c)) < p=L Vji<eL. (3.13)

for some ¢ < oo and for all ¢ = ¢(b, ¢) sufficiently small. We are therefore left
with the estimate of P(A ;) for j > ¢ L. The argument for this case goes as follows.

Fix a point x € A and recall that x is at some level between %E and %E. Let
ry = r(x, £) be the ancestor of x at level £ and let 7, (w) be the subtree of T (w)
rooted at r, and containing all descendants of ry. Let also 7, (w), h € N, be the
finite subtree of 7, (w) obtained by considering only the first £ levels of T, (w).
When h = 2¢, T, 2¢(w) is the tree between levels £ and 3¢, see Figure 4. Call vrt Z

(vr_x :Z) the Ising-Gibbs measure on 7}, (@) with 4- (—) b.c. above the root 7, and +
b.c. below the leaves at level £ + h and set v;;jo = limp_ 00 vr:;

Finally, we denote by Ef the Glauber dynamics evolving in 7} 2¢(w) with 4
boundary conditions both above the root ry and below the leaves of 7, 2¢(w) and
with initial configuration 5. Notice that in fact Ef starts from all pluses because, by
construction, n(y) = +1Vy € T(w), d(y) > L.

With the above notation and using monotonicity we can now write

Ple!, #62.] = P[e2, = +1] - P[e], = +1]
< PlE, =+1]—v Lo =+D. (3.14)

The r.h.s. in (3.14) is then decomposed into the sum of two terms:

Pl&], = +1] = v ], 00 = +D), (3.15)
and
v or = +1) — v Lo = +1). (3.16)

In order to bound the term in (3.15) we would like to argue as in (3.7) and therefore
we need the following:

3¢

Fig. 4. The vertex x € A and the associated tree T, 2
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Claim 3. There exists { < oo such that

min cgob(vr 2e) =

xeA
holds P ,—a.s. for € sufficiently large.

The argument used in (3.7) now yields that the first term (3.15) satisfies

—ipt .

P[E;,x =+1] - Vr zg(ax =+1) < exp (Cb”e ire ) exp ( — J/Ef) .(3.17)
Therefore, if y > ¢ + 1, using j > &£ we may write

P&, =+1) — v 30 = +1) < b3 (3.18)

for ¢ large enough (independent of x). In conclusion, forany y > ¢ 41,
> [P[??,x = +11 - v 0x = +1)} <e (3.19)
xeA

IP,—a.s. for £ sufficiently large.
As far as the term (3.16) is concerned we will establish:

Claim 4.

Y [ =+ = vk = +0)f <o,

xeA
P,—a.s. for £ sufficiently large.

Collecting (3.19) and Claim 4, we have thus shown that P(A;) < < 2e73¢,
Jj = eL = et . Together with (3.12) and (3.13) this completes the proof of (3.9).

Conclusion. In conclusion, from (3.5), using (3.6), (3.8) and (3.9) we have the
bound

pr(n) —ut(on) > — (e*” +exp (Cible™/V ) 1" +te’”) .

Ife.g. £ =t* witha > Osuchthatay (1 +¢) < land y > ¢ + 1, then

[0(

o —pt(o) = —e", (3.20)

IP,—a.s. for ¢ sufficiently large. Therefore the three steps above are sufficient to end
the proof of Theorem 1.2. Note that the coefficient « depends on the various param-
eters (b, B, h etc.) only via the constant { coming from the logarithmic Sobolev
inequality in Claim 2.
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Remark. The above arguments show how to prove the needed lower bound on
pr.x(n) — ut(oy) when x = r. This choice is done merely for notational conve-
nience. Indeed, with the environment w defined in (3.3), we can write, as in (3.4)
and (3.5)

Prx () — (o)
> o575 — 1} @91 = 16535, = prxwm] — (1T (o) — nf (0]

Here p; x (1) stands for the expected value of 0,’?‘0 at x, and ,ot]j fw(n) is the same
quantity when + b.c. are imposed on the leaves of 77 (w). Notice that since £ and
L = ¢7 will grow with time ¢ our vertex x will eventually belong to the region
that is free of obstacles. At this point all the estimates given for the case x = r are
immediately checked to hold with no change.

4. Recursive analysis among obstacles

In this section we establish a number of key estimates for the Ising Gibbs measure
among obstacles. Once these results are established it will be rather easy to prove
Claims 1 to 4 (see next section).

As in the previous section w € €2 will denote a random realization of the
obstacle—environment and u;} the associated Ising plus phase. We emphasize how-
ever that here, contrary to (3.3), w is picked according to the product Bernoulli
measure [P, on the whole tree T?, i.e. each vertex x € T? is free with probability
p independently of all others.

4.1. Coupling coefficients and path weights

As in the homogeneous case treated in [24], the analysis of equilibrium properties
is reduced to the study of certain coupling coefficients. For a given w we define the

ratio

phor = -1

. 4.1
1 (or = +1) @b

R(w) =
We agree that R(w) = oo if w, = —1. For every z € T? we set R, (w) := R(0,w),
where 6, denotes the shift induced by the natural group action on the tree: (6,w), =
Wzyx. f 0, = (B,w), = +1 and z1, ..., z denote the children of z € T (w), one
has the following easily checked recursive relation (see e.g. [1, 3]):

b
R.(@) =" [ | Fp(Ry (@), (4.2)
k=1

where, from now on, we use the following notation

(4.3)
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To illustrate the use of the variable R defined in (4.1), consider a vertex z € T (w)
together with one of its ancestors y and denote by M;VU’JF (resp. 1o, ) the mea-
sure ;) conditioned to have o, = +1 (resp. o, = —1). Suppose we want to
compute the total variation distance between the marginals at the vertex z, which
we denote by ||;LZ;+ — 12" |l;. Since the spin at z can take only two values, the
latter equals /,LZ;+((TZ = +1) — u)y (0, = +1). If y is the parent of z, using
u({;i(az =+1) = (¢*'R.(w) + 1)~ we see that

™ = 17l = Kp(R; (@) . (4.4)
where the function Kg : [0, c0) — [0, 1] is defined by

1 1
K = — . 4.5
p@) ca+1 e~ la+1 4.5)

For every ¢ € N we define the set of descendants of y at depth £:
Dy ¢(w) = {x € T(w) descendant of y : d(y, x) = £} 4.6)

To compute the total variation distance ||uf:;+ — i |l for some x € Dy ¢(w) we
may proceed as follows. Let z1, ..., z¢ = x be the vertices along the path from y
to x. We couple the measures MZ)’JF, JTo0 recursively in such a way that, for every
i < £, given that the corresponding configurations coincide at z; then they coincide
at z;+1 with probability 1, while given that there is disagreement at z; then dis-
agreement persists at z; | with probability |3t — pa Nz = Kp(Ryy, (@)).
In this way the probability of a disagreement percolating down the tree from y to
x equals

14
I ® = e = [ [ Kp (R (@) @7

i=1
Moreover, if |0 — o’|, ¢ denotes the Hamming distance (counting the number of
disagreements) between o and ¢ restricted to the set Dy, ¢(w), the above argument

implies that we can find a coupling v, of ;LZ;+, ua” such that the expected value
of |o — o’|,,¢ satisfies

oo —o'ly) < Y Wy, 0). (4.8)
XED),Y[

where we introduced the path I'y  between y and x, consisting of the sites
71, ...,2¢ = x as above, and the associated weight

14
Wy 0) =[] Kp(R;; (). (4.9)
i=1

The rest of this section is concerned with estimates showing that, in a suitable sense,
R and W are small with large probability.
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4.2. Estimates on R

We write @p for the probability P, conditioned to have w, = +1. We want an
estimate of the type

P,(R>¢) <56, (4.10)

where ¢ = ¢~%# and § is a small parameter. We start with the setting of statement
a* in the proof of Theorem 1.2.

Lemmad4.1. Forany $§ > 0,a > 0, b > 2, there exist py < 1 and By < oo such
that (4.10) holds forall p > po, B = Boand h > — h.(B) + a.

Proof. For any integer £ we define

Wiwlor =—1)

Rlw)y=—2— "
1y o(0r = +1)

(4.11)

Since ,uZ » — Mo, we have R® — R, £ — oo, Pp—a.s. Moreover, monotonic-
ity implies R (w) < R (w), so that the convergence is monotone. Then it is
sufficient to establish (4.10) for R in place of R, uniformly in £. We will give
the proof only in the case b = 2, since all the estimates below are easily adapted
to the case of larger values of b. Recall that in general (see e.g. [12]) one has
he(B)=(Mb—1)+ 0(,3_1), so that, replacing a with 2a and taking § sufficiently
large,

we can assume 7 > — 1 + a without loss of generality. Let us define the
probabilities

g =B, (R >27%e!k) | k=0,1,2,... 4.12)

so that P p (RE>¢) = qéo). Let now z7, z2 denote the two children of the root and
call Ry and R; the corresponding ratios, i.e.

Hizip,0@ = =D 1,2 (4.13)
;o= L N l = N . .
l Mz——l,é)zl.a)(ar =+1)
Note that R;, i = 1,2 are i.i.d. random variables with the same distribution as

R*~!. On the event {w, = +1} the basic relation (4.2) applies and we have

R® < &7V Fg(Ry) Fg(Ry) . (4.14)

Using the uniform bound Fg < ¢!, we see that, in particular, Rt < g9 172,
Taking 8 so large that /&4 < %{ we then see that 272k gl k@ ~ ¢4=3 a5 500n as e.g.
k > ko := L(%J. Therefore qék) = 0 forevery £ > 1, k > ko. Suppose that R} < e.

Since Fg is monotone increasing and Fg(¢) < 2¢, by (4.14) we have

R® <2&“Fg(Ry).
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Since Fg(t) <&+ > 0, the above shows that if R; < ¢ and RY > ¢ then
1 1—a
Ry > 7 & , 4.15)

for large enough B. We are now able to give an estimate on qéo) . We first remove
the event £ = {w;, = —1} U {w;, = —1} and consider the complement E¢ =
{w;, = +1} N {w;, = +1}. The price for this is at most 2(1 — p):

70 <B,(E) +P, (ECm{R‘f>s}) gz(l—p)+JI~Dp<E”m{Rf>g}).

On E° we can separate the two cases: A = {R] < e} U{R, < ¢}and A° = {R] >
e} N {Ry > &}. In the first case the reasoning leading to (4.15) shows that we have

By (B nan(r >e)) <2F, <R2 > %gl—“> =24,
In the second case we have, by independence
B, (EC NA°N{R" > s}) L (ESN A°) < (g2
In particular, we have obtained the bound
g <201 =p)+ (@2 +24.", .
The same reasoning as above actually shows that for any k one has

g’ <20 - p)+ @ D? +247". (4.16)

(k)

From the monotonicity in £ of R® we see that q,_ ék) for any k and £. Therefore

a simple iteration of (4.16) gives that

g < Z 2 20— )+ @) + 270

m=0

forany j = 1,2.... When j = ko + 1, qlg’)l = 0 and we have the recursive
estimate

g < 2ot {2(1 P+ q)? } . @.17)

This implies that for every 6 > 0 we can choose pp < 1 and By < oo such that
qéo) 8, forevery £ > 1, p > po and B > Bo. To see this simply observe that
when £ = 1 the “4” boundary condition imposes R; = 0 on every child z; such
that w;, = +1 and therefore ql(o) < 2(1 — p), which can be made arbitrarily small.
Thus, climbing up the tree with the relation (4.17), we see that sup, > | g éo) <das

soonase.g. p > 1 — 1/(25T2k), q

We turn to the setting of statement b* in the proof of Theorem 1.2.
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Lemma 4.2. Forany$ > 0, p > % there exist bg € N, By < o0 and ¢ > 0 such
that (4.10) holds for all B = Bo, b = bg and h = 0, with § = e~cb,

Proof. Recall the definition (4.11) of RY(w). Let z1, . . ., z; denote the children of
the root r and let m(w) stand for the number of obstacles among them: m(w) =
Z?:l l{wz,»——l }- Since p > %, from standard large deviation estimates for the

binomial distribution there exist positive numbers aj, a» > 0 and by € N such that

1
P, (m > (5 - a]) b) e @b, (4.18)

for all b > by. Suppose now that w, = +1 and m < (% — ay)b, i.e. the root has at
least 121 + a1 b free children. Suppose only one of these free children, say z, is such
that the associated ratio R; satisfies R; > ¢. Using Fg < e~ ! for the ratios on the
obstacles, and Fg(a) < 2¢ whenever a < ¢, (4.2) yields

R <e7™m2e)’ M 1F(R,) < 2b>P71Fg(R,). (4.19)

Since Fg < e~ 1 it is clear that we can take by, Bo so large that in the above sit-
uation it is impossible to have Rt > g forall b > by and B = Po. The above
discussion says, in particular, that if m < (% —ap)b and RY > &, then there must
be at least 2 children of » with ratio greater than . Thus, recalling the definition of

the probabilities ¢’ (4.12), we obtain

0 < e=b 4 Z( )(qéo)l) . (4.20)

Because of the 4+ boundary condition at level £, the argument of (4.19) gives

q1<0) < e~®P_ The claim then follows by induction: Suppose qé(i)l < 8 with § =

e~®b/2 Then (4 20) implies g, O < e=ab 4 (148)> — (1+68b) < e @b+ 1b%62,
and therefore q < 6 ford sultably large. O

Finally, for the statement c* in the proof of Theorem 1.2 we need the following

Lemma 4.3. Forany § > 0, p > 0, there exist by € N, By < oo and ¢ > 0 such
that (4.10) holds for all B > Bo, b = bg and h = +h.(B), with § = e cb.

Proof. As in the previous proof we denote by m () the number of obstacles among
the children of the root. Since p > 0, there exist positive numbers aj, a, > 0 and
bo € N such that

P(m> (1—a)b) <e ™, @21

for all b > by. We recall that h.(8) = (b — 1) + O(B~"). In particular, we may
assume without loss of generality that the magnetic field satisfies h > b — 2. If
71, - . - » 2b denote the children of the root, by (4.2) we then have

RY < e"?Fg(R.)) - Fg(R,).
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Reasoning as in (4.19) we see that if o, = +1 and m(w) < (1 — ay)b, then we
must have more than one free child with ratio greater than ¢ in order to produce
the event R® > ¢. It follows that we may estimate the probabilities qéo) exactly
as in (4.20). When £ = 1 the 4+ boundary condition implies R® < eb=2sgb—".
Therefore on the event m(w) < (1 — ap)b it is impossible (for suitably large b, 8)
to have R® > . This gives ql(o) < e~®P_ Asin the proof of Lemma 4.2, the desired

result now follows by induction. O
4.3. Estimates on W

We turn to an estimate on the weight W introduced in (4.9). Recall the definition
(4.6) of the set Dy ¢(w). Below we simply write Dy = D;(w) when y coincides
with the root r. We also write W(x) := W(I', x, w), for any x € T?. We look for
an estimate of the form: There exists ty > 0 such that

E, [exp (r erm W(x))] <2, (4.22)

for every t < t9, £ > 1. The value of 79 will depend on the parameters a, b, 8 in
case a*, on b, f and p in cases b*,c*.
We start with the setting of statement a*.

Lemma 4.4. For any a > 0, b > 2, there exist By < 0o and po < 1, such that
(4.22) holds forany 8 = Bo, p = po, h =2 —h.(B) +a.

Proof. The main difficulty in proving (4.22) is the non—independence of the ran-
dom variables {Kg(R;(w))}zer,, entering in the definition (4.9) of W. How-
ever, thanks to the tree structure of our graph, it is possible to introduce a
modified weight W, (I'y ) = Hzel“v,x Y, (w) in such a way that for each w,

Wy x, 0) < V~V(I‘y,x, ) and the random variables {, (w)}zery_x are such that
a bound in terms of independent variables becomes available. The latter estimate
will be based on the results in Lemma 4.1. We now describe how we construct the
modified weights.

To begin with, we fix some notation: d By stands for the (deterministic) set of
vertices x such that d(x) = £. We also use I'y for the unique path from the root
to x. To simplify the notation we define W(x) = 0if x € dB; \ D¢(w). Next, for
every x € d B, and for every vertex z € I'y we denote by A, the set of all children
y of z such that y ¢ I'y. Clearly, |A;| = b — 1. We say that z € 'y is regular if
Ry, < eforeveryy € A,.

Let now u > 0 be a small parameter to be fixed later and suppose that
21,22, .- -, 2k are consecutive regular sites on I'y, ordered in such a way that
d(zj,r) =d(zj—1,r)—1,seeFigure 5. Let also zo denote the child of z; along I',.
As in the proof of Lemma 4.1 we may assume 2 > — (b — 1) + a without loss of
generality. Since z; is regular, using Fg < ¢~ ! for the ratio at zg and F, B(Ry) < 2¢
for y € A, from (4.2) we have

RZ] < 8a*(b71)Fﬁ(RZO) 1_[ Fﬁ(Ry) < ga*b(zg)bfl — 8a712b71 )
YEAZ
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Fig. 5. k consecutive regular sites on the path ', in the case b = 4

Similarly, for any k£ we have

Ry <& P VFg(R, ) [] Fp(Ry) <276 Fy(Ry,)).
YEAZ

Using the elementary estimate Fg(x) < 2(x V &) we see that
R, <2"¢“ (R, ,Vve), k=2. (4.23)

Since R;, < ga—1pb—1 by the above computation, (4.23) is easily seen to show
thatife.g. k > ko := Lf—ZJ, then R;, < ue, provided ¢ < go(a, b, u). Moreover, a
simple computation gives Kg(ae) < o for every o > 0, so that Kg(R;,) < u in
the above case.

We shall say that z € Iy is good if z is regular and the number of consecutive
regular vertices immediately below z along I is larger or equal to ko — 1. Otherwise
we say that z is bad.

The estimate (4.23) therefore implies that Kg(R,(w)) < u whenever z is good.
Since Kg < 1 and recalling that W (x) = 0 if x is not connected to the root in 7' (w)
we may write

u w,=+41, zis good
W) S W) =[] ve@), v:(@) =11 o =+1, zisbad (424)

z€ly 0 w,=-1

We now claim that there exist C; < oo such that for every £ > 0, for all
X € 0By:

E,[Wx)] < €1 u)t. (4.25)
From (4.24) we see that
Wx) < ul™m@ (4.26)

where n,(w) stands for the number of bad vertices in I'y, x € 9By. Define, for
every z € Iy, x;(w) = 0 if z is regular and x.(w) = 1 otherwise. Note that, by
construction, these are i.i.d. Bernoulli random variables. A simple deterministic
bound on n, is given by

ne(@) <ko [ 14+ ) x:(o)

zely
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From Lemma 4.1 we know that the probability of being irregular, for any given
z € Ty, is less than §; := (b — 1) + (b — 1)(1 — p). Let us choose § in Lemma
4.1 and p < 1 such that §; < uko We then have

~ L
E, [W)] <u'™E, [u—kOXz] <ul=R(1 4 8u7k0)t < ut=k02t (427
The claim (4.25) then follows by taking C; = u %0,

We are ready to prove the exponential moment estimate (4.22). For any integer
k we define

k
M= > W | = Y WeD- W) (4.28)
x€aBy X]geees Xk €0By
We claim that
E,[Mi] < Chk!, k=1,2,... (4.29)

for some constant Cp < oco. Note that the result (4.22) is an immediate consequence
of (4.29) since the L.h.s. in (4.22) is bounded by

Xk
t 1
E, [exp (tM1)] =14+ E FE[,M;( < G

k=1 """

Let x1,...,xx € 0Bg be given as in a generic term in the sum in (4.28).
These points may be ordered by the lexicographic rule to obtain the ordered set
X1 < Xy < --- < Xg. Call xg and X4 the absolute leftmost and, respectively,
the absolute rightmost vertex in d B;. Below we use [X;_1, X;) to denote the set of
vertices y € d By such that y is larger or equal to X ;_ but strictly less than X ;, with
the agreement that, when j = k + 1, the set [Xg, Xx+1) also includes the end point
Xr+1, see Figure 6. With these notations we can write

k+1
Migi(@) =) Wep - Wea) Y W) (430)
j=1 x1,...,xx€0By ye[)'c'j,l,ij)

Consider now a given y € [X;_1, X;). Let T} denote the subtree determined
by the union of all paths I',,, i = 1,...,k. Let d(y, Tx) denote the distance
from y to T; and write zy for the closest ancestor of y on Tj (characterized

Xo X X X3 X4 y Xs
Fig. 6. Schematic picture of the tree 7} in the case k = 4. Here y € [X4, Xs)
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by d(zy,y) = d(y, Ty)). Clearly, we can estimate W(y) < W(Fzy’y), where
W(FZ},,y) =[l.er. - Y¥,. Now, by construction, the random variable VT/(FZy,y) is

independent of all the weights W (x;) except for the variables v, where z is either
zy or one of the kg — 1 consecutive vertices just below z,. Let us call A, this set of

vertices. Restricting to the event that x1, ..., xy € D¢(w) we can estimate
-1 —k
[] @)™ <u.
Z€EAy

Therefore we have

E, [Mk+1] < uho Z E, [W(xl) .. VT/(xk)]
X1,...,Xk €0 By
k+1 _
x Z Z E!’ [W(Fzy,y)] “4.31)

J=1yel¥j-1,%))

Clearly, for every integer d there at most b vertices y such that d(y, Ty) = d.
Therefore, choosing u < 1/(4b), from (4.25), for every pair X;_1, X;, we have

Z E, [W(T., )] <2C. (4.32)

YE[Xj-1,%;)
From (4.31) and (4.32), setting C» := 2u —koC} we obtain
Ep [Miy1] < Cotk+ DE, [Mi] (4.33)
so that, for every k > 1 we can estimate E, [M;] < Clzck! as claimed in (4.29). O
We turn to the setting of statement b*.

Lemma 4.5. For any p > %, there exist Bg < o0 and by € N, such that (4.22)
holds for any 8 > By, b > bg, h = 0.

Proof. The proof is essentially the same as that of Lemma 4.4, but we have to
modify the definition of good and bad vertices. Given x € dB; and z € I'y we
write as before A; for the set of children of z lying outside of the path I'y. We write
also m(w) for the number of y € A; such that w, = —1. As in the proof of Lemma
4.2, we may use (4.18) to estimate this quantity: there exist aj, a > 0 such that
P,(m > (1 —2a1)b/2) < e~ b for all sufficiently large b.

Here the definition of good vertices goes as follows. We say that z is good if
m < (1—2ay)b/2 and if all the vertices y € A, such that w, = +1 satisfy R, < ¢.
Clearly, if z is good, from (4.2) we must have

RZ g S—Vn(zg)b—l—mg—l g 2b—182(a1b—1) .

In particular, for any u > 0 we find bg and By such that for all b > by and B8 > By
we have R; < ue. As in the proof of Lemma 4.4 we therefore have that Kg(R;) < u
whenever z is good. Now we can define individual weights i, exactly as in (4.24)
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and, as before, we can estimate W (x) < W(x). To establish the analog of (4.25)
we simply observe that 1/, are i.i.d. random variables with the present definition of
good vertices. Moreover, from Lemma 4.2 we easily infer that

P, [z is bad] < e ? (4.34)
for some ¢ > 0. Using this we have, see (4.27)
E, [Wx)] < Qut, (4.35)

as soon as e~ “?y 1 < 1. The rest of the proof goes now exactly as in Lemma 4.4.
The estimate (4.31) is actually simplified by the fact that we only need to remove
the vertex zy, so that the factor u~%0 is now replaced by u~!. In particular, (4.33)
now holds with the constant C, = 2u~1. m|

It remains to prove (4.22) in the setting of statement c*.

Lemma 4.6. For any p > 0, there exist By < oo and by € N, such that (4.22)
holds for any B > Bo, b > bo, h = +h.(B).

Proof. As in the proof of Lemma 4.3 we call m (w) the number of obstacles among
the children in A, for a given vertex z. We shall use the analog of estimate (4.21).
Letting a; and a; be the parameters appearing there, the vertex z is now declared
good if m(w) satisfies m(w) < (1 — ap)b and all the vertices y € A, such that
wy = +1 satisfy Ry < e.

With this definition of good vertices, the bounds of Lemma 4.3 now show that

P, [z isbad] <e ¢?

for some ¢ > 0 and all sufficiently large b. On the other hand, reasoning as in the
proof of Lemma 4.3, an application of (4.2) gives that if z is good then

RZ < Eh_28_m(28)h_1_m£‘_1 < Zb_l82alb_4.

Given u > 0 we then find bg, By such that Kg(R;) < u whenever z is good, as
soon as b > bg and S > Pp. The rest goes exactly as in the proof of Lemma 4.5
above. O

4.4. Poincaré and Logarithmic Sobolev inequalities among obstacles

Recall the definition (2.6) of the constants cgap and csop. We shall focus here on
the case of the measure u = /Lz"w, i.e. the Gibbs measure with plus boundary con-
dition below a certain level L among the obstacle environment . We shall write
Caap(L, ) and c¢sob (L, w) for the associated constants. Here w will be distributed
according to Bernoulli(p) measure.

It is well known that, in general, cgap > 2csob. On the other hand, for trees, a
useful inequality established in [24] states that cgap < O (log n)cgob, Where n is the
cardinality of the tree. In particular, Theorem 5.7 in [24] in our setting implies that
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for every b and every B there exists a constant C < o0 such that for every w € Q2
and for every L

Cgap(L, @) < C L csop(L, ) (4.36)

Our main result here is an almost sure polynomial bound on cgop (L, w): There
exists a constant { < oo such that

Csob(L, w) 2 Lt (4.37)

holds IP,—a.s. for L sufficiently large. Here the constant ¢ will depend on the param-
eters a, b, B in case a*, on b, § and p in cases b* c*.

Theorem 4.7.

a*) Foreverya > 0, b > 2, there exists p < 1 and By such that (4.37) holds for
allB > Boandh > — he(B,b) +a.

b*) For every p > % there exist by € N and By < oo such that (4.37) holds for
h=0,b2= by, B = Po.

c*) For every p > 0, there exist by € N and By < oo such that (4.37) holds for
b = by, B = Poand h = +hc(p).

Proof. We will carry out the proof of the three statements simultaneously. Indeed,
the key estimate we need is the exponential integrability (4.22), which holds in all
cases under consideration as worked out in Lemma 4.4, Lemma 4.5 and Lemma
4.6.

Thanks to the deterministic bound (4.36) it suffices to prove the claim (4.37)
with ¢sop (L, @) replaced by cgqp (L, ). We fix a length scale £1 much smaller than
L. Foreach vertex x € Ty (w), let By ¢, C T (w) denote the subtree (or “block™) of
depth £1 — 1 rooted at x. In this way By ¢, consists of £ levels and we understand
that if x is k < £; levels from the bottom of 77 (@) then By ¢, has only k levels.
In the end we will choose £1 = C log L for some sufficiently large constant C. We
define the Dirichlet form of the so-called “block—dynamics”

Dot = Y i, [Vars, (N].

xeTr (w)

A standard argument relating the spectral gap of the heat—bath dynamics to the
spectral gap of the block—dynamics (see e.g. [23]) shows that, since there are at
most €1 blocks containing a given vertex x, we have

1 D
cmwm>abw%wﬁwkﬁz““ﬂ (4.38)

foVar, - (f)
where cgap (,u%x 0 ) denotes the spectral gap of the heat bath dynamics on the block
By ¢, with boundary condition T (and 7 is assumed to be compatible with the
obstacle realization, i.e. T € BB,):

Dy, ()

T _ .
conlth) = G
x, 01
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In general trees, according to Theorem 1.4 in [2], one has a lower bound on cgyp
of order n~¢ uniformly over the boundary condition, where 7 is the cardinality of
the tree and { < oo is a constant depending on the parameters b, 8, k. In particular
this implies that for all w € 2 and for all sufficiently large ¢;

. T —2¢¢
r£1’1xn cgap(;LBMl) >b L, (4.39)

|-

1

Let cgap(£1, L, ) denote the spectral gap of the block—dynamics, i.e. the infimum
appearing in (4.38). So far we have obtained the deterministic bound

Coap(L, @) = b X ¢oop (01, L, ). (4.40)

Next we make a deterministic estimate on cgap(£1, L, w). To this end we use the
method of [24], combined with the results we obtained in previous subsections.
Given r € (0, 1), we say that M“LL » i (01, rt)—mixing if for every x € Ty (w)

Vars (B 005100, @) <rVar: (@), (4.41)

where ;/.Z w©@x oD, 4 (w)) denotes the conditional expectation of o given the val-
ues of o on Dy ¢, (w), the set of descendants of x at distance £1. A simple com-
putation shows that (4.41) is actually equivalent to the variance mixing condition
VM(¢1, €), with € = r1, introduced in [24]. In particular, Theorem 3.2 in [24]
implies that

Cgap (E] ’ L ’ w) 2 ’ (4.42)

Bl

for £ > £, for some finite £y = £o(r) as soon as M{w is (¢1, r'")-mixing, with
some r € (0, 1). The conclusion of the theorem therefore follows from (4.40) and
(4.42) if we can prove that MZ,w is (€1, rt )-mixing P ,-a.s. for some r < 1, when
£1 = Clog L, with some C < oo, for all sufficiently large L. To prove this we
observe that, setting

g0 i=nf, [1h, (ox 1000 @) 10x] |
we may write
Var,uviw <M—[":,w(o—x | UDX,L’] (w))) = COVMZ,,,, (UX9 g(ax))
=2u7 (ox =+ pf (0 = —1) [g(+1) — g(—1)]

1
< 5[g(+1) —g(=D]J. (4.43)

Here the notation Cov, (f, g) = u(fg) — u(f)u(g) has been used for the covari-
ance of two functions under a measure w. Let v denote a coupling of the measures
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,u'[,w(- | oy = +1) and /Lz’wﬂ | o = —1). We then write

gD = g(=1) = Y @) [ o O3 1T, @) = KT 11D, )]
.n

<SYv@m Y o (K (T b, )

T yeDy ¢, (@)

(=11 @ 1 AP 0]

with [z7]”'* denoting the interpolation between t and 7, i.e. the configuration
such that, using lexicographic order on Dy ¢, (), ([rr;]y’i)z =1,7 <Yy,and
([zn)%), = n,, z > y, while ([tn]y’i)y = =+1. Recall now the definition (4.5)
of the function Kg and set

y :=sup Kg(x) =tanh 8.

x>0

Since [tn]¥*T and [ty]*>~ differ only at y € Dy ¢, (w), reasoning as in (4.4) and
(4.7) we estimate

1} o LT D,y @) = 1 o0 | [T D, @) <271 (4.44)

From (4.8) we then obtain

gD —g(=D <2y vt —nlep) <2¥8 ) W(TL,) (445)
yEDxll(w)

Since § = §(B, h,b) := Varuzr (ox) > 0, from (4.41), (4.43) and (4.45) we see
that

P, (€1, r*)~mixing does not hold)

<Pp(3Bre s Y Wy =8y~ ")

yer,ll
< Y R Y waep ey, (4.46)
x:dx) <L €Dy ¢,

For every x we can use the bound (4.22) on the variable )
by Markov inequality (4.46) yields

€Dy ¢, W(Fx,y), so that

P, ((61, rb )—mixing does not hold) <2bt exp (—1od rb )/7[]) . (447

Setting e.g. r = ,/y, {1 = Clog L with C sufficiently large we see that by the
Borel Cantelli lemma we have (£1, 7¢1)-mixing P,-a.s. for all £; large enough.
This concludes the proof of the theorem. O
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Remark. One may wonder whether the result of Theorem 4.7 captures the true
behavior of the logarithmic Sobolev constant in presence of the random realization
of obstacles or whether, instead, it only provides a pessimistic bound. As we show
below, as soon as f is large enough (actually larger than the spin—glass critical point
for the pure Ising model on b [2]), in all the three cases described in the theorem,
there exists a set 2o of obstacles realizations of uniformly positive probability,
such that for every w € Q the spectral gap and a fortiori the logarithmic Sobolev
constant must shrink to zero at least as fast as L~ for some deterministic exponent
¢’ > 0. A quick sketch of the proof of this fact for the setting (a*) and e.g. b = 2
goes as follows.

Pick a vertex x € T (w) with d(x) < % and denote by T ¢ the finite sub-tree
of T? rooted at x with £ = §(M + 1)log L levels,§ < 1, M > 1butéM < 1.
Assume that T , is free of obstacles, group together the sites of 97 , into equal
blocks according to their common ancestor in Ty ¢ at level § log L + 1 and order
the blocks from left to right. Then impose that all vertices inside the odd blocks are
obstacles while all sites z inside even blocks are not obstacles and the correspond-
ing R,(w) satisfies R;(w) < ¢ (as usual ¢ = e 2P). Because of Lemma 4.1 the
obstacles realizations that obey the above specifications have probability larger than
eI TneU9Te el — =¢L for g suitable constant ¢ = c(p,B)anda = 8(M +1)log?2.
Since §M < 1 the probability of finding a vertex x with the above properties con-
verges to one as L — oo.

Consider now the common ancestor y at level é log L of two odd-even neigh-
boring blocks. It follows immediately from the recursion (4.2) and the assumptions
we made on the even/odd blocks, that |Ry — 1] < e~ ¢8Mlog L £ 4 suitable constant
c. In turn, if M is large enough, that implies that the marginal of the Gibbs mea-
sure [ir, 4 on the finite sub-tree rooted at x with now ¢ log L levels, has a bounded
(independently of L) relative density with respect to the Ising Gibbs measure on the
same tree with free boundary conditions on its leaves. Since the latter has a spectral
gap (and a fortiori a logarithmic Sobolev constant) smaller than »—4#)31ogL for
some positive a(f), we conclude that for the obstacles realizations satisfying the
previous conditions, csob(,u;:w) < L=¢' for some ' =17'(B,8,b).

5. Proof of Claims (1)-(4)

The results of the previous section allow us to fill the gaps in the proof of Theorem
1.2. We refer to section 3.1 for the setting and the notation.

Claim 3. Recall the definition of the random trees T; 2¢;(w) and the associated
measure v: ’2';, where z is a vertex at level £. We have to estimate min, cgap(v:;[).
Since the b.c. above z can only affect this quantity by a constant factor (depending
on f), we may replace v 50 * by the measure v . 2 With free b.c. above z. At this
point, for each z we are exactly in the setting of Theorem 4.7, with L = 2¢. As we

have seen in the proof of that theorem (see (4.47)), there exists ¢ < oo such that

_ 2
Pp (Csob(‘)z_zg) <4 {) <e ¢ s 5.1
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for all sufficiently large values of £. Since the number of z such that d(z) = £ is b*,
the claim follows from the Borel-Cantelli lemma. |

Claim 4. Observe that it is sufficient to prove
P, (vj;;[(ax =+ — k(o =+1) > (3b)—3‘f) <et. (52

Recall that vr 2,5 stands for the Gibbs measure on 7, 2¢(w) with — b.c. above
Dy¢(w) and + b.c. below Dy¢(w). Observe that, by (4.7) we have

V3o = +1) — v 3,00 = +1) = W(T,, o). (5.3)

Note that in the computation of the weigths W (I',, ) appearing in (5.3) one has to

take into account the + b.c. at level 2¢. Nevertheless, we can use the same argument

in the proof of (4.22), see Lemma 4.4, Lemma 4.5 and Lemma 4.6 (where the + b.c.

was at infinity), to show that the expectation of the expression (5.3) is estimated by

E,WT, x) < (2u)*/?, with u a small parameter, since x satisfies d (x, r) > £/2.
Then by Markov’s inequality

- 1 _
Pp (Vl‘:&(m =+D =y 5o =+ > <3b) “) <zt G4
provided u is small enough. We turn to an estimate of the difference v, ’Z, (ox =

+1) — v, oo(crx = +1). Let E¢(w) denote the (Ising—model) event that there exists
apath I' in T (w) joining the sets D 3 ,(w) and D3¢ (w) such that o, = —1 for each

z € I'. If the sets D 3 /() and D3¢(w) are not connected in T (w) we simply set
E, = . Observe that by monotonicity, for every w we have

vr::io(ax =+1[Ep) > Vr::2e(0x =+ (5.5)

The reason for the above domination is that if there is no path connecting D5, (w)
2

and D3¢ (w) covered by — spins, then there must exist a cut—set of T (w), fully
contained between level %E and level 3¢ covered by + spins, and conditioned on
this event v;.’&, dominates v, ’;4. We then have

v;’;rz(ox =+1) — v L (ox = +1)
<V, zg(ax =+1) — v (EDv L (o = +1] Ef)
< v (Eo) (5.6)

At the price of a f—dependent factor we may replace v, ¥ with the measure v+

with free b.c. above the vertex ry. Now we are in the familiar setting of the prev10us
subsections. To estimate v,t 0o(Er), suppose w € €2 is such that T'(w) contains
a given path I' = {xo, x1, ..., x5} with d(x;41) = d(x;) + 1, d(xo) = 3¢ and
d(xp) =34, h = £/2. Write {I' = —} forthe event {0, =0y, =+ =0y, = —1}
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and let g (w) denote the probability v;t ooy, = —1]ox;, = —1). Clearly we
have
h h
vh o ==)=v} (o, =D []gj@ < [[gj@). (5.7)
j=1 j=1
Observe that
qj(@) = €7 Ry, ()/(1 + &' Ry (@) (5.8)

As in the proof of Lemma 4.4, Lemma 4.5 and Lemma 4.6 we discriminate the ver-
tices along I' in good and bad vertices. We know that if z is good, then R, (w) < ue
and therefore, by (5.8) we have g;(w) < u. As in (4.26) we may then estimate

vF (T = —) <u2™@ (5.9)

Iy ,00

where n(w) stands for the number of bad vertices along I". Summing over all pos-
sible paths and estimating as in (4.27) and (4.35) we arrive at

1
Ep [ ao(E0] <5 i)t < S @) e (5.10)
provided u is suitably small. From (5.6), Markov’s inequality yields

et (511

N =

_ B 1 -
& ("’45(” =+D—vklon =+D) > 7Gb) “) <
This, together with (5.4), ends the proof of Claim 4. O

Let us now turn to Claim 1 and Claim 2. Here the environment w is given by a
Bernoulli(p) configuration n below level £ and is deterministically free of obstacles
up to and including level ¢, as prescribed by (3.3).

Claim 1. Let E, be the event that there exists a vertex x with d(x) = £, such that
o, = —1 for every z € I, i.e. if the root is connected to level £ by a path covered
with — spins. As in (5.5) and (5.6) we have

0 < ut(op) — uh(or) < (o). (5.12)

Following (5.7) and (5.8) we estimate

ubEN< Y []E " R)). (5.13)

x:d(x)=C zel'y

By monotonicity we have R, (w) < R,(®), where @ coincides with w (and therefore
with 77) below level £ and is given by a new (independent) Bernoulli(p) configu-
ration " up to and including level £. We denote by [E,, the expectation over the
random environment @. Here we can apply the machinery developed in Lemma
4.4, Lemma 4.5 and Lemma 4.6. Namely, for a suitably small parameter u > 0, we



Phase ordering after a deep quench 71

can write e "' R, (@) < u for every good vertex z. Estimating as in (5.9) and (5.11)
above we have

EplufEn] < )0 By | [Te'R@) | <p' @ <e.(5.14)
x:d(x)=¢t zely

Therefore

P, (@(EZ) > e*”) <R, [uh(En] <e . (5.15)

Thanks to (5.12) and the Borel-Cantelli lemma, this implies the desired estimate.
O

Claim 2. This is the same as the statement (4.37) appearing in Theorem 4.7, with
the difference that now the environment is deterministically free of obstacles up to
and including level £. We can therefore repeat the argument used in the proof of
Theorem 4.7 and see that what has to be established here is a version of the expo-
nential integrability (4.22) for our new environment w. The latter, in turn, relies
on the bounds of Lemma 4.1, Lemma 4.2 and Lemma 4.3. Since the ratios R are
monotonic functions of the environment, these estimates can only improve in the
setting considered here and the proof of Claim 2 becomes a trivial modification of
the proof of Theorem 4.7. O

6. An extension to the hard—core lattice gas (independent sets)

6.1. The hard core lattice gas

A configuration n € Q = {0, I}Tb is called an independent set if no two adja-
cent vertices are occupied, i.e. if 7,1, = 0 for every couple x, y € T? such that
d(x,y) = 1. We call Q the collection of all independent sets over the b—ary tree
T?. In the hard—core lattice gas model €2 is the set of allowed configurations and
each such configuration n € Q is weighted with the factor A"l where || stands for
the cardinality of 7, i.e. the number of occupied vertices in 7, and A > 0 is the so—
called activity parameter. To define the Gibbs measure we use local specifications
p obtained by setting

() oc Al

where A is a finite subset of T?, 7, n € Q are two allowed configurations such
that t, = 7, for all x ¢ A, and [na| = ) .4 nx. It is well known that the
hard—core lattice gas model undergoes a phase transition at the critical activity
Ae = bh/((b — DPH) (see e.g. [32, 18]). For A < A, there is a unique phase
regardless of the boundary condition on the leaves, while for A > A, there are
(at least) two distinct phases, corresponding to the odd and even boundary condi-
tions respectively. The even boundary condition ¢ is obtained by occupying all the
vertices at even depth from the root and letting all the rest unoccupied, i.e.

e 1 d(x)iseven
7 lo dx)isodd
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The odd boundary condition t° is the complement 7° = 1 —7°. We use the notation
wy = /ij for the Gibbs measure on the tree of depth £ with even boundary con-
dition. Similarly 17 denotes the Gibbs measure with odd boundary conditions. We
also write ¢ = limy_, oo uj and u’ = limg_, » 1. When we need to emphasize
the A—dependence we shall write u$, 1 in place of u¢, 1°. Phase transition is
reflected by the fact that, when A > A., the probability of occupation of the root

differs for pu§ and ug.
6.2. The Glauber dynamics

The hard—core Glauber dynamics is the Markov process with Markov generator
formally given by (1.1) with flip rates that are reversible w.r.t. the hard—core lattice
gas Gibbs measure. As in the Ising model we restrict for simplicity to the heat—bath
dynamics given by

qhx oy =1
c@)={p. 0°€Q,0,=0 q:=——, pp:=
0 o°¢Q

6.1

Here ¢ € © and o* represents the configuration o with the occupation number
at x inverted, i.e. (6¥), = oy, forall y # x and (0*)x = 1 — o*. In words,
only transitions within €2 are allowed and the transition o — ¢* occurs with rate
py. = A/(1 + A) if x is vacant and with rate g5 = 1/(1 + X) if x is occupied. It
is easily verified that detailed balance holds with this choice of rates. Moreover,
for any finite subset A C T?, for any v € Q, the finite volume dynamics on A
with boundary condition 7 is ergodic and reversible w.r.t. the Gibbs measure .
As for the Ising Glauber dynamics we can use the spectral gap and the logarithmic
Sobolev constant to estimate the rate of convergence to the stationary distribution
nY - The corresponding definitions are exactly the same as in (2.6). An important
result of [24] is that the uniform bounds (2.9) hold here if we replace uzr with ug,
i.e. in the even phase one has exponential decay to equilibrium for all values of A.
Of course, the same holds for the odd phase.

6.3. Attractivity

It is essential for our approach that we can define a partial order on Q such that the
hard—core lattice gas and its Glauber dynamics become artractive. Let us write T?
as the disjoint union of even and odd vertices, Teyen and Togd, Where Teyen 1= {x €
TP : d(x) is even} and Toqq := {x € T? : d(x) is odd}. We define the following
order on :

x X € Teyen 6.2)

ox <1
Ox 21

o <n <
x X € Todd

A function f : Q@ — R is called monotone increasing (decreasing) if o < 7
implies f(o) < f(n) (f(o) = f(n)). We also write u < v, for two measures on
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Q, whenever 1 (f) < v(f) for every monotone increasing function f. As in the
Ising model it is straightforward to construct an order—preserving global path-wise
coupling. Let UE’A’T_ denote the hard—core Glauber process at time 7, started in the
configuration § € €2, evolved in the region A with boundary condition 7 € €.
We may couple the processes {(af’A’T), >0. A C T, & 1 € Q} such that the
following relations hold: forany A ¢ B C T?,any & < &/, 7 <t and ¢ > 0

oM <o T (6.3)
or M < of BT < of T (6.4)

These relations also imply the following monotonicity properties of the Gibbs mea-
sures and the associated FKG-property (see (2.1)—(2.2)):

(i) forany A C T? the map n MZ (f) is increasing; (6.5)
@ii) /LE; < /LZ: whenever A C B. (6.6)

6.4. Results

Replacing ut with u¢ we may define the sets Qq, @ € (0, 1), just as in Definition
1.1. It is not difficult to check that Lemma 2.1 and therefore Corollary 2.2 hold in
the present setting as well as in the Ising case. The same applies to Corollay 2.3
and Lemma 2.4.

We need to introduce the hard—core analog of the Bernoulli measures P,. We
call vy ;, p € (0,1), 2 > 0 the probability measure on Q obtained as follows: we
first assign occupation numbers on Teyen according to the Bernoulli(p) probability
IP,. This gives a configuration 7 on Teyen. To obtain a legal configuration (in S_Z) we
may now occupy only those vertices in Toqq that are at least at distance 3 from 7.
Call A;) C Toqq this set of available vertices. Finally put , = 1 with probability
pr = A/(1 + A) independently for every x € A,,.

A simple coupling argument shows that, for every A > 0, v, 5 > uj as soon as
p 2 p;. In particular, the argument of Lemma 2.4 shows that v, (Q2,) = 1, for
every o > 0, for all p > p;. Our main result for the hard—core lattice gas is stated
as follows.

Theorem 6.1.

a) For every b > 2, there exists p < 1 such that for all A € (0, 00) we have
V(Qy) = 1, for some a = a (X, b) > 0, for any initial distribution v such that
VZ=2Vpa.

b) For every p > % there exist by € N and Ao € (0, 00) such that for b > by,
A = Ao we have v(2y) = 1, for some o = a(r, b, p) > 0, for any initial
distribution v such that v > vy ;..

6.5. Sketch of proof of Theorem 6.1

Theorem 6.1 will be proved with the same arguments used in the proof of Theorem
1.2. Below we point out the necessary (rather obvious) modifications.
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The first observation is that in view of the monotonicity of €2, the domination
Vpi = ui for p > p;, Lemma 2.4 allows to replace the statements in the theorem
by

a*) For every b > 2, there exist p < 1 and A9 < oo such that for all A > Ao we
have v, ;. (£2¢) = 1, for some o = a(A, b) > 0.

b*) For every p > % there exist by and A¢ such that for b > bg, A > Ay we have
Vp.a(82¢) = 1 for some o = (A, b, p) > 0.

To repeat the argument of section 3 we need to introduce the notion of the envi-
ronment of obstacles. A realization of the environment is described by w € Q with
the following interpretation: x € Teyey is called an obstacle if w, = 0 and is said to
be free if w, = 1. Similarly x € Tyqq is an obstacle if w, = 1 and is free if w, = 0.
Note that x is an obstacle in @ iff w, = 7¢. As in the Ising case w determines the tree
T (w), i.e. the largest connected component of free vertices containing the root. We
write BB, for the set of T € Q such that 7, = 70 forevery x ¢ T (w). The hard—core
model in a given environment o is then obtained as before: for every A C T? we
write 1y , for the measure puy (> Where T € B,,. The same reasoning applies to
the dynamics and we may use, as before, p; ,(§) for the expected value at the root
of the occupation variable under the dynamics af’jw among obstacles with starting
configuration £ € Q

We then observe, as in (3.2), that

Pro(T?) < pr(@), 120,

where p;(w) denotes expectation at the root w.r.t. the dynamics in infinite volume
without obstacles with starting configuration . We then define the environment
o = w(n, £) as in (3.3), where of course the + configuration is replaced by t¢. We
now proceed exactly as in (3.5). Moreover, we may repeat the estimates of the three
terms there without modifications. What is crucial is that the technical estimates
isolated in Claims 1 to 4 can be established for the new setting. A discussion of the
point is given in the next subsection.

6.6. Technical estimates

To prove the Claims 1 to 4 for the hard—core model one needs to adapt to the present
setting the analysis developed in section 4. One defines the ratios R and the asso-
ciated weights W in a similar way here, but the recursive relations involved in the
proofs of the main estimates are model—specific and require a separate investiga-
tion. We will not provide all the details here since there is no truly new ingredient.
However we give a sketch of the basic computations on the ratios R to help the
interested reader in reconstructing the needed claims.

Estimates on R. Let R be defined by

A G

R(w) = 1 (@ = 0) 6.7)
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A simple computation gives that if w, = 1 we have
b

1
R(w) = A _ (6.8)
D (1+ Ry (@)
where x;,i =1, ..., bdenote the children of the root and Ry, (w) is the correspond-

ing ratio, given as usual by the rule R, (w) = R(6yw) (6w being the environment
shifted by x € T?). The crucial estimate (4.10) is now replaced by

W (R <V3) <. 6.9)

Here Fp, » denotes the probability v, ; conditioned to have w, = 1 and § is a small
parameter to be fixed at a later stage. The following bound is the analogue of Lemma
4.1 in the present setting.

Lemma 6.2. Forany§ > 0, b > 2, there exist po < 1 and Ly < 00 such that (6.9)
holds for all p > po and A > ).

Proof. We shall give the proof only in the case » = 2. For any integer £ we may
define the ratios R¢(w) w.r.t. uzw asin (4.11). We set

ge =Vp, (R‘z < ﬁ) (6.10)

Let x1, x denote the children of the root and call yi, y, and y3, ys4 the children
of x1 and x3, respectively. Observe that the event E that wy, = 0,i = 1,2 and
wy; =1,i=1,...,4has v, , probability at least 1 — 4(1 — p) (since it suffices
to occupy all y;’s to automatically free the x;’s). Moreover for w € E we have

¢ A >_1
= 1
Koy =2 ( T 0T Ri@) (1 + R (@)

A —1
1 , 6.11
X( * <1+R3<w)><1+R4<w>)> (1D

where the ratios R; at vertices y;, i = 1, ..., 4 are defined by

Ri(®) = R* 2 (0y,0).

Suppose that R; (w) > ﬁ, i = 1,2, 3. Then the above formula shows that for A
sufficiently large, the condition RY(w) < /A forces R;(w) < 3. Reasoning as in
(4.16) we see that

qe <41 — p) +6q7 5 +4V,, (R; <3) . (6.12)

Using again (6.11) we see that if there is only one y; with R;j(w) < Vit is
impossible to have R(w) < 3. It follows that

Tpu (R1 <3) <4(1—p)+6q7_, (6.13)
Putting these estimates together and using g¢—4 < g¢—2 we see that
qe < 12(1 — p) +30q2 . (6.14)

The conclusion now follows from (6.14) just as in the case of (4.17) because of the
even boundary condition. O
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7. Open problems

We conclude by discussing an interesting open problem. Back to the Ising case with
h = 0, let us take as initial distribution for the Glauber dynamics the symmetric
product measure IP1 /> that for shortness we denote by v.

A first non trivial question is whether the law of the Glauber dynamics v Py
converges to a Gibbs measure as 1 — oo. In Z¢ it is well known that this is the
case (see e.g. [20]) because v P, is translation invariant; unfortunately the Lyapunov
function techniques behind the proof do not seem to apply on the tree because of
the large boundary/volume ratio.

In the uniqueness region 8 < By it is not difficult to check that v P, converges
weakly to the unique Gibbs measure as t — 0o. More interesting is the inter-
val B € (Bo, B1), where B is the spin-glass transition point discussed in section
1.1. Here the situation is more complicate due to the presence of infinitely many
extremal Gibbs states.

If we recall our first characterization of 81, it is not unreasonable to conjecture
that vP; will converge to the (extremal) free Gibbs measure 1™, In fact, if we
imagine that the single site Glauber dynamics is replaced by a block heat bath
dynamics as in [2] then, at least for small times, each update of a block (say a large
but finite subtree) replaces the Bernoulli product measure v inside the block with a
finite Gibbs measure close to 1€, The case 8 > B should be even more complex
and one can conceive that the dynamics and coarsening of clusters of spins with
opposite sign, present in the starting configuration, will play a significant role as in
the B = +oo case [14].

Although we have no clear answers to any of the above questions, we do have
some preliminary “concentration of measures” results that bring some support to
the conjectured behavior in the intermediate regime (8o, B1).

First we show that for any local function f

ct

v(n: PO = VPRI > e ) < e

for some ¢ > 0.

In other words not too large fluctuations in the starting configuration 7 are com-
pletely washed out by the dynamics. In particular, for any local function f which
is odd w.r.t. a global spin flip,

Jim PG =p(H =0 v-aa.

Secondly we derive a stability result that can be roughly formulated as follows. Let
be a perturbation of v such that the relative entropy between v and v restricted to the
first £ levels does not grow faster than (b%)%, 8 < 1. Then for any local function f

Am VP (f) —vP(f) =0.

We now formalize what we just said.
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Proposition 7.1. For h = 0 and B < B there exists a positive constant ¢ > 0
such that, for any function f depending only on finitely many spins and anyt > 0 :

v(ns IPFG) = VP> e ) < e 1)
for a suitable constant cy > 0 depending on f.

Proof. We are going to use standard Gaussian concentration bounds [19] for the
measure v of the form:

()

r

v [F(ml=2r)<e 7 (7.2)

for any mean zero function F with || F||Lijp < 1, where the Lipshitz norm is defined
by

IFIE, = D> IFM") — FalIZ, .
xeTb

Therefore (7.1) follows if we can prove that for some a = a(8) > 0
1P fllLip < Cre™ ", (7.3)

for a suitable constant Cy > 0 depending on f. Indeed, it suffices to apply (7.2)
to the function F' = (P; f — vP f)/|| P, flLip, so that (7.1) follows with ¢ = a/2
and ¢y = 1/2C7.

The basic tool to establish (7.3) is coupling along the lines introduced in [2].
Recall that tanh(8) < 1/+/b for any 8 < B;. Thus we can always choose A €
(tanh(ﬂ), b tanh(,B))_l) in such a way that br? < 1. Given two configurations
n, & that differ in finitely many points, define their weighted Hamming distance as

&0, §) =D 2101, e, (7.4)

Then a key result of [2] combined with an unpublished paper of Peres and Winkler
(see section 4 of [2]) shows that under the natural coupling of the Glauber dynamics
started at  and &

E(dy (0, 05)) < Ce™"d; (n, &) (1.5)

for suitable positive constants C, c. Therefore

IPFO) = Pf e < Y2 10" = FODllow B(L e 0 )
y .y Ly

< (AN = FW oo )e™ AW = € eI (76)
y

Since bAZ < 1, the sum over x of the square of the r.h.s. of (7.6) converges and
(7.3) follows. |
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Corollary 7.2. In the same setting as above, let V be a probability measure on Q2
and let v, Vg be the marginals on Q7, of v and v respectively. Then there exists

8 = 8(B) such that, if Emu(j—ﬁg) < b% for all ¢, then
lim [VP,(f) —vP(f)| =0. a.7
11— 00

Moreover the limit is attained exponentially fast.

Proof. Let k = k(B) be so large that, with £ = kt, for any large enough ¢

1P(f) — ¢ E0 (F)lloo < e

where E?ee stands for the generator of the Glauber dynamics in 7, with free bound-
ary conditions. Standard results on finite speed of information propagation show
that such a k exists (see e.g. [23]). Letnow ¢ 7, ¢ be the constants appearing in Prop-
osition 7.1 and let A, be the set of configuration {n; |P,(f)(n) —vP,(f)| = e °}.

Then, by setting h, := %,

DP(f) = VP ()] < 267" + [30e™0 (F) = vee S ()
= 2¢7 + o([he = 1] ()]
Sde™ 4 2e7 + e || flloov (el ) (7.8)
It remains to bound v(hg 1 At) and this is easily accomplished using the entropy

inequality together with Proposition 7.1 and our assumption on Ent,, (k). For any
A>0

1 1
v(hela) < 5 log<v(e“A1)) + = Ent, (ho) (1.9)
1 N ety bR
< —log<1+(e — e )+— (7.10)
A A
If we now choose A = %Cfe“ and§ < @ we see that v(hg 1A,) tends to zero as
t — oo exponentially fast. O
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