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Abstract. In this paper, we show that free cumulants can be naturally seen as the limiting
value of “cumulants of matrices”. We define these objects as functions on the symmetric
group by some convolution relations involving the generalized moments. We state that some
characteristic properties of the free cumulants already hold for these cumulants.

1. Introduction

D. Voiculescu introduced around 1983 a notion of freeness which plays in non com-
mutative probability theory a role similar to independence in classical probability.
Several concepts have been developed analogue to those around independence
among which the free additive convolution of measures. In [19], D. Voiculescu
defined a linearizing map of the free additive convolution, namely the R-series.
This map can be regarded as the analogue of the logarithm of the Fourier transform
for the classical theory and is of basic use in concrete calculations. The coefficients
of the R-series are called free cumulants. R. Speicher developed a combinatorial
approach for free cumulants, pointing out the connection with the lattice of non-
crossing partitions, and established many of their properties (see [18], [17]; see also
[13], [10], [11] and the references therein for various developments). On the other
hand, D. Voiculescu ([20]) and after that several authors ([7], [12], and references
therein) showed that several large independent matrices provide an asymptotic
model for free random variables. Our intention is to show that free cumulants, as
taken up by R. Speicher, can be naturally seen as the limiting value of scalar “cum-
ulants of matrices”, which actually already satisfy some classical properties of free
cumulants. Thus, this paper attempts to draw the dotted arrows of the following
diagram.

M. Capitaine: CNRS, LSP, Université Paul Sabatier, 118 route de Narbonne, 31062 Toulouse
Cedex, France

M. Casalis: LSP, Université Paul Sabatier, 118 route de Narbonne, 31062 Toulouse Cedex,
France

Mathematics Subject Classification (2000): 15A52, 46L.54

Keywords or phrases: Cumulants — Random matrices — Matricial moments — Free probability


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: No
     Embed Thumbnails: No
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails false
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize false
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice
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Freeness «—> Free cumulants
A
N —>+0 :
N x N independent random matrices =~ <€-------- > Matricial cumulants

Before explaining why our definition is natural, let us introduce briefly some nota-
tions. Let S,, be the symmetric group on {1, ... , n} and 7 be a permutation in S,;;
denoting by C(;r) the set of all the disjoint cycles of 7 and by y, (7) the number
of cycles of m, we set for any n-tuple B = (Bq, B2, ..., By) of N x N complex
matrices

re(B)=rz(Bi.....B) = [] Tr|[]B;

CceC(n) jecC

We call generalized moments with order n of a set X’ of random matrices any expres-
sion E(r; (X1, ..., X;)) where X; € X and & € S,,. We call mixed generalized
moments of two sets X and BB of random matrices the generalized moments of the set
X U B; note that they can be computed from expressions E(r, (B1 X1, ..., By Xp))
withn € N*,m € §,, B € BU {Iy} and X; € X U {Iy}, denoting by Iy the
N x N identity matrix.

Our intuition is based on the following results.

o Iftwo sets of non commutative random variables (a1, ..., a,) and (by, ..., b,)
are free in some non commutative probability space (A, ¢), then the distri-
bution of (a1by, ..., a,b;,) can be described in terms of the distributions of
(ai,...,ay) and (by, ..., by). In particular, the mixed moments ¢ (a;by - - -
a,b,) can be written with the free cumulants of (ay, ..., a,) and the moments
of (by, ..., b,) or conversely (see [17] and section 2 below).

e When X is a n-tuple of independent Gaussian or Wishart matrices and B is an
independent set of matrices, any mixed generalized moment E(r, (B X1, ...,
B, X,,)) can be written as a convolution on the symmetric group S, of the gen-
eralized moments of B by one function Cx (see [8] and [3]). Moreover when N
tends to infinity, after a suitable normalization, Cx converges towards the free
cumulant function of respectively the semi-circular and the Marchenko-Pastur
distributions.

Two questions naturally arise from the results above. For what type of matricial
models X do we have such a convolution formula? Does the involving function Cx
behave like a cumulant function?

Actually, dealing with two independent sets of matrices X and B such that the
distribution of one tuple, X for example, is invariant under unitary conjugation (that
is, for any unitary matrix U, (X, ..., X,) and (UX U™, ..., UX,U*) are identi-
cally distributed), we establish that any mixed generalized moment E(r,, (B1 X1, ...,
B, X)) proceeds from the convolution on the symmetric group S, of the general-
ized moments of B by one function Cx. Therefore, defining our cumulant function
by Cx is natural by analogy with the results of [17] about the multiplication of free n-
tuples. We will then call by cumulants of X the collection {Cx (;r), 7 single cycle of
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Sn.n < N}. We will show that they satisty the expected following properties. First
they do vanish as soon as the involved matrices are taken in two independent sets,
one having distribution invariant under unitary conjugation; therefore they do lin-
earize the convolution. Moreover they converge towards the free cumulants after
normalization. Nevertheless, our cumulants fall outside the very general setting of
[11].

The paper is organized as follows. In section 2, we recall some results about
free cumulant functions as developed by R. Speicher and al. In section 3, we first
state the definition of our cumulant functions and give some basic properties which
are valid without any additional assumptions on the matricial models. We also give
the explicite values of the cumulants for well-known matricial models. In section
4, we establish the convolution formula for mixed moments of two independent
sets of random matrices, provided the distribution of one set is invariant under uni-
tary conjugation. Section 5 deals with the linearizing property of our cumulants for
models whose distribution is invariant under unitary conjugation. In section 6, we
recall the asymptotic behavior of the cumulants which was already described in [3]
and we mention the connection with asymptotic freeness and global fluctuations
(i.e variance of traces). We end this paper by some further properties concerning
the conjugation with a Gaussian matrix and the compression by a projection. These
ones are the analogues of some results of A. Nica and R. Speicher in [17].

All along the paper, n is any fixed integer and we deal with sets of matrices
whose generalized moments exist up to order n. We omit to mention this condition
up to now on.

2. Free moments and cumulants

Let (A, ¢) be a non-commutative probability space. We introduce in this section the
free cumulants developed by Speicher in [18] and then by Speicher and Nicain [17].
In particular these authors characterize the freeness property and the multiplicative
convolution by special relations between moments and cumulants involving non-
crossing partitions. Here we translate them in terms of permutations as explained
in [3].

We first present the structure of Cayley graph of S,,: the vertex set is S, and there
exists an edge between two permutations o and 7 if and only if o~ ! is a trans-
position. With this structure, the length of a geodesic from the permutation o to
another permutation 7 defines a distance between o and m, denoted by d,, (o, 7).
It is known that

dy(o, 1) =n — yu(o™ ) = dyle, 0 ). (1)

We denote by [e, 7] the set of all the permutations lying on the geodesics from e
to 7. This set is characterized by the following property:

o €le,w] <= dn(e, ) = dyle,0) +dp(0, 7). 2

Moreover according to Lemma 3 in [2], for any decomposition 7 = [];_, 7; into
disjoint cycles,

le, 7] =[e, 1] x -+ X [e, 7,]. 3)
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Let us introduce the restricted convolution on S,

frgmy= Y flo)glc 'n). “)

o€le, ]

The constant function 1]3;, is x-invertible with inverse function the Mobius function
WUn (e, .) defined by

pn(e, ) = [ n (e, ) = [ [(=1"en1

when 7 = []m;, where the 7; are permutations of n; elements with disjoint sup-
2n)!
ports and where ¢, = # are the Catalan numbers.
n!(n+1)!
Now we define multilinear moments functionals on A as the sequence (¢,),eN

¢p: A" - C
(@i, ...,an) = gnlai,...,an) = ¢(ay...ayn)
andform = [[/_, 7 in S, withm; = (i1, i, ..., lin;), We write

,
¢r(ar,....an) = [ tn @, an,. ... a,,).

i=1

The free cumulants (ky),cN are defined recursively on A by the following system
of equations:

ba.....an) = Z ke(ai, ..., ap) 5)
wele,1,]

where similarly

r
k?‘[(alv T an) = l_[kn,- (ali_la all‘,zv sy ali,n[)-

i=1
Using (3) for a decomposition into disjoint cycles one can generalize (5) by
$r@r....a) =Y ko(ar....an) =kar.....a) x18,(0).  (6)
o€le, ]
And by Mobius inversion, (6) is equivalent to

ke(ar, ... an) =Y ¢o (@, ..., a)pn(o, W)= (@@, ..., a,) * ple, ) (7).

o€le, ]

(N

Nica and Speicher have described the way of getting the distribution of (a;by, ...,
a,by,) out of the distributions of free random variables (ay, ..., a,) and (by, ..., b,).
They proved in [17] the following
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Proposition 2.1. Let (A, ¢) be a non-commutative probability space and con-
sider random variables ay, ..., a,,by,...,b, € A such that {ay, ..., a,} and
{b1, ..., by} are free. Then we have:

¢(a1by - --ayby) = Z ko(ay, ..., an) ¢a*11” (b1, ...,by).

o€le,1,]

From (3), we easily deduce the more general relation:

Gx@ibi.....anb)) = Y ke(ar.....an) $g-1,(b1.....by).  (8)

o€le, ]

It is a fundamental relation for our purpose since we are going to state an equivalent
one for matrices.

3. Definition of matricial cuamulants and basic properties
3.1. Definition

In [8] and [3], when one matricial set X is Gaussian or Wishart, the mixed gen-
eralized moments of X with an independent set B are expressed as a convolution
between the generalized moments of B with some function Cx of X. This fact led
us to give a proposition for matricial cumulants in section 6.2 of [3]. Actually we
will show in section 4 that such a convolution formula still exists whenever X (or
B) has a distribution which is invariant under unitary conjugation and that in addi-
tion it does involve the cumulant function Cx we guessed in [3]. As we will prove
in a forthcoming paper that a similar decomposition of the mixed moments also
occurs for orthogonally invariant matrices but requires another cumulant function,
we refer Cx as the U-cumulant function in the present definition.

Denote by x* the classical convolution operation on the space of complex functions
onS,,

g =Y flo)gl'my= " flap "g(p), ©)

oeS, peS,
and by e the identity of S,,. Recall that the x-unitary element is

5 :n_>{l if m=e
€ 0 else

thatis f 38, = 8. % f = f forall f. The inverse function of f for %, if there exists,
is denoted by £~ and satisfies f * f~V = fD « f = §,. In particular the
function 7w +— x?0) is x-invertible forn — 1 < |x| (see [8]). Moreover, since Vn 1S
central (that is, constant on the conjugacy classes), x*» and thus (x¥*)—! commute
with any function f defined on S,,.

We can now give the following
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Definition 3.1. Forn < N, for any n-tuple X = (X1, ..., X)) of random N x N
complex matrices, the n-th U-cumulant function Cx : S, — C,m — Cx(w) is
defined by the relation

Cx := E(r (X)) * (NV)D,
The U-cumulants of X are the Cx () for single cycles w of S,.
For example, if try = %Tr,

Cx((1)) = E@ry(X))
NE{Tr(X\)Tr(X»2)} - E{Tr(X; X
Cix.x)((D(Q2) = {Tr(X)Tr(X2)} {Tr(X1X2)}

N(N2-1)
—E{Tr(X|)Tr(X NE{Tr(X;X
Coxyxay (12)) = XD r}s(lzvz}jl) (Tr(Xi X))

For simplicity since we only will consider U-cumulant functions or U-cumulants
in this paper, we will omit the U-feature up to now on. Moreover when X| = - -- =
X, = X we will also use the notation Cx for C(x,.. x).

The following will be devoted to show that some classical properties of the free
cumulants are already satisfied by our cumulants of matrices.

3.2. Basic properties and examples

We begin with elementary remarks. First of all, note that the moments of X with
order n can be found from the cumulant function by the inverse formula:

E(r (X)) = E(r(Iy)) * Cx,

since E(r(Iy)) = N7Y». This equality is to be related to the relation between
moments and free cumulants of noncommutative variables (see [17]).

Now, for each 7 in S,, (X1,...,X,) = C(x,,...x,) () is obviously n-linear.
Moreover it is clear that for any unitary matrix U,

Cwxu,...uxx,0) (@) = Cxy,... . x,) ().

Let us also mention the action of the conjugacy in S, on Cx. It will be of great
practical interest in the presentation of our future results. The proof of the lemma
is easy and left to the reader.

Lemma3.1. [. Foranymw and o in S,
C(Xg(l),.‘. ,Xg(,,))(n) = C(Xl,... ’Xn)(O'T[O'_l).
2. Cx(m) depends only of the conjugacy class of 7.

Thus the cumulants Cx () of a matrix X for single cycles & of S, are all equal
so that we will denote by C, (X) this common value. We will call it cumulant
of order n of the matrix X. In particular, C1(X) = E(tryX) and C2(X) =
vt [Elern (X)) = E{ery X)?].
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Proposition 3.1. Foranyk <n < N, any w in S, then

CXy,o Xis Iy, 1) ()
{C(Xl,.“,xk)(p) ifr=@m)---(k+1)p forsome p € S,
0

else.

Proof. We prove this proposition by inductiononn — k > 1.
Let us prove the result for n — k = 1. For 7 in S, let us define 7 in S,,—; by,

o ift(n)=n,7= 1, -1y
o if7(n) #n, %) = 7(0) fori # ' (n) and 7 (x ' () = 7 ().

Roughly speaking, you get 7 from 7 by just “taking off” n. Note that

E(rﬂ(le AR Xﬂ—lv IN)) - ]E(rﬁ(Xla LI ] Xn—l)) ifﬂ(n) #n,
= NE (r; (X1, ..., Xp1)) if7(n) =n.

Hence, equivalently,

-1
Z Cixy,... ,Xn_l)]N)(o')NVn(U )

oceS,

= Y Cxpo xn@NTD i (n) £,
pESnfl

= Y Cxto xp(@N i () = .
,OESn_l

v

Now, letpinS,_jando = (n)p € S,.Noting that, for any inS,, p~ % =0-1x,
we readily get that

Yo' m) = yuo1(p~'%) if (n) #n,
=y 1(p )+ 1 ifw(n) =n.

Denote now by 4, the subset of permutations of S, of the form (n)p, p € S,—1.
For any 0 = (n)p in A,, & = p. Therefore, if 7 is in S,,

_1 — . —1
Y Clti Xt @NPT T = 5 DA (@) Cix, i (GINTO T

oceS, oceS,

which yields (using that N is x-invertible) that for any o in S,,,

. . C ifo=@m
C(X]wuan—lsIN)(O')Z,UA”(U)C<X];~“’Xn—I)(U):{O(Xl .... Xn—l)(lo) else ( )IO

It proves the first inductive step.
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Let! > 2. Letus suppose that the result is true forn —k = [ — 1. Using the induction
hypothesis and then the first step, we successively get, for any o in S,

CX,...,X N (T)lfaz(n)(k+2)f
C(Xl,.‘.,Xk,IN,_,,,[N)(o') = {O( 1 kIN) e
1o else
and the proof is complete. 0

Proposition 3.1 together with Lemma 3.1 lead to
Corollary 3.1. Let V ={i €{l,... ,n}, X; # Iy} ={i1 <--- < i}. Then

X (0) if mye =eand my = p

Cx;
_ i e
Cxy.....x,)() {0 else.

Examples (see [3], [8], [4]).

1. X = Ay, E(r(X)) = A"N", Cx = A"3,
Ci(X) = A, Ci(X)=0 forn>2.

2. X is the matrix of an orthogonal projection on a p-dimensional subspace; then
E(r(X)) = p¥, Cx = p¥ % (N7)=D.
3. Xis N(O, JZINz)-distributed; then with n = 2k,
Cx = o * 1Py, C2(X) =02, Cu(X) =0forn #2

where Py denotes the subgroup of the permutations of Sy; such that their
decomposition in disjoint cycles only contains pairs.

4. X is Wishart W(N, p, X)-distributed; then
E(r (X)) = p" «E(r (%)), Cx = p" * c(2).
In particular for ¥ = ol N2>
E(r (X)) = o p'» %« N, Cx = o2 p¥n, Cp(X) = 0" p.
5. X is Wishart W(N, p, ¥)-distributed with p > N; then

E(r(X~") = (=D 7 [(p — N)" ]V« E@r(2")),
Cy-1 = (=) "[(p — N)"1D % Cyy

In particular for ¥ = 0'21N2,
E(r(X~ 1))—< i [(p = Ny =D s N,

)" ¥Yn

Cx-1 = =pm—L(p = Ny D,
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6. X is Beta(p, p + g)-distributed; then
E (X)) = [(p+ @)1V % pr « N7, Cx = [(p + )] x p¥r.
In subsection 4.3, we will also give the cumulants of a Haar matrix.

Note that for some of these examples, the C,, obviously linearize the convolution.
Nevertheless, one can check that

Cr(X1 + X2) — C2(X1) — Ca(X2)

E{Tr(X1X2)} — E{Tr(X)Tr(X2)}

T2(N2-1) 2N(N2 —1)
is not null for some diagonal matrices for example. Actually, Corollary 3.1 together
with a relation convolution of type (15) below (when it exists!) will actually lead
to the linearizing property of the C,, (see section 5). Since we are able to show the
existence of such a convolution relation for models having distribution invariant
under unitary conjugation, we can deduce that the C,, do linearize the convolution
on such models.

4. Models with distribution invariant under unitary conjugation

The results of this section are based on the integration formula on the unitary group
U(N). We first apply it to the computation of the mixed moments for a model having
distribution invariant under unitary conjugation together with any independent set
of matrices. We also do use of it to get the cumulants of a random unitary matrix
following the Haar measure on U(N).

4.1. Integration on the unitary group

In [21], [1] and more recently [4] or [6], the authors give the following formula for
integration with respect to the Haar measure on U(N) whenn < N:

Proposition 4.1. Let n and n’ be positive integer numbers and leti = (iy, . .. , iy),
=G, ....00),0=0t ..o s ) d = (is-.. . J)) be tuples of positive inte-
gersin{l,...N}. Then,

ifn #n/,

/ Uiljl T Uinjn Ul;]; e Ui'/l/j',l/ dU = 0’

and ifn =n’,

/ Uij - Ui Uit jr - Uiy jr dU
U(N)
= Y Y s R U -1
=Y Bisit - Sinit o Bty - Sty WU (@O (10)
0,7€S,
where WgU denotes the Weingarten function on S,,.

We refer the reader to [6] for the definition and the properties of Wg¥'.
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4.2. Application to mixed moments

Let X = (Xyq,..., Xy) be a n-tuple of N x N complex matrices such that, for
any unitary matrix U, (UXU*, ..., UX,U*) has the same joint distribution as
(X1,...,Xn). LetB = (By, ..., By) be N x N matrices which are independent
with X. We first compute E (r.(B1 X1, . .. , B, X;;)) using (10) and then turn to the
general case.

We have for any independent N x N matrix U whose distribution is the Haar
measure on the unitary group U(N):

E (ﬁ Tr(Bl'Xi)> =E (ﬁ Tr(BiUXiU*)>

i=1 i=1

= Z ]E((Bl)iiilUiljl X0, 1 Uir g (Bu)igi, Uiy (Xn) Ui,’.j,é)
i,j,i/,j/

Now, one can deduce from formula (10) that

E(HTr(BiX,-)> = > wgl(re™)

i=1 0,7€S,

X ZSili;(l) By BB e (Badigi,)
iy

x Zajljr/(l) e 8].11].;(”) E((Xl)ﬂ]]/ e (X”)/nJr/l)
3y

> WY (to T HE (o B) E (r,-1(X))

0,7€S,

Y EGe®B) | D E X)W o

oeS, €S,

the last equality coming from the previous one in exchanging t by its inverse.
Introduce for any permutation 7:

Cx(m) =Y E(r:(X) Wg!(r ') = (E (r(X)) * Wg"} ()
eS8,

We get:
E(re(BiX1, ..., BaXy) =E (l_[ Tr(BiXi)) ={E(rB)) x Cx}(e) (11)
i=1

Remark 1. Since WgU is a central function (see [6]), any function f on S, com-
mutes with Wg¥, so that Cx = Wg? % E (r(X)) and

E(re(BiX1,..., ByXy) =E(r(B) x Wg! +E (X)) (¢) = Cp x E (r(X)) (e)
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Let us now consider the generalized moments with any 7 in S,,. We need some pre-
liminary results. Let us introduce the following basis { E; »}1<q,p<n Of the C-space
of N x N complex matrices, defined by

(Ea,p)ij = 8a.b),,j) = 8a,i0b,j-
It has the property that Tr(Y E,; ) = Ypq.

Lemma 4.1. For all permutations o, 7w in Sy,

e (Ea,,(l),bl y ey Eaﬁ(n),h,,) =TIno (Eal,bl PR Ean,bn) (12)
The proof is let to the reader.
Now for any permutation 7 of S, let us compute E (v (B1 X1, ..., B, X,)). Con-

sider first the case where the B; are some Eg; p,:

E (rz(Eaj.y X1, -+ Eay,Xn)) = E (]‘[(X»b,.,a,,m)
i
= ]E (re(Ea,,(l),blxla sty Eaﬂ(n),bn Xn))
(11) b
= Z E (ro.—l (Ean'(l)*bl PEICIC Eaﬂ(,,),b,L))CX(U)
€S,
(12) =
= Y E(rro-1(Eaybys - » Ea,,)) Cx(0)
oeS,
= {E(r(Eaybys -+ » Eapp,)) * Cx) ()
By n-linearity and using Remark 1, we deduce that :

E (rr(B1X1, ... . BsXy)) = {(E((B)) * Cx} () = {Cp * E(-(X)}(r) (13)
Now, for X; = --- = X,, = Iy, whi~ch is invariant under unitary conjugations,
and for any B, we get E (r; (B)) = {Cp * N""}(7) so thatif n < N, N"" being
s-invertible, Cg = Cg. Taking now By = --- = B, = Iy, we finally get that

wg¥ = WD = & (In)) P (14)

Hence we have proved the following

Theorem 4.1. Let X and B be two independent sets of N x N random complex
matrices such that the distribution of X is invariant under unitary conjugations.

Then foranyn < N, X = (X1,...,X,) an-tuplein X and B = (B, ..., By)in
B, we have:
E(rz(B1 X1, ..., By X)) = {E(r(B)) * Cx}(r) = {Cp * E(r (X)) }()

From Theorem 4.1, we can readily get the following convolution relation which
has to be related to Theorem 1.4 in [17].

Corollary 4.1. With the hypothesis of Theorem 4.1

Cx,By,...X,B,) = Cx * Cg. (15)
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4.3. Cumulants of a n-tuple from a Haar matrix and its inverse

Proposition 4.2. Let U be a Haar-distributed unitary random matrix.

Fore = (e1,...,6p) € {1, =1} letbe V; :={i e {1,...,n};6 =1}, V] =
{ie{l,....n} e =—1}, T, :=1{& € S5;E(Vp) = V7 E(V;,) = Vi) (note that
T, is empty for odd n). Then

C(Uel ,,,,, U"?”)(S) = ﬂ’fs(é)(NVn/Z)(—l)(sﬁvg)

Proof. For any  in S,

E (rz(Ea; 5, U, ..., Eq,5,U™) =E (H(U*’"")bi,am)> )
i

According to Proposition 4.1, the last quantity vanishes whenever cardV, #
cardV; (therefore in particular when n is odd). Now, for any 7 in S5,

—1 -1
E <r,,(Ea1,;,1 U, ..., Eay U Eayoroyin U™ s o s Eagy U ))
P p
=E H Ub: az) 1_[ Udn(jsp)bjsp
i=1 j=1
14

_ Ugn —1
= Z l—[ 8b (o i1+ p) Oty beciy 1 p W8 (TO)
(0,1)eS, xS, i=1

where we used (10). Let us denote 7, 1,—1,..,—1) by 7. There is a one-to-one
correspondance between 7 and S, x S, defined by: (0, 7) € Sp, xS) = £ € Sy,

Vie{l,...,p} &G =rt()+p,

Vie{p+1,...,2p} &G@)=0"'G—p).

Hence,
E (rn’ (Ea1,b1 U’ cee Eap,pr’ Ellp+1,bp+| U_l’ MR} EuZpstpU_1)>
2p
- Z 17) Hsbi’arr%‘_l(i) WgU(E\Z{L-».,p})
EESZV i=1
= Y ATErge1 Eayy- -+ Eayyy) )WY ET1 . p))-

EESZP
Thus, C(U’_“,U,_“,U’l,...,Ufl)(f;:) = ﬂT(s)(NyP)(*])(g‘z{l,..-,[7})'

Now, let & = (&1, ..., &2p) bein {1, —1}2” such that cardV,; = cardV;. Then,

Ve={i1 <---<ip} and V. ={j; <--- < j,}.
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Let us define ¥, € Sy, by VI € {1,...,p} () =i, Ye(+n) = ji. By
Lemma 3.1,

vy & =Cuu. vt oW EVe)
= 1T, EY N VW E e )
=1TE W)V ER,).

C(U81

,,,,,

5. Linearizing property of C, on models having distribution invariant
under unitary conjugation

We establish here the essential properties which lead us to adopt the name of cum-
ulants. These properties are well-known for free cumulants (see [17] for instance).

Proposition 5.1. Ler X1, ..., X,, be m independent matrices such that each X;
has a distribution invariant under unitary conjugation. Letky, . .., k, bein{l, ...,
m}". Foreachiin {1, ... ,m} define

Vi={jell,... ,n} kj =i}.
Let w bein Sy. If for everyi in{l, ... ,m}, w(V;) = V; then

m
Cxyy o X (@) = [ [ Cx: Grv).
i=1

Else,

Cixpyoo X () = 0.
Proof. Note that
Cixpyoo Xi) (1) = C(Ay, By, ..., Ay Biy) (T)
where, if k; =1, Ay, = Xy, By, =T andifk; € {2,... ,m}, Ay, =1, By, = Xy;.
Hence, we have from (15):
Cixpy oo Xi) (1) = Cia . A * CBy ... By, ()
= Z Ctsy o i) @)C By, .. By (07 ).
oeS,
Set Vi ={ij <--- <iy}.As Ay, = I forany i in V{ and By, = I forany i in V1,
according to corollary 3.1, we can conclude that, if 7 (V) = Vi, then
Cixpyoo X () = Cx, (), )C(inl ,...,xkik)(ﬂwf)
and otherwise C(Xk| e Xy () = 0.
Now, the result readily follows by an inductive argument on . O

Corollary 5.1. Let X1 and X, be two independent matrices such that X1 has a
distribution invariant under unitary conjugation. Foranyn < N,

Ca (X1 + X2) = Cu(X) + Cu(X2).
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6. Asymptotic behavior

For any n-tuple X = (X1, ..., X,) of N x N matrices, we call normalized gen-

eralized moments with order n of X the quantities ]E(r,(,N)(X)) where 7 is in S,

and
FV(X) = — (X x)= [] Lo []x
T '_Nyn(ﬂ’)ﬂ 1yeeer An) = N Jj
CeC(n) jeC
We have the following equivalence.
Proposition 6.1. When N goes to infinity, the normalized cumulants
(€)™ () i= N"D Cx ()

tend towards the free cumulants k; (X) of noncommutative random variables x =
(N)

(x1, ..., Xxn) if and only if the normalized generalized moments E(ry ' (X)) con-
verge towards the generalized moments ¢ (x1, ..., Xxy) = 1_[ d)(l_[ Xi) of X.
CeC(r) ieC

In [3], a set & is said to satisty condition (C) if this property is valid for any tuple X
in X'. This equivalence has been proved in lemma 6.4 therein for Hermitian matrices
but still holds for any set of complex matrices. Indeed, the proof is only based on
the following facts: the *-convolution relation E(r, (X)) = Cx * N () (7) on the

whole group S, with the suitable normalization W becomes the x-convolution
relation ¢ (x) = k(x)x1S,, = Z k(x) existing between moments and free cum-
o€le,m]

ulants of x; conversely Cx = E(r (X)) * (N")~1 becomes k(x) = ¢ (X) * iun (e, .),
after normalization by N%(¢-) using the asymptotic result:

2n

(N V() = py(e, ) + O (i) (16)
NYn () e NZ)'

Equation (16) has been independently proved in [4].
Likewise under the hypothesis of Theorem 4.1 together with condition (C) for X
and B, the mixed moments

1
EC (X1 Br, . XnBa)) = ~os Ox + B (B) ()

converge towards the x-convolution

k(x) * ¢ (b) () = ¢ (x1b1, ..., Xpby)

giving the mixed moments of two free sets of noncommutative variables. Thus, we
get the asymptotic freeness of A’ and 3 already stated in Proposition 6.5 [3].

We now explain how one can get global fluctuations by using our matricial cum-
ulants. The variance of two traces can easily be expressed in terms of cumulants.
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Letben =ny+ny,my =({,...,n1), 71 = m+1,...,n). Set St (respec-
tively S?) the symmetric groupon {1, ... ,ny} (resp.on {ny + 1, ..., n}). For any
n-tuple A = (Ay, ..., Ap) of N x N complex matrices, write A1 = (A1, ..., Ay,),
Ay = (Ap, 41, ..., Ap). Then,

ko (Tr(A1---An), Tr(Ap 41 Ap) 7= E(rz,(A)) — E(rz, (A1)E(rz, (A2))

-1 _—1
= ) (Ca(@102) = Ca,(01)Ca,y(02)) NP1 02 )
(01,02)eS! xS2

+ Z CA(U)NVn(Gflﬂlﬂz)_
0eS,\(Sx82)

Let a be some n-tuple of noncommutative random variables, a1 = (ai, ..., dy;)
and a3 = (@p 41, ..., ay). Then if for any (07, 02) € S! x S?,
Uoy.00 (@) 1
NUCA Cp(0102) = Cay (01)Cay (02)) = =55 +o(35). (17)

and for any o in S,
lim (CA)M(0) =k, (a),
N—400
it follows that

lim ko (Tr(Ay---An,), Tr(An 11~ Ay))

N—+o00
=) doa@+ Y k(). (18)

o102€le,mim2] oeSn\ (S x82)
d(e,mm) +2=d(e,0) +d(o, T 7))

Note that (17) implies condition (C,) in [3] and therefore the almost surely conver-
gence of A towards a. Note also that (18) is a new formulation of (43) in [15]. In
particular, when A is a complex Wishart or Gaussian matrix, &4, 4, (@) = O for any
(o1, 02) and we recover Theorem 7.5 in [14] concerning the Wishart case. When A
is unitary, we can similarly get Theorem 3.6 in [16].

7. Further properties

We first point out the analogues in our matricial context of the results of A. Nica
and R. Speicher in [17]. In that paper the authors present some applications of their
Theorem 1.4. Two of these concern conjugation with a circular element which is
free from the family. Let us state their analogues in our matricial context.

The following result has to be related to Application 1.6 in [17].

Proposition 7.1. Let G be a Gaussian random matrix with independent entries
with mean zero and variance o2. For any integern < N and for any (Bi, ..., B,)
random matrices independent with G*G,

C(GB,G....GB,G*) = E(r(0°By, ..., 0% By)).
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Proof. The matrix G*G isa W(N, N, o21) Wishart matrix and therefore Cg+g =
02" N"» . Thus we can deduce from corollary 4.1 that:

,,,,,

=EF(0?By,...,0°By)).
O

As to the result that this conjugation “converts orthogonality to freeness” (see
Corollary 1.8 in [17]), it admits the following matricial interpretation:

Corollary 7.1. If (By, ..., B,) are taken among Ay, ... , Ay which are indepen-
dent with G*G and such that A;A; = 0 fori # j, then C,(GB1G*, ..., GB,G%)
= 0 whenever there exists i and j such that B; # B;.

In [17], the authors presented Application 1.11 which dealt with the compres-
sion of a family of random variables by a projection which is free with the family.
Here is its matricial formulation.

Proposition 7.2. Let M(N) denote the space of N x N complex matrices. Let be
p < N. Define the contraction

W(N, p): M(N) = M(p), X = (Xij)ijell,...p}-

Then if the distribution of X = (X1, ... , X,) is invariant under unitary conjuga-
tions, we have:

Cw N, p) (X1, WIN,p) (X)) = CXs

») _N
(C”)(\D(N,p)(xl),...,\IJ(N,p>(Xn)) - p (C")(%Xl,...,§xn)'

Proof. Let P, be the matrix < 1(‘)” 8) The result follows from

EF@(WWN, p)(X1), ..., YN, p)X) = E@¢(PpX1, ..., PyXy)
=Cx *xE@(Pp, ..., Py)) =Cx*p".
O

We now mention the straightforward action on the cumulants of an expansion
of the space.

Proposition 7.3. Let p < N. Define the expansion ®(p, N) by
X, 0

Then

Cyy = Cx, * p" % (N")D.
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Finally we readily get the combined action of a random projection invariant
under unitary conjugation with a contraction of the space.

Proposition 7.4. Let p, g and N satisfy N < p + q and let P,S” 9 e the random
projection of M(p + q) of rank p,

+ -1
P = Uy (p. U, L,

where Uy is a (p + q) X (p + q) Haar-distributed unitary matrix and

o =(10)-

Then if the distribution of X p is invariant under unitary conjugations and if
Zn = W(p+q, N)(PYTVX iy P,
we have:
Czy = Cxppy ¥ P 5 [(p + @)1V,

Note thatfor X = I 4, wegetCz, = p” x[(p +¢)" 1D, which is the cumulant
function of a Beta matrix Beta(p, g) (see Example 6 above). This last result agrees
with [5].

The situation for orthogonally invariant matrices is much more complicated as
one can see it through the computation of mixed generalized moments involving
a real Wishart matrix in [9]. In a forthcoming paper, we will show that under the
hypothesis of invariance under orthogonal conjugations of the distribution of one
of the two concerned matricial models X and B, the mixed moments can still be
expressed by a convolution relation. This one relies on the integration formula on
the orthogonal group stated in [6]. Note that S,, must be replaced there by Sy,,. We
will be led in consequence to introduce another cumulant function C)? .
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