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Abstract. We compute the limiting eigenvalue statistics at the edge of the spectrum of large
Hermitian random matrices perturbed by the addition of small rank deterministic matrices.
We consider random Hermitian matrices with independent Gaussian entries M;;, i < j with
various expectations. We prove that the largest eigenvalue of such random matrices exhibits,
in the large N limit, various limiting distributions depending on both the eigenvalues of

the matrix (IEM,-_,-)I. j—; and its rank. This rank is also allowed to increase with N in some
restricted way.

1. Introduction and results

The aim of this paper is to investigate how a small rank perturbation of a stan-
dard N x N random matrix can affect significatively the limiting properties of the
spectrum, as the size N of the matrix goes to infinity. The statistics of extreme
eigenvalues is here of interest. Note that it is not clear what is meant by “a small
rank perturbation of a random matrix” and we shall define it formally in the sequel.
Actually, a first study of eigenvalue statistics for such perturbed random matrices
has been achieved in [1]. Therein the authors consider non homogeneous Wishart
random matrices Ry = 1/N X X*, where X isa p x N random matrix with indepen-
dent complex Gaussian entries with a spiked covariance matrix . That is, ¥ — Id
(Id is the identity matrix) is a fixed rank (independent of N) diagonal matrix, while
both p and N go to infinity.

In this paper, we consider Hermitian random matrices. Let u (resp. 1) be a proba-
bility distribution on C (resp. R). A N x N random Hermitian matrix M (i, u’) is
then a Hermitian matrix with entries being mutually independent random variables
of distribution u (resp u’) strictly above the diagonal (resp. on the diagonal). Define

1
then My(u, ') = —M(u, /). Let also A; > Ay > --- > Ay be the ordered

VN

1
eigenvalues of My and uy = — Z,N: 1 62, its spectral measure. A famous result

of Wigner ([14]) asserts that u admits a non-random limit as N goes to infinity.

Proposition 1.1. [14] Assume that [xdu(x) = [xdu'(x) = 0, and that
[1xPPdpx) = o2, [|x|?dp/(x) < oco. Then, almost surely, Nlim UN = Pos
—00
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where py is the semi-circular law with parameter o2, defined by the density with
respect to Lebesgue measure

2 2_ 2
P (X) = —5V40° — x71[_26,251(X). ey
o

Let A* = 20 be the top edge of the support of g, . It is then a fundamental
result of [6] that, for the archetypical of Hermitian ensemble, the so-called GUE,
Nlim Al =A%

—00

Definition 1.1. The N x N GUE with parameter o> is the distribution of a N x N
random matrix M (ju, 1), if p (resp. |1’ ) is the centered complex (resp. real) Gauss-
ian distribution of variance o

The result obtained in [6] has later been precised in [13]. Consider the Airy function

1 o0el /6 1
defined by Ai(u) = — / exp {iua + §a3}da, and define the Airy kernel

27 J soeisn/6

Ai(u,v) = f Ai(y + w)Ai(y + v)dy. 2)
0

Definition 1.2. The Tracy-Widom distribution is defined by the distribution func-

tion FZTW(x) = det(I — Ay), where Ay is the trace class operator acting on

L2 (x, 00) with kernel Ai(u, v).

Proposition 1.2. [13] Let A be the largest eigenvalue of Vy = \/Lﬁ V, where V is

drawn from the GUE withparameteraz. Then, Nlim P (0_1N2/3 ()q — k*) < x)
—>00

= FI" ).

Remark 1.1. Ttis shown in [12] that the above result actually holds for a wide class
of random matrices My (11, 1) with centered distributions ., .

The scope of this paper is to define a suitable “small” rank perturbation of a random
matrix Vy drawn from the GUE, so that the largest eigenvalue separates from “the
bulk”, [—A*, A*], and study in this case, how it interacts with the “bulk” of eigen-
values in [—A*, A*]. Due to the rotational invariance of the Gaussian distribution,
it is enough to consider diagonal perturbations.

1.1. The model

The model studied here is known in random matrix litterature as the deformed
Wigner ensemble. The first study of such an ensemble goes back to [3] and [9].

Definition 1.3. Given k € N, r € N and ordered real numbers m; > 1y > -+ >
7r41, a deformed Wigner matrix is a N X N random matrix My = Wy + \/Lﬁ 1%
where V is of the N x N GUE with parameter 1 and Wy is the diagonal matrix
Wy = diag (w1, ..., 71,72, ..., Tr+1,0,...,0), with rank k + r, and where
the largest eigenvalue w1 has multiplicity k.
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Remark 1.2. We assume that7; = 0,Vi >2ifr =0.Then;,i =1,...,r +1
can be negative but lie in a compact set independent of N.

In this paper, we consider matrices Wy with rank k& + » such that

k
lim ~ 7 o, 3)
N—oo N
In particular, k£ and r may depend on N . Noting A; > Ay > --- > Ay the

ordered eigenvalues of My and py its spectral measure, condition (3) ensures
that Nlim UN = p1, where py is the semi-circle law defined in (1), with parameter
— 00

o =1.
1.2. Results

First, we fix the rank of Wy independently of N and identify the critical scale
my = mrf for which A; separates from the bulk. Results in this part are similar to
those in [1]. Then, and this is the main result of the paper, we study the limiting
properties of largest eigenvalues when the rank of Wy is allowed to increase with
N, focusing on the case where A is separated from the bulk.

1.2.1. A fixed rank perturbation

We consider matrices Wy with fixed rank k 4 r, independent of N.
Assumption 1.1. Wy = diag(my, ... ,m, 72, ..., 7, 0,...,0), withmy of mul-
tiplicity k, such that

e k and r are given integers independent of N,

e 71 is a given real number independent of N,
o m,i =2,...,r+ 1lieina compact set of (—oo, m1) independent of N.

Before stating the results, we need a few definitions.
Given an integer m > 1, and a contour C going from 00e17/6 to c0e! /0 with
0 lying above C, we set

1 1
1™ (v) = —/ exp {iua + —a3i}(—ia)m—1da,
27 Je 3

s () = ! /exp{lua+ 1a i} )
2

3G )’"
Given x € R, let also A, be the operator acting on L?(x, 00) with kernel Ai(«, v)
defined in (2), and <, > denote the standard scalar product of operators on
L2(x, 00).

Definition 1.4. Given an integer k > 0, F kT+“2/ is the distribution function defined
by

FLY (x) = det(1 — Ay) det (am,,,— < stm 1 >> , x eR. (5)
1<m,n<k

l_x

Remark 1.3. F +2 was proved to be distribution function in [1].



130 S. Péché

The first theorem gives a necessary condition to have lim Ay = A* = 2. Still,
N—o0

we prove that the limiting distribution of A; depends on both the value and the
multiplicity of ;.

Theorem 1.1. Assume Assumption 1.1 holds.
o If 7 <1, then, lim P (N2/3 (o —2) < x) = FI'V (x).
N—o00
o Ifmy =1, then, lim P (N2/3 (h—2) < x) = FIW (x).
N—o0

In the next theorem, we prove that, as soon as w1 > 1, with probability one, the
largest eigenvalue A exits the support of the semi-circular law.

Definition 1.5. Given k > 0, define the probability distribution

GUEaZ(x) Zk/ / —“j|21_[eXP{— }dul -~ dug,

OO]<z<]<k

2
u
where Zy, is the normalizing constant Zj, = - 1_[ —uj 12 H exp {— ﬁ
I<i<j<k =1

duy ---duy.
Remark 1.4. 1t can be shown (see e.g. [10], Chapter 5) that F(/‘;UE 2 18 the prob-
ability distribution of the largest eigenvalue of the k x k GUE with parameter

2
o-.
Theorem 1.2. Assume Assumption 1.1 holds with 7y > 1. Then,

- 2 12 ¢y ok
lim P (0 N2 Gy — Cmy) < x) = Fl o2 @), where

1 2
2 1
Cm)=m+— and o°(m) = 5 . (6)
T my—1
Remark 1.5. This result should be compared with the result of [5]. Therein, the
authors consider Hermitian random matrices My (u, '), where w, p’ are distri-

butions with compact support such that /xdu = /xd/ﬂ =m # 0, / |x|2d,u
Ix|?di/ = o2 + m?>. Then, for C(-) defined as in (6), it is proved that

VN (Al — C(v/N. m)) has asymptotically Gaussian fluctuations A (0, o?). Here,
we obtain that the scale at which A actually separates from the bulk (when wu, '
1

are Gaussian distributions) ism = my = «/_ﬁ

Theorem 1.2 gives the intuition that a “bulk” of k eigenvalues exits the support
of the semi-circular law, provided r; > 1. Furthermore, these k eigenvalues seem
to behave as those of a typical k x k random matrix. We now show that this still
holds if k£ goes to infinity in some restricted way.
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1.2.2. A large rank perturbation

We investigate the case where the rank of Wy is increasing with N. To our knowl-
edge, the kind of perturbation that we now define, is new.
Let ky, ry be given sequences of integers such that
N

k
lim ky = oo, lim — =0, and lim — =0. 7)
N—o0 N—ooco N N—>oo N

We first consider the case where 71 > 1, so that the largest eigenvalue separates
from the bulk.

Assumption 1.2. Wy = diag (my, ..., 71, 72, ... , Try+1, 0, ..., 0), withm; of
multiplicity ky and

o (kn)neN and (ry)nen satisfy (7),

1. m; > 1is given, independent of N,

e i, i =2,...,ry + 1liein a compact set of (—o0, 1), independent of N.

We first deal with local eigenvalue statistics in the “bulk” of the ky largest
eigenvalues and consider the so-called spacing function between nearest neighbor

eigenvalues. Let p = p,2 be the density of the semi-circular law (1) with parameter
o2(my), defined in (6). Define

\/k rN

oN = and N = (8)
v =y
t
Let t; be a sequence such that lim fy = oo, lim N 0.
N—>00 N—oo ky
Definition 1.6. Given |¢| < 20 (), and for u = C(my) + ay sy ﬂN
T
NﬂN
- — Z , the “spacing function”, Sy («, s, A), is the symmetric func-
T — 7Tz+1

tion whtch ifAl < Ay <--- < Ap, equals

Sn(a, s, 1) = 1ﬁ{1< <SN—1; hj—hjy < N8

N\, S, J — =iy < ———,

21y JT = 62k p(a)

UNIN
Aj—ul £ ————
kyp(a)o?

Here « is to be seen as a point in the “bulk” of (1). Then, we obtain the following
result.

Theorem 1.3. Assume Assumption 1.2 holds. Then, Nlim ‘ESN(ot,s,)\)
— 00

— fo H"(w)du

00 (=™ sinw(x; —xi)\m
H(s):Z — /[O’S]mdet(ﬂ(xi——xﬂjll IHdXz

m=0

=0, where
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Remark 1.6. The above theorem states that the archetypical repulsion of eigen-
values of Hermitian random matrices is exhibited amongst the ky largest eigen-
values, in the large N limit.

Remark 1.7. The case w1 < 1 has already been studied in [9] and [11] (Appendix
A), showing a similar repulsion of eigenvalues (up to changes in the rescalings).

We then turn to local eigenvalue statistics at the edge.
Let oy, By be given as in (8), and log be the principal branch of the logarithm.
Set, forw € C\ (—o0, m1],

F,(w) :=w /2—uw+(1—aN ,BN)logw—i-oleog(w—m)

NBN
ty ; log(w — 7 41), ®)
so that
1—a2 — By o2 NﬁN
Fow) =w —u+ —= + _Nm - Z 10
_ 2 NﬂN
Fiw)=1- : azlz\)lz = (W iNm)2 B % ; m (an
Note that F, does not depend on u. We then define w,, as follows.
w, is the largest solution of the equation Fu”(w) =0. (12)
In particular, it can be shown that w, > . Finally define u,, and ¢, by
Fl (wp) =0, t = “’a;N’” (13)

where F) and w, are respectively given by (10) and (12).

Theorem 1.4. Assume Assumption 1.2 holds and let u, and t, be given by (13).
Then,

2/3
lim P (er (A — up) < x) =F" ).
N—o0 oN

Remark 1.8. The above theorem states that, as long as «y — 0, the suitably scaled
largest eigenvalue of the deformed Wigner ensemble also behaves as the larg-

2/3
est eigenvalue of a ky x ky GUE. The rescaling is such that I,L = N2/3
an
-1/3
Fi) (w,) . 2 )
—5 (14o(1)) and,ifry = NSy =0, u0=C(JT1)+ozNG(7T )—i—O(aN).
1



The largest eigenvalue of small rank perturbations of Hermitian random matrices 133

k
Remark 1.9. The case Nlim WN =« € (0, 1) will be the object of a subsequent
—> 00

paper, and is not examined here. In this context, the limiting statistics of extreme
eigenvalues are determined in [2], when Wy = diag (a,...,a, —a,...,—a),
where numbers of a and —a are both approximately N /2.

The proof of Theorem 1.4 is based on an extension of the method developed
in [1] and may bring some new tools for the study of such deformed models. In
particular, we can also consider the case where 71 < 1.

Then , we obtain the following result.

Assumption 1.3. Wy = diag (71, ... ,m, 72, ..., 7ry+1,0,...,0), withm of
multiplicity ky and

o (kn)nen, and (rn)neN, satisfy (7),
o i, i =2,...,r+ 1liein acompact set of (—oo, m1), independent of N,
o 1 <1 is given, independent of N.

Define F),, as in (10). Let then w, (greater than 1 here) be given as in (12) and u,
as in (13).

Theorem 1.5. Assume Assumption 1.3 holds. Then,

lim P | N?/3 (""—0) M —uy) <x|= FZTW(x).
N—o0 2

Remark 1.10. If 1y < 1 and ry = 0, Theorem 1.5 proves in particular that A;
exhibits the archetypical behavior of the largest eigenvalue of a N x N GUE with
parameter 1, as long as ky << N!/3. Otherwise A; is slightly translated.

Remark 1.11. The proofs of Theorem 1.4 and Theorem 1.5 are very similar and
the second one will only be sketched.

1.3. Sketch of the proof

Basically, the idea is to deduce the large N limit of local eigenvalue statistics of
the deformed Wigner ensemble from the asymptotics of the so-called “m point
correlation functions”, defined as follows.

Let Py be the joint eigenvalue distribution on (RN, B(R")) induced by the
deformed Wigner ensemble. It is known that Py admits a density with respect to
Lebesgue measure. We denote this density g. Then, given an integer m < N, the

m-point correlation function, R%(J, induced by Py is defined by R% X1, ..., Xm)
N! N
= m / glxt, ..., xN) l_[ dx;. We refer to [9], Section 4) for the use
. m immal

of correlation functions in the study of local eigenvalue statistics.

It happens that, for the deformed Wigner ensemble, the computation of the
asymptotics of correlation functions is quite simple. This follows from beautiful
results of [9], [3], [8], [7].
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Proposition 1.3. [9]The m-point correlation function of the deformed Wigner
ensemble is given by R%(xl, e X)) = det(KN(x,-,xj)>
lation kernel K defined by

2 2 N—k—r
Kn(u,v) = N /dz/dweN{"T_”w_7+“Z} v
Qin)? Jr 7, z

m
, with the corre-
ij=1

w — T erw—n' 1
x I1 : , (14)
T ST W2
where I" encircles O and m;,i = 1,... ,r + 1, and is oriented counterclockwise,

andy = A+ iR, with A large enough to ensure that I' Ny = 0, is oriented from
bottom to top.

Remark 1.12. Actually, the integral representation (14) has been established in the
case where Wy has pairwise distinct eigenvalues W;;,i = 1,..., N. Yet, by a
straightforward use of 1’Hopital’s rule, one can see this formula also holds in the
case where W;; = Wy, for some j # k.

Thanks to the above expression (14), the asymptotic expansion of Ky can
be computed through a saddle point analysis. We then deduce the asymptotic
expansion of correlation functions R} (-) and of local eigenvalue statistics. Let
us develop some of the ideas used for computing the limiting distribution of
the largest eigenvalue. By an inclusion-exclusion formula, one can show that
P(A1 <) =det(] — KN)p2(5,00), Where det(/ — Kn)j2( o) 18 the Fredholm
determinant of the trace class operator acting on Lz(s, o0) with kernel K . First,
we prove that the correlation kernel can be written as

Kn(x,y) = / Hy(x +1)Jy(y + t)dt, (15)
0

for some kernels Hy, Jy. Using a saddle point analysis, we then prove that there
exist kernels Hyo, Joo such that

o0

lim [Hy (x + 1) — Hoo(x 4+ u)|>du = 0,

N—oo Jo

oo
lim[ [In(x + 1) — Joo(x + u)|?du = 0,
N—o0 0

for all x in a compact interval. This ensures that lim det(/ — Kn)p2(s 00
N—oo ’

= det(/ — Koo)12(5.00)» Where Koo(x,y) = [¢° Hoo(x + 1)Joo(y + t)dt. This
eventually gives the convergence in distribution of the largest eigenvalue of the
deformed Wigner ensemble.
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2. Proof of Theorem 1.1

In this section, we assume that all the eigenvalues of Wy are smaller than, or equal
to one. We further assume (in this section only) that 71 = 1 and has multiplicity k.
It is assumed that £ = 0 if all the eigenvalues of Wy are strictly smaller than 1. In
all cases, we assume that 1; < 1 —n, fori =2,...,r + 1 where n > 0 is fixed;
k and r are here given integers independent of N.

Let then some € > 0, that will be fixed later, be given and set

X Yy - €
M=2+W,v=2+m, we =1, wczwc-l-m,
N (=)W,
Ky (6, y) = — 55— Ky, v). (16)

Note that the rescaled correlation kernel K 1’V (x, y) defines the same correlation
1
functions as WK ~ (i, v). Define also

r+1

g =[5, weC* and F()=2%/2 —2z+logz, zeC\R_.
im w w

7)

Here we use the principal branch of the logarithm and exp {N log w} stands for w" .
Then, from (14), we readily obtain that K\ (x, y) can be cast to the form (15). Let
I" and y be as in (14).

o
Proposition 2.1. Kj/v(x, y) = —/ Hy(x +t)Jn(y + t)dt, where
0

1/3
Hy(x) = / 1 £ exp (—=NF@)}exp (N (x +1)(z — o)}z,
2 Jr g(2)(z — we)

(18)

N1/3 x 13 ~
In(y) = o gw)(w—w,)* exp {NF(w)}exp =N (y + 1) (w—c) }dw.
’ (19)
Proof. We use the fact that =N - exp{—N1/3t(w —z)}dt. |

w Z 0
We now indicate the idea of the proof, which is very similar to that in [1]. We will
perform a saddle point analysis of the kernels Hy and Jy . The critical points for F
1
satisfy F'(w) = w + — — 2 = 0. Such an equation admits a single critical point,
w

we =1 =mq, and

1
F'(we) =1-— =0, FOw,) =2. (20)
w

c

Intuitively, the leading terms of the asymptotic expansions of (18), (19) are obtained
by performing the corresponding integrals on a neighborhood of width N~1/3 of
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I Voo

IR
/

Fig. 1. Contours 'y, and y,

w,. The steepest descent (resp. ascent ) curve for F' comes to w, with an angle of
4+ /3 (resp 27 /3) with respect to the real axis. Yet, as the integrand has a pole at
we, one needs to deform these path so that I encircles w,. but does not cross y.
Essentially, we will have to show that the ascent and descent contours, deformed in
such a way, still satisfy the saddle point analysis requirements. We now define the
expected limiting kernels. Let I's, be the contour going from coe™27/3 to coe?™/3,
crossing the real axis on the right of the origin, oriented counterclockwise. Let yso
be the contour going from coe /3 to oce’™/3, oriented from bottom to top and
crossing the real axis on the right handside of I'. A plot of these contours is given

on Figure 1.
We then set
exp {—ex} a’ 1
Hoyo(x) = —— exp {xa — —}—da, 21
27 o 3 gk
exp {€ b’
Jao(y) = XA / exp {—yb + —1bkdb. (22)
2m Yoo 3
The end of this section is devoted to the proof of the following result. O

Proposition 2.2. Fixe > 0 andlet Zy = g(w.) exp {NF(w)}N—*/3.
For any fixed y, € R, there exists C > 0, ¢ > 0, an integer N, > 0 such that

Cexp{—cx}

‘ZNHN(x) — Hoo(x)) < B VIVERE foranyx > y,, N> N,. (23)
1 Cexp{—cy}

| IO — dae ()] < TR Joranyy 2 yo, N2 Noo (24)

Remark 2.1. The fact that Proposition 2.2 implies Theorem 1.1 is proved in [1],
Section 3.3. It follows in particular from the fact that J,(y) = it®*tD (y)ele} and
Hoo(x) = is® (x)e! =%}, where t**D, s® are defined in (4).

Remark 2.2. Before beginning the proof of Proposition 2.2, it is convenient to
note that the exponential term F, given in (17), satisfies F(z) = % Thus, we
may only consider the parts of the contours I" or y lying in the upper half plane
{z € C, Im(z) > 0}. Estimates for the remaining contours are obtained by conju-
gation when needed. This is valid for the whole paper.
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—>/

Fig. 2. Contours I" and y

2.1. Estimate for Zy Hy.

This subsection is devoted to the proof of Formula (23). We first define an ascent
curve I" for . We then deduce the asymptotic expansion of Hy.

2.1.1. Contour for the saddle point analysis

In this part, we give an ascent curve for F' and also prove that the third order Taylor
expansion of F (as heuristically explained in the preamble) can be made in some
disk around w,.

Let I' be the contour defined in the following way.

i0

_ €e _ i27/3
l—'o_wc‘i‘m, 0 €[0,27/3],T'1 = w, +te © NI <t<2

T=+3i—t, 0<t<R,T3=i(v3—1t)—R,, 0<t<+/3. (25)

’

Here R, is chosen large enough so that I" encircles all the eigenvalues m;, i =
1,...,r + 1, and will be fixed later. Finally define I' = U?ZOF,- U U?:()F,-, ori-
ented counterclockwise, as on Figure 2 below.

Lemma 2.1. Re(F) increases as z along T'y U Ty and if z* = 'y N Iy,
min Re (F(z)) =Re (F(z*)) .
zelMHUI'3

d .
Proof of Lemma 2.1. For z € TI'y, we have that ERG (F(wc+te2’”/3)> =

122 —+¢ d
( ) >0, for ¢t < 2. Then, along I'p, ERG (F(\/gi—t)) =tr+2+

21— tt+t2 -
———— > 2 + ¢, so that Re(F) achieves its minimum on I'; at z*. Finally
It + /3 + 1|2
we choose R, such that
22 1
Re (F(—R, 4+ it)) = 7" -3 + 2R, — 3 log|R, + it)?
> Re (F(z"), Yl < 3. (26)

This can be achieved if R, is chosen large enough. O
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We now determine some disk around w, where the third order Taylor expansion
of F holds. Let now § be chosen so that

8
0<8<1/2 andmfl/d 27
, FO (w,) 3
Lemma 2.2. In the disk {|z — w.| < 6}, |F(z) — F(w,) — T(z — Wwe)
FOw,) |z — wel? '
- 3! 2 ’

Proof of the Lemma 2.2. This follows from the Taylor expansion

FO® (w F@®
F2) = Fawe) — T (¢ yd| < max @l 8
3! I 4
< |z- wc|3 < M (28)
= 411 — §)* - 6
O

Remark 2.3. The above Lemmas imply in particular that V¢ < §, Re(F (we

+ tezi”/3)> > F(w:) + t3/6, and minRe (F(z)) > F(w.) + 83/6. Here we have
l"//
used that § < 1/2 and (20).

The latter remark suggests that the leading term in the asymptotic expansion of
Hy is given by the integral performed on the disk {|z — w.| < §}. We thus split the
contour ' = I"UT" where I'' = I'N{|z—w.| <d}and """ = '\ I"". Letalso ',
be the image of I under the map z +> N'/3(z —w,) and I'’, = ['so \ ', We split
accordingly the kernels Hy and Heo, which we write Hy (x) = Hj (x) + Hy (x)
and Huo(x) = H (x) + H[ (x), where

1/3 —NF(2)
H (x) _ N / / g{ 2)} e{N1/3x(Z_lD”)}dZ and
N 21 Jr g(2)(z — wok

el—ex}
/
Hool®) = 2 /
r

We now turn to the end of the proof of Formula (23).

S, 1
e{x”_?}—kda.
a

/
oo

2.1.2. The case x is bounded.

Formula (23) follows in this case from the following Lemma.

Lemma 2.3. Let y, > 0 be given. Then, there exists constants C(y,) > 0, N, > 0
such that, for any |x| < y,, and N > N,,

O
12y Hy () — Hao(0)] = <02
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Proof of Lemma 2.3. We consider the contributions of I'” and I'” separately. We
first prove

3

|ZnH" (x)] < exp {—Nf—z}, |H,(x)| < exp{—N&°/6}. (29)

Let then L be the length of I'”, C(R,) = R, + 2, and C,, be a constant such that

1

— < min < C,, 30
Cg_rg,lgl_g (30)
which is well defined since, by Assumption 1.1, ;,i = 2,...,r + 1, liein a
compact interval of (—oo, 1). Then, using Remark 2.3, we have that

lg(we)l )
ZnH ()| < m - ‘exp{NF(wC) — NF(2)}exp{N"3x(z wC)}‘
|dz]
Xz — 28
lg(we)| C 53
= s Lt exp NPy CRo) fexp f—N
83
=P 31

for N large enough. This yields the first part of (29). The second inequality is
straightforward from [1], formula (152), for instance.
We then turn to the contour I'' = I', UT'|, where I') := ', N {lw — w,| <
8} =T, and '} = I'"\ I',. Here we assume that € is chosen so that € < § and thus
I/ =T,. Here we prove that
ZyH\ — H (%) < ¢ (32
|ZnHy (x) o) = N3 )
One has

|Zn Hpy(x) — Hl ()]
N1/3 oNV'PxRe(z—)
=5
I

eN(*F(Z)+F(wc)) M — eiN(ZiwC)}/:; |dZ|

21 Jr (NV3|z — we g(2) a3
We now skip the details (given in [1], page 26).
Then for z € I}, using (28),
|exp (N (F(w) = F(2)) - exp{—NM}\
< max <‘eN(F(wE)F(Z)) , ‘e*N(F?"p D N’F(Z) — F(w) — @

3 4 3
- C
< NC,|lz — wcl4 exp {NRe (M) ¢ ¢

o
< —_— R
6 ) = 1enim P igh
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g( c)

where C, = 1/(1—38)*is well defined since §<1/2. Similarly |

where C, is given by (30) and C’ = max{|g'(s)],s € T, U F } which is well
defined since the r;,i > 2ina compact set of (—oo, 1). Thus, Vz € Fg

w3
‘eXp{N(F(wc) —F(z ))}g( We) exp{—NM}‘
8(2) 3
1
=< <exp{—} + C,C, /2) T (34)

Using now that the length of ') is 2meN ~1/3/3, we obtain from (34) that there
exists C; > 0 such that

1/3 13 — i,
NV f NP xRe(z—) ‘eN(—F(z)-l-F(wc))g(wC) _ o~ NG—w)/3 dz] < SL Ci
21 Jry (N13)z —we )k 8(2) NI/
(35)

Similarly for z € I/, one has that exp {N '/*xRe(z — w.)} < exp{N'/y,1/2+
€y,} and

3
N Ewo-F@n W) N3] 2 (¢, 4 CoCLYNE* + 1) exp {—N%}.

g(2)
(36)

Now (see [1]), we obtain from (36) that there exists some C, > 0 such that, for N
large enough,

xRe(z—w,)

N1/3
27 fp (N13|z — we ¥

1/3
EN

MNEF@HFw) W) NG-we 3| g
8(2)

1/3
< N_(c3+c c, )/ (N1/3 ) (Nt* +1)

Yot N 1/ 3 N3 Cy
XCXp{Ey0+ ) — T < W (37)
Finally, combining (33), (35), and (37), we obtain (32). Using now (29), (32), we
C
then obtain that |Zy Hy (x) — Hoo(x)| < 1\7(1))/03)’ for N large enough. O

2.1.3. The case x positive

Fromula (23) follows in this case from the following Lemma.
Lemma 2.4. Assume x > 0, then there exist C > 0, N, > 0 such that for N > N,,

Cexp{—ex/2}
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Proof of Lemma 2.4. The thing that makes it all here is that the whole contour I’
lies on the half plane Re(z — w.) < 0, where w, has been defined in (16). This
gives that, for large positive x, the kernel Zxy Hy decays exponentially, as we now
explain.

3
For z € T”, one has that Re(z — W) < —ﬁ — 3 yielding from (31) that
SN13x 83
|ZyH" (x)| < exp {—ex - - NE} for N large enough.

N'Y3x  N§3
7~ T}’ for N large

It is also easy to check that |H (x)| < exp{—ex — 3§

enough.

We now consider the part of Zy Hy (resp. H.) corresponding to the integral
performed over I'’ (resp. I', ), along which one has that exp {N 1B3yRe(z — we)} <
exp {—ex/2}. Inserting the latter in (33), and performing the same computations
as for the case where x lies in a compact set, we obtain that

Crexp {—ex/2}

O

Remark 2.4. There are two crucial steps in the above proof. The first one is the
definition of an ascent curve I", which coincides with the steepest ascent curve for
F in an annulus {¢ < |z — w.| < §&}. The second step is to determine a § > 0
such that Lemma 2.2 holds. This second step also ensures that we can find € small
enough so that I encircles w, but remains on the left handside of w.. Once these
two points obtained, one only needs a good enough control of the perturbative term
g along I, so that the end of the proof follows. This remark will be the basis for
the proof of Theorem 1.4.

2.2. Estimate for ﬁJN(y)

This subsection is devoted to the proof of Formula (24). We first define a descent
curve y for F. Then, we obtain the asymptotic expansion of Jy.

2.2.1. Contour for the saddle point analysis

. i0
We now give a descent curve for F. Define yp = w, + 3%, 0<0 <
N3

W[

’

Wl

ST 36 .
Yi=we+te's, — <t =<ty yp=wc+1e'3 +it, t>0.  (38)
N3

Actually, we choose t, > §, where § is given by (27). Finally let y be the contour

y=U_yy U U,'zzo)/i oriented from bottom to top, as on Figure 2.
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Lemma 2.5. Re(F) is decreasing on y1 U y» as Im(w) increases. And 3 C, > 0

= i F C,ot?
such that, if w* = w, + 1,3, Re (F(w* +ir)) < Re (F(w*)) — ——, t = 0.
F i —12Q2+t
Proof of Lemma 2.5. One has _tRe( (we teu‘r/S)) ﬁ

< 0, V¢ > 0. Then, along y», and for C, = C, = 1 — l/|w"‘|2 > 0, one has
d 3
ERG (Fw* +i1) < —Co(t + %_tg). o

Let now § be given as in (27), so that (28) still holds. We split as before the
contour y. Set y' = y N{|lw — w¢| < 8} and y” = y \ y’. Let also y/, be the
image of y’ under the map w > N'/3(w — w,), and . = yoo \ ¥ . Define then
J'=Jn—=Jy = Jy, and J}, = Joo — J}, where

/ _ ﬂ Nk A3 -
In(Qy) = . /g(w)(w we)" exp {NF(w)}exp{—N"""y(w — we)}dw,
1/3

N _ N ok NF _N/3 o
H (y) = o ), g(w)(w — we)" exp {N F(w)}exp { y(w — we)}dw,
2

exp {ey} / b
J! = — —yb + —}b"db.
() o y&eXp{ yb+ 3}
We now prove Formula (24).

2.2.2. The case y in a compact interval

Formula (24) readily follows in this case from the following Lemma.

Lemma 2.6. Lety, > 0 be given. Then, there exists C = C(y,) > 0, N, such that
for any |y| < yo,

1 C
|Z—NJN()’) —JooW| < W,VN > N,.

Proof of Lemma 2.6. Let us first consider the kernel J3, = J{" + JJ'. We now show
that there exists C > 0 such that

3
(39)

—— I ()] < Coxpl{—N2)
Zn NI = p 2

for N large enough. The only difference from the preceding subsection is that "
is not of finite length. We first consider the integral performed on y;.

1/3yk+1
(WL N3y Rew—i50) N Re(F )~ Fwe))

1
|— ()| € ———
Zy? 2rlg(we)l ),

x |w — we ||| g(w)l|dw]. (40)
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Now, using Lemma 2.5, and the fact that Re (F (w*)) < Re (F(w.)) — 83 /6 (which
follows from the fact that 7, > § and Remark 2.3), one has

1/3\k+1
O = S N NN [
= 2rlg(wo)] ",

r+l

(14 1,/2 + A2+ (V3t,/2 + 1)2
x H dt
i V(L +10/22 + (1,3/3/2+ 1)?

where A is chosen such that |7;| < A,i =2,...,r + 1. Now, under Assumption
1.1, A can be chosen independently of N. Thus, for N large enough,

exp . 4
Z 2= 12

The remaining contour y;" = y” \ y» has a finite length L e independent of N.
Define also Cg = maX,,e,r, |g(w)|, which is uniformly bounded. Now, using that,

for N large enough, Re (F(w)) < F(w,) — 83/6 and Re(w — W,) < 1,, Yw € e
we obtain that
(N 1/3)k+1

()|_2|(L)|

83 N§3
| Jl// CgLV{/ CXP{NI/Syoto _NE} < exp{—v},

for N large enough. Combining (41) and (42) yields (39).

Andinserting b = re!™/3, withr > §N'/3, in (22) yields that (see formula (188)
3

Né
in [1]) [JZ ()] < exp {_T}’ for N large enough. Finally, mimicking the proof
of (36), (34), and using the same arguments as for Hy (see Remark 2.4), it is easy

1 C
to show that 3C3(y,) > 0, such that |— Jy (y) — JL, ()| < 3(y,,). i
Zy N1/3
2.2.3. Thecasey > 0
Formula (24) follows in this case from the following Lemma.
Lemma 2.7. There exist C > 0, N, > 0 such that, Yy > 0, and VN > N,,
1 C €y
|Z—NJN()’) —JooW)| = e exp{—;}.
Proof of Lemma 2.7. We only give the mains ideas. One has
ty €
Yw € y2, Re(w — w.) = Re(w™ — ) = 2~ NI
v /) - 8 €
wey, Re(w_wc)iz—m,
v / ~ |w - wCl € € .
Yw € y,, Re(w —w.) > “43)

- 2N1/3
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Note that (43) explains why we choose a circle of ray 3¢ for y,. Here we assume
that € is small enough so that € — §/2 < —e/2. This gives that the whole contour
y lies on the right of w.. We then insert the above estimates in e.g. (40) and copy
the proof of (41). The same is done for the integral performed on y|’. Then, one
readily obtains that, for N large enough,

8 13, 83
|_JN(Y)| =< exp{ey— EN / Nﬁ}’ while

SN'/3 8
Y }

” < N o
Voo < exp {Gy 2 6

Finally, using (43) and mimicking the estimates of the preceding subsection, we

obtain that |—J’ ) — T < 57 exp{—F). O

3. Proof of Theorem 1.2

In this section, we assume that 7y lies in a compact interval of (1, oo) and that
Assumption 1.1 holds. Let now € > 0 be fixed and set

~ € X y
N1=ﬂ1+ﬁ,u=c(ﬂ1)+m, U=C(7T1)+m’ 44)
O—x)
/ exp{ — m]
and let KN(X,y) W <C(7T1)+ \/_ C(ﬂ1)+ f)

the associated rescaled correlation kernel. Define Fe () (w) = w?/2— C(m)(w -
71)+log w, where we use the principal branch of the logarithm (e*V 1028w = *N),

We now bring K v (x, ¥) to the form (15). Let I' and y be contours as in Proposition
1.3.

t
Proposition 3.1. Ky (x, y) = / HN(XJr Yyl - Y dr with

X N 1 X -
HN(;) = 2702 r (z —m)kg) exp {\/ﬁa—z(z B 7T1)]

x exp { =N Fe(r) (2) }dz,
In(5) = f /(w — w0t g(w) exp { VN 25 (w — 7))

X exp{NFc(m)(w)}dw. 45)
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We briefly indicate the idea of the proof of Theorem 1.2. Here, the critical points
to be considered satisfy F, CopyW) =w+1/w—C(my) = 0. They are given by
1 and 1/71 and are non degenerate One can check that

1 1
" =1- —_ . 4
Pl = 1= = = o3 > 0 (46)

We will show that, as I has to encircle the pole 71, the contribution of the sole pole
1 will give the leading term in the asymptotic expansion. In the subsequent, we
note o> = o>(7r1) and define now the expected limiting kernels.

Let Yoo = 2€ + iR (resp. 'oo = €e'? 0 < 0 < 2x,) oriented from bottom to
top (resp. counterclockwise). Set then

2 X
Hoo( 2) ep{ € 2}/ —ep{ > >+ 2a}da,

Joo%) =

2
$ Y
exp{ } N exp{ﬁ—;s}d&
The aim of the rest of this section is to prove the following result.

Proposition 3.2. Assume € > 0 is fixed, and set Zy = g(m)N’k/zexp{NFc(m)
(711)}. For any fixed y, € R, there exists constants C > 0, ¢ > 0, and an integer
N, > 0 such that

Cexp(—c2s)

=) — g ) < T Jorany y =y Nz Now (49

2w ) = Hoo) = S oy x g Wz N )
o o VN

Remark 3.1. The fact that Proposition 3.2 implies Theorem 1.2 follows from the
equality

—exp e _y)}f Hoo( =K(x.y),  (50)

where K (x, y) is the correlation kernel of the k x k GUE with parameter 2.
Formula (50) follows from (14) and a simple change of variables. Another proof
of (50) is given in [1], Section 4.

The proof of Proposition 3.2 will be obtained in the following subsections.

1
3.1. Estimate for —JN( 5)

This subsection is devoted to the proof of formula (48). The details of the proof will
be skipped since the scheme is exactly the same as in the preceding Section. The
key points are the following Lemmas. In the first one, we give the descent curve
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for Fc(x,). In the second one, we determine a disk where the second order Taylor
expansion of F¢(z,) holds.

2¢
Let y1 be the contour y| = 711 + — +it,t € Ry, y =y Uy and set

VN
2¢€

711—711+—

VN’
Lemma 3.1. There exists Co > 0 such that Re (F¢ () (] + it)) < Fo(r) (7)) —
Cot?/2,Vt € R.

d 1
Proof of Lemma 3.1. —Re (F, a7 +it)=—t|1l— —— ) < —C,t
f of o (Fe(r (] + 1)) ( |ni+it|2) <-C,
since n{ > g lies in a compact interval of (1, 0o). O

Let now é be such that
6 <
(1 — 8)3 T 4o2(m)

Lemma 3.2. In the disk {|w — 71| < &}, one has

and § < /2. (51)

o (1)
—C“z) e e

Fe@y(w) — Fo@r) (1) — < T

Proof of Lemma 3.2. 1t is proved as Lemma 2.2. O

As before, we now split the contour into two parts. Let y’ = y N{|lw — ;| < 8}
and y” = y \ y’. Letalso y/, be the image of y "under the map w > /N(w—m1)

y /! "
J -—V=J -—) + J ), wh
OO( 2) oo( 2) oo( 2) ere

VN

Jh(L)=
N(oz) 2702

/ (w—11)*g(w) exp [—ﬁ%(u)—fn)] exp | N Femy) (w) }dw
y/

2
y 1 y y
a0 S ()= g7 P13 / oy Jpsfs

We only give the main steps of the proof. Let y, > 0 be given and assume first
that y lies in the interval [—Y,, ¥,]. Then we show that there exists C > 0, such
that for N large enough,

1 2 2

8 8
4 4
Zo W] = Con=NT L) = Compl-NTg),

1 y y C
— Iy (=) = ()] < —. 53
g IN ) — Tl = (53)
Here we have to take care of the fact that y does not exactly go through the
critical point 1. Consider first y” and let w* = y N {|lw — 71| = §}. From Lemma

3.1,
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t2
Re(F(w* +ir) — F(w")) < —Co7s V1> 0. (54)

Furthermore, as N goes to infinity, w* — | 4 i3, so that, for N large enough, by
Lemma 2.2,

2
Re (Fe ) (w™)) = Re (Feem) (m1)) < —f—z-
Combining (54), (55), and Remark 2.4, we obtain the first inequality in (53), for
N large enough. The second inequality is straightforward. Conversely, Lemma
3.2 and Remark 2.4 give the last inequality in (53), since the perturbative term
lg(w)(w — wc)kl is uniformly bounded along y’. This yields (48) in this case.
Finally, we use the fact that Re(w — 771) > C, Yw € y, for some constant C > 0,
and the same arguments as in the preceding Section, to obtain (48) in the case
y > 0.

(55)

3.2. Estimate for Zy HN(;—z)

This subsection is devoted to the proof of formula (49). We examine Zy H, N(;—z) as
aresidue integral and show that the sole residue at z = 7 gives the leading term in
the asymptotic expansion. We thus split the contour accordingly. Let I'” be a con-
tour that encloses Qand 7r;,i = 2, ..., r+1butnot rq, oriented counterclockwise.
Then we readily obtain the following Proposition.

Proposition 3.3. ZNHN(%) = Hl(;—z) + Hz(%) where

f( ) = _BOe /exp{ﬂj—2<z—m)}
252 C 2ne(WNYKL (2 —m)Rg(2)
x exp {—N(Fc(m)(2) — Fogry) (1)) }dz,

€

Hi x )= P / exp{za}l  g(m)
152 = %7 Jo E gln + %)

a

X exp {—N (FC(m>(7T1 + \/a_ﬁ) - FC(m)(m)> }da. (56)

The proof of Formula (49) is now divided into two facts, in which we exam-
ine separately the two kernels Hy and H. First we show that H; (;—2) behaves as
Hoo( ).

Fact 3.1. Given any fixed y, € R, there exists constants C > 0, ¢ > 0, N, > 0
such that

X x Cexp{—cZ}
|H1(;) - Hoo(?” = T’ Jorany x = yo, N = N,.
Proof of Fact 3.1. We only explain the main changes from [1], since the proof
follows the same steps. For any [ , the derivatives Fg() m)(m), g(l)(m) are all
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bounded, and |g(71)| > O thanks to Assumption 1.1. Thus, by a straightforward
Taylor expansion, we have that

/'-L-—ﬁgﬂl—-ﬂp{—N<F (1 + ——) — F, (nn)}
. @F g0+ %) IRV
X
X exp {O—Za}da
k—1

1 X 1 5 qj(a)
= — —a— — 1 ——— | da, 57
/I:oo " exp{aza 5529 } +;(\/ﬁ)1 a (57)
for some polynomials g, j =1, ...,k — 1 independent of N. Now (57) and (56)
give Fact 3.1. O

We now turn to the asymptotics of the kernel H;.

Fact 3.2. For any fixed y, € R, there exists C > 0, ¢ > 0, N, > 0 such that
‘Hz( )‘ <cexp{—ex — CN}, forany N > Ny, x > y,.

Proof of Fact 3.2. The proof is obtained by a saddle point analysis of the kernel
H,. We define the suitable contour I'”, that depends on some constants 17, R, 6,, x)
that will be fixed later. Set 7* = max(1, 7») and define

7+

F/1I=T+iy, y =,

Fg:%n*—i—in—x, Ofxf%n*—x:,
Fg/z@e”, eogegg,rgzi@—x, 0<x<R
1@=ucm”—n—k,0515CfQ

Set I = U>_ T/ U U5 7. A plot of the contours I' = ' UT” and y is given
on Figure 3 below

Remark 3.2. Here, we make some preliminary restrictions on 1 and R, that will
be fixed in the following Lemma. We assume that 5 is small enough so that the
curve x +in, 1 < x < ”1;” crosses the circle of ray C(”‘) . As C(”‘) > 1, we

will then choose some n < ,/ (@)2 — 1. Given such a n, we call x* = x*() =

@ei% = x, +in this intersection. Moreover, R is chosen large enough to enclose
allthem;,i =2,...,r +1.

The crucial step in the proof of Fact 3.2 is the following Lemma.

Lemma 3.3. There exists 0 < n < ,/(%)2 — 1, R > 0 for which
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Fig. 3. Contours I' and y

e there exists C = C(n) > 0 such that for any z € T'{ UTY, Re(FC(m)(z) —
Fegry(m)) = C > 0.

e Re (Fc(xy)) achieves its minimum on T UTY UTY at x* = x*(n) defined in
Remark 3.2.

Proof of Lemma 3.3. Consider first I'f U I'). The function x Re(FC(m)(x)

1
— Fc(m)(m)) is decreasing on the interval [—, r1]. Thus, for any x € [1, 7*],
T

1
which is a compact interval of (—, 7y),
T
Re (Fe(r) (%) — Fogm) (1)) = Re (Fe) () = Fey) (1)) = C, > 0.

As F é(nl) is uniformly bounded in a compact set away from 0, we can now
C
choose 1 small enough so that Re (Fc(m)(z)) > Fo(q)(m) + 70 Vz=x+1iy,
with x € [1, 7], [y] <n.

d
Now, along I'Y, %Re <FC(711)(

C(my)
2

ei9)> =sin6C(1)?/2(1—cos ) > 0,

iC(m1)
2

d
since® > 6, > 0.Along I'y, forz = iC(m1)/2—x,x > 0, d—Re(FC(m)(
X

_x)> — )+t > 0. Along I'Z, and forz = — R-ir, t < €g1)

|iC(2711) _X|2
R? 21 )
Re (Fe () (2)) = 5 +C@DR — 373 log(|R + it|*). We can then choose R
large enough so that along ', Re (Fe(r;)(2)) = Re (Fegr) (x)) . O

Now, we fix n and R so that Lemma 3.3 holds. Then, one has
Re (Fc(ﬂl)(z) — Fc(ﬂl)(n'l)) >C>0andRe(z —71) >¢€, Vzel”.

Using now the fact that T'” is a fixed (independent of N) length contour along
which |1/g| is uniformly bounded, it is then straightforward to obtain Fact 3.2
from Lemma 3.3. O

Combining Fact 3.2 with Fact 3.1 gives formula (49), which finally proves
Proposition 3.2.
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4. Proof of Theorem 1.3

In the whole Section, we assume that 1 lies in a compact interval of (1, co0). We
further make the simplifying assumption

Wy = diag (7, ... ,7,0,...,0),

k
with 71 of multiplicity ky such that RN 0, ky — oo as N goes to infinity. The

changes to be made in the case where Wy admits eigenvalues between 0 and
(including the case where the number of these eigenvalues is increasing with N)
will be indicated at the end of this section.

Let I" be a contour encircling the poles w1 and 0, oriented counter clockwise
and y = A +if,t € R, such that I' Ny = (. Then the correlation kernel is now
given by

Qin)2

(4 (=)

x| — .

z T —Z w—z

Let us briefly indicate the idea of the proof of Theorem 1.3. Let C(;r1) and 02(711)

be defined by (6) and «ay be defined by (8). The idea is to make a second order

. o
Taylor expansion around 1. If w = 7y + ays, andu = C(71) + —an, for some
o

Ky, v) = —N /dz/ dwe*N(Zz/zf”ZHN(wz/z*w”)
r Y

|a| < 20 (7r1), then the exact exponential term, F),, defined by

F,(w) = w2/2—wu+(l —ajzv)logw—i—a]zvlog(w—m) (58)
2 as

satisfies F,(mi +ans) =Ct(m) +ky | =— — — +1logs + anG(s) |,
202 o2

for some constant term C?(;r1) depending on 7y and a function G that should

S + log s is then the exponential
202 o2
term of the correlation kernel (14) of the GUE with parameter 62 = ¢2(71). Thus,
suitably rescaled, the ky largest eigenvalues of the deformed Wigner ensemble
should exhibit the same fluctuations as the eigenvalues of a ky x ky GUE with
parameter 2. That is what we now show.

Let then p be the density of the semi-circular law with parameter 02 =0%(m)
defined in (1). Let x,, y, be fixed and set

not grow much. The function H(s) =

Com) + anx n Xo
u = C(m —, X =« ;
o? kyp(a)
Ny Yo

=C 4+ ——,y=a+ . 59
v=Clm)+ =5y =at s (59)

For u, v satisfying (59), we here consider the rescaled correlation kernel

/ aN (x =)

Kyx,y) = kNaz—p(a)exp{—NTaNm}KN(u,v). (60)

The aim of the rest of this section is to obtain the following result.
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Proposition 4.1. Assume o = 20 cos b, in (59), (60), with 0 < |6.| < m, and let
tia = o cosb.. Then,

tt i -
Jim_ Ky, ) exp {(yo ~x)Re (;)} Z o —Yo) gy

(X0 — Yo)

Remark 4.1. Theorem 1.3 is then an easy consequence of Proposition 4.1 (see e.g.
[4], Section 6).

Before beginning the proof of Proposition 4.1, it is convenient to make here the
following simplifying assumptions. We assume that N > N,, where N, is such
that

VN > No,Vit| <20 + 1, |1 +ayt| > % oyt — 11> L (62)

4.1. Rewriting the kernel

In this subsection, we first split the kernel into two subkernels, since the idea is
to prove that the asymptotics of K (x, y) is lead by the integral performed on a
neighborhood of ;. Then we obtain an integral representation of these subkernels
suitable for the saddle point analysis.

Let then I'y (resp. I'7) be the circle of ray o (resp. 1) centered at 71 (resp. the
origin). Both contours are oriented counterclockwise. Let F;, be given by (58), and
define the kernels

Kn.1(u,v) = ayexp{—Naym (x _zy)}/ dz/dw
o I

x exp{—NF, (Z)+NF (w)}—

Kna(u,v) =oay exp{—NaNm y)}f fdw
I

xexp{—NF,(z) + NF, (w)}w—_Z (63)

Proposition 4.2. Let K (x, y) be given by (60). Then, K (x, y) = K,’\,’l(x, y) +
Kzlv,z(x’ y), where

1
K, = —————K d
N,l(-xa y) kNUzp((X)(zle)z N,](u7 U) an,
1
K, V)= ——>5————K , V). 64

Asx >~y >~ ain(59), it is not hard to see that the two integrands F,,(w), Fy(w)
have the same critical points lying around 7r1. While this should not cause any trou-
ble for the saddle point analysis of K IIV 5 this prevents that of K 1/v |» because of

the smgularlty

. Thus, we have to remove the singularity of the kernel K, NI

This is the obJect of the following Proposition.
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Set, for s € C such that Re(mr; + anysx) > 0, Vx € [0, 1],
1 2 1
1-— 1
6o =i [ 0w [ a9
o (m1 +ansx) 0 71+ sanx

Proposition 4.3. Assume N > N,, with N, defined in (62), then with the rescalings

(59),
’ _ ky
KN,](-xv y) - (Zin)Z(yo_xo) 1_,/] /};,
2_2 2_2
X exp {kN <% +anG(@) — % — aNG(s)>}
t kv 1— s(Yo — Xo)

<(5) (-enlzm))

S o t—s

where T} is a circle of ray o around the originand y' = A+iR, with A > —20 —1.
Remark 4.2. T'| can now cross y’.

Proof of Proposition 4.3. Assume that y” = A + iR, A > 0 large enough not to
cross a circle of ray o around 1. We first show the formula

k A
KNl(u,v):_—N/ ds[ dt | -
’ Q2im)? r| Y s t—s

12— 2yt s —28x
X exp {1 kn T+05NG(t)—20—2

2

— ozNG(s)> }
(67)

Define F,(z) := z° /2 — uz + log z. Here we choose the principal branch of the
logarithm. We now make the change of variables z = 71 + ays. Then one has that
Fy(my +ans) = Fe@)(m +ays) — (u — C(m1)) (1 + ays). Performing now
a Taylor expansion for the real and imaginary part gives

Flop ()
= = C
Fegpy @@ +ans) = Foe)(m) + L@ 262

2 N
1 2
3 3 (1 —x)
+oays ——dx. 68
N /o (ansx +mp)3 (©8)

Finally, as w1 + ays does not reach R_, because of (62), we can write
k sk k ! 1
oeNN (n—l - = aNNskN exp {—k;v (log(m) + ans /0 —771 rapo— dx) }
Thus we obtain (67) for contours F/l and y” chosen as above (as neither 7 + ay?
nor | + ans reaches R_) .
Finally, we use the same method as in [9] to remove the singularity. In (67),
we make the change of variables s +— s, t > Bt for g real close to one. Thanks
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to Cauchy’s theorem, we can deform back these contours to y and I'. Taking the
derivative at 8 = 1 gives

kY
Ky i1(u,v) = _(2i7t)2 f/ ds /y” dt
1

s2 — 2sx 12 =2ty
xexpihky | ———=—— —anG(s) + ——— tanG({)

202 20
2 —s2  xs—yt , , N\ 1
x (g T a6l — ansG' o)) (= :
o o s t—s
(69)
Now this gives, using (67) and for the rescalings (59),
(% — 2Ky (. y) / /
d(5) (217[)2 oSy
12 =2ty §2 — 2sx
X exp 1 kn ?—l—aNG(t)— 257 —anG(s)
kN / /
t t— tG'(t) — sG
(—) <S S b G At (S)) dsdt. (70)
s o t—s

Solving (70) with an integration by parts, we obtain finally Proposition 4.3 (we can
then move y” to y’). ]

4.2. A study of critical points

In this part, under Assumption 1.2, we show that the exact critical points of the
integrands, in K, v.1 and K, i.2» lie on a curve that is almost the circle of ray o (1)
around 71, pr0v1ded ay tends to 0. Furthermore, we prove that the relevant critical
points for the saddle point analysis are well approximated by those of H, ;2 if

2
t
H,(1) .= 297 ut 4+ logz. 71)

Consider the exact exponential term to be analyzed, F, (w) := w?/2 — uw + (1 —
oz,z\,) log(w) + (x]zv log(w — 71). The equation F)(w) = w —u + (1 — oz,z\,)/w +
oz]z\, /(w — m1) = 0 admits three solutions. One is real, in the interval (0, 1), and
two others wf, that are conjugate. We now study these critical points w]ﬂf,. Itis an
easy fact that any critical point w for F,, with non zero imaginary part satisfies the
equation

1— L 2
[w]? —ON
1 7 (72)
lw—my|? *N

Then the solution of (72) define one or two (depending on ajzv) curves encircling 0
and 7q.
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Consider now a sequence oy such that lim oy = 0. We now show that critical
N—o0

points for F, almost lie on the curve C; = {7 + ayoe? 0 <0 < 2w}, where
o = o (1) in the following.

Lemma 4.1. Let u be given by (59) with @ = 20 cos(6,),0 < |6.| < 7. Then, the
critical points wf, are non real and 3 C (1) > 0 such that wlj\E, =m +an tﬁ with

+ it0| < [xo!
|ty —oe™| < C(mpay + ISR

Proof of Lemma 4.1. Ifu = C(my) + aya/o?, then

F) (71 +ant) = ay (H’2 () + aNG’(t)>
t2 _ 7.[2
= oy | Heo () +oy———, (73)

t

1
with H% NH=—-—=+ - Set now T, = max{20 (71), 47} As 7y lies in a
o o o
compact set of (1, 00), it is not hard to see that, for |¢| < T,, and N large enough
2
-7
so that oy T, < m1/2, there exists C(mr;) > 0 such that ’(2—1)(1)‘ <
7wy (T +ant)
C(m), 0 <! <4. Thus,if now u is now given as in (59),

F/ t
LNt g, 0] < awCom + 22
ay P kyp ()
|F)Gr1 +ant) = Hi (0] < anC(m). (74)

Now, if « = 20 cos 0., with0 < |6.| < 7, H s admits two critical points that are

conjugate, and given by tfa = ¢! Thus using (74), we obtain Lemma 4.1. O
4.3. Estimate for K, |

This subsection is devoted to the proof of the following Proposition. Let K ;v | be
the kernel defined in Proposition 4.2.

Proposition 4.4. Assume o = 20 cos6,, with0Q < |0.| < m, and let tfa = geite,

1t Sin 7T (xp — Vo)
lim K —x)Re [ =)t = ————>.
Nl—r>noo N,l(-xv )’)exp{()’a x()) e<0'2 n(xo—y{,)

Proof of Proposition 4.4. The proof is organized as follows. As the correlation ker-
nel given in Proposition 4.3 is not of the form (15), we analyze the double integral
“simultaneously”. First we define ascent and descent contours for H,, ,2> and show
that the perturbative terms, due to G defined in (65), do not grow too much. We
then slightly deform these contours to go through the effective critical points of F,
so that we can then perform the saddle point analysis.
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Remark 4.3. From now on, as t* . as well as tﬁ, are conjugate, we may drop the

c,a’
= sign (when possible) in the following, if results proved for t;} hold for ¢, up to
conjugation.

Set y’ =1}, +it,1 € R, oriented from bottom to top. Let also 0 < € <<
Im(t},) be given.

knH o (15,+it)
o2

Lemma 4.2. One has max{‘e —Im@t) <t < —ImGl,)+e)=

kyH o (Re(t},)+ie) kn H o (t1,+it)
o2 ’ o

e and there exists ¢, > 0 such that |e

ky H:az (t}y)

—cok 2
eV Vit e [—Im(tF,) + €, o0l

<‘e

. d H o (0 cosO.+it)
Proof. This follows from the fact that o log |e o2

1 1 .
—t|——-————=5)(>0if6. = Z). And t > |eH(@ 08640 (o <
(02 azcoszec—i—ﬂ) ( e=3) | 10 =
t < €, is a decreasing function if € is small enough. O

We now show that Re(F;,) decreases faster than (resp. almost as) H o on y’, if

t > 0is large enough and Re (tfa) > 0 (resp Re (tci’a) < 0). Let € be as in Lemma
4.2, n > 0 (small) be given.

Lemma 4.3. There exist T, > 0, Ny depending on | only, C, > 0, C1, > 0 such
that, for N > Ny,

|e!NFulm +an (tf i)} |

< elNRe(Futmitantl)) =k Co /)t e [_Im(1F,), —Im(iF,) + €], (75)

‘ o INFulri+ay (3, +in)}

< o\NRe(Fu(mi+antf, )_kNCu[2/4}’ t e [_[m(tc-*:a) +e,—nUn, T,], (76)

oNIFu(ritan (1, +in)) ‘

< ‘eN{Fu(n.+aNzc+_a)—kNC0T3/4—chTn(t2—702)/4} T, <1, 77)

Proof of Lemma 4.3. We first examine the case where Re(tfa) = ocos6, > 0.

Using that for t > T, = max(4n12, 20 (1)), Im(G’'(t)) > 0, we obtain that for
t>T,,

Fm 2

d Fu(m + an (],
Re -
dt ay

“rll))) - —Im (Ho/[(l‘::a _l’_il‘)) < —Crt, (78)

where C7, = 1/0% — 1/|tf, +iT,I*> > 1/6% — 1/|oe'®% +iT,[*> > 0. Now,
G, G’ are uniformly bounded on a compact set K (independant of N) containing



156 S. Péché

y' N {|[Im(w)| < T, + 20}. Thus, using Lemma 4.2, we know that 3C, > 0 such
that, for N large enough,

d + . + .

TRe (H:T (tFy +it) +anGl, + n))

< —Cot/2,Vt € [— Im(t o) e, —nlUln, Tl

This gives (76). The fact that G is bounded on K also gives that (75) holds for N
large enough. Combining (76) with (78) gives then (77). This proves Lemma 4.3
in this case.

If Re(t ) = o cosbf. <0, (75) and (76) are proved as above. One can then
check that EI C(m) >0 such that I'm (G (Re( o)+ zT)) > —C(m)T, provided
Re(m + aNt ») = m1/2. This holds for N large enough and we can then find

Cr
N1 > 0, such that C7, — C(mry)an > T“, VN > Nj. Thus for N > Nj, and

d F,(ri +an(l, +it C

t > T,, one has that —Re u( 1\12( il ) < T . This finishes the
dt ay 2

proof of Lemma 4.3. o

‘We now turn to the second contour. Define then Fi =ce? 0 e [0, 27r], ori-
ented counterclockwise. Note that I'} describes the curve of critical points for Hy
when x describes [—20, 207].

Lemma 4.4. Assume that o« = 20 cos 6. Then, there exists ¢, > 0 such that, for
any 0 € [0, 271]
le ~knH, 2 (0" < e ~knH, 2 (0¢ ‘)| —knco(0—6c)*

d )
Proof. 1f 10| < m, %Re (Ha/oz(aele)) = 2sin6(cos 6, — cos 6). The computa-
tion for 8 = 7 is here left. |

As the contour I'| lies in a fixed compact set away from the singularities of G,
we know that the contribution of G will not perturb the saddle point analysis on
F/

1-

Before performing the asymptotic expansion of K (x, y), one should take
care of the remaining terms, which should not explode due to the perturbation G.
Set

h(s,t) = %@ . Ky(9) = Ha () + anG(s), (79)
Yo — Xo o
_ / _ ’ K/ _ K/
205, 1) = 1 (s +t2 y +aNtG ) —sG (s)) _ 1K () —s y(s). (80)
K o t—s s(t—s)

k
Then Ky | (x, y) = ﬁ/ﬁ/h(s,,)g(s,,)e{—kNKy(z>+kNKy(s>}dsdt_
Y

We have to check that the function g(s, ¢) will not perturb the saddle point analysis.
As the contour I'} is compact and for [Im(w)| < Ty, the functions G (1), G'(7)
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are bounded by some constant depending on 7r; only. Thus g(s, ) is bounded on
1 2
' U (y N{lIm(w)| < T,}). Note also that along y’, ————— < — so that
I +ant] — m
|IG'(t)| < ant?. Thus, there exists some constant C > 0 such that, for ¢ > T,,
using Lemma 4.3,

26 t)l‘exp{NFu(m +an(ca +il‘))}‘
’ exp{N F, (w1 + anteq)}

12 12

<cr exp {_CkNZ} < exp {—CkNg},

for N large enough. This is the needed estimate to perform the saddle point analysis.

Now, and this is the core of the argument, we slightly deform the contours y

and I'| to contours yy and 'y that go through the effective critical points t]j\f of

K. By Lemma 4.1, these contours lie within a C! distance of y (resp. I'}) smaller

than Cay for some constant C > 0. Furthermore, yy and Iy coincide with y and

I'| outside the disks |r — tfa| < n (n small). Then , by Proposition 4.3, Lemmas
4.2,4.3,4.4 and (77), we obtain, by a standard saddle point argument that

lim Ky (x,y)
N—o00 ’

_ oy ) 27 exp {kw (Ky (1) — Ky (1))
b GO k) Kyad)

Now, the critical points are conjugate, thus K (t;\?) = Ky(ty). Using (80), one
can check that

gy thHhh, th. 81

gty ty) =gty . tH) = 0. gly.ty) = KJ(ty).

so that only the contribution of equal critical points have to taken into account in
(81). By Lemma 4.1, one has Im(tﬁ) = :I:mrzp(oz) + o(1), so that for & given by
(79,
h(ty, ty) — h@d, i —
Uy ty) =Ry IN) e — Xo)Re(1} /02)} = SINT (o = Y0) i yields
2i 7T (Xo — Yo
Proposition 4.4. O

4.4. Estimate for K, ,(x, y)

This subsection is devoted to the proof of the following Proposition. Let K }\,,2 be
the kernel defined in Proposition 4.2.

Proposition 4.5. There exists C, > 0, N, > 0 such that

|Ky 2(x, )| < exp{~C,N/a2}, YN > N,.

Proof of Proposition 4.5. We first show that the function is bounded as

z€Tyand w = 7wy +ayt,t € y'. By (62), we can assume that the image of '
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under the map ¢ +— 71 + ayt lies in the half plane Re(w) > (71 + 1)/2. Thus, for
2

1
zelyandw = +apnt, t €Y/, | | < 1.Now, for N large enough,
w—2z m —
nllin Re(F,(z)) = Re(F,(1)) and 1 lies in a compact set of (1/m1, 71). Then, we
2

have that (as t;\; = tp, we can consider ty only, and drop the + sign from now
on)

exp{—NF,(1) + NF,(m1 + anty)}
_ [exp {N (1 +anin)?/2 = Cm)(m +ayin))}

N
exp {N(1/2 — C(my)))} (1 + anty)

x exp {N(C(m1) — v)(7w1 + anty) — N(C (1) — u)} (1 + ayty)

k
ey
1 —m

Now, it is easy to see that the term in the [ ] in [(82)] < eCeVN  for some constant
N tn /71
t N d
C > 0. Finally, using that (M) = exp {NaN/ —u} <
b4 0 14+ ayu
exp {NayC'}, for some constant C’ > 0 and N large enough, we obtain that there
exists a constant C and N, such that for N > N,,

| exp (=N Fu(1) + NFy (1 + antw)|
<exp(N (nf/z _ C(m)m> — N (1/2=C(m)) + Cay N}V,
Now, 3 C, > 0 such that exp (N (nf/z—C(m)m)}n]N exp{—N(1/2 —
C(m))} < exp{—C,N}. This follows from the fact that the function f : x
x2/2 — C(mp)x + logx, x > 1 is strictly decreasing in the interval (1/m1, 71), as

1 lies in a compact interval of (1, oo). Therefore for N large enough K ;\,’2 (x,y) <
exp{—C,N/2}. |

Finally, combining Propositions 4.2, 4.4 and Proposition 4.5 yields Theorem 1.3.
4.5. Extensions

We now explain the changes to be made to prove Theorem 1.3 in the case where

Wy has eigenvalues 7;,i = 2,...,ry + 1 distinct of 0, under Assumption 1.2.
The exponential term to be analyzed is given by

~ NBn

Fuw) = Fu(w) = fy logw) + - 3 log(w — i), (83)

i=1
where F, is given asin (58). Let also u be given as in Definition 1.6. Then, there exist
constants, depending on 71 only, such that, for all ¢ in a given compact set of C*,
NF,(m +ant) = NCi(m1) + BN Cr' (1) + ky He (1) + ky O (ay + Bn).
(84)
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1

Define G1(t) : =—
ky

which plays the role of the function oy G defined in (65). Let also fﬁ be the critical

(N Fu(mi+ant)=NCt () =By Ct' (1) —kn H 2 (1))

points for ¢ I:"u (1 4+ ant), and p be the density of the semi-circular law with
parameter o2 (7r1) as before. As G and its three first derivatives have no singularity
in a given compact neighborhood K, of 0, we readily have that

Im(iy) = 7p(@) + O(an + Bn). (85)

Furthermore, defining u; = C (1) + %a ~, and given any compact set K of C \
o

{0, o, ..., w41}, it is easy to check that there exists a constant C(K) such that
IFO(w) — FPw)| < C(K)By, Yw e K, [ =0,....,3. (86)

Now formulas (84), (85) and (86) readily give that the asymptotics of K IIV.l is
unchanged. One simply replaces the function oy G(-) with the function G1(-) in
the proof of Proposition 4.4. For the proof of Proposition 4.5, we choose I'), to be the
circle of ray 7* = max{m, 4 (711 —m3)/2, 1} completed by some contour encircling
the 77; < 0. The latter contour lies in a fixed compact set K of C\{0, 72, . .. , mr4+1},
by Assumption 1.2. Then Re(F, (w)) > Re(F,(7*)) — C(K)By, Yw € I',. The
fact that Re(ﬁu (%)) > Re(ﬁu (1 +ay ff&)) now follows from the same arguments
as in the proof of Proposition 4.5. This finishes the proof of Theorem 1.3 in this
case.

5. Proofs of Theorem 1.4 and Theorem 1.5

In this Section we first prove Theorem 1.4 under the following simplifying assump-
tions. We assume that 7; > 1 is given independently of N and that Wy =
diag (m1,...,m,0,...,0), with 71 of multiplicity ky, for some sequence ky
satisfying (7). Changes to be made in the case where Wy has eigenvalues distinct
of 0 and 7y, or to prove Theorem 1.5, will be indicated in subsection 5.4 below.
With the above assumption, F,,, defined by (9), becomes

2
F,(w) = w? —uw + (1 — a%) log(w) 4 a3 log(w — 71). (87)

The basic idea for the study of the correlation kernel at the edge is to perform a third
order Taylor expansion of F;, close to the degenerate critical point w, defined by
F)(w,) = F)/(w,). This point is close to 7| + a0, which is the degenerate critical
point of Hy/,. The ascent or descent curves for F, (71 +ant) should then be those
for Hy/; slightly modified in a neighborhood of width k;,l/ 3 of w1 + ano, to go
through the exact degenerate critical point. This simple analysis can be achieved
as long as ky << N3/7. This is the regime where the bulk of N — ky eigenvalues
does not interfere with the ky largest eigenvalues. For the other regimes, one will
have to define new contours, that are descent or ascent paths for F,,, and show that
the Taylor expansion can still be made in a neighborhood of w,,.
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We will however see that the asymptotic expansion is still lead in some way by
Hy s

We set as in (13), w, = w1 + oyt and consider the rescalings

VN 1/3 anN VN 1/3 anN
u=uo+X(7) k27 v=uo+y<7) W (88)
N N
where
2
l—ocN

vy = anFy) (n +anty) = (89)

S hay——N
13 (m1 + anty)?

Let € > 0 be given. From now on, we consider the rescaled correlation kernel

, N VN 1/3 €
Ko =—35(5) " KnGvyexp ! =N —v) (m +an+ 55 ) .
59 k

2
N
(90)

The end of this section is now devoted to the proof of Theorem 1.4. This proof
is here indirect, since we will first split the correlation kernel into two subker-
nels. These subkernels are then analyzed separately, using the same scheme as in
Section 2.

Before beginning the proof of Theorem 1.4, it is convenient to make the fol-
lowing assumption on N. Let then 7. = o be the degenerate critical point for H3/»
and define sequences uy, iy by

2
u, = C(my) +05N;(1 +un), tr = te(1+ py).

Then it is easy to check that there exists some constant C, depending on 7; only,
such that [y, [y | < Cay. Let also R, and vy be defined as in (26) and (89).
From now on, we assume that N > N,, where N,, is such that

T m— 1
VN>N,, V|t|<20R,+1, |m1+ayt| > 7‘ and |7 +ant — 1] > 2
belZ 200 Wyl < s vl <2 sy = - o1
[S A A b = 3 = T __U - Ta-
rely gk MNi=g ENT =5 3 =N =

5.1. Rewriting the kernel

In this subsection, we split the kernel Kl/v (x, y), defined in (90), into two sub-
kernels, to get rid of the integrals performed away from a small neighborhood of

1. Then we bring these subkernels to the form (15). Set 7, = ¢, + and let

€
a
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ky—N
exp {—N F, (w)} stand for exp {—Nw?/2 + wu}(w—)kN. Define the kernels
w — 7]

InG) = kP > )1/3/
V/

x exp {NF,, (i + ant)} exp{ 1/3y( WA3@ - f,)}dt, (92)

Hyw) = kO [
1

X exp{ NF,, (m + aNs)} exp {kl/S (vév)l/3(s - f,)}ds, 93)

Y (x) = k”*(”ZN)W/N

X exp{ NF,, (m + (st)} exp {k1/3 (v;)1/3(s — fr)}ds, (94)

where I} is a contour encircling 0 not crossing y’ := a +iR, a > 0 and I'” is such
that its image under the map ¢ — m + ayt, is the circle of ray one centered at
the origin. Both I'} and I'”" are oriented counterclockwise and y’ is oriented from
bottom to top.

Proposition 5.1. K, (x,y) = K} (x, y) + K% (x, y), with

o

K}V(x, y) = —/0 Hy(x 4+ u)Jy(y +u)du and
o0

K3 (x,y) = —/0 Hy (x 4+ u) Iy (y + u)du.

Proof of Proposition 5.1. We first splitthe contour I" into the contours I’ = I'y U I,
where I'; is encircling 71 and crosses the real axis at 71 £ ocay. I'2 is a contour
encircling 0. Then, let y = A + iR with A > 0 large enoughsothaty NI';y =0 .
We call K 1{, the part of the integral formula defining (90) integrated on I'y, and y.
Then we obtain

NO(N
Ky, y) = ——2 (X )‘/3/ /dw
N eima 27 I,

wN =V (w — )y 1 exp {Nw2/2—Nu0w — N — u,,)(w—fn)}
N (z — )N w —z exp{Nz2/2—Nuoz — N(u—u,)(z — 71)}

2/3 W s
(2”_[)2( ) //ds/ dt/ du

X exp {NFua(m +aNt) — NF,, (m —i—oth)}
xexp k>0 0 P = )+ 0 () s = ). ©9)

The last equality follows from a change of variables. O
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‘We now set
Zy =exp{NF,, (m + antr)}. 96)

The end of this section is aimed at obtaining the asymptotics of the rescaled kernels
ZNHy, ZyHy, and 1/ Zy Jy. Itis then straightforward to deduce the asymptotics
for the correlation kernel (90).

5.2. Estimate forZy Hy,

The aim of this subsection is to prove the following Proposition. Let Hy be the
kernel defined in (94), Zy as in (96).

Proposition 5.2. For any fixed y, € R, 3C > 0,¢c > 0,C’ > 0, an integer
N, > 0 such that

. Cexp{—cx} ,
| ZNyHy (x)] < TGXP{—C N}, forany x > y,, N > N,.  (97)
N

Proof of Proposition 5.2. Let T'” be such that its image under the map 7| + ayt
is the circle of ray one, oriented counterclockwise. Then, it is easy to see that
minr» ReF,, () = F,,(1). Now, one can check that F;D(x) =
G —an)(x = (r o))
x(mrp — x)
mutliplicity one, of F,, . Thus for N large enough, as rq lies in a compact inter-
val of (1, 00), one has that ReFLio(x) <0Vx e (1,m). Letthen 0 < n; <
n < (mp — 1)/2 be given and set I = [1 + n1, 1 4+ n2]. Then, there exist N,
and n > 0, depending on m; only, such that |F,;(x)| > 2n, YVx € Tandn <
w1 — ant,, YN > N,. From this, we deduce that there exists n” > 0 such

that ‘exp{—NFun(l)}’ < ’exp {=N(Fy, (71 —ant,) + 277’)}’. Now there exists
C > Osuch that | F,, (m1+ ant,) — F,, (m1 — ant,)| < Cay, so that, for N large
enough,

, where o, < 1 is the second critical point, of

|exp (=N, (D) = |exp (=N Fy, (1 + anty) = Nof)

Let then y, > 0 be given and assume first that x € [—y,, y,]. Using (94) and the

fact that the contour ' is of length n2n , we can see that for N large enough,
1N

1/3 1/3
|ZNH,/\’,(x)| <N exp {L(m +20)y, — Nn/}, which goes to zero as N goes
anN anN

to infinity (since kllV/B/aN << «/ﬁ). Thus, for N large enough, |Zy Hl’\} )] <
!/
exp{—N %}. This yields Proposition 5.2 in this case. The case where x is positive

is handled as in the preceding sections. Indeed, Re(s — 7,) < —% — € along

['”, for N large enough. Thus, we readily obtain from the above proof that, for
/

x > 0 and N large enough, |ZNH1/\’,(x)| < exp{—N% —ex}. ]
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5.3. Estimate for ZyHn, 1/ ZNJN

The aim of this subsection is to obtain the following estimates for the kernels Hy
and Jy defined in (93) and (92).

Proposition 5.3. Assume € > 0 is fixed and let vy be given by (89), Zy by (96).
For any fixed y, € R, 3C > 0,c > 0, N, > 0 such that forany y > y,, x >y,
and N > N,,

J v 3 C —
‘ ;(y—) - ieéy(TN)mAi(y)‘ < —explfa 2L
N ky
" C _
)ZNHN(X) — ig_fx(TN)l/gAi(X)‘ < —expl{/3 cx}
k
N

The proof of Proposition 5.3 is divided into three parts. First, we establish three
basic lemmas that enable us to get rid of some negligible parts of the contours
and to perform the third order Taylor expansion. In the second part, we give the
contours needed to perform the saddle point analysis and obtain, in the last part,
the asymptotic expansion of the kernels Hy and Jy.

5.3.1. Preliminary lemmas

In this part we prove that there exists a disk, D = D(z, §’), such that the expo-
nential term is driven by Hj/, outside D, and by its third order Taylor expansion
inside D. First, we fix the left frontier of I"'; and show that on this frontier, the
exponential term behaves as exp {H>/,} despite the artificial singularity we have
introduced (due to the log). This is the object of the following Lemma.

Lemma 5.1. Let R, be defined in (26) and assume t = 6 (—R, + ix), |x| < V3.
Then, 3C, (1) > 0 depending on | only such that

|CXP{NFu0(7T1 +anty) — NFMU(T[I +ayt)}
< lexp{kn(Hz/s(t;) — Hz/s (1)} exp {Co(m)ankn},

R2+40 R,
202

where exp {—kn Hz;5(—R,)} stands for exp {—ky H(=R,) kN

Proof of Lemma 5.1. Wesett = —R +ix where R = o R, and x € [0, 5+/3]. The
case where x € [—o+/3, 0] is obtained by using that F,(w) = F,(w).As N > N,,
where N, has been defined in (91), w1 + ay ¢ does not lie on the negative real axis,
thus by a straightforward Taylor expansion
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exp {NFuo(m +oanty) = NF,, (1 +an(—R + ix))}

oo i (B CR AR oo\
morfer () ()

2
X exp {—%(1 + )t — (=R + ix))}

tr/m du
xexp{NocN </ ——(tr—i—R—ix)/m)}
(=R+ix)/m 1 +anu

1 t —kn
« ( +ay r/7.71 ) (98)
I +any(—R+ix)/m
2
where we have used that u, — C(r1) = ay— (1 + un). Now
o
/fr/”l du t, + R —ix
(—R+ix)/m 1 +anu T
ay 1, 2 o [T u
=———{'—(—R+ix)) —« _ (99)
2w}’ N Rtinym 1+ anu

Inserting (99) in (98) yields

exp {NF,, (1 +anty) — NF,, (1 + ay(—R +ix))}

1 —R+i kv

+ an( +IX)/771> (100)
1+ ant/m

t /T 2

= exp {kn Ha/o (17) —kNHz/a(—R—i-iX)}X(

2
X exp {—;MNkN(fr +R—ix)— aNkN/ } (101)
(

—Rtix)/m | Hanu

Now, as N > N,, (101) is O((any + un)kn), and this O is uniform, since my lies
in a compact interval of (1, 0o). Indeed, we can choose a segment S for the u-path
from —R + ix to ¢,, of length smaller than R? + 302 + trz < O'Z(Rg +3) + trz,

3
which is uniformly bounded. Thus, as ¢, € [%, 70], there exists C1 (1, R,) > 0

2
such that / L |du| < Ci(m1, R,). The remaining bracket in (100) is
_ s M +oayu/m|"
obviously bounded. This finishes the proof of Lemma 5.1. O

In the following lemma, we prove that, in a suitably chosen compact set of C,
NF,,(m +ayt) behaves, up to constants or lower order terms, as ky Hp /5 (1). Let
8’ > 0 be given and define

() = 1,(1 + 8)e¥73, 15(T) = 1.(1 + 8)e? /3, (102)
o) =1(1+8)e™P, 13y = t.(1+ 8. (103)

Define also D(T"}) (resp. D(y")) to be the segment joining #,*(I"}) to £ (")) (£ (y")
to £5(y")). Let finally R, be chosen as in Lemma 5.1 and n > 0 be given.
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Lemma 5.2. There exists constants Ct(mw1) depending on w1 only, and C > 0
(depending on n and 1) such that

|NFL¢0(7TI +ant) — NCt(my) — kNHZ/a(t)| < Canyky, Vn<|t| <20R,,
INF,, (1 +ant,) — NF,, (m1 + ant.)| < Cayky,

|Ho/o (7 (') — Ha/e ()| < Cay, ¥t € Dry, and

|Hayo (17 (¥")) — Hayo (1) < Cay,Vt € Dy

d
Proof of Lemma 5.2. One has —-NRe (Fy, (t1 +an1) = kN<Re(H2’/U(t) +

2
—unN + ozNG/(t))). The first estimate follows from the fact that G and H/s
o

are uniformly bounded in the annulus considered. Combining the first estimate
and the inequality |Hz/o (t;) — Hajo (1) < ,u?v (which follows from the facts

that H} /o @ = (tt_gtg)z and ¢, f, are greater than o /2), yields the second esti-
mate. The last ones follow from the fact that both [z (I"}) — £(I'})| < C'any and
[£X(y") — 5 (y")| < C’an for some constant C’, and that |H2’/U| is bounded on the

two segments considered. O

In the third lemma, we then determine a disk where the third order Taylor expan-
sion for the exact exponential term F,(.) = F, n(.), depending on N, can still be
made. Let § be given by (27).

Lemma 5.3. There exist 0 < 8’ < §/2 < 1, Ny independent of §', a constant
C, = Cy(m1) > 0, such that, forany N > Ni, foranyt € D(t,,8) := {|t — t,| <
8"}

|E® (1 4 ayta| < Co,

Uy

oy (t — 1)

3
Fu, (1 + ant) = Fu, (1 + anty) = = ——F)(n + awty)

3

< V=00 5O 6y 4
Remark 5.1. The above Lemma implies in particular, for N large enough (to ensure
that vy = FO (1 + ant)ay > 1/13), that Re(NF,, (11 + ant () —
NF,, (m + aNt,)) < —kN5’3/8, and Re(N F,,, (1 + ant (') — NF,, (1 +
anty)) = kns"” /8.
Proof of Lemma 5.3. We prove the second inequality of Lemma 5.3 (the first one
will be established within this proof). This inequality will be established if we find
8" > 0 such that
Fu, ¥ (01 + anty)

N loen (2 — 1,013 .

1
& max [0 lan @ -0 <
4! D@80 1 "0

Assume 8’ < 1/2, then, as ¢, € [%, 37”], D(,,8") C D(t., ‘S/T“). Define then

2
Vo = — (14 pup), sothatu, = C(mr1) +anv,, and let H,, be given by (71). Then,
o

2 2
-
F,, (u1 +ant) = ay(H}, (1) +ayG' (1)), where G'(1) = - ———.
T (m1 +ant)

Vo
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Now, as N > N,, fort € D(t.,8') C D(¢, ‘S/TH), as w1 + ant > my/2, there
exists constants C3 (1) > 0, C4(mr;) > 0, depending on 71 only, such that

max  |GP ()] < Ca(my), 1GP )] < C3(m).

/
1eD (e, )

Note that this gives the first inequality in Lemma 5.3 with C, = C4(sr1). Further-

more, one has max |H,§4) =
teD(t,,8) o

enough to determine 8’ such that

——— . Thus to prove Lemma 5.3, it is
(1 — 8 P

/ 1 4 N 3
Yt € D(t,,8), E|t —t +ayCqa(my) ) + ﬁ&(m)lt — Il

6
(1 — 8y

L e

< 5 HO ). (104)

' 1 3)
Letnow 0 < 8§’ < 1 be such that (1—8’)4 < §.As Hy,) (t,) = 2/tr3,we then
have that
(3)
Hy, ()
4 3 v, \'r /
— |l — 1 — |t — 1| , YteD(,8). 105
24,;1(1_8,)4| A ey (&, 8).  (105)

And there exists N, depending on 71 only, such that, as z, € [%, 37"], and &’ < 1,

3! o o
55/trc4(7f1)a1v + 2—ZC3(771) < 2—2] (180 C4(mry1) + C3(m1))

(3)
_2 2 1HYW)
= 9607 ~ 9613 4 24

: (106)

Formulas (105) and (106) now imply (104). This finishes the proof of Lemma 5.3.
O

5.3.2. Contours

We now define the contours I'} and y’, suitable for the saddle point analysis of Hy
and Jy. Let & be given by (27) and 8’ < §/2 be chosen so that Lemma 5.3 holds.
From now on, we assume that N is large enough to ensure that D(z,, 8') C D(t., 5).
Let then I, and y,, be the image of the contours defined in Figure 2 under the map
t + ot. Then I'; (resp. y,) is an ascent (resp. descent ) curve for Hy/s, as
Hy/s(0t) = F(t) + logo where F has been defined in (17).

We now define the contour I'}, which coincides with I’ outside D(z., 8). Let then

(=T N D, ) Tho=1t+ .0 <6 <2m/3;

2%\

. €
T, =t 41?3 —— <t <681,
’ 2
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Fig. 4. Contours I'} and '

Let then #(I'}) and £ (I'}) be given as in (102) and note that they are the respective
endpoints of I'}; and I';. We then join #*(T"}) to tj(F’l) by a segment (of length
smaller than Cary), and finally join £(I'}) to 7. (1 +8)e?™/3 along T,. We call F1)2
this last contour. Finally we set I'} = Fi,i U F/I,O U Fi,l U 1"/1’2 U F/I,O U F’Ll U F/l,2’
and this contour is oriented counterclockwise. Similarly, ¢’ is the contour ¥, mod-
ified in the disk D(z., §), in the following way. Let then yl/’l. = y, N D(t., §)<;
Vi =1+ me®. 0= 6 <m/3;
N

inf3 _¢€ I
’ 1/3 §t§8tr’

N

)/1/,1 = tr + te

Let also £(y’) and ¢} (y’) be given by (103). We then join #*(y’) to £(y’) by a
segment (of length smaller than Cary), and finally join £¥(y’) to #.(1 + 8)ei™/3
along y,;. We call y , this last contour and define y" = y{ ; Uy U y[ Uy, U
1.0 Y Vi1 Yy ,, oriented from bottom to top. A plot of the contours I'} and y" is
given on Figure 4.

Remark 5.2. There exists 7 > 0 such that y’N D(0, n) = Pand '} N D(0, n) = .

The contours defined above coincide with the steepest ascent and descent curves
for F,, inasmall disk D(z,, 8’), where the third order Taylor expansion is known to
hold. Thus we now introduce the expected limiting kernels. Let I'oo y (resp. Yoo, )
be a contour such that it coincides with the image of I'} (resp. ) under the map
t > k) (t—1,),inthe disk D(t,, §'), and then follows the curve r¢*i27/3 |¢| > &/,
(resp. teT7/3 |t| = &8). Set then
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3
Hooy (x) = <”7N>”3exp{—ex<”§>l/3} /F exp{x(—)”3 ~ L yyida,

31
(107)
b3
JooN<y)—<—>1/3exp{ey( D[ exp(- y( )b — Zrow)db.
- (108)

Then, Heo, n (x)=i exp {—ex(”TN)l/S}Ai(x) and Joo N (y)=i exp {ey(VTN)IB}Ai(y).
We now split the contours. Set Hy (x) = Hy(x) — Hjﬁ}’z(x), Iy = JInG) -
Jy .2 (), where

3, VN

1
Hz/\//,z(x) = kN/ ( ) )1/3/1“ e exp{—NFua(n’l +OtNS)}

X exp {k1/3 ("2N)1/3(s - f,)]ds
o) = kP )1/*/ exp N Ey, (1 +ant)
2 »'OD(,,8)¢
X exp {—k,l\,/3y(v7N)l/3(t - f,)}dt.

Similarly, H/, v (x) (resp. J v () is the part of (107) (resp (108) corresponding
to the integral performed on the curve te*i2n/3, |t] > & (resp. teTin/3, [t| > 8').

5.3.3. Saddle point estimates

We now prove Proposition 5.3 in the case x and y lie in a fixed compact interval;
the case where they are positive follows from arguments similar to those of the
preceding sections.

We first show that the contribution of the contour outside D(z,, 8’) is negligible,
because the exponential term behaves as ky H /s (¢) outside this disk.

Fact5.1. Let y, > 0 be fixed and assume that x,y € [—Y,, Yo|. There exists
N1 > 0 such that,

/3

)
|ZynHy 5 (x)] < exp{— 8’3} |H, x (0| < exp(—ky 7). YN = Ny,
(109)
1 " ky /3 " 5/3
|——Jh 2] < exp{—-28"), 1JL yO)] < exp{—kn =), YN = Ny
Zn 16 12
(110)

Proof of Fact 5.1. We first prove (109) and consider I'} N D(#,, §'). Lemma 5.3

and Remark 5.1 first ensure that Re (N F,, (1 + ant (') = N Fy, (1 +ant,) >
/3
kn 3 Let n > 0 be chosen as in Remark 5.2. Then, from Lemma 5.2, we obtain

that vV € T}, N Tg,



The largest eigenvalue of small rank perturbations of Hermitian random matrices 169

NRe (F,, (71 + ayt) — Fy, (71 + ayt))

/3
> NRC(FL,U(TU—}-(){N[)—FMO(JT[—i—Oth;k(Fi)))—i-kN?
/3 /3
>ky— — Cayky > ky—, 111
= kn— anky = ky e (IT1)

for N large enough. Similarly for t € I'j, NT's, using Lemma 5.1, Lemma 5.2, and

the fact that I'; is an ascent curve for Hy/,, we obtain that Re (N F,, (m1 +ant) —
/3

8
NF,, (7 + othr)) > kNR for N large enough. Combining the latter inequal-

8/3
ity and (111), we obtain that | Zy Hy, ,(x)| < exp —kn g+ k\yo + Canky |,

for some constant C uniformly bounded. Thus, for N large enough, we obtain the
first part of (109). The second part is straightforward using that vy € [1/0, 3/0].
We now turn to the proof of (110). Remark 5.1 also ensures that

3
Re (NFy, (1 +ant)(y")) — NF,, (11 + ayty)) < _kN?-
Let then #, be chosen as in (38) and large enough so that (1 + t(,/2)2 < 31‘3/4.
Using again Lemma 5.2, we have that Vi € y' N {|[Im(t)| < to«/§0/2}

/3 /3
Re (NF,, (1 +ant) — NF,, (1 + ayty)) < —kn -+ Canky = —kn 1.
(112)

for N large enough. And for ¢t € y’, witht = 1(s) = ¢, + 1,6 Po +is, s > 0, it
is easy to check that, as (1 +1,/2)% < 3[3/4, there exists C > 0 depending on 7|
only, such that

Re[;isNFuU(m +ant(s) < —knIm (Hao(1(s))) < —knCIm(t(s)). (113)

/3

1 )

Now, (112) and (113) give that ‘Z—m 2(y)‘ <exp —kN§+k}V/3yo + Cayky ¢,
NN

which proves the first part of (110). The second part of (110) is easy to check. O

We now show that the contribution from the contours in the disk D(z,, §") gives
the leading term of the asymptotic expansion for both kernels Zy Hy and 1/Zy Jy.

Fact 5.2. Lety, > 0 be fixed and assume x,y € [—Yo,, Vol. Then, 3C = C(y,) >
0, N,, such thatVN > N,, one has

/ ! C 1 / / C
|ZnHy (X) = Hoo (O < =730 ——IINOD) = oo v = 75 (114)
ky” 2N ky
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Proof of Fact 5.2. We will only prove the first inequality of (114), since the second
follows from similar arguments. Then,

1/3
k 1/3
|ZyHiy () = Hyg y(0)] < 5 (V_N> / / kN o () PRe(t—iy)
2 2 1‘*/1 OUF
X|e—NFu,;(7Tl+aNt)+NFu0(7Tl+O‘N[r) _ e—kNUN(t—t,)3/3!| |df| (115)

€ .
—1/3e’9, and using
2k

‘We first consider the Fi,o integral in (115). Thus t = ¢, +

Lemma 5.3 to mimick the proof of (34), we obtain that
exp {N F,, (1 + ant) — NF,, (1) + ant,)}

w (t — 1)

~ 1
—exp (—ky = }\scaexp{wé}km.

Now, we use the fact that vy < by (91), to obtain that there exists C > 0

so that in (115)

1/3
ky ()" / (0 Rer— 7
27‘[ 2 I‘/l

_e*kNvN(l*tr)3/3”|dt| < ¢

Ky

3( D’

e~ NFu, (mitant)+N Fy, (m1+anty)

And fort =1t + peizn/3 € Fﬁyl, there exists C,, depending on 71 only, such
that, by Lemma 5.3,

vy
|exp (N Fu, (1 + awty) = N Fy, (1 + anD) = exp{—kn(t = 1) S0
vy
< exp{—knp* 1 1Colkn p* + p).
Now, following the same scheme as in Section 2, we obtain that in (115)

1/3
kL("_N)m/ Yo (BVPRe(—7) | =N Fuy (1 ey ) +N Fyy (1 ey ty)
27 2 /

_e—kNVN(t—fr)3/3! ’ |dt]

8ty
<k [ aptupt+p)

%*1/3

A3 N3 3 p vy p? C
X exp {fyo (5) + () wleg —agg = e
Here, we have used that both vy and ¢, are uniformly bounded. This finally gives

from (115) that | Zy Hy (x) — H, N < . This proves (114). |

k?
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Combining formulas (114),(109) and (110) yield then Proposition 5.3 in the
case x or y lie in a fixed compact interval. The case where x > 0 (resp. y > 0),
is analyzed in a similar way than in the preceding sections, using the fact that the
whole contour I'; (resp. y’) lies on the left (resp. right) handside of #,. The detail
is left. This finishes the proof of Theorem 1.4.

5.4. Extensions

In this part, we explain how the proof has to be modified to consider more general
diagonal perturbations Wy . It is easy to see that the core of the proof of Theorem
1.4 are the three Lemmas obtained in Subsection 5.3.1.

We now indicate the main changes to prove Theorem 1.4 under Assumption
1.2, when some eigenvalues of Wy differ from O or ;. Let ﬁu be given by (83)
and w,, i, be defined as in (12) and (13). Let also F, be as in (87) and set set
G = Fu — F,,. Then, under assumption 1.2, there exist sequences /L/N, N, ,uxl, a
constant C > 0, such that

W, =11 +ayo(m)(1+ wy +nn),  where |u)y| < Cay and [ny| < CBy,

i, = C(my) + G'(m1) + ay + Canuly,  with |G/ (1) < CBy

o (1)
and_ lim Wy =
—> 00

Wy —

This implies that 7, = il still lies in an arbitrarily small neighborhood of

an
t. = o (1) and also gives that 0 < Nlim oy 13&(3)(1])0) < 00. And, given a compact
— 00 o

set K of C*, there exist positive constants C,,, Cy, C, depending on 7| and K, and
a sequence uy with lim uy = 0, such that,
N—o0

NF;, (m1 +ant) = NCo + ryCi + ky Hajo (1) + O(unky), Vi € K,
(116)

|Fﬁ(i)(7t1+a1vt)— gf)’(m+am)|sc;31v, forl =3,4, VreK. (117)

In this case, Lemma 5.2 (resp. Lemma 5.3) follows from (116) (resp. (117)). We
also choose I'” as in the proof of Fact 3.2. The end of the proof is a simple rewriting
of the arguments used in the preceding subsections. This gives Theorem 1.4 in this
case.

We now indicate the idea of the proof of Theorem 1.5, when 0 < 71 < 1. For
ease of explanatory, we here assume that ry = 0. Assume first that 71 < 1. Then,
the exponential to be consideredis given by £, (w) = w?/2—u,w+(1 —Ol,zv) log w
+ ozjz\, log(w — m1). Let then w, and u,, be defined as in (12) and (13). Then there
exists some sequences Cy, C ;\,, vy such that

wo=1+aXCyn, u,=2+a%Cy, FP(w,) =vy, with

Uy
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1 1 1
lim Cy=Cpi=~(———1), lim Cly=— —1,
N TN T e 2((1—m)2 ) Vo TN T T

lim vy = 2.
N—o00

The function that now leads the exponential term is

2
F(w)=w7—2w+1ogw, (118)

and given any compact set K of C \ {0, 71}, we have that
FOw) — FOw)| < C(K)ay, VI=0,....4, (119)

where C (K ') depends on the compact set K only. Formula (119) ensures that Lemma
5.3 can be established, as F®(2) = 2 > 0. It also readily gives Lemma 5.2. We
choose the contours I" and y as in Section 2, slightly modified in a small disk around
w,. Then replacing, in the whole Section 5, the function H;/, with F defined above,
it is not hard to deduce Theorem 1.5.

If m1 = 1 then there exists sequences [y, ,u?v such that

wo = 142783 A 41y, wp =2+ 3327230 + py),

with lim /LE\/]) =0,
N—o0
F® (w,) = vy, with lim vy = 6. (120)
o N—o00

Let then K be a given compact set of C*. By as straightforward Taylor expan-
sion, one has that F,, (1 + xax’) = Ct(N) + o2 H(x) — o2 log(1 + axx) +
0(0112\,/3|x|)4, V x € K, where Ct(N) depends on N only and

H(x) =x>/3—3x27%3 + logx. (121)

The function H admits the degenerate critical point x, = 27!/3, and H® (x,.) = 6,

H® (x.) =23 x 12. Set then G (x) = (Fuo(l +xail?) —Ct(N)+oc12VH(x)) Jad,.
2/3

Then there exists C > 0 such that |G(l)(x)| <Cay ,Vx € K,Vi=0,... 4.
This ensures that Lemma 5.2 can be established in a suitably chosen neighbor-
hood of width ozlzv/3 of w,. Lemma 5.3 also holds in some disk centered at 1 +

0512\,/3xc of ray &’ alz\,/ 3, for some 8’ > 0. Now, the steepest descent and ascent curves

d .
for H can be computed. Indeed, one can check that ERG (H (xc + te2’”/3)) _

2(t? — 2x.t +3x2)

12 — xct + 12
are chosen as follows. Here, for short, we do not make the change of variables

w— 1+ alz\,/3x to define the contours as in Subsection 5.3. Let z, > &’ be given

and define

> 0, Vt # 0. Then, the contours for the saddle point analysis

Tiy = {1 +oy (e + 1%, 0 <1 <2x,)

Ul + ) V3xeel®, /2 <6 <),
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I’ =1/2¢% 0<6<2n,
yi = {1+ (e +16™3),  0<1 <21,

U1+ (e + 21563 +it, 120},

andsetI'y =T'1 + Ul 4, ¥y = y4 Uyx. We then slightly modify the contours

I'1 and y in a small neighborhood of width alzv/ 3 of w,, as in Subsection 5.3. Then,

considering the rescalings u = u, + a?'\,/3k;2/3y = u, + N7%/3y, it is enough to

replace Hpj, with H defined in (121) and ay with a3/ in the whole Section 5.

The fact that the contribution of I'” is negligible is also clear. This is because, far
from w = 1, the exponential term F, (-) behaves as F' defined in (118). The proof
of Theorem 1.5 is then straightforward.
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