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Abstract. We extend in a noncommutative setting the individual ergodic theorem of Nevo
and Stein concerning measure preserving actions of free groups and averages on spheres sy,
of even radius. Here we study state preserving actions of free groups on a von Neumann alge-
bra A and the behaviour of (s, (x)) for x in noncommutative spaces L”(A). For the Cesaro
means % ZZ;& sx and p = 400, this problem was solved by Walker. Our approach is based
on ideas of Bufetov. We prove a noncommutative version of Rota “Alternierende Verfahren”
theorem. To this end, we introduce specific dilations of the powers of some noncommutative
Markov operators.

1. Introduction

Ergodic theorems for measure preserving group actions have a long history, going
back to Birkhoff and von Neumann around 1930. Until some ten years ago they
mainly concerned actions of amenable groups. Initiated by Arnold and Krylov [2]
and carried on by Guivarc’h [15], Grigorchuk [14] and Nevo [31] for free group
actions, the ergodic theory of actions of non amenable groups has greatly pro-
gressed since, due to the works of Nevo, Nevo-Stein, and Margulis-Nevo-Stein.
In particular, these authors have developed powerful techniques well adapted to
actions of semi-simple groups.

It is interesting, and not straightforward, to study the analogues of these results
in noncommutative (or quantum) probability theory. The setting is a (W*-)noncom-
mutative probability space, that is, in this paper, a pair (A, ¢) where A is a von
Neumann algebra and ¢ a faithful normal state on A. The first result obtained in this
framework is the noncommutative individual ergodic theorem due to Lance [28].
He proved that, for any automorphism o of A which preserves ¢, the averages
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converge almost uniformly to a o -invariant element in A. The almost uniform con-
vergence, which will be defined below (see definition 2.8), is the noncommutative
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analogue of almost everywhere convergence. Shortly after, the case of amenable
group actions in the noncommutative framework was studied by Conze and Dang
Ngoc [10]. Lance’s result was further extended by Kiimmerer [27] (replacing o by
any normal positive map such that (1) < 1 and ¢ o 0 < ¢) and Yeadon [46] who
studied the convergence of (cn (x)) when x belongs to the Ll-space LY(A, 1), in
case 7 is a faithful normal semi-finite trace. For more informations on the state of
subject before 1990 we refer to the above mentioned papers and to the books of Jajte
[16], [17]. The most recent and important developments in that direction are due
to Junge and Xu [19, 20]. As a consequence of their maximal ergodic inequalities
in noncommutative L”-spaces, they generalized in particular Yeadon’s theorem to
every space LP (A, t), for p > 1.

The case of free group actions in quantum probability was considered by Walker
in [45]. In order to state his result, as well as the results of Nevo [31] and Nevo-Stein
[32] relative to measure preserving free group actions we need to introduce some

notations. We shall denote by F; the free group with d generators g1, . .., g4 and by
|w| the length of w € [Fy, that is the smallest number of generators, together with
their inverses, needed to write the word w. Given d automorphisms o1, ..., o7 of a

von Neumann algebra A, we consider the corresponding homomorphism w +— oy,
from Iy into the group Aut(A) of automorphisms of A defined by assigning o; to
gi, 1 <i < d. The averaging operator s, on the sphere S, of radius # is defined as

Z oy (X),

weS,

1
sp(x) = #S,

for x € A, where S,, = {w € Fy : |lw| = n}. Let us recall the Nevo-Stein theorem.

Theorem (Nevo-Stein, [31, 32]). Let A = L°°(X, u) be the commutative von
Neumann algebra associated with a probability space (X, u). Let oj, 1 < i <d,
be automorphisms of A induced by measure preserving transformations of X. Let
feLP(X,un). Then

(i) If p > 1, the sequence (sz,, f )) converges almost everywhere and in L? (X, )
to the conditional expectation E(f|1,) with respect to the o -field I, of Fiiz)-

invariant measurable subsets, where F;z) is the subgroup of even length words.

(ii) If p > 1, the sequence L ”;1 sk (f) converges almost everywhere and in
n k=0
LP(X, ) to the conditional expectation E( f|I) with respect to the o -field T
of Fg-invariant measurable subsets.

In the noncommutative setting, Walker obtained the following generalization
of a part of the Nevo-Stein theorem.

Theorem (Walker, [45]). Let 0;, 1 < i < d, be automorphisms of a von Neumann
algebra A which leave a faithful normal state ¢ invariant. For x € A, the sequence
% Zz;(l) sk (x) converges almost uniformly to an element x € A.

The proof given by Walker uses the result of Nevo and Stein showing that the
Cesaro means % ZZ;(I) s, are dominated by Cesaro averages of powers of the only
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contraction s1. In the commutative case, Nevo and Stein could conclude with the
help of the classical Hopf-Dunford-Schwartz maximal inequality. In the noncom-
mutative case, this inequality has to be replaced by a maximal inequality due to
Goldstein. In both cases, delicate spectral estimations are also needed.

For a recent version of Walker’s result when x € L!(A, t), where 7 is a normal
faithful semi-finite trace on A, we refer to [8]. In this paper the approach of the
problem combines the one of Walker with an appropriate noncommutative Banach
principle.

Bufetov has proposed in [7] a totally different proof of the Nevo-Stein theorem.
In addition to being very simple, another advantage of his method is that it allows
to extend part (i) of the Nevo-Stein theorem to functions f in the class Llog L.

The aim of this paper is to show how the method of Bufetov can be adapted
to quantum probability theory. Combined with recent noncommutative martingale
convergence results due to Junge [18] and to Defant and Junge [12], it gives the
following result.

Theorem (Noncommutative Nevo-Stein ergodic theorem). Leto;, 1 <i < d,
be automorphisms of a von Neumann algebra A which leave a faithful normal state
@ invariant. Let x € LP(A) with p €]1, +00].

(i) the sequence s>,(x) converges bilaterally almost surely to the conditional
expectation of x with respect to the F;Z)-invariant elements in LP (A, ¢).

(ii) the sequence % ZZ;(I) sk (x) converges bilaterally almost surely to the condi-
tional expectation of x with respect to the F;-invariant elements in LP (A, @).

Moreover, in both cases, the convergence holds almost surely whenever p €
[2, +o0[ and almost uniformly when p = +o0.

The various notions of convergence appearing in this statement are analogues
of almost everywhere convergence. They are defined in 2.8.

This paper is organized as follows. In the next section, we shall begin by explain-
ing the notions of noncommutative probability theory used to state and prove the
above theorem. The reader only interested in a very short proof of the result of
Walker may skip these technical preliminaries and pass directly to section 3. In
theorem 3.1 we show that the techniques of Bufetov developed in [6] apply imme-
diately to extend the theorem of Walker. The idea is to relate the problem to the
study of an appropriate Markov operator P : A’ — A%¢ and to use available
ergodic theorems for the sequence % ZZ;(I) P of averaging operators.

Part (i) of the noncommutative Nevo-Stein theorem requires a more involved
analysis. In section 4 we first construct a suitable “noncommutative Markov chain”
attached to the Markov operator P (see theorem 4.1) and we prove (corollary 4.2)
a noncommutative version of Rota “Alternierende Verfahren” theorem, that is a
convergence result for the sequence P" o (P*)" where P* is an adjoint of P (as
defined in section 2). Following Bufetov, we show in section 5 how this last result
implies the noncommutative Nevo-Stein theorem.

The above operator P is factorizable in the sense of definition 6.2. Roughly
speaking, this means that P = jj o ji, where jo, ji are homomorphims preserving
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given states in a strong sense (see definition 2.6). Note that in the commutative
case, any measure preserving Markov operator is factorizable. In the last section,
we show how a Daniell-Kolmogorov type extension of the classical construction
of the Markov chain associated with a transition probability and an initial distribu-
tion can be carried out for every factorizable Markov operator. Such constructions
already appeared in the theory of quantum stochastic processes (see [38] and [3] for
instance), but here we insist on having, in addition, a good behaviour with respect
to P* (see formula (6.3)). In particular, the noncommutative Rota theorem holds
for such an operator P. However, since the construction involves amalgamated
free products of von Neumann algebras, we have chosen to provide in section 4 a
much simpler construction for the concrete Markov operator used in the proof of
the noncommutative Nevo-Stein theorem.

2. Preliminaries

Let us briefly summarize the main concepts and results needed in this paper.

2.1. Tomita-Takesaki modular theory and noncommutative L -spaces

We refer to [42], [24], [5, Section 2.5] for general backgrounds on the modular the-
ory of von Neumann algebras and to [23], [26], [43] for details on noncommutative
LP-spaces.

When 7 is a normal faithful semi-finite trace on a von Neumann algebra A, the
spaces L”(A, ) are easy to introduce and well understood (see [39], and [29] for
a short exposition).

Let us concentrate on the case of a noncommutative probability space (A, ¢)
where ¢ is a normal faithful state. We denote by L>(A, ¢) the completion of A with
respect to the scalar product (a, az) = (p(ai‘al) and by &, the unit of A viewed as a
vector of L%(A, ¢). Weidentify A withits G N S-representation in L?(A, ¢). In par-
ticular, the inclusion A C L?(A, ¢) is given by the map a a&,. We denote by S,
the closure of the operator a§, — a*£,. As usual, its polar decomposition is written
Sy = JyAy. Recall that J, is an anti-unitary involution and that ATAA_ = A
for all t € R. The modular automorphism group associated with (A, ¢) is the one-
parameter automorphism group of A defined by o/ (a) = Afp’ aA(;i "fora € A and
teR.

There are several ways to introduce noncommutative L?-spaces. We follow the
construction of Haagerup [23]. For simplicity, let us set o; = o, for t € R. Given
a concrete representation of A on a Hilbert space H (for instance the GNS-repre-
sentation in L2 (A, ©)), recall that the crossed product A X, R is the von Neumann
algebra of operators acting on L*(R, H) generated by w(a), a € A, and A(s),
s € R, where for & € LZ(R, H)andt e R,

m(@)(§)(1) = 0(a)§(t) and A(s)(E)(1) = &(r — ).

This crossed product does not depend on the choice of H. Since 7 is a normal
faithful representation of A on L%(R, H), one identifies A with 7 (A). There is a
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one parameter automorphism group ¢ — 6; of A%, R, implemented by the unitary
representation ¢ +— W(z) of R on L2(R, H), where W(1)(£)(s) = e S&(s) for
&€ € LX(R, H) and s, t € R. One has

6:(A(s5)) = WOASW (@) = e 8A(s) for s,t€R,
and
A={xe AR :6,(x) =x,Vt € R} 2.1)

The crossed product Ax,R has a canonical normal semi-finite faithful trace
7 satisfying 7 o 6, = e~ "t for all t € R. We can therefore introduce the topo-
logical x-algebra M (A %, R, t) formed of the closed densely defined operators on
L%(R, H), affiliated with A x, R, that are measurable with respect to T [42, Chapter
IX]. This algebra is the substitute for the algebra of measurable functions in the
commutative case. Following the point of view of Haagerup, for p € [1, +o00] we
define the noncommutative L?”-space L” (A, ¢) as

LP(A,¢) = {x € M(Ax,R, 1) : 6,(x) = e "/Px, Vi € R).

It is an ordered Banach space. We shall not describe its norm |.|| , here (see [23]).
Its positive cone L” (A, @) is the intersection of L” (A, ¢) with the cone formed
by the positive mesurable operators. Since L” (A, ¢) does not depend on ¢, up
to order preserving isometry, we shall write L? (A) for its abstract version. These
L?-gpaces behave as their commutative analogue with respect to duality.

Note that we have given above two definitions of L>(A, ¢). This is not confus-
ing since, due to the unicity of the standard form of a von Neumann algebra, the
two spaces can be identified in a natural way.

Observe also that, as a consequence of (2.1), we have L*°(A, ¢) = A. On the
other hand, L' (A, ) is identified we the predual A, of A in the following way:
any normal positive linear form w on A induces a dual weight & on A X, R whose
Radon-Nikodym derivative /,, with respect to T belongs to L' (A, ¢) and this map
o > h,, extends to an order preserving isometry between A, and L' (A, ¢).

As concrete subspaces of M(A xR, 7), the L?-spaces satisfy the odd relation

LP(A, o) NLY(A, ) ={0} if p#gq.

However, one can define nice positive embeddings as follows. Let us denote by
D = D, (= h,) the Radon-Nikodym derivative of the dual weight ¢ with respect
toT.

Lemma 2.1 (Theorem 1.7,[13]). Let p € [1, +oo]andlet p’ be such1/p+1/p’ =
1.

1 1
(i) tp : x = D2 xD? is an embedding from AL into L (A, @)1 with dense
range;

1 1
(ii) kp : x = D' xD?' is an embedding from LP (A, @) into LY (A, @) with
dense range.
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2.2. Markov operators in noncommutative probability theory

In the commutative case, there are several variant of the notion of Markov opera-
tor. We shall adopt a definition well suited to be extended to the noncommutative
setting.

Definition 2.2 ([25]). A Markov operator on a probability space (X, |4) is a positive
unital normal operator Q from L*° (X, 1) into itself. We say that i is Q-stationary,

or that Q is p-preserving if | Q(f)du = / fdu forevery f € L®(X, u).
X X

Remark 2.3. Usually, Markov operators are defined to be positive contractions from
LY(X, W) into itself, preserving the constant function 1 (see [30, page 178]). For
u-preserving operators the two definitions coincide. Indeed, let Q be a u-pre-
serving operator in the sense of definition 2.2. Then the (predual) operator Q. :
LY(Xx, w) — LY(Xx, ) satisfies Q4 (1) = 1 and therefore preserves the subspace
L*(X, n). Hence, the dual of Q| Lo gives a unique extension of Q to a positive

contraction of L!(X, Ww.

A normal unital completely positive map from a noncommutative probability
space (A, ¢) into another one (B, 1) will usually be called a Markov operator. As
in the commutative case, Q can be extended to L”-spaces if ¥ o Q = ¢. More
generally we have the following result:

Lemma 2.4 ([13],[22]). Let Q be a normal positive map from (A, ¢) into (B, V)
1 1 1 1

with Q(1) < land o Q < ¢. Themap Q p) : D(?”AD(?” — D?BD?, defined
by

1 1 1 1
Q) (Dy"aDy’) = D, Q(@)D,]
or a € A, extends to a positive contraction Q rom LP (A, @) onto L? (B, V).
(p)

Hereafter, we shall drop the subscript p and therefore write Q instead of Q).

The case of conditional expectations will be especially useful hereafter. Given
(A, @) as above, we shall say that a von Neumann subalgebra A of A is ¢-invariant
if it is invariant under the modular automorphism group o/ of ¢ (i. e. 5 (A1) C A}
foreveryt € R). This condition is equivalent (see [41]) to the existence of a (unique)
normal conditional expectation E : A — Aj such that p o E = ¢. Moreover, in this
situation, we have [E oo;p = a,(p oEfort € R.If ¢; denotes the restrictionof p to A,
the space L” (A1, ¢1) is naturally embedded as a Banach subspace of L” (A, ¢) and
[E extends to a contractive projection from L? (A, ¢) onto LP (A, ¢1), still denoted
E (see lemma 2.4 or [21, Section 2]). For x € L”(A, ¢), we shall say that E(x) is
the conditional expectation of x with respect to A.

In the commutative case, given a u-preserving Markov operator Q there is a

unique Markov operator on (X, ), that we shall denote Q*, such that / 0*(fgdu
X
= fX fO(g)du for every f, g € L°°(X, n) (take Q* = Qoo x in remark 2.3
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above). In general the situation is more subtle, and we have to take the modular auto-
morphism groups of the noncommutative probability spaces into account. Recall
that for any normal unital completely positive map Q from (A, ¢) to (B, ) such
that ¥ o Q = ¢, there always exists a unital completely positive map Q* : B — A
with

(0" (0)0?, ,(@) = Y (0, (b) 0 (@) (22)

for every o#-analytic element @ € A and every oV -analytic element b € B (see
[11, [9]). There exists Q* such that

9(Q*()a) = ¥y (bQ(@) (2.3)

foralla € A, b € Bifand only if Q intertwines the modular automorphism groups
of ¢ and . We give below a proof of this result, for the reader’s convenience.

Lemma 2.5 (Proposition 6.1, [1]).
Let Q be a completely positive normal unital map from (A, @) into (B, V). The
two following conditions are equivalent:

(i) there exists a normal unital completely positive map R : (B, V) — (A, ¢)
such that ¢(R(b)a) = ¥ (bQ(a)) for everya € A and b € B;
(ii) ¥ o Q :(pando,'// 0Q = Qooa/ foreveryt e R.

Proof. Note first that when Q a is unital completely positive map with ¢ o Q = ¢,
there exists a unique contraction V' : L?*(A, ¢) — L*(B, yr) such that V(a&y) =
Q(a)éy for a € A. Moreover, we have VS, C Sy V.

Assume first the existence of R as in (7). In particular we have ¥ o Q = ¢ and
@ o R = . Itis easily checked that the adjoint V* of V is the operator constructed
similarly from R. We haveV*Sy C S, V*, so that VS; Sy C S:Z Sy V and therefore

VAfp’ = A’J V for every t € R. We can conclude that a;/f 0 Q= Qoo since

o 0 Q@)Ey = ALV (ag,) = VAl (ag,) = Q oo @)y

fora e Aandt € R.

Let us now prove that (ii) = (i). Since O';p oQ =0 oo,‘p we get VAfp’ = A’IZ \%4
forevery t € R and therefore Jy, V = V J,. Obviously we have V(A &,) C By&y.
Forb € By anda’ = Jyal, € A/, observe that

(V*bEy, a'&,) = (bEy, JyVagy) > 0.
It follows that V* (B4 &y) C AL &, since
AEy = (neL* (A, 9): (n.d'é)=0.Yd € A,

(see [5, Proposition 2.5.27]).

Since ||V*|| = 1 and (V*&y, &,) = 1, we see that V*&,, = &,. It follows from
[5, Lemma 3.2.19] that V*(By&y) C AL&,.

For b € By, let us define R(D) as the unique element a € Ay such that
V*b&y = a&,. Then it is easily checked that R fulfils the conditions of (i). O
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Definition 2.6. Let Q be a completely positive normal unital map from (A, @) into
(B, V). If the equivalent conditions of the previous lemma are satisfied, we say that
the pair (W, @) is stationary with respect to Q or Q-stationary. We shall also say
that Q is a (W, p)-preserving Markov operator. The operator Q* will be called the
adjoint of Q with respect to (Y, ).

When (A, ¢) = (B, V), we say that ¢ is stationary with respect to Q or Q-sta-
tionary, or that Q is a p-preserving Markov operator.

We insist on the fact that Q -stationarity is strictly stronger (in general) than the
equality ¥ o Q = ¢.

Examples 2.7. (a) Finite von Neumann algebras. The modular theory is trivial if
¢ and ¢ are chosen to be tracial normal faithful states. Therefore, the maps QO
that we consider are normal completely positive unital maps with ¥ o Q = ¢.

(b) Conditional expectations. As already observed, normal conditional expecta-
tions E with ¢ o E = ¢ automatically commute with o?.

(¢) Homomorphisms. Let Q be a unital normal *-homomorphism from A into B
such that ¢ o Q = ¢. Then Q satisfies the equivalent conditions of lemma 2.5
if and only if Q(A) is invariant under the modular automorphism group of .
Moreover in this case, for b € B we have 0*(b) = Q™! (E(b)), where E is the
¥-preserving conditional expectation from B onto Q(A).

2.3. Almost sure convergence in noncommutative probability theory

Finally, let us introduce noncommutative substitutes for almost sure convergence
(see [16], [17] and [12]).

Definition 2.8. Let A be a von Neumann algebra with a faithful normal state ¢.

(a) We say that a sequence (x,) of elements of A converges to 0 almost uniformly
(resp. bilaterally almost uniformly) if for every ¢ > O there is aprojectione € A
with (1 — e) < ¢ and lim,,_, 5 || Xy €]l00 = 0 (resp. lim,,_,  ||ex, el 0o = 0).

(b) Let p € [1, 400]. We say that a sequence (x,) of elements of LP (A, ¢) con-
verges to 0 almost surely if for every ¢ > 0 there is a projection e € A and a
Sfamily (a, k) in A such that

=0,

e ¢]

p(l—e) <e, x5 = Xk:(an,le/p)’ and nlg’go H Xk:(an,ke)

where the two series converge in LP (A, ¢) and A respectively.

(c) Let p € [1,+00]. We say that a sequence (x,) of elements of LP (A, ¢) con-
verges to 0 bilaterally almost surely if for every ¢ > 0 there is a projection
e € A and a family (a, ) in A such that

p(l—e) <¢e, x, = Xk:(Dl/zpa”’le/zp)’ and nlinéo H Xk:(ean,ke) ”OO =0,

where the two series converge in LP (A, @) and A respectively.
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When A = L*°(X, m), with (X, m) a probability measure, all these notions of
convergence coincide, via Egorov’s theorem, with the almost everywhere point-
wise convergence. When A is a semi-finite von Neumann algebra equipped with a
normal faithful semi-finite trace t, the notions of almost uniform convergence and
bilateral almost uniform convergence can still be introduced as in definition 2.8 (a)
for every sequence in L” (A, 7) and all p € [1, +o0].

3. Ergodic theorems for some Cesaro means

Let us begin by introducing some notations. Let [ p(ij )] be a stochastic matrix,
whose rows and columns are indexed by a finite set / and let ( pQ ))i . bea station-
ary distribution, that is a probability measure on / such thatp(j) = >, .; p(i) p(ij)
for j € I. We assume that p(i) > O foralli € I.

We shall usually view elements w € I" as words of length n in the alphabet /
and write w = wowy - - - w,—1 Where wy is the (k + 1) — th component of w. For

we ", n>2, weset

Pn—1(w) = p(wo) p(wowy) - - - p(Wp_2Wy—1)

and
I(n)={wel": p,—1(w) #0}.

We set po(i) = p(i)and I (1) = 1.

Let L be a linear space and consider, for i € I, linear operators P; : L — L.
Forn > 1and w € I(n), we set P, = Py, o---0 Py, ,. We define the operators
sp and ¢, by the formulas

Sy = Z Pr—1(W)Py, if n>1, so=1dga,

wel (n)

1n—l
= — s if n>1.
n n%k =

For us L will be a noncommutative L?-space and we shall study the conver-
gence of the sequences (s, (x)) and (c, (x)), where x € L.

Following the idea of Bufetov [6], we assign to our data the operator P : L/ —
L’ such that

P(x)i =) pljPix)), i€l

jel

for all x = (x,‘),'el.
Given x € L, we denote by X the element of LT with %; = x for all i. The main
observation, easily proved by induction, is that, forx € L and n > 1,

1
P (x i = y — Pw s 3.1
(x) 20) w;wp 1(w) Py (x) (3.1)
wo=i
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so that
sn(¥) =Y p(i)P" (%) (3.2)
iel

and

=
en) = 32 p( 30 PEEN)- (33)
iel k=0
In this section, we shall concentrate on (c,(x)) which is much easier to deal
with.

Theorem 3.1. Let [p(ij)] and (p(i))l.el be as above and (A, ¢) be a noncommu-

tative probability space. Let P; : A — A be normal positive contractions such that
n—1

1
poP; <@ (i €l) Foreveryx € A, the sequence ¢, (x) = — Z( Z Pn—1(w)
n
k=0 wel(n)

Py (x)) converges almost uniformly to an element x € A.

Proof. We use the notations introduced above where L is here taken to be A. The
space A’ is a von Neumann algebra, that we denote by B, and we equip B with the
normal faithful state ¢ defined by

¢(b) =Y _ pli)p(bi)
iel
where b = (b;)ic;.

Then P : B — B defined as above is a normal positive contraction such that
¢ o P < ¢. The ergodic theorem of Kiimmerer [27] implies that for every b € B

-1
1 n
the sequence (— Z Pk(b)> converges almost uniformly in B to a P-invariant
n

k=0
element. It follows from (3.3) that for every x € A that sequence ¢, (x) converges
almost uniformly in A. O

Remark 3.2. The situation considered by Walker is the following particular case:

— [ is a set of 2d elements, that we write
I={-d,—d+1,...,—-1,1,...,d —1,d};

— for 1 <i <d, P; is an automorphism o; of A such that ¢ o 0; = ¢ and we set
-1
0—j =0;

- [p(ij)] is the stochastic matrix defined by
- 0 if i=—j,
pij) = 1

=T otherwise.

- (p(i))l.el is the uniform probability measure on [, i.e. p(i) = 1/2d foralli € I.
Obviously, in this case, I (n) is the sphere S, formed by the words of length 7.
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The identification of the limit in theorem 3.1 is a more difficult problem. How-
ever, in the situation of the previous remark, it is easy to show that the limit X is
the conditional expectation of x on the subalgebra of fixed points under the action
of F; (see the proof of the Nevo-Stein theorem in section 4).

Similarly, using the noncommutative individual Dunford-Schwartz ergodic the-
orem obtained recently by Junge and Xu [19, Corollaire 5], [20, Corollary 6.4], we
get:

Theorem 3.3. Let A be a semifinite von Neumann algebra equipped with a normal
semi-finite faithful trace t. Let P; : A — A, i € I, be normal positive contractions
such that T o P; < t. We are given [p(ij)] and (p(i))l.e[ as in theorem 3.1. Then,

foreveryx € LP(A) and p € [1, +00], the sequence (cn (x)) converges bilaterally
almost uniformly to an element of LP(A). If p > 2, the convergence also holds
almost uniformly. It also holds in LP-norm for p €]1, +o0l.

As said in the introduction, the above theorem has been proved by Chilin, Lit-
vinov and Skalski for p = 1, in a different way (see [8]).

The study of the sequence (s,,) is much more delicate and requires additional
assumptions. We shall only consider the situation described in remark 3.2. We
need a generalization of the Rota “Alternierende Verfahren” theorem that we shall
examine in the next section.

4. Noncommutative Rota theorem in a simple case

Let (A, ¢) be a noncommutative probability space. We are given normal unital
endomorphisms o; of A where i belongs to a finite set / of indices. We assume that
poo; =¢ando; oo =0 oo, fori € I andt € R. We are also given, as before,
a stochastic matrix [ p(ij)] and a stationary distribution (p(i)),_, with p(i) > 0
foralli e I

We set B = A’ and ¢ will be the state defined by

iel

¢(b) =Y pi)pbi).

iel
We still introduce the Markov operator P from B into B defined by
P®)i =) plij)oi(b)), (4.1)
jel
forall b € B and i € I. Each o; has an adjoint 6} with respect to ¢, and therefore

P is a ¢-preserving Markov operator. We have, forb € B andi € I,

P*(b)i = —= > _ p(Np(ji)o}b)).

1
PG

We need the following dilation result.
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Theorem 4.1 (Noncommutative Kolmogorov construction). There exist

— avon Neumann algebra B,

— a normal faithful state ® on B,

— anormal unital endomorphism 8 : B — Bwith ®of = ® and atq’ of =28 ool‘b
fort e R,

— a normal unital homomorphism Jo : B — B with ® o Jy = ¢ and th> oJp =

Joo Jt(pfort e R,

such that, if we set J,, = " o Jo forn > 0, and if B, and By, denotes the von Neu-
mann subalgebras of B generated by | J, -, Jx(B) and | J;~,, Jx(B) respectively,
then - -

(i) the algebras By and By, are ®-invariant;
(ii) if E,) and Ky, are the corresponding ®-preserving conditional expectations,
forn € Nand g > n, we have

EnjoJ, = JyoPI7", 4.2)
Ep o Jo = Ju o (P*)". (4.3)

Let us show first how the following corollary can be deduced from this theorem.

Corollary 4.2 (Noncommutative Rota theorem). For p €]l,+o0] and x €
L?(B), the sequence (P” o (PM)" (x)) converges bilaterally almost surely. For
p € [2, +00] the convergence also holds almost surely.

Proof. We have Eqgj o, 0 Jo(x) = Joo P" o (P*)"(x) for x € B and, using lemma
2.4, this formula extends to L”(B), p > 1. Therefore the result is a consequence
of the lemma below. O

Lemma 4.3. Let (B, ®) be a noncommutative probability space and let (By,) be a
decreasing sequence of ®-invariant von Neumann subalgebras. We set Booc = NB,,
and we denote by E, the ®-preserving conditional expectation from B onto B,
0 <n < o0 Let Q : B— B be anormal completely positive contraction. Then

(a) for x € B (i.e. case p = +00), the sequence (Q o En(x)) converges to Q o
Eoo (x) almost uniformly;

(b) for p € [2,400] and x € LP (B, ®), the sequence (Q oE, (x)) converges to
0 o Ex(x) almost surely;

(c) for p €]l,+o0] and x € LP (B, ®), the sequence (Q o E, (x)) converges to
0 o Exo(x) bilaterally almost surely.

Proof. Replacing x by x — E(x), we may assume that E,(x) = 0.

The convergence of (En (x)) in the appropriate sense is a result due to Dang-
Ngoc [11, Theorem 4] for p = 400 and to Defant and Junge [12] in the two other
cases. The main problem, already appearing in the commutative case, is to show
that (Q oE, (x)) still converges in the same sense. The case p = +o0 is immedi-
ately solved because Q is continuous on the norm bounded subsets of 13 when B is
endowed with the topology of almost uniform convergence (see for instance [37,
Proposition 1]).
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Let us assume that p €]1, +oo[ and let us first recall the proof in the commu-
tative case. Thanks to Chebichev inequality, to show that (Q oE, (x)) goes to 0
almost surely, it is enough to show that

tim | sup [Q 0 Ey ()| H,, —0. (4.4)

n>m

But, since Q is a positive contraction, we have

sup |0 oEn(x)IHP < HQ(::& IEn(x)I)Hp <

sup |En(x)|Hp. 4.5)

n>m

Therefore, it suffices to prove that lim,, H SUp,~m |En (x)| H = 0. The classical
- p

Doob maximal inequality gives, for all m € N,
p
[ sup [Ea (B )] = ~Z—IEn)l,. (46)
n p pP— 1
Now, observe that for n > m, we have E, o E,, = [E,,, and therefore

| sup [Eacol| = | sup [ (®n)]| = LB,
n>m p n>m )4 P — 1

Since (Em (x)) goes to 0 in L”-norm, this concludes the proof in the commutative
case.

When B is not commutative, the proof follows the same pattern. However, it
is not a straightforward generalization and several major difficulties arise. Given
a sequence (x,) in L? (3, ®) a first problem is to give a meaning to sup,, |x,|. To
this purpose, Junge has introduced in [18] the space L? (B, £°°), derived from Pi-
sier’s theory of vector valued noncommutative L?”-spaces [34]. It is defined as the
space of sequences (x,) in L? (13, ®) such that there exist a, b € L*7 (3, ®) and
(yn) € £°°(B) with x,, = ay,b for all n. Equipped with the norm

1| L 3,600y = inflllalizp sup llynlloc 151125},
n

where the infimum runs over all the possible decompositions, L” (13, £°°) is a Ba-
nach space. As explained for instance in [20], |[(x,) || Lp(B.gooy CAN be viewed as a

noncommutative analogue of || sup,, |xn| Hp. The Doob-Junge inequality for non-
commutative martingales (see [18]) is expressed as the existence of a constant ¢,

such that for all x € LP (B, ®),
| ()

<c
LP(B,(>)

p”x”p-

We also need the two following facts, proved by Defant and Junge in [12] :
—asequence (x,) in L? (53, ®) goes to zero bilaterally almost uniformly if and
only if limyy || (¥)nzm | Ly 3.4, = 03
— given Q as in the statement of the lemma, we have, form € N,

[ 0nzm|

LP(B.6) < ” (Xn)an ”LP(B,ZOO)’
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Having at hand the noncommutative analogues of (4.5) and (4.6), the proof of
statement (c) proceeds exactly as in the commutative case. Statement (b) can be
obtained similarly. The space L? (B, £°°) has to be replaced by the right hand sided
space LP (B, £°), defined as the space of sequences (x,) in L? (B, ®) such that
there exist b € LP (B, ®) and (y,) € £°°(B) with x, = y, b for all n. This space is
endowed with the norm

” (xn) ||LP(B,E?°) = inf{sup ”yn ”OO”b”p}v
¢ n

where the infimum runs over all the possible decompositions. Now the Doob-Junge
one-sided maximal inequality reads as

| (0 ))

< Jcrl|x|p-
N

O
Proof of theorem 4.1. We keep some notations introduced in the previous section.
As already said, we shall usually view elements w € I" as words of length 7 in the
alphabet I and write w = wowy - - - w,—1 Where wg is the (k + 1) — th component
of w.Forn > 1, weset I(n) = {w € I" : p,—1(w) # 0}, with p, defined in
section 3.
We denote by B,, the product von Neumann algebra formed by the maps b :
w > by, from I (n + 1) into A. This von Neumann algebra will be equipped with
the normal faithful state ¢, defined by

¢aD) = Y paw)p(bu).

wel (n+1)
Its modular automorphism group ¢ — o, " satisfies
0" (b)w = of (bu)

forbe Byandw € I(n +1).
Note that B) = B and ¢o9 = ¢. We shall need the two following unital injective
homomorphisms «,, and 8, from B,,_; into By, defined, forn > 1l and b € B,_; by

ay(b)y = bwon-wnq 4.7
Bn(b)y = Oy (bw1-~-wn)~ (4.8)

They satisfy the following relations :

Unt1 © Bn = ,Bn—i-] oy

Pn oy = p_1 = Py 0 Pn.
Obviously, &, and B, intertwine the modular automorphism groups:
oy o a,¢"_1 = a,"’” oap and B, o af’"“ = gf’n o B (4.9)

forallt € R.
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It follows that the algebras on(By—1) and B, (B, —1) are ¢, -invariant.

We denote by (B d>) the inductive limit of (B, ¢,), with respect to the mor-
phisms «;, : (By—1, ®n—1) — (By, ¢,), and by A, the canonical injective homo-
morphism from B, into B. By definition, we have

Antl O Optl = Ay, (4.10)

and, using the first equality in (4.9), we see that 4, is (@, ¢n)-preserving.
Let B be the injective endomorphism of B characterized by

An+10 But1 = B oAy 4.11)

for every n > 0. Note that § is 5-preserving.

Next, we set Jo = Ao and J, = B" o Jo for n > 0. Then B is defined to be
the von Neumann subalgebra of B generated by |, J»(B) and we equip this
algebra with the restriction @ of the state P. Finally we denote by B, and By,
the von Neumann subalgebras generated by  J, -, Jk(B) and | -, Jx(B) respec-
tively. Obviously, we have 8(B) C B, and we shall still denote by B the restriction
endomorphism g5 : B — B. Since crf’ oJy,=Jyo0 crf’ for all n € N, we see that
the algebras J, (B) are ®-invariant, as well as the algebras 5, and Bj,.

Computations hereafter are straightforward. They use the following observa-
tion: J, (b), when viewed, for r > ¢, as an element of B,1 C A,(B;) (and therefore,
after identification, as an element of B, ) is written

Jyb) =aro0---oazy10pBy0---0PB1(b),
hence
Jg (D) wyw, = Gwo»--wq,l(bwq) 4.12)

Let us first prove that E,j o J, = J,, o P47" for ¢ > n. We have to show that
for c € Byjand b € B, then

D(cJy (b)) = ®(cJy o PI"(D)).
We may take c of the form
¢ = Ji, () Iy (@) -+ Ty ()

where ¢! € Band 0 < ki <nforl <i < {. We work in B,. Thanks to formula
(4.12) we get

O(cJy (b)) = ¢y (cty (b))
= > pgwe(CW)ouyw,_; (bu,)).

wel(g+1)

1 ¢
where we have set C(w) = Owo-wiy 1 (kal) e Owgewg, (ka,z)'
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On the other hand, we have

ba(chno PT"B) = D puo(Coug, (PT7B)u,) ),
wel (n+1)
4.13)

and by iteration of formula (4.1),

pa (b)wn = Z p(vovy) -+ P(Uqfnfl vqfn)o—vg-'-vq_,,_l (bvq_n)‘ (4.14)

vel(g—n+1)
vp=wn

Writing the above v as v = wj, - - - wy and replacing P97"(b),,, by its expres-
sion (4.14) in (4.13), we immediately get that

bg(cJq(B)) = pg(cJn o PT7"()).
The proof of the relation Ej, o Jo = J, o (P*)" is similar. We have to check that

®(cJo(b)) = ®(cJy o (P*)" (b))

"
for every ¢ € B, and b € B. Itis enough to take ¢ € ( U Jk(B)) with r > n.
n<k<r
We may choose ¢ of the form

¢ =Ji - T

where ¢ € Bandn <k; <rforl <i <. Again, we get
O(cho®) = Y prwe(Cwhu,) (4.15)
wel (r+1)
and
D(chyo (PY'B) = Y prwe(Cuga, (P Blu,)),
wel (r+1)
1

where C(w) = Gugug 1 (Co )+ Owgeong 1 (€ )-
Using the invariance of ¢ by the endomorphisms o;, we obtain

O(chyo (PY'B) = Y pre(C'(wy-- w) (P (b))
wel (r+1)

with C'(wy -+ wr) = Oy (c}%) e O (cﬁjkl). If we begin by sum-

ming on the n first letters of w, we get that CID(cJ,, o (P*)"(b)) is equal to

> Pr—n(Wy - w)(C'(wy - - w) (P (D), ). (4.16)

wy-wr€l (r—n+1)
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Furthermore we have

(P (B)u, = Y poy_ 000l by,  (@17)

vel (n+1)
Up=wn

p(wy)

In the expression (4.16) of @(c]n o (P*)”(b)) we replace (P*)"(b),, by the its
expression (4.17). It follows from the definition of 0" that CIJ(an o (P! (b)) is
equal to

Z p,(w)go(owo...w,q_1 (clluk1 )+ Owgeg, (cﬁ)kf)bwo).
wel (r+1)

Comparing with the expression found in (4.15), this concludes the proof of theorem
4.1 ]

Remark 4.4. Condition (4.2) is sometimes called the Markov property in probabil-
ity theory. In the classical commutative case, we have, furthermore, the following
Markov (or covariance) property (see [35, Chapter 1]):

Vn,q €N, B"oEy =E,g0p" (4.18)

Here also, in the setting of theorem 4.1 it can be proved by an easy explicit
computation of [E,; that the Markov property (4.18) holds.

5. Proof of the noncommutative Nevo-Stein theorem

Proof. We shall apply the previous section in the particular situation described in
remark 3.2. Recall that

I={-d, —d+1,...,—1,1,....d —1,d},

otherwise,

1
2d — 1
and that (p(i))l.e ; 1s the uniform probability measure on I, i.e. p(i) = 1/2d for
alli e I. Furthermore, oi, 1 <1i < d, is a g-preserving automorphism of A and
O—_; =0; .

We flollow the method used by Bufetov in the commutative case [7]. We intro-
duce B = A% = {(bi)ier : bi € A}, the state ¢ on B and the completely positive

map P as in the previous section, that is

1
PB)i = — D aib)).

Jjel
J#—i

that [p(ij)] is the matrix with p(ij) = 0ifi = —j and p(ij) =

For x € A we denote by x the element of B such that x; = x fori € I. Formula
(3.1) becomes

"~ 1
PR (%) = W Z ow (X)

weSy
wo=i
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for n > 1, so that

1 1
() =2 Y ow@®) = 5> P (5.1)

weS, iel

Let us recall that, for b € B, we have

1 1
P*(b); = ST Z o_j(bj) = 7T Zaj(b_j)
7

since o; = o_; in this setting.
The operators P and P* are related in the following way. Denoting by U the
symmetry of B such that U (b); = o;(b—;), we immediately see that U P*U = P.

‘We have

N 1
P*P(b); =mzzbk

jel kel
J# k#]
and therefore
prp=24=2p L ja
T 2d-1 2d—1 %
By induction we get
2d — 2 1
PY Pt — UPZn—l p* n—an—l.
(79 2d — 1 + 2d — 1( )
It follows that
2d — 1
P2n71 — U(P*)npn _ U(P*)nflpnfl
2d —2 2d —2
2d — 1 1
— PYPYY'U — Pn—l pP* n—lU.
2d — 2 (75 2d — 2 (75

Now, using corollary 4.2, we see that forevery b € B, the sequences (Pz"’l (b))
and (PZ" (b)) converge almost uniformly. As a consequence of the relation (5.1),
we get, for x € A, the almost uniform convergence of the sequences (52,1_ 1 (x)),
(s24(x)) and therefore of (% 2;6 sk (x)).

Let E@ be the g-invariant conditional expectation from A onto the subalge-
bra A® of Fﬁlz)-invariant elements in A and let us show that E@ (x) is the limit
x of (sz,, (x)). Since the automorphisms o; are ¢-preserving, we have ¢(yx) =
@ (ys2n(x)) forevery y € A®@ . Moreover, the bounded sequence (szn (x)), which
converges to X almost uniformly, also converges to X in the strong topology (see
[16, Theorem 1.1.3] for instance). Therefore we have, for y € A®,

pOEP () = o) = lim_g(ys2(x)) = 9(33).
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To conclude that £ = E@ (x) it remains to check that % is Ffiz)-invariant. We shall
use the following identity:

2d — 1 1
§1 08, = Tsn—i-l + ﬁsn—b (5.2)
This relation is an immediate consequence of the fact that multiplying all words of
length 1 by all words of length n, each word of length n + 1 is obtained once and
each word of length n — 1 is obtained 2d — 1 times. It follows from (5.2) that

2 (2d—1>2 +22d—1 n 1
stosy, =(——) s — ———S5_2,
1 2n 2d 2n+2 (2d)2 2n (Zd)z 2n—2

from which we get s12()?) = X.

If we view the elements of A as vectors in the Hilbert space L2(A, ¢) of the GNS
representation associated with ¢, a strict convexity argument gives that o, (¥) = %
for every word of length 2. Therefore, X is Ff)-invariant.

Similarly, we show that the limit of % Zz;é sk (x) is the conditional expectation
of x with respect to the subalgebra of F;-invariant elements.
The proof is similar for any p > 1, still using corollary 4.2. O

6. About the noncommutative Rota theorem

As said before, our corollary 4.2 is a noncommutative version (for a particular
Markov operator) of the following theorem of G.-C. Rota [36]:

Theorem 6.1 ([36]). Let P be a ju-preserving Markov operator on the probability
measure space (X, ). Then for every p > 1 and f € LP(X, ), the sequence
(P"(P*)" (f)) converges almost everywhere.

This result was established by Rota from the commutative analogue of theorem
4.1 (see [36]). In fact, Rota’s theorem is still true whenever f € LLogL(X, ().

The extension of Rota’s theorem to the noncommutative setting (with a mini-
mum of hypotheses on P) is an interesting open problem. It can be studied using
the general definition of P* introduced in (2.2). As a first step, we only consider
the case of a state preserving Markov operator, so that P* satisfies (2.3).

As already explained in Section 4, it is crucial to determine for which operators
P theorem 4.1 holds, and we shall examine hereafter this problem.

Let (B, ¢) be a noncommutative probability space and P : B — B be a
¢-preserving Markov operator. Obviously, if theorem 4.1 holds, then P must be
factorizable in the following sense.

Definition 6.2. Let P : (A1, ¢1) — (Ao, 9o) be a (¢o, ¢1)-preserving Markov
operator. We say that P is factorizable if there exists a noncommutative probability
space (C, ) and two normal unital homomorphisms jy : (Ao, o) — (C, ¥),
J1 : (A1, @1) — (C, V) such that (Y, o) and (Y, ¢1) are respectively jo- and
Ji-stationary and P = j§ o ji.
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Indeed, if theorem 4.1 holds, take (C, ¥) = (B, ®) and j; = J;,i = 0, 1. Since

Jy = JO_1 o Ko, the equality Eoj o J; = Jog o P gives P = jj o ji.

Examples 6.3. (a) If Ag, A1 are commutative abelian von Neumann algebras,

(b)

(V]

every unital positive map P : A — Ay is factorizable. Indeed, let us endow
the algebraic tensor product Ag ® Ay with the inner product

(fo® f1,80® g1) = polgs foP (g} f1))

and denote by Hp the Hilbert space obtained by separation and completion.
Let jo (resp. j1) be the normal representation of Ag (resp. A1) defined by

Jo(80)(fo ® f1) =gofo® f1 for go, fo € Ao, f1 € Ay
(resp.
J1EgD(fo® f1) = fo® g1 fi for foe Ag, g1, f1 € AD).

We denote by C the von Neumann algebra generated by jo(Ag) and j; (A1) and
by i the state ¢ > (c&p, Ep) where &p is the class of 1 ® 1 in Hp. In particular,
we have ¥ (jo(f0)j1 (/1)) = ¢(foP(f1)). We easily check that P = j§ o j.
The reader familiar with Connes’ notion of correspondence will recognize in
Hp the Hilbert space of the correspondence associated with P. This construc-
tion is also well known in probability theory. In this framework, to (A;, ¢;)
is associated a probability space (X;, u;) such that A; = L*°(X;, u;) and
oi(f) = / fdu; for f € A;,i =0, 1. Let p be the probability transition

i

associated with P, i.e. P(f)(x) —f fpx,dy) for f € L®(Xy, uy).
Then C = L*°(Xy x X1, v) where v is the probability measure defined by

/ fdv 2/ ([ o, x1)p(x0, dx1))dpo(xo).
Xox X1 Xo X1

Here, v is the state associated with v and the embeddings jo, j; are the obvious
ones.

Let us come back to the setting P : (B, ¢) — (B, ¢) considered in section
4. We take for (C, ¥) the algebra By = {b : I(2) — A} equipped with the
state ¢1. Recall that ¢ (b) = Z p(wo) p(wow)@(bywyw,) for b € By. Let

wel(2)

Jo be the map a1 : B — By defined by o1 (b)yyw, = buw, and let j; be the map
B1: B — By defined by B1(b)wow; = 0wy (bw,). Thenitis easily checked that
P =ajofy.

More generally, let us replace the endomorphisms o; of A by any factorizable
@-preserving completely positive map P; from A to A fori € I and let us keep
the notations of (b) for (B, ¢). Then the map P : (B, ¢) — (B, ¢) defined by

P(b)i =Y plij)Pi(b))

jel
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is still factorizable. Indeed, let us write P; = o o §; for a;, B; appropriate maps
from (A, @) into a noncommutative probability space (C;, ;). We define C to
be the von Neumann algebra formed of the maps b : wow; € 1(2) = bygu, €
Cuy- We endow C with the state

Vb > pwo) p(wown) Yy (bug,)-

wel (2)
Moreover we define «, 8 from B = A into C by

a(b)woun = awo(bwo)’ ,B(b)wowl = ,Bwo(bwl)-

Then we have P = o* o 8.
(d) Another useful example is given by the following lemma.

Before stating it, we make the convention hereafter, for simplicity of language,
that all our maps between noncommutative probability spaces will (implicitely) be
preserving Markov operators with respect to the given states.

Lemma 6.4. Let (B, ¢), (A, ;)i = 0, 1, be non commutative probability spaces.
We assume that fori = 0, 1, A; contains a copy of B as a von Neumann subalge-
bra and that there is a conditional expectation E; : A; — B with ¢; = ¢ o E;.
Then P = ig o i} (where iy, k = 1,0, is the canonical embedding of B into Ay)
is factorizable. More precisely, one can find (C, ) and homomorphisms jo, ji
from (Ag, @o), (A1, @1) respectively, into (C, ) such that jo oig = ji oi1 and
igoif = jj o ji.

Proof. We define (C, y) to be the reduced amalgamated free product of (A1, ¢1)
by (Ao, ¢o) over B and jo : Ag — C, j1 : A1 — C are the canonical embeddings.
This construction is explained for instance in [4]. We give below an equivalent
construction, in terms of self-dual Hilbert modules (see [33] for that notion). It
is the exact analogue of the construction exposed by Voiculescu in [44, Section
5], except that self-dual completions replace norm completions in the definitions
(e. g. for relative tensor products). For i = 0, 1, we denote by H; the self-dual
right Hilbert B-module obtained by completion of A; with respect to the B-valued
inner product (x, y) = E;(x*y) for x, y € A; and x > X is the canonical embed-
ding of A; into H;. Recall that left multiplication on A; yields a unital normal
injective homomorphism 7; from A; into Bg(H;) (the von Neumann algebra of
B-linear operators having an adjoint). In particular H; is a bimodule over B. We
set & = TA,- and decompose H; as the orthogonal direct sum of self-dual Hilbert

B-modules H; = & B @ Iih-. As in [44] we define (H, &) = (Hy, &) * (H1, &1) by

H=£(B @ P H, ®p- - ®p H,, .
n>1
[T 1, €{0,1}
UFRFAF - Fln—1Fln
We denote by j; the normal representation of A; into B (H) introduced by Voi-
culescu (written A; in [44]) and C = Ag *p A is the von Neumann subalgebra
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of Bp(H) generated by jo(Ap) and j;(A1). We shall freely identify the elements
ae€A;and ji(a) e C,i =0, 1.
The map E : ¢ — (&, c&) is a normal conditional expectation from C onto B

and we set ¥ = ¢ o E. We identify the submodule £ B & I(;I o of H with Hp and
we denote by ¢ the orthogonal projection from H onto Hy. Then Eg : ¢ — gocqo
defines a normal conditional expectation from C onto jo(Ay) (via the identification
X = jpo y'ro_l(x) between mo(Ap) and jo(Ag)) such that Eg o jij(a) = Ej(a) for
a € A (see [4, Lemma 3 5]). More premsely, if we avoid obvious 1dent1ﬁcat10ns
we have to write JO o ]EO o ji(a) =ipo 11 oEi(a). Wehave E = [Ej o Eo and
therefore ¢g o ]Eo = . Similarly we define ]E1 1 C — ji(Ay).

Finally, we observe that the equality j, 'oEpo Jji=ipo ifl o [Eq is nothing
else than jj o j1 = igoij. O

Note that C is generated, as a von Neumann algebra, by jo(Ag) and ji(A1).

Theorem 6.5. A ¢-preserving Markov operator P on (B, @) is factorizable if and
only if theorem 4.1 holds. As a consequence, the noncommutative Rota theorem 4.2
applies to factorizable Markov operators.

In fact, we shall prove a more complete theorem.

Theorem 6.6 (Noncommutative Markov chain construction). Let P : (B, ¢) —

(B, ¢) be a factorizable ¢-preserving Markov operator. There exist

— a von Neumann algebra B,

— a normal faithful state ® on B,

— anormal unital endomorphism 8 : B — Bwith ®of = ® and crtq’ oB=§8 oo;b
fort e R,

-a normal unital homomorphism Jy : B — B with ® o Jy = ¢ and O't oJp =
Jo ooy fort eR

such that, if we set J,, = " o Jy forn > 0, and if B,) and By, denotes the von Neu-

mann subalgebras of B generated by kan Jx(B) and Uan Jx (B) respectively,
then

(i) the algebras By and By, are ®-invariant;
(ii) if E,) and Ky, are the corresponding ®-preserving conditional expectations,

we have
Epoldy=Jy0P1™", Vg =>n=>0, 6.1)
Epiqio B! =p70E,, Vn,qeN, (6.2)
Epodo=Jyo (P, Vnel (6.3)

Proof. Assume the existence of (B, ¢1) and of homomorphisms ¢, 81 from (B, ¢)
into (B, ¢1) with P = o} o B;. Letus set (By, ¢o) = (B, ¢). Using lemma 6.4, we
construct inductively a sequence (B,, ¢,) of noncommutative probability spaces,
and of pairs (@41, Br+1) of homomorphisms from (B,, ¢;,) into (By+1, $n+1)
such that

Bunoay =ay, 10 Bt (6.4)
n+10 By = But1 0 ay. (6.5)
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Let (B, @) be the inductive limit of (B,, ¢,) with respect to the morphisms «;, :
(Bn—1, ¢n—1) — (By, ¢,) and let X, be the canonical embedding from (B, ¢,)
into (B, ®). We also define the endomorphism 8 of (B, ®), characterized by the
condition

Ang10Buy1 =BoA, forall n=>0.

Now we set Jo =X o : B — Band J, = 8" o Jyp forn > 0.

We shall identify B, with the subalgebra A, (B,) of B when convenient. Then,
for 0 < ¢g < r, the homomorphism J,;, when viewed as a homomorphism from B
into B, C B is written

Jg=0a,0---oayr10B50---0p
=pBro---ofgqr100_40---0ay,
ifg > 0.Forg =0,
Jo=a,0---00q.
We shall also need the following formula:
P'"=qajo---oa,o0fB,0--0p. (6.6)

Starting with P = o7 o By, this formula is proved by using (6.4) repeatedly.
Since for every n > 1, the von Neumann algebra B,, is generated by o, (B, —1)
and B, (B,—1), we see inductively that

B, = Ay(By) = By.

Observe that for ¢ > n > 0, the conditional expectation [, restricted to By,
is oz;H 0+++0 a;. It follows that
Enjoldy =05 o-~-oa;ol3qo~-~oﬂ1,
and, using (6.4), we get

Eny o Jy =,3no~-~oﬂ1o(xfo-nooz;_noﬂq_no-noﬁ]
= J,0o PI7",
by (6.6). This concludes the proof of (6.1).
Let us show now that E,1,j o 8¢ = g4 o K, for every n, g € N. It is enough
to fix an integer r > n and to prove this formula in B,. Therefore we have to check
that

* * * *
an+q+1O"'Oar+qoﬂr+qo"'oﬂr+] = Butq 0 0 Puti 0y 1000,

which is still a consequence of (6.4).
Finally, let us prove that Ej,, o Jo = J,, o (P*)". We have to check thatfor b € B,
"

r>nandc € (Unfkfr Jk(B)) then

D(cJo(b)) = D(cty o (P*)" ().
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In order to shorten notations, for any pair of integers k < ¢, we shall write a[g ¢ for
aygo- - -oay, and we shall adopt the same convention for Bj¢, «]. We denote by B[, 1|

"
the algebra (Unsksr Jk(B)) when viewed into B,.. One shows immediately that
forevery 1 <k <r,

Biy—k,r] = Birk+11(Br).
We have to prove that forn <r,

B,
B viny (B © €11 = irnt1] © Bin,17 © (P7)", (6.7)

where Eg[’ i) Brn) is the natural conditional expectation from B, onto Bj,,—,+1]

(Br—n) = Bu,r)- We fix n and proceed by induction on r.
First, for r = n, let us prove that E/]g[r:l,u(B) o [p,1] = P11 © (P*)": by (6.6)

we have (P*)" = B} |, o ajn,1) and therefore

* * B,
Bin1yo (P = Bruyo By o anny =Egl | gy 0 @)
Asssume now that (6.7) is true and let us prove the formula for r 4 1. Take
¢ € Byy1—, and b € B and compute
Gr+1(Br+1,r—nt21(Or41.11(B)) = @r ()11 0 Bir+1.r—nt21(Opr, 11(D)).
Using again (6.4), we get

a:-{-l © :3[r+1,r—n+2](c) = ﬂ[r,r—n—i—l] o a:_n.H(C)-

We have o, 4+1(0) € Brp and therefore the assumption (6.7) gives

Gri1(Bir+1.r—nt21(©apr11,11(b))
= ¢r (@11 © Bir+1,r—ns21(Q)ap11(D))
= ¢r(of i1 0 Bratra 21 OBy s, 0 @rni(®))
= ¢r ()11 © Bir+1,r—n+21(frnt1] © B, 11 © (P (D))
= Gr41(Bir+1.r—n+21(0)41 © A1) © By © (P (D).
It follows that

B,
Eg B © Ar+1.1(B) = ittty © Bin1y 0 (P (D).

This concludes the proof of theorem 6.5. O

Remark 6.7. (a) Let us consider the commutative case (see (6.3) (a)). Given a
wu-preserving Markov operator P from L (X, ) into itself, there is a much
simpler construction of (B, @, 8, J,,) satisfying theorem 6.6, known as the
Daniell-Kolmogorov construction. The von Neumann B is L*°(2, v), where
Q = XN is the trajectory space equipped with the usual o-field of measurable
subsets, and v is the Markov measure associated with P and the starting mea-
sure . Let (X)), cn be the corresponding homogeneous Markov chain, that is,
for n € N the random variable X, : 2 — X is the projection (x;);eN F> Xp.
Then J,, is the homomorphism f +— f o X, from L°°(X, u) into L>®(£2, v).
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(b) When A is the von Neumann algebra C, the construction made in section 4 is a
particular case of the above one. It corresponds to the case where X = I, u is
the distribution (p(i)),_, and P : C' — C’ is given by the transition matrix
PG

(c) Given any unital completely positive map P : B — B, where B is a von
Neumann algebra (or a unital C*-algebra), without any other assumption on P,
several Daniell-Kolmogorov type constructions can be found in the literature
(see [37] and [3] for example). In these constructions, equalities (6.1) and (6.2)
are fulfilled. The main point here is that we also need condition (6.3).

Problems. (1) Are there examples of ¢-preserving Markov operators not being
factorizable?

(2) For a factorizable Markov operator P, find a canonical construction for (5B, @,
B, J,) in theorem 6.6.

(3) Let P be a normal unital completely positive map from (B, ¢) onto itself
such that ¢ o P = ¢. Let P* be the completely positive operator such that
¢>(P*(b)crfi/2(a)) = ¢(ol.¢;2(b)P(a)) for all analytic elements a, b € B. Study
the convergence of the sequence (P”(P*)").

Remark 6.8. Junge and Xu have generalized in [20] both the individual Dunford-
Schwartz ergodic theorem and the classical Stein ergodic theorem proved in [40].
Using our terminology, the noncommutative Stein ergodic theorem reads as follows:

Theorem 6.9 (Junge-Xu, Corollaries 7.11 and 7.13, [20]). Let (B, ¢) be a non-
commutative probability space and let P : B — B be a ¢-preserving Markov
operator such that P = P*. Then for p €]1, 400l and x € LP (B, ¢), the sequence
( P (x)) converges bilaterally almost surely to the canonical projection of x onto
the subspace of P-invariant elements. If p > 2, the convergence also holds almost
surely.

This gives of course the noncommutative Rota theorem for self-adjoint ¢-pre-
serving Markov operators.
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