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Abstract. We consider the problem of testing hypotheses on the regression function from
n observations on the regular grid on [0, 1]. We wish to test the null hypothesis that the
regression function belongs to a given functional class (parametric or even nonparametric)
against a composite nonparametric alternative. The functions under the alternative are sepa-
rated in the L,-norm from any function in the null hypothesis. We assume that the regression
function belongs to a wide range of Holder classes but as the smoothness parameter of the
regression function is unknown, an adaptive approach is considered. It leads to an optimal
and unavoidable loss of order ,/log(log n) in the minimax rate of testing compared with the
non-adaptive setting. We propose a smoothness-free test that achieves the optimal rate, and
finally we prove the lower bound showing that no test can be consistent if in the distance
between the functions under the null hypothesis and those in the alternative, the loss is of
order smaller than the optimal loss.

1. Introduction

Discrete regression models are frequently used in statistics and econometrics. If the
model is misspecified, it can lead to very inaccurate results. Therefore, the prob-
lem of hypothesis testing about regression function f is essential since it allows
us to check the specification of the model. Nonparametric methods seem to be
natural if you do not have in mind specific departures from the model. There have
been a number of papers, initiated by Ingster (1982), concerning nonparametric
hypothesis testing on the signal function in the regression model or in the Gauss-
ian white noise model, via an asymptotical minimax approach : Ermakov (1990),
Ingster (1990, 1993), Hirdle and Mammen (1993), Lepskii (1993), Suslina (1993),
Hart (1997), Hirdle and Kneip (1999), Lepskii and Spokoiny (1999), Lepskii and
Tsybakov (2000), Gayraud and Pouet (2001). In all of these papers, the authors
specify a functional class to which f belongs; the considered functional classes
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are characterized by a smoothness parameter. Then, the goal of these papers is to
determine the minimal (optimal) distance between the null hypothesis and the set
of alternatives for which testing with prescribed error probabilities is still possible.
We refer the reader to the paper of Lepskii and Tsybakov (2000) for an accurate
definition of the minimax setup testing, including also the definition of the exact
separation constants. However, the test procedures depend heavily on the smooth-
ness assumption which is typically unknown as well as the regression function f :
this makes them unnatural and unattractive from a practical point of view. It is our
first motivation to extend the non-adaptive case of our previous paper (Gayraud
and Pouet 2001) to the adaptive case i.e. the case where the smoothness parameter
is also supposed unknown. Other papers must be mentioned here in the context
of adaptive hypothesis testing about the regression function : in Baraud, Huet and
Laurent (2003), no assumption on f is required since the distance they used to sep-
arate the null hypothesis and the alternative is a discrete one; it avoids to quantify
the approximation of the L>-norm, when it is used as the distance as in our study,
by a discrete sum of squared terms. The same occurs in Horowitz and Spokoiny
(2001) and in Fromont and Lévy-Leduc (2003). Horowitz and Spokoiny (2001)
give results for a composite null hypothesis and for Holder spaces. Here, we con-
sider a functional class of Holderian functions with a smoothness parameter ranging
over a wide scale. But we are more general than Horowitz and Spokoiny (2001)
in the choice of the class under the null hypothesis since they take a parametric
family of given functions whereas in our study only a control of the entropy of
the class which could even be nonparametric is required. Fromont and Lévy-Leduc
(2003) consider the problem of periodic signal detection in a Gaussian fixed design
regression framework, assuming that the signal belongs to some periodic Sobolev
balls. Fan, Zhang and Zhang (2001) give adaptive results when the alternatives lie
in a range of Sobolev ball; their test statistic is based on generalized likelihood
ratio and they obtain the asymptotic distribution of their test statistic under the
null hypothesis, which is free of any nuisance parameter (this result is referred as
Wilks phenomenon). Fan and Zhang (2004) extend Fan, Zhang and Zhang (2001)
paper in the sense that they consider unspecified distribution of the errors instead
of assuming a parametric structure for their distribution. The closest paper to our
approach is Spokoiny (1996) and also its extension Spokoiny (1998) (the nontrivial
extension of this second paper is to consider an arbitrary L,—norm instead of the
Lo—norm), although its model is the Gaussian white noise and its null hypothesis
is defined by the unique null function. In our study, we do not specify the law of
the errors except for the resolution of the lower bound and we get the upper bound
under an assumption on the control of the tail distribution of the errors. Moreover
Spokoiny (1996, 1998) consider a collection of Besov balls; it allows to decom-
pose the regression function f on an orthonormal basis of wavelets which gives
interesting properties of independence for the resolution of the lower bound.

To summarize, this paper is devoted to obtain the optimal minimax adaptive rates
in testing Fo, a given functional class of regression functions, against a functional
class composed of Holder balls. Our study gives the possibility to consider a rich
class Fg since only a control of its entropy is required : parametric but also nonpara-
metric functional classes are allowed. On the contrary of other papers (Horowitz
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and Spokoiny (2001), Guerre and Lavergne (2002)) in which a parametric family
under the null hypothesis is considered, no existence of an estimate under the null
hypothesis is needed. Concerning the upper bound, we do not specify the law of
the errors; just a control of the tail distribution is required. It is worth mentioning
an interesting link between the distribution tail of the errors and the entropy of the
class Fy. Besides, we prove that the adaptive case leads to a loss of efficiency of
order /log(logn).

The paper is organized as follows. In Section 2, we state the testing problem and
the minimax approach to solve it. In Section 3, we explain the proposed adaptive
test procedure. Section 4 is devoted to the statement of the results. In Section 5,
some comments are given, in addition with some figures which illustrate the link
between the distribution tail of the error and the control of the entropy of Fy. The
proofs are postponed in Section 6 and those of the lemmas are given in Appendix.

2. Model and adaptive minimax framework

We consider the usual regression model
Yi=f@)+& i=1,...,n,

where f defined on [0, 1] belongs to the class (8, C, M), 8 > 1/4, C > 0,
M > 0, which is defined as follows :

{(feHPB,C : [flloo < M) iff<p=<1,
(fFE€HPB,C) : Ifllc <M, | f'loo <M} if B> 1,

where H (B, C) denotes the Holderian class of functions with 8 as the smoothness
parameter and C as the Holder constant and || - ||so denotes the supremum norm.
Besides, the real random variables &;, i € {1, ..., n} are i.i.d. with zero mean and
unknown variance o> > 0, and the points x; are deterministic equispaced on [0, 1]

(B, C, M) = {

and numbered in such a way that |x; — x;_1| = —,Vi =2,... ,n.
n

Given the sample Y1, ..., Y,, if we suppose B known and for a given functional
class Fy, one could consider the following test problem

Hy: feFoCX(B.C, M),

against
Hy: feAln p) = {f €X(B.C,M): if |f— fol2= v(n,ﬂ)},
foeFo

where || - ||2 denotes the L>-norm and v(n, B) is a sequence of positive numbers
decreasing to zero as n goes to infinity. Note that A (v(n, B)) is defined by three
parameters : the class X (8, C, M), the Lo—norm and v(n, 8). It can be shown (Ing-
ster 1993) that given X (8, C, M) and the L-norm, v(n, 8) cannot be chosen in an
arbitrary way. It turns out that, if v(n, 8) is too small, then it is not possible to test
the hypothesis Hy against H; with a given summarized errors of the first and the
second type. On the other hand, if v(n, B) is very large, such a testing is possible;
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assuming B8 known, the problem is to find the smallest sequence v(n, 8) for which
such a test is still possible and to indicate the corresponding test functions. More
precisely, let A, be a test statistic that is an arbitrary function with values 0, 1 which
is measurable with respectto Y1, ... , Y, and such that we accept Hy if A, = 0 and
we reject Hy if A,, = 1. This smallest sequence v(n, ) is said to be the minimax
rate of testing if it satisfies relations (1), (2) in Definition 1.

Definition 1. (/) For any given 11 € (0, 1), there exists a positive constant a such
that as n large enough

inf{ sup Pr(A, =1)+ sup  Pr(A,=0)}>14+0,(1), (1)
A foeFo feA@v(n,p))

where inf A, s the infimum over all possible test functions, relation (1) is called
relation of the lower bound.

(2) For any given 12 in (0, 1), there exist a positive constant A and test functions
Ay such that as n large enough

sup Py (Ap =1+  sup  Pr(A, =0) <2+ o0n(l), 2
foeFo feA(Av(n.p))

Relation (2) is called relation of the upper bound.

In the case of B known, the minimax rate of testing is v(n, §) = n2B/@B+D
and the test function which achieves the minimax rate of testing is a statistic which
depends obviously on 8 (Gayraud and Pouet, 2001). But since the regression func-
tion itself is unknown the a priori knowledge of its smoothness 8 could appear
unrealistic.

The purpose of this paper is to solve the previous problem of testing in an
adaptive framework i.e. supposing that 8 is unknown. Following the terminology
of Spokoiny (1996), we assume that 8 belongstoaset7 = {f : 1/4 < f, <
B < B*}, where B, and B* are fixed. We suppose that the given functional class Fg
under Hy is included in the greatest regular class X(8*, C, M). We thus give the
smallest sequence which separates the null hypothesis and the alternatives when
the alternatives contain the whole scale of classes X (8, C, M), 8 € T so that we
extend the result of Gayraud and Pouet (2001).

More precisely, we search for universal test functions A, (free of ) such that
for n large enough and for any given « in (0, 1), it exists a positive constant A > 0
such that

sup Pry(Ay =1 +sup  sup  Pr(Ay=0)<ao+ou(D) (3)
foeFo BET fen(Av(nt,'.B)

where ¢, is a sequence of positive numbers increasing to infinity with n as slow as
possible.

One could ask if there is a possibility to get (3) with alternatives defined in a
closer neighborhood of Hy for example with an order of o(v(nt, 1. B)) i.e. if one
could distinguish the null hypothesis and the alternative when the alternative is
much closer to the null hypothesis. The answer is negative and it is done by proving
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the relation of the lower bound i.e. for n large enough and for any «¢; € (0, 1), there
exists a positive constant a such that

inf{ sup Py (A, = 1)+ sup sup Pr(Ay =0)} > a1 +0,(1), (4)
A foeFo BET feA(av(nt,',B))

where inf denotes the infimum under all possible test statistics.
Ap
Actually, relations (3) and (4) mean that the non—adaptive rate v(n, 8) is con-
taminated by the term #, in the adaptive setting and it could not be avoided.

Definition 2. The sequence v(nt, L. B) satisfying relations (3) and (4) is said to be
the adaptive minimax rate of testing. And the test functions A,, for which relation
(3) holds is said to be the adaptive minimax test functions.

3. Test Procedure

In the case of unknown 8 in 7, and for some fj in Fy, we consider

mg
R
Tpi ==Y ds 3 (= = oG, )
k l O iely, jelx
i#]
where mg = (1, 'm) WD with 1, = \flog(logn), 67 = 5555 i, (Yi —
Y;_1)? is an estimate of o2 and I = {i : x; € Ay}, with Ay = [/jnﬂ , mﬂ[ Vk €
{1,... ,mg—1}tand Ay, = [m’S ! , 11. The quantity m g is supposed to be integer, if

itisnot the case, m g will be chosen equal to the integer part of (1, )2/ 4B+ there-
fore one could prove that if any 81 and B, in 7 are much closer in distance than the
order @, both of them provide the same m g, . Consequently, the range of adapta-
tion 7 can be translated into a range M of the form M = {mg : mg+ < mg < mg,}
in which two consecutive mg; and mg, ,, correspond to a subset 7* C 7 of B € T

which are at least distant from c@ where c is an adapted positive constant which

makes mg 40 an integer and it depends on B,, 8* and n. Since B, and B* are fixed,
the cardinality of the set M is of order logn as n large enough. Now we are able
to define the adaptive test :

An = HS“PmﬁeM inff()E]:O TnyﬁvaZp,, s (6)

where p, = (/8log(logn) and T}, g, , is given by relation (5).
The heuristic idea of this test procedure is the following : if 8 known, the test
statistic 82 —‘mﬂT B, fo estimates the squared Ly-norm || f — f0||% Under H; this
quantity must be greater than m 26 (the bias error), and than Y2 and I \/@HZ

(the stochastic errors), in order to detect the signals in the alternatlve This leads

to an optimal choice of 1mg = n*+T which appears in the non-adaptive setting. If
B unknown, since the range of adaptation in 8 is of order logn and since the tail



536 G. Gayraud, C. Pouet

of the stochastic term has a gaussian behavior, the minimal loss of optimality due
to adaptation is an extra lozg(log n) term. This leads to an optimal choice of the
bandwidth mg = (tn_l n)m, where t, = /log(logn).

It is to be noted that the optimal test procedure cannot be the plug-in of an
efficient estimator for || f — f0||%. Indeed Fan (1991) gives an efficient estimator
of the squared Ly-norm which entails a rate of testing of order n~%. This rate is
worse than the minimax rate of testing. As it is mentioned in Lepski, Nemirovski
and Spokoiny (1999), estimating the L;-norm is not equivalent to estimating the
squared Ly-norm. Thus our test procedure relies on an efficient estimator of the
Ly-norm.

4. Assumptions and Results

Assume the following :

(A1.Sup) The random variables &1, ... , &, arei.i.d., with zero mean, an unknown
finite variance o2 > 0 and an unknown finite fourth order moment.
(Al.Inf) The random variables &1, ... , &, are i.i.d. centered Gaussian with vari-
ance equal to 0% > 0.
(A2.Sup) Tim P(&] > y) y¢ @ 5 =0, Vi e{l,... . n}, wherex < lisa
y—>+00

positive constant.

(A3) The s—entropy of the class Fy calculated in the supremum norm is bounded
2B8,(1 —k)(1 +48*
by 87", where r is less than Al = ) + 457 .
(16 + 8) B p* +228* + k)
Remark 1. Assumption (A2.Sup) deals with the distribution tail of the &;’s. One
must note that there exists a relation between the weight of the distribution tail

(A2.Sup) and the entropy of the class Fy. This point will be developed in Section 5.

Theorem 1 deals with the upper bound. It states that our test can achieve asymp-
totically any given first-type and second-type errors under some conditions.

Theorem 1. (Behavior of A, under the null hypothesis and under the alternative)
Let A, be the test functions defined by relation (6). Then,

- according to (A1.Sup) and as n goes to infinity,

sup Py (A, =1) = 0,(1), 7
foeFo

- according to assumptions (Al.Sup), (A2.Sup) and (A3), there exists a constant
A > 0 large enough such that as n goes to infinity

Sup Sup ]Pf(An = 0) = On(l)» (8)
BET feA(Av(nt;',B))

=28
wheret, = y/loglogn istheloss due to adaptivity and v (ntn_1 , ,3) = (ntn_ 1) e
is the adaptive minimax rate of testing.
This means that relation (3) holds with oy = 0.
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Theorem 2 deals with the lower bound which is stated in the Gaussian case. It
gives the optimal rate of testing Hp against the range of alternatives when 8 € 7,
which could not be improved without losing the distinguishability between the
hypotheses.

Theorem 2. (Lower bound) Suppose that (Al.Inf)—(A3) hold and that there exists
fo € Fo such that 3(C',M') : C' < C, M' < M such that fy belongs to
(B, C', M), forall B € T. Then, for any given ay € (0, 1), there exists a positive
constant a such that as n large enough,

inf{ sup Ps (A, = 1)+ sup sup P/ (A, =0)} > s +0,(1), (9
An foeFo BET feA(av(n',B))

where inf means the infimum under all possible test functions.
Ap

Proposition 1. Under Assumption (Al.Sup), the estimate 8,% satisfies
A2

Vy >0 sup sup ]Pf(|a—';—1|>y)—>0.
BeT feX(B,C,M) o n—00

5. Comments
Calculation of the test statistics

The test statistics defined in (5) is rather general. One can wonder whether it can

be implemented in practice as ing_ has to be computed. When the null hypothesis
foeFo
is parametric, the calculation can be done. For instance, let us consider Fg as the

class of polynoms of order less than p € IN. One can see that

mpg
1 m
Tupify = = D a5 [ D0 Yi¥j+ D0 folad fo(x) =2 - foli) Y
VIB 2 O e ijel i jel
J#i J#i J#i
R DE 1 I DR ATRE bV Xl N R A
= ) ilj i i
AR A icl icl
JF#i
2> fe | [Dorvi]|+2dD fevi
i€l jelk i€l

The first summand plays no role in the minimization. Thus one has to minimize

2
Yohon | =Y i@ =2d o || Dovi ) +2) fotaY,

i€l iely iel; jelk i€l
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2

where the quantities Z foxd ], Z f02 (xi), Z fo (x;)and Z fo (x;) Y; can
iely iely iely iely

be easily computed in the case of polynoms.

For example, let us choose p = 2 and denote 6y, 01, 6> the coefficients of the polyn-

oms. It leads to minimize over 6y, 01,0, € ® C R3 (® must satisfy Assumption

(A3)) the following expression

2

1 2
Bocard (1) + 61 sz' + 6 Zx,z —5 Z (90 +61x; + 92?6,-2)

iel iely iely

—2 | Gocard (1) +61 Y xi +6: Y 2 D)y,

el ielx jelk

+200 Y Y +201 Y xiY; +20, ) xPVi |

iely iely iely

where card (Iy) = —. One can see that the minimization can be made with a
mg

computer or even by hand.

In the case of more complicated parametric families one can use numerical
methods (see Clarke (1990), Lemaréchal (1976) or Hiriart-Urruty and Lemaréchal
(1993a-1993b)). For instance, non-differentiable objective functions are associ-
ated with non-differentiable regression functions lying in the class defined under
the null hypothesis (non-differentiability with respect to the parameter). It has to
be stressed that even in this case the test statistics can be computed with numeri-
cal methods (subgradient and e-subgradient methods). This generalizes the results
obtained by Horowitz and Spokoiny (2001) who make differentiability assumptions
for the regression function.

In the case of nonparametric null hypothesis, the computation of the test sta-
tistics is much more involved and has to take into account the structure of the
associated class. As one can see in the proofs, the main device is to define a grid
on F( which approximates well the functions in Fy.

Lower bound

The construction of the lower bound is rather classical. Yet, there is a significative
difference with Spokoiny (1996). In his paper, the parametric subset in the alterna-
tives is built using wavelets. It provides good property of independence through the
orthogonality between the different levels of resolution. Here we have no natural
basis for constructing the parametric family in the alternative, which makes the
proof rather technical. As we are considering the discrete regression model, it is
almost useless to build the parametric subset in the alternatives through an orthog-
onal basis such as wavelets. Indeed, the advantage to use wavelets in the Gaussian
noise model is to get independence for the sets of random variables corresponding
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to different values for the smoothness parameter. Here the orthogonality does not
lead to independence of the random variables. To cope with the dependence we met,
we split the main sum over the range of § into several sums where the summands
are almost independent.

About the distribution of the test statistics under the null hypothesis

In Fan, Zhang and Zhang (2001) and in Fan and Zhang (2004), the interesting Wilks
phenomenon occurs. Here, this property is not needed since one just want to bound
from above the first type error, therefore the asymptotic distribution under the null
hypothesis of the test statistics is not required. However the upper bound of the
first type error displays a probability which is free of the underlying regression
function.

Link between the smoothness parameter, the entropy and the distribution tail
of the errors

In this part, the link between the smoothness parameter, the entropy and the distri-
bution tail of the errors is highlighted by several points of view. First, some general
comments : one could consider the distribution of the errors as well as some param-
eters characterizing the class Fy as nuisance parameters. But unlike Fan, Zhang and
Zhang (2001), Horowitz and Spokoiny (2001) and Fan and Zhang (2004), those
parameters do not need to be estimated. Actually, the effect of the nuisance param-
eters appears in the constraints on the entropy, the distribution tail of the errors and
the smoothness parameter. For instance the more nuisance parameters there are in
Fo, the stronger are the constraints on the distribution tail of the errors and the
smoothness parameter.

Second, three figures below illustrate the link between the smoothness, the
entropy and the tail distribution.

Figure 1. When the behavior of the tail is known (i.e. « is given), there is a rela-
tionship between the minimum smoothness, also the maximum one and the entropy
of Fp. In the case of k = 0.95 (heavy tail), » must be much smaller than in the
case of k = 0.05 (light tail). This phenomenon indicates that the behavior of the
tail plays an important role in the problem. If a class is rich, light tails are needed
in order to provide good localization. The role of 8, and B* are important in the
small values domain. When g, is large, it seems to be almost no difference for r.
We have to keep in mind another condition : Fy is included in H (8*, C). It leads to

1
alink between r and * defined by r < — (see Chapter 15 in Lorentz, Golitschek
and Makovoz (1996) for the calculation of the entropy of a Holder ball).

Figure 2. We suppose that the true smoothness is o = 1.2 and we illustrate the
effect of the smoothness range on r and «. First, in all cases the heavier the tail
is, the poorer the class Fp has to be. A small range for § allows large values for
r. Also, we can see that the choice of f, is much more important than the choice
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Fig. 2. By = 1.2 fixed and r as the function of «
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Fig. 3. « and r fixed, the range for 8* as function of g,

of B*. Thus the statistician has to be more careful in the choice of 8, than in the
choice of g*.

Figure 3. We consider different situations that can be encountered. We show the
effect of the assumptions (A2.Sup) and (A3) on the choice of 8, and B*. For a
given pair of (k, r), the allowed area for (8., 8*) is the intersection between the

1
part of the plane under the horizontal line (8* < —), the one over the line B, = B*

since B, < B* and the one under the third curvg (Assumption (A3)). The range
of adaptation is restricted by those assumptions. For example it is impossible to
consider a rich class ( = 0.3) and a heavy tail (x = 0.912) since Assumption (A3)
is never satisfied (this is the reason why it does not appear on the graph). On the
contrary for a poor class (r = 0.03) and a light tail (x = 0.15), Assumption (A3)
is always satisfied (this is the reason why it does not appear in the graph), we have
a wide choice of (8., 8*). For the two other graphs (a rich class and a light tail or
a poor class and a heavy tail), Assumption (A3) plays a role for small values of B,.

6. Proofs
6.1. Proof of Theorem 1

The first type error : for any function fj in Fq, we get
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Pp(A,=1)=Pys | sup inf T, 55 > ppn
mpgeM feFo

=Py < sup T, fo = pn)

mﬂEM
~2 ~2 ~2
<Py ((sup 2T = 2000012 —1]<y)
= I0f mﬁe.f/)v[ 0_2 n,B,fo = 0_2)0}’1 0_2 =Y

&2
+Py, <|U_nz —1] > V)
~D ~D
g, g,
< Z Py, (U—ZTn,ﬁ,fO > pn(1— V)) +Py (IU—"2 -1 > 7/) .
(10)

Due to Proposition 1, the second term in right hand side of (10) is of order o, (1)

as n large enough, and since (10) holds for any y > 0, we take it equal to ok Next,

we focus only on the first term in the right hand side of (10).
Note that under PPz, the test statistics can be written in the following way

mg

A2
o, 1 1 meg
—T, = — 2 £E;
24n.B.fo 2 Z isj
o OTNMB T en jen
i#]
11 &
R an
o mpg =1
m
where n; = i Z &;& are independent random variables. In order to bound
n iely, jelx
i#]

the probability, we are going to use the Berry-Esseen inequality (Petrov (1996),
Theorem 5.4 p. 149). First, let us check the conditions.

The random variables 7 are independent and centered.

The variance of 7y is

Var (q) = 2 ( - @) o,
n

and the sum of the variances is

2mg (1 — @) ot
n
Finally, the third order absolute moment of the random variable 7y is of inter-
est. Let us compute a upper bound for the fourth order moment since E(n?) <
E(|nel*)/4.
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E ((Uk)4> = (%)4 Z E [(Siléjl) (gizgjz) (glééjs) (5;'4»‘3]'4)] :

i1,J1,02,J2,i3, 3,14, ja, €Ik
J1#1, o, 3Fi3, jaFis

Here, note that the power of any variable &; can be only 2, 3 or 4. Indeed the non-zero
summands are

EE &), BE &), BEEE), BELEE).

4
The numbers of the summands described above is less than C; <i> (with Cy
m

a fixed positive constant). Thus, the fourth order moment is bounded by a fixed
constant which does not depend on the values of n, mg, B. The third order moment
exists and is also bounded by a fixed constant which does not depend on the values
of n,mg, B.

Denote

=32y

mp
Lpy = (ZVar(nk)> D E(ml),
k=1 k=1

Cimg

and note that L,,, s = - Now, the result of Berry-Esseen inequal-
(2mp (1= 5L)o*)?

ity (Theorem 5.4 in Petrov (1996)) entails
1 mlg C m
Pl—> m>2)=1-0(2)+ =,
M= 27 (mp (1-52) %)’

where C» is an absolute positive constant. The well-known inequality for the stan-
dard Gaussian distribution function leads to

1 & P 2 2 Com
P(— 77k>7n>§—€_3n+ A
Vil P (g (1= ") o)
2 Cy
<

Thus a rough upper bound for the sum is

Z P &—"ZT - Pn - Ciclog(n) + 2clog(n) (12)
Jo 0.2 n,pB,fo = 2 — B WIH On logn .
mﬂGM (tn I’l)

The right-hand side of (12) goes to 0 as n goes to +00.
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The second type error : For all 8 € 7, we have

sup Ps( sup inf Ty, 5 < pn)
feA(Av(nn ', B)) mgeM Jo€Fo

52
< s Pr(E-1>7)
feA(Avins ' B)) o

~2
+ sup Ps| sup inf 0—”2Tn’/3’f0 <p1+py]. 13
feAa(Av(nt ', B)) mgeM foeFo O

Due to Proposition 1, the first term in the right hand side of (13) is 0, (1) as n large

enough and we could take y equal to 1; therefore we focus only on the second term
in the right hand side of (13) :

)
[of
sup Pr| sup inf _nzTn,ﬁ,fo < 2pn
feA(Av(n ', B)) mgeM JoeFo O

)
< sup Py (finf G—’;Tmm’fo < 2pn)

- fEA(Av(ntn_lyﬂ)) veFy O
/ A2
= s ey (o SO < 2L
FeA(Av(nt ', B)) foeFy n o2 mPrjo = ;. ,

where By in T, g, # is B; € T* since the true regularity § of the function f,
belongs to [B;, B;+1], mr is associated with B;. Under f € A(Av(ntn_l, B)),
~2

. mp o, . .
rewrite 2 Twprpoin the following way

JmL 6} 1 % m3y
n o2 n.Br.fo = my o2n2

k=1

Yo G F @) = fota)) (& + F (x) = fo(x)))

iel, jely
i)
1 myp, m2
- L e
o D DL
k=1 iel, jely
i#]
1 25 m?
L
+2_Z 2 2 Z (f (i) = fo (xi))&;
mp, n-o . ;
k=1 iel, jelx

i#]
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1 2L g2
o | 2 D= foGan(f (%) = folx;)
k=1 iely, jely
i#]
Set
1 myp, m%
Tn,l,ﬁL = m_L Z 202 Z Eigj ,
k= i€l, jelx
i#]
myp, 2
Tosppn=2—3 2|5 (f () — fo ()
n,2,BL,fo = my 021’12 i 0 i J )
k=1 icly, jely
i#j
myp, 2
T, = LSS = o G () = fo (x5
n.3.BL. fo m 202 i 0 (Xi J 0\ Xj
k=1 iel, jely
i#]j

Now, define the event

’

. 5 N2LUES
Dyp = {fgggro (Ta2.prfo + Tusprso) < §Prz—}

and consider again relation (14), Vf € A(Av(ntn_l, B)),

L 62 m)
n

P inf <2
f(foe]"o n o2 MPLfo = Pn

=Py (Tn,l,ﬁL + inf (Toop o+ Tndiprfo) < 20n
foeFo

)

SPJ"({Tn,l,ﬂL + inf (Two2p. 50+ Tn3.8.50) < 20n }ﬂD ﬂ>
foeFo
+Py (D1,p)
1 & P
<P|— m<-—=\_+P Di1g), (15)
( me; 2) 7 (D1,p)

where the n;’s are defined in relation (11) in the proof of the first type error. Note
that the first term in the right-hand side (RHS) of (15) is independent of f and
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is similar to the one considered in the proof of the first type error; therefore act-
ing exactly as in the proof of the first type error, the limit as n goes to infinity of

< e < —%) is 0,,(1). The proof follows provided that forall 8 € 7,
VLD

sup Py(D1p) =0,(1), asn— +oo.
feA(Av(ny ' B))

Lemma 1. For a sufficiently large positive constant A and under (Al.Sup)-
(A2.Sup)—(A3), we get

sup sup P (D1 g) =o0,(1), asn— +oo.
BT feA(Av(nt;',B))

The proof of Lemma 1 is given in Appendix. From (13), (14), (15) and applying
Lemma 1, there exists a positive constant A large enough such that relation (8)
holds.

6.2. Proof of Theorem 2

First, let ¢ be a function belonging to all H (8, 1), for 8 € 7, with support in IR
which satisfies ¢ (x) = 0 forx ¢ 10, 1[, f; ¢ (x)dx = O and [} ¢ (x)*dx = 22,
-1 1/4
[1+ (v(ntnkz’ BN @R (av(m’;l, ﬂ)>2.Denote 5 = (—1;41)",
where mg = [hgl] ([-] denotes the integer part), hg will be chosen later and
is a sequence of positive numbers decreasing to zero as n goes to infinity. De-
fine ng = (771,/3, AU nmﬂ,ﬁ) € Eg, Zkp = (k — 1)hﬁ and App = [Zk,mZk-&-l,ﬁ]
fork=1,...,mg—1and Amlg,ﬂ = [Zmﬁ—l,ﬁv 1]. Let Iy g = {i LX; € Ak’ﬁ} for
k={1,...,mg}. Set

Letl(iﬁ =

fog @) = folx) + Z Nk,pkn,pP (%) ,

where fo is the function belonging to Fy whose properties are specified in Theorem
2. The considered parametric set of functions, Fg, is { f,m, ng € Ep } Clearly, there
is a one-to-one application between Eg and Fg.

Second, let us define the set of B’s say 7’ on which we will consider the
whole parametric family F. Recall that 8* is the greatest regularity and consider
ho :=hge = (ntnfl)fz/(4,3*+1) the length of each Ay g+, k € {1,..., mpg~}. Next,
let us define the scale on hg, B € T’ such as hg = 2hp, and hg; = 2hg,,, for all

j €{l,...,clogn}, where c is a positive constant depending only on S,, f* and
n. Then the whole parametric family is defined as follows
F= U 7.

j€{0,... ,clogn}
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We have to check two conditions on the set F : for all j € {0, ... , clogn},
sup f’?ﬂj (x)‘ <M, andalsoif B; > 1 sup f,;ﬂ. (x)‘ <M, (16)
| 0 :

0<x<l1 <x<l1

fos; € Z(Bj. L. M). (17)

Relations (16) and (17) are derived from hypotheses on ¢ and fj exactly as relations
(16) and (17) in Gayraud and Pouet (2001).
Third, we define a probability measure w on F as

1
" 1+clogn Z b

j€{0,... ,clogn}
where g, is the probability measure on }'ﬁj. For all j € {0, ..., clogn}, let
My e g, be i.i.d. taking values 1 and —1 with probability 1/2, and let 7g,
be the corresponding probability measure. Note that 7 is such that
P, 1 Py,
d]PfO 1 +C10gn j€{0,... ,clogn} dP];O

where

dPy, dPy,, o /P )
P ap, | T (/)

fo
Fourth, for any j € {0, ... , clogn}, denote A, g; = Fp, N A(av(ntn_l, Bi)).
For any test function A,, the term sup PP fo ( n = 1) + sup

foeFo j€l0,... .clogn}
sup Py ( n= O) is bounded from below by
fEA,,ﬁ
~ 1 "
Pi(Ai=1)+— > s P;(A,=0)
fo\"" . n
’ clogn +1 Jel0,... .clogn) F €An8;
~ 1
Z]P~O<An=1>+—clogn+1 3 / 7 (An=0)dmg, ()
Jj€{0,...,clogn} An,g;
~ 1
=P (Ai=1)+ —— /P(,_o)d
B =) Togn 11 2 { SASn 7, ()
j€{0,... ,clogn}

_V/(‘A”‘ﬂj)c Pf (An = 0) d”ﬂj(f)}

>1 (P P)-— L E f dmg;(f)
— var B,
jul f ’ ) c ﬂ./
clogn +1 j€l0,... .clogn} (Anpj)

= (1 —var (]Pf , Py ))(1 4+ 0,(1)), asn large enough, (18)
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where var (P, Q) is the total variation distance between the distributions P and Q
(see Le Cam (1986), Chapter 4 for definition and properties) and where relation
(18) holds provided that
nlinéoje{o,.l.ﬁlogn}nﬂj(f € Anpy) =1 (19)
and
lim 1 — var (P . Pﬂ) £0. (20)
n—o00 fo
Relation (20) is proven later. The proof of (19) follows from relation (19) in Gay-
raud and Pouet (2001) : we replace ¥, by v(nt, ! B;) and we consider the subset
]:5,,/' C Fo defined by f* ={fekFo: ||fo — fll2 = 2kp,g; A} instead of e'. We
construct an n~?-net NG p, in the supremum norm on the subset 7 0,j Withb > 1/2

and following the calculatlons until the inequality (22) in Gayraud and Pouet (2001),
we get

1
inf g, (f € Anpg) = 1— exp(nbr)exp(—n4ﬁ*+1 ), 21
j€lo,....clogn} "/ e

where the last inequality is coarse since the diameter of the set 7 ; 1s not taken

into account to calculate the entropy. The constraint b < —————— is compatible
r4g*+1)

with b > 5 since a lower bound for the term —————— is — which is strictly
r(@p*+1)  2r

larger than 5 (equivalent to r < 1). Therefore, the RHS of (21) tends to 1 as n goes

to infinity : relation (19) is then satisfied.
Fifth, we define a partition on 7" into M,, sets 7;, each containing N,, 8’s with
the following property :

log(l
forall f.y € T : | — y| > ¢ 22008")
logn
. . . logn )
where c; is a positive integer. Then, N,, is of order ———— and M, is of order
log(logn)

log(logn).
To conclude, it remains to prove that relation (20) holds or equivalently that

var (P I ,,) goes to zero as n goes to infinity. We have,

Var(PfO P, ) 2/

dPP,

aPy,

-1 d]Pf~0

dp 1 | dP
AT ) A S I F
fo "= " et o
2
1 & 1« dPy,
<— — 1| dp;.
M, Ny dP ; Jo
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We focus only on the quantity

2
1 dPP
/ — Z T dP 7 = Tin + Ton,

€T d]PfO
2
where Ti, = N}% Z / (dP~ 1) deo
BeT;
dP,,
and Tzn_—22/< )( V—1>deO
N; Py d]P deO
B#y
Letus study separately 71 , and T3 ,. One must first note that forany/ € {1, ... , M}
and for any 8 in 7j,
dPy, dPy,,
= Eqy | —2
d]P/; d]P 2
Wlﬁ
Z
= En, (l_[ exp ( knp(Yi = fo(x)) D ns.po <—ﬁsﬁ)
s=1

2

mg
1 2 X — ZS,/S
202'(”,/3 (;=1: 15,69 ( hp ))

oo (st ¥ 0 (452)
s=1

ielp

1 s,
E;T,g €Xp ;Kn,ﬁ Z Y; — fO(xl))ns ﬁ¢ (%) (22)

il g

mg
r , 5 [ Xi — Zs,p
=[exp ~5o3%np D¢ (—l hﬁs >
s=1

ielp
1 s,
cosh | —knp Y (Vi — fo(xi)¢ (J> : (23)
iels g ﬁ
1 5.8 1 Xi — Zs,8
Set 5 Kn (Y; — f (xi)¢ (—> = Zskn p— ¢2 <—>,
! IEX’s:ﬁ ’ he Yo i;&:ﬁ he

where Z; is under IP Ha standard normal real variable. Next applying the following
equality,

/cosh2 (ux) \/12_71 exp (—%) dx = % (1 + exp (2u2)> )
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we obtain
dP, s , 1 > [ Xi — Zs.B
/(de> d]P" _l_[COSh Kﬂﬂ_z Z ¢ (T)
0 s=1 il g

Then, from (23) and applying a classical majoration concerning cosh (see Ingster
1993), we get

2

d]P 2 mlg 1
—nﬁ ~ 4 2 Xi — Zs,ﬂ
/ (deo) d]PfO = slj[lexp can.ﬂF Z ¢ (T> . (24)

iclp

Then, since ¢ is bounded, the choice of mg and «, g yields the order of the right—
hand side term in (24) as n large enough

1 n?
exp <C3mﬂ/cf{,ﬂ;m> =0 ((logn)c4) ,
B

where c4 is a positive constant depending on o, ||¢| 0, A and a. Therefore if we
choose a small enough so that c4 is strictly less than one, we get

Ty, — O. (25)

n—-+o00

Rewrite T3 ,, as follows

1 AP, dP;, dP;, dP,
Don = — v T ) dpP;
n N2, Z /(dPﬁ) dP;  dP;  dP; * fo

fo fo
1 dP,, dP
=Nz Z /(cu)—”fsdeiy—l) Py
Ny By €T fo 77 fo ‘
B#v

Since the number of pairs (8, y) € 7; x 7; is of order N,% as n is large enough, we
s AP,
d]P dP ;

denoted T2, g,, and we want to show that for any palr (,3 y) € 7; x 7, the term
T,y p,n goes to 1 as n is increasing which implies that

1 dP,, dPy
Ton=— — T 1) dP; < T —1
T N2 2 /(dP~~0 dP ;. fo _ﬂj/ung 2y.pon

By B#y
=0,(1), asn — 4o00. (26)

want to treat for any pair 7; x 7, the term / ) dp 7 which will be

Without loss of generality, suppose that B < y so that by construction, there
exists a positive integer u, g satisfying h, = u,, ghg and m,, < mg. For all k €
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{1,...,m,}, the interval Ay, contains u, g intervals (As‘ g)s, then denote
k V ={i : x; € A;p C Ax,,} and obviously card(I J/) = —. Denote (A g,)s
m

the intervals included in Ay, and denote also by z; g, the endpoints of these
(Ay g,y )s- From previous calculations (22) and applying Fubini, we get

mg
—Z
Tz,y,ﬁ,n=/1_[exp —2 g D 9 ( Sﬁ)

i€l g
1 —z
s ) (Y —fo(xl»nsw( Sﬁ)
il p
1 x Zk
xl_[exp —22nyz¢ l V
zelk
Xi — 2k,
( Ky Z(Y—fo(xl»nkm(’ y) P
i€lyy
My Uy.p
2(Xi T Zs.By 2 42N T Zky
I eo| g oo () ot (5722
k=1 s=1 B v
S= IEIS‘/S

1 ~ Xi — 2
X ExyEx, / exp | = > Wi = foi) kn.pns.p9 (T’“)
ierty
s,B

2k,
Hin,y Tk y 9 (h—y)}> dP 7
4

my Uy,p

=HnEnﬁEnyeXp Z Kn,gMs, ﬁ¢’< l Sﬁy)"n,ynks}’
k=1 s=1 lEI ﬂ
Xi — Zk,y
o(*5,%))
my uy.p
1 Xi — Zs, Xi — Zk
=1_[l_[cosh = Z Kn,,f3¢< i hsﬁV>KnV¢< - V)
k=1 s=1 ielf'ﬂy 4
) n*
= eXp | csmyly, pKy gKy y—5 | » 27)
Mg

where the last inequality holds due to (24), and the positive constant c;5 depends

on ||¢ ||« and o'2. Since for any S we have K = cet, Where cg is a positive

ﬁ\=
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constant depending on a and A, the right hand side in (27) becomes

2
exp <c6m},uy,,3/c,iﬂ/c3’yn_2> = exp <c6my M ,% ,%y " - 1 / my)
= exp (C7t3 /ﬂ>
mpg
= exp (cﬂf /ﬂ>
mg

= o, ((log(logn))(logn) %) asn — oo, (28)

where § is a positive constant depending on the positive integer appearing in the
difference separating 8 and y, and ¢7 depends on c5 and cg. Relation (28) implies
(26), which together with (25) yield the result and if we take a sufficiently small
(9) holds with rp = 1.

6.3. Proof of Proposition 1

For any 8 € 7 and for any f in X (8, C, M), we get

N2
2(n_1) Z<Y Yi1)

ST - Z@, §-0"+ 50—y . Z(f(x, — fGio)’

-y Z(f(xi) = fxic)) (& —&i-1). (29)
i=2

It can be shown that under (A1.Sup), the first part in the RHS of (29) tends to o?
in probability as n goes to infinity. Indeed, if we split the first term in the RHS
of (29) into two terms which depend on the quantities (£, — & _1)? with i even
and with i odd respectively, then both terms are empirical mean of i.i.d. variables
with expectation equal to o2/2; the weak large numbers law achieves the proof.
For the third part, Chebyshev’s inequality yields for any 8 € 7 and for any f in
(B, C,M)andany t > 0:

1 n
Py ( o 2o —ED () — G > r) = on(1) as n goes to + oo,
i=2

Finally, for the second part,

2 0. o 2B 2. —2B, if <1
N e 2 < JC i m x| = Cn ifg <1,
If @) = f G-l < {MZ i — x> < M2 i B> L.
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Therefore,

1

CYPRETY ) — fxim))? < ——— 2,281
2n —1) ;(f(xl) f(xlfl)) = 2( )(SUp(M C)n

which goes to zero as n — +00.

APPENDIX

Proof of Lemma 1. Forall 8 € T and for all f € A (Av(ntn_l, ﬁ)), denote B, €

T* satisfying B < B < Br+1, where Br41 is also in 7*; the proof of the lemma

will be made in three steps :

— (a) First, we replace the infimum over Fy by an infimum over a set Ny whose
cardinality is controlled by Assumption (A3). The set No will be defined later.
— (b) Second, we obtain a lower bound for 7, 03,80 [ fo e Np.

— (c) Third, we use Bernstein’s inequality.

(a) According to Assumption (A3), for all fy € Fy there exists fON € N such that

sup | fo(x) — £V (x)| < 8, with § = n~4F"/GF+D=k26./4B:+D The functional
x€[0,1]

set Ny is the smallest set of functions fON which are needed to cover F. Then,

1 mp m2
To2pufo = Tuop, | = 2m—LZﬁ YUY G = fo (i)l
k=1 i€l jel,i#]j
2
<68 sup |&] 30)

o? ie{l,...,n}

The same occurs for 7, 3., , £, 1.€.

1 <& m?
Tn3.80 00 = Tu g | = m—zaz—:‘lz Z Lf (i) = fo ()]
L =1 icl, jely, i#j

[f (xj) = fo' (&)1 =
Lf (i) = fo' i)+ o (i) = fo GdlLf (x;)
— 13 () + 187 (x5) = fo ()]
52 4
<5 — +6—2(2M+8)
o
5 6 8M
= 8 — + §— >
o
where M is one of the constants Wthh characterizes the functional class under the
alternative. Thus relations (30) and (31) lead to

€1V

inf (7, + T,
foeFo ( n,2,BL, fo n,3,ﬂL,fo)

> inf (T +T 28 || 526 SSM
n — —46 su —0"— —0—5
= eny \ 2B T I i T G20 P
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26,
Denote B(n) = n* %++1, where k < 1 is the positive constant defined in Assump-
tion (A2.Sup). Next, consider Dy = { sup || > B(n)}, then by Assumption

i=1,...,n

(A2.Sup) and the choice of B(n), P(D;) — 0 as n — +00. Moreover the choice
of B(n) entails that ?SB(n) + 820—62 + 8% = 0y (,ong). To conclude step (a),

just note that for all 8 € 7 and uniformly over A(Av(ntn’1 , B)), we have as n large
enough

. JmrL
Pr(D <Ps f <T +T, ) 3 . (32
f ( l,ﬁ) =y (fOI\I’I;No n2,Br, f w3l ) < 3Pn " (32)

(b)Forall B € 7 and forall f € A(Av(nt, 1. B)), we get following from Gayraud
and Pouet (2001), in both cases 8 > 1 and 8 < 1,

Tn,3,/3L,f0N = Tn,3,,BL,fON = Tusprfo + Tn3pr.to
> C2A%m;P s
C* 2 2
where the last inequality holds due to the value of 6 and provided that 8; < §; the
positive constant C depends on 8, B, C, M. For simplicity sake, denote 2= CT

Then from (33),

. 2,80, £
inf (T v+ T N) >CAm inf il =0 4T
VN n.2.BL. fy n.3.BL. f fOENo fzw o n,3,80, f

Tn 2,80,

> cAm7? inf ————_ + cAmEB
N N
Then, as — sup(—x) = inf(x), we obtain
3 NG T, , N B
Py(Dig) <Py |20 5 g [Pk +cAmg”

—B = T
cAmg eNo |/ Tus . f

T

2,80, 1Y _p 3+/8(log(logn))!/?
_p, | sup | 2R g 9 /8(log( gn)) N
ey Tn,3,ﬁL,f0N CAmﬂ "
172
- Y p EVN i 348 (IOg(IOgn)L/ L
eno  \[yTnapes ncAmyg
(34)
T, N _ 172
(c)Letus considertheevent D3 g = 2Pty chmﬂﬂ —3\/§(log(logn33 Ve .
/TmlﬁL.f({V ncAmg

We use the following lemma to prove that the event is negligible in probability.
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Lemma 2. For all 8 € T and for any f € A(Av(mn_l, B)), we get as n large
enough,

D Pp(Ds N DY) =o0,(1),
i eMo

where D5 is the complement of the event Dy ={ sup || > B(n)} and

i=1,...,n

28,
B(n) = n" %1,
Then, from relation (34) in step (b), and applying Lemma 2, Lemma 1 is proved.

Proof of Lemma 2. The main device is Bernstein’s inequality. Let

mp, [ ) — £ (o)

Z; = &, ifjel.
2,2 J
o iely 4/ Tn,3,/3L,fON
i#]

The random variables Z1, ... , Z, are independent with zero mean since E(§;) =
0, Vi € {1,...,n}. Similarly to Gayraud and Pouet (2001), we obtain an upper
bound for Z;, forall j =1, ..., n, thatis

;| < K\ B Yok, (35)

/ o2n

where K is a positive constant. Also, we get

iEf (z-Es(2))) = =2 (36)

j=1

where K> is a positive constant.
Next from (35) and (36) and applying Bernstein’s inequality, we get an expo-
nential upper bound,

P, T2t | gt 3~/§(log(10gn))‘/2~/mL)

B -8
/Tn’3,ﬂL’f0N ncAmﬁ

2
_ 1/2
CAmﬁﬂ . 3\/§(log(logn33 /mL
ncAmﬁ (37)
<exp|— 7 ,
(CAm;ﬁ_SJg(log(logn))ﬁ/ M)Kl B(n)g/ﬁ

o“n

ﬁ ncAm'g
n + 3

2
where B(n) = n“%.+T and with « satisfying Assumption (A2.Sup). Such a choice
for B(n) yields P( sup |&| > B(n)) = 0,(1) asn — 4o00.

i=1 n
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Let us consider the squared term in the numerator of the exponential term in
the previous inequality and let us denote it N> and show that N is of order m;ﬁ :

N = m/gﬂ[cA _ 3\/§tr(l4,3+1)/(4/3+1)(CA)—ln1/(4/3L+1)n—(4ﬁ+1)/(4ﬂ+1)n4ﬂ/(4ﬁ+1)
—1/@4BL+1) —4B/(4p+1)
In In 1

_ mgﬂ[cA — 3VB(cA) B =1 /@) =1 P, 1/ (4D

= myleA = 3vB(eA) ™" expllog(A(B — pu) /e P

= my"[cA — 3v/8(cA)~" exp{4ao} exp{—2(log(log(log m))) (B — BL)/1}]
A
-8
mﬁ CE .
wheret = (481 +1)(4B8+1) and g are positive constants and where the last relation
holds since we can choose A sufficiently large enough and since the last exponential
term in the above equation is a constant smaller than one as 7 is large enough. Actu-
ally choose A sufficiently large such that cA — 3v/8(cA)~! exp{4ao} exp{—4/t} >
A/2. Then we obtain

(cAmEﬂ _ 3\/§~/10g(10%n)mL )2

neAmg o V(B 4B/
n ’

v

K>

n
(cAmEﬂ _ 3\/§4/10g(10§;:n)m1‘ )2

ncAmy
B 2B)/@Ap+1)  4(BL—B)/¢ -1
~n n (B(n))
(cAm;ﬂ—%/gW)Kl B(Z)E/nﬁ
nc. mﬁ
3

2B/ 4B+ 1/(4BL+T)
n n .

The choice of m, t,, and B(n) entails that the right-hand side in (37), which is inde-
pendent of the regression function f, is decreasing to 0 exponentially. Finally, due
to the previous argument and due to Assumption (A3), Lemma 2 follows. More
precisely, the RHS in (37) is at least of order

2Be o 2Bx
exp(—n 3t T ABAT )

which would be compared to the cardinality of Ny which is exp(§~"), with § =

A 2Bk * " "
n~ 1“3+ Denote R(B,, B*) = 4gi3+1 + K4§ﬁ*_1 = (]6+§f4‘/)3’fﬁ)a2gfl)+'(ﬂ*).
Then the relation between r, and 8*, B, and « is
2B,(1 — k)
R(Bw, B)r < ————=
(Bes BT 15 11
N

. 28,(1 — i) (1 + 48%)
(16 + 8) Bup* +2(2B* + kBs)

Relation (38) is exactly the required condition in Assumption (A3).

(38)
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