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Abstract. We study «-harmonic functions in Lipschitz domains. We prove a Fatou theorem
when the boundary function is bounded and L”-Holder continuous of order 8 with Sp > 1.

1. Introduction

Let D be a bounded Lipschitz domain in R and let & € (0, 2). Our purpose in
this paper is to establish a Fatou theorem for bounded functions which are «-har-
monic in D. An a-harmonic function is one which is harmonic with respect to a
symmetric stable process of index «, or equivalently, with respect to the opera-
tor —(—A)*/2. There has been a great deal of recent work on the properties of
«-harmonic functions; see [5]-[15], [18], [20], and [23].

To be more precise, let f be a bounded function on D¢, let (X,,P*) be a
symmetric stable process of index « € (0, 2), let tp = inf{r : X; ¢ D}, and let

up(x) =E* f(Xep). (1.1)

Then u s is what is known as a regular a-harmonic function. It is not the case
that u y must have nontangential limits a.e. with respect to surface measure on the
boundary of D. This was shown in Section 5 of [3] in the case of a half space; the
example can be easily modified to hold in bounded Lipschitz domains. Therefore
we assume in addition that f is L”-Holder continuous. That is, we let Ag’oo(Rd )

be the collection of functions in L? (R?) such that the norm

1£1l,+ sup IfC+0—=FOlp

[t]>0 |t]#

is finite (the notation agrees with that of [21]). Let B(x, ¢) be the open ball with
radius ¢ and center x. We let A? (B, p, D°) be the collection of bounded functions
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f such that for each x € 9D there exists ¢ depending on x such that f agrees on
D¢ N B(x, ¢) with a bounded function in AZ’OO(]Rd ).

Next we explain what nontangential convergence means. Define the truncated
cone Cop = {(Z,24) : 0 < 24 < a, |Z] < 024}, where 7 € R~ Choose a < a’
and 6 < 0’ and for each x € 9D arotation Ry such that x + Ry (C, o) C D. Then
let C(x) = x + Rx(Cq4,9). We need to choose R in a measurable way, but since
each rotation is associated with a d x d orthogonal matrix, this is routine.

We then say that u y converges nontangentially at x € 9D if

zeC})lcr)r,lz—m “r x)
exists.

Our main theorem is

Theorem 1.1. Suppose D is a bounded Lipschitz domain, B € (0, 1), p € (1, oo],
and Bp > 1. Suppose f is a function in Af’oc(ﬁ, p, D). Then u ¢ defined by (1.1)
converges nontangentially at all points of d D except for a set of zero surface mea-

sure.

It is routine to extend this result to unbounded Lipschitz domains. The exam-
ple in Section 5 of [3] shows that our condition Sp > 1 is sharp. We discuss the
identification of the limit in the remark at the end of the paper.

Theorem 1.1 is in sharp contrast to the Fatou theorem for functions that are
harmonic in D (with respect to the Laplacian). The Fatou theorem for harmonic
functions says that if D is a Lipschitz domain and f € L?(3d D), then u y converges
nontangentially a.e. with respect to surface measure on d D. See [1], Section I1L.4,
for details and some applications. While most results that are true for harmonic
functions are also true for «-harmonic functions, often with weaker assumptions,
the Fatou theorem is an exception in that extra regularity is needed.

Our method is to first obtain an estimate on the Poisson kernel. Unlike the
half space case, our estimate is not at all sharp, and for « € [1, 2) is not even
locally integrable. We therefore have to derive some hitting probability estimates
for symmetric stable processes in Lipschitz domains. Nevertheless, the theorem we
obtain is as sharp as the one we obtained in [3] in the half space case, where an
explicit formula for the Poisson kernel was available. We point out that our results
complement those of [18]: see the remark following the proof of Proposition 3.5.

The paper is organized as follows. In Section 2 we compute an upper bound of
the Poisson kernel for Lipschitz domains. Section 3 contains some estimates for
a-harmonic functions in Lipschitz domains. In Section 4 we introduce a maximal
function similar to the one in [3] and establish an estimate for it, while in Section
5 we prove Theorem 1.1.

We use the letter ¢, with or without subscripts, to denote positive finite constants
whose exact value is unimportant. Let B(xg, ) = {x € R? : |x — x| < r} be the
open ball centered at xo with radius r. Given a Borel subset D of R, let | D| denote
the Lebesgue measure of D and let 6 p (x) be the distance between x and d D, where
d D is the boundary of D. We sometimes write points z = (z1, ... ,24) € R4 as
7= (Z,zq) withZ € R?~!. Given a Borel set A, weuse A —x = {z —x : z € A},
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aA ={az:z€ A},and V(A) = {V(2) : z € A} when W is a map from R? to RY.
The paths of X; are right continuous with left limits; we use X, = limgy/ </ X,
and AX; = X; — X;_. If A is a Borel set, we define

T4 = inf{t: X; ¢ A}, T4 =inf{t: X, € A}

for the first exit and first entrance of A, respectively. A Lipschitz function I" with
Lipschitz constant A is a map I : R¥~! — R satisfying

IT® -TM <AT-5, X yeRI

A Lipschitz domain is one where for each x € 9D there is ry > 0 and a coordi-
nate system depending on x such that D N B(x, ry) agrees with the intersection of
B(x, ry) with the region above the graph of a Lipschitz function.

2. Poisson kernel

The Green function G p for X, is

1 1
Gp(x,y) = c(a,d) [ —/ w*(dz, D)}
lx = yld=e Jpe |y —z|d®
where w* (-, D) is the a-harmonic measure on D¢ given by
w*(A, D) =P*(X,, € A), AC D"

Itis known (see [13], [17]) that the distribution of X, under P* has a density with
respect to d-dimensional Lebesgue measure on D€ given by

Pp(x,z) = c(a, d)/ |GD(x,y)
D

Wdy, xeD, ze Bc, (21)

when D is a domain satisfying a uniform exterior cone condition. In particular, in
this case P* (X, € D) = 0. Pp is called the Poisson kernel for D.
In the case of a ball,

r? —|x|>qe/2 _d
Pron @y = e[ s | e =y, 22)
Iyl©—=r
see [19], pp. 121-122. We deduce from this that
P*(1Xzp,,) — x| > K) < c2(r/K)". (2.3)

Another consequence of (2.2) is that u ¢ is C*° in D if f is bounded, although
we do not use this fact.

The following proposition gives an upper bound for the Poisson kernel in a
Lipschitz domain.

Proposition 2.1. Letd > 2. Let D be either a bounded Lipschitz domain in R or
else the region above the graph of a Lipschitz function with Lipschitz constant ).
There exists a constant c1 depending only on «, A, and d such that
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1

—=<C
= o xeD,zeD.
lx —z|“"%ép(2)

Pp(x,z) <ci

Proof. Letr = |x — z|. We write D = A1 U Ay U A3, where

Ay =DNB(x,r/2),
Ay =DN[B(x,6r)\ B(x,r/2)],
A3z = DN B(x, 6r)°.

Then by (2.1)

1 1
PD(X,Z)§C2/ dy=C2[/ +/ _|_/ ]
D lx =y |y —z[4te A Jay o Ja

For y € A1 we have |y — z| > r/2, and so the integral over A is bounded by

1
C3r7‘17“/ ———dy = car™@. 2.4)
Bx,r/2) |X — ¥l

For y € A we have |[x — y| > r/2 and |y — z| > 8p(z), and so the integral over
A5 is bounded by

1
o / —=dy < esrm T p()7 (2.5
{ly—zl=8p@)} 1Y — 2l

For y € A3 wehave |y —z| > |x — y|/2, and so the integral over A3 is bounded by

1
c6/ —dey < e e, (2.6)
B(x,6r)¢ X — Y

If we combine (2.4)—(2.6) and note that r > §p(z), we obtain our result. |
3. Estimates

Our estimate for the Poisson kernel given in the previous section is satisfactory when
a € (0, 1) because the kernel is locally integrable. However, when « € [1, 2), more
information is needed.

Let us suppose throughout this section that I" is a bounded Lipschitz function
with Lipschitz constant A and that D is the region above I', that is, D = {7z =
(Z.z4) : za > T'@)}. Define for z € R?

v(2) =z —T'@).
Note v(z) and dp(z) are comparable. Let
W(b) ={z:0 < v(z) < b}.
Let p € (0, %) be chosen later, let

W =W,  Wi=W@2ph,
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and let
Ti =Ty, T, =Tg,

where T4 = inf{t : X, € A} for any Borel set A.

Because we are in the region above a Lipschitz function, the exterior cone con-
dition holds. If z € D and y < 1, the distribution of P* (X T pspne € dy) is given
by (2.2). Because of the exterior cone condition, we see that there exists a € (0, 1),
depending on y, such that

PZ(XTB(:,WD(@V € D°) > a. (3.1

Lemma 3.1. There exists a constant c¢1 not depending on p such that ifi > j and
z € D\ W, then

P(XT; € W) <cip'™.

Proof. Setn(x, h) = |h|~4~; although n does not depend on x, we include x in
the notation to conform to [2], which we will use later on. We begin by claiming
thatif x € D\ W}, then

/N n(x,h)dh < cyp'v(x)~17¢. (3.2)
W;i—x

To see this, note that the distance from x to VT/i is at least c3(v(x) — 2p") > c4v(x)
since x ¢ Wj and j <i.So

i ond—1
f~ nr, by dh < es22E (3.3)
(Wi —0)NB(x,v(x)) v(x)dre
and fork >0
i 2k+l d—1
/~ ner, by dh < g2 eSO (5 g
(Wi —)N(B(x, 28+ u(x )\ B(x, 2k v(x))) (2*v(x))d+e

Summing (3.4) over k from 0 to co and adding (3.3) yields (3.2).

Because D satisfies a uniform exterior cone condition, there exists a cone V,
with vertex at x and with axis in the (0, ... , 0, —1) direction and a constant ¢7 such
that B(x, ¢76p (x))° NV, C D¢; we may take the aperture of V, to be independent
of x. Then

1
n(x,h)dh > c8/ ———dh > cou(x) ™%, (3.5)
~/D"—x Blx.crdp(x)eny, 1|4+

Combining (3.2) and (3.5) and using the fact that v(x) > ! we obtain

/~ n(x,h)ydh < cap'v(x)~17¢
W,-—x

i
=< Cl()—p n(x,h)dh
v(x) D¢ —x

§c10,0"_j/ n(x, h)dh. (3.6)
D¢—x
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If there is a jump from D \ W; to W; before or at time T; A tp, then

Y laxso e = 1

[§Tj Aﬁ' ATD
Therefore

PXr, e W) <E° Y liaxsol e (3.7)

t<TiAT;ATpD

Using the Lévy system formula (see [2], Proposition 2.3) and (3.6), if fp > 0
we have

B> laxeolyem

1<T; AT Atp Aty

T_,-/\ﬁ-ArD/\to
=Ez/ /~ n(Xs, h)dhds
0 Wi_Xs

i T_/AYN}ArDAto
<ciop JIEZ/ / n(Xs, h)dhds
0 c—X;

= ciop' /E? Z Liax,0)L(x,ep)
tSTj/\T}A'L’DAIO

<ciop' 7.

The last inequality follows because . l(ax,0)1(x,epc) is at most 1. If we

now let #p 1 oo, use monotone convergence, and combine with (3.7), we obtain

our result. m|

‘We next prove

Proposition 3.2. There exist p € (0, A—IL) and o € (%, 1) such that if v(xg) > 2,
then

P*(T; < 1p) < 20°. (3.8)

Proof. Because we are in a Lipschitz domain with Lipschitz constant A, there exists
y < lindependent of i such thatif z € W;\ W, 1, then B(z, ydp(z)) C Wi\ WiL1.
Let a be chosen as in (3.1). We will choose suitable p € (0, 3—‘) and o € (%, 1)
later. Let Wo = D \ W;. We want to show that (3.8) holds. We will prove this by
induction. Since o > %, the case i = 1 is obvious. We now suppose that (3.8) holds
for all j < i and we will prove it holds for i + 1.

If ;41 < tp, then either

(a) the process X; hits W; \ VT’iH and then hits W; 1, all before time tp, or else

(b) there is a largest j < i such that X, hits W; but only hits W when it
jumps into Wjy.

We first estimate the probability of (a). We need to bound

P(T; < tp, X7, € Wi \ Wis1, Tit1 < Tp).
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Using the strong Markov property at time 7;, this is bounded by
EY[PX% (Ti41 < tp); X1, € Wi \ Wis1, Ti < tp). (3.9)
Using (3.1) we conclude that
PX(Tit1 < t0) = P* (X1, 5,00 € D) =1 —a.
Therefore, using the induction hypothesis, (3.9) is bounded by

(1 —a)P*(X7, € Wi \ Wit1, Tt < tp)
< (1 —a)P(T; < tp)
<2(1 —a)o’.

So the probability of (a) is bounded by
2(1 —a)o’. (3.10)

Next we bound the probability of the event in (b). When j = 0 we need to
estimate

PO(X7, € Wit1),
and by Lemma 3.1 this is bounded by

c2p'. (3.11)
Now suppose 1 < j < i. We need to bound

P(T; < tp. X1, € Wi\ Wit X1,0, € Wign).

By the strong Markov property, Lemma 3.1, and the induction hypothesis, this is
bounded by
X ~
EX[P™ (X7,,, € Wis1): Tj < tp, X1; € W \ Wjp1]

< c3p' I P(T; < tp)

< 263pi7jaj.
Soif 1 < j < i, the probability of (b) is bounded by

2e30 ol (3.12)
If we add the estimates (3.10), (3.11), and (3.12), we have

i—1
PO(Ti41 < 7p) < c2p' +2) e3p'lod +2(1 - a)o’
j=1
o a/p)~l—1

:czp’—I—ZCg,o’; W+2(1—G)O’l (313)
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Since o/p > 2, this is bounded by
. soN\i—1 .
cp' +cap’ (—) +2(1 —a)o’

0

<20 (c2(p/o) +cs(p/o) + (1 — a)).

If we choose p small enough so that (¢; + ¢5)(p/0) <a/2ando € (1 —a/2, 1),
then the left hand side of (3.13) is bounded by

20°(1 —a/2) <20t
This proves the induction hypothesis, and hence the proposition. O
The main estimate we need is the following. Let
Se ={z:—¢ <wv(z) <0}
Proposition 3.3. There exist c1, b > 0 such that if v(xg) € [2,3] and ¢ > 0, then
PY(X,, € S¢) < c16”.

Proof. Let p, o be as in Proposition 3.2. Given ¢ there exists i such that ot <
e <p'.LetD* ={z: —p' <v(@)}. If X;,, € S, then Ts, < tp~. By the above
proposition applied to D*,
PY(Ts, < tp+) < 20",
If we choose b = log o/ log p and ¢; = 2p 7, then
i 2 i+1\b b
20 =—b(/0 )" <c1€”,
o
which completes the proof. O

Since for r > 0 the process r ~* X, has the same law under PV as X, and rD
is again the region above the graph of a Lipschitz function with Lipschitz contant
A, a scaling argument yields

Corollary 3.4. There exist ¢, b > 0 such that if xo € D, then
P* (X1, € Sev(xg)) < C16°. (3.14)

The constant in Corollary 3.4 is not necessarily the same as the one in Proposition
3.3.

Although dominated convergence and the Harnack inequality give us some-
thing like (3.14) for xg such that v(xg) € [2, 3], the uniformity over v(xp) requires
the extra work above.

In the following, again the uniformity is where the work comes in.

Proposition 3.5. Let ¢ > 0. There exists n such that if v(xg) < 0, then

PXO(TB(XOJ) < ‘L’D) < Eé&.



A Fatou theorem for a-harmonic functions in Lipschitz domains 399

Proof. Let z € 0 D. We will show that there exists p € (0, }T) ando € (%, 1) such
thatif x € D N B(z, p'), then

h(x) =P (tp¢,1/2) < Tp) < 20",

This is true for i = 1. We suppose it is true for all j < i and prove it for i + 1. Let
Ui = B(z, p').
If x € U;41, then since A is regular a-harmonic in B(z, 1/2) N D and 0 in D€,
h(-x) = ]Ex[h(X‘[Ui/\TD)]
=< ]Ex[h(X‘[Ui); Ty; < 1D, XtU’. € Ui*l]
i—1

+Z]EX[/’£(X-[U’_); XTUI- € Ui_j \ Ui—j+1]
j=2

+E (X<, ); Xvy, ¢ Ul

Using (3.1) and the induction hypothesis, there exists a > 0 not depending on i
such that the first term on the right is bounded by 2(1 —a)o?~!. Using the induction
hypothesis and (2.3), the second term is bounded by

i—1
2cq Zal_],o]“.
Jj=2

Finally, using (2.3), the third term is bounded by ¢; p'*. We will take p small enough
so that p* /o < % Adding the three terms together, we have the bound

i—1
21 =a)o' " +2c1 ) 0" pI Ferp™
j=2

<2(1 —a)a' ' + 30" (0% )0) + c2p™
< 20" (1 — @) + c3(p% /o) + ca(p® /)]

We choose p small so that p%/o < % and 2(c3 + c4)p < a/2 and then choose
o € (/1 —a/2,1). So the above is bounded by

2071~ a) + (a/2)] <207 (1 —a/2) <20,
and the induction step is established. The result follows easily from this. O

Remark. The above proposition actually shows that P*0 (g, 1/2) < Tp) goes to
0 as some power of v(xp). An argument using the boundary Harnack principle
shows that the same is true for the Green function G p(xg, y) if y is fixed. This
complements the estimates in [18] on the behavior of the Green function.

Proposition 3.6. Let ¢ > 0. There exist n, K > 0 such that if v(xg) <, then

PY(| X, —x0|l > K) < &.
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Proof. By Proposition 3.5, there exists 1 such that
P (tpx,1) < TD) < /2 (3.15)

if v(xp) < n. Provided K > 1, notice that it is not possible that | X, — xo| > K
on the event where Ty, 1) > 7p. So we have

PY(|1 X+, — x0l > K) =P(|X¢,, — x0l > K, T8(xo,1) < TD)
+P(| X+, — X0l > K, TB(xo,1) = TD)-

The first term on the right is less than ¢/2 by (3.15). Using (2.3) let us choose
K > 1 large so that

PXOUXTB(XO,U —xo| > K) < ¢/2.
So the second term on the right is also less than & /2. O

A scaling argument shows that if v(xg) < 1, then P* (| X, —xo| > K/n) < ¢.
Let M = K /n. Using scaling again, we have

Corollary 3.7. Let ¢ > 0. There exists M > 0 such that if xo € D, then

P (| Xy, — x0| > Mv(xp)) < e.
4. Maximal functions

Let D be the region above a bounded Lipschitz function I' : R~ — R with
Lipschitz constant A. Set Ag = 6(A + 1). For i an integer and X € RI-1 et

A®) ={G ) eR: g — x| <277 k=1,...,d—1,
lta — (C(F) — 32027 " H < 2771}, 4.1)

and let Zi (X) be the (d - 1)-dimensional cube with center X and side length 27,
Note that |A; (X)| = 27" x0. Set

Bi = {x e R¢"!: each coordinate of X is a multiple of 27/}.

Let us define fori > 0and L >0

Fi(¥) = [fIdy, GiL(¥) = sup Fi (X +5).
[Ai O] Ja, @ FeB;, [1<L2-i
My f(X) = sup G;L(X).
i>0
We use ||- || to denote the L' norm of a function with respect to (d — 1)-dimensional

Lebesgue measure.

The following proposition’s proof is similar to the analogous one in [3], but
we take this opportunity to correct some errors in that paper. Note also that G, is
defined differently here.
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Proposition 4.1. Suppose f € Ag’m(Rd), Bp > 1, p > 1, and the support of f
is contained in B(0, J) for some J > 1. Then

IMLF @ < €l fllap - 4.2)
The constant k dependsond, p, L, J, A, and B. In particular, M f (X) is finite a.e.

Proof. Since

IGiL(X) = Giy1.L.(X)| < sup |Fi(X+75) — Firn(X +72)|
y.ZeBit1.I3IvZI<2L2
< > IFE+3 — Fin G +32),
y.ZeBit1.|3IvZI<2L2
we have
1GiL(®) = Gip1,L®)h < > IFE+3) — F @+
y.ZeBit1.I3IvIzI<2L27
< L% sup IFi(X) — Fis1 8 + )1
@68i+1,\@\§4L27"
4.3)
Let Aj;j(X), j=1,---, 24, be a subdivision of A;(X) into 2¢ equal rectangular

solids, each of which is congruent to A;11(X); to be more precise, if A;(X) =
1—[1421 la;, b;], then each A;;(X) is of the form ]_[fl: 1[d;, e;], where for each i either
d;i = a; and ¢; = (a; + b;)/2 or else d; = (a; + b;)/2 and e; = b;.

Fix a @ € Biy with |@] < 4L27%. Let T;; : R — R? be the linear map
defined by

T;j (X, xa) = X +7j, xa + 1}),

where t;; = (1}, tidj) are points such that A;; (X) = T;;(A;+1(X + w)); we can find

a constant ¢ not depending on i such that |¢;;| < 271 forj=1,..., 2d
Then
Fi(X) — Fin(xX +w)
1

—— [ ifoay - ﬁ/ )l
A )] Ja: ) [Air1 (X +w)| Ja, G
2d |

=Y o= sy [ £ )ldy]
jX_; |A; (%) I:/Ai_,‘(}) Ajp1 (X+W)
2d

=Yg | sy - [ £ O)ldy ]
j=1 T;j(A;; (X+W)) Ajp1 (R+w)

2d
:szdAgI/A (f TN = 1F DD dy. (4.4)
j=1

i1 (X+w)
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Integrating (4.4) gives

[ RG+ @ — R

od
idy—1 _ . Y
=gt [ e - sy
j=1 i+1

E+w)y2"xo

24 - 2712 o
=yt [ £ )= £ (T ()dya dF dF.
= Ri-1 JA; | G+w) JT

LetZ =5 — (X + W), zg = yq - Then by Fubini’s theorem the last expression can
be written as

2d . rG+w)—2""1xg o
> 20y /~ / / fG+F+ T, 24)
= Ai1©0) JRI-L P Gim)—2-1 0
—fC+X+ W +Tj. 2a + 1{)dzg dX dZ
2d

Zzid,\glﬁ - (/ /|f(Z+3?+w,Zd)
B @ NJra-t IR

j=1

A

— e~ Al/p
—f(f—i—x+w+t,~j,zd+tidj)|”dzddx>

1/q
X — —i —i— d d)? d~
(AM/RXB(O,JWW Ly [—2~i,—2-i-1dZd ) z

2d

idy— ~ B
> 2! / 1G]
j:l A[+1(0)

A

x ||fIIAﬂe.w(Rd)J(d*‘)/qz*f/q daz, (4.5)
where we use Holder’s inequality with p~! + ¢~! = 1. From (4.5) we have
2d
/R () = Fit (3 + BT < c3 Zl 2111 f N ap @2 0. (4.6)
]:
Since |t;j] < cal27 for j = 1,...,2% @ € Biy1, and || < 4L27, from (4.3)
and (4.6) we have

1GiL @) = Gir1 @l < es2 0P| £l g )
< C52((1/17)*/3)i”f“[\z,oc(Rd), 4.7
To prove || My f(X)|1 < K”f”Ag@O(Rd), note that

(o8]
sup|GiL (D) < |Gor®) + Y 1GiL(® — Gi—1. L.
! i=1
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Clearly ||GoLll1 < cell flp because f is in L” and has compact support. Hence by
4.7

oo
IMLf Gl = lsup G ®)lh < 1Gor D1 + Y IGi®) — Gi1,L®)h
! i=1

o0
<cllflp+ C7||f||A§,m(Rd) Z 2 ((1/p)=P)i
i=1
< CS”f”A/I;vOC(Rd), 4.8)

if Bp > 1. o
5. The Fatou theorem

In this section we prove Theorem 1.1.

Proposition 5.1. Suppose D is the region above the graph of a Lipschitz func-
tion with Lipschitz constant A and f is bounded, has compact support, and is in
A/’;’OO(Rd) with Bp > 1. Then u y converges nontangentially at almost every point

on the boundary.
Proof. Let ¢ > 0. By Corollary 3.4 there exists aj such that for x € D
P*(X+p € Sajor) < €.
By Corollary 3.7 there exists ap such that forx € D
P* (X, € B(x, a28p(x))) < e.

Recall the definition of A;(X) given in (4.1). We claim that if v(x) is sufficiently
small, there exist positive integers by, by, and L independent of v(x) and an integer
ip > by + 1 depending on x such that

io+bo
(D" N B(x, azaD(x))) \ S U ( U A,-(f+?,~)).(5.1)

i=io=br (TjeB;,[fj|<L271)

To see this, first choose iy such that 20270 < §p(x) < Ag2~0F!, We can then
choose b; and b, independently of ip such that if y is an element of the left hand
side of (5.1), then y € U;Sfibl A; (). Now if y is an element of the left hand side
of (5.1), then the distance between X and ¥ is less than a28p (x) < ¢127%0; so if we
take L larger than ¢1222%! then y will be an element of the right hand side of (5.1).
This proves (5.1).

Choose 8’ € (1/p, B). Let k be the constant in (4.2) when we replace 8 by 8’;
recall that ¥ depends on L. By [3], Lemma 4.1, we can choose i € AZ,’OO(Rd) such
that [|Alcc < 2|1 flloo>

1Al e ay < &2/ Gelbr + b2 + DL,
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and g = f — h is continuous with compact support. For any function k on D, define

Qk(x) = limsup ug(z) — liminf u(z)
zeC(x),z—>x zeC(x)z—x

for x € 0 D. We want to show that if xo € 9D, then
Qf (x0) < 26l flloo + c3Mh(x0). (5.2)

Ifz € A;(X + tj), then Pp(x,z) < c4dp(z)~? by Proposition 2.1. Suppose
x € D with X = Xo. Writing 2™ for the positive part of & and defining u;,+ analo-
gously to (1.1), we have

(1) < B0 (X1p): Xep € Sajon] +E (MY (Xep); Xy & B(x, a28p(x))]
io+bo
+ ) > E T (Xyy): Xep € Ai(F+T))]
i=io=b1 (TjeB;, [fj|<L277)
io+b2
<20hllect + Y > f __ h(@Pp(x.2)dz
i=io—b1 (feB,,[ij| <127y " AT
io+b2
<20 oo +es Y Y. RE+T)
i=io=b1 {TjeB;,|fj|<L27'})
io+bo
<2ht oot +cs Y LG
i=ig—b)
< 2|h*lloct + co(by + ba + DL MRt (),
where we define F; and G; in terms of 2™ instead of f. By the Harnack inequality
for nonnegative «-harmonic functions,

limsup  up+(y) < c7llhT [loos + c7(b1 + by + DL ML (Ro)

yeC(xp),y—xo
< csll flloot + cs(b1 4+ by + DL ML A(RD).

We have a similar estimate when h is replaced by 4. Since g is continuous with
compact support,

Qf (x0) < Qg(x0) + Qh(xg) = Qh(xp)
< 2¢8|| flloo® + 2¢5(b1 + by + 1)L M h(%0)

as desired.
By Proposition 4.1,

- by + by +1)LA]
(x0 € 9D : (bi+bo+ D)L MGy >e)| < DT - )

IA

IMphll

i (by + by + 1) L4!

||h ”AZ;OO(Rd)

IA

coe.
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Recall that (d — 1)-dimensional Lebesgue measure is comparable to surface mea-
sure. Therefore, except for a set of surface measure at most cjpe we have

Qf (x0) = Qh(x0) = 2esll flloo + 2c8)e. (5.3)
Since ¢ is arbitrary, this proves the proposition. O
To handle bounded Lipschitz domains we first need some lemmas.

Lemma 5.2. Let D be a bounded Lipschitz domain, z € 0D, and M > 0. If
x,€D,n=12,...,and x, — z, then P*" (X, € B(z, M) N D) — 1.

Proof. z € 9D is regular for D¢ (the proof that every point in d D is regular for
the complement of the domain is the same as that for Brownian motion; see [1],
Proposition II.1.13), and so P*(rp < t) — 1 for all # > 0; see [1], Corollary
IL1.11. Let ¢ > 0 and choose ¢ such that PO(sup,_, |Xs| = M/2) < e; this is
possible by the right continuity of the paths of X,. We have |x, — z| < M/2 and
P*(tp < t) > 1 — ¢ for sufficiently large n. So we have

P (X, € B(z, M) N D) = P (vp < t,sup|Xs; —xp| < M/2)

s<t
> P (tp < 1) — PO(sup | X,| > M/2)
s<t
>1—¢—e¢.
O

Lemma 5.3. Let D be the region above the graph of a Lipschitz function with Lips-
chitz constant A, z € D, and M > 0, and let f be a bounded function. If x,, € D,
Xp — z, and either limy, _,, E* f (X)) or lim,, _, . E* f(XTDmB(z,M)) exists, then
they both exist and coincide.

Proof. Letting Byy = D N B(z, M), we have
E" f(Xv,) = E"[f(X1p); T8y < to] + E™[f(X2p); T8y = D]
=E"[f(Xzp); By < Tl + E"[f(Xey,, )i T8y = TD]
= Exn[f(X'L’D); TBy < ‘CD] +Exnf(XTBM)
—Ex”[f(X,BM); B, < DI (5.4)
Note that the first and third terms of the last line are both bounded by
I fllocP™ (TBy, < TD)-

Since
P (g, < tp) =1—P" (18, = 1p) < 1 —P"(X;, € Bz, M) N D) — 0

as x, — z by Lemma 5.2, the first and the last terms in the last line of (5.4) go to
0 as x, — z, which completes the proof. O

We now prove Theorem 1.1.
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Proof. First we will consider the case when D is the region above the graph of a
Lipschitz function I with Lipschitz constant A. Suppose that f is bounded, f €
AP (R?), and Bp > 1. Let M > 0. We will show nontangential convergence for
X1 B(0, M/2)NdD. Since M is arbitrary, the theorem in this case will follow. Let
@ € C* be a cut-off function such that ¢ = 1 on B(0,2M) and 0 on B(0, 3M)°.
Since f is bounded, f¢ is bounded and supported on B(0, 3M). Since ¢ is smooth,
then fo € AZ’OO (R%), so by Proposition 5.1 the Fatou theorem holds for this func-
tion. Note that f = fo + f(1 —¢) andsou(x) = uyry(x) + u f(1-¢)(x). Thus
it is enough to show for z € B(0, M/2) N dD that limy, , u r(1—¢)(x,) = O if
xn € D. Since the support of f(1 — @) is contained in B(0, 2M)¢ C B(z,3M/2)¢,
we have

Uri—)(xp) =E" (1 =) (Xep) < 1 f (1= @) looP™ (X<, € B(z, M) N D).

By Lemma 5.2 the right hand side goes to O; this completes the proof in the first
case.

Next we consider a bounded Lipschitz domain D. For every z € d D there exist
M > 0 and a Lipschitz function I with Lipschitz constant A (which can depend on
x) such that in some coordinate system D N B(z, M) = Dr N B(z, M), where Dr
is the region above the graph of I". Suppose f is bounded and in A/’; " (R7) with
Bp > 1. By the paragraph above, nontangential limits exist a.e. in Dr. By Lemma
5.3 the nontangential limits for Dr and for Dr N B(z, M) in B(z, M) are the same.
By the same reasoning as in the proof of Lemma 5.3 the nontangential limits for D
and for D N B(z, M) in B(z, M) are the same. Hence the nontangential limits for
D are the same as those for Dr in B(z, M).

Finally, suppose D is a bounded Lipschitz domain and f € AZ) B, p, D). If
z € 9D, there exists ¢ (depending on z) such that f agrees on B(z, ¢) N D¢ with a
bounded function, f , say, that is in AP ’OO(Rd ). Let ¢ be a C* cutoff function that
is 1 on B(z,¢/2) and 0 on B(z, ¢)¢. By the preceding paragraph, nontangential
limits exists a.e. for u s, = Uy in B(z, ¢/4) N D. By the argument in the first
paragraph of this proof, nontangential limits also exist there for u (1 ). Therefore
every point of dD has a neighborhood in which nontangential convergence in D
holds; this proves the theorem. O

Remark. A function f thatis in Ag’oo(Rd ) need not be continuous unless Bp > d,
and so in general its value on d D is not defined in a pointwise manner. However
if B’p > 1, one can define a bounded trace operator 7 : A%,°° — LP(3 D) which
does give a definition of the restriction of f to d D; moreover the definition of 7 (f)
is independent of the precise value of B8’. A proof of this may be derived from the
results in [22], Chapter VI. If Bp > 1, choose B’ € (1/p, B). As in the proof of
Proposition 5.1, given ¢, a function f € Af; " (R?) can be written as the sum of a
continuous function with compact support g plus a function /, where

”h”AZ}OO(]Rd) < é&.

Since g is continuous, it is easy to see that the nontangential limit of u, agrees
with 7 (g) at every point of the boundary. Let § > 0. The proof of Proposition 5.1
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(see (5.3)) shows that the nontangential limit of u, is less than § except for a set of
surface measure less than § provided we take & small enough. Since 7 is a bounded
operator, then 7 (h) will be less than § except for a set of surface measure less than
d provided we take & small enough. Therefore the nontangential limit of u ¢ differs
from 7 by at most 26, except for a set of surface measure at most 28. Since § is
arbitrary, this shows that the nontangential limit of u ; agrees with 7°(f) almost
everywhere.
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