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Abstract. A new probabilistic representation is presented for solutions of the incompress-
ible Navier-Stokes equations in R® with given forcing and initial velocity. This representation
expresses solutions as scaled conditional expectations of functionals of a Markov process
indexed by the nodes of a binary tree. It gives existence and uniqueness of weak solutions for
all time under relatively simple conditions on the forcing and initial data. These conditions
involve comparison of the forcing and initial data with majorizing kernels.

1. Introduction

The 3-dimensional Navier-Stokes equations governing the velocity of incompress-
ible fluids with viscosity v and initial velocity ug are given by

ou
5+u~Vu=vAu—Vp+g
V-u=0 ey

ug(x) = u(x,0)

Here u : R3 x [0, o) — R3 is the velocity vector, p : R3 x [0, o0) - Riis
the pressure and g : R® x [0, 00) — R? is the external forcing. Although these
equations have been studied extensively over the last century important open ques-
tions remain concerning existence and uniqueness of smooth solutions. Extensive
background and development of results can be found in Temam [18], Doering
and Gibbon [6], Foias, Manley, Rosa and Temam [8], and Lemarié-Rieusset [14].
Ladyzhenskaya [12] provides a recent interesting and accessible review of results.

There are two classes of existence and uniqueness results for solutions to the
Navier-Stokes equations; existence and uniqueness for all time if the forcing and
initial data are small enough in some specified function space, or existence and
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uniqueness for a short time for larger initial data. This paper falls into the former
camp in giving a probabilistic representation in physical space of the solutions of (1)
when a smallness condition is satisfied by the given forcing and initial velocity. This
results in a method of demonstrating existence and uniqueness of weak solutions
(in the sense of Lemarié-Rieusset [14]) for all time under straightforward bounds
on forcing and initial data. The focus is strictly on the Navier-Stokes equations in
R3. Indeed the method developed relies heavily on an integral formulation of the
Navier-Stokes equations in R? incorporating Leray’s projection onto the subspace
of divergence free vector fields.

The stochastic representation given here has parallels with the representations
given by McKean [15] for solutions of the Kolmogorov-Petrovskii-Piskunov equa-
tion and Le Jan and Sznitman [13] for solutions of the Fourier transformed Navier-
Stokes equations. In the seminal paper [15] McKean gives the solution of the KPP
equation

du 1%,

T 2al T

with initial data u(x, 0) = f(x),0 < f(x) < 1forall x ¢ R, as

N(t)
(e, t) = Ex [[ row@ @)
i=1

where W = {W® : i > 1} is a branching Brownian motion in R with initial value

x. Roughly here one can think of the Laplacian term % % as producing the Brown-

ian motion, the u> term yielding the binary branching, and the —u term resulting
in the exponential waiting time between branches. The existence of the solution is
a consequence of the bound imposed on the initial data.

LeJan and Sznitman in [13] give the solution of the Fourier transformed
Navier-Stokes equations in R>

t
i, =) + [ e

s=0

x{—i(2n)_3/2Pg /Rs (0, 1—s5) & - i(E—n, t—s)dn + Pe g (€. t—s)}ds

)
in the form of a scaled expectation
i, 1) = HE)Eg,M
if both
i (&t
@1 4 18E. D 3)

an —
H(&) E12H (§)

are uniformly small enough. Here M is a multiplicative functional of a stochas-
tic cascade rooted at £ at time r+ = 0 with inputs derived from initial data and
forcing scaled as in (3) above. The scalar function H : R3 = (0, 00] is given
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by either H(§) = €172 or H(§) = a|&| te ¢l for some o > 0. The vector
projection P¢ onto the plane perpendicular to & has eliminated the pressure p. The
term i(n,t —s)& - u(§ —n,t — s) yields binary branching in space according to
the normalized Markovian kernel % and the coefficients e~"1¢/°" result in
exponential waiting times between branches. This general framework is elaborated
and extended via the introduction of Fourier multiplier majorizing kernels in Bhat-
tacharya et al [2] and [3]. Again the existence of solutions is a consequence of the
functional bounds imposed on the forcing and initial data.

The goal of this article is to construct a binary branching process with jumps
that corresponds naturally to a formulation of solutions in physical space to the
Navier-Stokes equations. It is not too surprising that this stochastic representation
is more complicated than representations of solutions to the KPP equation or the
Fourier transformed Navier-Stokes equations. Majorizing kernel pairs (%, h) are
introduced to be used as scaling multipliers. As such they both dominate the forc-
ing and velocity and allow the construction of transition densities. Additionally,
combined with the Laplacian term v Au, their presence can give rise to a h-Brown-
ian motion. The binary nature of the branching derives from the term u - Vu. In
this representation, the waiting time between branches is related to first passage
times for Brownian motion rather than being exponential in nature. This somewhat
complicated relationship is in part due to the incompressibility constraint. This
leads to the construction of a Markov process indexed by the binary tree rather
than a Markov process in time. Analogous to the work of LeJan and Sznitman [13]
and Bhattacharya et al [2], [3], the existence of solutions is a consequence of the
bounds imposed on the forcing and initial data via majorizing kernel domination.
The following theorem is representative.

Theorem 1.1. Let i : R® — (0, o] and h:R3— [0, oo] with h locally square
integrable and h, h jointly satisfying

/ W2 (x — y)|y|2dy < h(x) and / h(x — WIyI“ldy < h(x) forall x e R3.

R3 R3
“4)
Ifforallx e R3andt > 0,
(47'rvt)_3/2|/ ug(x — y)e_‘y‘z/“”’dyl <mvh(x)/11 and |g(x,t)| < (wv)*h(x)/11,
R3

then there exists a collection of probability measures {P, : x € R} defined on a
common measurable space (2, F), a measurable function E : (0, 00) x Q — R3,
and a weak solution u(x, t) to the Navier-Stokes equations (1) with

P ({w: |E(t,w)| <2mv/11 forall t >0}) =1 forall x ¢ R?

and

u(x,t) =h(x)/ E(t, w)dPy(w) forall x e R3,t > 0.
Q

Furthermore, the solution u is unique in the class {v € (S'(R?® x (0, 00)))3 :
lv(x, )| < 2mvh(x)/11 forall x € R3,t > 0}.
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The probabilistic representation gives the scaled solution of the Navier-Stokes
equations as the expectation of {E(¢) : + > 0}, which is defined in Sections 4
and 5 as a function of a Markov process indexed by the nodes of a binary tree.
The scaling, 4, is a non-negative majorizing kernel that controls the magnitude of
the initial data ug. The kernel 4 is paired with a second kernel h that controls the
magnitude of the forcing g. The conditions stipulated by (4) allow the definition
of stochastic transition probabilities for an underlying branching Markov random
walk while controlling the magnitude of the function E. For example, two majoriz-
ing kernel pairs satisfying (4) are (h(x), h(x)) = (3 |x|~1, @ 2|x|(1 + |x])"2)
and (h(x), h(x)) = (31 + |x])~", @a*x|(1 + |x)*)~1). This representation
also gives a connection between Brownian motion in R? and solutions to the Na-
vier-Stokes equations.

The results of this paper are largely self-contained. The organization is as fol-
lows. Section 2 gives a definition of the solution space involved along with the
derivation of an integral formulation of the incompressible Navier-Stokes equa-
tions incorporating Leray’s projection. The integral formulation is given explicitly
in terms of the transition density of Brownian motion in R3. Majorizing kernel
pairs are defined and some important properties of classes of majorizing kernels
are derived in Section 3. Section 4 gives a probabilistic representation of the scaled
weak solution to (1) in the case of excessive majorizing kernels. This representation
involves Doob’s #-Brownian motion in R>. This section also contains existence and
uniqueness results in the case that the initial data u( is dominated appropriately by
an excessive kernel /. An alternate probabilistic representation for general classes
of majorizing kernels is given in Section 5. The existence and uniqueness results
given in this section are consequently more general as well. The proof of Theorem
1.1 is included in Section 5. Section 6 contains a few concluding remarks.

2. An integral reformulation of the incompressible Navier-Stokes equations

The delineation of the definition of solutions and the function spaces in which solu-
tions exist is as follows. Throughout elements of R3 are treated as 3 x 1 vectors.
The usual vector dot product and Euclidean norm | - | are used. D(R?) = (G (R3)
and D(R3 x (0, 00)) = Co° (R3 x (0, 00)) where Cg° is the space of C* functions
with compact support. S’(R? x (0, 00)) is the space of tempered distributions on
R3 x (0, 00).

Definition 2.1. A weak solution of the Navier-Stokes equations with initial veloc-
ity u(x,0) = uo(x) is a vector field u(x, t) € (S'(R3 x (0, 00)))3 satisfying the
following:

(i) u is locally square integrable on R3 x (0, 00),
(ii) V-u=0, and ‘
(iii) there exists p € S'(R? x (0, 00)) with ‘;—’; 4+u-Vu=vAu—-Vp+g.

After incorporating incompressibility via the Leray projection P and apply-
ing Duhamel’s principle, the pressure term can be dropped and the Navier-Stokes
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equations written in integral form as

t t
u=e"%up— / " IAPY (u @ u)(s)ds + / A Pg(s)ds  (5)
0 0
A\ uy = 0

where the Leray projection P onto the space of divergence free vector fields of a
vector-valued function v is defined as

Pv=v—V- A" (Vo).

See Foias et al [8] or Lemarié-Rieusset [ 14] for discussion. The integral formulation
above is expressed explicitly in Proposition 2.1 that follows.

Definition 2.2. A function h : R3 — R is uniformly locally square integrable if
for all ¢ € D(R?),

sup /R lp(x = y) h(y)*dy < oo.

xeR3

Definition 2.3. A weak solution u of the Navier-Stokes equations on R x (0, o)
is uniformly locally square integrable if for all ¢ € D(R3 x (0, 00))

sup / / lo(x — y, ) u(y, 1)>dydt < oo.
R3 J(0,00)

xeR3

The following equivalence theorem can be found in Lemarié-Rieusset [14].

Theorem 2.1. [fu is uniformly locally square integrable, then u is a weak solution
of (1) if and only if u is a solution of (5).

The following definitions are useful in stating Propostion 2.1. Let
K@,t) = (27‘[1‘)73/267”'2/2[, r>0, yeR?

denote the transition density of a 3-dimensional Brownian motion starting at the
origin at time 7 = 0. For y € R3 with |y| > 0, let ey = y/|y| denote the unit vector
in the direction of y and let P, denote the 3 by 3 matrix that projects vectors onto
the space perpendicular to y; so that the entries of Py, are

(Py)i,j = 6i,j — (ey)iley);.
Define the bilinear forms b; and b on R3 \ {(0, 0, 0)} x (R?)? via
bi(y;u,v) = (u-e)Pyv+ (v-e,)Pyu
and

ba(y; u, v) =bi(y; u, v) +u- (I —3eyel)ve,.



272 M. Ossiander

Proposition 2.1. Ifu : R?x (0, c0) — R3 islocally square integrable and satisfies

t
u(x,t)=/ uo(x—y)K(y,th)der/ / {ﬂK(zJUS)
R} s=0 JR3

4vs
xbi(ziu(x —z,t —s),u(x —z,t —s))

1 3
+<—K(z, 2vs) — I / K(y, 2vs)dy>
|z] 4 lzl* Jiyyi<izy

XbZ(Z; M(.X -z, — S)a M(.X -z, — S))

1
+(K(z, 205)P: — s (] 3ezel)

K(y, 2vs)dy)

{y:lyl=lzl}

xg(x —z,t—s)}dzds, (6)

then u is a weak solution to (1).

This integral formulation incorporating incompressibility is key to the proof of
Theorem 1.1 and the other existence and uniqueness results given in Sections 4 and
5. The following lemmas are used in the proof of the proposition. Throughout the
Fourier transform on R? is defined as

f&) = @m)™"? / e [ (0)dx
R3
and understood in a distributional sense. Then also
f) = @m) 2 / ¢ (€.
R3

The bilinear forms b; and b, defined above and the matrix I — 3eze; can be
bounded as follows.

Lemma 2.1. Forany y € R® with |y| # 0 and u, v € R,

[b1(y; u, v)| < |ul|v], @)

[b2(y; u, v)| < 2|ul|v], ®
and

|(I = 3eyeyul < 2ful. ©)

Proof. Fix y,u,v € R3 with |y| £ 0. Leta = ¢, ey, B=ey-ey,andy =e¢,-e,.
Fora,b € [0, 1], f(a,b) := a(l1 —b*>)/? + b(1 — a®)'/? < 1 with equality for
a® 4+ b*> = 1. The triangle inequality gives

b1 (y; u, v)| = |ufv| |aPyey + BPyey| < |ul [v] f(lal, [B]) < |u] |v].
To derive (8), first notice that

b1 (y; u, V)1* = Jul*|v*(@*(1 — B + 2aB(y — af) + (1 — a?))
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and
ly — aBl = lew - Pyey| < |Pyeu| [Pey| = (1 —a®)!/2(1 — g2)!/2.
Then
Iba(y: u, ) = [by(yiu, V)[* + (- (I — 3eyel)v)?
= |ul® v (@ + B>+ &* B2 + (v — 2a8)%)
< |ul? v* (@ + B+ &?B% + (1 — D) 21 = BHY2 + aB)?)
= [ul® v|* (1 + & B% + 20apl f (Jal, (1 — BH'/?)
< lul® v (1 + leB))?
< Qlul [v])*.
To verify (9) note that
(I — ?)eyety)u|2 =u-+ 3eye§,)u = |u|2(1 +3a?) < 4|u|2.
O

Lemma 2.2. Suppose that for each fixed s > 0, T'(-, s) : R> — R3*3 has Fourier
transform

P&, 5) = Qm)32e vl sp,.
Then for x € R3 with |x| # 0,

T(x,s) = K(x,2vs)P, — (47) "' |x| (1 — 3erel) K (y,2vs)dy.
{y:lyl=lxl}

The result presented in Lemma 2.2 is not new; it goes back at least to Solonnikov
[17], who used it to calculate estimates of solutions of the linearized Navier-Stokes
equations. It appears again in Koch and Solonnikov [11] in a study of the Stokes
problem. More recently, Thomann and Guenther [19] use it to compute an explicit
formula for the fundamental solution of the linearized Navier-Stokes equation in
terms of special functions. The representation given here is more explicitly stated
in terms of K, the transition density for Brownian motion, than that of Solonnikov
[17], Koch and Solonnikov [11] or Thomann and Guenther [19]. The derivation is
included for completeness.

Proof. Fix s > 0 and notice that Ie(é,s) = (2n)_3/ze_”|§|zs. Suppose that
P0() = (2n)_3/2|§|_2e_"‘5‘23. Some computation gives

x|
yo(x) = (27) 32 2vs) "2 [x| ! f e "1 dp. (10)
p=0

(For computational details of the Fourier transform for radial functions, see Folland
[9], page 247.) If y; j : R® — Riis defined via

Vij (&) = —(2n)_3/2%e—vlé‘|2s7
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then
2

8xiax]'

- (2n)—3/2(2vs)—1/2{5,~,,(|x|—2e—'xlz/4” - |x|_3/
P

Vi, j(x) = yo(x)

x|
e—p2/4vsdp)
=0

[x]
+xixj x| 2 <3|x|_3 f e P14 dp
p=0
—@x| 2 + <2vs>-1>e—'X'2/4“~‘) } (11)

Combining (10) and (11) gives

i j(x,s) = K(x,2v8)8; j + v, j(x)
= K (x,2vs)(Py)i.; — 2m) 32 2us) "2 x| 73

Il 2/4 2/4 2
x(/ Oe_p 143 g — |xle= WP/ ) (sl-,j — Bl )
p:

To complete the proof note that

/ K(y, 2vs)dy = (nvs)_l/z(/
(yilyl<lxl)

p=0

W, .
e P1s go _xle P/ ) (12)

O
The following lemma is given without proof.

Lemma 2.3. Suppose that V : R®> — R3 has Fourier transform
V) =i@m)2 /R ()& - D(E — mdn.

Then V is given by

3

ad
Vi) = 3 —— (0 (0 (x).
J

J=1

Lemma 2.4. For V as defined in Lemma 2.3,
/ Ly, s)V(x —y)dy
R3
= —/R} {(4us)—1IY|K(y, 2vs)by(y; v(x — y), v(x — y)) + (Iyl_lK(y, 205)

=3¢m) !yl / K (2, 25)dz) ba(y; v(x =), vir—y)}dy.
{z:lzI=Iyl}
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Proof. Lemma 2.2 gives

i j(y,s) =6; 810y + yiyjga(lyD)
where forr > 0

g1 (V) — (47TUS)_3/2€_r2/4US _ (47'[)_1}"_3/ K(y, 2US)dy
{y:lyl=r}
and
g(r) =3@n) 3 f K (v, 2vs)dy — (4mvs) =3/ =245,
{y:lyl<r}

A term by term integration by parts leads to the vector-valued function
/w L(y, $)V(x = y)dy
= [ {2 (e vt =3y -y vt =y v - )
R3
+2(¥D0 - v = e = )+ (e = 1 E=5Gey - vix = y)Dy)dy
= /R{— ()™ YK (7. 208) by (33 v(x =), v(x =)

H¥lg2(1y D ba(y; v(x = v, vix = ) Jdy.
O

Proof of Proposition 2.1:. The incorporation of Leray’s projection into the Fourier
transformed Navier-Stokes equations as seen in (2) gives a convenient formulation
for weak solutions u of (1). For fixed s, apply the inverse Fourier transform to the
Fourier Navier-Stokes equations (2), letting V represent the vector-valued function
with Vi (x, s) = Z?:l %i(uk(x, s)uj(x,s)), and use Lemmas 2.2, 2.3 and 2.4 to
see that

ulx,t) = /3 uo(x — y)K(y, 2vt)dy +/
R\

s=0

+/ C'(y,s)glx —y, t — s)dy}ds
R3

t

{—/ CO )V — vt — $)dy
R3

t

:f uo(x—y)K(y,ZW)dy-F/ {/ <(4VS)_1|yIK(y,ZVS)
R3 s=0 L JR3

Xbl()’?”(x_)’»t_s)»u(x_y,[_s)>

(17 & (v 205) = 364wy~ [

K(z. 2vs)dz>
{z:lzI=<Iyl}

xby(y;u(x =y, t —s),ulx —y, 1 — S)))dy

+f L'(y,s)glx —y, t — s)dy}ds.
R3
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3. Navier-Stokes majorizing kernel pairs

The majorizing kernel pairs defined below are used to control the magnitude of the
forcing and the initial velocity in a way that allows the control of the magnitude
of the velocity over time. The first component of the pair, /2, dominates the veloc-
ity. The second component, /2, dominates the forcing in a way tailored to maintain
the velocity domination. The conditions specifying the majorizing kernels allow
construction of transition probabilities based on the integral representation of the
Navier-Stokes equations given in Proposition 2.1 above. These kernels play a role
in physical space analogous to the role played in Fourier space by the scaling func-
tions of Le Jan and Sznitman [13] and the Fourier multiplier majorizing kernels
introduced by Bhattacharya et al in [2].

Definition 3.1. The pair (h, ﬁ) R3xR3 = (0, 00] X [0, o0] is a majorizing ker-
nel pair with constant pair (y, y) € (0, 00) x [0, 00) if h is lower semi-continuous
and uniformly locally square integrable,
Jee PP =0yl 2dy
reR3 h(x)

< o0, (13)

and

Jeehx = »lyl~dy ;
xeR3 h(x)

< Q.

Ify =y =1, we say that (h, ﬁ) is a standard majorizing kernel pair.

Notice that both A and & are finite a.e. with respect to Lebesgue measure and
h(x) = 0ae.ifand only if 7 = 0. A simple scaling argument shows that if a major-
izing kernel pair (h, i) has constant pair (y, ) with 7 > 0, then (y ~'h, (y7)~'h)
is a standard majorizing kernel pair.

Recall from potential theory that an excessive function & : R3 — (0, o] satis-
fies both

(WK (x — y, 2v)d
JwhWKE =y, ondy lim/ KWK (x — y, 2v0)dy = h(x).
x€R3,1>0 h(x) 110 JR3

See Bass [1] or Doob [7] for background. Majorizing kernel pairs of particular
interest are those with the first member % being excessive.

Definition 3.2. A majorizing kernel pair (h, h) is an excessive majorizing kernel
pair if h is excessive.

The initial data uo and the forcing g will be compared, respectively, to 4 and h.
Definition 3.3. The pair (ug, g) = (uo, {g(-, 1) : t = 0}) is (h, fz)—admissible if

g (x)] lg(x, )
< oo and sup =
ver? () xeR3 >0 h(x)

< X
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Example 1. Letho(x)=|x|~" andleth(x)=ho(|x|) with [p3 h(x)dx = 47 [Z r?
ﬁo(r)dr < 0. Then (hy, ﬁ) is an excessive majorizing kernel pair with constant
pair (73, 472 froio r2ho(r)dr). This can be seen by observing that A is uniformly
locally square integrable and for x # O,

/3 YT K (= y, 0dy = x| PAZ] < [x1/VD),
R
where Z is a standard normal r.v.,
/ IyI72 e — yI2dy = 7 x|,
R3
and

o
|x|f |y|_1h(x —y)dy = 471/ min{r, |x|} r ho(r)dr.
R3 r=0

The value on the left above increases to 4 froio rzﬁo(r)dr = fR3 ﬁo(|y|)dy as
|x| — oo.As an example, letfzo(r) = r=2(14+r)~1%9 for some fixed ¢ > 0. Then
(uo, g) is (ho, ﬁ)-admissible if sup, g3 |x[|uo(x)| < oo and sup, g3 ;-0 |x|2(1 +
e+ g(x, 1)] < oo.

The Fourier transform of the function k¢ given here is the Le Jan-Sznitman scal-
ing function |£|~2 that arises naturally in the study of the Fourier Navier-Stokes
equations. See Le Jan and Sznitman [13] for the original study. See also Bhattach-
arya et al [2] for refinement of the Fourier space majorizing kernel method. See
also the remark following Example 4.

The following propositions illustrate some of the structure of the class of maj-
orizing kernel pairs.

Proposition 3.1. Ler (h, h) be a standard (excessive) majorizing kernel pair.

(a) Then

(h(- — W), h(- — ), neR,

(ch(c+),c°h(c"), o >0,
and
(h(A), E(A-)), A a 3 by 3 matrix with A"A =1,

are also standard (excessive) majorizing kernel pairs.
(b) Let F denote a probability distribution function on R3. Then

(/ h(- — )dF(y), / ﬁ(-—y)dF(y))
R3 R3

is also a (excessive) majorizing kernel pair with constant pair (y, y) € (0, 1] x
(0, 1].
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Proof. Part(a) is easily checked via the appropriate change of variables. Part (b) fol-
lows from an application of the Cauchy-Schwartz inequality followed by Fubini’s
Theorem. O

Proposition 3.2. Let {(h}, ﬁj) : j = 1} be a sequence of (excessive) majorizing
kernel pairs with corresponding constant pairs {(yj, y;) 1 j = 1}.

(a) Then (hy A ha, ﬁl A ﬁg) is a (excessive) majorizing kernel pair with constant
pair (y,y) € (0, y1 A 2] x [0, y1 A 2l
(b) Forany p € (0, 1)
pypl=p pppl-p
(hyhy "Ry hy ©)
is a (excessive) majorizing kernel pair with constant pair (y, y) € (0, )/11))/21 7
N
x 10,777, "1
(c) For{p; : j > 1} with 230:1 pj=1land p; >0 foreach j > 1

o0 o0 B
<Z pihj Y Pjhj>
j=1 j=1

is a (excessive) majorizing kernel pair with constant pair (y,y)
€ (0, 372 pjvil x [0, 3232, pivjl.
Proof. Part (a) is obvious. Apply Holder’s inequality to deduce (b). Part (c) again
follows from the Cauchy-Schwartz inequality and Fubini’s Theorem. O

Definition 3.4. The functions h; : R? — (0,00], j = 1,2 are equivalent if for
some ¢ € (1, 00),

¢ i) < ha(x) < chi(x) for all x € R%,

Proposition 3.3. If hy and h;y are equivalent and (h;, h) is a majorizing kernel
pair, then (ha, h) is also a majorizing kernel pair.

Proof. The proof follows easily from the definitions. O

Example 2. The majorizing kernel ko of Example 1 has a singularity at the ori-
gin. Propositions 3.1 and 3.2, can be used to construct a kernel with a countable
number of singularities as follows. Take {1 : j > 1} to be a sequence in R? and
{pj:j =1} with 230:1 pj =1land p; > 0 foreach j > 1. Let

o
h(x) =Y pjlx — ™!
j=1
and
o
h(x) =" piho(lx — ;1)
j=1

for some /g : [0, 00) — [0, 0o] with [ r2ho(r)dr < oc. Note that if &g has a
singularity, then  itself will have a countable number of singularities as well. (A, h)
is a majorizing kernel pair with constant pair (y, 7) € (0, 73] x (0, fR3 ho(lx])dx].
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Example 3. The operations of Propositions 3.1 and 3.2 can also be used to produce
bounded kernels based on hg. For example, convolving ko with the probability
density f(y) = x|y])~'(1 + |y|)~3 yields the bounded kernel

hi(x) = (14 |xp~

Taking hx) = fR3 ho(|x — y|) f (y)dy yields a majorizing kernel pair with constant

pair (v, 7) € (0, %] x (0, fgs ho(Ixdx].

Using Proposition 3.3 we see that any radial function 4 that decreases as |x|
increases with limjy|—o|x|h(x) = ¢ € [0,00) and limy|»o |x]h(x) = C €
(0, 00) can be used as a majorizing kernel when paired with an appropriate /.
Indeed kernels & of this description are in the Marcinkiewicz space L3>°; see
Cannone and Karch [5] for a related study of stability results for Navier-Stokes
equations.

Example 4. Let H(x) = (1+ |x|%)~L. Although H is not excessive, it is uniformly
locally square integrable and
/ H(y)K(x —y,t)dy < (1+3e 2*)H(x) forall xeR>.
R3
Additionally,
/ H>())|x — y|?dy = 7n?H(x) forall xeR>.
R3

However, it is not difficult to show that for any h with ng fz(y)dy > 0,

sup ()™ [ 117 = ydy = .

xeR3 R3

This gives the majorizing kernel pair (H, 0) with constant pair (2, 0). Thus (ug, &)
being (H, 0)-admissible corresponds to sup, g3 (1 + lx|%)|uo(x)| < oo and the
forcing g being identically 0. Note that H (£) = /7/2|€|~ e~ 5] This is the sec-
ond of the two Fourier Navier-Stokes majorizing kernels introduced by Le Jan and
Sznitman [13].

Remark. Although Examples 1 and 4 are suggestive, it is not generally true that the
Fourier transform of a majorizing kernel % satisfying (13) is a Fourier multiplier
majorizing kernel or vice versa. The key to the correspondence in Examples 1 and
4 is the equality

/h2<x — )yl "2y = yh(x).
On the Fourier side, this becomes

hxh(g) = cy|ElhE)

for a fixed constant c. The condition H x H(§) < CI|&|H (§) is that required by
Bhattacharya et al [2] for Fourier multiplier majorizing kernels for the Fourier
transformed Navier-Stokes equations.
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Example 5. For p € (1,2], let Hy(x) = (1 + |x[)~?. Then (H), 0) is a majoriz-
ing kernel pair with constant pair (y,0), y < 7* (1 + 1/+/2)?~. This can be
deduced by first noting that H as defined in Example 4 is equivalent to (1 4 |x|) ™2
with ¢ = 14 1/+/2 and then applying (b) of Proposition 3.2 using H and the kernel
(14 |x)~" of Example 3.

4. Construction of the stochastic representation and existence
and uniqueness with excessive kernels.

This section opens by introducing the notation necessary to define tree-indexed
Markov processes. After defining some crucial transition densities, the integral
equation (6) of Proposition 2.1 is reformulated in terms of the transition densities
and the velocity and forcing scaled respectively by 4 and h fora majorizing kernel
pair (h, h). The underlying tree-indexed Markov process and stochastic recursion
are then defined and described. The existence and uniqueness results for excessive
kernels follow.

Let V := U2 {0, 1}" denote the full binary tree with root ¢ = {0, 130, Let
aV = {0, l}N denote the boundary of V. For v =< vy, ..., v, >€ {0, 1}", we say
that the magnitude of v, |[v| = n. For v € V define v|0 = ¢ and for v # ¢ and

n>1,vn =< vy,..,v, > If for somen < |v|, vjn = w, we say that w is an
ancestor of v and, conversely, that v is a descendant of w. For v € V with |v| = n,
0<n<oo,setv=v|(lv]—1Dandv*xk =< v,...,v,,k >,k =0,1. Thus v

is the child of v and has children v * 0 and v * 1. Although it may currently seem
nonsensical, it is convenient in the sequel to interpret ¢ as the precursor of the root
¢.For v, w € V with v # w, denote the last common ancestor of v and w as v A w.
This is defined as follows. Let n, , = max{m > 0 : v|m = w|m} and then take
VAW = vlny,,. Wesay that W C V is a rooted binary sub-tree if ¢ € W, for
any v € W, vlk € W for all k < |v|, and for any v % j € W, j = 0, 1, then
v (1 —j) € W as well. For a finite rooted binary sub-tree W, define the boundary
of W, oW, as the elements of }V which have no descendants in V; that is

W={wveW:vx0¢&W}.

The interior of W, W° = W \ 9V, consists of the elements of WV that have
descendants in V. For example, a Galton-Watson tree with a single progenitor and
offspring distribution concentrated on 0 and 2 is a rooted binary sub-tree. If the
expected number of offspring is less than or equal to 1, then the binary sub-tree is
finite with probability 1.

Let (B, B) be a measurable space and let X = {X,, : v € V} be a V-indexed col-
lection of B-valued random variables defined on a common probability space. Let
Fv =0(Xy), Gy = 0 ({Xyn : n < |v]}) denote the o-field generated by the collec-

tion of r.v.’s indexed by v and v’s ancestors, and H, = o ({Xy, : w ’ |v] = v}) denote

the o-field generated by the collection of r.v.’s indexed by v and v’s descendants.
Let F; denote the trivial o-field.
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Definition 4.1. X is a V-indexed Markov process if for any v € V with |v| < 00,
Hyx0 and Hyy1 are conditionally independent given F,, so that

P(A1 N A2|Fy) = P(A|Fy)P(A2|Fy) a.s. P for A € Hyswk, k =0,1,

and for any v, w € V and any H,,-measurable random variable Y with E|Y| <
oo,

E(Y|Gy) = E(Y|Fyrw) a.s. P.

The distribution of a V-indexed Markov process is completely specified by the
conditional distributions of the X, given F3 for v € V.

The integral form of the incompressible Navier-Stokes equation will be ex-
pressed in terms of an expectation of a functional of a V-indexed Markov process.
The following conditional densities involving the majorizing kernel pairs will be
used to specify the transition probabilities and thus the distribution. Let (%, /) be
a majorizing kernel pair. Fix x € R? and define a probability density on R? x R3
via

Iyl Mz Tt (e — 1Iz] > y]]

,z|x) = 14
UASARLY 27 [ga |21 72h% (x — 2)dz (1
If 7 is not identically 0, likewise define
. Iy 7zl 3R — 2)1z| > [yl]
Fly. 2oy = 2 LY (15)

27 [ps Iz 1h(x — 2)dz

The above densities will provide spatial transition densities for our V-indexed Mar-
kov process. Define two conditional waiting time densities for s > 0 and y € R?
via

folsly) = @)~ 2@u) 32752y P P4 = 275~V yPK (v, 20s)  (16)
and
_ _ Ivl2 .
fi(sly) = @rv) V2732 y e DI/ = dmuly K (y, 2vs). (17)

Adjoin a trap state 6 to R?, and define

(hOC) TR K (x — y, 2v1) if x,yeR3, h(x) < oo;
_ -1 _ : 3 —N-
X =y =
0 otherwise.
(18)

If h is excessive, this is the transition density of a A-Brownian motion on R3 U
{0}.
For a majorizing kernel pair (4, h) and x € R3 U {6}, define

(h() M up(x) if x e R3
0

if x=960 (19)

xo(x) = {
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and
px, 1) = %. (20)
Also let
mix) — B |y|;/‘a)2h(;c)— y)dy en
and
iy = Jr PTG = y)dy o

8mvh(x)
Proposition 4.1. Suppose that the majorizing kernel pair (h, h) is used to define

f, f fo, f1, J, xo0, ¢, m, and m as given in (14) through (22). If h(x)x (x, t) is
locally square integrable and x satisfies

x(x,t)=/ xoMJ(y, tix)dy
R3

t
+/ / / {m(X)<f0(S|Z)f(y,Z|x)
s=0 JyeR3 JzeR3

xby(z; x(x —z,1 = 5), X(x = 2,1 =)
+(2A1612£ 0210 = 3161 f 210

xbo(z; x(x —z,t —8), x(x —z,t — S)))
+1i(0) (2£1512) 0, 2P = 2,1 = 5)

— AT 20U = 3ecelplr = 2,1 =) }dzdyds (23)

thenu(x,t) = h(x)x(x,t) is a weak solution to (1).

Proof. Suppose that x (x, ¢) satisfies (23) above and define u(x, t) = h(x) x (x, t).
Note that

12| 72h% (x — 2)
3 d =
/yeRs SO 2dy = T e Wy

and

. 2|7 h(x — 2)
f, zlx)dy = ~ :
/yeR3 o Jrs I7Th(x — y)dy
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Then

u(x,t) = / \ ug(Y)K(x —y,2vt)dy
y

eR
+/’ / { h(x)m(x)
s=0 JzeR3 fRS |y|_2h2(x - y)dy

(fo(SIZ)
X

N bi(z;u(x —z,t —s),u(x —z,1 —s))

+<2f|1z(|s2|z) _v/lylslzl %{;;T:Zy%dy)bz(z; u(x—z,t—s), u(x—z, t—S)))
h(x)m(x) <2f1 (slz)
Js 917t = yydy \ 2
—/l wdy (I —3ezel)g(x —z,1 — s)) }dzds
y

<121 27| yllz)3

P.gx —z,t—s)

_ / uo()K (x — v, 2v0)dy
yeR3

t
+/ / {(Mb1(z;u(x—z,t—S),u(x—z,t—S))
5=0 JzeR3 4vs

K(z,2vs) 3 f
X — K(y,2vs)d
( |zl A |zl* Jiyi<e (o200 y)

xby(z;u(x —z,t —s),u(x —z,t — s)))

+<K(z, 2vs) Pog(x —z,t — )

1
4mlzP?

/ K(y,2vs)dy (I —3e.el)g(x —z,1 — s)) }dzds.
Y=zl

The result then follows from Proposition 2.1. O

It is helpful to combine the spatial and temporal transition densities f, f, fo
and f; given in equations (14) through (17) via the following randomization. Let
{pk : 1 <k < 5} satisfy p;y > 0 and ZZII pr = 1. To appropriately balance the
randomization, fix p € (0, 1/2] and take p; = p/11, p» = 4p/11, p3 = 6p/11,
and py = ps = (1 — p)/2. Note that p; + p» + p3 = p < 1/2. For fixed x € R
let

pifo(sl2) f(y, zlx) if k=1
P2 f16s12) f(y, zlx) if k=2
fQ, 25, klx) = pafiGsIy)f(y. zlx) if k=3 (24)
pafiGsl) f(y,zlx) if k=4
pshiGsly) f(y,zlx) if k=5.
This can be thought of as the joint conditional density of a quadruple (Y, Z, 7, k)
taking values in R® x R3 x (0, o0) x {1, 2, 3,4, 5}.



284 M. Ossiander

We now define the tree-indexed Markov process that underlies our probabi-
listic representation. Let X = {({V,(¢) : t > 0}, Xy, Yy, Zy, Ty, ky) v € V)
be a V-indexed Markov process with the following transition probabilities. First
assume that, given that X; = x, {V,(¢) : ¢t > 0} is a h-Brownian motion with
initial value x and transition density J as defined in (18) above. Note that each V,,
is itself a Markov process which can be assumed to be continuous with probability
1; see Doob [7], Part 2, Chapter X for background. Take the transition density of
(Yy, Zy, 1y, ky) given that X7 = x to be given by f(y, z, s, k|x) as defined in (24),
and then set

Xy = X5 — Zy.

Finally assume that for all v € V), the process {V, () : t+ > 0} and the ensemble
(Xy, Yy, Zy, 1y, ky) are conditionally independent given Xj.

Notice that the distribution of ({V,(¢) : t > 0}, Xy, Yy, Zy, Ty, ky) only de-
pends on the ensemble ({V;(¢) : t > 0}, X3, Y3, Zy, T3, k) through the r.v. X5.
The ensemble {X,, : v € V} is itself a branching Markov random walk. The distri-
bution of X then depends on the initial value X ;. Denote the probability measure
corresponding to X5 = x by Py and the expectation with respect to this probability
measure by Ej.

For v € V, define the random functional Y, as follows. Let B, denote the
random bilinear operator

_ bl(Zvv ) ) lf KU=1
Bulee)= {(—wvbz(zv; 20 k=23 =
and C, denote the random matrix
| Pg, if x,=4
C = { - - 3ezve’zv)/2 if k, =5. (26)

Then set

Yy(t) = xo(Vu(1))

11m(X3)
+————= By (Tps0(t — ), Y1 (t — )iy = 1,2, 3] N [1y < 1]

4m(X5)

Coo(Xy, t — )iy =4,5]N[7y <t]. (27

Notice that the recursion implicit in the definition of Y, terminates if t, > ¢ or
ky = 4 or 5. That is

Ty (O1[Ty > 1] = xo (Vo (1)) (28)

and
4m(X3)
l-p

Yoy =4, 511[7y < t] = xo(Vo (1)) + Cop(Xy, 1 — 7). (29)
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The random space-time branching mechanism giving rise to Yy can be ex-
plained as follows. Initialize the Markov process X by taking X; = x € R3.
Activate the h-Brownian motion Vg (¢) starting at X 5 at time 7 = 0. This motion
will run until time ¢ with xo(Vy (¢)) being used in calculating the first term of Y (¢).
If Vs has entered the trap state 6 this term has value 0. Although the process Vy
runs until time 7, if 74 is less than ¢ the path is deactivated at time 7. If deactivation
occurs before time 7, there are two possibilities. If k4 = 4 or 5, the forcing is input
into Yy by evaluating Cy¢ at location Xy and time t — 74. If ki = 1,2 or 3, two
new active paths Vj and V; are started at location X at time 7. The distributions of
these newly activated paths are conditionally independent given X . If the paths Vg
and V1 have been activated, then the process repeats on each of them with X4 taking
the place of X5 and # — 74 taking the place of . This is illustrated in Figure 1. Notice
that all paths activated by time ¢ are used in calculating Y (), even though they
may be deactivated before time 7. For example evaluating the stochastic recursion
for Figure 1 gives

11m(X )
T () = xo(Vp(1)) + Tqu(To(t — 1), T1(t — 79))

with

4m(Xe)

To(t — 19) = xo(Vo(t — 79)) + Cop(Xo,t — 19 — T0)

and

Tt —19) = xo(V1(t — 19))

I1m(X
—l—MBl(Xo(Vl,o(f — %~ ), xo(V11 (0 = 7 — 1))

Here t is evaluated at the end of the time interval illustrated.

Remark. Although it is not obvious from the construction above, the waiting times
T, can be tied to first passage times for Brownian motion. Here’s a sketch of an
alternate construction that highlights the relationship. For simplicity, just consider
asinglev € V. Let {W(¢) : t > 0} be a Brownian motion in R? with W (0) = 0 and
transition density K (y, 2vt), independent of X3 and the ensemble ({V,, () : t >
0}, Xy, Yy, Zy, ky). Write W(r) = (WD (1), WP (1), WO (¢)) and for a > 0 let

TO@) =inf{s >0: WO(s)=a} for i=1,2,3.

The T® (a)’s are independent stopping times with individual densities (4 v) /2 x
§732qe= @ 4vs et

3 —1
T%) = <Z<T“>(a>)—1) :
i=l1
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Time

Space

Fig. 1. An illustration of an initial segment of the random process X with k4 = 1,2 or 3,
ko =4 orS5, and k; = 1, 2 or 3. The deactivated paths are represented by dotted lines

It is easy to check that 7 (a) has density (271)_1/2(21))_3/2s_5/2a3e_”2/4”. Note
that 7 is not a stopping time with respect to the usual filtration associated with
the Brownian motion W. Let

TO(Z,) if &y =1
T, =3 TWZu) if Kk, =2,4
TO(Y,) if &, =3,5.

It is easy to check that, conditioned on the value of X3, the joint distribution
of ({Vy(t) : t = 0}, Xy, Yy, Zy, Ty, ky), is the same as that of ({V,(¢) : t >
0}, Xy, Yy, Zy, Ty, ky). This allows us to think of the 7,’s as waiting times that
reflect excursion levels in orthogonal directions of a hidden independent Brownian
motion in R3.

Theorem 4.1. Let (h, h) be an excessive majorizing kernel pair. If Yy is as defined
in (27) and Ex| Yy (t)] < M < oo for all x and t, then

u(x, 1) =h(x)ExYy(t)

is a weak solution to the Navier-Stokes equations.
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Proof. Yo(t — t4) and Y1 (t — 74) are conditionally independent given Fy, giving
Ex(Yy(0)|Fp) = x0(Ve (1))
+m(X){P1_lb1(Z¢; E(Yo(t — t9)|Fg), Ex (Y1t — 19)1Fg))
1 licp = 11+ (27 '1lg =21 = 3(p3) ™1y = 31)
b2 (Zy; Ex(Yo(t — t9)|Fg), Ex (V1 — T¢)|f¢))}1[f¢ <t1]
+rh(x){2p4_11[l(¢=4]PZ¢ — (ps) Mk =511 — 3ez¢etz¢)}
Ox —Zgy,t —t9)l[T$ =< 1].
Since also

Ex(Yi(t — )| Fp)llZg = 2,75 = 5] = Ex_.Yy(t —s) for i=0,1, (30)

ExYy(t) = Ex(Ex(Yy(1)| Fp))

= / J(y, t]x) xo(y)dy
R3

t

+ f / / {m(x)(fo(s|z>f<y,z|x>b1<z; Ey i Xyt —9),
s=0 JyeR3 JzeR3
Exszqb(t —5))

+ (2161 £ (210 = 3161 f 0 20 )ba(es Eve Yot = 5),
Ex—ZTdJ(t - S)))
+m(x) <2f1(SIz)f(y, 2P p(x —z,1 =)

— A fO, 2l = 3eze)p(x —z,t — s)) }dzdyds.

Thenu(x, t) is uniformly locally square integrable since |u(x, t)| = h(x)| Ex Yy (t)]
< Mh(x). From Proposition 4.1 the function h(x)E,Y4(t) is a weak solution
to (1). |

Theorem 4.2. (Existence and Uniqueness) Let (h, /;) be an excessive majorizing
kernel pair with constant pair (y, y) € (0,8wvp/11] x [0, 2 v(1 — p)] for some
p € (0, 1/2]. If (uo, g) is (h, h)-admissible with

g0l _ g

|Mo(x)|<
<oae and sup =
xerd h(x) xeR3 >0 h(x)
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for somea €[0,1)ande, B € (0,1 —a), thenu(x,t) = h(x)ExYy(t) is a weak
solution to the Navier-Stokes equations with

uee 0l _

xeR3,>0  h(x)

Furthermore, this solution is unique in the class {v € (S’(R3 x (0, oo)))3 :
SUPxeR3 >0 ‘v;f)&;)‘ <e}

The conditions of Theorem 4.2 are sometimes more easily checked in the fol-
lowing form.

Corollary 4.3. Let (h, h) be an excessive majorizing kernel pair with constant pair
(v, 7), ¥ > 0, and suppose that (ug, g) is (h, h)-admissible with

lg(x, )] _ (4mv)p(l — p)Be
< and sup = < =
xeR3 h(x) 11y xeR3,1>0 h(x) lyy

|ug(x)] - 8mvpae

for some p € [0,1/2], « € [0,1) and ¢, B € (0,1 — &), then u(x,t) =
h(x)E;Yy(t) is a weak solution to the Navier-Stokes equations with

lu(x, t)] - 8mrvpe
xeR3=0 M) T 1y

This solution is unique in the class {v € (S'(R3x (0, 00)))? : SUP, cR3 />0 Iv}f)&g)l <

8nvpe}
11y

Proof of Corollary 4.3. Rescale (h, i) and consider the majorizing kernel pair
8 47v)2p(l — p) -
™o (4mv) p(~ 2
11y 1lyy
with constant pair (8zvp /11, 27v(1 — p)). O

The next corollary treats the case of no forcing.

Corollary 4.4. Let (h, 0) be an excessive majorizing kernel pair with constant pair
(v, 0) and suppose that

luo(x)] - drvae
cerd Bx) T 11y

for some o € [0,1) and e € (0,1 — @), then u(x,t) = h(x)E,Yy(t) is a weak
solution to the Navier-Stokes equations with

lu(x,t)| - 4mve
xeR3 =0 h(xX) T Iy

This solution is unique in the class {v € (S’(R3 x (0, oo)))3 : SUPyeR3 >0 Ivif)&g)l <

47‘[1)8}
11y I*
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The proof of Theorem 4.2 depends upon Proposition 4.2 that follows.

Proposition 4.2. Let (h, h) be an excessive majorizing kernel pair with constant
pair (y,y) € (0,8zvnp/11] x [0,27wvn(1 — p)] for some p € (0,1/2] and
n > 0. Suppose that for some o € [0,1) and ¢, € (0, (1 — a)/n), (uo, g) is
(h, h)-admissible with

,
OOl _ g sy 80!

xer? H(X) reRz0 h(x)
Then for all x € R? and t > 0
T <& a.s. Py.
The following lemma is used in the proof of the proposition.

Lemma 4.1. Let W C V be a finite binary sub-tree. Suppose that {b, : R> xR3 —
R3 : v e W) has

sup |by(x, )| < |x| |yl forall x,yeR,
veWW

and {(yy, Zv, v, ) € R? x R3 x [0, 00) x {0, 1} : v € W} satisfies

sup 7y < n < o0
veWw

and

sup |yy| < aeand sup |zy| < Be forsome o €[0,1)
veW vedW

and e, B € (0,(1 —a)/nl.

Then x, defined iteratively on WV via

X = Yo+ 0yMyZy if vedW
! Yo + by (xXvx0, Xps1) if v E WS,

satisfies

sup |x,| < e.
veWw

Proof. The result follows by induction starting on dW. If v € 9, then
lxy| < |yol + molzo| < e +nBe <e.

If v € WP and |xyuk| < & for k = 0, 1, then

1xo] < 1Yol 4 70 [by (Xus0, Xus1)| < ae + ne? < e. o
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Proof of Proposition4.2. Let W = {v € V : ky; = 1,2,3 forall j < |v[}.
Then W is a random binary sub-tree. Indeed, W corresponds to a Galton-Wat-
son tree with each individual having either O or 2 offspring. The probability of
2 offspring is p = P(ky = 1,2,3) < 1/2 and the probability of 0 offspring is
1—p = P(ky =4, 5). With probability 1, WV is finite; see for example Harris [10].
Set X5 =x € R3 and S¢ = 0. Forv e Wwith |v] > 0,let S, = Zﬂgl Tyjk. For
fixed t < 0o, Ty (?) is a functional of the random ensembles indexed by the nodes
of the a.s. finite binary sub-tree YW(t) C W defined by

WiE)y={wveW:S§, <t} (31
Recalling (28) and (29), if v € W (¢),

4m(Xyp)
Tyt = Su) = xo(Vo(t = Sp)) + ——

X1k, = 4,51 N[ty <t — Syl

Cv@(Xva =8, —1y)

From (27), for v € W°(t)
Tyt — Sy) = xo(Vu @ — Sy))
11m(X3)
+———By (Y0 — Sy — ), Tos1 (t — Sy — )
x1ky, =1,2,311[t, <t — Sp].

This is the setting of Lemma 4.1 with y, = xo(Vu(t — Sy)), by = By, 2, =
Cv‘p(Xva t—8 — 1),

M v e a0
T =
X it v e We )

and o, = 1]k, = 4, 5]. Lemma 2.1 gives |B,(x, )| < |x||y| forall x,y € R3.
By assumption we have | xo(V,(s))| < ae for all s, and again using Lemma 4.1,
|Cyeo(Xy, s)| < Be for all 5. The multipliers 7, are bounded as follows:

1m(x) 11 [gs [yI72h*(x — y)dy _ 1y
P 8rvph(x) — 8mvp T 7

and

4@ e IR —ydy
1—p  2mv(l—ph(x) —2nmv(d—p) —

for all x € R3. Lemma 4.1 gives | Yy (¢)| < € a.s. Py. From Theorem 4.1 then

lu(x, )| = h()|ExYg(0)] < h(x) Ex|Ty(1)| < eh(x).



A probabilistic representation of solutions 291

Proof of Theorem 4.2. The existence of the weak solution u(x, t) = h(x) Ex Yy (t)
follows immediately from Theorem 4.1 and Proposition 4.2 with n = 1. Unique-

ness is derived using a martingale argument as follows. Suppose that v is a solution
to (6) with

[v(x, 1) <
x€R3,¢>0 h(x)

Set p(x,t) = v(x, t)/h(x). Take Xq-, = x € R3 fixed, fix t > 0 and let

W (1) = {v e W() : [v] < n} (32)

where W(¢) is as defined in (31). For n > 0 and v € W(¢), define the random
. (n) _ - . . .
functionals W, via the iterative construction

O (1) = x0(Vo()
11m(X5)
+ By (p(Xy = 1), p(Xoot = )1k = 1,2,3] N [1y < 1]
p
+4miX;)Cv(p(Xv7 1 — )y =4, 51N [1, < 1]

and, forn > 1,

1m(X3)

0 = (Vo) + = =By = w), W - )
x1[ky, =1,2,3]N [, <]
4 (X5
+ ’lni ;) Cv(p(Xu,t —_ IU)I[KU = 4’ 5] N [rv S t]

Notice that for each n, \IJd()") (t) depends only on those ensembles in X indexed by

v € W (). W™ (1) = W(r), then W (1) = Ty (¢). Since v(x, 1) is a solution
to (6),

U()C, t) = h(.x)p(x, t) = h(x)Ex\I](;O)(I)
and for all v,
Ex(UO(1 — $,)1G)1[1 — Sy = 0] = p(Xz. 1 — S1[t — Sy = 0].

If for some n > land all v € V, Ex(W" V(¢ — $,)1Gs) = p(X5, ¢ — S,) on the
set [t — S, > 0], then

E (W (t — 8,)|G)1[t — S, > 0]
= XO(VU(t - Su))
+H A/ PBUEW G = 5, - 1)IG).
Ecwi " = Sy — )l iy = 1,2, 3]

@ (X)/(1 = PHCup (Xt = Sy = Tk, = 4,511z, <1 = 5]
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= xo(Vu(t — Sv))
+[(11m(Xi)/P)Bv(p(Xv’ 1=Sy—1), p(Xy, t = Sy — )1k = 1,2, 3]

+ (X)) (1 = PICp (X1 = Sy = T)lliey = 4, 51| 1[T, <1 = 8,1,
and, on the set [t — S, > 0],

Ex (¥ (t — $,)|G)
= E(Ex(W" (1 — $,)|Gv)|Go)

_ / Tt = SulX5)x0()dy
R3

t—Sy
+/ // {m(XU)(fo(slz)f(y,qu)
=0 R3 JR3

xbi(3 p(Xg = 2,1 = S, =), p(Xg = 2,1 = S, = )
+(21612 0 21X0) = 31619 £ (5 21X0))

xba(z: p(Xy = 2,1 = Sy =), p(Xg = 2,1 = Sy = s»)
+1(Xo) (2£1(512) F 0, 21 X0 Pegp(Xg = 2,1 = Sy = 9)
—AGINF. 21X —3eze)o(Xs —z.t — Sy — s))}dzdyds

= p(X,1 = S,).

By induction then, E (U™ (t — S,)|G5)1[t — Sy > 0] = p(X5, t —Sp)1[t— S, > 0]
for all n and v. In particular, E, lI/;)")(t) = p(x,t) for all n. Since W(¢) is finite
a.s. Py, there exists with probability 1 some random N with W (@) = W)

and \114(5”) (t) = Yy(t) for all n > N. The random functionals Y and \IJd()") are all
bounded by ¢ in magnitude, so

lp(x. 1) = x(x. )] = | Ex WSV (1) — Ex Ty (0)]
< E WS (1) — Yp(0)] < 26 PLOV™ (1) # W(1)).
This probability goes to 0 as n goes to co. O

Example 1. Take p = o = 1/2 to see that if

sup |x|lug(x)| < v/llnzand sup |g(x, )| < ho(|x]) forall x € R’
xeR3 t>0

for some hy : [0, 00) — [0, co] with fR3 ho(lx)dx < v2 /117, then there exists a
unique weak solution u(x, ¢) to (1) with sup, , [x|[u(x, )| < 2v/1 172,
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Example 2. Again take p = o = 1/2. If there exists {u; : j > 1} in R? and
{pj:j=1},p; >0 pj=1with

()| < (/1) Y " pjlx =yl ™
and sup |g(x, )| < ijﬁo(pc —wuj|) forall x € R}
t

for some ﬁo with ng ﬁo(|x|)dx <2 /117, then there exists a unique weak solution
u(x, 1) to (1) with sup, lu(x, )| < 2v/1173) Y pjlx — wu;|~! forall x € R3.

Example 3. If

sup (1 + |x])|uo(x)| < v/11x% and supl|g(x,t)| < h(x) forall x € R?
>0

xeR3

for some i with 0 < A(x) < [gsho(lx — yDQ@r|yD~1(1 + [y])~3dy where
ng ho(Jx|)dx < v2 /117, then there exists a unique weak solution u(x, 7) to (1)
with sup, , (1 + |x])|u(x, £)| < 2v/1172,

Notice that Examples 1, 2 and 3 all give existence and uniqueness in a sub-space
of the Marcinkiewicz space L3°°; ¢.f. Cannone and Karch [5].

5. Non-excessive kernels and an alternate probabilistic representation

The following representation can be used with both non-excessive and exces-
sive majorizing kernels. Let (k, k) be a majorizing kernel pair and let X =
{(Xy, Yy, Zy, Ty, ky) : v € V} be the V-indexed Markov process with the transi-
tion density of (Yy, Zy, Ty, ky), given that Xj = x, as defined in (24) and again let
X, = X3 — Z,. To define the stochastic recursion, let

Jrs uo(x — MK (y, 2vt)dy
h(x)

mo(x,t) =

and let xo, ¢, m, and m be as defined in equations (19) through (22). We will also
use the random operators B, and C, as defined in (25) and (26). Now define the
random recursive functional E on V via

Ey(1) = mo(Xy, 1)

m(Xz), .

+——L By (Epso(t — Tp), Bpwt (t — )1y = 1,2,31 N [1, < 1]
4 (X

+ ’1’”5 U)Cv(p(Xva r— Tv)l[Kv =4,5]N[r, <t].

If (h, ﬁ) is excessive, this random recursion essentially replaces the first term of
Yy, xo(Vy(t)), with mo(Xy, t), the conditional expectation of xo(V,(¢)) given Gj.
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Proposition 5.1. Let (h, h) be a majorizing kernel pair with constant pair (y, 7) €
(0, 8wvnp/11] x [0, 2rvn(1 — p)] for some p € (0, 1/2] and n > 0. Suppose that
for some o € [0, 1) and ¢, B € (0, (1 —a)/n), (uo, g) is (h, h)-admissible with

— WK (y,2vt)d
sup | Jgs wo(x — Y)K (y )yISawnd up

xeR3,1>0 h(x) xeR3,1>0 h(x)

80l _

Then for all x € R3andt >0
|Bp()] <& a.s. Py.

Proof. The proof of this proposition exactly parallels that of Proposition 4.2. Here
the y, of Lemma 4.1 is equal to mo (X3, t — Sy), so by assumption, |y,| < ae. The
proof is then identical. O

The conditions appearing in the following corollary are somewhat simpler.

Corollary 5.1. Let (h, h) be a majorizing kernel pair with constant pair (y, y) €
0, 8rvnp/11] x [0, 2rvn(1 — p)] for some p € (0, 1/2] and n > 0 and

h(x — y)K(y,2vt)d
sup Jr3 h(x — K (y v)y§M<oo'

x€R3,1>0 h(x)

Suppose that for some a € [0, 1) and e, 8 € (0, (1—a)/n), (ug, g) is (h, h)-admis-
sible with

, 1
_|uo(x)| <ae/M and sup |g£x ) <
xeR3 h(x) xeR3,1>0 h(x)

Then for all x € R3 andt > 0
[Ee()| <& a.s. Py.

The proofs of the following theorems are omitted due to their similarity to
proofs appearing in the previous section.

Theorem 5.2. Let (h, h) be a majorizing kernel pair. If E.| Ep()| <M < oo for
all x and t, then

u(x,t) =h(x)ExEp(1)
is a weak solution to the Navier-Stokes equations.

Theorem 5.3. (Existence and Uniqueness) Let (h, h) be a majorizing kernel pair
with constantpaf'r (v,v) € (0,87vp/11]1x [0, 27z v(l — p)] for some p € (0, 1/2].
If (uo, g) is (h, h)-admissible with

— WK (y,2vt)d , L
sup | Jrs uox = MKy 1))y|§oesand sup Mfﬂs- (33)

xeR3,1>0 h(x) xeR3,1>0 h(x)
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for some a € [0, 1) and some e, B € (0,1 —a), thenu(x,t) = h(x)ExEy(t) isa
weak solution to the Navier-Stokes equations with

, 1
wp  MGDI

xeR3,r>0 h(x)

This solution is unique in the class {v € (S'(R3x (0, 00)))3 : SUP, cR3.1>0 Iv}f)&g)l <
e}

Three useful corollaries follow. The first imposes separate bounds on the mag-
nitude of the initial velocity relative to & and the size of & * K relative to /. In the
last two corollaries a single bound is imposed on the magnitude of u * & relative
to h. The last corollary treats the case of no forcing. This is of particular interest in
regards to regularity; see remark (4) in the following section.

Corollary 5.4. Let (h, h) be a majorizing kernel pair with

Jr3 h(x — V) K (y, 2vt)dy
sup =
xeR3,1>0 h(x)

M < 0. (34)

and constant pair (y, y) € (0,87vp/11] x [0, 2 v(1l — p)] for some p € (0, 1/2].
If (uo, g) is (h, h)-admissible with

0T _ e mana  sup 801 g (35)

rerd h(x reR3>0  h(x)

forsomea € [0,1)ande, B € (0,1 —a). Thenu(x,t) = h(x)E;Ey(t) is a weak
solution to the Navier-Stokes equations with

u(x,t
| ( )l <
xeR3,t>O l('()

This solution is unique in the class {v € (S’(R3 x (0, oo)))3 : SUPyeR3 >0 Iv;f)&;)l <
e}

Proof of Corollary 5.4. Combining (34) and (35) gives (33). O

The next corollary relies on the rescaling seen in the derivation of Corollary
4.3,

Corollary 5.5. Let (h, ﬁ) be a majorizjng kernel pair with constant pair (y, y),
v > 0, and suppose that (ug, g) is (h, h)-admissible with
uo(x — y)K(y,2vt)d 8
sup | [rs uo(x — MK (y, 2vt)dy] _ Smvpac
xeR3,1>0 h(x) Ily
lsx. 0 _ (4zv)’p(l — p)Be
xeR3,1>0 h(x) a Ilyy

and (36)
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for some p € [0,1/2], « € [0,1) and e, B € (0,1 — «), then u(x,t) =
h(x)Ex Ey(t) is a weak solution to the Navier-Stokes equations with

lu(x,t)| 8mvpe
up =
xeR3,1>0 h(x) 11y

(37

This solution is unique in the class {v € (S’ (R3x (0, 00)))3 : SUD, cR3.1>0 lv}f)&t)l

Snvps}
11y

Proof of Theorem 1.1. Equation (4) guarantees that (36) is satisfied withy = y
1 and p = o = 1/2. Then (37) holds for any ¢ < 1/2. O

Corollary 5.6. Let (h, 0) be a majorizing kernel pair with constant pair (y, 0) and
suppose that

ug(x — y)K(y,2vt)d 4
wp oG = K G, 2undyl_ dvas
xeR3.,1>0 h(x) 11y

for some o € [0,1) and e € (0,1 — a). Then u(x,t) = h(x)E,Ey(t) is a weak
solution to the Navier-Stokes equations with

lu(x,t)| 4dmve
up < )
xeR3,r>0 h(x) 11y

(38)

This solution is unique in the class {v € (S'(R3x (0, 00)))? : SUDP,eR3,¢>0 % =<

4
Example 4. Tf sup, (1 + |x|*)|uo(x)| < 117/16v(1 4 3e~?/3) and the forcing g
is identically 0, then there exists a unique weak solution to (1) with sup, ,(1 +
Ix|P)|ux, )] < 117/8v.

Example 5. Taking H,(x) = (1 + |x])”7 for p € (1, 2] fixed,
/ Hy(x — YK (y,2vndy < (1 +3e 23 P2(1 4 1/v/2)"/?H,y (x)
R3

forall x € R®and ¢ > 0. Then, if sup, (14 |x|)?ug(x)| < wP73v(1+3e2/3)=P/2
(14 1/4/2)!73P/2/11 and the forcing g is identically 0, there exists a unique weak
solution to (1) with sup,. , (1 + |x|)?u(x, )] < 277 3v(1 + 1/4/2)17P/11.

6. Remarks

(1) It appears that the integral formulation on which the probabilistic representa-
tion is based can also be used as the basis for Picard iteration. The advantage of
the probabilistic approach as it appears here is that it allows, with probability
1, the assumption that there are a finite number of iterates. This permits easy
derivation of bounds via inductive arguments.
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2

3)

“)

The probabilistic representations of the Fourier transformed Navier-Stokes
equations given by Bhattacharya et al [2] give both short time existence and
uniqueness of solutions for large initial data and decay over time of the Fou-
rier transformed solution. It is possible that a physical space representation
related to the ones given in this paper will also indicate short time existence
and uniqueness as well as the time decay of solutions.

A semi-group approach underlies this probabilistic representation. Montgom-
ery-Smith [16] uses such an approach to demonstrate blow-up in finite time of an
equation related to the Navier-Stokes equations. A more complete understand-
ing of the integration of the bilinear forms b; and b, may aid in understanding
possible blow-up of the Navier-Stokes equations in R3.

In some cases the results given in this paper can be used to demonstrate regular-
ity and consequently uniqueness in a larger class of functions. The argument is
as follows: assume that 1 € L%(R3) is regular and take the forcing to be iden-
tically 0. Take (%, 0) to be a majorizing kernel pair with & € Lo(R*) N L, (R?)
for some g > 3. If sup, , |fuo(x — Y)K (y,2vt)dy|/ h(x) is small enough,
then sup, , [u(x, )|/ h(x) < ¢ forsuitable ¢ > Oand foranyr > Oand 7' < oo

T r T r
/ </ lu(x, t)|qu> dt < sqr/ </ hq(x)dx) dt < oo.
0 0

That is, the Ladyzhenskaya-Prodi-Serrin condition is satisfied, and the solution
u is regular and unique in a larger function space; c.f. Temam [18], Chapter III.
A suitable kernel here is 4 = H), of Example 5 with p € (3/2, 2].
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