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Abstract. Given y € (—1, 1), we present a dyadic growth condition (Cj_,..) on the finite
dimensional distributions of operator semigroups on Co(E) which - for y > 0 and Feller
semigroups - assures that the corresponding Feller process has paths in local Holder spaces
and in weighted Besov spaces of order . We show that, for operator semigroups satisfying
Gaussian kernel estimates of order m > 1, condition (C}_,.) holds for all y < % — 1, and
even for all y < % in the case of Feller semigroups. Such Gaussian kernel estimates are
typical for Feller semigroups on fractals of walk dimension m and for semigroups generated
by elliptic operators on R? of orderm > D .
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0. Introduction

Let X = (X/)se[0,1] be a stochastic process with values in a complete metric space
(E,d) and with sample space (€2, F, P). In order to assure the existence of a
modification of X with Holder-continuous paths, it suffices to show by the Kol-
mogorov-éentsov Theorem that X is %-Hdlder-continuous in L, (82, P) for some
m>1,pe (m,o00),ie. Ed(X, X,)? < Clt1 — tglp/’" forall0 <t <t <1.

The main step in the proof of this theorem is to verify, given y € (0, % — %), the
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following property of the X, for dyadic times¢ € D, :={j27"; j=0,...,2"}:

o0
Y Ppyep, [Var$) =27 < oo, (1)
n=0

Here we use the following notation for all N € N:

Varo(oN) ) CAR N R4+, (X0,X1,...,XN) > 1r;1jaf>&d(xj‘_1,xj') .

Indeed, then N := lim sup,,_, . .{ (X;)rep, € [Varégn) > 277"} is a P-nullset by
the Borel-Cantelli lemma. For all w € Q\ N, the path — X, (w) is y-Hélder-con-
tinuous when restricted to the dyadic points D := { j27"; ne N, j =0, ...,2"}
of [0, 1]. Hence, by density of D in [0, 1] and completeness of E, it is straightfor-
ward to construct a modification of X with y-Holder-continuous paths.

Now suppose that, with respect to a family of probability measures (P¥),cg,
our process X is a Feller process. If we denote by (7;);er, the associated Feller
semigroup on Co(E) (extended to By (E) ), then

]P”(“X[I’___,X,n) = Q4. foral xe E,0<t1 <t <...<t =1, (2)

where the finite dimensional distributions )(Ctl .

X B(E™) — [0, 1] are given by

/(vllym ) (Bl X ... X Bn) = Tt1 (XB] th—tl XBy - -- Tt,,—tnfl XB,1>(x) (3)
for By, ..., B, € B(E) and extension to B(E"), the Borel o-field. Then, in view
of (2), property (1) for P* instead of PP reads as

o
dolop, Varl? =27 < oo, 4)
n=0

Property (4) can be investigated for arbitrary operator semigroups (7;);cr, on
Co(E) (extended to Bp(E)); observe that (3) then yields complex measures
)(Ctl,...,tn) : B(E") — C. By what was said before, property (4) can be seen
as a generalized path regularity of (7})seR, -
Ourassumption on (7;);cR . is the following ‘Gaussian’ estimate of orderm > 1
for the kernels k; : E x B(E) — C of the operators 7; (see Proposition 1.3):

(GEp)  |ki(x, )| (B(x, At1/™) < g,(0) forall xe E, 1€ 0,11, »>0.

Here and in the whole paper, we denote B(x,r) :={y € E;d(x,y) < r} and we
use for m > 1 the Gaussian decay function of order m

gm Ry - Ry, A= Cy exp(—bk%) ,

where b > 0, Co > 1 are fixed constants. Such Gaussian kernel estimates are
typical for Feller semigroups on Sierpinski carpets of walk dimension m [BB] and
for semigroups generated by elliptic operators on R? of order m > D [D] [AT]. In
both cases, one even has pointwise Gaussian estimates; see Section 3 for these and
other examples.

We show that (4) holds for all y < % — 1, and even for all y < n% in the case
of contractive semigroups (in particular Feller semigroups).
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We present a modification of (4) which - for y € (0, 1) and Feller semigroups -
assures that the corresponding Feller process has paths in local Holder spaces (with
control of the local Holder constant !) and thus in weighted Besov spaces of order
y over R . We show that this modification holds for the same y -ranges as before.

Weighted Besov regularity of RP-valued Feller processes (X;);cRr . has been
proved in [S3] under polynomial decay assumptions on the maximal process
sup, -, d(X;, x) of the type

P[3Is<t:X;€B(x,r)] < Ctr™™ forall xeRP, r,t>0.

This estimate is typical for stable Lévy processes of order m € (0, 2) [Pr] and
has been generalized in [S2] to Feller processes generated by pseudo-differential
operators whose symbol p : RP? x RP — C satisfies

lp(x,€)] < Cr~™ forall xeR”, r>0,&eBO,r ).

Notice that, for the particular case of Feller semigroups (i.e. |k;(x, )| =P* [ X, €
-1), our condition (G E,,) can be rewritten in the following probabilistic form of
Gaussian decay for the process d(X;, x) :

(GEE) P*[X; € B(x,r)‘] < gm(f%r) forall xe E,te€ (0,11, r > 0.

Notice also that non-trivial examples of semigroups satisfying (GE},) for some
m € (1, 2) do not seem to be known.

Pointwise Gaussian estimates for semigroups generated by elliptic operators on
RP of order m > D and generalized Gaussian estimates for the case m < D are
the crucial tool to extend these semigroups and some of their operator properties
from L; (where they are initially given by form techniques) to L , . We mention the
properties of having maximal regularity [CD] [BK1], an H*° functional calculus
[DM] [BK2] and spectral multipliers [DOS] [B] .

The main intention of this paper is to point out that the widely studied prop-
erty of Gaussian kernel decay implies - even for non-Feller semigroups ! - suitable
Kolmogorov-éentsov-type conditions such as (4) which

e for Feller semigroups, have the probabilistic interpretation of Holder and Besov
regularity of the Feller process (as shown by the path regularity results proved
in this paper),

e for non-Feller semigroups, have no ’probabilistic’ interpretation so far.

For the verification of (4), Gaussian decay is crucial in the case of non-Feller semi-
groups but can be weakened to polynomial decay (under a loss of y-range) in the
case of Feller semigroups. This has been suggested to the author by the referee.

1. Semigroups of operators and complex kernels
In this section we collect some results on semigroups of operators and kernels which

are (partly) well-known for the sub-Markovian case and have to be extended to the
complex case.
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Let (E, d) be a separable locally compact metric space and 5B(E) its Borel o-
field. By By (E) we denote the space of bounded Borel functions f : E — C with
the supremum norm || - ||« . By Co(E) we denote the space of continuous func-
tions f : E — C vanishing at infinity, with the supremum norm as well. Finally,
M(E) denotes the space of complex (regular) Borel measures i : B(E) — C with
the total variation norm. Let (E’, d) be another separable locally compact metric
space.

Definition. (a) A mapping k : E x B(E’) — C is called a kernel if
(1) {k(x, -); x € E} is a bounded subset of M(E').
(2) k(-, B) € By(E) forall B € B(E').
In the case E = E' we call k a kernel on E.
(b) A family (k¢);cr, of kernels on E is called a semigroup of kernels on E if

ks+:(x, B) = / ki(y, B)kg(x,dy) forall s,t e Ry, x e E, BeB(E).
’ &)
The notation introduced in the following lemma will be used in the whole paper.
Lemma 1.1. Ifk : E x B(E') — C is a kernel then so is
k| : E x B(E") > Ry, (x, B) > |k(x,-)|(B) .

Proof. Obviously, {|k|(x,-); x € E} is a bounded subset of M(E’). Hence it
suffices to show that

M = {BecB(E); |k|(-, By e B,(E)} D {BeB(E'); Bopen}. (6)

Indeed, since the |k|(x, -) are finite positive measures, the collection M is a mono-
tone class. Hence (6) implies M = B(E’) by the Monotone Class Theorem [DeM,
Thm. p. 22]. By the Isomorphism Theorem for standard Borel spaces [Pa] we can
assume E' = R.

For the proof of (6) for E’ = R, it suffices to show |k|(-, I) € Bp(E) for all open
intervals / C R. Indeed, for all open B C R, there exists a sequence of disjoint
open intervals (/,) such that B = U, [,,, hence we obtain

kI, B) = Y [kl In) € By(E).
n
So we consider I = (a, b) with —00 < a < b < o0. But then

kIC, (@, b)) = sup Y IkC. (-1, t;D| € By(E)

a<ty<..<tp<b .

tQ,... . tn€Q /:l

as the sup over a countable set of measurable functions. Here we used the one-to-
one correspondence v — F, between M (R) and the set of all right-continuous
functions on R of finite variation that vanish at —oo given by

F,:R—>C, x+— v((—00,x]) .
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Recall that, by right-continuity of F, , we have

n

by def.
v|((a, b)) = Varl(a’b)(FU) vE sup Z [Fu(tj) — Fy(tj-1)l
a<ty<..<tp<b =1
n
= sup Y (-1 tD] o
a<ty<..<tp<b i—1
tQ,...,tn €Q J

The next lemma will be crucial for the construction of ’finite dimensional dis-
tributions’ (in the complex case).

Lemma 1.2. Letk : E x BLE) — Cand k' : E x B(E") — C be kernels. Then
there exists a unique kernel k : E x B(E x E") — C such that

E(x, B x B) = / kK'(y, BYk(x,dy) forall x e E, B e B(E), B € B(E').
B

Proof. At first we consider the standard case where k and k' are positive. For all
x € E, the mapping

Bx : B(E) x B(E') > R, , (B, B) — / K'(y, B k(x,dy)
B

has the properties 8(B, -) € M(E’) and B(-, B') € M(E) forall B € B(E), B’ €
B(E'). By the extension theorem for positive bimeasures (e.g. [DeM, p. 129]), there
exists v, € M(E x E’) suchthat v, (B x B) = B,(B, B') forall B € B(E), B’ €
B(E"). We define

k:ExB(E x E)— Ry, (x,A) > ve(A) .

Obviously, {E(x, -); x € E }is abounded subset of M(E x E’). Hence it remains
to show that

M := {AeB(ExE); k(-,A) € B,(E)} = B(E xE) . (7

But M D B(E) x B(E') since k(-, B x B) = S x8Wk(y, B') k(-,dy) and
fE f)k(-,dy) € Bp(E) for all f € B,(E) [this is clear for all step functions
f,and these are || - ||oo-dense in By (E)]. Moreover, M is a montone class which
is seen as in the proof of Lemma 1.1. Hence (7) follows by the Monotone Class
Theorem.

Now we consider the general case. With k also itk and Jk are kernels, thus
|Mk| and |Ik| are kernels by Lemma 1.1, hence (k)L = %(liﬁk| + Mk) and
(Sk)+ = %(|Sk| =+ k) are (positive) kernels. By applying this argument also to k’,
we obtain positive kernels &; , k} such that

k = ki—ky+i(ks—ks) and K = k| —kh+i(k—k}).
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By the first case, there exist kernels %ﬂ : E x B(E x E") - R such that

kji(x,Bx B') = fk}(y,B/)kz(x,dw.
B

Moreover, there exist zj; € C such that (|z;;| = 1 and)

4
[ Ko By = 3w [ KB e dy)

Jil=1

forallx € E, B € B(E), B’ € B(E’). Then the desired kernel is

4
kK:ExBEXE), x.A) > Y zjikji(x, A). O
ji=1

The next characterization follows from an application of the Riesz Representa-
tion Theorem Cy(E)* = M (E) [C,Thm. II1.5.7] and the Monotone Class Theorem;
it is well-known, at least in the sub-Markovian case. Since in the standard proof
applies also in our complex case, we do not give a proof here.

Proposition 1.3. (a) Let (T;);cr,. be an operator semigroup on Co(E) . Then there
exists a semigroup of kernels (k;);cr, on E such that for all f € Co(E)

T; f(x) = /Ef(y)k,(x,dy) forall te Ry, x e E. ®)

(b) Let (k;)ier, be a semigroup of kernels on E. Then (8), employed for all f €
By (E), yields an operator semigroup (T;),cr, on Bp(E).

In view of the preceding characterization, we recall the fundamental nota-
tion/relation of Feller semigroups (which are sometimes also called Feller-Dynkin
semigroups) and Feller processes; see e.g. [EK, §4.2].

Remark 1.4. (a) Let (Ty);cr, be a Feller semigroup on Co(E), i.e. a positive con-
tractive Co semigroup. Let (k;);cr, be the associated semigroup of kernels on E.
If (7}):cRr, has the conservation property (i.e. T;1 = 1 for all # € R, ) then there
exists an E-valued process (€2, P¥, (X1)ieRr, )xeE such that

ki(x,r) = P'[X,€-] forall teRy,x€E. 9)

(b) An E-valued process (2, P¥, (X;);cRr, )xek is called a Feller process if (9)
yields a semigroup of kernels (k;);er, on E whose associated operator semigroup
(T)1er, [restricted to Co(E)] is a Feller semigroup on Co(E) .

Note that 7; 1 is well-defined by Proposition 1.3. The strong continuity of a semi-
group (7t);cr, on Co(E) can be characterized (under a natural kernel assumption)
by a weakening of the conservation property which seems to be new.
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Proposition 1.5. Let (T;);er, be a bounded semigroup on Co(E) such that
hé(r,t) — O fort — 0and all r > 0. Then the following are equivalent:

(a) (Tt)ier,. is strongly continuous.

(b) T;:1 — 1 locally uniformly fort — 0.

Here and in the following, we use for all r, € R the notation

hC(r’ t) = sup |kl|(x7B(-xvr)C) 9
xeE
where |k:|(x, ) := |k;(x, )| is the variation of the measure k;(x, -). Note that

he(0,t) = || T, || forall t € R .

Proof. (a)=(b)Let K C E becompact. We have toshow that || T; 11|, (k) — 0
for t — 0. There exists f € Co(E) such thatr := d(K,[f # 1]) > 0. Then

I =1rwry = ITA=f)+Tf = fllek) [f=1onK]
< A+ flle) b ) + 1T f = flloo
— 0 for t+ — 0 by hypothesis and (a) .

A

(b)=(a) Let f € Co(E). We have to show | T; f — f lco — 0 for t — 0. We can
assume K :=supp(f) to be compact. Thus, given ¢ > 0, there exists r > 0 such
that

[f(xX)—f| sup | ;|| < e forall xe E, ye B(x,r).

IER+

We deduce forallr e Ry, x € E :
T f(x) = f0)| = ‘/E(f(y) — f) ki (x. dy) + f)(Ti1(x) — 1)

e+ 2 fllch®rnt) + 11 flloo 1711 = VL)
< 3¢ for all + > 0 small enough by hypothesis and (b) . O

In many applications, the semigroup (7;);cr, under consideration is initially
given on Ly (E, ) by form techniques and consists of integral operators. Under the
following natural conditions on the integral kernels, (7;);er, acts also on Co(E).

Proposition 1.6. Suppose that all balls in E are relatively compact. Let A D B(E)
be a o-field over E and jn : A — [0, o0] a o-finite measure. Let (T;),er, be a Co
semi- groupon Ly := Ly(E, A, 1) suchthat, forallt > 0, there exists p; € C(E?)
with

flpz(x,y)ldu(y) < C, forall x € E,
E

T, () = /Ept(x,wf(y)du(y) forall feLyn Lo, pegie.x € E
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sup/ lp:(x, Mldu(y) — 0 for r— oo.
B(x,r)¢

xeE

Then (T),er.. acts as an operator semigroup on Co(E).

Proof. We have to show that (7;);cr, has the Feller property 7; (Co(E)) C Co(E)
forall r € Ry . Since || T; flloo < Cillflloo for all f € Bp(E) by hypothesis, it
suffices to show T;(C.(E)) C Co(E), where C.(E) is the space of continuous
functions f : E — C of compact support. Solet f € C.(E). Then T f is continu-
ous by dominated convergence, hence it remains to show that M := [ |T; f| > e]is
contained in a compact set. But B(K, r) is compact for all » > 0 and K :=supp(f)
by hypothesis on E, and

M C (e [ InGonldu;) = ) © BED
K
provided fB(x’r)c |pr(x, y)|du(y) < m forallx € E. O

2. Path regularity criteria for Feller semigroups and generalizations
to arbitrary semigroups

This section contains the main results of this paper. Let (E, d) be a locally com-
pact complete metric space. In the rest of the paper, we denote, given an operator
semigroup (7;);cr, on Co(E), also by (T;);cR, its natural extension to B,(E) and
by (k):er, its associated semigroup of kernels on E; see Proposition 1.3.

The following result introduces the main objects of this paper, i.e. the ’finite
dimensional distributions’ associated to an arbitrary operator semigroup on Co(E).

Proposition 2.1. Let (T;);cr, be an operator semigroup on Co(E).

(a) Forallnm e N,0 <t <t < ... < t, there exists a unique kernel
Q,...ty) - E x B(E") — C such that for all By, ... , B, € B(E)
Qo) Br X - x By = Ty (3 T Xy - Ty X3,) -

(b) Forall N e N, r,to € Ry, t > 0, the following estimate holds:

| 100+ 0i ol Va2 01| = NIT TN Ry

Here and in the following, we often write Q... 1,)(B) = OQu,...;,n(, B) €

1 — .
By(E), |Q...on| [Varss ™" = 11:= [Qq,... i»)|C [Var&s ™" > r1]) € By(E) (in
the notation of Lemma 1.1) and Q)(Ctl,‘..,tn) = Qqu,...)x, ) € M(E").

Proof. (a) The case n = 1 being clear for Q) := k; by Proposition 1.3, we take
n > 1. By induction hypotheses and Lemma 1.2, there exists a kernel Q... 1) :
E x B(E") — Csuchthatforall By,... ,B, € B(E), x € E :

Q(tl,...,t,,)(% By x...x Bn)Z/ Q(lz—t],..‘,t,,—n)(y’ By x...x By) Q(l‘])(x5 dy)
B

:Tt1 (XB| thfn XBy +-- Ttnftn_1XBn)(x) s
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where we used in the second step that fE f) Quyx,dy) = Ty f(x) for all
f € By(E) by Proposition 1.3.

(b) For the sets M; := {(xo, ... ,xy) € EN*!; x; € B(x;_1,r)}, we have
[Var >r] = M;U...UMy.

Moreover, from (a) we deduce for all B € B(EN*1) :
| Qup+(0.1,... N1y (X, B)
< fE.../EXB(xo,... L xN) ke |(en—1,dxn) ... Jke|Cx, dxo) .
Hence we obtain for j = 1, ..., N the following estimate yielding the assertion:

[Q+0,t,..., Nyl (x, M})

<[ [ e [ el kgl
E EJBG; 1. JE E

< Tl TN R ). o
2.1. Holder-regularity on [0, 1]
We begin with a reformulation of the the Kolmogorov-Centsov Theorem (see e.g.

[KS, Thm. I1.2.8] ) as discussed in our introduction. For the sake of completeness,
we give a proof in Section 4.

Theorem A. Foralln € Nand 0 < t; < ... < t, < 1, let pgy, .1 :
B(E™) — R be a measure. Suppose that
o0
(") Yo up Val? =27 < oo
n=0
|| Var 1) ILp(ue, ) = O whenever 0 <ty —t; — 0 (10)

for somey € Rand p € (0,00). If y € (0, 1) and ... 1,y = ]P’(Xt]’__.,xtn)for
some E-valued Iprocess (82, P, (Xt)e[0,1)), then there exists a y -Holder-continuous
modification (X;):e[0,1] -

The parts (a), (b) of the following result show that the above conditions (C?), (10)
which - for positive y and in a probabilistic setting - yield a y-Ho6lder-continuous
process, are implied - for (if m > 2) negative y and in our general setting - by
Gaussian kernel estimates of order m as in (GE,,) .

Proposition 2.2. Let (T;);cr, be an operator semigroup on Co(E) . Suppose that
there exists m > 1 such that (GE,,;) holds.
(a) Forall y < 2 _1q, the following estimate holds:

m

00

S Jionw®z ] < o
00

n=0
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(b) For all p € (0, 0), the following estimate holds:

1/m

I Var ) [l o < Clty -t forall 0<t; <ty <1,x€E.

.t

(c) If (Tt)ier.,. is contractive then we have for all y < % :

o0
e
n=0 o°
(d) (Case y = %) If (Tt)ter,. is contractive then we have for all e > 0 :

oo

> [1en tvar) = a2 o g2 W | < oo,
o0

n=0

As an application of Proposition 2.1 the proof of this result is relatively short.

Proof. For each n € N, we apply Proposition 2.1(b) for N = 2", tp = 0 and
t = 27" Since, by hypothesis (G E,;,), the inequality h°(r, t) < g, (t=1/™r) holds
forallr > 0, ¢ € (0, 1], we have for all sequences (r,,) in R :

(&) (&)
> 1o tvar) = w1 = 3 2 Tl ITaa ' e, 27
n=0 n=0

o0
<101 Y 2" gn@ ) 1T P = 1Tl S
n=0

For the case r,, = 277" with y < % — 1, we can estimate S by

1—ym
m—

n
1>C§ < o0

o o0
S =Y 2@ = Y 2" exp( - b2
n=0 n=0
(11)
-y

since m,'ln > 1. This proves (a). For the proof of (c) and (d) we assume (T})seRr,

to be contractive. Moreover, we fix y < % and put

e y <
T a2 g ) Sy =

T'n

S[=3=

Then S is finite because

1
Yoo 2" gm(QHu ) < o0y <

S|=

S =
m
n= 1

S0y 2 Co 2R < o = L

(b) is shown as a more general statement in Proposition 2.5(b) . O
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Parts (a) and (c) of Proposition 2.2 are the announced generalizations of y-
Holder path continuity to a non-probabilistic setting, part (d) somehow is a corre-
sponding (partial) generalization of Levy’s modulus of continuity which says for
any standard Brownian motion (X;);cj0,170on R :

limsup max w(s)_1|X,—XS| = 1 almost surely,
S\O -t <s
0<t; <t <1

where w(s) :=s1/2 (2 log(%))l/ 2. The main step in the (more difficult) upper esti-
mate “limsup... < 1 almost surely” is to show for all ¢,60 € [0, 1) such that
(1+&)? > 1 (seee.g. [KS, p. 115/116])

o0
> Ptren, ({x e R max w((j — 27"y — xj| > 1+e}) < 00,
j7i§2"9

n=1 O<i<j<2m

In part (d) of Proposition 2.2, applied for 7; = A E=R, m=2,b= %, we
consider only the set corresponding to the case § = 0 :

{x e R¥'*1; max w™™)~! lxj—1 —xj| = 14¢}
I<j=2"

= [Var®) > (1 + )22 2log(2")? .

Corollary 2.3. Let (2,P*, (X;)ic[0,1))xece be an E-valued Feller process
(restricted to [0, 1]). Suppose that there exists m > 1 such that (GEE) holds.
Then we have for all x € E and y € (0, n—11 :

X € C7([0,1]; E) P*-almost surely.

Proof. The hypotheses of Proposition 2.2(b),(c) are satisfied for the semigroup
(T))er, associated to our Feller process since |k, (x, -)| = P*[X; € -].Hence we
can apply Theorem A. O

In particular, we reobtain the well-known fact that Brownian motion on RP is
locally y-Hoélder-continuous for all y € (0, %) . Stronger results are given now.

2.2. Local Hélder-regularity on R

It is well-known that Brownian motion on R? is not globally Holder-continuous
but only locally. In order to measure this localness, we fix for the whole section a
stricly decreasing continuous function § : Ry — R. o with §(co) = 0.

Definition. Let y € (0, 1). A function f : Ry — E is called §-locally y-Hélder-
continuous if

1 fller, @up = s d(fG), f@) li—sI" < oo,

s,teRy
O<t—s<8(s)

In this case, we write f € C;/_loc(]&_; E).



82 S. Blunck

The next result is a version of Theorem A for processes (X;);cr, to have a
8-locally y-Holder-continuous modification; its proof will be given in Section 4.
We need the following 5-dependent sets of dyadics:

D, = {j27"; j=0,...,Ny} , where N,:=[8§ '@ ®tD)2m 2.

Theorem 2.4. Foralln € Nand0 <1t; < ... <ty <00, letpuq,.. .1, : B(E") —
R be a measure. Suppose that

oo
(C310c) Y up [Var W =271 < oo
n=0
|| Var ) ILp(ue, ) = O whenever 0 <ty —t; — 0 (12)

for some y € Rand p € (0,00). If y € (0,1) and p@,.,....,, = Pex,,,...x,)
for some E-valued process (2, P, (X);cr,), then there exists a §-locally
y-Holder-continuous modification (X;);er, satisfying supys; T-ls@r)!-7
Il X lloscqo,11;E) < 0.

Here we denote for a function f : [a, b] — E its oscillationby || f || 0sc([a,b]; E)
= sup{d(f(s), f(2)); s,t € [a,b]}. The parts (a), (b) of the following result

show that the above conditions (C;’_loc) and (12) which - for positive y and in a

probabilistic setting - yield a §-locally y-Holder-continuous process, are implied
- for (if m > 2) negative y and in our general setting - by the Gaussian kernel
estimate (GE,;).

Proposition 2.5. Let (T;);cr, be an operator semigroup on Co(E) . Suppose that
there exists m > 1 such that (G E,;) holds.
(a) Let y < % — 1 be such that

m—1
5(t) < a(t —C) Zo+Dm  forall t € Ry large enough

-1
Lo b \3=tpa
and some constants a < 2(10g(C0) )2=O+bm - C > 0. Then

o

> |10, Tvard =2y < oo
n 00

n=0

(b) For all p € (0, 00), the following estimate holds:

|| Var (I ILp(Qt, o)) = CUtl i — Y™ whenever 0 <ty —t; <1, x€E.

. 1
(c) Let (Ty);cRr, be contractive and 'y < . such that
m—1

8() < alog(t/C) T=rm  forall t € Ry large enough (13)

m—1
and some constants a < %b T=ym C > 0. Then

o

> [1es, 1 vard =27y < oo
n 00

n=0
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Proof. (a) By hypothesis on y, we have o := 1m_f'1" > 1. By hypotheses on § and

a, we have for all s € Ry large enough:

8_1(21—5) < Qa)* 't and Qa)*7! < —logé)Co) .

Since N, = [67127"D)2m] 4+ 2" < (2a)*~'(2")* + 1 + 2" there exist b <
b, C > Osuch that N, C(l)v” < Ce?@) foralln € N. Now we deduce the assertion
as follows via Proposition 2.1(b) and hypothesis (GE,,) :

o0 oo
> [ 1es, Vel =2y < 3N Tl [Ty N R, 2
n=0 *© n=0
oo
<ol Y NGy e < 0. (14)
n=0

(c) By hypothesis on y, we have o := ln:f;" > 0. By hypotheses on é and a, we

have for all s € Ry large enough:

7MLy < e and  (2a)" < b.

Since N, = [6=1@2=(+D)2n) 4 27 there exist b < b, C > 0 such that N,, <
Ce?@)" for all n € N. Now we deduce the assertion as follows via Proposition
2.1(b), contractivity and hypothesis (GE,,) :

oo oo

> [1es, varl =27y = 3 NG Tl T N R, 2
" 00

n=0

n=0
o0
_ nyo
SZNnCoeb(z) < 0.
n=0

(b) Denote A(x, [, r) := B(x, (I + 1)r)°\ B(x, Ir) and r, := t'/™. We have for all
x1 € E, using (GE},) in the third step:

/d(xl,xz)’) lkty—s, 1(x1, dx2)
E

[o,0]
=> [+ Driy— 1 iy |1, dx2)
1=0 A(xl’lsrtz—tl)

o0
<rh Y d+1P / \kiy— 1 1(x1, dx2)
1=0 B(Xl,lr;27;1 )C

o
<rh DA+ ey = rhoC.
=0
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From this estimate the assertion is direct since || T || < C(gﬂ forallr > 0(by (GE,,)
and induction) and

I Var QP ox = / / d(x1, x2)7 Vo1, |1, dxg) [k | Cx, dxy)
2) EJE

(t1,

=T |l sup / d(x1, x2)7 |kiy—g, | (x1, dx2). m
x1€E JE

Since (13) holds for the function § considered in the following corollary, its

proof is completely analogous to the proof of Corollary 2.3 and therefore omitted.

Corollary 2.6. Let (2, P*, (X/):cR, )xeE be an E-valued Feller process. Suppose

that there exists m > 1 such that (GE,I,P;) holds. Then we have forallx € E, y €

©.5). o > 150 and (1) = log2 + )7 :

X € C{_ Ry E) and sup 7718 || X lloseqo.11:8) < 00
T>1

P*-almost surely.
2.3. Weighted Besov-regularity on R4

We will use the following standard notation for Besov spaces. For f : Ry — E and
heR let|Apfl : Ry — Ry, t = d(f((t+ h)y), f()). Given y, p € (0, 00)

and a weight ¢ : Ry — (0, 00), we write f EB};OQ R4, ¢; E) if

: = sup r~ 7 su Ap < .
If ||B;m(R+’¢;E) O<r<P7 \hlspr AR fIL,®y.9)

Here L, (R4, ¢) denotes the weighted L p-space, i.e. [gllL,®,.¢) = I8PlL,®,)-
Recall that, with the analogous definitions for functions on R, one has if y €
(0,1), E=RP and ¢ : R — (0, 00) is an "admissible’ weight in the sense of
[ST, §5.1]

i, ~ I fell.

B)oo(R,¢;RD) Bo(R;RD)

I/ ”B;OO(Rﬂ(b;RD) ~ IS ||1§,);00(R,¢;RD) + I f ”LI,(IR{,qb;RD) ) 15)

where B;OO(R; RP) and B},/(X(R; RP) are the classical homogeneous and inhomo-
geneous Besov spaces (without weights) as defined e.g. in [Pe, §3], and
BZOO(R, ¢b; RP ) is the weighted counterpart as defined e.g. in [ST, §5.1]. See
Schilling’s paper [S3, § 3] for a summary of these facts on (inhomogeneous) Besov
spaces.

As in the preceding section, let 6 : Ry — R.( be a stricly decreasing con-
tinuous function with §(co) = 0. Obviously, the property f € Cg/—loc (R4; E) is

stronger than the property f EBZOO (R4, ¢; E) provided the weight ¢ has a suffi-
cient decay with respect to % In the following, we use the notation (¢) := /1 + 2.
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Lemma 2.7. Lety € (0,1) and f : Ry — E be §-locally y-Holder-continuous.
We have for all p € (0, 0o) and weights ¢ Ry — (0,00):

I/ < U801 57855 Mey@o I F ey, @,0m -

BYooRy $:E) —
1d(f©). /)L, ®e.0) < 550507 I, 5up T'8QRTY' ™ || f loseo.riE) -
T>1

Proof. Denote the supremum in the second assertion by S and let #p € R4, r €
(0, 31. Wehave d(f (0), f (t0)) =< || f loscto.wiE) < S5g705= and by Lemma
4.2 below:

r7 sup d(f((to + h)4), f(to))

|h|<r
< sup sup  d(f(s), f(®) |t —s|77
so€[(to—r)+.t0] »va0€l~‘01-?o+'J
<t—sS=<r
=

sup Q"= 5(?0_“,) +1) ”f”Cy e R4 E)
so€l(to—r)+,t0]
14+5(0)
T e e

Now the assertions follow by integrating these two estimates with respect to 7y . O
The next result follows from Corollary 2.6 and Lemma 2.7 .

Corollary 2.8. Let (2, P*, (X();cR, )xeE be an E-valued Feller process. Suppose
that there exists m > 1 such that (GEE) holds. Then we have forallx € E, y €

0, 1), pe(0,00) and p > % :

X GBI):OO Ry, ()™ E) and d(x,X) € L,(Ry, (-)"*~ 1) P -almost surely,

in particular X .9 € B},/OO(R, (Y=~ L. RPY P*-almost surely if E = RP by (15).
By Lemma 2.7, the above conditions (C? 5_10c) and (12) yield - for positive y and

1) € Ly(Ry).

And they are implied - for (if m > 2) negative y and general semlgroups - by the
Gaussian kernel estimate (GE,,;) .
In the following result, we give a condition (B”) which - for positive y and

Feller semigroups - a process X EB oo Ry, @3 E) pr0V1ded

Feller semigroups - yields a process X GBZOO (R4, ¢; E) under the weaker condi-
tion ¢ € L,(Ry); the proof is given in Section 4. On the other hand, for general
semigroups satisfying (GE,,), we do not obtain (B?) for any y € R; see (16)
below.

Theorem 2.9. Foralln e Nand0 <t; < ... <t, <oo,letpy,.. 1) B(E") =
R be a measure. Suppose that

(e¢]

(B?) > 2 | Var8) Ly usny < Ci forall teRy
n=0
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for some y € Rand q € [1,00). If y > 0and pq,..1,) = Px,,,...x,) for
some right-continuous E-valued process (2, P, (X;);er, ), then we have for all
pe,qland0 <¢p € L,(Ry):

X < 2Mre ¢ lL,@®,) -

L (S Blos R 3 E))

In particular, we have X GB},/OO R+, ¢; E) almost surely.

Proposition 2.10. Let (T;),er, be a contractive operator semigroup on Co(E).

Suppose that there exists m > 1 such that (GEy) holds. Then we have for all

ge©,00)andy <L — L.

m q

00
Z rn Il Vargl) ”Lq(IQi(JrD D = C for all x e E, te R+ .
n=0

Proof. Letg € (0,00). We have foralln e N, t e Ry andx € E :

o0
2" 9 _ X 2" 1/q
|| Var 3 ”Lq(|th+Dn|> /0 |Qt4p, | [ Varys ’ > 1/ ]dr
o0 n
< f 2| T\ | Ty |1 hE (<19, 27" dr [ by Proposition 2.1(b) ]
0
o
< 2"/ gm "™ P49y dr [ by contractivity and (GE,;) ]
0

=q /Oogm(s) ds 2n=a/m)  _ Clq on(l—q/m)
0

This implies for all y < %—éandx eE,teRy:

00 00
Z 20| Var(gn) ”Lq(lQLanD < Z on(y+1/q=1/m)  _ Cy(y). O
n=0 n=0

For non-contractive semigroups, our proof does not work for any y € R :

00 00
n ] _
E 20| Varég ) ”Lq(lQiﬂanl) <C ||Tt||l/q E C(() )/q on(y+1/q=1/m) _ o
n=0 n=0
(16)

Corollary 2.11. Let (2, P*, (X;);er, )xeE be an E-valued Feller process. Sup-
pose that there exist constants m, Co > 1, b > 0 such that

P*[X; e B(x,r)] < Cy exp(—bt_ﬁ r%>
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forallx € E,t € (0,11, r > 0. Then we have forallx € E, p € (0,00), 0 <
peL,Ry)andy € (0, ) :

X e BZOO Ry, ¢; E) P*-almost surely.

Proof. Choose g € [p V 1, 00) such that y < % — %. The hypotheses of Proposi-
tion 2.10 are satisfied for the semigroup (7;);cr, associated to our Feller process.
Hence we can apply Theorem 2.9. O

Criteria for RP-valued Feller processes to have paths in Besov spaces can be
found e.g. in works of Ciesielski, Kerkyacharian and Roynette [CKR], Herren [H]
and Schilling [S1][S3] . The most general global criterion is Schilling’s main result
in [S3, Thm. 4.2] which can be summarized as follows.

Theorem B. Let (2, P, (X;)/eR, ) erp be an RP-valued Feller process. Sup-
pose that there exist constants C, o, B > 0 such that

Ctr=%r=>1
P'[Is<t:X,€Bx,r)] <

CtrPr<l1

for all x eRP, rt>0. Then we have for all x e RP, pe0,00), u> %+$
andye(O,%/\%):

X.vo € B;oo R, ("% RP) P*-almost surely.

We make the following observation. In order to assure that the Feller process
X; in our Corollaries 2.8 and 2.11 possesses paths in Besov spaces, the process
d(X;, x) is supposed to have Gaussian decay (uniformly in x), whereas in Schil-
ling’s Theorem B for a similar conclusion the maximal process sup,., d(Xj, x)
is supposed to have polynomial decay (uniformly in x). An improvement of our
results requiring only polynomial decay of the process d(X;, x) (uniformly in x)
will be given in the next section.

While examples of Feller processes for which our Corollaries 2.8 and 2.11 are
applicable will be given in the next section, we want to mention that, for Feller
processes generated by an extension of a pseudo-differential operator, the hypoth-
esis of Theorem B follows from suitable growth conditions on its symbol. This
can be seen from the following result which is due to Schilling [S2, Lemma4.1]
and generalizes an earlier result of Pruitt [Pr] for Lévy processes. For all details on
pseudo-differential operators, we refer to [S2][S3] and the references given there.

Theorem C. Let (2, P*, (X1);eR . ) crD be a Feller process generated by an exten-
sion of a pseudo-differential operator with a symbol p : RP x RP — C such that

PG, ©) = CA+IEP) forall x,& R
and p(x, -) is given by a Lévy-Khinchine formula for all x € RP. Then
P[As <t:X, € Bx,r)] < Ct sup |p(y,&)| forall x eR?, rt>0.

yEB(x,2r)
£eBO.r 1)
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Therefore, in the situation of Theorem C, the hypothesis of Theorem B always
holds for 8 = 2 (r < 1) and can be expressed in terms of the following general-
izations of the Blumenthal-Getoor index [BG] of the symbol p(x, &) introduced in
[S2]:

Bo := sup {A >0; limsup r* sup  sup |p(y,€)| = 0}
r—00 yeRP £€B(0,r~1)

Boo := inf [A > 0; limsup r sup sup  |p(y,§)| = 0}
r—0 yeRP £eB(0,r—1)

2.4. Polynomial decay in the case of Feller semigroups

For the verification of the Kolmogorov-éentsov—type conditions (C?) and (C ;/_loc)
in the preceding subsections, the hypothesis of Gaussian kernel decay was crucial;
see the estimates (11) and (14). In the case of Feller semigroups, this hypothesis
can be weakened to polynomial decay. The price to pay is that we obtain (C?) and
(C;:loc) only for a smaller y-range.

In combination with our path regularity results [which are based on (C?") and
(Cg/_loc)], we thus obtain path regularity criteria for Feller processes requiring only
polynomial decay of the process d(X;, x).

In this sense, the following result improves Corollary 2.3 on Holder regularity
on [0, 1]. Similar improvements of Corollary 2.6 (local Holder-regularity on R_)
and Corollary 2.8 (weighted Besov-regularity on R ) can be obtained analogously
and are therefore omitted.

Corollary 2.12. Let (2, P*, (X;)ie(0,1])xee be an E-valued Feller process
(restricted to [0, 1]). Suppose that there exist m > 0 and « > 1 such that mo > 1
and

P'[X, € B(x,r)°] < C(@tr ™% forall x€ E,t€(0,1],r>0.
Then we have for all x € E and y € (0, %(1 - é) Al):
X € CY([0,1]; E) P*-almost surely.
Proof. As before, we will apply Theorem A and denote by (7);cRr . the Feller semi-

group associated to our Feller process. Arguing as at the beginning of the proof of
Proposition 2.2 yields

o0 o0
3 H Op, [Var@V > 2770 HOO <3 2" sup P¥[ X500 € B(x, 277"
n=0 n=0

xeE

00
<C Z 2n(l—a(1—ym)) < 00
n=0
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provided y < %(1 - é). Now let p € (0, ma — 1) and € € (0, mo;x_*p)' Denoting
r; = t%, we obtain || Varécl,) ||Lp(Q(xt o) = C/(ty — t)*P~MIF exactly as in the
1-2

proof of Proposition 2.5 since

o
/d(X1, x2)p |ktz—tl |(x1, d-x2) =< rtI;—tIZ(l + 1)]7 P [th—tl € B()C], rtz—tl)c]
E

1=0
o0
= Crl[;::’]w[ (t — tl)a Z (a+ 1)p [T = (t — tl)&(mea)Jra ]
1=0
Since e(p — ma) + « > 0, our Theorem A yields the assertion. O

3. The Gaussian kernel estimate (GE,,)

In this section, we give some examples of spaces E and operator semigroups
(T})ser, on Co(E) satisfying the main hypothesis of our results, i.e. the Gaussian
kernel estimate (G E,,). Since in our examples the kernels k; : E x B(E) — C
have densities p; : E x E — C [with respect to a given reference measure u ]
satisfying pointwise Gaussian estimates of some order m, we want to make the
obvious remark that the latter imply (G E,,) provided u is doubling.

Remark 3.1. Let (E, d, ) be a metric measure space of dimension D > 0, i.e.
w(B(x,Ar)) < ClkDu(B(x,r)) forall xe E,r>0,A>1.

Let p € C(E?) satisfy for some » > 0
P Y| < wBG, ) g(XE2) forall x,y € E,
where g : Ry — R, is a decreasing function. Then

o
/ Ip(x, MIdu(y) < C Z(k+k+ 1)Dg(k+k) forall xe E, A>0.
B(x,Ar)¢ k=0

Proof. Denoting A(x, k,r) := B(x, (k+ 1)r)¢\ B(x, kr), we have

/ P ldp(y) < p(Bex, )™ > / g () dpu(y)
B(x,Ar)¢ k=0 A

(x,k+x,r)

< u(B )Y wBG. (k + 4+ Dr) gk + )
k=0

o
<C Y (k+r+DPgk+n). O
k=0
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3.1. Feller semigroups

The examples in this first part are given in terms of Feller processes (€2, P*,
(X1)ier, )xek satisfying (GEE,’;) . Then the associated Feller semigroup (7;)cr,
on Co(E) satisfies (GE,;,) since |k;(x, )| =P*[X; € -].

Example 1. Diffusions on fractals of walk dimension m

This is due to Barlow and Bass [BB]. We consider a class of fractal subsets of R?
(D = 2) formed by the following generalization of the construction of the Cantor
ternary set. Let Fp = [0, 11° and IF € N>3. Divide Fp into l? equal subcubes,
remove a symmetric pattern of subcubes from Fy and call what remains Fj . Now
repeat this procedure: divide each subcube of F] into / }1? equal parts, remove the
same symmetric pattern from each and call what remains F5 . Continuing in this
way we obtain a decreasing sequence (F,) of closed subsets of [0, 1]”. We con-
sider the so-called unbounded (generalized) Sierpinski carpet E := |J,cn [} Fs
where F := (),cn Fn » equipped with the Euclidean metric. The following result
is proved in [BB, Thm. 5.7, Prop. 5.8] .

Theorem. There exist a nondegenerate E-valued Feller process (2,P*,
(X)rer,)xeE and m > 2 such that forall x € E, t, A € Ry

P*[X; € B(x, At"/™] < gu(0).

Since (X;);cRr, is locally isotropic, it is called a Brownian motion on E.
The parameter m is called the walk dimension. Notice that the transition densi-
ties py(x, y) [with respect to Hausdorff measure] even satisfy pointwise Gaussian
(upper and lower) estimates of order m [BB, Thm. 1.3].

Example 2. Brownian motion on Riemannian manifolds

Let M be a geodesically complete Riemannian manifold, equipped with the geo-
desic distance d and the Riemannian measure . Assume that p is doubling, that
the heat semigroup (77),cRr, has the conservation property and that the heat kernel
pi € C(M?) satisfies

pi(x,x) < Cu(B(x, /1) forall xeM,t>0.

Then, by a result of Grigor’yan [G], the heat kernel satisfies even pointwise Gauss-
ian estimates of order 2 :

pe(x.y) < p(BGx. Vi) g2 () forall x.y e M, 1>0.

Hence, due to Proposition 1.6 (observe that all balls in M are relatively compact
by geodesical completeness) and Remark 3.1, (T);cgr, is a positive contractive
semigroup on Co(M). Moreover, (T;);cr, is strongly continuous on Co(M) by
Proposition 1.5 and Remark 3.1. In other words, (7;);cr, is a Feller semigroup
with the conservation property, and the corresponding M -valued Feller process (cf.
Remark 1.4) is called a Brownian motion on M. Finally, (G E;) holds again by
Remark 3.1, hence (GE} ) holds as well.
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3.2. Arbitrary semigroups

In this second part we give two classes of non-Feller semigroups satisfying (GE},) .

Example 3. Elliptic operators on R” of order m > D
These operators A are given by forms a : H*(RP) x H*(RP) — C of the type

V) = 9%u dBvdx |
a(u, v) /RD Zaa,ﬂ u dPvdx
lor|=[B1=k
where we assume ay g € Loo(RP; C) for all o, B and Garding’s inequality
Rea(u,u) > & ||V¥u|3 forall u e H*RP),

for some & > 0 and || V¥u ||% = Z\alzk ||8“u||%. Then a is a closed sectorial form,
and the associated operator A on L(RP) is given by

ue DA andAu =g < uc Hk(RD) and (g, v) = a(u,v) forallv € H*.

This operator A is the generator of a Co semigroup (7;);cr, on Ly (RP). Suppose
that m := 2k > D. Then, by results of Davies [D, § 6] and Auscher&Tchamitchian
[AT, § 1.7], for all > 0, there exists p; € C(RP x RP) such that

T () = fE e F OV dp(y) forall f € Lyn Lo, ac.x € E .(17)

1P, )| < 7P g (L9 forall x,y e RP . (18)

t1/m

Hence, by Remark 3.1 and Proposition 1.6, (7;);er, acts as an operator semigroup
on Co(RP) satisfying (G E,,). It is well-known that (T)er, is Markovianifm = 2
and the coefficients a4 g are real-valued.

Example 4. Schrodinger operators with singular potentials on RP

Let A = A—V be aSchrédinger operator on Lo (IR{D ), D > 3, where we assume the
R-valued potential V to be in the *global Kato class’. Then A is the generator of a Cg
semigroup (7;);er, on Lo(RP), and for all > 0, there exists p; € C(RP x RP)
such that (17) and (18) hold for m = 2. Hence, again by Remark 3.1 and Proposi-
tion 1.6, (7;);er, acts as an operator semigroup on Cop (RP) satisfying (GEy). If
V_ is unbounded then, for no w € R, the semigroup (e™'“ T;),cRr, is contractive
on Co(RP). The reference for this example is Simon’s paper [Si].

4. Proofs of the path regularity criteria

For the proof of the standard Kolmogorov-Centsov Theorem on Holder-regularity
of processes (X;):<[0,1] and for the proof of our version on §-local Holder-regularity
of processes (X;);eRr, (see Theorems A and 2.4), we need a criterion for functions
f : D — E to have a Holder-continuous extension to D = [0, 1] which takes into
account only the behaviour of f on the finite sets D,,. The following lemma can be
extracted from the usual proof of the Kolmogorov-Centsov Theorem as given e.g.
in [KS, p. 54].
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Lemmad4.1. Let f : D — E beafunctionand M,, := max{d(f(s), f(t)); s,t €
Dy, t —s=2""}.Lety > 0andm € N. Then

sup d(f(s), f() <2 My .

s,teD

li—s <2~ =
) o0
sup  d(f(s), (1) |t —s|7 <217 sup 277 Z M, = S.
s,teD j=m

O<t—s|<2~"M n=J

Moreover, if S < oo then f has a continuous extension to D = [0, 1] satisfying

sup  d(f(s), f) |t —s|7V <S.
s,t€[0,1]
0<t—s|<27"

Proof. For the proof of the first assertion, it suffices to show for all j > m :

J
max d(f(s), f) <2 M,.
s,teD;
J n=m
[t—s|<27™

This is obvious for j = m since s, € D,, and |t — s| < 27" implies |t — 5| €
{0,27™}.Solet j > mands,t € D; with |t — 5| < 27", We can assume s < ¢
and set s’ := min{u € Dj_j;u > s}, t' := max{fu € Dj_1;u < t}. Then
|t/ —s'| <27™ands’ —s,t —t' €{0,27/}, hence

d(f($), f() =d(f(s), () + d(fD), &) + d(fE), F1)

j-1 j
SMj+2) Mg+ Mj=2) M,.
n=m n=m

The second assertion is seen as follows by using the first assertion:

sup  d(f(s), f(®) |t —s|77 = sup sup d(f@), f@O) |t —s|77
s,teD j=m s,teD
O<|r—s|<2™™ 2=U+D cpp—gj<2—J

o
2% sup 27 Y "M, .

j=m

IA

n=j

Now assume § < oo0. Given ¢t € [0,1] and D > 1, — t, the second assertion
shows that (f(#,)) is a Cauchy sequence in E and that f(¢) := lim, f(¢,) yields
a (well-defined) extension to [0, 1]. Moreover, if D 3 t, — tand D > s, — s,
s # t, then one obtains d( f(s), f(t)) < S|t — s|¥ from the second assertion and

d(f(s), f@) = d(f(s), f(sn)) + d(f(sn), f(ta)) + d(f (@), f(1)).0

The following lemma is a simple induction over (Itg—sll.
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Lemma4.2. Let f : [a, b] — E be a functionand § > 0, y >0, A > 1. Then

sup d(f(s), f(O) ]t —sI77

s,t€la,b]
O<|t—s|<A8
< QAL+ D sup d(f(s), f(0)) It —s77 .
s,t€la,b]
O<|t—s|<8

The next result follows directly from Lemma 4.1 and Lemma 4.2 .

Corollary 4.3. Let f : D — E be a function and M, := max{d(f(s), f(t));
s,t € Dy, t —s =2""}.Lety € (0,1), C; > 0 and m € N such that

M, < Ci27"" forall n>m.

Then f has a continuous extension to D = [0, 1] satisfying

2l+)/
sup  d(f(s), f@) |t =57V = Cr—F—.
5.1€[0,1] 1—27
O<|t—s|<2™™M
In particular, f is y-Holder-continuous on [0, 1] and
21+J/ {
2" f lloscqorey v I fllerqoaey < Ci T3 "+,

Now we give a similar criterion for functions on D% := {j27"; j, n € N} to have
a §-locally y-Holder-continuous extension to D = R

Corollal:y 44. Let f : D*®° — E be a function and My, := max{d(f(s), f(1));
s,t € Dy,t —s = 27"}, where D, := {j27",j = 0,...,N,}, N, =
(6102 42" and § € C(Ry, Roy) is strictly decreasing with 8 (o) = 0.
Lety € (0,1), C > 0and m € N such that

M, < C27"" forall n>m.

Then f has a §-locally y-Hdlder-continuous extension to D*®° = R satisfying

sup T7'8Q2T) 7 || f loseqo.riiey < 00
T>1

Proof. For alln € N, denote D;° := {j27"; j € N}. The idea of the proof is to
apply Corollary 4.3 for alla € D, to

fa:D—>E,t— f(a+t) and m,:= Llogz((S(a)_l)J vVm.
We have a + D,, C 5n foralla € D;°, n > m, since Dy° + D, C D3° and

a+1 < sty 41 < N, 27"
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by defintion of m, and N,. We deduce forall a € D;° andn > my, :
My (fa) == max{d(fa(s), fa(t)); s,t € Dy, t —s =27"}
= max{d(f(s), f(#)); s,t€a+ Dy, t—s=2""}
<M, < C27"" byhypothesis.

Hence, by Corollary 4.3, each f, has a continuous extension to [0, 1] satisfying
21+V

sup  d(fu(s), fa@) |t =57 < C—me = (.
s.ref0.1] 1—-2—v

0<|t—s|<2™ Ma
In other words, f has a continuous extension to R satisfying

sup  d(f(@s), f@)|t—s|7Y < C; forall ace D,j’f . (19)
s,tela,a+1]
O<|t—s|<2” Ma

Now we obtain f € Cg_loc(RJr; E) as follows. Let s, € R, such that 0 <
t —s < 8(s). By using Lemma 4.2, we can assume t —s < 27 A §(s). There
existsa € DyPN[s—27",s]. Thens, t € [a,a+1]sincea <5 <t =s+(t—s) <
a+2"m4+27" < g+ 1and

0 < Jt—s] <27"MAS8G) < 27" AS8(a) < 27™Ma

Hence d(f(s), f(t)) |t —s|7Y < Cyby(19)and f € Cg/_loc(RJr; E) is proved.
For the proof of the second assertion, it suffices to show for all k € N :

I f loseqonkrey =< 3Ci2k@mvs@h=hir. (20)
Indeed, then we obtain for all T > 1, letting k := [log, T'] :

I flloseqo.r:E) < 3C1 2KF @™ v sk h=hl=y

< 6C T Q2" vsT) " H™7.
Similarly as before, line (20) is proved by applying Corollary 4.3 for all k € N to
fi:D—E .t fQ%) and my:=k+ (llog,6CH ™Y vm).
We have 2% D, C Bn_k for all k € N, n > my since 2k D, C D;f‘ik and
2k < 5Tl kDY < N, okn
by defintion of my and Nj;_,. We deduce for all k € Nand n > my :
My (fi) = max{d(fi(s), fi(t)); s,t € Dy, t —s =27"}
= max{d(f(s), f(t)); s, t €2XD,, t —s =2F"}

M,_i < C2"% py hypothesis .

IA
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Hence, by Corollary 4.3, we obtain (20) as follows:

I £ loseqo.2r:2) = Il fi loseqo, gy < 277™ 25 Cy @™ F! + 1)

<3C 2k @ vs@hHHl-r, O

Proof of Theorem A. Denoting M, := max{d(X;, X;); s,t € Dy, t —s = 27"},
we obtain from the hypotheses

o0 o

Y PIM, =27 =) pp,[Var@Y =277 < oo,

n=0 n=>0
Hence, by the Borel-Cantelli lemma, we have P(N) = Ofor N := lim sup,,_, .o [ M,
> 27Y"]. For all w € N¢, there exists m(w) € N such that M, (w) < 277" for all
n > m(w). Thus, by Corollary 4.3, the restriction of X.(w) to D has a y-Holder
continuous extension X.(w) to [0, 1].

It remains to show that (Xt) is a modification of (X;). Let t € [0,1] and

D>t, —t, t, #t.Then X; = X, a.s. follows from d(X;, , Xt) — 0 on V¢ and

E(d(X;,, X)?) = | Var(l) ||Lp -~ 0. 0

(K (tnAt,tave)

Proof of Theorem 2.4. Denoting M, := max{d(Xy, X;); s,t € 5n, t—s =271},
we obtain from the hypotheses

o0 o0
Z P[M, >2"""]= Z up [Var$ > 277" < oo
n=0 n=0

Hence, by the Borel-Cantelli lemma, we have P(N) = Ofor N := lim sup,,_, .o [ M, >

27Y" ], For all w € N, there exists m(w) € N such that M, (w) < 27¥" for all
n > m(w). Thus, by Corollary 45&, the restriction of X.(w) to D* has a §-locally
y -Holder-continuous extension X.(w) to R satisfying

sup T18Q2T)' 7 || X.(@) lloseqo.71: ) < 00 -
T>1

The proof that ()N( +) is a modification of (X,) is as before. m|

Proof of Theorem 2.9. Let t, € Ry. Denoting M, , := max{d(X;, X;); s,t €
t, + D,,t —s = 27"}, we have by right-continuity of X and Lemma 4.1(b):

M, = sup d(Xg, X))t —s|7V = sup d(Xs, X)) |t —s|77
s,1€19+[0,1] s,t€to+D
st s#Lt
o
< 2 sup 27(m+D Z M,, < 217 Z 2" My,
mEN n=m n=0

Since E(M{ ) = || Varsg @ ||Lq(,uto+Dn)’ we deduce

1 o 1
E(Ml)’ = 2y omE(MEL)' = 2y
n=0
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This yields, writing ¥ (r) := r=" and Lo () := Lso((O0, %], v

E( lr = sup |[ApX,,| ||‘£oc(w)> = E( sup ¥4 sup d(X,+n, X1,)? )
|k <r

0<r§% |h|<r

51&( sup d(xs,x,)qn—er)

s.telto— 51 +10.1]
s#£t
— E(Mq ) < 2(1+V)q Cq .
(to_%)+ - !

We extend (X;),cr, to R by setting X_, := X¢ forall 7 € Ry. Denoting L ,(¢) =
L, (R, ¢), one obtains the assertion as follows:

q
B | sup 180X ] ey [T )
\hé). @ Loo(¥)

< q"’E/ sup | A X, | |14 NP dt
<ol (Rn sup 184 X, ] ) 90 )

=Ny A{ E(1l sup 1AnXi] 17, )9 (007 dr

|h|<-

<20act g1}, o
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