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Abstract. We prove that the sequence of finite reflecting branching Brownian motion forests
defined by Burdzy and Le Gall ([1]) converges in probability to the “super-Brownian motion
with reflecting historical paths.” This solves an open problem posed in [1], where only tight-
ness was proved for the sequence of approximations. Several results on path behavior were
proved in [1] for all subsequential limits—they obviously hold for the unique limit found in
the present paper.

1. Introduction

The goal of this paper is to complete the main stage of a research project started
by Burdzy and Le Gall in [1]. The authors of that paper set out to define and study
a “super-Brownian motion with reflecting historical paths.” They constructed a
sequence of branching particle systems which they believed converged to a limit
representing, in the intuitive sense, the process named above. However, the main
result of [1] proves only tightness for the sequence of approximations. This will
be remedied in this paper—we will prove the convergence. Moreover, we will
construct a sequence of approximations which converges not only in the sense of
distribution but also in probability. This will allow us to complete the definition
of a “super-Brownian motion with reflecting historical paths” in the sense that our
main result will identify a single probability distribution on an appropriate space.
A rigorous statement of our main result is given as Theorem 2.1 in Section 2—it
requires a fair amount of notation.

We would like to mention that some path properties have been already estab-
lished for the super-Brownian motion with reflecting historical paths in [1]. The
properties have been proved for every subsequential limit of the approximating
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sequence of branching particle systems, so those theorems obviously apply to the
process constructed in this paper.

Our approach is closely related to and heavily dependent on techniques devel-
oped in [1], and that paper in turn uses many tools presented in [7], in particular
the “Brownian snake” originally introduced by Le Gall. For an introduction to the
theory of superprocesses see, for example, [4].

We will now describe our main ideas. Just as in [1], we start with a sequence of
branching particle systems approximating the historical super-Brownian motion.
The accuracy of the approximation is determined by a parameter ¢ > 0. The
sequence of approximations is consistent in the sense that e-particle system may
be obtained from a §-particle system by pruning some branches, for any § < €.
Then paths of every e-particle system are relabelled so that the paths in the new
system are reflecting. The problem with this approach is that the reflecting systems
are no longer consistent, i.e., after relabelling, the distance (in an appropriate met-
ric) between reflecting e-particle system and reflecting §-particle system may be
large, at least for some w. To tackle this problem, we will first consider two reflect-
ing super-Brownian motions. In this model, particles of one system reflect with
the particles of the other system, and since the model is non-historical, reflections
between particles of the same system are irrelevant to the evolution of two reflecting
super-Brownian motions. Intuitively speaking, the “number” of reflections is much
smaller in this model than in the fully reflecting historical super-Brownian motion.
This allows us to prove convergence of appropriate finite particle system approx-
imations in this model. The result generalizes to any finite number of reflecting
super-Brownian motions (again, in the non-historical setting reflections between
the particles of the same particle system are irrelevant). Finally, the super-Brown-
ian motion with reflecting historical paths is obtained as the limit of families of
reflecting historical Brownian motions, with larger and larger numbers of particle
systems in the families.

Section 2 contains the construction of a finite particle system and the state-
ments of our main results. Section 3 is a review of some relevant facts on lo-
cal times and excursions. Section 4 presents a construction of a pair (“coupling”)
of finite particle systems reflecting with each other. It also contains the proof of
convergence of such approximations. The main result of this paper is proved in
Section 5.

Notation. We will adopt the following notation conventions.
Let E be a Polish space.
Mp(E) (Mfg) — finite measures on E (on R).
Dgla, b) (Dg)— Skorohod space of cadlag E-valued paths on [a, b) (on [0, 00)).
Ckgla, b) (Cpg)— the space of continuous E-valued paths on [a, b) (on [0, 00)).
C, (E) — the space of bounded, real-valued, uniformly continuous functions on E.
B(E) — the space of bounded Borel measurable real-valued functions on E.
(i, f) = [ fdu for any measure y and function f.

We will try to use as much as possible of the notation from [1] to help the reader
follow our arguments, as we will often refer to that paper.
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2. Finite branching particle systems and the statement of main results

We will be brief in our presentation of super-Brownian motion, historical processes,
finite particle systems, Brownian snake, etc. The reader is asked to consult [1] and
[7] for more details.

First we are going to introduce the historical super-Brownian motion based on
Le Gall’s Brownian snake construction. Consider 4 € M and assume, to simplify
the proofs, that it has a compact support and that it is absolutely continuous with
respect to the Lebesgue measure. Let 8/2 be the reflecting Brownian motion, i.e.,
{Bs,s = O}dg{2|Bs [,s > 0}, stopped at time T = inf{r : L? = (u, 1)}, where
B, is the standard Brownian motion with By = 0 and (Lj, x > 0, s > 0) denotes
the jointly continuous family of local times of 8 normalized in such a way that, for
every nonnegative Borel function ¢ on R} and ¢ > 0,

t
/¢(/3s)ds=/ $()LE dx.
0 R,

Let {W;, s > 0} be the Brownian snake driven by the process 8 and such that

T
M:/O dL 8,0 - 2.1)

Recall that for any fixed s > 0, {Ws(¢), ¢t > 0} is a Brownian motion stopped at time
Bs. In usual definitions of the Brownian snake, W (0) is a constant. The Brown-
ian snake satisfying (2.1) can be obtained as the limit of processes W€ — discrete
snakes constructed in Section 2.4 of [1]. The existence of such a process W is stated
at the beginning of Section 5.3 of [1]. We can also obtain W by concatenating a
Poisson point process of Brownian snake excursions with intensity [ u(dy)Ny, in
the notation of Theorem I'V.4 of Le Gall [7] (see that theorem for more details). The
historical super-Brownian motion connected to W is defined in Section 5.3 of [1]
via the formula

T
Y, = / dLL Sy, .
0
The corresponding M r-valued process (super-Brownian motion) is defined by
T
X; = / dLg(SWS(;) .
0
Next we will define finite branching particle systems approximating the histor-

ical super-Brownian motion. Fix an arbitrary € > 0. For any s > 0, t > 2¢, let
w! ~2¢ be the path of the Brownian snake with index s stopped at time 1 — 2¢. Let

T
Hf = /0 dLy 8y, 122

In other words, Hf is the family of trajectories of those particles whose descendants
are alive at time ¢, but the paths in HS are stopped at time ¢t — 2¢. The measure
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HY is purely atomic. Note that, by definition, any atom y(-) of Hy is a path whose
values are defined for all times, and

y(s) =y —2¢€), Vs>t —2e. 2.2)

Next we redefine the masses of these atoms—we give mass € to each atom of H; for
any t > 2¢. The resulting measure-valued process will be denoted by {Y , t > 2¢}.
Note that in the original superprocess setting, for any ¢ > 2¢, Y records positions
and historical paths (up to time ¢ — 2¢) of the particles having descendants at time
t. On the other hand, Y represents binary branching historical Brownian motions
with branching rate €1 such that, for any t > 2¢, Y records the position of this
system at time ¢ — 2¢. The difference of 2¢ between the time of the original su-
perprocess and the time of corresponding e-particle system is counterintuitive but
it is actually meant to simplify some proofs in the last part of the paper. We will
frequently use the following “convention” in verbal descriptions of the process Y€
and analogous processes introduced later on.

Convention 1. For any ¢ > 2¢, Y records historical paths of the particles of e-
system which are alive at time t — 2¢. Sometimes, with a little abuse of notation,
we will also identify the measure-valued process with the particle system whose
evolution it records.

The initial positions of the particles are distributed according to the Poisson
measure on R with intensity e (see Proposition 3.5 of [2]). The Mfp-valued
process corresponding to Y€ is defined by

(X7 .0) = /¢(y(t))Yf(dy), V¢ € C(R),

where y(t) = y(t — 2¢), according to (2.2).

It was explained in Section 2.2 of [1] how any finite branching particle system
can be coded as a marked forest consisting of the set 7€ of edges (i.e., particles)
which is a subset of

L2 x ey
n=0

and the family (I, u € 7°) of lengths of edges (i.e., lifetimes of particles). Let
(T¢ (IS, u € T¢)) be amarked forest representing the genealogical structure of Y€
and let (8¢, s € [0, €]) be the random walk corresponding to this marked forest
(see Section 2.2 of [1]). Note that the spatial positions of the particles are irrelevant
for the construction of S¢—what matters is 8 itself. By (2.3) of [1] we get

e
161%,3 =B, a.s. 2.3)

We can use the process € and a collection of historical paths of the particles to
construct a convenient representation of the e-branching Brownian motions known
as discrete snake. For any s € [0, €] we can associate with s a unique edge in
T¢. Then we let W (-) to be the historical path of the particle in the e-system that
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corresponds to this edge and is stopped at time 8. In other words, W¢ (-) records
the historical path up to time S of one of the particles which is alive at time j .
For more details on the construction of W€ see Section 2.4 of [1]. Now let

LY = LG (B°) = eCard{r € [0,u) : B =t and B > 1,
for ve (r, r+ 6], for some § > 0}. 2.4)
In other words, e "' L is the number of upcrossings of 8¢ above level ¢ before

time 5. The definition of the process {Ws , s € [0, 7€]} immediately implies that
(see Section 2.5 of [1] and recall our 2¢ shift),

€

T
Yte—',-Ze = /0 dLE’tSWSG . (2.5)

This gives us a representation of the process Y€ in terms of the Brownian snake.
It easily follows from the definition of Y€ and Theorem 3.10 of [2] that as
e — 0,

Yf - Y, inMp(C), P—as., Vt>0,
and
Y¢ - Y., in Dy, (c),
in probability (see Remark 2 after Theorem 3.10 of [2]). Also
X¢— X., in Dy,

in probability.

We will now discuss reflecting binary branching Brownian motions. The closed
support of a measure v on R will be denoted supp(v), i.e., supp(v) is the smallest
closed set A such that v(A€) = 0. Recall ¢« and 7 from the beginning of this section.
Fix arbitrary positive measures (1 and p, which satisfy the following assumptions:

Lopy+ pe = p.
2. The support of w; lies to the left of the support of w,, that is, for any
x; € supp(u;), i = 1,2, we have x| < x3.

Let
T = lnf{t N L? = (//Lla 1)}7

T] T
Y, =/0 dL: 8w, , Y}:/ dL: s, .
T

1

Then Y! and Y? are two historical super-Brownian motions starting at ¢ and 1,
respectively. We define their approximations ¥ ¢ and Y€ in the same way as Y€
was defined for the process Y. Note that

Y=Y'+7Y?
Y€ — Y1,€ + Y2,€ .



150 K. Burdzy, L. Mytnik

The process {Y, e > 2¢} represents the historical branching particle system with
the initial positions of particles distributed according to the Poisson random mea-
sure with intensity u/e, i = 1,2. Let B"€ be the corresponding random walk
defined in the same way as 8¢ was defined for Y¢. By (2.3) and our construction
we get

lim 8¢ = g, as., i=1,2, (2.6)
€l0

where ﬂyl = Bsazy » ,3;2 = B+s)At-

Arguing as in Section 3 of [1], we relabel the paths of Y€ to obtain a reflecting
branching particle system Y¢. For any ¢ > 2¢, if i and @' are atoms of Y then
we either have w(r) > w'(r) for all r € [0, t] or w(r) < w'(r) for all r € [0, 7].
Define

Y/ (dy) = Lyesuppuiy V7 (dy), ¥t > 2€, i =1,2.

That is, the branching particle system Y€ (recall Convention 1) represents the
subsystem of Y€ consisting of those trees in Y€ which start at time 0 from the same
points as Y€, Hence,

?e = ?l,e + ?2,5'

It follows from the definition that the paths inside of each of Y€, = 1,2, are
reflecting. The corresponding M g-valued processes are defined by

(X7, ¢) =f¢<y<t)>7}‘(dy), Vo e CR), i=1,2.

The aim of this paper is to prove the following result.

Theorem 2.1. There exists a process YecC Mp )0, 00) such that
Y > Y, ase 10, in Dy, (c)[0, 00),

in probability.
The crucial step in the proof will be the following theorem.

Theorem 2.2. There exists a process ()?1, )?2) € Cupxmp[0, 00) such that
()N(l’e, ?2'6) — ()~(1, ?2) , as€ | 0, in Dyxmp[0, 00),

in probability.
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3. Review of local times and excursions

Fix an arbitrary a > 0. Recall that 8 has the distribution of the twice of reflecting
Brownian motion, Sy = 0, and Ly is the family of local times of 8. Here we will
assume that g is stopped at time

t =1, =inf{r: LY = a}.

Forany s > 0 and v > 0 let

sup{t : LS — L§ > v}, L5 >,
) = T i
0, otherwise,
inf{z : LS > v}, LS >v,
1y (s) = ! F
T, otherwise,
t_ gt s __
LBy = 1o T B I= 1
’ Ltv s ] - 2a
n5(s)
LS (B, v) =sup LY (B,v), j=1,2,
t>s

Li(B,v) =sup L™ (B,v), j=1,2.

s>0

In other words, L' (8, v) is the maximum local time accumulated at any level > s,
over the interval [} (s), 00), for any s > 0, and L2(,B, v) has the similar meaning,
with [ (s), 0o) replaced by [0, 15 (s)).

For any s > 0, denote by (af, bf ),i = 1,2, ... the excursion intervals of 8
above level s, where the ordering of this countably infinite set of intervals is arbi-
trary, for example, it may be the ordering according to the decreasing length. For
any i denote by e; the corresponding excursion

ei(”) = IB(af—&-u)/\bf -5, u>=0.

Fort > s > 0let Lf’t(ﬁ) be the local time of excursion ef at level ¢. Note that

LLB) =Y LI (B).

Let Iy ' be the set of indices of excursions originating at level s in the interval
[} (s), 00). More precisely

M =i al > i)}

Analogously

172 ={i: b} <n5()}.

N
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It is easy to check that, for s < f, LSt (B, v) satisfies

Ls’t’j(,B, ) = Z Lls_’l(’B), j=172.

iel)”’

In the following, P¢ will refer to the law of 8 starting at 0 and stopped at . If
there is no ambiguity, we will suppress the dependence on § in the notation.

Lemma 3.1. For any a > 0 and arbitrary small p,a@ > 0 there exists v* =
v¥(p,®@) > 0 such that

sup sup p? (Li(v) > &) < p/8, Vv <v*

i=1,2b<a
Proof. The random variables L'(v) and L?(v) have the same distribution, by the
invariance of the reflected Brownian motion 8 under time reversal at the stopping
time t. Hence, it will suffice to prove the lemma for i = 2 only.

The quantity P? (L2(v) > &) is a non-decreasing function of b so it is enough
to prove that for some v* > 0 and all v < v* we have P (Lz(v) > (7) <
p/8. The function v — L2(v) is non-decreasing so it will suffice to show that
lim,_ Lz(v) = 0, P%-a.s. Suppose that lim,_¢ Lz(v) # 0 with positive proba-
bility. We will show that this assumption leads to a contradiction. Fix an @ such
that limg_, oo L2(1 /k) = ¢ > 0 and find sequences of levels {#;} and {s;} such that
tx > s and Lsk”k’z(l/k) > ¢ for all k. This implies that for each k, there exist ry, uy
and g such that rx < ux < qe < n,“(s0), Be) = Blar) = sk, B(ux) = 15 and
LZ‘k > ¢/2. By compactness, we may assume that sy — Soo, tx — too, 'k —> "oos
U = Uso and gk — goo. Recall that L7 is jointly continuous in ¢ and x, a.s. Hence,

Ly <liminf L} <liminf L™,  <liminf 1/k =0.
oo koo Ik k—>oo My (sk) k— o0
For the same reason,

12 : 179
qu; > lim sup qu >c/2,
k— 00
8O foo > Soo. Note that Uy < goo andso L2 < Lg® = 0.Let Ty denote the hitting
time of x by 8. By the Ray-Knight theorem, simultaneously for all rational x and
y such that soo < X < y < tx, We have Lgf; > inf¢0,x] LZT). > 0, a.s. By the
continuity of B, B(itsc) = foo, $0 Ty < Uoo fOr y < foo. Hence, Ly > LST°; > 0,
contradicting our earlier assertion that L;2> = 0. m|
Recall the process 8¢, a continuous time random walk corresponding to S

and introduced in Section 2 (see also Section 2.2 of [1]). Also recall the process
{LZ’I, t > 0, u > 0} defined in (2.4). Then, for any s > 0 and v > O let

e (s) = sup{t : LSS — Ly > v}, L3S > v,
1 0, otherwise,
e,v(s) _ inf{z : Lf’s > v}, L?es =0,

" B R AR otherwise.
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For any s > 0, denote by (a;*“, b;"°),i = 1,2, ... the excursion intervals of g€
above level s, and denote by ef’s the corresponding excursions. For t > s > 0 let

L' (B°) be the rescaled number of upcrossings of excursion ;"¢ above level ¢.
Let

1P =i ta) = 5V ()

Analogously
192 = i b < g 0,
Denote

LBl = sup ) LIS, j=1.2.
t>5> .
T el

Lemma 3.2. Let B¢, B be as above. Let p, a, v* be as in the previous lemma. Then
there exists €] sufficiently small such that for all ¢ < €; and v < v*/2,

sup sup P” (Li’g(ﬁf v) = 2&) =p/4
i=1,2b<a

Remark 3.3. Tt is legitimate to use notation P’ in the above lemma since A€ is a
function of 8.

Proof of Lemma 3.2. We will prove the lemma only in the case i = 2. The case
i = 1 can be treated similarly. Since P” (L”E(,Be, V) > 2&) is a non-decreasing
function of b and v, it is enough to prove that

P (L2482 = 23) < p/4,

forall € < €;.
By Lemma 2.1 of [1],

lim sup [L$'— LY =0, P*—a.s.
€10 5>0,r>0

Hence, we may fix €] < v*/8 sufficiently small, such that for any € < €,
Pl sup |LS'—Li|<9/4)=1-p/8, 3.1
s>0,t>0

where v = min(v*/2, @). Let

AS=1w: sup |LO'—Li| <v/4t.
s>0,1>0
We claim that

L ey S Ly V2520 Ve <erwe A% (3.2)
My s 2
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We will prove (3.2) in two steps. First let s be an arbitrary time such that L < v*.
Then, since the process is stopped at time 7, we get

L’ <o <L}
= L;;*(S), Vs: LY <v¥, (3.3)
where the second line follows from the definition of 775* (s). Define
J={s>0:L>v*.
As a second step in the proof of (3.2) we need to prove the following:

() <n¥(s), Vs € J.Ve < €1, € A“. (3.4)

We will prove (3.4) by contradiction. Suppose, there exist € < €1, w € A€ and
s > 0, such that

*2 *
S 2 (s) > 0y ().

Then on A€ we get

€,s > Lg’i

s ) T Ty ()
> LS * - 1_) 4
oy ) /
> v —v*/8
= Tv*/8,

where in the third inequality we use the identity L"U*( y = v* which is trivial for
2 N
s € J.Now recall, that by the definition, L v*/Z( : <v*/2+4¢€,andsincee < v*/8

we get

5v*/8 > LE’S,*/2 > Tv*/8
s 17 (s)

which is the required contradiction. Now (3.4) and (3.3) imply (3.2).
Let A = {a) CL2(v%) < 65} and fix an arbitrary € < €;. It follows from (3.2)
that for any w € A N A€,
L ., <L'_ ., +0/4
ev /2(5) e,v /2( ) /
+v/4

/\

= “*(s)
a+a/4
200, YVt =5 >0.

IA A

In other words, A€ N A C {L>¢(B8%v*/2) < 2a}. By Lemma 3.1 and (3.1),
P?(A N A) > 1— p/4, and we are done. O

Let X€ be the Mp-valued process constructed in Section 2 and set

Bx,r)={yeR:|y—x|<r}.
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Lemma 3.4. Fix v, p arbitrary small.
(i) There exist @ = o (v, p), €3 = €2(v, p) > 0, such that
P sup X{(x.x+a) <v/2)=1-p/4 Ve<e.
t>2¢,xeR

(ii) For any « arbitrary small, there exists €3 = e3(c, p) such that

P ( sup sup | X< (Bx, ) — X< (B(x, r))‘ > a)

t>2max(e’,e”) xeR,r>0
<p/2, Ve, <e;.
Proof. Recall from Section 2 that X¢ — X, in Dyy,., in probability, as € | 0. For
each t > 0, define the distribution functions of the measures X; and X;:
Fi(x) = X ((—00,x]), x €R,
Ff(x) = X; ((—o0,x]), x €R.
Itis well known (see e.g. [6], [12]) that X, (dx) is absolutely continuous with respect
to the Lebesgue measure for every ¢, and its density is jointly continuos in (, x).

Hence F;(x) is also jointly continuous in (¢, x). By Theorems X.10, X.11 of [3] we
obtain that for each ¢t > 0,

sup |[Ff (x) — F;(x)| > 0, ase |0,
X

in probability. Now we can use the fact that convergence in the Skorohod space
to a continuous limit is equivalent to uniform convergence on compacts (see e.g.
Lemma 3.10.1 of [5]) to get

sup sup |Ff(x) — F,(x)| — 0, ase |0,
t<T xeR

in probability, for any 7 > 0. From the above convergence and the fact that with
probability 1, X; = O for all ¢ sufficiently large, we get

sup sup |X{(B(x,r)) — X;(B(x,r))| >0, ase |0, (3.5)
t>2€ xeR,r>0
in probability.
The lemma follows easily from (3.5). O
Lemma 3.5.

(a) lsiﬂ)lsup Wit +8) — Wy(®)| =0, P—as.,
s,t
(b) lim ( limsup P ( sup sup sup |i(t) - }'(/)\ >n]])=0, Vp>0. P—as.
810 €10 5226 |1—1'| <8 Fesupp(YS)

Proof. (a) is a well known fact, see, for example, (2.7) of [1]. For (b) see Theo-
rem 4.1 of [1]. |
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The last lemma easily implies the following.

Corollary 3.6. Forany a, p > 0, there exists €4 = €4(«, p) > 0 such that

(a) P ( sup sup [Wi(t —2¢) — Wit —u)| > a/4) < p/8, Ve <e,

§>0,t>2€ u<2e

(b) P (sup sup sup  |F() = ¥(t"| > oz/4> < p/8, Ve <e.

s>2€ |t—1'|<2e¢ yesupp(?f)
4. Construction of a pair of reflecting super-Brownian motions

Recall from Section 2 that (7€, (IS, u € T°)) is the marked genealogical forest
corresponding to the e-branching particle system Y. Each element u € 7€ corre-
sponds to a particle with the lifetime I, = ¢ — &5, where ¢ and & are the death
and birth times of the particle u respectively. The spatial motion of u is assumed to
be a continuous function f; : [£;, ¢;] — R and, moreover, f,/(§5) = fu(¢) if u'
is an offspring of u. Of course, in this paper, { f,,, u € 7€} are Brownian paths. The
historical path of u is the continuous function w, : [0, ¢5) — R such that for every
t € [0,¢f), wy,(t) is the position at time ¢ of the ancestor of u alive at that time.
Let [€(T°) = ¢€(T°) be the lifetime of the e-particle system Y. For e, t > 0, Y
records the paths of (some) individuals up to time ¢t — 2¢. Hence,

(T = (supﬁs - 26) .
S<T +

We will need a truncation operator 7, acting on the forest. We define T, 7° to be

the subtree of 7° starting from the particle u.

We will use the “erasure of branches” idea of Neveu [8] to construct appropri-
ately related €- and §-branching particle systems for any § < €. These in turn will
be used to construct a §-particle system with reflection from an e-particle system
with reflection.

Fix arbitrary € > § > 0. First we will just consider e- and §-marked branching
forests corresponding to the particle systems without reflection—we will ignore the
spatial motion of the particles. The following is the essence of Neveu’s construction,
but it can be also deduced from our historical process description. To pass from the
é-branching forest to the e-branching forest one should erase each edge with no
offspring (leaf) of the §-forest from its endpoint to a point on the branch located
at the distance 2(¢ — §) from the endpoint towards the root of the corresponding
tree. If the length of that branch is more than 2(¢ — §) we cut it off by exactly
2(e — §). If the length of that edge is less than 2(¢ — §) we erase it completely
and we proceed to the parent edge only when the neighboring edge (recall that the
branching is binary) is also completely erased. The edges that have not been erased
are then relabelled (edges with null lifetimes are excluded—this may change some
marks) and this defines a marked e-forest. More precisely, if u € 7 satisfies

(T, T% > 2(e — 8) 4.1
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then u belongs to the e-forest after erasure and relabelling but it may have a different
lifetime. Otherwise this particle and all its descendants are completely erased. For
any u € 7° define

% = min (I3, (°(T,T°) — 2(e — 8))+)
and
U = {u eT?: l,’;"s > 0, l;"‘s = 15(Tu73) —2(e — 5)}.

Note that /;; a depends on € but we will suppress this dependence in the notation.
After relabelling, for any particle u € U' there is a particle v, € 7€ with
death time {;, = é,f +1 % Now recall (see Neveu-Pitman [9], [10]) that each death
time of a particle without offspring v, € 7€ corresponds to a local 2e-maximum of
the Brownian motion A. The branch u € ! is associated with a unique excursion
e,‘z of B on an interval (a,, b,), such that 8(a,) = B(b,) = 53 + l,f’a and
sup B(s) =& +1¥°+  sup  €l(s)

ay<s<b, 0<s<b,—ay
= £ +10° + 2e.
For u, v € 7%, let v < u mean that v is an ancestor of u, and
U = {ue’T’S :E,f > 0, l:"S:O, l:"S:lﬁ, Vv<u}
UfueT:3° =0, & =0}.

The first subset in the definition of 42 consists of the particles which are completely
erased up to the parent level, but the subtree corresponding to their cousins is not
completely erased, and hence their parents are not affected by the erasure. The
second subset in the definition of /2 consists of the particles which are born at time
zero and completely erased up to time zero (so, they do not have parents).

Again for any particle u € U? there is a subtree 7, 7% with life duration
I%(T, T% < 2(e — 8). Hence there is a particle v, € 7° with the death time
S,f + Z‘S(TMT ‘S). Then again (by Neveu-Pitman [9], [10]) there is a unique local 26-
maximum of the Brownian motion § corresponding to the death time é,f +13(T, T?)
of the particle v,. Let e,‘i be the unique excursion of 8 on an interval (a,, b,) cor-
responding to this local maximum, such that 8(a,) = B(b,) = E,f and

sup B(s) = 53 +  sup e,‘i (s)

ay<s=<by O0<s<by—ay
= £+ I5(T, T%) +26.
Let M = |Z/{ Ty Z/{2| be the total number of elements in /! U /% and let
s =play), i=1,...M,

be the “erasure levels” corresponding to the elements u; of ' UL/? .

Recall from Section 3.1 of [1] that for any 7€ there exists a forest Te represent-
ing the reflecting particle system. The historical paths Wy are defined for v € 7€ in
the same way as w,, are defined for u € 7°¢. Similarly, Eg and 25 denote the times
of birth and death of v.
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Lemma 4 1. For every i=1, , M, with s; > 0, there exists a unique v; € Te
such that $~ <85 < §~ and

wy; (si) = Wa,, (5i).

The proof of the lemma is elementary but tedious so it is left to the reader.
Next we will redefine the Brownian snake W on excursion intervals (ay;, by;).
For any s € (ay;, by;) let

W(t), 0<s; <t <Pp,
wy, (1), s >0,1t<s;,

Wi (1) = { (4.2)

and let V/Vsi‘s” be the path of W;a stopped at time ¢. For any s € (ay,, by;) one can
think of the path W; 9 asa path of a particle which up to time s; follows the path of
e-reflecting particle v; from Lemma 4.1 (if s; > 0), and on the time interval [s;, B;]
follows the path of a particle from “non-reflecting” system (this path is encoded in
the Brownian snake path in (4.2)).

Foranyi =1,...,M,let

bui
H;’S = 1{[2s,—+28}/ 8wj,8,r—26Ll(dS).
a,

uj

Denote by (a,i, bi ), k=1,2,... the excursion intervals of 8 on (ay;, b,;) starting
from the level r — 28 and reachmg the level 7. We w111 denote the number of such
excursions by M 5 and for each k = 1, % choose arbitrary sk € (ak, bk)

such that B(s}) = ¢. Trivially, Wit % = W“S’ 2 forall s € (al, b)), k =

1,..., M,’ ., and hence, we can write

M, bi

. J

H;"S = 1is>5,426) E / 8W;‘,8,r—25Lt(dS)
k=1 a;i

Mi,&

=3 (L bi)— L (ak)) Ty 4.3)

k=1 Sk

Hence, by the previous discussion we see that the atoms of Ijl,’ a (whenever t >
s; + 26 and Ijlt’ ’8(1) > 0) record the historical paths of the particles which up to
time s; coincide with the path of T; . On the time interval [s; , r — 28] each of these
particles follows a path of a §-particle which is a descendant of u; (or u; itself) and
which survived up to time # —24. In what follows we will call all the particles whose
evolution is recorded by Zf‘i 1 fI,l 0 “extra” non-reflecting §-particles (however
keep in mind that they are non-reflecting only on the time intervals [s; , t — 25]!).

Now we are ready to define the “historical” process representing the §-particle
system built on the top of the e-reflecting particle system by adding some extra
branches without reflection. Let

M
H = r2(e—8) T Z Y, 1>25. (4.4)
i=1
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Next we give mass §~ ! to each atom of HY; H?; this defines a historical measure val-
ued process Y, . Y. The “historical” process Y d records the evolution of the §-particle
system with a spemal recipe for reflection. For any ¢ > 24, Y records the evolution
up to time t — 26 of two types of particles (recall our Conventron 1):

(i) particles corresponding to the atoms of ¥
particles which are alive at time ¢t — 24;
(i1) “extra” non-reflecting §-particles (see discussion below (4.3)).

p +2( 5) — those are e-reflecting

Note that the particles in (ii) do not reflect with each other and do not reflect with
particles in (i) on the time intervals [s;, t — 2§].

Let X f be the measure valued processes corresponding to ?,‘S in the same way
as X§ corresponds to Y. Then it is easy to check that

X0 =x%, t>2s. (4.5)
Define
¥1%(dw) = Looesuppun ¥ (dw), i =1,2.

Assumption. In what follows we fix 0 < p, @ < 1 arbitrary small and a = (u, 1).
Then we choose v* < & as in Lemma 3.1. For those p, &, v* we choose € as in
Lemma 3.2. Then we choose o = a(v¥, p), €2 = €2(v*, p) and €3 = €3(@, p) as
in Lemma 3.4. Finally we choose €4 = €4(c, p) as in Corollary 3.6. Now fix some
€ <min(e;, i =1,2,3,4).

It is easy to see from our construction that if (Y, ( €, 1) > 0 then (Y, y® , 1) > 0,
i = 1, 2. Define

o€ =inf{t > 2¢: (Y€, 1) =0}.

Let )?i’a and )foe be the measure valued processes corresponding to ?f’a and 7,’ o
in the same way as X; corresponds to Yf. Fort < o 1€ 1et 7 (1) (resp. 7€ (t)) be the

r1ght boundary of supp(X ) (resp. supp(X €)) and fort < o2€1et]? (t) (resp.
lf(t)) be the left boundary of supp(X ) (resp. supp(X Y.

Lemma 4.2. For every § < ¢,

P < sup ]’r\‘s(t) —7)| < 0l/4> >1-p/4,

Re<t<ol:€

P ( sup  [1°(0) = TE(n)] < a/4> > 1—p/4,

Re<t<o2:€

2e<t<o LEng2:€

P< sup Gﬁo—?anfaﬂ>zl—pﬂ-

Proof. By (4.4), the quantity Supyc—,_1.¢ |775 (t) —7¢ (t)‘ is bounded by the max-
imum of oscillations of the paths in the support of Y/, # > 2¢ over time intervals
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of length 2(e — §) (described in Corollary 3.6 (b)), and the maximum of oscilla-
tions of extra paths added to the reflecting e-branching system. The oscillations
of the extra paths are bounded by oscillations of the Brownian snake paths (again
over time intervals of length 2(e¢ — §)) described in Corollary 3.6 (a). Hence, the
first inequality follows from Corollary 3.6. The second inequality is analogous,
gnd the third one follows from the first two and the fact that, by construction,
I€(t) > 7¢(p). m]

For each i = 1,2, we relabel the paths of ?,i"s to create a new “historical”
process ?2’8 whose paths are reflecting from each other. Note that the paths are
reflecting within each 7;’8, but the paths of 7,1’8 are not reflecting from those in
73’8. The corresponding measure-valued processes will be denoted 7?’8. Obviously
7;’5 = XM i=12 Let 7; (at) be the rig(lslt boupdary of supp(ytw) and 7’ (1) be
the left boundary of supp(X; ™). Since X, = X'"*, we immediately have

Py =750, o) =T°0). (4.6)

and Lemma 4.2 implies that

P( sup P -1 < a/2> >1—p/2, ¥6<e. (47)
2

e<t<ol€ng2:€

Let (?i’s, Iy ue 7_'i’6)) be the marked tree corresponding to the genealogical
structure of Yi’s, and Bi’(s, i = 1, 2, be the corresponding random walks. N ote that
by independence of the motion and the branching, the total mass of X" is the
critical Galton-Watson branching process with the rate of branching 8!, and F"s
has the same distribution as %, i = 1, 2. We use (2.6) to get

—i,8

B> B, i=12
in distribution. By Lemma 3.2,
sup P (L™ (B, v*/2) 2 23) < p/4, V8 <, (4.8)

i=1,2

—i,8 . . —i,0 . i .
where L"° is defined relative to ,81 in the same way as L"€ was defined relative to
B¢ in Section 3. In fact, recalling that Y' ,i =1, 2, records evolution of reflecting

particle system, one can easily check that in this case L ,1 =1, 2, satisfies the
following inequalities

Zl'a(ﬁm, v¥/2) > sup?,l'a <y : Yj,’a ([y(s), 00)) < v*/2, for some s < t) ., 49

1>28

7@ v 2) = sup?.” <y L X2 (=00, y(s)]) < v*/2, for some s < z). (4.10)

1>28

In other words ifz; = inf{x € supp(Y;’a) : Y;‘a([x, 00)) < v*/2}, then the quan-

. =18 —=1,8 . . . .
tity L~ (8, v*/2) is greater than or equal to the maximum mass in the reflecting
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particle system recorded by e that may “descend” from the particles in [z, 00)
for any s > 0. One can give an analogous interpretation to (4.10).
Let

E{t ¢ ,>z4a},i=1,2,
) — sup{x [ X“(dy) > da), VteT!,
= Vi ¢ T,
=y inflx: [*X7“(dy) > 4a), VreT?
2 o0, Vi ¢ T2,
rloe — {a) x> F() —a/2) =0, Vi <ot }
m{ sup sup  |XE(B(x,r) — X2 (B(x, 1)) <oz}
t>2¢ xeR,r>0
ﬂ[w X (F (1) — /2.7 (0)]) < v* /2, VteTl}
Er‘“mrl“mrl‘“ 4.11)
r2de = lo: X7 (@0 +0/2,00) =0, Vi < o>}
{ @: sup sup |X€(B(x r))—X‘S(B(x r))| <a}
t>2e xeR,r>0
{w XE ([T (1), T (1) + /2]) < v*/2, Vit eTz}
= nry®enry’e. 4.12)
Note that
XE=X =X+ X1 > 2e (4.13)

Hence it follows easily from the definition of 7 (t) and the assumption v* < @,
that for any w € '8

X\ ([ﬁ?(t),#(t)]) > XM () — /2,7 (1)), VieT.
Therefore
() < 7E(t) —a/2, Vi eT!, VYo ellde (4.14)
In the same way we get
75(t) > [F(t) + a/2, VieT?, Vo e T2 (4.15)

By Lemma 3.4 we obtain fori = 1, 2,

P ((rg“)c) 4P (( rid 6) ) < p/2+ p/a. (4.16)
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Moreover,

1

- {Za(t) <7¢(t) — a/2 for some t € [2e, 01’6)}

- {Ta(z) <Té(t) — /2 for some 7 € [2e, 01’6)} ,

(Fl"s’f)c = leM ((—oo,?e(t) — a/2)) > 0, for some ¢t € [2e, 01’6)]

where the second inclusion follows by (4.6) and the inequality I€ (t) > 7 (r). Now

apply Lemma 4.2 to get

c
(1)) <o
Similarly we obtain

() =

Combine (4.16), (4.17), (4.18) to get

P (r”’f) > 1—pld—p/2—p/s

Let X, =X, + X.°. Since X, = X%, 1 > 28, we get by (4.5) that
X =x°, =02
It follows from (4.11) and (4.20) that for any @ € I'"%€ and t € T',
P (THO) oo)) S (CHONIOEETE)
([nl (0.7 (1) — a/2))
= X} (7 0.7 - a/2))
X (0.7 0 - a/2) -

= x; (7 ® ~f(r)]) X§ (70 —o2.7 (1)) ~@.

Again by (4.11)
XE (7 () — /2,7 (0)]) <v*/2, Yo eI teT!
Use (4.13) to obtain

X; (0.7 01) = £ (7 0.7 0))

z4a,teT,

4.17)

4.18)

(4.19)

(4.20)

4.21)

4.22)

(4.23)
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where the second inequality follows by the definitions of 7¢(-) and ﬁ‘?‘(). Recall
that v* < @, and combine (4.21), (4.22), (4.23) to get that for any w € I'""*€ and
teT!

1.8

X, (17 0), 00) = 23. (4.24)
In a similar way we get that for any w € I'>%€ and € T2,
x> ((-oo,ﬁ‘ﬂr)]) > 2a.
We proceed to do one more (final!) relabelling of the particles. We relabel the

particles of supp(?l'g) U supp(?z's) in such a way that all paths are reflecting from
each other. We group the relabelled paths into two families ¥ 1% and Y2 so that

- . =i,8 .
the roots of trees in Y% are the same as in Y"". Note that we are using the same
notation Y*® as in Section 2. This is no coincidence—the pair of processes just
defined is the same as (Y%, Y29) of Section 2, since the intermediate labelling

scheme of Z“S has no eff_ecg on the final result. » s
Define S (¢) (resp. s" (1)) to be the collection of atoms of ¥, - (resp. Y;’ ),
i =1,2. Also let

§195) = {50 € 30 : 0 =70}
205 = {50 e 3400 : 50 = 0}
0 =[50 esM 0 50 =T o),
0 = {50 €570 30 = 10|
Al = [w eT' ¥y € 5% (1)« y(s) < 7(s) — 3a/d, Vs < t} ,
A28 = {v; e T2, Vy € 7% (1)« y(s) > [E(s) + 3a/d, Vs < t} .
Lemma 4.3. We have fori =1, 2,
P (AT = 1 - %p.
Proof.
P (M0 (a"))

=P r'“m{a;eT',yeS @) y(s) > F(s) — 3a/4, forsomesft})

<P F‘“m{azeT‘,yeS 1) y(s) > P (s) —a, forsomesgz}

P<F'5€ﬂ {Elt eT' ., ye S () 2 y(s) > P (s) — a, for some s §t}> + p/4
-

(P @) =, P @)]) < v*/2, Yu = 25}) +p/2

=P (' nDYND*)+p/2. (4.25)
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The first inequality follows by Lemma 4.2 and (4.6), the second by Lemma 3.4.
Now suppose that D!-% holds, that is there exists

teT), y € El’a’a(z‘) D y(s) > Fa(s) —«a, for some s <t.
For such ¢ we have on ['1-9:€;
7;’3(y : y(s)>7(s)—a, for somes <) > 7,1’8 (y : y(t)zﬁ‘?(t))
1.8 (&
=%," (7). )
> 2, (4.26)

where the first inequality follows by definition of El’a’a(t) and the last one by (4.24).
If in addition we assume that D>% holds we easily get from (4.26) that (for the
same 1)

Y (y X (Iy(s), 00)) < v*/2, for some s < t) > 2w, (427)
This and (4.9) immediately imply that
rlaen pldnpd ¢ {Z” (B"‘S, v*/2) > 2&} . (4.28)
Hence by (4.25) and (4.8) we obtain
P (rlﬂ“f N (A”)C) <p (Z” (El"s, u*/z) > 2&) +p)2
< p/4+p/2=3p/4

The inequality P (1“2"3*E N (AM)C) < 3 p/4follows along the same lines. This
and (4.19) yield the desired result. |

Lemma 4.4. For any o € ﬂi:hz(l"""s’e N A>%),

X (50, 00)) =0, Vi = 2e (4.29)
x28 ((—oo, ﬁ?(;)]) =0, Vt>2e. (4.30)

Proof. Letw € ﬂi:m(f‘i"s’e N A%). Fix an arbitrary ¢ € T' and y € El’a’a(t).
Recall that all the paths inside El’s’&(t) are reflecting. Hence y is not crossed by
any path from any family El’a’a(s), for any s < r. If after the final relabelling
yée El"w(t), it means that y is intersected by a path in the family Usit 32’5’a(s).
This combined with the first line in the definition of I'"-%€ shows that

As 1 y(s) > 7(s) — /2.

This however contradicts the fact that @ € A!'%. Therefore
%) §18(p), VieT we () @€ n Al
i=1,2
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Hence for any t € T! we get
1.8 & = & &
X (=00, 7T 001) = X} (=00, 7 0]) = X! (=00, 7 (0)]) . 43D)
where the last inequality follows by
X=X =X 4+ X 1>26. (4.32)

(Note that that (4.32) is just (4.13) with € = §.) On the other hand, (4.14) and the
first line in the definition of I'-%-€ imply that 7,2’6 ((—oo, ﬁ?(t)]) = 0. From this
and (4.20) we obtain

X, ((—oe, T 01) = X; ((—o00, 7 (1))

= x° ((—oo, i (z)]) . (4.33)
By (4.31) and (4.33) we obtain
T (oo, 7T 01) = X (=00, T 0]). (4.34)

Then the above equation together with (4.32) immediately imply (4.30) for 7 € T!.
Fort ¢ T!, (4.30) follows immediately by definition of 77§ (¢).
Analogously we get

Ez,a,a(t) c §25% (), VieT? we m (i3 ALYy,
i=1,2
and derive (4.29) along the same lines as we derived (4.30). |
Lemma 4.5.
i€ 0,8 — 14 .
P sup [(Xi€, 1) — (X° ,1)‘ > 4@ | < —p, i=1,2.
t>2¢ 4

Proof. Consider the case i = 1. Assume that w € ﬂi:l,z (I""‘S*E N Ai"s) and fix
arbitrary t > 2¢. Then

(R0 = (&) = | (o0, T 01) = X1 (=00, 7 01)|

B (@, 00)|+ X (@0, 00)|.
(4.35)

+

By the definition of 77 (¢) and Lemma 4.4 we get
%! (=00, 7 01) = 2 (=00, 7 1))
¢ (=00, T (01) = X2 (=00, 77 1)

X5 (=00 77 01) = X (=00, 77 1)
o (4.36)

IA

IA
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where the equality follows by (4.13), (4.32), and the last inequality follows by the
second line in the definition of I'1:3-:€,

We will bound the second term on the right hand side of (4.35). By the definition
of 7% (1) we get

T (@, 00)) < 4@ 4.37)
Consider the last term on the right hand side of (4.35). First by Lemma 4.4 we get
X (@, 00)) = X (@ 0.7 0). (4.38)
Then we obtain
P (GO HON ES A (GHORHON)
=@+ X (@ 0. 7))
< 9%,

where the first inequality follows by (4.32), the second one follows by the second
line of the definition of ['!*%€_ and the last one by the definition of 77 (1), i = 1, 2.
Hence from (4.38) we get

(( ), oo)) < 9a. (4.39)
Combine (4.35), (4.36), (4.37), (4.39) to get
(& - (& < 14w

A similar inequality holds for i = 2. The result follows now from Lemma 4.3.
O

Proof of Theorem 2.2. Let
Freo =X (w00, xD), i=1,2,
Ff(x) = X; ((—00, x]),
be the distribution functions of X f’g and X (respectively) defined for every ¢ > 0.

Since the support of )?,16 lies to the left of the support of )?125 and X¢ = X1€ 4 X2€
we get

Fle) = mm(Fe(x)( 15,1)), (4.40)
2€(x)_max(FE(x) (X)), o). (4.41)

By Lemma 4.5, {((X"¢, 1), (X>€, 1)), € < 1} is a Cauchy family, in the sense of
convergence in probablhty Moreover X¢ = X1€ 4 X2 converges in Dy, to
X € Cuy, in probability. This, and (4.40), (4.41) imply that F*€,i = 1,2, con-
verge uniformly on the compacts of Ry x R, in probability, and hence (X1, X2€)
converges in Dy, x m, in probability, as € |, 0. O
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Next we are going to extend the above result to define reflecting super—Browman
motions starting at any time s > 0. Fix an arbitrary s > 0, and let X’ X! and X
be any random measures in M such that

L X' + X7 = X,
2. If( X > 0 (X>* 1) > 0 then the support of X!** lies to the left of the
1port ofX that is for any x; € supp(X M), i = 1,2, we have x; < xj.

3. ( x“)efx =o{X,,t <s)

We will consider truncations of all superprocesses, historical processes with and
without reflection, etc. to the time interval [s, oo) (the related e-approximations
of superprocesses and historical processes will be truncated to the time interval
[s + 2¢, 00)). Let {¥;"“, t > 5 + 2¢} be the natural truncation of {Y¢, 1 > 2¢}, and
note that it is the same as the approximating branching system constructed on the
basis of the historical process {Y;, t > 0} truncated to the interval [s, 00). In other
words, one obtains the same process {Y,S’e, t > s 4 2€}, no matter which operation
is performed first on {Y;, # > 0} — truncation to the interval [s, co) or passing to
the semi-discrete approximation. Let {(X}**¢, X>*€), t > s + 2¢} be a pair of
approximating reflecting super-Brownian motions defined as in Section 2 but this
time relative to {Y,‘Y’e, t > s + 2¢€}. The processes start at time t = s + 2¢ at

zse(dx)

R XS, (dx), i=1,2.

L csupp(®i)

Proposition 4.6. There exists a pair of processes {(X!*,X*%), t > s)
Cumpxmpls, 00) (“reflecting super-Brownian motions”) such that

(551,5‘,6’ iZ,s,e) - (il,s’ §2,S)’

as € | 0, in probability in Dy xmy[s, 00).

Proof. Note that X, is absolutely continuous with respect to Lebesgue measure
P-as.. Also, it is well-known (see e.g. Corollary III.1.7 of [11]) that the range
of X is compact, P-a.s.. Hence X satisfies the same assumptions as Xo = u
before. Moreover, P-a.s., )?sl’s, )?Szg also satisfy the same assumptions as (1, Uz.
Therefore, for any o > 0, for P-a.s. w,

lim P(sup <i;?“,1)—(}?§~S~5,1)‘3&‘)’53"S,§§’S>(w)zo, i=1.2,

€,6]10,6>6 t>5+2€

by Lemma 4.5. Hence, by dominated convergence we obtain that

lim P( sup [(XD5€ 1y — (X058, 1)( za) =0, i=1,2,

€,600,e>4 t>5+2€

and then we can proceed as in the proof of Theorem 2.2. O
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We will generalize the last result even further by passing from pairs to families
of reflecting super-Brownian motions. For a real s > 0 and integers i € Z.n>1,
let "% € MF be the truncation of X to [i27", (i + 1)27"), i.e.,

Mi,s,n(A) — XS(A N [iz_n, (1 —|— 1)2_”)), A C R

Forafixed s > 0 and € > 0, let {(X'"°", 1 > 5 + 2¢,i € 7} be the family
of approximating reflecting super-Brownian motions constructed from {¥;"¢, t >
s + 2¢} in a way similar to that in Section 2, with different processes starting at
time t = s 4 2¢ from

X;’j_’;én (d-x) = l{xesupp(,uf,s,”)}X§+2e (dx), i € Z

~

Let J¢ = {i : (X’wizeé" 1) > 0, and |J¢| be the total number of elements in J¢.
As we have mentioned at the beginning of the proof of Proposition 4.6, the range

of X is compact, P-a.s., and hence

sup sup |JS| < oo, P —as.. (4.42)

0<e<l s>0

Theorem 4.7. Fix an s > 0. For each n > 1 there exists a family of reflecting

super-Brownian motions {X; ", t > s, i € 7} such that

(@) Xi5" = s vi e 7.

(b) lelﬁ)l (X””’")ieZ = (X””’)iez, in (D ls, 00))™, in probability.

(¢) Foranyt > s,i € Z, such that (X"*", 1) > 0 and (X' T"*" 1) > 0, the
support of X" lies to the left of the support of X' 715",

Proof. Fix arbitrary s > O and n > 1. For each j € 7. define

Ljs, Tise.
XM= 3 XN > s 4 2e,
ii<j

2,7,s, Ti8,€,
X=X = s+ 26
ii>j+1

By Proposition 4.6
(X\ise F2isey 5 (XLis | X209,
as € |, 0, in probability in Dps, xm[s, 00) for every j € Z.. Hence for any K > 1,
as € | 0, in probability in (D, xmy [, oo))2K+1. Now recall that
e 2 ghaae JgTE sy
Hence for any K > 1,

(X750 jetmk o1, k) = (XI5 je(—k41,.. k)
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ase | 0,in (Dpyy s, 00))2K in pr(;l)&_lbility. Now recall that, by (4.42) the number
of non identically zero processes X/%¢" | j € 7, is finite, P-a.s. Therefore we
immediately get

lim (gi’s’e’") = ()N(i’s’") in (D ,00))%,
€l0 i€Z ieZ ( MF[S ))

in probability, and the result follows. O

5. Proof of Theorem 2.1

Recall our conventions from the “Notation” section at the end of the Introduction.

For any x € R define [x], = x22n” . For any k, n > 1 consider the following family
of functions:
D" ={y e B(RY): y(xi,... . x) =¥l ... [ud), YO, ... x) e RY.

In words, D*" consists of functions which are constant on rectangles (or cubes) of

the form [5—},, ilz';l) X - X [%, ik;,f] ). Next we define some families of functions

on CRr[0, 00):

D, = {y € C(CR[0,00)) : ¥ (y) =¥ (1), ..., y(H)
forsome@e Cu(]Rk), O<n<---<ti<t, k> 1},

D" = [y € B(CRIO, 0)) : ¥(y) = ¥ (¥(t1), ..., y(tx))

forsome ¥ € D", 0<t <--- <1 <t}.

The following two auxiliary lemmas will help us complete the proof of Theorem 2.1.

Lemma 5.1. Fixarbitraryt > 0. Let{Z¢, 0 < € < 1} be afamily of Mg (C|0, t])-
valued random variables, whose laws are tight in the space of all I{)robability mea-
sures on Mp(C[0, t]). Suppose for each k,n > 1 and ¥ € D,’n there exists a
random variable ZV such that (Z€,y) — ZV ,as € | 0, in probability. Then
there exists a random measure Z € Mp(C|O0, t]) such that

Z¢—> Z,as€e |0,
in Mg (CIO0, t]), in probability.
Lemma 5.2. Let {176, 0 < € < 1} be a family of processes in Dy c)[0, 00)
whose laws are tight in the space of all probability measures on Dy, (c)[0, 00),

and any limit law is supported by Cp.(c)l0, 00). If for each t > 0, Y converges
in Mp(C), in probability, then there exists a process Y € Cy(c)l0, 00) such that

Y¢E > 7, ase | 0,

in Dy c)[0, 00), in probability.
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Proof of Lemma 5.1. We adopt the argument which is used for the proof of
LemmaA.5 of [2]. Let d be a metric on Mg (CJO0, #]). It will suffice to show that { Z€}
is a Cauchy sequence in the metric d, in probability. We will argue by contradiction.
Suppose that { Z€} is not Cauchy, thatis, there existn > 0, M > 0, {€, , 8, , m > 1}
such that €, , 6,;, | 0, as m — o0, and

P (d(zm, Z%) > 1) > n, Vm > M.

By our assumptions we can choose a subsequence (Z€m, Z°n) which converges in
Mp(C[0,t]) x Mp(CIO0, t]) in law. Let (Z’, Z”) be its limit point defined possibly
on another probability space. Now note that the set of functions {Df’" Jk,n > 1}
is dense in Dy in the uniform topology. Hence we easily see that,

lim P()(z€é1,w)—(25?n,w>) zy):O, V¥ eD,, y > 0.

m—00

Since the functions in D; are continuous on M (C[O0, ¢]) and D; separates measures
in Mg (C[0, ¢t]) we immediately get that

Z'=7", P—as.
But this implies that

lim P (d(z%’n, 7o) > n) =0,
m—0o0
yielding the contradiction and we are done. O
Proof of Lemma 5.2. We again adopt the argument which is used for the proof of
Lemma A.5 of [2]: some changes are required, therefore we give the proof here.
Let d be a metric on M (C) and d be a metric on Dy, (c). It is enough to show
that {Y“} is a Cauchy sequence in d in probability. We will argue by contradiction.
Suppose that {Y€} is not Cauchy, i.e., there exist n > 0, M > 0, {€, , 8,5, , m > 1}
such that €, , 6,;, | 0, as m — o0, and

P (3(?5’”, yomy > 17) >n, Vm> M.

By our assumptions we can choose a subsequence (Yém, Y% which converges
in DM[.-(C) X DM[:(C) in law. Let (Y/, Y" e CM[:(C) X CM[:(C) be its limit point
defined possibly on another probability space. On the other hand by our assumption
that 17f converges in M (C), in probability, for each ¢ > 0, we get

P (d(?f;”, Py > n) =0, Vi >0.
Hence,
17; = 17//, P—a.s., Vt>0.
Since (Y, Y") € Cup(c) X Cp(c)» we immediately obtain

Y=Y, V1>0, P—a.s. (5.1)



Super-Brownian motion with reflection 171

Let Y = Y/ = Y. Then we have
(Yen, ¥%m) > (V. 7)
in law. However this means that

P (d@n, 75) = n) >0,

yielding the contradiction and we are done. O
Fix arbitrary t > O,n > 1,and 0 < s1 < --- < sg < t. Let {)?i’sk’",s > Sk,
ieZ,k=1,...,K) be the family of reflecting super-Brownian motions con-

structed in Theorem 4.7. Let Jkeinit (7]""""" ) be the left (right) endpoint of the
support of X;**"" defined whenever (X;**", 1) > 0. Note that we always have

Fhoint < Jhitlnt bt not necessarily 751! = [ki+1.1.1 Define
L={ieZ: (X" 1) > 0}

and let |Iy| be the total. number of elements in /. Let M, ; be the set of all real
numbers /508 and 7RI fork = 1,2,..., K, i € Ii.

Lemma 5.3. With probability 1, only a finite number of processes in the family
(XiSen(s), s > sp, i € L,k=1,...,K)} survive up to time t > sk, thatis,

K
Z|Ik| < 00, P —a.s.
k=1

Proof. As we have mentioned in the proof of Proposition 4.6 (see also Corol-
lary III.1.4 of [11]), the support of X; is compact for any ¢ > 0, P-a.s.; note that
for ¢ = 0 this is the consequence of our assumption on X = . Therefore for any
time sy, k=1,...,K,

|| = {i (X 1) > 0” <00, P—as.
Clearly, by construction of our processes Iy C Ji,k = 1,..., K, and the result
follows immediately. O

Proposition 5.4. Let Y€ be as in Theorem 2.1. ForanyK,n>1,t > 0,¢ € DtK o
P y) = (2. 9)|>n) >0, as e.e210, Vn>0. (52
Proof. Fix an arbitrary ¥ € DX-" | and let

Y =y 6, ..., y6K)). (5.3)

Sincen > 1,51 < --- < sx were arbitrary it is enough to show (5.2) for this .
Fix n, p > 0 arbitrary small. Let A(y) = {x € R : dist(x, M, ;) > y}. Recall that
X, has a continuous density and hence, by Lemma 5.3, we can find y > 0 so small
that

P(Xi (A(y)) > n/(4 ¥l < p.
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We will fix such y till the end of the proof of the proposition. By Theorem 4.7 and
reflection properties of X"+ €" we immediately get that foreachk = 1,... , K
andi € Z,

lim P (RIeerm (@i 4y 7 — ) > 0 [(RP", 1) > 0) =0, V) #i.
€

Apply Lemma 5.3 to show that there exists €* > 0 so small that for ¢ < ¢*
P()N(,’"Sk“’"((?k*i*”*’ 4y, P ) >0, forsome j£i,i€lk=1,... K) <p/2.

Hence for any €1 , €2 < €*, we can define ['“! -2 C Q such that P(["1"€2) > 1 —p
and for any w € ['1-€2

X[t (@Rt oy G )y =0, Y j A€l k=1,...K,m=1,2. (54
In other words for any w € I"“! €2, we have

Xfm((fl\k,l',n,t + y,’fk’i’n’t _ ,y)) — g;qskfm»n(('l\k,i,n,l + y”;:’k,i,n,l _ y))’
Viel, k=1,...K,m=1,2.

Fix an arbitrary @ € I'“1-2, and any 5,57 € supp(?fl) U supp(l?fz) such that
for every k = 1,..., K, and some ix € I, we have Y1), 72 (@1) e (77"”""” +
y, 7eimt 5y Such choice of 3 (7), 32(¢) and (5.4) imply that
~1 ~ ik
[y () 1n = [V (k)]0 = o Vk=1,...,K. (5.5)
Since i is given by (5.3), it follows from (5.5) that
v =¥ (A, (5.6)

for above 5, 52
Now we can represent the set A(y) as follows:

A =JA o).
=1

where Al(y) are open connected intervals such that Al(y) N A™(y) = @, for all
I # m. In fact, by Lemma 5.3, there is only a finite number of non-empty sets
Al(y). Now, for any [ > 1 such that X,(Al(y)) > 0,and k = 1,..., K, there
exists a unique j (/, k) such that

Al()/) C (’l\k,j(l,k),n,l + y’ ’;:’k,j(l,k),n,l _ ,y) (57)
By (5.6) and (5.7) we get that ¢ is constant on each of the sets
{5 € supp(Y;") Usupp(Y,?) : §(1) € Al ()}, 1> 1.
Hence for any / > 1 we can define

= { ¥ (3), for {F € supp(Y,") Usupp(Y,?) : F(1) € Al(y)}, if X,(A'(y)) >0,
= 0, otherwise,
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and we have
/w(y)l{y(t)eAl(y)}?tem @ = X" Ay, vi=1, m=12,

for any @ € I"“! 2. By combining all our estimates, we obtain

P (Y y) = (¥ 2 9)| > n)
=P ({ Y XA o) = XA | > n/z} re ) +p
=1
+ P (X7 (A + XA 1l > 1/2)
= p+ P (XA > /@ ¥ls)  (aser.e | 0)
< 2p,

and since p was arbitrary the proof is complete. O

Proof of Lemma 2.1. 1t follows immediately from Proposition 5.4 that for any K,
n>1,t>0,vy € DlK’n, (1716, V) converges in probability. By Theorem 1.1 of [1],
any limit law of )7,6 belongs to Ci(c)[0, 00). Hence by Lemmas 5.1 and 5.2 we
see that there exists a process Y € Cp,- ()0, 00) such that

?6—>17, ase | 0,

in Dy,.(c)[0, 00), in probability, and the proof is complete. m|
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