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Abstract. A kind of Laplace’s method is developped for iterated stochastic integrals where
integrators are complex standard Brownian motions. Then it is used to extend properties of
Bougerol and Jeulin’s path transform in the random case when simple representations of
complex semisimple Lie algebras are not supposed to be minuscule.

1. Introduction
1.1. Background

The Gaussian Unitary Ensemble (G.U.E.) is the probability measure
Za Vexp (—tr(Mz) /2) dM

on the linear space of d x d Hermitian matrices where dM is the Lebesgue measure
and Z; a normalization constant. Baryshnikov [3] and Gravner, Tracy & Widom
[7] have provided a path representation of the largest eigenvalue 1 of the G.U.E.:

Theorem 1.1. Let Wy, ..., W; be independent standard real Brownian motions.
Then A1 has the same distribution as
max Wi(1) — Wi(t) + Walt) + - -+ — Wa—1(ta—1) + Wa(ta—1).
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Using a geometric approach, Bougerol & Jeulin [6] have given a similar for-
mula for all the eigenvalues. Let us recall the general set—up: consider a complex
reductive Lie algebra g, that is g = g1 @ g» where g is semisimple and g, is the
center. Let g = £+ p be a Cartan decomposition, a® a Weyl chamber of a maximal
abelian subspace a of p (a* = af + g» where af is a Weyl chamber in g1). We
equip p with an Euclidean structure such that p N g; and p N g, are orthogonal and
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Laplace’s method for iterated complex Brownian integrals 19

its restriction to p N g is given by the Killing form. For any X € p, we define
rad(X) € at as the only element in the closure a* of a* such that

X € Ad(K)rad(X),

where K is the compact group with Lie algebra t. Let Co ([0, 1], a) (resp.
Co([0, 17, at)) be the set of continuous paths w : [0, 1] — a (resp. w : [0, 1] —
a™) such that w(0) = 0. Bougerol & Jeulin have introduced a continuous projec-
tion T : Co ([0, 1], @) — Cy([0, 1], at) and they have proved for several cases the
following property:

Property 1.2. Let Z be the Euclidean Brownian motion on p and W the Euclidean
Brownian motion on a. Then the process rad(Z) has the same law as TW.

Actually, Bougerol & Jeulin [6] proved that property 1.2 holds when g; =
sl(d 4+ 1, C), and it was enough in order to give a path representation of the eigen-
values of the G.U.E., by embedding the G.U.E. in the Euclidean Brownian motion
Z.

When g = s((2, C), then a = R, at = R4 and

(Tw) (1) = w() — 2 min w(s). (D)

t>s5>0

This path transform occurs in Littelmann [9] in connection with representation
theory of complex groups, and in Pitman [12], where it is shown that when W
is the usual Brownian motion, then TW is a three—dimensional Bessel process.
Such an elementary transformation (1) is called Pitman transform. O’Connell &
Yor [10] have extended Pitman’s theorem by a completely different approach of the
eigenvalues of the G.U.E.: starting from Burke’s reversibility property of queues,
they have proposed a path transformation which can be seen as iteration of ele-
mentary Pitman transforms. More recently, Biane, Bougerol & O’Connell [5] have
extended results of both [6] and [10] by a completely different proof, valid for all
root systems.

1.2. Organization of the paper and main results

The aim of this paper is to extend property 1.2 to any complex reductive Lie algebra.
Since a reductive Lie algebra is the orthogonal sum of an Euclidean space and a
semisimple Lie algebra, it is enough to consider the semisimple case (see [6] for
details on the reductive case and path representation of the G.U.E. eigenvalues). To
this end, we first develop a kind of Laplace’s method for iterated stochastic inte-
grals with respect to complex standard Brownian motions. This method provides a
bypass to the criterion based on minuscule representations that is proved and used
in [6]. Our approach works only in the complex case, since we need the invariance
in law of complex brownian motion under rotations. Here is the result that justifies
the title:

Theorem 1.3. Let d denote a positive integer, S the set {1, ..., d} and /31, el ,Bd
complex independent Brownian motions, defined on the same filtered probability
space.
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Let g1,...,g4 : [0,1] — R be continuous functions and r € N*. For p €
(1,....r}, a € SP, let ul®),en+ be a sequence of nonzero complex numbers
such that

1
lim —log|ul®| =0,
n—oo n

and ()\5 )a cgp afamily of complex numbers. Assume that one of the kg, ’s is nonzero
and put
r 1 n tp—1
X, = Z Z )L{;u,f’a/ (/ (f e"g“p(tl’)dﬂf;”) .. .e"gaz(’Z)dﬂgz)
p=1 aesp 0 \Jo 0

x a8 (ll)dﬁ;‘l.

Then we have, almost surely,

1
lim —log|X,| = max max max go & D ga,-
n—o0 n 1<p<raeSP A, !
AE=£0

Then it is quite easy to derive the path representation in the random case. Indeed
let us denote by G a connected Lie group with Lie algebra g, by K the connected
Lie subgroup with Lie algebra &, and by P the Riemannian symmetric space G/K
and remember that

Exp:p - P, X — exp(X).K

is a diffeomorphism. We use finite irreducible representations 7w of g and iterated
stochastic integrals appear as the entries of the matrix representations of the process
7 (rad (Exp~! (BY))), where BT is the Doob h—transform of the Brownian motion
B on P with respect to a ground state T on P chosen in such a way that, in law,

rad (Z) ~ rad (Exp_1 (BT)) .

By making use of the scaling invariance of B, it is then enticing to use Laplace’s
method to compute rad (Exp_l (BT )) and particularly to prove that the lower bound
always holds, in paragraph 2.2 and 3.3 (this was conjectured in [6]). Therefore we
may state in the conclusion that property 1.2 is valid for any complex semisimple
Lie algebra g:

Theorem 1.4. For any complex semisimple Lie algebra g, the processes rad(Z)
and TW have the same law.

In the conclusion, we also state some deterministic properties of the path trans-
form T as consequences of random properties, and particularly the fact that this
transform takes its values in Co ([0, 1], at), which is not obvious in view of the very
definition of T (see paragraph 3.5). This is another originality since 7 is introduced
in [6] by means of deterministic dynamical systems on P. Relating to this, we do
not refer explicitely to ground state processes, but we use stochastic exponential to
introduce the process BT as the solution to a kind of stochastic dynamical system.

We end with the example of exceptionnal Lie algebra G, that was missing from
[6], because fundamental representations of such a Lie algebra are not minuscule.
For a similar reason, it is also possible to treat the case of the last fundamental
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representation of a Lie algebra of type B; (which is not minuscule) in the same way
as the others.

I'would like to thank Thierry Jeulin for having readen in details an earlier version
of this article.

2. Laplace’s method

In this section, let d denote a positive integer, S the set {1, ..., d} and ;‘31, el ,3"
complex independent Brownian motions, defined on the same filtered probability
space. Givenr € N* let A, denotetheset{(tl, . h)eR ‘ 1>2n>26>2--->
tr = 0}.

2.1. Deterministic Laplace’s method and other lemmas

Theorem 2.1. Let K be the closure of a relatively compact non—empty open subset
of R, f, g : K — R be continuous functions, where f > 0, and M be the maxi-
mum of g. Assuming that there exists xo € K such that g(xo) = M and f(xg) > 0,
we have

e—0

lim 810g/ e%g(x)f(x) dx =M.
K

Proof. Letn > 0. Since f and g are continuous, there exists p > 0 such that

M—-n<gx)<M and f(x)> @, for any x € B(xp, p) N K.

Let us write B = B(xg, p) N K. By hypothesis on the nature of K, the Lebesgue
measure vol(B) of B is positive. We have

f F(x)ers®dy >/ F)erf®dx > @aﬁw-mvolw),
K B

hence
lim infslog/ f(x)e%g(x)dx >M—n.
e—0 K
On the other hand,
/ f(x)eég(x)dx < vol(K)e%M mI?x f
K
hence
lim supelog/ f(x)e%g(x)dx <M.
e—0 K
Finally
M — 5 < lim infslog/ f(x)eég(")dx < lim supslog/ f(x)eég(x)dx <M,
e—0 K e—0 K
from what we deduce the result by making n — 0. O

The next lemma is a particular case of lemma 4.4 in [6].
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Lemma 2.2. Letr € N*, Uy, ..., U, be standard independent Gaussian random
variables. Given a family (cx) <<, 0f nonzero complex numbers, we have

|

The next one is quite easy to prove:

1<k<r

,
chUk
k=1

< p max |Ck|) <p, p>0.

Lemma 2.3. Let U and ® be random variables defined on the same probability
space (2, A, P), U taking its values in a measurable space (fl, fl) and O taking

its values in T = R/2n 7, endowed with its Borelian o—algebra. If, for any ¢ € R,
the random variables (U, ® 4 ¢) and (U, ®) have the same law, then U and ©
are independent and ® has uniform law on T.

The following result is interesting in its own right and will be very useful in the
next section. In the proof we will denote by U the uniform probability on [0, 27 ]
and by D (&, v) the closed disc in C with center £ € C and radius v > 0. We will
also use the following inequality:

u({e*ie €D, v)]) <mv, EeC, ve(o ). )

Indeed, given v € (0, 1), we easily see that U ({e "% € D (&, v)}) only depends
on |£| and is maximum whenever |£] = /1 — v2. Thus we may suppose that

£ = —+/1 — 1?2 and we have
u ({e—” eD(, v)}) <2arcsin(v), v e (©,1),

as is easily deduced from figure 1, and (2) follows from inequality arcsin(x) <
b4
FX, X € [0, 1].

Fig. 1. siné=v, v el0,1]
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Lemma 2.4. Let f be a trigonometric polynomial

N
fO)="Y" e,

k=—1

with fixed degree N € N* and coeffficients c_1, co, 1, ¢2, ..., cy € C. Assuming
co = 1, there exists a constant Cy > 0 only depending on N (and not on the ci’s)
such that,

1
/ 1 r@0)<pyd0 < Cyp™+T, pe(0,1].
[0,27]
Proof. Let us write f as
fO) =co1e7@ 4 14 cre + e + .- 4 oye™ = NP (e_i9> ,

where P(z) = eV 4 N Ny V24 4oy, z€C

o Ifc_; #£0,leté&, ..., &y be the roots of P, and S their sum, in such a way
that
1
— =5, 3)
Cc—1
N+1 o o
and [fO)<p © e — g < 2=
/ [ T el

Jj=1
When |[c_1| > 2(N—1+1)’ we have

N+1
F@1<p = e e |JD(&: @ + Dp)¥).
j=1

Combined with (2), this yields

1

1 1 1
U 0)| < <28 (N 4+ W wa pwe 0 —_—.
dlfF@I<ph (N4 1) "V p Vs <P <3NTD

“)
When 0 < |c_q] < m,there exists ip € {1, ..., N 4 1} such that |§;,| — 1 >

mlSLIndeed, if we suppose the converse, then | S| < (N+1) (l + 2(N—l+l)|S|)’

and by (3), this leads to contradict |c_1| < m We may suppose that i = 1
and then we obtain, when |z| = 1 and |P(2)| < p,

0 N+1 N+1
o> -l [Tlz=¢1= 1= ] |z-4l
€1 =2 =2

N+1

1
> —_———
2(N +1) |e—q] i

)

|z —&;
=2
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N+1 N+1

thus []le—&|<20V+Dp and ze UD(gj;(z(NJrl)p)%).

j=2 j=2
By (2), this gives

1
UAIF©O)] < p) S2VTN(N+ DNV, 0<p< s ©

o Ifc_1 =0,let&y, ..., &y be the roots of P. Then

N N
lf@Ol<p = l—[’e_ie—é,/‘ <p, e ele UD(gj,p%>,
j=1 j=1
thus by (2),

U1 £©®)] < p}) < Nap¥, p € (0, 1]. (6)

e From (4), (5), (6) and the case when p > and by taking

2(N+1)’
Cy =max{2ﬁn(N+ DT, 2N N(N + DV, N, 2(N + 1)},
we get the result. O

2.2. Lower bound

Theorem 2.5. Let ¢y, ..., ¢4 : Ry — RY be continuous functions, and r € N*.
Forany p € {1,...,r}, let ( )aes,, be a family of complex numbers. Fix t > 0,
q €{1,. r} and To=t>T1 >T, >--- > T, 1 > 0=1T,, and assume that
one ofthe A o, o € 89, is nonzero. Put, fork € {1, ...,d},

Mk = /0 or(s)dBt,

fora =(ay,...,ap) €SP,

tpl a
o [ [

and
-
X=3 X g
p=1aeSP
Then there exist constants v € N*, v > r and C > 0, only depending on r and not

on the ¢ ’s, such that

1/2
<|X| p max M]’[(f m(s)zds) ><Cp””, p € (0,1].
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Proof. For p > 1 and o € S?, let

Proof of Theorem 2.5 will be by inductiononr» > 1. If r = 1, we have also g = 1
and X may be written as

d t 3 Mk
X=> (/ <Pk(s)2d5> —_—t
0
k=1

(fo oesr2a5)”

with coefficients A; € C. By a straightforward application of lemma 2.2, we have

; 12
Vp >0 P{|X| < p max |A 2d < p.
/ <| <o max ([ oncos) ) /

A

e Letus now consider the case when r > 2, assuming the result is true for r — 1.
The random variable X may be written as

X=x"4v!
+x21 4+ v2 4 x22
+X3’1 + V3 +X3’2 +X3,3

+Xr’1+Vr+Xr’2+Xr’3+~-~+Xr’r,

where

T t
xh = ZA}X/O amy',  vli= Zx;/T dm;,
1

aeS! aeS!

and forany p € {2,...,r},

| T pn tp—1 o
xr! = ng/o /O /0 dM,”...dM;!

aeSP
t T, %) tp—1
VP:ZA{;U def‘)(/ / / de;f’...dMg2>
nesr T o Jo 0
t f T 13 tp—1
X”*2=ZA(€[/ f / / dM;” .. .dmp
s nJr Jo Jo 0 ’

o . ) t 2l tp—2 tp—1 ap "
bl :Zxa/n/n-.- / dM,"...dM;".

aeSP i T
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This decomposition of X is obtained by chain rules. Indeed, for p € {1, ...,r},
we divide A, = {(t1,....1,) eR|[1>1 >--->1, >0} into p + 1 smaller
integration domains, each of these being associated to one of the position of T}
w.r.t. the variables t1, . . ., t,,. In particular, we stand out the random variable V' ” by
taking into account that M*! has independent increments, which makes possible to

express
T
/ / / / dM“" AMEdM;!
T
t T 5] tp—1 o
(/ del”)(f [/ dM,"...dMgz).
T o Jo 0 ’

Let V.=V! 4+ V2 4... 4 V' Asafirst step, we establish inequality (9) below
which entails that V almost surely never vanishes. For p € {1, ..., r}and @ € S?,

let
f} dm;" Ti tp—1
Uy = ——5. dM;? .. .dM;2,
(ft ¢ 2)/ [
T, 721

) : 12
)»g = )\5 (/ (pa12> R
T

in such a way that

as the product

= Z Z AULYP.
p=1aeSP

We choose a® € S such that |,uao| = max{|ud|, o € S7}. We have

r r
DTNy e+ Y D RULYL.
p=1 aeSP p=1 aecSP
aj=ay ajFoy
This can be written as V = AUy + B, where Uyo ~ N2 (0, 1d) is independent of
the random variables A and B. Denoting by P4 p) the law of the C?>-valued r.v.
(A, B), we have

P(VI< ,0|/Lao)=/(c P (laUqs + bl < p |1fe]) AP my (@, b). (7

By translation propelrties1 of N2 (0, Id), the right hand side of (7) is smaller than
[P (b < p ).

' If U is a standard complex Gaussian r.v. then

P(laU + b <y) <P(laU| < y), aeC'beC,y>0.

)dP(a,p)(a,b) = P (|AUs| < p |l
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Hence we have

P (VI < plll) <P (141 < plude] 1Uar 7)) (®)
Notice that
q e 1/2
max { [AZ = |ud,).
aeSqO “ ][[2<'/;k P ) |/’La |

=0
and that

A= ZZA”[/ / dM," ... dMp?.

p=1aecS?
aj=ay

By induction hypothesis, there exist K > 0 and v > r — 1, only depending on r,
such that

P(Al < |pl]) < KT/, e 1]

From the independence of A and U,e°, we get by (8)
P(IVI < plulel) < K E [1Uae 1] 0.

Since Uyo ~ Np2(0, Id), we know that E |:|Uao |- ”/] is a finite positive constant,

independent of the ¢;’s.LetC' = K E [|Uao |_1/”/]. We get

Tr—1 1/2
(|V| pmax{|kp|1_[(/ ) }><c’ Vo pe(,11. (9)

As a consequence, V almost surely never vanishes.

e Let us introduce some notations:

. XP
VAU T pell,....r}, je{l,....p}

.
Z/:ZZN’ je{l,....r},

in such a way that

X=V 1+ZZZ”’ =V 1+Zz

p=1j=1
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We may now use the invariance in law of complex Brownian motion under rota-
tions: if B is a standard complex Brownian motion, the same holds for the process
B defined by

By = Bs when 0 < s < T
7| By +e(Bs — Bry) whens > T ’

with some fixed ¢ € R. This is a consequence of Paul Lévy’s characterization
theorem (see [13], IV, §3). Let us introduce the functional

Xl,l V]
X2,l V2 X2’2
TG b= . . . .
X;’,l ‘/.r X;*,Z . X
of the Brownian motion (81, ..., B¢) in C4. Then T(Bi, . .., B4) has same law as

T(B1, - .., Ba), that is to say2 that

Xl,l ei(pvl
x2:1 oivy2 Q2ip 2.2
T, ..., Ba) = :
X;’,l ei(p.Vr e2i(p.Xr,2 . eri(pXr,r
has the same law as T(81, ..., B4), for any ¢ € R. We deduce the identity in law

(Z1, 22, Z3, ..., Z)) ~ (e—"‘/’zl,e”ﬂzz, 2975, ...,e(’_l)i‘er) .

Writing Z; = R1e!l®17021 7, = Rye!®2 73 = R3ell®3+2021 7 =
R,el®r+(r=D®2] e obtain, by lemma 2.3, that the r.v. ®; is independent of
(R1,R2,...,R,01,03,...,0,) and has uniform law on T. Hence, for any
p € (0, 1],

PU1+Zi+Z2+--+Z | < p)

=E |:1H1+Rlei[(-)1(-)2]+Rzei(-)2+R3ei[®3+2(~)2]+“,+Rrei[®r+(r1)6)2]‘<p}i|
E ! 1 dé [ (10
=E| 021 [‘1+Rlei[®1—9]+R26i9+R3ei[®3+20]+__,+Rrei[®r+(r71)9]‘gp] (10

Given (p1, 2, - -, pr, 01,63, ..., 6,)in (R%)" x T"~!, let us consider the trigono-
metric polynomial

F(0) = 14 p1e @0 4 pyeif 4 p3ei@+20) 4 Ly i O+G=10)

2 What changes in the script is that d/ is replaced by e’¢dg’ in each integral f;‘l’ which
appears in the expressions of the X7**’s and V’s.
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By lemma 2.4, there exist C” > 0 and v” € N* only depending on r, such that

l "
P L r@)<e1dd < C"0", p e (0, 11.
27 J10.27)
By (10), we get
PUL+Zi+-+Z 1 <p)<C"p", pe1] (1)

e From (9) et (11), we deduce

P(X| < plpac) SP(IVI< VPlttac) +P(11+Z1 + -+ Z,| < /p)
< C/p1/2v/ + C//p1/2u”
<Cp'", pe 1]
where C = max{2C’,2C"} and v = max{2v/,2v"} > 2(r — 1) > r. |

Remark. With the notations of Theorem 2.5, the random variable X almost surely
never vanishes.

Corollary 2.6. Let g1, ..., g4 : [0, 1] = R be continuous functions and r € N*.
Forp e {1,....r}, a € SP, let (ul™),en+ be a sequence of nonzero complex
numbers such that

1
lim —log|ul®| =0,

n—-oon
and (Ag )a cgp afamily of complex numbers. Assume that one of the g, ’s is nonzero
and put
r 1 131 Ip—1
K= 2 S ([ ([ eeany) eman )
P
p=1 aeSP 0 \Jo 0

x e8| (tl)dﬁ;“'

Then we have, almost surely,

1
liminf —log | X,,| > max max max S---D .
b 7 g Xnl > (OO, s A 8oy 8ap

AL#0
Proof. e We will use the convention max § = —oo. Let us introduce some nota-
tions:
X 1
M n =/ engk(s)dﬂélf’ kef{l,...,d},
0
and fora € SP, pef{l,...,r},

1 1 tp—1
Xy :/ (f (/ dM,";”’") ...dM;M) dMpt", ae S, pefl,...,r},
0 0 0
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in such a way that

%= 3 ot

p=1aeSP

Weset,forg e {1,...,r}and To=1>T1>Tr > --->T;,_1 >0=T,,

q Ty 1/2
Mz_max{Mq |l_[(/ 2"5’%) }

eletge{l,....,r},To=1>T1 > T, > --- > T;—1 > 0 = T,;. By Theorem
2.5,
q l
P(IX,] < pMi) < Cp¥, pe(0,1]
thus

1 1
q

By Borel-Cantelli’s lemma, we get

1
P(liminf{|X,,| > TMZ}) =1.
n—oo n=v

Hence, almost surely,

| 1 q T 172
11m 1nf — log | X, > hm mf log —, max [ATul*| l_[ (/ znguk>
k=1

12
o 1 . 1 S
> Lrgz[(h’gg}f (n log [AZud*| + - logkU (/;k e? gdk) )

20
>max  max { g @ @8, () | s€ [] [T Tici]
220 1<k<q

(we made use of deterministic Laplace’s method for simple integrals, see Theorem
2.1).

o Let us define, for m € N*,

k= U {(tl,...,tq)eRq
(kt,....kqg)eN*
m=ko>ky>--->ky>0
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Each of the elementary sets that compose K,, is included in one of the form?
H1<k<q[Tks Ty—1l,where To =1 >Ty > T» > --- > Ty > 0 = T,. By the
first part of the proof, we get

1
11m1nf log|X | > max max gu @ - D ga,-
aesd
Y 1#0
Since the right hand side converges to

max max go; DD g,

aeS9 Ay
A0
asm — oo,weget,foranyq el{l,...,r},

hmmf 10g|X| max max  go; - D 8a,>

[ A
A’f £0 !
hence the result. |
2.3. Upper bound
Theorem 2.7. Let g1, ..., g4 : [0, 1] — R be continuous functions and p be a

positive integer. Let

t
Mk :/ " Wdpk kefl,....d}, n e N*.
0

1 11 tp—1
xng (/ </ dM,‘fj’*”)...dM“”)dej‘", neN* acSP.
0 0 0

Then, almost surely
hm —log|X | = max 8a; ® - D ga,-
Proof. By corollary 2.6, it suffices to prove that
lim sup — ! log | X;/| < max go, @ - @ ga,-
n—oo N Ap

Let us denote by M, the right hand side in the former inequality and put g, =
8y D+ D ga,- We have

1 ps; Sp—1 )
E[|X,‘i|2] = 2/ / / e2sabisplds,  ds) < —e¥Ma,
o Jo 0 P!

* Note that if C = [, ,,[Si, S]] C A, then

C CISI 1T X [S 8§11 - X [Sym1, S,2] x [0, S,11 - (C A,).
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By Markov inequality with order 2, we have for any ¢ > 0,
1
P (— log |Xf:| > My + 8) =P (|Xg| ~ en(Ma+g)>
n

< ieZnMae—Zn(Ma—ﬁ—s) — Ee—Zns’

p! p!
thus by Borel-Cantelli’s lemma, we get
1
P (limsup {— log |[X7| > My + 8}) =0,
n—o00 n

and this holds for any ¢ > 0, which entails

1
limsup — log | X5 | < M. O
n—oo N
Notice that given r sequences (x,gl)), e, (x,&”) of nonzero complex numbers
such that
1
lim — log |x,(1k)| =mi € R,
n—-oon
we have

1
lim sup — log (|x,(ll) +-- +x,(,r)|> < max my.

n—oo N 1<ksr
Combining this with corollary 2.6 and theorem 2.7, we easily obtain theorem 1.3.

Remark. As the reader could have noticed, the proof of theorem 2.5 is based on
the fact that integrating Brownian motions are complex and on their invariance in
law under rotations. It is possible to prove some interesting partial results (that look
like theorem 2.7) in the case when Brownian motions are real, but not as general
as theorem 1.3. The proofs are very different.

3. Path representation of the eigenvalues in the random case

3.1. Recalls and notations relative to semisimple Lie algebras
and symmetric spaces

3.1.1. Notations

We consider a simply connected semisimple complex Lie group G, with Lie algebra
g. As usual, the adjoint representations are denoted by Ad and ad. Giveng = €+ p
a Cartan decomposition of g, let 6 be the associated Cartan involution of g and a
be a maximal abelian subspace of p. Denoting by J the complex structure of g,
h = a + Jais a Cartan subalgebra of g. Let ¥ denote the root system of (g, a),
and, foreach @ € X,

g« ={X€g | YHea, [H X]=a(H)X}.
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By choosing a Weyl chamber a™, we determine the set X of positive roots of
(g, ). Let S be the set of simple positive roots, which is a basis of a*. Let us note

n= @ O—a>

re 2+

and A, N, K the connected Lie subgroups of G with respective Lie algebras a, n, £.
Foreach o € ¥, we choose a nonzero y, in the subspace g_, (which has dimension
1 over C). Define Q as the scalar producton a @ n

1 _
OX1+7Y, Xo+ 1) =k(Xy,X2) — EK(Yl’GYZ)’ X1, Xo€a, Y1, en,

(- denote the Killing form of the real Lie algebra g).
The closed Weyl chamber at is a fundamental domain with respect to the adjoint
representation of K on p: given X € p, rad(X) is defined as

at NAd(K)X = {rad(X)}.
Let us denote by P the symmetric space of the non—compact type* G/K . The map

Exp:p — P, X — exp(X).K

is a diffeomorphism and A+ = Exp (a_+> is a fundamental domain with respect to
the action of K on P, and given x € P, Rad(x) € p is defined by

A+ N K.x = {Exp(Rad(x))}.

Moreover, we have Rad (Exp(X)) = rad(X) and the map rad is continuous.

When ¢ is a subset of g which contains 0, we denote by Co([O, 1], e) the set
of continuous functions from [0, 1] into ¢ that vanish at 0. It is endowed with the
topology of uniform convergence.

Let 7 be an irreducible finite representation of g, with space V (dim V < 00)
and P(r) be the set of weights of 7. Denote by A, the highest weight of &
and A, the smallest one. Each u € P(x) can be written in a unique way as
m= Az —Y s koo, where k, € N, hence we can set

p(w) =) ke and r=max{p | pePm} =pis).

aeS

Let D(w) = { (q,...,0) € 8" | T(Yay) - - T(Va,) # O} and, given w € Cyp
(10, 11, a),

,
(Trw)® = (a1 rga))éﬂa(n) >0 24 >0 Ax(w(®) - Zak(w(tk))’ re 0.1
7777 r = = =lr= k:]

4 Remember that the map f : AN — P, g — gK is a diffeomorphism and Q is chosen
in such a way thatd f'(e) : a @ n — p is an isometry.
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3.1.2. Refinements

We describe the notion of refinement in lemma 3.1 below in exactly the same way
as in [6] where it is introduced. When u € P(),let V, ={v e V ‘ w(h).v =
w(h)v Vh € b }. Then we have

v @ .. (12)

neP(r)

and for any @ € X, n(ga)VM C V- We choose a basis (e;)1<i<q adapted to
the decomposition (12) in the following way:

e ¢ is primitive in V, that is to say that either e; spans V as a g—module or
e1 € Va \{0}.
o ¢ = (V) - -T(Vay)el ( € VAﬂ_al_..._ak) where oy, ..., € S.
o this basis is ordered in such a way thati > j = p(u;) = p(u;).
Remark. We have V;\n = Cey, because V;\” is one—dimensional (over C).

Lemma 3.1. Letoy,...,0, € X4 and u € P(w) such that

7T (Vo) - - T(Yay) Vo # {0}

There exist (a1, ...a;) € D@)and 1 < i1 < -+ < iy < ipy1 < 1 with the
following property

i1—1 ir—1 im+1—1

u:An—Zaj,m:Zaj,...,Um: Z aj
j=1

J=i1 J=im
m r
andu—ZJn —A; = Z aj.
n=1 J=im+1
We say that (ay, . ..o ) refines (i, 01, ..., Op).

Let 7 be the representation of G such that d7w(e) = m. Since K is compact,
7 (K) is a compact subgroup of GL(V). It is well known that consequently there
exists an hermitian product (., .) over V which is 7 (K)—invariant (see [14], foot-
note in the proof of theorem 4.11.7, p 345-346). On the other hand, any g € G can
be written as g = kj exp(H )ky, where k1, k» € K, H € at, and Rad(g) = H is
unique (this is the Cartan decomposition of G). With these notations, we have:

Lemma 3.2. The subspaces V,,, u € P() are orthogonal to each other. More-
over, given g € G, we have

log |17 ()l = Ax(Rad(g)).
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3.2. Expression with coordinates

For each @ € X, we choose y, € g—q such that Q (yy, Yo) = 1 and then the
standard Euclidean Brownian motion (B;),>( on a & n can be written as

Br =W, + Zﬂ?ya,

aeX

where W is the standard Brownian motion on a and the 8*’s are complex standard
Brownian motions independent of each other, independent of W.

Given ¢ > 0, the process B¢ on the solvable group AN, is introduced in [6]
as the stochastic exponential £ (é ,B) of é B (see [2] or [8]) since it is given by the
Stratonovitch stochastic differential equation

e8B;* = B/ 8B,
Bg’a =e

Let X{ = 7 (B/*). Then X* is the solution of the Stratonovitch SDE on the Lie
algebra L (V) of endomorphisms on V

{eéXf = X254, (13)

£ _
Xo—e

where B; = 7 (B;). In other words, X¢ is the stochastic exponential of %ﬁ

We identify gl(V) and gl (d, C) by the choice of a basis (e;)1<;<q of V adapted
to the decomposition (12). Matrix representations of elements of gl(V') will be rel-
ative to this fixed basis. Equation (13) turns into

€ (X;c;)lj = Zgzl f(; (Xf)i,k $ (,gt>

. kj, i,je{l,...,d}. (14)
(Xo)i,j =i

The semimartingale % B takes its values in the Lie algebra of lower triangular matri-
ces and its diagonal is %diag (w1 (Wy), ..., ua(Wy)). Hence, X¢ = & (%B) is a

semimartingale with values in the Lie group of invertible lower triangular matrices
(see [8]) and

1 t
(Xf)i,i=g/0 (X5);: 8 (W), i efl,....d),

It is well known that

. 1
(X5);; =exp gm(Ws) . s>0,
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and fori > j, we have

thus

i
s (e—éll_/(Wx)g (th)l_’j) — e thi(W) 3 (X908 <l§s>k

k=j+1 g

Giveni € {2, ..., d}, we begin by computing (Xf)l. ; then we compute (Xf)’ i1
(X f)l P TRPINS (X ¢ )l. ; by successive stochastic integrations. In this way, we get the
entry (X?); j asa sum of iterated stochastic integrals:

CONEND DS

1I<m<i—j J<hi<-<lp

8 / of [ 12 OWeWa bty Wy =Woy bt (W = Wa )11 (W) |
t>t>>1, >0

X9 (’ét'">i,zm,l 8 (Bt'"‘])zm,l,zm,z' - (B”>ll,j ' s

Letjef{l,...,d},t €[0,1]and @ € . We have

d

Prej =m(B).e; = Z (5t> e

i=j+1 b
We project this relation on V,;q:

pintae = 3 (B), e

i>j
I —Hi =

By induction on m, we obtain, given t, ..., t,; € [0, I]and o1, ..., o € Xy,

Bt Ya) - - - Bry 7T (Yo )-€j = Z <5t,n>, , ~~-<l§t1>il’jeim-

. X L Imslm—1
iy >->01>j=ig

Wiy _q —Hip =0
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Thus we get by (15)
1
(Xf)i,jz Z om Z
1<m<i—j j<lhi<-<ly_1<i

8 / o [ 125 W Wbty Wy =Wo bty Wo ~Wo )12 (W) |
t>t1>-->1,,>0

x oy [ Qen) e ()] 080 8B

(a1 7---500)1)623_]
Kby — Ky =0k

Finally, fori > j,

1 1.
(D= 2 ol ) om ()] et

1<m<i—j
o], O €24

x [ e (D Wlggam - sgor (16)
t>t>>1,;, >0

Since W is independent of the §%’s and since the Brownian motions 8¢ are com-
plex, there is no need to make a distinction between Itd and Stratonovitch integrals
in (16) and then § will be replaced by d.

3.3. Lower bound

1
We now assume that & = %n € N*, we fixr > Oand we put X,,(r) = X;". By (16),

)i = D 0" [ Ya) -7 (Vo) ]y, €M

1<m<d—-1
oy U €D 4

t rh tm—1
x/ / / e omWim)ggim - e=narWi)ggit —(17)
0 Jo 0

By Laplace’s method (theorem 1.3), we have, almost surely,

1
lim —log |(X,, (¢ = max max A (W,
5 1og | (Xa )| I A

[77()’(7r)~~-77(y171 )]d_ﬁéo
_Ur(Wtr) - Ul(Wt1)7

taking into account that the process W is independent of the processes %, o € X .

Let® oy,...,0, € Xy be such that [n(yaro)...n(yalo) i1 # 0. Let us use a

refinement («y, ..., «,) of (Aﬂ, Oy nns a,o)(see lemma 3.1): we have

3> Such roots do exist; see the very definitions of basis (ey, ..., e;) and integer r(r) in

sections 3.1.2 and 3.1.1.
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i iry1—1
oy =Zaj,...,o*r° = Z oj, withipy =r+1,i =1,
j j:ir
and necessarily® (o7, ...,07) = (a1, ..., ;) € D(r). Thus we obtain
|
lim —10g|X,,(t)d,1| = max max Az (W)
n—00 n (@1 ) €D(T) 1211 221,20
o, (W) — - — a1 (Wy)),
that is
1
lim —log |X,,(t)d,1| = (TxW) (t), almost surely.
n—-oon
Hence

1
11m1nf log max |X (1) j| lim —log |X,,(t)d,1| = (T W) ().
n—oo n

n—-oo n 1<i,j<d

Since norms on gl(V) are equivalent, we have
1
liminf —log | X, (Dl = (Tx W) (1), (18)
n—-oo n
almost surely and for any irreducible representation 7 of g.
3.4. Upper bound

Leti,j € {l,...,d},i > j, such that there exist m € {1,...,i — j} and

]

(of, R O’m) € X satisfying [rr(yg)%) T (Yop )] # 0; the random variable

(X v )i ; almost surely never vanishes and by Laplace s method (theorem 1.3), we
know that, almost surely,

1
lim sup—10g|X (t),]| max max wi(Wy)
100 I<p<iej  13n3021,30
01,..,OpEXL

[ my)], #0

—0p(Wy,) — -+ — 01(Wy).
By making use of a refinement of (Mj, Oly.nns ap), pef{l,....i—j}(seelemma
3.1), we get
W We)y—---— 1%
z>;1§nf‘§p/ wj(We) —op(Wr,) o1 (Wy)
< max ax _ Ag (W)
(@1,..s o, )eD(r) t>tl> =2t 20
_ar(Wtr) — ‘xl(th) = (‘THW)t .

® What is pertinent here is that such positive roots o, ..., o turn out to be simple roots.
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Hence, almost surely,
1
lim sup — lo ma X, @i il ) < T W),,
n—>ol<l)pn g(léi,j2d| n( )z,j|> Tz W),
and since norms on gl(V') are equivalent, we have also
. 1
lim sup — log | X, (11| < (T W), . (19)
n—oo N
Theorem 3.3. Given any finite irreducible representation  of g,

1 1
lim —Aj, (Rad (Btr ”)) = (T W), almost surely.

n—oon

Proof. This is a consequence of inequalities (18) and (19), and of lemma 2.5 in [6]
that is reproduced here in lemma 3.2. O

3.5. Conclusion

For a € S, let us denote by H, the vector in a that represents, via k, the linear

form ((3;‘;) The fundamental weights are the elements of the dual basis (g )yes
of (Hy)yes- Fora € S, let us denote by 7, the fundamental simple representation

of g, with highest weight @,. By theorem 3.3,

lim lwa (Rad (B,r"l’)) = (Tx, W), . (20)

n—-oon

almost surely and for any o € S. This motives us to define T : Cy ([0, 1], a) —
Co ([0, 1], @) by

(Tw)(®) = > (Tnyw) () Ho = w(t)

a€eS
=Y U@ w) Hy,  w e Co([0. 1), € [0, 1],
aeS
where
.
Ui(a, w) = min min ar (w(ty)) .
t( ) (@,.0s o, )€D(mq) t>tl>"'>tr>0]§ k( (k))

Proposition 3.4. The path transform T has the following properties:

1

The sequence (%Rad <B,r ”>> converges almost surely to (TW),.
n>1

~

The map T is continuous.

The map T takes its values in C ([O, 1], a_+>

A Wb

Given any finite irreducible representation w of g, and any w € Cy([0, 1], a),

Ay (Tw) = (Trw).
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Proof. From (20), we easily get 1). For 2), it suffices to prove that for any o € S,
T 1 Co ([0, 11, @) — €([0, 1T)

is continuous. Let & be an irreducible representation of g, » = r(r) and (w;) a
sequence on Cy ([0, 1], a), that converges uniformly to w. Fix («q, ...,) € D(w)
and define

Q:Co ([0, 1], @) — JO0, 1])
by

(Qu) ()= _ min Zak (1)) -

12t 221,20

Since Quy is nonincreasing for any / € N and (Quy) tends to Quw, it is well known
that the convergence is uniform on [0, 1]. From this we deduce that T, is continu-
ous.

We endow Co ([0, 1], a) with its Borel o—algebra and with the Wiener measure
W, and consider W as the canonical process on this Wiener space. The process
JW is continuous, so by 1), its trajectories are W—almost surely in a*. There
exists a borelian set A in Cy ([0, 1], a), such that W(A) = 1 and that for any

weA TJw e Cy ([0, 1], a_+). This borelian set is dense in Cy ([0, 1], a), and

then we get 3), because T is continuous. We obtain 4) by similar arguments and by
theorem 3.3. m]

The following result gives us a link between radial part of Brownian motion in p
and J-transform of Brownian motion on a, via the processes sBlT ** on the solvable
group AN. This is proposition 3.2 of [6]. It appears in [1] that rad(Z) is actually
the so—called Brownian motion in the Weyl chamber a™ (see also [4]).

Proposition 3.5. Ler Z be the Euclidian Brownian motion on p, starting at 0. The
processes %Rad (BT’%) and rad(Z) have the same law.

According to theorem 3.3 and theorem 3.5, given ¢ > 0, the random variables
rad(Z;) and (TW), have the same law. The almost sure convergence in theorem
3.3 enables us to say quite more.

Corollary 3.6 (and theorem 1.4). The processes rad(Z) and TW have the same
law.

Proof. By proposition 3.4, 1), for any #1, ..., #; € [0, 1], the sequence of random
variables
( Rd( rl/n) Rd( rl/n))
n=0
tends almost surely to ((‘TW),1 e, (‘J'W)tq) thus by theorem 3.5, (rad(Ztl ) AP

rad(Z;, )) and ((TW) PR (TW)tq) have the same law. We conclude by monotone
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class theorem, since rad(Z) et TW are continuous processes and the Borel o—alge-
bra of C([0, 1]) is spanned by the projections

pr; : C([0, 1D — a, f+— f(1). O
3.6. Example: Lie algebra of type G,

We are interested in the case when g is a Lie algebra of type G2, that is a semisim-
ple Lie algebra over C whose root system is isomorphic to the one represented in

figure 2, where S = {a, 8}, |8l = V2 |||, ”fﬁl—@” = —*/75. Notice that the Weyl

chamber is a convex cone with angle % (figure 2).

From the root system itself, the weights of the fundamental representations are
easy to describe (see [11]) p. 295). The fundamental weights of G, are given by
Az, =20+ B and Ay, = 3o 4+ 2, as w1 and 7, denote the associated simple
fundamental representations. We have on one hand

P@r) =10, o, £Qa + B), £(a + B)},
and since ]\m = —Ag,, r(m) = 6. Then
D) ={(e, B, ., B, )}
On the other hand, m; is the adjoint representation and
P(rp) = RU{0}.
Since 1~\7T2 = —Ax,, we have r(mr2) = 10 and

D(‘T[z):{(ﬁ’a7a’ﬂ7a’ﬁ’a’a7a’ﬁ)7(ﬁ’a’a7ﬁ’a7ﬂ7a’a’ﬁ1a)7
B,a,a,a, B, B,a,a,, B), (B, ¢, ¢, 0, B, B, o, 0, B, )}

Ay,
7
o Ha
Hg
30+ 20+ a+f p
= Ag :
1
/ 1
/ Cl+ |
3 +2 // |
= Anz |

Fig. 2 Fig. 3
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Hence corollary 3.6 holds, despite 771 and 775 are not minuscule since O is a weight
for these representations.

Remark. It is also possible to treat the case of the last fundamental representation
7 of a Lie algebra of type B; (which is not minuscule) in the same way as the
others. The computation of D(sr) and r (;r) is perhaps more tricky in contrast to the
minuscule case or the rank—two Lie algebra case.
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