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Abstract. Let X, X,, ... bei.i.d. random variables, and set S, = X; + ...+ X,,. Several
authors proved convergence of series of the type f(e) = Z” c, P(IS,| > €a,), e > «,
under necessary and sufficient conditions. We show that under the same conditions, in fact
f;c f(e)de < 00,8 > «a, i.e. the finiteness of Y, ¢, P(|S,| > €a,), ¢ > «, is equivalent to
the convergence of thedoublesum ", Y ¢, P(|S,| > ka,). Two exceptional series required
deriving necessary and sufficient conditions for E[sup, |S,| (logn)?/n] < 00,0 <n < 1.

1. Introduction

Throughout this paper, X, X1, Xz, ... isasequence of i.i.d. random variables with
P(X#0)>0,and S, = X1 +...+ X, n > 1. We consider series of the type

fE) =) caP(Sul > ay), & > 0, (1

where ¢, > 0 and ), ¢, = 00, and aj, is either n'/? 0 < p <2, /nlogn or
/nloglogn. Under appropriate necessary and sufficient conditions of the form
Elp(]X])] < oo and EX = 0, several authors (Hsu and Robbins (1947), Erd6s
(1949,1950), Spitzer (1956), Baum and Katz (1965), Davis (1968a,1968b), Lai
(1974), Gut (1980)) proved that f(¢) < oo for ¢ > some «. The purpose of
this paper is to strengthen these classical results by showing that, except for two
remarkable cases,

E[(p(|X|)]<ooandEX=O<:>ff(s)ds<oo,8>a. 2)
)

Thus the convergence of the series in (1) is in fact equivalent to the convergence of
the double series ) ', D", ¢ P(ISu] > kay,). As expected, the exceptional situations
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2 A. Spétaru

pertain to the cases ¢, = 1/n, a, = n (Spitzer (1956)),and ¢, = (logn)/n,a, =n
(Baum and Katz (1965)). The range of tools used is rather broad, including Fuk-
Nagaev type inequalities, stopping times, non-uniform estimates in the CLT, sym-
metrization techniques. Since the implication <= in (2) is trivial, we shall prove
only = . Notice also that it suffices to prove (2) for § > some o9 > «, as f is
nonincreasing.

We collect the auxiliary lemmas in Section 2, after which Sections 4-6 are
essentially devoted to the proof of (2) for large, moderate and small q,,, respec-
tively. To cover the exceptional cases alluded to above, an interlude on the expected
supremum of |S,| (logn)7/n,0 < n < 1, is done in Section 3. In the sequel,
log"™x = log(e vV x),x > 0, and ® stands for the standard normal distribution
function. Also C shall denote positive constants, independent of ¢, possibly vary-
ing from place to place. For a random variable g, we will write E[g : A] = [ 4 8dP
whenever the integral exists.

2. Auxiliary lemmas

Part (i) of the next lemma is to be found in Spédtaru (1999), while (ii) follows by
specializing an inequality in Nagaev and Pinelis (1977, p. 250). Both rest on an
inequality by Fuk and Nagaev (1971).

Lemma 1. Let Y1, ... .Y, be i.i.d random variables with EY, = 0, set T, =
Yi+---+Y,, andlet x,a > 0.

) IfE |Y1|? < oo for some 1 < g <2, then

nE Y117\
P(Ty| > x) <nP(Y||>x/a) + C| — ] .

x4

(i) If E 1| < oo for some g > 2, then

—Cx?/nEY?

nE |9 aq/(q+2)
_> 20

P(Tx| > x) <=nP(|Y1| > x/a) +C< w7
The following result is due to Choi and Sung (1987, p.100).

Lemma 2. Let {Y,,n > 1} be a sequence of independent random variables with
EY, = 0,n > 1, and let {b,,n > 1} be a nondecreasing sequence of positive
numbers with lim,_, ~o b, = 00 such that anl EYnz/bﬁ < 00. Then

Y1+ ...+ Y,

Efsup———— | <0
n>1 bn

Lemma 3. Let p, r,c > 0 and assume that E|X|" < 0o. Then

S WP P(X| > cen'/P) < CeTEIXY € > 0.

n>1
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Proof. We have
D onPTUP(X| > cen'/Py = /PN P(cek! /P < |X| < ce(k 4+ 1)VP)

n>1 n>1 k>n
=> (Zn’/f’ 1) P(cek'? < |X|
k>1

<ce(k+1)'7)
< CY K/PP(cek'? < |X| < ce(k + 1))
k>1
=Cc ™" Zc’s’k’/”P(crsrkr/” < |X|"
k>1
<&k +1)7P)
< Cs"E|X|", ¢>0. |
Lemmad. Let p,c > 0 and assume that E[|X|? log" |X|] < oo. Then there is
g0 > 0 such that
Y lognP(|X| > cen'/P) < Ce PE[|X|" log" |X]], & > &o.
n>2
Proof. Taking gy = e”l/p/c, it is easily checked that, for k > 2, logk <
plog*(cek!/P), & > . Then, arguing as above, we find
> lognP(|X| > cen'/P) <Y "klogkP(cek'/? < |X| < ce(k + 1)!/7)
n>2 k>2
< Cs_chpspk10g+(cek1/p)P(cp8pk10g+(csk1/p)

k>2
< |X|Plog" |X|
< cPeP (k + 1) logt (ce(k + 1)1/P))
< Ce PE[|X|Plog |X|], &> eo. O

Lemma 5. Let p, ¢ > 0 and assume that E[| X |*? (log* |X|)™P] < oo. Then there
is g9 > e such that

ZnP*‘P(|X| > cey/nlogn) < Ce 2P (loge)? E[|X|*P (log* |X]) "], & > .

n>2

Proof. Set h(x) = x2P (log* x)™P, x > 0. As above, we see that

an—lp(m > cey/nlogn)

n>2
kX;h(cg\/W)h(cg\/W)P(h(Cé‘m)
< h(X]| < ]’l(CE\/(k —+ l)log(k +1), &>0. 3)

Since, for any k > 2,
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kP “2p—2p <10g+(csx/k Togk)
—_— = C FoS —_—m
h(ce/klogk) log k

whenever € > some &y > e, the result follows from (3). |

)4
> < C8_2p(10g e)P

The proof of the next lemma is similar to that of Lemma 3.

Lemma 6. IfEX2 < 00, then

> P(X| > ey/nloglogn) < e ?EX*, &> 0.

n>e¢
The last lemma is useful in connection with exponential identities.

Lemma 7. Let a,, by, ¢y, dy>0,n>1, be suchthat ), a, <00, Y o by <1,
Zn>1 ¢, < oo and {d,} is nonincreasing, and assume that

Zant" I—ant" =cht”, 0<t<l1. )

n>1 n>1 n>1

Then

Zandnt" 1— ant" < chdnt”, 0<t<l. 5)

n>1 n>1 n>1

Proof. Equating the coefficients of t” in (4), we get

n—1
ay =ci,a, — Zakbn—k =c,, n>1.
k=1
Hence, as {d,} is nonincreasing,
n—1
ardy = cidy, apdy, — Zakdkbn—k <cpdy, n>1. (6)
k=1
Clearly, (6) implies (5). O

3. On the expected supremum of | S, | (logn)"/n

For the stopping times 74(¢) in Theorem 4, the finiteness of
E[|STi(8)| (log T+ (€))"/ T+ (e)] is guaranteed by that of E[sup, |S,| (logn)"/n].
Statements like Theorem 1 have long been of interest in ergodic theory, having also
implications for stopping rules.

Theorem 1. For 0 < n < 1, the following are equivalent:

(i) E[X|(dog* X" < o0;
(i) E[sup,s |Sul (logn)"/n] < oo;
(iii) E[sup,>, [ Xn| (logn)"/n] < oco.
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Remark 1. For a sequence
00 & E[sup,>,, ¢n |Snl]
in the sequel.

Remark 2. If n = 0, Marci

{cn, n = 1} of positive numbers, E[supnzl cn |Shll <
< 00, m > 2. This will be tacitly used several times

nkiewicz and Zygmund (1937) proved that (i)=(ii),

and Burkholder (1962) showed that (ii))=—(ii))=—=(i).

Proof. Let ¥ (x) = x/(log
function of ¥r. Then

'

x)T,x > 2, and let p(x), x > e, denote the inverse

(x) ~ x(logx)"as x — oo.

)

Forn > 2, put Y, = X,I{|X,| < y(n)} — E[X,I{IXy| < ¢y (m)}] and Z, =
X, I{|X,| > ¥ (n)}. Assume that (i) holds. Then, on account of Fubini’s theorem

and (7), we have

SCEY ym? <Y EIXPI{IX] < ¢ )}/ )

n>3 n>3

<y

n>3

SCHE| X Ie<|Xl} )

<C+CE [le{e <X}

<C+CE [le{e <X}

(log n)*"
n2

2y
<10i_f21) + Y EIX*I{e < |X| < ()]

n>3

(logn)?"
2
n>@(1X])
(log¢(|X|>)2"}
o(1X1])
(log | X| + nloglog™ |X[)*"
|X| (log |X])"

)

< C+ CE[|X|(log™ |X])"] < o0.

This in conjunction with Le
E

Now, as {{/(n),n > 3} isin

|

|Zo + .+ Zn| |
¥ (n)

sup
n>4

B

mma 2 entails that

|Y2+--~+Y11|
—_— | < XX
¥ (n)

creasing, and by (7), we get

sup
n>2

®)

|Zo| + ...+ | Zy]
Y (n)

| Zn|

v(n)

sup
n>4

2

n>2

|

(logn)"
n

2

3<n<e(|X])
< C+E[|X|I{e < |X[}(logp(|X )"
< C + CE[|X|(log™ X" < c0.

- ZE[|X|I{|X| > ¥ (n)}]
n>2

(log n)"

=C+E||X|I{e <|X|}
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Hence, in fact

|Zy 4+ ...+ Z,|
: [Z‘;E’T] R ®

Finally, since EX = 0, we have

|E[X,I{|X,] < v (| < ENX|I{|X] > ¥(m)}]
< E[|X|(og" |XD"]/(og® ¥ (n)", n > 2,

and so, as ) ;_,(logk)™" < Cn(logn)~",

C < 1
E[X:I{|X k
v (n >ZI XHIX = YOl = e 3 s

k=2

(logn)" 1
<C C, n>2. 10
=" Z(logk)’? == (10

Since Xy = Y+ Zr + E[ Xk I{| Xk| < ¥ (k)}], k = 2, (8)—(10) show that (1)==(ii).
The implication (ii)==>(iii) follows at once from X,, = §,, — S,,—1, n > 3. Finally,
suppose that (iii) holds. Then, by the result of Burkholder (1962), we have

E[IX|log™ [X])] < oo. (11)
Now choose M > 0 so that P(|X| < M) > 0. From (11) and (7) we infer that

Y i=2 P(X] > ¢ (i))M) < o0, and so [[;, P(IX| < ¥ (i)M) > 0. Consequently,
we may write

Efsup [X,| /¥ (m)] = [ P(sup|Xul /¥ (n) > u)du

n>2 n>2
n—1
D OP(X| > Y [ [ PUX] < () | du
n>2 i=2

i>2

,Z
( P(X| =< I/I(i)M)) / (Z P(X| > W(n)u)) du

M n>2

> C / Q/ (Z; I{n < go('f—')}) du) dp
(IXI>¥(3)M) nzs

1X1/¥@3)

- C / / |X]
> (p(-=—) — 3)du | dP. (12)
u

{1 X|>yG)M} M
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By virtue of (7), it is not hard to check that

1X1/¢(3)
tgl _ + n+1
I{|X| > y(3)M} (o( . )—3)du > CI{|X| > ¢y 3)M}X|(log™ |X"™".
M
(13)
Combining (12) with (13) shows that (iii))=—=(i). O

4. Strengthening the Hsu-Robbins-Erdds/Spitzer/Baum-Katz and
Baum-Katz theorems

4.1. The following result was proved in Baum and Katz (1965)

Theorem A. Let0 < p < 2andr > 1Vp,andset f(e) =), n"'P72P(|S,| >
en'/Py & > 0. Then f(g) < 00,& > 0, <= E|X|" < ocoand EX =0.

The result had been discovered earlier by Hsu and Robbins (1947) and Erd&s
(1949,1950) in case p = 1 and r = 2, and by Spitzer (1956) incase p =r = 1. It
can be strengthened as follows.

[e )
Theorem 2. Let p, r and f be asinTheoremA and assumer > 1.Then [ f(e)de <
s
00,8 >0, E|X|" <ooand EX = 0.

Proof. As stated above, we have to prove <= . Without loss of generality suppose
E|X|" = 1. We distinguish three cases.

Case p < r < 2. Applying Lemma 1.i with g = r, x = en'/? and a = 2, and
then Lemma 3, we have

£ = Y0P PX| > en'/?/2) + € 3w P22 20

n>1 n>1

<Ce™” +Ce*2an*’/1’, e >0,

n>1
o
whence [ f(e)de < 00,8 > 0.
3

Caser > 2. Lemma l.ii withg =r, x = en'/Panda=r+2 yields

O Z”r/p_lp(pﬂ >en'/P/(r +2)) + Ce™ Zn"/p

n>1 n>1
+2) arlr2emCeEn e s, (14)
n>1
Now choose s > %.Thens > 1and%—2—(%—l)s < —1. Hence, on applying

also Lemma 1.1, (14) shows that
fle) S Ce 4+ Cem 4 CY n/P72em 2y~ Gl
n>1

<Ce "+ Ce¥ +Ce, >0,
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o0
andso [ f(e)de < 00,8 > 0.
§

Case p = r.Forn > 1, put Yy = XeI{|Xk| < snl/p},l < k < n, and
Uy=Yy1+...+ Y, Since EX =0,

|EY,1| < EIXII{IX] > en'/P}] < (en'/P)1=P, n > 1.
Thus
|EY, 1| <en'/?/8, &>0,n>8e"7, (15)
and
|EU,| < en'/?Pj2, ¢ >27P n>1.
Therefore, we have

P(|S,| > en'/?) < nP(1X| > en'/P) + P(|U,| > en'/P)
<nP(X| > en'/P)
+P(|Uy — EUy| > en'/?)2), ¢ >277 n>1.(16)

Further, by Lemma l.iwith Y| =Y, 1 —EY, |, g =a=2and x = snl/”/Z, and
on account of (15), we obtain

P(\Uy — EUy| > en''7/2) < nP(|¥y1 = EY, 1| > en'/? /4)
+Cn2(EY? e 4n=4p
<nP(|X|>en'/?/8)
+Ce~ P (EY) )P, e>0, n=87F. (17

Combining (16) with (17), we get

P(|Sy| > en'/P)y < 2nP(1X| > en'/?/8)
+Ce™ T MP(EY] ), 6227 n=8:7P.  (18)

This, in connection with Lemma 3, shows that

fe) <877 +2P(|X| > en'/P/8) + Ce™ Y n'"HP(EYZ )

n>1

<Ce P +Ce™? Zn1_4/p(E[X2]{|X| <en'/Py2, e>27P. (19)

n>1

Now let Y be a random variable which is independent of X and which has the same
distribution as X. Then, on account of Fubini’s theorem, we may write
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Y ' TYPEXPHIX] < en'/P)))?

n>1

=Y n'""YPEXPY2I{IX] < en'/PYI{Y| < en'/P}]

n>1

= E | X*Y?I{XY # 0} > nl=4p
n=(|X|/e)PV(|Y|/e)P

< CE[X*Y?I{XY # 0}((IX|/e)? v (IY|/e)?)>~*/P]
< CE[X?I{X #0}(IX|/e)P Y2 I{Y # 0}(|Y|/e)P~?]
= Ce PPTHE|X|P)?, &= 277, (20)
where the last inequality comes from a vV b > +/ab,a,b > 0. From (19) and
o0
(20) we infer that f(g) < Ce™P 4+ Ce 2P, ¢ > 2~P, which leads to f f(e)de <
s

00, § >27P, O
o0
In some instances, even f f(e)de is finite and computable.
0

Example 1. Let p, r and f be as in Theorem A, and assume that the distribution
of X is stable with characteristic exponent y, where eitherr < y < 2ory = 2.
Then

o0
r/p=2—=1/p+1l/y ;¢ _ 1 4 1
/f(@dﬁ{E'X'Z”Z]n fp—pty =<l
o0 otherwise
0

Actually, since S, /n'/? has the same distribution as X,

n>1

o o
/f(e)ds = an/p_zf P(|S,| > en'/P)de
0 0

e ¢]

= an/l’—zf P(X| > en'/P=")de

n>1 0
= E|X| an/P—2—1/P+1/V_

n>1
4.2. The next result was also proved by Baum and Katz (1965)

Theorem B. Let 1 < p < 2, and put f(¢) = anz 10%P(IS,II > en'/P) e > 0.
Then f(g) < 00,& > 0, <= E[|X|”log" |X|] < co and EX = 0.

We obtained the following strengthening.
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o
Theorem 3. Suppose | < p < 2, and let f be as in Theorem B. Then [ f (¢)de <
s
00, 8 > 0, <= E[|X|”log" |X|] < coand EX = 0.

Proof. We may and do assume E|X|? = 1.Forn > 1,1let Y, x, 1 <k <n, be as
in the proof of Theorem 2, and set g9 = 8¢!V1/P Then (18) still holds, and so

f(e) <8277 +2 lognP(|X| > en'/?/8)
n>2

_ logn B
+Ce 42,14/1171 (EY2)? e=27".

n>2

On applying Lemma 4, this leads to

fle) <Ce™?

-~ logn
+Ce 4Zn4/i—1E[X2Y21{IX| <en'PyI{Y| <en'/PY), & > g,

n>2

where Y is an independent copy of X. Hence, by Fubini’s theorem, as
Y =mn " logn < Cm™"*llogm, t > 1, we have

_ _ logn
f(e) < CeP +Ce™*E | X2Y2I{XY 0} 3 %

n=(IX|/eyPv (Y| /epp
log((|1X1/e)? v (I1Y]/€)P) ]
((IX1/e)P v (|Y|/e)P)*/ P=2
< C87P+C874 (E |:X2Y2 10g+(|X|/8)p :|

N (1X1/e)>=P(|Y|/e)>~P

log*(IY|/&)? D
(X1/e)*P(Y|/e)>~P

< Ce P 4+ Ce ?P(E[|X|” logT |X[IE|Y|P
+E[|Y|? log" |Y[1E|IX|P), & > eo, 1)

<Ce P+ Ce*E |:X2Y21{XY # 0}

+E [}(21/2

where the last but one inequality follows from log(a Vv b) < log™ a + log™ b and

o0
aVvb=>iab, a,b > 0.(21) shows that f f(e)de < 00,8 > &p. O
b

Example 2. Let p and f be as in Theorem B, and assume that the distribution of
X is stable with characteristic exponent y > p. Then

o0
F(e)de = E|X| anz(logn)n_l_l/P“/V ify >p
/ 00 ify=p°
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4.3 Theremaining case p = r = 1, corresponding to the Spitzer theorem, is not
covered by Theorem 2. Neither is the case p = 1 in Theorem 3. As the next result
shows, the assumption E|X| < oo and EX = 0, respectively E[|X|log" |X|] <
ooand EX = 0, is no longer sufficient for the integrability of f in these exceptional
cases. Actually, it turns out the necessary and sufficient condition is to be augmented
to E[|X|logt |X|] < oo and EX = 0, respectively E[|X|(log™ |X|)?] < oo and
EX =0.

Theorem 4. For ¢ > 0, define the stopping times T1(¢) = inf{n : 1 < n <
00, 8, > en}. Then, for 0 < n < 1, the following are equivalent:

(i) E[X|(log* X)) < 0o and EX = 0;

(i) E[sup,> |Sn|(logn)"/n] < 0o and EX = 0;

(iii) E[St,(e)(log Ty (eN?/T4(e) : Ty(e) < oo] < o0 and E[—Sr )
(logT_(e)1/T_(e) : T_(e) < o] < oo forany e > 0, and EX = 0;

o
i) [ X MPQSM > sn)) de < oo for any § > 0.

§ \n>1

Remark 3. For 1 < p < 2and 0 < 5 < 1, one can convince oneself that
S e pg s enl/P) < 0o, e > 0, <= E[|X|P(logt |X])"] < oo

n>1 n

and EX = 0.

Proof. Theequivalence of (i) and (ii) is established in Theorem 1. Clearly, (ii))==>(iii).
Assume that (iii) holds. For 6 > 0, set X;y = X,, =6, Sy = XT+...+ X, n > 1,
andput 7 =inf{n : 1 <n < oo, S; > 0} = T;-(6). Then

E[S3(logT)"/T : T < 00] < 00. (22)
Since EX]’F = —4 < 0, we have (see, e.g. Loéve (1977), pp. 396, 399)

1 *
exp _Z;P(Sn>0) = P(T =0o0) >0, (23)
n>1
and so
1
Z —P(S; > 0) < oo. (24)
n>1 n

Now, for 0 < ¢t < 1 and u > 0, consider the exponential identity (see, e.g. Loéve
(1977), p. 395)

t" i *
exp| - ;E[e*“&z 8 >0 =1— E[Te5T],

n>1

that is

n

t" % .
> —Ele™%: 85 >0]=—log(l — E[tTe™7 : T <oo]).  (25)
n

n>1
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For u > ug > 0, in view of (24), we have

M d .
——M(E[e_”sn :SF > 0]

an

n>1

1 1
< — —P(S*>0 0.
_euozn (SF>0) <

n>1
Thus we may differentiate term by term the series in (25) to get

" . E[tTS%e 5T . T < o0]
> —E[Spe S 55> 0] = y— ,
n 1—FE[tte™1 : T < 0]

n>1

u > 0. (26)

Next, on account of the monotone convergence theorem, by letting u — 0 in (26),
we obtain

E[tTS:: T < 0]
1—E[T:T <o0]

tl’l
Y —E[S;: Sy > 0] =
n

n>1

Hence, on applying Lemma 7 with a, = E|
P(T=n),cy, =E[S}:T=n]l,n>1andd =
n > 3, we see that

St > 0l/n, by, =

Su
dr = d3, d, = (logn)"/n,

t"d EltTdrS;: T < oo
S ELSE S > 0] < _drS7 : T < oo] 7)
n 1—E[lT: T < 0]
n>1
Letting + — 1 in (27), and taking into account (22) and (23), yields
d EldrS: . T < o0
S LESESE > 0] < Ldr 57 ] . (28)
n P(T = o0)
n>1
Forn > 1, we have
o0 S Sy 1 . o
P(S, >en)de =E[——6: — —8§>0]1=—-E[S, : S, >0].
s n n n
Therefore, (28) entails that
o
Zan(S,, > ¢en) | de < oo. (29)
s n>1

(29) in conjunction with the inequality derived from it on replacing X, by —X,,
show that (iv) is satisfied. Finally, assume that (iv) holds. Then, by Remark 3,
E|X| <ooand EX =0, and so

lim nP(|X| >n) =0. (30)
n—0o0
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Suppose first that X is symmetric. On account of Proposition 2.3 and Lemma 2.6
in Ledoux and Talagrand (1991), and by (30),

2P(|S,;| > en) > P(max |X;| > en)
1<i<n

nP(|X| > en)
“ 14+nP(|X| > en)

nP(|X| > en)
“ 14nP(X|>n)
CnP(|X| > en), e,n>1.

v

Therefore, we may write

o0
1 n
00 > / (Og”) P(S,| > en) | de > C/ > logm)"P(1X| > en) | de
n
n>1 1

n>1

—cy° (log”) fP(|X| > e)de = CY o aog") S P(X| > k+1)

n>1 n>1 k>n

=Y PUXI > k+1) Z (log") > €Y (ogh)" P(X| > k+ 1), 3D)
k>1 k>1

since Zﬁ:l (logn")n (loglj_)lnH as k — o0. (31) shows that (i) is satisfied under
the symmetry assumption. Considering now the general case, let o, o1, g, ...
be a sequence of i.i.d. Rademacher variables, independent of X, X1, X», ...,
with P(@ = 1) = P(e = —1) = 1/2. Put X' = X, X, = a,X,, S, =
X} +...4+ X, n > 1.1t follows from Theorem 1 in Pruss (1997) that there is an
absolute constant C > O such that, forallt > Oandn > 1,

P(|S,| > 1) < CP(S,| > 1/C). (32)

n

On account of (iv) and (32), it then follows that (iv) holds with S in place of S,.
Hence, by the first part of the proof, E[| X |(log™ |X)""'] = E[|X'| (log™ |X"|)"*"]
< 00. Thus (iv)— (). |

Remark 4. For n = 0, the following alternate proof of the implication (iv)==-(i)
appears instructive.
In view of (23),as 1 —e ™ < x, x > 0, we have

P(Ty(e) <o00) =1 —exp —le(is,, > en)
n

n>1

1
< Z;P(j:S,, > ¢en), £>0

n>1
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Consequently, for § > 0,

o
E[sup|Sy|/n] < +/ P(sup|S,| /n > &)de
§

n>1 n>1

=45+ /OO P(Ty+(e) ANT-(e) < o0)de
)

<5 +/ (P(Ty(e) < 0) + P(T_(¢) < 00))de
P

1
55+/ Z;P(|5n|>8n) de < 00.

s n>1
5. Strengthening a theorem involving moderate deviations

The following result is due to Lai (1974).

Theorem C. Let p > 1, and set f(e) =Y., n?"2P(|S,| > e/nlogn), & > 0.
IfE[|X|??(logt |X|)"P] < 00, EX?> =02 and EX = 0, then f(g) < oo for any
&> 0./2p — 2. Conversely, if f(g) < oo for some ¢, then E[|X|*P (logt | X|)P] <
oo and EX = 0.

We obtained the next strengthening.

Theorem 5. Let p and f be as in Theorem C. If E[|X|*?(logt |X)7P] < oo,
EX?=0c%and EX = 0, then

/f(s)de < 00,8 >042p—2. (33)
s

Proof. Assume EX? = 1 and let &y be as in Lemma 5. Applying Lemma 1.ii with
g=p+1,x=¢eynlognanda =2(p +3)/(p + 1) yields

P(|Sy| > ey/nlogn) < nP(|X| > ey/nlogn(p+1)/2(p + 3))

+Ce™2PTDp1=P(logn) =P~ + M= e=0.n>2.
Therefore, in view of Lemma 5,

fle) = nP'P(X| > ey/nlogn/(p +3)) + Ce7>PTD N "~ (logn) =P~

n>2 n>2

) Z np—2—C82

n>2

< Csfzp(logs)p +Ce2PtD L e —p+ D)7, e>eVvCyp—1.

This shows that (33) holds. |
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Remark 5. Davis (1968b) proved that f(g) = ZnZZ 10}#P(|S,,| > g4/nlogn) <
00,& > 0,<= EX? < oo and EX = 0. In Gafurov and SiraZdinov (1979, p.
283) the estimate f(¢) < Ce %4 Ce2, ¢ > 0, is obtained. Thus in this case also

o0
ff(s)ds<oo,6>0,<:>EX2<ooandEX=0.
5

6. Strengthening a result concerning the LIL

The first part of the next result follows from Theorem 4 in Davis (1968a), and the
second part is due to Gut (1980).

Theorem D. Let f(e) = ), - e %P(ISnl > g /nloglogn), ¢ > 0. If EX*> =
02 <ocoand EX =0, then f(g) < oo foranye > o~/2. Conversely, if f(¢) < 00
for some ¢, then EX? <ocoand EX = 0.

The following strengthening holds.

Theorem 6. Let f be as in Theorem D. If EX? = 6> < oo and EX = 0, then
(0.¢]

[ f(e)de < 00,8 > a~/2.

s

Proof. Assume EX? = 1, define ¥ (x) = /x loglogx, x > e, and let p(x), x >
0, denote the inverse function of . Notice that

x? = g(x) loglog p(x), x = 0. (34)

Fore > Oandn > e, set Yy = XpI{|Xi| < ey ()}, 1 <k <n, U, =Y,1+

_ 3
coot Yan, on(e)® = EY,} | — (EYy,1)? and py(e) = 0, (e) E [Ya1 — EY |
As EX =0and EX? = 1, we see that

|EYn,1|§ e>0,n>e° 35)

1
ey (n)’
andso |EU,| <ey(n)/2, ¢ < ﬁ, n > e°. Consequently, we have

P(|Su] > ey (n)) = P(Sy # Up) + P(|Un| > e (n))
< P(Sy # Up) + P(IUn — EUy| > €Y (n)/2)

< P(Sy #Uy)
i ‘”'U" — EU,| > ey/()/2) - 20 (_L)‘
20, (e)/n
ey (n) ,
Hd)(_W)’ ezVhnze (36)

Now, on account of Lemma 6,

S Ip AU = Y PUXI = ey <6 620, (T)
n

n>e¢ n>e¢
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Also, in view of Nagaev’s inequality (see, e.g. Petrov (1975), p. 125) and (36),

'P(|Un —EUy| > ey (n)/2) =20 <

~oPn® (2an<s)ﬁ)3

=T\ ey

E|Yp1—EY,|
&3y (n)3

E Yol |EY,|
= Ggwr TSy
Elva. ¢ 1

= n£3w(n)3 62’

ey )‘
zan(g)\/ﬁ

=Cn

Therefore, by Fubini’s theorem and (34), as
Z Y(n) > < Cm~ Y2 (loglogm) ™%, m > €,
n>m
we get
1
3 = [P(Us — EU| > ey (n)/2) — 2 __evm)
n>e° n 20, (E)ﬁ

E[XPI{X|<eym)}]  C
=) Y ) T

n>e¢

X1\ 1 6
e |(T) X v |

n>evo(|X|/¢)

X1} 1 B
=cF <7> <eevw(le/s»W(loglog(eev¢(|X|/s))>3/2}+C8

X (p(IX|/e) log log p(|X| /6))!/2 Py
= O v p(X1/e) P loglog(er v ¢<|X|/s>)>3/2} e
<Ce24Ce® &>2. (38)

As for the last term in (36), since o, () < 1 and

1 e—x2/2
O(—x) ~ — -

V21 X

as x — 00,

we obtain
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1 ey (n) 2 04(e)/n &2y (n)?
2. <_2an(e)ﬁ> <C v exp( 80 (s)2n>

n>e¢
C 1 ( £?loglog n)
xp| ——————
e n 8

_¢ Z
e = n(logn)e */8
C

IA
[
[

a

< e>2V2 39
S (39)
o0
Finally, (36)—(39) show that f fe)de < o0, 6 > 2V2. |
§
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