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Abstract. We study a class of stochastic differential equations with non-Lipschitz coeffi-
cients. A unique strong solution is obtained and the non confluence of the solutions of
stochastic differential equations is proved. The dependence with respect to the initial values
is investigated. To obtain a continuous version of solutions, the modulus of continuity of
coefficients is assumed to be less than |x — y|log ﬁ Finally a large deviation principle

of Freidlin-Wentzell type is also established in the paper.

1. Introduction and statement of results

Leto : R? > RE@R” and b : RY — R? be respectively matrix valued and
R? valued continuous functions. It is well-known that the following Ito stochastic
differential equation

dX, = o(X))dW; + b(X,)dt, Xo=x, cR? (1.1)

has a weak solution up to a lifetime ¢ (see [SV], [IW, p.155-163]), where t — W; is
a R"-valued standard Brownian motion. It is also known that under the assumption
of linear growth of coefficients ¢ and b, the lifetime ¢ is infinite almost surely.
The well-known result of Yamada and Watanabe says that if the stochastic differ-
ential equation (1.1) has the pathwise uniqueness, then it admits a unique strong
solution (see [IW, p.149], [RY, p.341]). So the study of pathwise uniqueness is of
great interest. It is a classical result that under the Lipschitz conditions, the path-
wise uniqueness holds and the solution of stochastic differential equation (1.1) can
be constructed using Picard iteration; moreover the solution depends continuous-
ely on the initial data (see [Ku]). The main tool to these studies is the Gronwall
lemma. When the coefficients o and b do not satisfy the Lipschitz conditions, the
use of Gronwall lemma is not possible. Therefore, there are few results of pathwise
uniqueness of solutions of stochastic differential equations beyond the Lipschitz
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(or local Lipschitz ) conditions in the literature except in the one dimensional case
(see [IW, p.168], [RY, Ch. IX-3]). We refer also to [MX] for related discussions.
In the case of ordinary differential equations, the Gronwall lemma was generalized
to establish uniqueness results (see e.g. [La]). However the method is not applica-
ble to stochastic differential equations. For stochastic differential equations with
less regular coefficients, a new concept of solutions has been introduced recently
and many interesting phenomena have been obtained in [LJR1,2]. In this work, we
shall study a class of stochastic differential equations for which the Lipschitzian
conditions are relaxed mainly by a logarithmic factor. For the pathwise uniqueness,
we impose a condition on the modules of the continuity of the coefficients only
in an arbitrarily small neigbourhood of the diagonal. This seems the first time in
the literature to notice this phenomena. Our method of proving the uniqueness and
the non-explosion is dimension-free and does not require that the control function
of the modules of the continuity of the coefficients is concave in contrast to the
existing literature .

Now let’s describe the main results in the paper. For a matrix o, we denote

by ||o|| the Hilbert-Schmidt norm: ||a||2 = Zol%-; for a vector x € R?, |x| the
ij

Euclidean norm.

Theorem A. Let p be a strictly positive, C'-function defined on a neighborhood

LK . +o00[ of +00, satisfying (i) lim p(s)=-+oo, (ii) Tim ) —0 and (iii)
s—>+00 s—>+o00 p(s)
+00
/;( s,o(jﬁ = +o00. Assume that for |x| > K,
{na(x)n2 < C(xPp(x’) + 1), (HI)
b)) < C (x| p(x?) + D).

Then the stochastic differential equation (1.1) has no explosion: P({ = +00) =
1. »

This result will be proved in section 4. Moreover if we denote by X;(x,) a
solution of (1.1) with the initial value x,, then the condition (H 1) implies that
lim |X;(x,)] = 400 in probability.
o

[xo|—+

Functions p(s) = logs, p(s) = logs - loglogs, - - - are typical examples sat-
isfying the above conditions (i)-(iii). When the coefficients ¢ and b grow at most
as |x/|, the hypothesis (H 1) holds obviously with p(s) = logs.
Our second result deals with pathwise uniqueness.

Theorem B. Let r be a strictly positive, C'-function defined on a neighborhood
sr/(s) L[ ds

= 0 and (iii) =

r(s) 0 sr(s)

10, ¢o] of 0, satisfying (i) lim r(s) =400, (ii) lim
s—0 s—0
400 for any a > 0. Assume that for |x — y| < c,,

6 (0) — s WP < Clx — yPr(x — v,
{ b(x) —b(y)| < Clx = ylr(x — yP. (H2)

Then the pathwise uniqueness holds for stochastic differential equation (1.1). n
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The proof of this result will be given in section 5. The crucial idea is to construct a
family of positive increasing functions (®;)s-0 on Ry so that the Gronwall lemma
can be applied to the composition of @5 with appropriate processes. Functions
r(s) =logl/s,r(s) =logl/s-loglog1/s, - -- are typical examples satisfying the
conditions (i)-(iii) in theorem B.

It is known that for ordinary differential equations, pathwise uniqueness is
equivalent to the property of non confluence by reversing the time. For stochastic
differential equations, reversing the time is delicate. However, using this idea, we
shall construct another function ®; so that we shall obtain the following result

Theorem C. Under the same hypothesis as in theorem B and assume that the solu-
tion does not explode at a finite time. Then for x, # y,, almost surely X;(x,) #
X:(yo) forallt > 0. n

Such kind of non confluence property was studied by M. Emery in an early
work [Em] for general stochastic differential equations under Lipschitz conditions,
and by T. Yamada and Y. Ogura for non-Lipschitz case in [YO]. However the mixing
condition imposed in [ YO] for coefficients o and b seems difficult to check and not
natural.

Our third result concerns the dependence with respect to initial data.

Theorem D. Assume that the hypothesis (H2) holds with r(s) = log 1/s and the
stochastic differential equation (1.1) has no-explosion. Then there exists a version
X, (x0) of X:(x,) such that (t,x,) — X, (x,) is continuous over [0, +00[ xR?
almost surely. n

We shall prove this result in section 6. The last result is devoted to Freidlin-Wentzell
type large deviation principle.

Theorem E. Suppose that the coefficients o and b satisfy the hypothesis (H 1) with
p(s) = logs and the hypothesis (H2) with r(s) = log1/s. For ¢ > 0, consider
the solution (X} );>0 of the stochastic differential equation

dX¢ = Jeo(XE)dW, + b(X5)dt, X§=x,. (1.2)

Let [ be the law of @ — X*®(w) on the space Cy, ([0, 1], Rd) of continuous
functions starting from x, € R%. Then {ju,, ¢ > 0} satisfies a large deviation
principle. n

The good rate function and the proof of theorem E will be given in section 7.
The method of estimating moments used in the literature ([DS],[DZ], [S]) does not
work here because of the non-Lipschitz feature of coefficients. We again appeal to
a family of positive functions (®, ;).

The organization of the paper is as follows. In section 2, we shall discuss the
case of ordinary differential equations. It will be useful for the study on skeletons
of stochastic differential equations in section 7. In section 3, we shall prepare some
preliminary lemmas in order to avoid repetitions of same kind of computations in
the sequel. Section 4,5,6, and 7 will be devoted to the proof of main results. A
preliminary version of theorem A and theorem B has been given in [FZ1]. A study
on stochastic flows of homeomorphisms and critical Sobolev flows on the sphere
§¢ will be discussed in a separate paper.
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2. Ordinary differential equations
Let b : RY — R? be a continuous function. It is essentially due to Ascoli-Arzela
theorem that the following differential equation:

dX’—bX X(0) = 2.1
7—(0, 0) =xo 2.1

admits a solution up to a lifetime ¢ . The following result weakens the linear growth
condition for non explosion.

Theorem 2.1. Let p : [0, +o0[— [1, 4+00[ be a continuous function such that

400 ds _
0 PO+ +00. Assume that

()| < C (Ix|p(x?) + 1) (2.2)

where C > 0 is a constant. Then the lifetime of any solution of (2.1) is infinite:
¢ = Ho0.

Proof. Define for & > 0,

V@) = /é — B nd e =,
o sp(s)+1

‘We have

P (§)
Ep(E) + 17

Let & = | X,|2. Taking the derivative of ® (&) with respect to the time ¢, we get

) = (23)

d /!
5 PE) =20 DX, b(X))),

where ( , ) denotes the inner product in R. By growth condition (2.2), we have

Lo

<2CP'(ENIX| (1Xi1p (&) +1).

It is easy to see that

" Ep(E) + VE s
g0 §p(8)+1

Therefore, according to (2.3),

d
0@ acoe). 2.4)

It follows that for t < ¢,

t
®(E) < O(xol?) +4c/0 o) ds.
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By Gronwall lemma, we have
D (&) < D(|xgl>) e*C! forallr < ¢. (2.5)

If ¢ < 400, letting? 1 ¢ in (2.5), we get D (&) < @ (|x0|?) €*¢¢ . Since & = o0,
by condition on p, ®(400) = +o00. The left hand side of (2.5) is infinite, while
the right hand side is finite; which is impossible. So ¢ = +o0. O

Remark 2.2. By considering the inequality %CD(E,) > —4C d(&) in (2.4), we
have

t
(&) = D(|x,|*) —4C/0. (&) ds,

which yields
(&) > D(|x,[H)e 4.

If we denote by X;(x,) the solution of the differential equation (2.1) with initial
value x,, then we get lim| | 400 (| X; (x0)|?) = 400, which implies that

Iim |X;(x,)] = +00. »

|xo| =400

For simplicity, we shall assume that solutions of (2.1) do not explode at a finite
time.

Theorem 2.3. Let r :]0,c,] — [1, +00o[ be a continuous function defined on a
neighborhood 10, c,] of 0 such that foa % = 400 for any a > 0. Assume that for
|.X - )’| = Co,

Ib(x) —b(y)| < Clx — y|r(jx — yI?) (2.6)

where C > 0 is a constant. Then the differential equation (2.1) has a unique
solution.

Proof. Let (X;)r>0 and (Y;);>0 be two solutions of the equation (2.1). Set n; =
X; — Y; and & = |n,|*>. Let § > 0 be a parameter, consider functions

wa(a:/sd—s and  ®y(E) = " ® @.7)
o sr(s)+8 ' ’
‘We have ()

/ _ )

»E= o+

Define the stopping time
T =inf{t > 0, & > cg}.

By assumption (2.6), we have forr < 7

l(ne, b(X0) — b(YD)| < C & r(&).
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Therefore

d
|56

<2C P5(&). (2.8)

It follows that, fort < 7,
t
B5(E) < 1+2C / 5 (&) ds,
0

which implies that ®5(§;) < Xl fort < 1. Letting § | 0, we get that eV <
e2€" Now by assumption on r, we obtain that § = 0 forallt < 7. If T < +o0,
letting ¢ 1 T, we get

C(% =& =0,

which is absurd. Therefore & = 0 for all # > 0. In other words, X; = Y; fort > 0.
[m}

In what follows, we shall study the dependence of the solutions on the initial
data.

Theorem 2.4. Assume that the coefficient b satisfies the condition (2.6) and that
the solution of (2.1) has no explosion. Then x, — X;(x,) is continuous, uniformly
with respect to t in any compact subset.

Proof. Lete €]0, /c,], where cq is given in definition of 7. Let (x,, y,) € RY xRY
such that |x, — y,| < €. Set n, = X;(x,) — X;(yo) and & = |n;|*. Define

(X0, Yo) = inf{t > 0, & > g2 ).

Let @5 be the function defined in (2.7), as in proof of Theorem 2.3, we have for
t < T(‘x()! y0)3

Ds(&) < Ds(E,)e’C". (2.9)
Taking § = |x, — y,| in (2.9), we get
Ds(&) < ® €, fort < t(xo, Vo). (2.10)

Fix the point x,. If liminfy,_, x, T(x,, yo) = 7 is finite, we can choose a sequence
Yn — X, such that lim,_, 4o T(Xy, y4) = 7. Set §, = |x, — yu|- Applying (2.10)
for (x,, y,) and letting ¢ 1 7 (x,, y,), we get

cban (8) = cban (Ef(xm)’n)) = e8n eZCT(xo’yn)_
Letting n — +o00 in the above inequality, we see that
+00 = @) < 7

which is absurd. Therefore

lim t(x,, yo) = +00,
Yo—>Xo
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which means that for any ¢+ > 0, there exists § > 0 such that for |y, — x,| < §,
7(X0, ¥o) > t. In other words,

sup | X(xo) — Xs(o)| < e.

0<s<t

O

Remark 2.5. This argument does not work, when we deal with stochastic differen-
tial equations, as it is not possible to choose a common sequence y,. u

Proposition 2.6. Under the same hypothesis as in theorem 2.4, for x, # y,, we
have X;(x,) # X:(yo) forallt > 0.

Proof. Letn; = X;(x,) — X (yo) and & = |n; |2. Without loss of generality, assume

that ¢} > 2&. Let
3
T =inf{r >0, & > Zcz}.

o

By starting from t again , it is enough to prove that for any c% > 2&p, we have
& > Ofort < t. Consider

§ ds
_ — L¥s)
%(S)—/O 7)1 0 and  Ps(§) =¥,

We have for ¢ < t,

dd
‘5—;@) < 20D5(&).

t
It follows that ®5(&;) > Ps(&,) — ZC/ Ds5(&5)ds or
0

Ds(&) > Ds(E)e ¢! for 1 <1.
For § > 0 small enough, ®5(£,)e 2" > 1. It follows that ®5(&) > 1 or& > 0.0

Now by the standard arguments, we obtain

Theorem 2.7. Suppose that the coefficient b satisfies the hypothesis (2.2) and (2.6).
Then for any t > 0, x, — X;(x,) defines a flow of homeomorphisms of R?.

Before ending this section, we would like to give an example of function b sat-
isfying the condition (2.6), but having not the local Lipschitz continuity property.

Example 2.8. Define the function V on R by the series

= | sin kx|
V(x) = Z e (2.11)
k=1

Obviously the function V is continuous on R. We claim that
V(x) = VI = Clx —yllog{l/|x — y[} for|x—y| <2/e (2.12)

where C > 01is a constant. To prove (2.12), we start with the following preliminary
lemma.
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Lemma 2.9. For0 <0 < 1/e, we have

>, | sin k6| 1
V)= —5 =Ciblog (2.13)
k=1
sin s 9

Proof. Consider the function ¢ (s) = . We compute the derivative ¢’ (s):

520 cos s0 — 25 sin 56

¢'(s) = =

30 +oo )

Then |¢'(s)| < —. Consider the integral W (6) =/ |s1ns | ds. We have
N 1 S

k+1

V) - W)l < Z/ 16(5) — SR ds

7T
<392 = :T' (2.14)

Now for0 < 6 < 1,

0 | sint| Usint dt o0 ds
W) =20 5—dt <6 ——+0 .
0 t 2] t t 1 Ky

which is dominated by
1
0 (1 - 1).
og ) +
Therefore, according to (2.14)

V(o) <9<1 1+1+”2)
0 - A 9
< g@ >
L n? 1
which is less than (7 +2) 910g§ for0) <6 < 1/e. O

Proof of (2.12). We have

= | sin k25|

X sinkx — sinky|
V@ -vls) —5—— =2

2
k=1 k=1 k
Applying (2.13), we get (2.12). O
Now we define for X = (x1, x2) € R?,
fX) =V + Vix). (2.15)

Using the concavity of the function s — slog (1/s), we see thatfor | X —Y| < 1/e,
If(X)—fMI<CIX—Y|log{l/IX = Y|} u

Remark 2.10. By further analysis on the function V, it is known (see e.g. [Ma])
that V(0) ~ 6 log (1/6) as 8 — 0. So the function f on R? constructed in (2.15)
is not locally Lipschitzian. Furthermore functions satisfying the condition (2.6) are
mostly defined by a series or a generalized integral. n
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3. Preparing lemmas

Let (2, F, P) be aprobability space, endowed with a filtration (F;);>0. Let (W;);>0
be a F;-Brownian motion taking values in R™. Consider the following Itd process
in R%:

t t
Nr = Mo +/ esdW; +/ feds, 7o €RY (3.1)
0 0

where (e;(w));>0 is a matrices-valued adapted process such that fOT ||es||2ds <
4oo for any T > 0 and (f;(®));>0 is a R?-valued adapted process such that

fOT | fs|ds < 4+oo forany T > 0.
Lemma 3.1. Let & = |n,|2. Then
dg, = 2(efni. dW;) +2(ni. fi)dr + e/ dt (3.2)

where e} denotes the transpose matrix of e;. The stochastic contraction d&,; - d&, is
given by

dg; - dg = 4lefni | di (3.3)
Proof. 1t follows directly from Itd formula. O

Lemma 3.2. Let p be a continuous function on [0, +oo[ such that p > 1. Let ®
be a strictly positive, C*-function on [0, +-00[ satisfying the conditions

C22()p(6)

Ci®(§)
Ep(§) +1)?

@//
e+l T ©=

|®'(&)] < (3.4

where C1, C are two positive constant. Keeping the notations in lemma 3.1, assume
that almost surely and for all t > 0,

{||ez||2
[ il
where C3, C4 are two positive constant. Define the stopping time tg = inf{t >
0, & > R}. Let

Cs & p(&) + 1),
3.5
C & pE) + 1) (3

IAIA

K = (C14+2C2)C34+4C1Cy. (3.6)

Then the following estimate holds

E(®Ere) = @m0l e, forany1 20, R > 0.
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Proof. Using It formula and according to (3.2) and (3.3), we have

INTR

O (Eney) = D(Eo) +2 /O &' &)y d W)

IATR

INTR
2 /0 s, fi)ds + /0 &' (&) les] 2 ds

INT

w2 [ e as
= ®E0) + 110 + L) + 150) + L)
respectively. By conditions (3.5), we see that [;(¢) is a martingale; therefore
IE(I,(t)) = 0. Using (3.4) and (3.5),
C1CsD (&)

q)/ s Sy JS = T N, 1
e B S e+

“Insl (nslp€s) + 1)
1/2

Esp (&) + &

= C1C4D (&
S

Since p > 1 and

Ep(€) +£1/2 <3
>0 §p(5)+1

’

we get the estimate

t
E(I (1)) < 4C1Cs /O E(®(E ney)) ds.

t
In the same way, IE(13(t)) < C1C3 / IE(®(&5nzz)) ds. Now
0

Cr2E)pEs) - CrPE)

q)// 3 < <
)= G+ 12 S EGpE) + D)
and
CC30(5,)
d)”s*sz_—.ss B 1) = CrC3D (&),
Gl = o2 TP £ (E) + 1) = OO0

t

so that E(I4(2)) < 2C,C3 / IE(®(é5a75)) ds. Let K be the constant defined in
0
(3.6), we obtain the inequality

t
E@ @) < 060 + K [ E@ 0 ds
By Gronwall lemma, we get that for all # > 0 and R > 0,

E(®(Eipry)) < P(E0)e™.
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Lemma 3.3. Let r be a continuous function defined on a neighborhood of 0, say
10, ¢o], such that r > 1. Let ® be a strictly positive, C 2-ﬂmction defined on [0, ¢, ].
Suppose that there exists 5 > 0 such that

Ci®@) C22()r ()
Erg)+46’ GrE +8*

Keep the notations in lemma 3.1 and suppose that |no|* < c,. Define the stopping
time

|'(&)] < () < 3.7

T =inf{r > 0, & > c,}.

Assume that fort < t,
llel* < C3 (ErE) +8), |(mi. fi)l < Ca (ErE) +9). (3.8)
Let
K =(C14+2C2)C3+4C1Cy. 3.9

Then
E(‘M&m)) < ®(Inol*) eX?, foranyr > 0.

Proof. Using It6 formula and according to (3.2) and (3.3), we have

AT
D ne) = D(E) +2 /0 ' (&) ety W)
INAT INT
12 fo ' E)ns. fi)ds + /0 ' (&) es] 2 ds

tATR
+2 /O " (&) les ;| ds
= (&) + L1(1) + L) + I3(1) + 14(2)
respectively. By assumption (3.8), for any s < 7,
51 < lleslPIns|? < C3 (57 (85) + )&s.
According to (3.7),

& (&1 (&) +9) s )
@) 197 S C16s 30 @) < +oo.

Therefore 17 (¢) is amartingale and /E (/1 (t)) = 0. On the other hand, by assumption
(3.7) and (3.8),

1D (E) (s, fi)l < C1Ca® (&) and |D(E)] [les] > < C1C3P (&)

|/ (&)elns)? < CTC3®(&)?

and
D" (&) lefns|* < CLC3 (&)
Let K be the constant defined in (3.9). We have

E(®@Er0) = S(lmol>) + K /0 E(00) ds.

It follows that E(CD(é,M)) < d(Inol?) X forall £ > 0. 0



A study of a class of stochastic differential equations with non-Lipschitzian coefficients 367

Lemma 3.4. Keeping the same notations, assume that the coefficients e and f are
bounded, namely

lleew)|l < A, |fi(w)| < B forall(t, w).
Then forany T > 0 and R > \/L_iBT, we have

P( sup & > R) < 2de~(R—VdBT)*/2dA’T (3.10)
0<s<T

Proof. Tt is a classical result and can be deduced from exponential martingale
method. For a proof, see for example [S, p.81]. O

4. Criterion of non-explosion for stochastic differential equations

Leto : R - R?Y @ R™ and b : R¢ — R? be continuous functions. Let (X;, W;)
be a solution of the Itd stochastic differential equation

dX, = o(X;)dW, + b(X,)dt, Xo=x,€R? 4.1)
with the lifetime ¢. The main purpose of this section is to prove theorem A.

Proof of theorem A. Extend the function p to a strictly positive C! function defined
on the whole half line [0, ool. It is easy to see that there exists a constant C > 0
such that (H1) holds for any x € R?. Define the functions

§ ds
- Q)
V() /0 sp(s) + 1 and ®E¢E)=¢e""%, £>0.

We have

b D(E) _d>(é)(1—p($)—ép’($))
OE)= ———— = 5 .
Ep)+1 CEpE)+1)

By conditions (i) and (ii) on the function p, we see that |1 —p (§) —£p' ()| < C1p(§)
for a large constant C; > 0, so that

1 D(E)p(&)

EpE) +1)?
The conditions in (3.4) are satisfied. Now according to notations in lemma 3.2, let
n: = X, and & = |n;|?. Then we have ¢; = o(X,) and f;, = b(X,). By hypothesis
(H1),

and ®”(&)

()< C for all £ > 0.

1/2
ledd? < C EpE) + 1. Ifil < & pE) + 1.
This means that conditions in (3.5) are satisfied. Now define
rRzinf{t>0, &,zR}, R > 0.

It is clear that tg tends to the lifetime ¢ as R — +oo. Using lemma 3.2, there
exists a constant Cp > 0 such that

E(®Enm)) = @™
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Letting R — 400 in above inequality, by Fatou lemma, we get

E(®@n0) < )", “2)

Now if P(¢ < 4+00) > O,thenforalarge 7 > 0, P({ < T) > 0.Taking?t = T in
(4.2), we get

E(1e=n®E)) < ). 43)

Since ®(&;) = ®(+00) = +00 on a positive measure subset {{ < T}, the left
hand side of (4.3) is infinite, while the right hand side is finite: which is impossible.
Therefore P(¢ = +o0) = 1. ]

Let X, (x,) be a solution of stochastic differential equation (4.1) with the initial
value x,. Comparing to remark 2.2, we have the following result

Theorem 4.1. Under the same hypothesis as in theorem A, we have

lim |X;(x,)| = 400 in probability. 4.4
(0.¢]

[xo|—>+
Proof. Let ¢ be the function defined in the proof of theorem A:
§ o d
V() = / — 2 Define the function ® by
o sp(s)+1

DE) = e V&

P (6)
Ep&)+1

In this case, ® is a decreasing function, but |®'(£)| = and for a large

constant C; > 0,

OE) (1406 +E0'®) _ . PE)pE)
Ep(E) + 1) =@ + D

The conditions in (3.4) are satisfied. Let R, M be two positive constant such that
M > |x,| > R. Define

() =

tg =inf{t > 0, |X,;(xo)| <R} and 7y =inf{r >0, |X,;(x,)| = M}.

By theorem A, we see that py + +00 as M 1 +o00. Let ; = X, 13, which is a Itd
process. According to notations in lemma 3.1, we have

es(w) = l{fst}U(Xs)a Jfs(@) = l{fst}b(Xs)~
By hypothesis (H 1), we have

llesI? < CEpE) + 1), 1fil < CEpE) +1).

Now using lemma 3.2, we get

E(D(Enry)) < D(|x0l*) .
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Letting M — 400 in above inequality, we get
E (X p, ) D)) = @ (1ol €.
This gives that
P(3 2 2 2y ,Ct
(2 = ) O(R?) = E(@(Xiney (ko)D) = @(Ix0[) ",

Therefore,

ol g
) Ct — _—
P( inf 1X:(x0)] < R) < " exp /,; sp(s>+1}’

which tends to O when |x,| — 4o00. m|

5. Pathwise uniqueness and non contact property

The main purpose of this section is to prove theorem B and C. After establishing
these results, we shall prove that the solutions X;(x,) will define a Feller semi-

group.

Proof of theorem B. Without loss of generality, we can assume the lifetime ¢ of
stochastic differential equation (4.1) is infinite; otherwise we have the pathwise
uniqueness up to the lifetime. Let X; and Y; be two solutions of (4.1) having the
same initial data. Consider n;, = X; — Y, and & = |17,|2. According to notations in
lemma 3.1,

e =0(X)—o(), fi=b(X:)—bXy).

Lett =inf{r > 0, & > cz}. By hypothesis (H2), for ¢ < t,

lle/l|> < C&rg) and  |(ns, fi)] < CEr(&).

According to the condition (i) on the function r, we can assume that r(§) > 1 for
all £ €]0, ¢,]. Let 6 > 0, we define

Ys(€) = /é _ds and  ®s(&) = W ®.
o sr(s)+34§
By condition (iii) on r, we see that ®¢(£) = +oo for any & > 0. We have

P5(8) 1—r) —§r'®
ErE)+8 (1) +8)?

By conditions (i) and (ii) on the function r, there exists a large constant C; > 0
such that

5(8) = Y () = (&)

1—r@&) —&r'@&I<Cir®)
so that
Ds5(5)r ()

®E=C e o
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The conditions in (3.7) are satisfied. Now using lemma 3.3, there exists a constant
C> > 0 such that for any 7 > 0,

E(®s(Ein0)) < e,
Letting 6 | O in the above inequality, we get

E(ewo@m)) < Oot

which implies that for # given,
& r =0  almost surely. 6.1

If P(t < +00) > 0, then for some large T > 0, P(t < T) > 0. By (5.1), almost
surely forallt € QN [0, T, &ar = 0. It follows that on {t < T}, & = 0 which is
absurd by the definition of 7. Therefore T = 400 almost surely. So for any given
t , & = 0 almost surely. Now by the continuity of samples, the two solutions are
indistinguishable. O

Remark 5.1. In the case of d = m = 1, stronger results on pathwise uniqueness
have been established. Namely o was allowed to be Holder of exponent > 1/2 (see
[RY, Ch. IX-3], [IW, p.168]).

Proof of theorem C. Without loss of generality, we may assume that |[x, — y,| <
co/2.Let0 < € < |x, — y,| and define

Te = inf{t > 0, |X;(xo) — X/ (¥o)| <&}, T =inf{r >0, X;(x0) = Xi(¥o)}.

It is clear that 7, 1 T as ¢ | 0. Let

. 3
= inf{t > 0, [X;(x0) = X; (yo)| = 760}

Consider n; = X3, (x0) — X pz,(00) and & = |17,|2. Then using notations in

lemma 3.1, we have expressions
e =1z 51(0(Xi(x0) — 0 (Xi(30))), i = Lz, 20y (B(X1 (x0)) — B(X((¥5))).
By hypothesis of (H2), fort < ,
lerl> < C&r(&) and n,. fi)l < C& 2 r(&).

Now define the functions
Co ds
=[] ——— and ®5=e%® for & <c,.
Ys(§) /; sr(s)+ 46 an §=¢ or £ <c,

Ps5(8)

We have |®§(¢§)| = ———— and for some large constant C; > 0,

Er)+4

L+r@)+Er¢) _ 1 P5(8)r (&)
Er@+6* T Er@+8*

QY (&) = Ds(8)
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So we can apply lemma 3.3 to get the inequality
E(Cbg(E,M)) < dJ(g(*g‘O)eCZ’ for some C, > 0 andforall ¢ > 0.
Letting é | 0, by Fatou lemma, we get
E(®o(Ein0) = PoE)e™".
Replacing &; by its expression, we have
E(P0(Xi 7, ne(50) = Xintone 00)D)) = @o(E)e .
Onsubset {T; < t AT}, [ X0z 01 (X0) — Xz a7 (Vo)| = €. From the above inequal-

ity, we obtain
P(f: <t AT)Dp(e?) < Do(E,)e 2",

or

R & ds
Pt <t AT) §exp{—

. sr(s)}_>0 as ¢ | 0.

Therefore P(T, < t A t) = 0 for all ¢. Letting t — oo we get P(T < 1) = 0.
Therefore, £ is positive almost surely on the interval [0, t]. Now define Tp := 0,

Ti=r,  Dy=inf{t >0 |X,00) = X, ()l < 3
and generally
Tow = inf{t > Touor, 1X0(x) — X, (v0)| < 2},
Tong1 = inf{t > Tan, 1X1(x0) — Xe ()| = =2

Clearly 7, — oo almost surely as n — oco. By definition, & is positive on the
interval [T>,_1, T2,]. By pathwise uniqueness of solutions, X enjoys the strong
Markovian property. Starting again from 73, and applying the same arguments as
in the first part of the proof, one can show that & is positive almost surely also on
the interval [T%,,, T>,+1]. This completes the proof. O

Theorem 5.2. Under the same hypothesis as in theorem C, for any ¢ > 0, we have
lim P(sup [Xs(yo) — Xs(x0)| > &) =0. (5.2)
Yo—>Xo 0<s<t

Proof. Let xq, yo be such that |y, — x,| < & < cg, where ¢ is the parameter in
definition of function r. Let & = | X; (o) — X/(x,)|*. Denote explictly

T(Xo, yo) = inf{z > 0, & > &*}.
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Let ®; be the function defined in the proof of theorem B. By lemma 3.3, for some
large constant C > 0,

E(CD(;(S,M(XO%))> < ®j(&,) e forall t>0 and 8> 0.

Taking § = |x, — y,| in the above inequality, we have IE (CD,; (étAT(on’o))) <l eCl.
Hence

P(x (0, 30) < DP3(E) = E(@s(Eineipmn)) = ¢ ",
It follows

P(sup [X;(yo) — X5 (X0)| > &) = P(T(x0, yo) <) < e VED €1 5 0

0<s<t
as 8 = |y, — xo,] — 0. We obtain (5.2). |

Corollary 5.3. The diffusion process (X;(x)) given by solutions of the stochastic
differential equation (4.1) is Feller, i.e., the associated semigroup (T, t > 0) maps
Cp(R?) into Cp(RY).

Proof. 1t is a direct consequence of Theorem 5.2 and the definition

T, f (x) = ELf(X:(x))], f € Cp(RY).

6. Continuous dependence of initial data

Having pathwise uniqueness under the hypothesis (H?2) in theorem B, the stochas-
tic differential equation (4.1) has a unique solution X;(x,). In this section, we are
mainly interested in the continuous modification of X;(x,). To this end, we need
to assume that for |x — y| < ¢,, where ¢y is a small enough constant,

llo(x) — o (M|* < Clx — y|* log ,
lx — yl

[b(x) —b(y)| < C|x —y|log

) (6.1)
lx — y

In what follows, we shall first construct the strong solution of stochastic differ-
ential equation (4.1) via Euler approximation.

Theorem 6.1. Assume that the coefficients o and b satisfy the condition (6.1) and

are bounded:
llo@)|| <A, |b(x)]<B forall x € RY

Forn > 1, define (X, (t))n>1 by X, (0) = x and
Xn () = X (k27") + 0 (X (k27") (W — Wyo-n) + (X, (k27"))(t — k277)

Jor k27" <t < (k+ 1)27". Then for any T > 0, almost surely, X, (t) converges
uniformly int € [0, T, to the solution X; of stochastic differential equation (4.1).



A study of a class of stochastic differential equations with non-Lipschitzian coefficients 373

Proof. Define ¢,,(t) = k27" fort € [k27", (k + 1)27"[, k > 0. Then X,,(¢) can
be expressed by

t

t
Xo(t) = x0 + fo o (X (G0 (s))dWs + fo b(Xn(@a(s))ds.  (62)

Let | < a < +/2. Introduce the stopping time
Tn = inf{t >0, | Xn(@) — Xn(dn (1)) = a—n}‘

Fort € [k27", (k + 1)27"[, by expression (6.2), we have
t—k2 " ~
Xn(@) — Xn(gn(?)) = /0 0 (X (dn (k27" 4 5)))d W

1—k2~"
+/ b(Xn(dn (k27" +5)))ds
0
where W, = Wio-nys — Wio—n. Using lemma 3.4,

P s X0 = XD 2 a ")
k2n<t<(k+1)2-n

<2dexp|—(a™" —dB2™")?/2d A*27"}
2 2
=2dexp {—(5)"(1 — VdB(=)™)?/2d A*}.
a a
Let ¢ = 2/a?, which is strictly bigger than 1. Therefore for large n,

P swp X0 = Xa@a ()] Z @) < 2de 14N
k21 <t <(k+1)2—"

and for integer 7 > 0,
P(ty < T) <2d2"T exp{—c"/4d A*}.
Hence for sufficiently large n,
P(ty < T) < e=¢'/%4%, (6.3)
Now define n, () = X,,+1(t) — X,,(t) and &, (¢) = |n, (t)|2. Introduce the notations

s = U(Xn+l(¢n+l(s))) - U(Xn (¢11(S)))7
fs = b(Xnt1(@n+1(5))) = b(Xn(dn(5))).

By lemma 3.1, we have
d&a (1) = 2(efn, (1), dWy) + 2(n, (1), fi)dt + lle;||*dt (6.4)
and the stochastic contraction d&, (¢) - d&,(t) is given by

dg, (1) - d&, (1) = 4lefn, (1)) dt. (6.5)
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Define the stopping time

1
& =inf{r >0, &) = —7} (6.6)

where B > 1 is a parameter. Then for s < 7,11 and n large enough, we can use
(6.1) to obtain

10 (X1 @n4160) = 0 (X1 ()12
= € [ X1 @1 ) = X1 6P 1og { 1/1X 1 01 5) = X1 9]}

S Ca—2(n+1) logan-‘rl S Ca—zn logan

where we used the fact that s — slog 1/s is increasing over [0, 1/e]. In the same
way,
1o (X (@n(5)) = 0 (Xa())II> < Ca™*" loga”,

and fors < t, A T,41 A &ns

el < 2{ll0 (Xar1@ar1(5) = 0 (Xns1() 1
H1o (Xn1(9) = o (Xa ()|
10 (Xa(@a(s)) = o (Xa(5))12}
< 2 (6 (s) log (1/6,()) + 24" loga”).

On the other hand, for s < 7, A Ty41 A &,

(na (), fi)l < C Inn(t)I[IXn+1(¢n+1(t)) = Xut1(0)]

x 1og {1/1Xn+1(Pn41(1)) — Xus1 (D)}
+1 X0 (D (1)) = Xn ()] 1og {1/ X (Pn (1)) — Xn ()]}

()] Tog {1/1n, (1)1}
2
= ¢ &0 log (1/6:(0) + —;a " loga"}.

Choose the parameter p, by

2
On = n—ﬂa_” loga”. 6.7)

Then the conditions (3.8) in lemma 3.3 are satisfied with C3 = 2C, C4 = C and §
replaced by p,.

. . ¢ ds 4 (®)
Now consider the function v, (§) = ————— and ,(§) = """,
o slog(1/s)+ pn
We have
40 4@ 541
o= PO _ A6 logh) _

& log (1/8) + pn (logl/& + pp)? —
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for £ < ¢, small enough. The conditions in (3.7) are satisfied with C; = 4, C; = 0.
Let

Ty =Ty A Tntl A&n-
For large n, &,(t A T,) < c,. Let K = 24C. Then by lemma 3.3, we have the
following estimate

E(d)n(én A f,,))) <oK' forall ¢,

from which we get

E (Lnay 27,6211 @Gl AT ) < K7,

or

1 KT
P(ty A Ty ETaCnfT)'q)n(nTﬁ)fe ,

Therefore

—28

KT n ds
Py ANtyp1 2T, 5, <T) <e eXp{ —4 —} (6.8)
o slogl/s+pn
Since 0 < p, < n—2p log n28 there exists ¢, €]0, n~2#[ such that

1 2
cplog— = p, = —ﬁa_" loga" <a"loga". (6.9)
Cn n

1
The function s — s log — being increasing over [0, 1/¢], from (6.9), we see that
s

0<cp, <a™™. (6.10)

Now

/"25 ds - /”25 ds 1 | <log n_zﬂ)
_ —— = ——log(———).
0 s log% +on  Je, 25 log% 2 8 log ¢,

According to (6.8),

282 2
logn ) <6KT(2,310gn)

Py ATup1 2T, 5 < T) < X7 (
log cp, nloga

where the last inequality was deduced by (6.10). Therefore for some constant
C1 > 0 and n big enough,

1 2
Py Atast 2 T, < T) = O (220) ©.11)
n
Now combining (6.3) and (6.11), we get

1
P( =T) < — forsome y > 1,
n
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or
1
ny’

1
P( sup [Xn41(1) = Xa)* = —7) <
0<t<T n

By Borel-Cantelli lemma, almost surely
1
sup | X,41() — X, (1) < 3 for large n.
0<t<T n
It follows that the series
X =) (Xnp1(1) = Xu(0) + X1 (1)
n>1

converges uniformly in ¢ € [0, T']. It is easy to check that X; is the solution of
stochastic differential equation (4.1). O

Now we turn to establish theorem D. Let’s begin with the following lemma.

Lemma 6.2. Let r be a strictly positive continuous function defined on 10, c,],
where 0 < ¢, < 1. Assume that the coefficients o and b are compactly supported,
say,

oc(x)=0 and b(x) =0 for |x| > R, (6.12)

and satisfy the hypothesis (H2) in theorem B. Let p > 1. If s — r(s) is decreasing
on 10, c,), then there exists a constant C, > 0 such that for all |x| < R+1,|y| <
R+1,

El

—y|?P
lo() —aWIP = Cplx — 3P r (254
|2

i ) 6.13)
b@) = b = Cplx = yir(27)

=

4R+ 1)2

Co

where M =

Proof. Because of the similarity, we only prove the conclusion for b. If |[x —y| < c,,
by hypothesis (H2),

_ vl?
b~ b1 = Clx =yl = yP) = C e =yl (E200). 614

as r is supposed to be decreasing. Remark that
. £29p
e £ ([7]) 2 coreey > 0
ozt Siren® \Lag] ) = orteo) =

and sup, |b(x) — b(y)| < 2||b||co, Where ||b]|x denotes the uniform norm of b
over R?. Therefore there exists a constant C p > 0 such that
=y,
b = b0 = Cplx =yIr((F20)7) for k=¥l = (615

Combining (6.14) and (6.15), we get the result. O
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Lemma 6.3. Let o and b be continuous functions satisfying the support condition
(6.12). If the stochastic differential equation (4.1) has the pathwise uniqueness,
then for any |x,] < R+ 1, | X:(x,)| < R + 1 almost surely for all t > 0.

Proof. Define the stopping time
T =inf{r > 0; |X,(x,)| = R+ 1}

Set Yt = me(x). Then

INT INT
Y: =x, +/ o(Y,)dWy +/ b(Yy)ds.
0 0

We have
t t
E YOIP (<) — 1)°d :175/ Yol?d
([0 o I (sey = 1) ds) = (| 1o ()1 ds)

= ]eq llo (X0l ds)

X being on the sphere of radius R + 1, o (X;) = 0 by hypothesis (6.12), the last
term in the above equality is equal to zero. Therefore ¢ > 0,

tAT t IAT t
/ o (Yy)dWs =f o (Y5)dW;  and / b(Ys)ds =/ b(Yy)ds,
0 0 0 0

almost surely. We see that {¥;, r > 0} satisfies the same stochastic differential
equation as {X;, ¢ > 0}. By pathwise uniqueness, we conclude that ¥; = X;
almost surely for all # > 0, which proves the lemma. O

Lemma 6.4. Assume the same hypothesis as in lemma 6.2 and furthermore r sat-
isfies the condition (i)-(iii) in theorem B and & — &r (&) is concave over 0, c,].

Let p > 2 be an integer. For |x,| < R+ 1 and |y,| < R+ 1, set
2 & p
N = Xi(x0) — X:(Yo), & = In|” and z; = (M)

where M is the constant defined in Lemma 6.2. Put ¢(t) = IE(z;). Then for some
constant Cp,

¢'(1) < Cpp@r(p)). (6.16)

Proof. By hypothesis imposed on the function r, we can apply lemma 6.2 and
6.3 so that z; is a bounded process. Now we shall proceed as in [F]. Let ¢; =
0 (X:1(x0)) — 0 (X1 (o)) and f; = b(X;(xp)) — b(X:(yo)). By Itd formula and
applying (3.2) and (3.3),

1
dzy =~ (296" (et ni dWi) +2p" ™ (nr. fi)do

-1 -2
+p&! " lled P dr + 2p(p — D& Plefni dr ).
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By lemma 6.3, X;(x,) and X;(y,) are bounded by R + 1. Now using (6.13), we
have

. & &
s i)l < Cp 2 or(S5) = Cpar (zs) (6.17)

and

p—2

-1 2 é:s 2
C lesll® < Cpzor(ze), = lefns]

= szsr(zs)- (6.13)

By concavity of £ — &r (&) over |0, ¢, ], we see that  sup (&r(é)) is finite. There-
0<€=co
fore the first term in the expression of dz; is a martingale and ¢(¢) = IE(z;) is a

derivable function with respect to t and

1 1 -1
00 = = (2pEE (0 fi) + PEE ™ lledl)
)
+2p(p = DIEE lefnl®)
which is less, according to (6.17) and (6.18), than

Qp* + p)Cp E(zr(z) < 2p* + p)Cp ot ().
So we get the result. O

Remark 6.5. Consider r(s) = log 31 -loglog 31 for s €]0, 1/2e¢]. Clearly s — r(s)
is decreasing and s — sr(s) is concave over [0, 1/2¢]. Solving (6.16), we get

1 Lo=Cpt
<P(I)SCXP(—[10gm] ‘ )

In order to apply the Kolmogorov’s modification theorem, we have to find @ > 0
such that

1 e—Cpt o
exp (—[log m] ) < 9(0)%,

or 1 c 1
10 _— ep > o 10 _—
log Sy zeloe

which is impossible when |x, — y,| is small for any > 0. =

Proof of theorem D. We split the proof into two steps.
Step 1. Assume that o and b are compactly supported, say,

o(x)=0 and b(x) =0 for|x|> R.

1

Let ¢ be defined as in Lemma 6.4. Solving (6.16) with r(s) = log —, we get
s

o) < (9(0)¢ """ or explicitly

—Cpt

E(1X:(60) = X, 50) 7)< Cp o = yol*
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On the other hand, it is easy to see that
(1 (50) = X, (x0) PP ) = Cplt = 517,
Therefore,
2p p 2pe=Cp!
E\|X:(x0) = Xs (Y|P ) < Cp |1t = sI¥ + |x0 — Yol . (6.19)

Fix p > d+1.Choose aconstant 7, > 0 small enough such that 2pe=¢rT0 > d+41.
It follows from (6.19) and Kolmogorov’s modification theorem that there exists a
version of X;(x,, w), denoted by )?t(xo, w), such that (¢, x,) — )?,(x(,, w) is
continuous over [0, T,] X {|x,] < R + 1} almost surely. But

X (xp, w) =x, 1if |x,| > R.

We conclude that (¢, x,) — X + (X0, w) can be extended continuously to [0, T;,]x RY.
Let (0, w)(t) = w(t + T,) — w(T,). Define for 0 < ¢t < Tp,

XT(,—Q—t(xo’ w) = Xt(XTu(xm w), 97‘011)).

Then )~(TO+.(x(,, w) satisfies the stochastic differential equation (4.1) driven by
the Brownian motion 67, w with the initial condition X 7, (X0, w). By pathwise
uniqueness, we see that X T+t (X0, W) = X71,4+(x0, w) almost surely for all ¢ €
[0, T,,]. This means that )~([ (xo, w) is a continuous version of X;(x,, w) over
|0, 27,] x R?. Continuing in this way, we get a continuous version on the whole
space [0, +0o[ xR¥.
Step 2: General case. We shall proceed as in [Pr] for locally Lipschitzian coeffi-
cients.

For R > 0, let fr(x) denote a smooth function with compact support satisfying

fr(x)=1 for |x| <R and fr(x)=0 for|x|> R+ 1.

Define
or(x) =0 (x)fr(x) and bg(x) = b(x) fr(x).

Let X ,R (x, w) be the unique solution of the stochastic differential equation (4.1)
with o and b replaced by o and bg. Let XX (x, w) denote a continuous version of
X ,R (x, w). Such a version exists according to step 1. For K > 0, set

¥ (x) = inf{t > 0; |XR(x,w)| > K},
g (x) = inf{t > 0; |X;(x, w)| > K}.
By pathwise uniqueness, for |x| < R,
X (x,w) = )~(tN(x, w) forany N >R+ 1 and 7 < 7113\14-17

or
TR+1(x) = t}evﬂ(x) forany N > R+ 1.
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For |x| < R, we define

X, (x,w) = XX (x,w) on [0, 75 F0L

Then )~(. (x, w) is a version of X (x, w). Let us prove that f(t (x, w) is continuous in

(¢, x) for almost all w. Fix xo with |xg| < R. Since the lifetime of the solution is infi-

nite, there exists R > 0 such that t 11;:12 (x0) > t + ¢ for a small . This implies that

SUPg<s<t+te |XE+2(x,, w)| < R+ 1. By the continuity, we can find a neighborhood

Bs(x,) of x, such that supy <, . |)~(f+2(x, w)| < R+ 1or rlfilz(x) >t + ¢ for

all x € Bs(x,). Hence, X;(x, w) = XX+2(x, w) forall x € Bs(x,) and s <t + &,
which implies that )N(S (x0, w) is continuous at the point (¢, x,). |

7. Large deviations principle

The theory of large deviations for diffusion processes under Lipschitzian coeffi-
cients is well established (see [A], [S]). Some new developments in infinite dimen-
sional situations are discussed in [FZ2,3], [Z1,2]. The main task of this section
is again to handle the non-Lipschitzian feature. In what follows, we shall restrict
ourselves on the intervall [0, 1]. Let n > 1, ¢ > 0, consider the following Euler
approximation of stochastic differential equation (1.2):

t t
X, @) =xa+«/5/0 (X3, (pn(5))) d Wy +/0 b(X5(¢n(s))) ds

where ¢, is the step function defined in the proof of theorem 6.1; namely ¢, (t) =
K27"ifr e k27", (k+ D27"[, k> 0.

Lemma 7.1. Under the same hypothesis as in theorem 6.1, for any fixed §, > 0,

lim limsupelog P( sup |X; — X:()| > 3,) = —o0. (7.1)

n—>+00 o . 0<t<1
Proof. Let § > 0 be a small parameter, define the stopping time
T, = inf{t >0, |X5@) — X5 (n(0))] > 8}.

Replacing A% by £A?, ¢" = 2" /a*" by 2"6% and T by 1 in the estimate (6.3), we
get

P(tf < 1) < exp{—2"8%/8dsA?}. (7.2)

Now let nf (1) = X — X2 (t) and & (¢) = 0% (¢)|?. According to notations in lemma
3.1, set

e = Ve(0 (X)) = a(Xp(¢n(1) and f; = b(X7) = b(X,(¢a(1))).
Introduce the stopping time

¢f =inf(r >0, ££(1) = 82 ).
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1
We shall take §, vV § < ¢, < — where ¢, is given in the condition (6.1). Then for
e

<7t N,
lled* < 2e {llo(XE) — o (XE)II* + 1o (XE@®) — o (X (dn (D)2}

C
Using condition (6.1), the first term in the brace is dominated by Eé,f (1) log{1/&; (1)};

while the second term is dominated by
C
5 X0 () = X5 @u ) log{1/1X5. (1) = X3 ($n(0)I*}
C
< 552 log{1/8%} < Cé8log{1/8}.
Therefore fort < 7, A ¢,

1
+ 8 log —). (7.3)

lle:|I* < 2Cs (& (1) log 3

1
& (1)

In the same way for t < t° A ¢S, 8, being chosen less than 1/e, we have

c 1
@, fi)l = = (& (1) log +8,810g <)

1
& (1)

1
+ élog E)

A

C (g,f(t) log =0

Therefore the conditions in (3.8) are satisfied with C3 = 2Ce,C4 = C and §
replaced by

1
o =4dlog 3 (7.4)
Now let ¥, (§) = foE slog(‘fw for0 < & <2 < ¢,, and

D, (8) =V ® for A > 0.
Aq)p,k(g)
logg +p

@)1 (8) 1 +logé

+ 1P _
(¢log g +p)? P8 log § + p)?
< )»2 q)p,A(S)

(log g +p)?

We have @/, (£) = and

7, (E) =27

The conditions in (3.7) are satisfied with C; = A, C» = A%. Let K; = 2CA +
2Cxe + 4C2\%e. By lemma 3.3, we have

E(@IO,A(E;(I ATEA ;,f))) <Kt forall 1> 0. (1.5)
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Lett = 1. From (7.5), we get easily the following estimate

P(r;‘i > 1,48 < 1) < efn . 0D, (7.6)

1 1
Now let A = —, then K = 2C + 6C —. Using (7.6), we have
& £

elog P(tf > 1,¢f < 1) < 2Ce +6C) — ¥, (52).
Therefore for any p = § log %,
limsupelog P(7f > 1,4 < 1) < 6C — ¥, (82). (1.7)
e—0
Now

P( sup | X7 — X, (1) > 50) =P, <D

0<t<1
<Pt =10, <1)+P(x; < D).

By (7.2), for any § > 0,

limsupelog P(zf < 1) < —2"5/8d A°. (7.8)

e—0
Using the inequality

limsupelog{P(¢f <1, tf > 1)+ P(zr} < 1)}
e—0
<limsupelog P(¢f <1, tf > 1) Vlimsupelog P(zf < 1)

e—>0 e—0

and according to (7.7) and (7.8), we get

lim sup ¢ log P( sup |X; — X; (1) > 30)

e—0 0<t<1

< (6C — ¥, (81) v (—2"8/8d A?). (7.9)
Letting first n — +o00 in (7.9), we get

lim sup & log P( sup |XE — XE(r)| > 3,,) < 6C —,(82).
e—0 0<t<l1
Hence as § — 0, the right hand side in the above inequality tends to —oo. The
proof of (7.1) is complete. O

Letm > 1beaninteger. Fixx € R™,denote by C, ([0, 1], R™) the space of con-
tinuous functions from [0, 1] into R with initial value x. Let g € Co([0, 1], R™),
define

fo] |g(t)|>dr if g is absolutely continuous,

7.10
400 otherwise . ( )

e(g) = {
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For an absolutely continuous function / in Co([0, 1], R™), we consider the follow-
ing ordinary differential equation on R?,

dX,(t) = (o(xh(t))h(t) + b(Xh(t))) dt, X,0) =x, R (711

The uniqueness and non-explosion of (7.11) under the hypothesis as in lemma 7.1
could be obtained in a similar way as in section 2. In this case, we have the following
result.

Lemma 7.2. Leth € Co([0, 1], R™) such that e(h) < +o0c and X} (t) be the Euler
approximation of the same scale as in lemma 7.1 for differential equation (7.11),
then for any a > 0,

lim  sup ( sup | X (1) —Xh(t)|> —0. (7.12)

N 400 (p:e(h)<a) N0<t<1

Proof. Let h such that e(h) < a. For any n > 1, X}/ (¢) satisfies the equation

t
XI(t) = x, +/0 [U(XZ((j),,(s)))fz(s) +b(xz(¢n(s)))]ds. (7.13)

Lett € [kK27", (k + 1)27"], we have
Xp(0) — Xp (k27" = o (X[ (k27")) (h(t) — h(k27")) + b(X) (k27™)) (t — k27").

Assume that ||o (x)|| < A, |b(x)| < B forall x € R?. Using the above expression
and the fact that

Ih(t) = h(k2™")] < 27" /e(h),
we get the estimate for the difference X} (f) — X} (¢, (¢)), namely
X7 (1) — X! (dn ()] < (Ay/e(h) + B)2™"/2, forany > 0. (7.14)
Therefore for sufficient large n, the quantity | X} (t) — X} (¢,(¢))| is bounded by

1
Co, uniformly over the subset {/; e(h) < a}. Let0 < § < ¢, < —. Define
e

Tu(h) = inf{t > 0, |X;(1) — X} (1)| = 8}.
As before, set n, = X}/ (t) — X;(t) and §; = 1n:]2. According to (7.13), we have

d .
& _ 2{ne, (0 (X (@n (1)) = 0 (Xp(1))h(1))

dt
+2{ne, (X} (@ (1)) — b(Xi(1))). (7.15)
For large n and ¢t < 7,,(h) and using the hypothesis (6.1) and (7.14), we get

llo (XG5 (@ (1)) — o (X ()]
< llo (X} (@n (1)) — o (X )| + llo (X5 (1)) — o (Xp(t)]]

1 1
= ¢ {a(w), flog - wt |nt|‘/logm}
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where we set

an(h) = (Ay/e(h) + B)27"/2. (7.16)
It is clear that sup a,(h) < (AJa + B)27"/2. Therefore there exists n, > 1

e(h)<a
(independent of & satisfying e(h) < «) such that for n > n,, and for r < t,(h),

1
o KRG )) = o Xne)Il = € {an(h) log = + I log —}
In the same way,
1K@ () — BRI = € [an(hylog — + Inillog .
(h) 171

According to (7.15), we get, for t < 1,,(h),

dé&; 1
B 2C{8an(h)log (h) + étlogg }(|h(z)|+ 1
Clanthyiog o+ logé Jahwl+1)
1
< 20| tog -+ log £ | 10l + 1 7.17)
where
Bn = (Ao + B)27"/2, (7.18)

Let p, = B, log i. Define v, (§) = fo and @, (£) = e¥*&) . By (7.17),

we have for ¢t < r:(h),

log +

d
|| <2c

®,(§) .
— bl + &1 h +1
&log L+ p, s Ogﬁ & Ogs Hirol+1

which is less than 2C ®,, (E,)(lh(t)l + 1). It follows that
t
B (Epnmy ) < 1 +2C /0 B Euney ) ([ (5)] + 1) ds.

By Gronwall lemma, for any t > O and n > n,, e(h) < «,
t
By (Eineyiiy) < exp|2C / (J(s)] + 1) ds} < 2CWEHD (7.19)
0

The functioné — &, (£) being increasing, by taking the suprenium over {h; e(h) <
a}in (7.19), we get

Dy SUp Epng ) < 2CWETD, (7.20)

e(h) <«
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To complete the proof, it is sufficient to prove that for any § > 0, there exists
an integer N such that if n > N, then t,(h) > 1 forall h € {g; e(g) < «a}.
Otherwise, there exists 6, > 0, a subsequence {ny; k > 1} of positive integers and
hyn, € {g; e(g) < a} such that

Ty (hnk) <1
By (7.20),
@, (62) = Py (Etnm,, (hy,)) < 2V, (7.21)

As k — +oo,ng — 400, py, = Pp, logl/By, tends to 0. Therefore letting
k — —+o00 in (7.21), the left hand side tends to +oo: it is impossible. This com-
pletes the proof of (7.12). O

Theorem 7.3. Let o and b be continuous functions on RY, taking values respec-
tively in R? @R and R¥. Suppose that they are bounded and satisfy the hypothesis
(6.1). Let ¢ > 0, consider the stochastic differential equation

dXf = Jea (XD)dW, + b(X5)dt, X§ = x,. (7.22)

Denote by (i, the law of w — X*(w) on the space Cy, ([0, 1], RY). Then {ji,, € >
0} satisfies a large deviation principle with the following good rate function defined

by I(f)= inf{%e(g); Xy = flfor f e C ([0, 1], RY); namely
(i) for any closed subset C C C,, ([0, 1], Rd),

limsup elog u.(C) < — inf 1(f),
feC

e—0
(ii) for any open subset G C Cy, ([0, 1], RY),

hgggf elog e (G) > — }Iéf; 1(f).

Proof. Let n > 1. Define the map F, : Co([0, 1],R™) — C,, ([0, 1], R?) by
F,(w)(0) = x, and

Fy(w) (1) = F(w)(k27") 4 o (Fy(w)(k27")) (w(t) — w(k2™"))
+b(Fp(w)(k27") (t — k27").

It is clear that F;, is a continuous map from Cyp([0, 1], R™) into Cy, ([0, 1], Rd).
Notice that

X, (1) = Fa(Vew) ().

By Schilder large deviations principle for {\/ew; ¢ > 0} and the continuity of F,,
the large deviations principle holds for X;. Now according to lemmas 7.1 and 7.2
and theorem 4.2.23 in [DZ], we obtain the result. O

In what follows, we shall drop the hypothesis of boundedness on the coefficients
o and b.
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Proposition 7.4. Assume that o and b satisfy the following growth condition

2 2
{Ilo(x)ll < C (P log x| + ), 20
Ib(x)| =< C(|x|log|x|+ 1).
Let (X7 )1>0 be a solution of stochastic differential equation (7.22). Then
lim limsup ¢ log P( sup |X7| > R) = —oc. (7.25)

R—+00 o0 0<r<l1

Proof. Let p > 1 be a C'-function defined on [0, 4+-oo[ such that p(£) = log & for
&> e2. According to (7.24), there exists a constant C; > 0 such that

{na(x)n2 < Cy (Ix1Pp(x]?) + 1),

b)) < Ci(xlp(x?) + D). (7.26)

Now define ¥/ (§) = [y & and ®(£) = *¥® for & > 0. We have &' (£) =
AD(E)

0 +1

MRE)  AE)(p§) +80'(5)
(Ep(§) +1)2 Ep (&) + 1)?
__MeE)  re®)EE)

T Ep@©+D? EpE) + D

By choice of the function p, we see that sup(|p’(£)|€) < +oo. Therefore there
£>0

(&) =

exists a constant C, > 0 such that

(A* +1C) D (§)

M e 727
Let 7° = X¢ and &° = |n|%. According to lemma 3.1, we set
=ea(X)), fi =bX)).
By (7.26), we have the estimates
llecll® < Cre GFpED + 1, 1fil = CL (V& pGED + D).
Define t; = inf{r > 0, & > R?} and set
= (A 4222 4+ 21C2)e C) + 4AC. (7.28)
Applying lemma 3.2, we have
E(®, ) < X o). (7.29)

1
Lett =1and A = — in (7.29), we get
I3

P(th <1)- (R < XK d(|x,%)
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or more precisely

P(th < 1) < e FVR) L QCCHDCIH6C1 e o)/

which implies that

limsupelog P(th < 1) < =y (R?) + 6C1 + ¥ (|x,]%).

e—0

Letting R — o0 in the above inequality, we get (7.25). O
Remark 7.5. Lete =1 and t = 1 in (7.29), similarly we obtain

2 2
P(sup |X;|>R)<(Cy Vol L o=V (D) for some constant Cy > 0.
0<t<l

R? R

d 1 d 1

Since ¢(R2) = / @ > —/ v = — loglog R, we have
o sp(s)+1 72 )2 slogs 2

P(sup |X;| > R) < Cr V(% _(log R)™/2 forany 2 >0. n  (7.30)

0<r<l

Now for R > 0, define mg = sup{|b(x)|, ||lo(x)||; |x| < R} and biR = (—mp —
1)\/b,'/\(mR+1),(Ti{Qj =(mgr—DVojA(mp+1),1<i<d,0=<j=<m.
Put bg = (b, b5, ..., b)) and or = (0,%)1<i<d,1<j<m- Then for |x| < R,

br(x) =b(x), or(x)=o0(x).

and bp, op satisfy (6.1) and (7.24) with the same constants.
Let X% (-) be the solution to

dX5(t) = eor(X5(5)dW, + br(X5()ds,  X5(0) = x,. (7.31)
For h with e(h) < 00, let X’,’Q (1) be the solution to
dx}y(t) = [or (X)) o) + brX o) | dr, - Xl = x,. (7.32)

For f € Cy([0, 11, RY), define

1 1
Ir(f) = inf {5e<g>; Xl = f}, and 1(f) = inf {§e<g); Xp = f}

where X, is the solution of differential equation (7.11). If supy—, < | Xn(?)] < R,
then X}, solves the differential equation (7.32) up to the time 7 = 1. By unique-
ness of solutions, we see that X, (1) = X’}Q(t) for 0 < ¢t < 1. Therefore for
[ € Cy, (10, 11, RY) satisfying sup<, <1 | f ()] < R, 1(f) = Ir(f).

Lemma 7.6. Let o > 0. Then under the condition (7.24),

sup  sup |Xp(1)| < +oo. (7.33)
{h;e(h)<a} 0<t<1
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Proof. Let &,(t) = | X}, (t)|2. Then for some constant C > 0,

‘ dép(1)
dt
where p is the function defined on [0, +o0[, considered in the proof of proposition

§
7.4. Introduce again the function ¥ (§) = / @
o sp(s)+1

< C(&®pE®) + 1)(A®]+ 1)

and ® (&) = ¥ Then

’@) <C(h(O]+ 1) - PEQD))

from which we get

(1) < D(xo) + C /Ot(|fz(s)| + 1) - ®(En(s)) ds.
Again by Gronwall lemma, we obtain
D (1) < D(Ixo%) - CWHD for e(h) < a. (7.34)
d being increasing, taking the suprenium over {h; e(h) < «} and ¢ € [0, 1] in

(7.34), we get
O sup sup £ (1) < D(|x,[?) VD,

e(h)<a 0<r<l1

It follows that sup sup &,(¢) < +oo. |
e(h)<a 0<r<l1

Lemma 7.7. The rate function I is a good rate function, namely for any B > 0,
the level set Qg = {f; I(f) < B} is compact.
Proof. Let (f,) be a sequence in Qg : I(fy) < PB. Then there exist h, €

1 1
C,([0, 11, R™) such that Ee(h") <pB+—-—and X, = fp. Leta = B 4 1. By
n
(7.33), for some R > 0, we have

h’l
Xp, = XR = fu.

Itis known that there existsah € C,([0, 1], R™) such that %e(h) < Band X};e” con-

verges to X ?e uniformly over [0, 1], up to a subsequence. Therefore f = X, € QOg.
(]

Now we are ready to prove the main result E.

Proof of theorem E. Recall that the process Xfe(') is defined by (7.31). Let uf
denote the law of X?e(') on Cy, ([0, 1], Rd). By theorem 7.3, {,uf, & > 0} satis-
fies a large deviation principle with good rate function /g (-). Note that X and
e coincide on the ball { f; supy<,<1 | f(#)| < R}. For R > 0 and a closed subset

C C Cy ([0, 1], Rd), set Cr =CN{f; SUPp<r<] | f(#)| < R}. Then,
me(C) < pne(Cr) + P(sup |X;| > R)
0<t<l1

= /Lf(CR) + P(sup |X?| > R).
0<t<1
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By large deviation principle for {X, ¢ > 0},

li log uR < — inf {I < — inf I1(f).
imsupelogu, (Cgr) < fu%R{R(f)}_ }gc f

e—0 €

Hence

lim sup ¢ log u:(C) < (— }n%[(f)) \% (1imsup810g P(sup |X°()| > R)).
€

e—0 e—=0 0<t<l

Applying (7.25) and letting R — oo, we obtain

lim supe log e (C) < — inf 1(f),

e—0 €

which is the upper bound.

Let G be an open subset of Cy, ([0, 1], RY). Fix any ¢9 € G. Choosing
8 > 0 such that B(¢o,8) = {f;supg<,<; |f (1) — ¢o(¥)| < 8} C G.Let R =
Supg<,<1 l$o(#)| + 8. Since

B(¢o,8) C {f; sup |f(1)| =R},

0<t<l

we have

~1(#0) = ~Ir(¢0) <limiinf & log (B<¢o, 8))

= lim igf elog e <B(¢o, 5))
£—

< lim i([)lf!;‘ log s (G).
e—>

Since ¢ is arbitrary, it follows that

— inf I(f) <liminfel G),
}&(ﬁ_gge%m()

which is the lower bound. O
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