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Abstract. We provide general criteria for energy measures of regular Dirichlet forms on
self-similar sets to be singular to Bernoulli type measures. In particular, every energy mea-
sure is proved to be singular to the Hausdorff measure for canonical Dirichlet forms on
2-dimensional Sierpinski carpets.

1. Introduction

During the development of the analysis on self-similar sets, or fractals, various
anomalous properties have been observed. For example, a typical behavior of transi-
tion densities p(¢, x, y) of diffusion processes on good fractal sets can be described
as

et exp (—era(d, y) /A < pe v, y)
< 1™ exp (—era(d(a, yyte p 7D ) (1.1)

where the spectral dimension d; is different from the fractal dimension, and the walk
dimension d,, is greater than 2. This is in contrast to the case of symmetric diffusion
processes on R? associated with uniformly elliptic operators of divergence form.
The estimates of the transition densities of these processes are similar to (1.1) but
with d; = d and d,, = 2. Moreover, the domains of Dirichlet forms associated
with canonical symmetric diffusions on a broad class of fractals are represented by
Lipschitz spaces with a differential order of d,,/2 ([14, 18, 26]), while that of the
Brownian motion on R¢ is given by a first order Sobolev space.

In this paper, we demonstrate another anomalous property concerning the
energy measures associated with regular Dirichlet forms on self-similar sets. In
the case of the Brownian motion on R, the associated Dirichlet form (£, F) on
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L2(R?, dx) is given by
1
&ﬁ@=§A;WﬁV@dn fgeF=H®,

and the energy measure (), where f € F, is equal to |V f|? dx. This, in par-
ticular, is absolutely continuous with respect to the Lebesgue measure on R?. Tt
has been suspected that energy measures are singular to the Hausdorff measure
for generic fractals due to the lack of differential structures. This was first proved
by Kusuoka [19] for a class of fractals including Sierpinski gaskets. Later, Ben-
Bassat, Strichartz, and Teplyaev [9] proved the singularity for generic p.c.f. self-
similar sets. In this article, we treat further generalized self-similar sets including
infinitely ramified ones, and provide criteria for energy measures of self-similar
Dirichlet forms to be singular to Bernoulli type measures. Broadly speaking, main
theorems imply that singularity to the canonical Bernoulli measure is verified if
the elliptic Harnack inequality holds and the walk dimension is greater than 2. In
particular, every energy measure is proved to be singular to the Hausdorff measure
for standard Dirichlet forms on 2-dimensional Sierpinski carpets. This partially
answers the questions posed in [2].

The organization of this paper is as follows. In Section 2, we set up a framework
and state the main claims. In Section 3, we prove a series of lemmas. In Section 4,
the main theorems are proved. Certain examples are presented in the last section.

Throughout this article, ¢; ; denotes a positive constant appearing in Section i
for the first time.

2. Framework

First, we introduce a self-similar structure. Let K be a compact metrizable topo-
logical space, S a finite set with #S§ > 2, and v; : K — K a continuous injective
map fori € S.Set ¥ = SN. For i € S, define a shift operator 0; : £ — X by
oi(wiwy ---) =iwjwy - - -. Let us suppose that there exists a continuous surjective
mapw : ¥ — K suchthaty; om = moo; foreachi € S. Wecall (K, S, {¢;}ies)
a self-similar structure, following Kigami [15].

Define Wy = {4}, W,,, = S§" form € N, and W, = UmEZ+ W,.. When
w € W, we write |[w| = m and call m the length of w. For w = wjws---w,, €
Wi C Wy, wedefine ¥y, = ¥y, 0y, 0« - -0y, , Oy = Oy 00y, 0 - -00y,, , Ky =
Yw(K), and X, = 0y, (X). Here, we use the convention that {3 and oy represent
the identity maps. When w = wiws - - - wy;, € Wy and w' = wjw ---w) , € Wy,
ww' denotes wiwy - - - Wy wWiwh - W), € Wy

Define a subset A of RS by

A:{ezwmdeRS

6; > 0 foreveryi € S and Z@i = l}.
ieS

Given 6 € A, let Ag denote the Bernoulli measure on X with weight 6. Specifi-

cally, A¢ is a unique Borel probability measure such that g (X)) =6y,0u, - - - Oy

m



Singularity of energy measures 267

for every w = wywy---wy, € W, C W, We will use the notation 6,, =
0w, 6w, - - - Oy, fOr 6 € RS and w € W,,, and 6y = 1 for the remainder of the paper.
Define a Borel measure g on K by g = mAg, thatis, g (A) = Ag (! (A). It
is called a self-similar measure on K with weight 6.

We impose the following assumption.

(A1) Forevery x € K, w~!(x) is a finite set.

LetK? = {x € K | #(w~'(x)) > 1}.According to Theorem 1.4.5 and Lemma 1.4.7
in [17], every 0 € A satisfies ug (Kb) = 0 and ug(Ky) = 0y, for all w € W,.

We fix p € A and abbreviate A, and 11, as A and u, respectively. Assume that
we are given a regular Dirichlet form (£, F) on L%(w) = L*(K, ). Let {T;}i=0
denote the associated Markovian semigroup on L%(u). For any o € [1, 00), {T;}1>0
extends (or is restricted) to a strongly continuous contraction semigroup on L% ().
Furthermore, the generator of {7}};~0 on L% () is denoted by £ with domain
Dom(£®). Note that Dom(£*)) C Dom(£®V) and LOV|p, 1) = L@
when a1 < ay. We write £ for £2), which is a nonpositive self-adjoint opera-
tor on L>(u). Set F, = FNL®(u), Fy = {f € F | f > 0 u-ae.}, and
Fp+ = Fp N Fr. We equip F with norm || f|| 7 = (E(f, f) + ||f||§2(m)1/2. We
further impose the following assumptions.

(A2) 1e Fand £(1,1) = 0.
(A3) (Self-similarity) 1/;1.* f € Fforevery f € Fandi € S, and there exists
s = {sj}ies with s; > O for all i € S such that

EF. 1) =) s€WFLUF ), [feF. @.1)
ieS
Here, v/ f is a pullback of f by the map ;.
(A4) (Spectral gap) There exists a constant cy > 0 such that
<cnNE(S, ) forall f € F. (2.2)

2
Hf —f fdu
K L2(w)

According to the polarization argument and by repeatedly using (2.1), any f,g € F
and m € N satisfies

Ef.0)= D suE(Wif. Uig). (2.3)

weW,

Let f denote a quasi-continuous Borel modification of f € F.Foreach f € F, let
() denote the energy measure of f with respect to (£, F). When f € Fp, u(p)
is a unique smooth Borel measure on K satisfying

/Kgdum =28(f, f8) — £(f% 9), g €Fp.

The following inequalities are also useful (see e.g. [11, p. 111]). For f1, f» € F,

and a nonnegative Borel function g on K,
1/2
<([ednim) o

172 172
(/ gdﬂ<f1>> —(f gdﬂ«(m)
K K
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in particular,

1y A = 1y (D] < gy (A2 (2.5)

for any Borel subset A of K.
To state additional assumptions, we introduce a number of other notations.
When w € Wy and f € L%(u), we define Wy, f € L?(n) by

FWylx) ifx e Ky
0 otherwise

Wy f(x) = {

Since u(K?) = 0, it should be noted that Yo Wy f = Op-ace. if w and w’ are
different elements in some W,,.

For a measurable function f on K, supp f denotes the smallest closed set F'
such that f = 0 u-a.e. on K \ F. We fix a Borel subset K? of K, which is regarded
as a boundary of K. (In most cases, K? denotes the image of the post-critical set
by m; see Section 5.) Set

Fo={f €F|supp fNK? =@}

We impose the following assumptions.

(AS) K \ K? has a nonempty interior.
(A6) V; f € Foforany f € Fpandi € S C W,.

By (A6), it is easy to prove that ¥, f € Fo for any f € Fo and w € W,. Denote
the closure of F¢ in F by Fp.
Let

H={heF|EMhh) <Eh+ f,h+ f)forall f e Fp},
Hy={theH|h>0pu-ae.l.

We term the elements in H harmonic functions. As is seen later, H is a closed
subspace of F. The following is a key condition to the main theorem.

(C) There exists some u € W, such that ¢ : H — F is a compact operator.

Theorem 2.1. Assume (C). Then, for every q € A, either of the following holds:

(i) There exists some h € 'H such that py = pg.
(ii) Forevery f € F, uu(fy and 4 are mutually singular.

We will provide the sufficient conditions for (C). Consider the following conditions.

(EHI) (Elliptic Harnack inequality on a certain subset) There exist v € W, and
¢2.1 > O such that forany & € Hy,

p-esssup h(x) < ca.1 p-essinf h(x).
xekK, xek,
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(D) There exist v € W, and ¢p» > 0 such that

u-esssup [h(x)| < coallhllF for every h € H.

xek,

(R) £ has compact resolvents. In other words, F is compactly imbedded in
L2(w).

Theorem 2.2. (EHI) implies (D), and (D)+(R) implies (C).

We will also provide criteria to guarantee that case (i) of Theorem 2.1 does not
occur.

Theorem 2.3. Suppose that every Borel subset A, B of K with positive jL-measure
satisfies

mtlog[ Tla-1pdu > 0. (2.6)
tl0 K

Then, if f € F satisfies w(yy < (= wp) and the Radon-Nikodym derivative

dg—;{) belongs to L*°(w), then f will be a constant function. In particular, case (i)

of Theorem 2.1 does not occur for g = p.

According to Lemma 3.12 below and Theorem 1.1 in [13], lim; o ¢ log fK Til4 -
1p du always exists and is less than or equal to 0. Therefore, (2.6) is equivalent to
the condition lim; o ¢ log [ T;14 - 1pdp = 0.

The assumption in Theorem 2.3 holds if 7; has an integral kernel p(z, x, y)
satisfying

p(t,x,y) > cz_3t_d5/2 exp (—C2_4t_1/(d'“_1)> , te@,1]landx,y € K

for some positive constants ¢ 3, ¢2.4, and dg, and some d,, > 2. This is because we
have

/ Tlg-lpdp = // p,x,y) p(dx)u(dy)
K AxB

> W AR(B)er st ™ exp (—epar ™/ @D
which implies (2.6) since 1/(dy, — 1) < 1.

To state another criterion, we define distance-like functions as follows. Let

m € N. For x, x' € K, denote x ~ x’ if there exist w, w’ € W,, such that x € K,
x' € Ky, and K, N K,y # @. Set

dm(x,x) =min{j € N | x; ﬂx,-_H, i=0,1,...,j—1, xp=x, xj =x'}.
2.7)

We introduce the following condition.
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(O) There exist some z € W,, N € N, and C > 0 such that for any w € W,
with Ky, C K, there exists A(w) C W)y with #A(w) < N satisfying the
condition that every & € H has a continuous modification on K, and that

2
(,u—esssup h(x) — ,u,—essinfh(x)) <C Z EWEh, Yih).

xekKy, xekKy, £cA(w)

Theorem 2.4. Assume (O). Let ¢ = {q;}ics € A and r = min;¢s s; /q;. Suppose

dm(x,y)
— ym/2

=0

for each x, y € K. Then, if f € H satisfies u(fy < g and ° d[L L belongs to

L®(juq), then f will be constant on K ;, where z is given in (O). In particular, case
(i) of Theorem 2.1 does not occur for such q.

As is seen in Section 5, with regard to typical examples such as nested fractals
and Sierpinski carpets, the set of g satisfying the assumption of Theorem 2.4 is a
neighborhood of p in A, where p is given such that (4, is the normalized Hausdorff
measure of the self-similar set.

The following proposition is an easy application of singularity of energy mea-
sures.

Proposition 2.1. Suppose f € Dom(L), f? € Dom(LW), and w(sy L . Then,
[ is a constant function. In particular, if wy L u for any f € F, then no
nonconstant function f can satisfy both f € Dom(L) and f* € Dom(L£LD).

3. Preliminary lemmas

Lemma 3.1. Foranyw € W,, ¥ is a bounded operator on F. To be more precise,
—-1/2 —-1/2
I fllr < (o' v su DI Lz

Proof. This is evident from the inequalities ||y, f 112 g = pwl £ 113 200 @
Ef ) = swEW f, ik f) due to the self-similarities of y and £. O

Lemma 3.2. There exists a constant c3.1 such that ||f||§_- < &L ) +
([ fdu)’ forall f € F.

Proof. The claim follows with ¢3; = cy + 1 from the identity || f 12 D =
lf=/fxf d“”iQ(u) + ([ fdu)2 and inequality (2.2). m]
Lemma 3.3. W, f € Fp forany f € Fp and w € W,.

Proof. Take a sequence { f;,} from Fy converging to f in F. Then, ¥y, f;, € Fo by
(A6), and we have

g(\wan — Wy fi, Yo fu — Yo f) = swg(fn — Jko Su — f)
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and
W fo = Yo fill 22y = Pull fo = fill 2,

This implies that {\W,, f,},enN is a Cauchy sequence in F. Since its limit should be
W, f, we conclude that W, f belongs to Fp. |

Lemma34. If f € Fpand g € F4, then f A g € Fp.

Proof. When f € Fp, we have f A g € Fo since supp(f A g) C supp f.

When f € Fp, take a sequence { f;,} from Fo converging to f in F and u-a.e.
It is easy to see that {f,, A g} C Fo is bounded in F. Therefore, we can take a
subsequence converging weakly to f A g in F, which implies that f A g € Fp. O

Lemma 3.5. There exists a constant cp > 0 such that
1 £ 1720 < cDEf. ) forall f € Fp.
In particular, 1 & Fp.

Proof. Take an arbitrary i € S = Wy andleta = u(K \ K;) > 0. Let b be a
positive number and f € Fp with £(f, f) = 1. From Chebyshev’s inequality,
(2.1), (2.2), and Lemma 3.3, we have

(o forod-o)

2

IA

1
b2

. f —/K‘*yifdﬂ

L2()

A

Z—Ze(% L9 1)

CNSi CNSi

= e N =5 3.1)

Set b = (2cys;/a)'/?. Then, the last term of (3.1) is less than a. Since W; f = 0

on K \ K;, f g Vifd ,u| must be less than or equal to b. Therefore, we have
1 b
fdu|=—|| ¥ifdu| < —
K bi |Jk pi
and
2 2
171175 =Hf—f fdu| o+ / fdu
L= (w) K L2) K
b? b?
ECNg(f’f)“r—z:CN-i-—z.
P i
This concludes the assertion. O

Lemma 3.6. (i) Forh € F, h € H ifand only if E(f, h) = 0 for every f € Fp.
(i) H is a closed subspace of F.
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Proof. (i) Suppose h € H. For any f € Fp and ¢ # 0, we have E(h, h) <
E(h+¢f, h+ef), which implies that 2e 7' E(f, h) + E(f, f) = 0.If E(f, h) # 0,
we get a contradiction by letting ¢ | Oor e 1 0.
Next, suppose that E(f, h) = 0 for every f € Fp. Then, E(h+ f,h+ f) =
E(h, h) + E(f, f) = E(h, h) for every f € Fp, which implies that & € H.
Claim (ii) is a straightforward consequence of (i). O

Lemma 3.7. Forany w € W,, ¥ (H) C H.

Proof. Letm = |w|and take h € H.Forany f € Fp, ¥, f € Fp by Lemma 3.3.
Then,

0=EC, Wy f)= Y seEWEh, YV f) = suEWLR, f).
§€Wn
Therefore, (Y5 h, f) = 0. This implies that ¢ h € H by Lemma 3.6. O
Lemma 3.8. Foreach f € F, there exists a unique h € H such that f —h € Fp.

Proof. Fix f € FandletFy :={g € F | f—g € Fp}.Itissufficient to prove that
there exists a unique element in F ¢ that attains the infimum of {£(g, g) | g € Fr}.
Take a sequence {g,} C Fy such that £(g,, g,) | inf{E(g,8) | g € Fr}as
n — oo. By Lemma 3.5,

”g””Lz(u) < llgn — f||L2(M) + ||f||L2(M)
< VepEGn — frgn — D+ 120
< Venl€gn )P+ EL DY+ 1 N2
Therefore, {g,} is bounded in L?(), and hence, bounded in F. By taking a sub-
sequence if necessary, g, converges weakly to some g, in F. We also have
E(8oos 8o0) < lim,,_ . E(gn, gn). Since Fy is weakly closed in F, we conclude

that go, € F and that go attains the infimum. If both g’ and g” in F attain the
infimum of {€(g, g) | g € F}, then

g/ _g// g/ _g// g/+g// g/+g// 1 1
5( ) =-£ T +§E(g/,g’)+§€(g”,g”) <0

since (g’ + g”)/2 € Fy. Therefore, g’ — g” is a constant function. In view of
Lemma 3.5, we conclude that g’ = g”. |

Defineamap H : 7 — H C F by Hf = h, where h is given in the lemma above.

Lemma 3.9. (i) H is a bounded linear operator on F.
(i) For f € F, p-essinf f < p-essinf Hf < p-esssup Hf < p-esssup f.

Proof. (i) The linearity of the map H follows from Lemma 3.6. We have
E(Hf, Hf) < E(f, f) by definition. We also have

IHf 20 < WHE = fll2g + 112
< VepEHS = fLHE = OV + 1 f 120
< 2VepECf OV + 1 12
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Therefore, || H f || £ is dominated by a constant times || f|| =, which implies the first
assertion.

(ii) Suppose f < b p-a.e. forb € R. Since Hf — f € Fpand b — f € Fy,
Lemma 3.4 assures that

Hf Nb—f=(Hf = f)nb—f)eFp.

Since E(Hf Ab, Hf Ab) < E(Hf, Hf) and Hf is the unique element attaining

the infimum of {£(g, g) | g € Fr}, we conclude that Hf Ab = Hf u-a.e., that

is, Hf < b u-a.e. Considering — f in place of f, we derive all the relations. O
Let

Hioe = {fEf

there exists some m € Z such that
Y f € H forevery w € W,

Lemma 3.10. H;, is dense in F.
Proof. For f € Fandm € Z, set
fn@) = HWh )Wy ' (x) forx € Ky, w € Wy

This is well-defined up to i-equivalence because 1 (K?) = 0. Then, f,, has another
expression:

fo=f+ Y W (HWL) —vif).

weWw,,

which implies that f,, € F. Since ¥} f,, = H(Y f) € H forany w € Wy, fin
belongs to Hj,c. By (2.3), we also have

Efms f) = Y swEHWS ), HW f))

weWw,,

Y swEWL L) =E ) (3.2)

weW,,

IA

In order to prove the lemma, itis enough to show that any function f € FNC(K)
is approximated by functions in H,. in the weak topology of . On account of
Lemma 3.9 (ii), we may assume

min f(x) < inf f,(x) < sup f(x) < max f(x)

xeky, xekKy, xeKy xeky,
for any w € W, by taking a suitable p-modification if necessary. In particu-
lar, we see that { fy,};,ez, is bounded in F by combining the estimate (3.2). Let
w=wjwy--- € Xand y = m(w). Foreachm € Z,,

FO) = faI S _max  fr)— _min  f),

] wyom XEK 0w wy-am

which converges to0asm — oo because ﬂm€Z+ Koy, = {y}by[17,Proposi-
tion 1.3.3]. Therefore, f,, converges to fuu-a.e. and we conclude that f,, converges
weakly to f in F. O
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Lemma 3.11. (i) Let w € W,. For any exceptional set N of K, w;l (N) is also
an exceptional set. In particular, for every f € F, ¥} f is a quasi-continuous
modification of Y\ f.

(i) For f € F andm € Z, we have

H(fy = Z Sw(ww)*l/«(v/;jf), 3.3)

weW,,

thatis, w(ry(A) = Zwewm sw,u(mf)(wu_)l (A)) for any Borel subset A of K.

Proof. (i) Let ¢ > 0. Take an open set O D N and a function ep € F such that
ep > 1 p-a.e. on O and |leg||r < €. Then, ¥iep > 1 p-ae. on Iﬂu_)l(O) D
w;l(N). Moreover, by Lemma 3.1, [ feollr < (pl;l/2 Vv slzl/z
¥ L(N) is also exceptional.

(ii) Suppose f € Fp. Then for any g € Fp,

)e. Therefore,

/K Gduyy = 2601, fg) — £ g)

> sofewirvirvio —Ewi s vie)|

weW,

> swﬁwi’;gdmw:m-

weW,

From the uniqueness of the energy measure, we obtain (3.3). For general f € F,
we simply take an approximate sequence in Fp and use (2.4). O

Lemma 3.12. (£, F) is a local Dirichlet form.

Proof. We note that for each x € K, { UweWm:xeKw Ky | m € Z+} gives a funda-
mental system of neighborhoods of x by Proposition 1.3.6 in [17]. Suppose that f,
g € F satisfies supp f N supp g = ¥. Then, for sufficiently large m € Z, each
w € W, satisfies either supp f N Ky, = @ or supp g N Ky, = @. Then,

Efg)=Y swE@Whf vig) =0.

weW,,

This implies that (£, F) is local. m|

4. Proof of Theorems

We set X4 = Jeq Zw for A C W,
For f € F, we will construct a finite measure Ay on X as follows. For each
m € Z., define

KA =23 s EWL AL, AC Wi

weA
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Then, k f is a measure on W,,. When A C W,, and A’ = {wi € Wyy1 | w €
A, i €S},

)LE';Z)JF])(A/) =2 Z stic‘:(‘/f:;if’ Vi f)

weA ieS

weA ieS

=2 suEWL L UL ) =M)A.

weA

Therefore, {k (f }meZ . has a consistency condition. We also note that )»Em) W) =
2E(f, f) < oo. By the Kolmogorov extension theorem, there exists a unique Borel

finite measure A sy on X such that A7y (Xy) = X%I)({w}) for every w € W,.
Lemma 4.1. 7)) = u(y).

Proof. We define a set function y,, form € Z, by

Xm(A) = D supgy (o, (A)),

weWw,

where A is a o-compact set of X. x;, does not necessarily satisfy the additive prop-
erty but has monotonicity. Let B be a closed subset of K. From Lemma 3.11 (ii),
wiry(B) = ZweWm Sw (g ) (1#;1 (B)).Since yryyomr = mooy, and 7 is surjective,
we have

Y, (B) = n(w ™ (¢, (B)) = m(o, (x " (B))).

Therefore, we get
7(B) = xm(x ™' (B)). 4.1)
When C C W,,, C W,, we have
(m)
A (Be) = 25(0)
= > sultiy ) (K)

weC

= Z swl (s 1) (T (0 ()

weW,,

= xm(Xc). (4.2)
Here, in the third equality, we used the identity

. [KifwecC
7oy, (Xc)) = { g ifweC

Now, let D be a closed set of K. 7~!(D) is also a closed set of . For each
m € Zy,let Cpy = {w € Wy, | Ty N~ (D) # @). Then, {E¢,, hnez, is a

decreasing sequence and ﬂm ez, Xc, = 7~ 1(D). In fact, if we set a distance p on
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Z by p(w,n) =exp(—inf{j | w; # n;}) foro = {w;}jenand n = {n;};cn € Z,
then X, is simply {w € | p(w, 7~ 1(D)) < e~}
By virtue of (4.1) and (4.2),

1y (D) = xm(@ N (D)) < xm(Zc,) = A (Sc,,)-

Letting m — oo, we get

1(5y(D) < Mgy (e H(D)) = mah(p) (D).

Since both sy and . A ry are Borel measures on K, wehave 7y (B) < mAd(f)(B)
for every Borel set B. Since the total masses are the same for 1y and 74 sy, the
reverse inequality also holds by considering K \ B in place of B. This completes
the proof. O

The following general criterion for the singularity of probability measures, which
is a slight modification of Theorem VII.6.4 in [28], is a key to the proof of Theorem

. 1/xifx #0
(7] D _
2.1. For x € R, x¥ is defined by x¥ = { 0 ifx=0"

Theorem 4.1. Let (2, B) be a measurable space on which a filtration {B,},cz,,
is defined such that \/,, ez, B, = B. Let P and P be two probability measures on

(2, B). Assume that ﬁ|3n < Plp, foreachn € Z,. Set z,, = Zg:g:; forn e Z4
and o, = znz?_lforn eN.If

o

> A —Ef[Jay | Bi]) =00 P-ae., (4.3)

n=1

wherg EP[- | B,—1] denotes the conditional expectation for P given B,_, then P
and P are mutually singular.

Remark 4.1. Note that by Jensen’s inequality, 1 — IEP[M | By—1] = 0 always
holds. In Theorem VIIL.6.4 in [28], it is proved that the singularity of the two mea-
sures is equivalent to the same relation as (4.3) but with P-a.e. instead of P-a.e.
A characterization for absolute continuity is also provided there.

For the proof of Theorem 4.1, we recall the following result.

Theorem 4.2 ([28, Theorem V~II.6.1]). With the same notation as in Theorem 4.1,
Zoo = limy,,_ o 25, exists (P + P)-a.e. and

IS(A)=/ZoodP+f’(Aﬂ{zoo=oo}), A€ B.
A

Moreover, P(- N {zoo = 00}) and P are mutually singular.
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Proof of Theorem 4.1. Combining the estimates (19), (20), (25), (23), (28), and
(24) in the proof of Theorem VII.6.4 in [28], we have

&w=wh42ﬁﬂa—wmﬂBnn=w}

n=1

= {Z(l —EP Loy | Buo1]) = oo} P-ae.
n=1

By (4.3), there exists B € B such that P(B) = 1 and Zﬁil(l — EP[J(Tn |
B._1]) = oo on B. Then, zoo = 0o P-a.e. on B. Applying Theorem 4.2 to A =
Q\ B, we have P(2\ B) = P((2\ B) N {200 = 00}), that is, zoo = 00 P-a.c.
on \ B. Hence, P({zoo = 00}) = 1 and we obtain P L P by the latter part of
Theorem 4.2. O

Proof of Theorem 2.1. Consider a projective system {R"» (m e N), Om.n (M, n €
N, m < n)}, where ¢y, ,, is a continuous map from RWr to RWm given by

§0m,n({aw}wEW,l) = {bw’}w/EWma by = Z ayw'w' -

w’'eW,_m

Note that the consistency condition ¢; ;; © @m.n = @1, holds for I < m < n. The
projective limit ll(_m RWn associated with {R"», ¢m.n} becomes a Hausdorff space.
We set O, (f) =25, EWs f, ¥k f) forw € W, and f € F. Foreachm € N, we
define a map O™ : F — R"» by @ (f) = {©Ow(f)}wew, - When a sequence
{ fu}nen converges to f in F,

IEQWE fu Wk f) 2 = EWE Ui OV < EWE fu — Vi F s fo — V5 f)
Ssalg(fn_fsfn_f)ﬁo

as n — oo for any w € W,,. Thus, ©" is a continuous map. Moreover, by the
self-similarity (A3), em = ©Om.n© O™ form < n.Therefore, there exists a unique
continuous map ® : F — Lin RWn such that ™ = ¢, o ® for every n, where ¢,
is a canonical map from 1(&1 RYn to RWr,

Set g™ = {qwlwew,, € RY» for m € N and let q denote the element of
lim R" represented by {g"™} men.

First, assume that there exists some 2 € H such that ®(h) = . For each
w € W,, we have

Ay (Bw) = 25w5(¢:}hv Wth) =0y(h) =qu = )\q(zw)-

This implies that A5y = A,. By Lemma 4.1, we get ) = ¥y = 7%k = uq.
Therefore, case (i) of Theorem 2.1 holds.

Next, assume that ® (k) # q foreveryh € H.Let N = |u|and § = g, /(4sy,) >
0, where u is given in assumption (C). Define

IC/:{heH‘/ hdp =0, g(h,h)gl/z}, K =y*(K).
K
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According to (2.2), K’ is a bounded closed set of F. Moreover, since K’ is convex,
it is closed for the weak topology of F. Therefore, K is weakly compact in F.
From Lemma 3.7 and assumption (C), K is a subset of H and compact in F. The
set Cs ={f € K| E(Sf, f) = 8} is also compact in F. We set

Outi=0n (1 [VEGD) =50 S0

for f € Ks and w € W,. For each m € N, define @™ : K5 — RW» by
O (f) = (Ouw(fluwew,. Further, define © : K5 — LimR"" by ©(f) =
® (f /~2E(F. /). Then, q & ©(K;s) and © is continuous when K5 is equipped
with a relative topology of F. By the definition of the topology of 1<1r_n RWn | there

exist M € Nand y > 0 such that [ (f) — g™M)| > y forevery f € Ks. Here,
| - | denotes the Euclidean norm on R . Set

a = {ay}wewy € RV, a,, > 0 for every w,
= Su A/ a ,
P P w;; Gwtw Ywewy dw =1, and a, < g, /2
N
b = {bwlwew, € e R"™ b, > 0 forevery w,
=su
132 p S C]w w wGWM bw — 1’ and |b _q(M)| > y

Then, 81 < 1 and B, < 1. Indeed, By < 1 follows from the facts that

Y wewy VAwaw = D yewy (Gw + aw)/2 = 1 and the equality holds only when

a = g™, and a is taken over a compact set in RV that does not contain g™,
The same rationale is applied to B>. Let 8 = B1 V B2 < 1. We define a filtration
{Bn}neZ+ on X by

B =oc({Zw | w e Wyrenih,
Borr1 =0 ({Zy | w € Wiyrgnykan)) (k=0,1,2,...).

It is clear that \/,, eZs B, is identical with the Borel o -field of X.
Let h € H with £(h, h) = 1/2. For each n € Zy, An)lp, < Agls, since
only an empty set is a [B,-measurable set with A,-null measure. Define

n = dd%—llg”) forn € Z4 and o, = znz | for n € N. We will prove that

Yoty (1= EM[ /oy | Byoil) = 00 A4-ace.
Taking k € Zy, w € Wrsnyk, w' € Wy, and w” € Wy, we have

() _ 250 EWah k)
Ag(Zw) dw

n X,

Ay Bww) 28w EWy R Yy h)
Ag (Zpw) quw’

22k+1 = on Xy,
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and

)L(h)(zww/w//) . 2Sww/w//5(df:)w,w,,h, w;w’w’/h)
)Vq(Eww’w”) qww'w”

2k+2 = on Xy -

On Xy, we have
S/
Qoktl = k4125, = qi CEWE AR EAEEWEh, Y.
w/

If E(Yih, yuh) =0, we get azr+1 = 0 on X, and therefore, 1 — B[ o |
Bor] = 1on Xy,
Let us assume that E(Y s h, ¥k h) # 0. Set
vih = [ wihdu
K

8 T ek k)

Then, ngdp(, =0, g(g,g) = 1/2, and w:g e K. If w:g ¢ ’CS, that is,
EWrg, ¥ig) <8, then

28y
Aoft1 = —w/ EW8 Vi) on ¥y

w

and

25y N N
BM o | Bul= Y qu | == EWLg ¥ig)

w'eWy qw’
= > VawOu(®
w'eWy

<,81§,3 Onzw

since ®,(g) < 25,8 = q,/2 by the definition of § and Zw,ewN O, (g) =

28(g,8) = 1.
If g € K, then we have, on Zyy,

Uok+2 = Z2k12250 41
Sw// g(l/f;k)uw//h, '(//:)uw//h)

qur EWg )
M. g(l/f:)//l/f;g, 1/’://1//:8)
Q- EWievie)

therefore, on X,

| Ouwr (Y8
B[ ozt | Buyil= Y qur wq—l/p"g =P =B
w’eWy w

since [OM (yrre) — g™ | =y and Y- ey, Ouw (Yig) = 1.
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Accordingly, in any case,
(1 = E* @t | Bul) + (1 = EM[@air2 | B =2 1= >0 on Sy
Set
T = {weX| O'(N+M)k((1)) € %, for an infinitely number of k € Z. },

where 0™ : ¥ — ¥ is defined by 6" (wiw3 -+ +) = wpt1Wn42 -+ form € Z,.
Then, 3%, (1 — EM[/a, | By—1l(®)) = oo if € 3. Since 1,(2) = 1 by the
law of large numbers, we can apply Theorem 4.1 to conclude that A, L Ap). Take a
o-compact set A in X such that A, (A) = 1 and A,(A) = 0. Recall the p14-null set
Kb ={x e K | #(x~'(x)) > 1}. Set B = AU n~1(K?). Since = ~!(7(B)) = B,
we have

1tg (T (B)) = Ay (™' (7(B))) = A4(B) =0,
iy (@ (B)) = Amy(B) > Ay (A) = 1.

Therefore, 1y L ). Evidently, this relation is now true for all 2 € H.

When h € Hjoc, we can also prove that py L ) in view of expression (3.3).
Take an arbitrary f € F. By Lemma 3.10, there exists a sequence { f,} in H;,¢
converging to f in F. Take A, C K such that 4 (A,) = Oand u (s, (K \ Ap) = 0.
Let A = J,en An- By (2.5), (K \ A) = lim, o0 pa(1,) (K \ A) = 0, while
g (A) = 0. Hence, uy L pu(r). This completes the proof. o

Remark 4.2. In the proof of Theorem 2.1, assumption (A1) is used only to assure
that up(Kb) = uq(Kb) = (. Therefore, in view of [17, Lemma 1.4.7], (Al) can
be replaced by a weaker condition, A, (/o) = A4(Ioo) = 0, where Ino = {w € T |
#( ! (1 (w))) = 00}

Proof of Theorem 2.2. (EHI) = (D): Let h € Hy. By (EHI),

p-esssup h(x) < ca.1 p-essinf h(x) < ca1ll¥yhlli2,-
xek, xeKy

Next, suppose that h € H and let hy = h v 0 and h_ = (—h) Vv 0. Since
h=Hh=Hhy —Hh_and Hhy € H, by Lemma 3.9,

u-esssup |h(x)| < p-esssup Hhy(x) + p-esssup Hh_(x)

xekKy xekKy, xekKy

21 Iy (Hh) Nl 2y + 1y (HR ) 20

IA

< co1py U HR L 200 + 1 HR- | 1200)
< ca1(lhsllgz+1h-llF)  (by Lemma 3.9)
< 2c4.1|h|F.

(D)+(R) = (C): By assumption (AS5) and the regularity of the Dirichlet form, we
cantake £ € Wyand g € FoNC(K)suchthat) < g <lon K and g = 1 on
K. We will show condition (C) with u = v&. It s sufficient to prove the following
claim.
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(%) If a sequence {h,} in H converges weakly to 0 in F, then there exists a subse-
quence {h, )} such that ¥k, ) converges strongly to 0 in F.

In order to deduce condition (C) from (x), suppose that { f,,} is a sequence in H
that is bounded in F. By the Banach-Alaoglu theorem, we can take a subsequence
{ fm(n)} converging weakly to some f in F. Since H is weakly closed in F, f € 'H.
Applying (%) to hy, := fum) — f, we can take a sequence {n(k)} diverging to oo
such that ¥ fin(n(x)) — ¥, f in F. This implies that condition (C) holds.

We now prove (x). Since F is compactly imbedded in Lz(y,) by (R), {h,} con-
verges to 0 in L?(u). Take a subsequence {h,k)} converging to O p-a.e. Define
fi = VYrhaq. Then, fi € Fp N'H and supy || fxllzeoy < oo by (D). Since
frg € Fo, we have

0=28(fi, fx8) = E(fE 9) + fK gduif)-

Note that E(f2, f2) < 4| fk||%oow)€( f&, fi), which is bounded in k. A suitable
subsequence { fi’} can be taken so that { sz,} converges weakly in F. Since fr — 0
n-a.e., sz/ — 0 weakly in F. In particular, S(sz,, g) — 0as k' — oo. Applying

Lemma 3.11 (ii) with m = |&]|, we have

/Kgdﬂ<fk/>= > Swawing<w:;fk/>

weW,,

Z St /K VEgdiiy; )
= ety fi) (K) = 256 EQE fies Vg fio)-

Combining these estimates, we obtain limy_, o, £ (wg‘ e 1//5_“ fr) < 0. Therefore,
1//5*fk’ (= Vi hp@ry) converges to 0 in F. This proves (). O

Proof of Theorem 2.3. Assume that there exists a nonconstant Borel function f €
JF such that u(r) < p and dg—l(f) < c p-a.e. forsome c > 0.Take a, b, R € R such

thata < b, R > 0,andboth A = {(—R < f//c <a}and B = {b < f//c < R}
have p-positive measures. Then, by [13, Theorem 2.8] for example,

N2
/ Tla-1pdu </ u(A)u(B)exp <—(b—a)), t>0.
K

2t

Therefore, lim, 7 log [} Ty14 - 1pdp < —(b —a)?/2 < 0, which is a contradic-

tion. O
Proof of Theorem 2.4. Assume () < jiq and dd’:fz) < cug4-a.e forsomeh € H
and ¢ > 0. Take an arbitrary x, y € K. Set x’ = ¢ 1 (x) and y' = ¢! (y). Fix

m € Nand let k = d, (x’, y'). Then, we can choose x, x{, . .. ,x,’cJrl from K such
that x; = x/, x,’{Jrl =)/, and both x/ and xlfH belong to some KE{ with &/ € W,
for each i. Setting x; = v, (x)) and & = z&/ € W) 4, we obtain a sequence
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X0, X1, --. , Xk+1 in K, such that xop = x, xy4+1 = y, and both x; and x;4 belong
to K¢, .
Condition (O) assures that (after taking a continuous modification of 4 on K)

lh(xi) —h(xipD)> < C > EWEh, Yish).

weA(&)

By Lemma 3.11 (ii), we have

25wE Wyl Yoph) = switiypn (K) < pweny (Kw) < cpg(Kw) = cqu

for any w € W,. Then,

. Y cquw _ CCN  _(zj4m)
h(x) —hGisDP <C Y T
weAE)
and therefore,
dm(x/’y/)
) =R < Y h(x) — h(xig)]

i=0
< (@n (¥, y) + D(eCN/2) 2= (72,

Letting m — oo and using the assumption in the theorem, we obtain i (x) = h(y).
This implies that & is constant on K,. By virtue of Lemma 3.11 (ii), case (i) of
Theorem 2.1 does not occur. O

Proof of Proposition2.1. Let D = {f € Dom(L) | f € L®(n), Lf € L®(w)}.
It is a dense subset of F since (1 — £)~1(L*°(w)) is dense in F and is a subset of
D.

Suppose that f € Dom(£) and f2 € Dom(£™M). Take { f,},eny € Dom(L) N
L*(w) such that f, — f in Dom(L£) with respect to the graph norm. Note that
fi— f2in L' ().

For g € D, we have

/ gdus,)
K

26 (fu, fr8) — E(f2 8)

—2/ (»Cfn)fngd.u"‘/ fiLgdu.
K K

The first term of the right-hand side converges to —2 |’ k(L) fgduwhenn tends to
00, and the second term converges to fK f?Legdp = fK LW (f?) g d . Therefore,

/ Fdugy = -2 f (Lf)fgdu+ / £OG) gdu.
K K K

Since Dis dense in F, du(ry = {=2(Lf) f + LD (£2)}d . In particular, wiy <K
w, which implies that 1y = 0 by combining () L w. This concludes that f is
a constant function. O
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5. Examples

In the following examples, we set P = [ J,,cyy 0™ (71_1 <Ui,/es, i#(Ki N Kj))>
and Vo = m(P). The set P is called a post-critical set.

5.1. P.c. f self-similar sets

Let us suppose that P is a finite set. In this case, (K, S, {{/;}ics) is called post-
critically finite (abbreviated to p. c. f.), which was introduced by Kigami [15]. By
the proof of Lemma 4.2.3 in [17], the assumption (A1) is satisfied. Furthermore,
assume that there exists a regular harmonic structure (D, r) (see e.g. [17] for the
detail). Then, it is known that we can construct a regular local Dirichlet form (€, F)
associated with (D, r) that satisfies (A2)—(A6) with K9 = Vj. Moreover, F is con-
tinuously imbedded in C(K). Therefore, when we set Fp = { feF CCK)|
f(x)=0forallx € K 91, we can easily prove that p = = Fp as follows. Since
Fo C F p and F p is closed, we have Fp C F p. To prove the converse inclusion,
let f € ﬁD andset f, = (f —1/n)+ — (f +1/n)_.Then, f, € Fpand f, — f
in F as n — oo, which implies that f € Fp. Therefore, H is identical with the
space of harmonic functions in [17]. The dimension of H is equal to #Vy < oo,
which implies that condition (C) with u = @ is satisfied. (In practice, (EHI), (D),
and (R) are also true for v = (.) Thus, Theorem 2.1 can be applied. The result of
Theorem 2.1 in the case that ¢ = p and s;/p; is independent of i € S is the same
as that of Theorem 5.1 in [9]. The condition (O) is also assured by the following
general lemma.

Lemma 5.1. Suppose F is continuously imbedded in C(K), that is, there exists
¢s.1 such that || fllLoowy < csall fllF forall f € F. Then, (O) holds with z = §,
N =1, and A(w) = {w}.

Proof. Letting fy = fvO0and f- = —(f AO0) for f € F, we have

| p-esssup f — pL—essinff|2
< f o <4315

2
scs.z{é’(f,f)Jr(/ fdu> } (by Lemma 3.2)
K

Taking f — [} f du in place of f, we obtain (O). i

As a special case, let (K, S, {{/;}ics) be a nested fractal with length scaling
factor L and mass scaling factor M = #S. This object was introduced by Lind-
strom [23]. Here, we also refer to [1] for the details. We can construct a local
regular Dirichlet form (£, F) on L*(K, ) satisfying (A2)—(A6) with p; = 1/M
and s5; = p fori € S for some resistance scaling factor p ([1, Theorem 6.23],
originally [23]). By Proposition 6.30 in [1], Mp > L?. The shortest path scaling
factor y > L( > 1) can be defined (see Definition 5.42 in [1]); furthermore, in
the same way as the proof of Corollary 5.41 in [1], it is proved that there exists
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a constant c¢s 3 such that d,,, (x, y) < c¢53y™ forevery x, y € K and m € N. Let
dy = log(Mp)/logy and assume that d,, > 2. Since y™/(minjes s;/q;)"/* =
(2% M max;es ¢;)"/?, the assumption of Theorem 2.4 is true if ¢ = {g;}ies € A
satisfies M max;es ¢i < ydw_z. Combining Theorems 2.4 and 2.1, we obtain the
following theorem.

Theorem 5.1. Ifq = {q;}ics € Asatisfies M max;cs q;i < yd“f_z, then iy L g
forevery f € F.

Since we can apply Theorem 5.1 forg; = 1/M (= p;),i € S, the set of g satisfying
the assumption of the theorem above is an open neighborhood of p in A.
We have the following heat kernel estimate (see e.g. [1, Theorem 8.18])

05,4t7d‘/2 exp (—05_5(d(x, y)d”’/t)*]/(d“’*])) < p(t,x,y)

< C546[_d3/2 exp (—C5.7(d(x, y)dw/t)_l/(dw_l)> ’
te(0,1], x,y € K, 5.1)

where d; = 21log M /log(Mp) and d(-, -) is a suitable metric on K. Therefore, we
may also apply Theorem 2.3 to deduce the singularity with respect to & = ftp.
For specific fractals, we can prove a stronger assertion. Let us consider the
2-dimensional Sierpinski gasket. Let S = {1, 2, 3}. We identify R?> with C and
let {a;, az, a3} be a set of vertices of an equilateral triangle in C. Let T be a
convex hull of {aj, as, a3}. Define ;(z) = (z — a;)/2 + a; fori € S and
K = Men UweWm Y (T). Then, (K, S, {¥;}ics) is a self-similar structure and
K is called the Sierpinski gasket. Let p = (1/3,1/3,1/3) € A, u = u,, and
K? = {ay, a2, az}. The standard harmonic structure (D, r) is given by D =
-2 1 1
1 -2 1 andr = (3/5, 3/5, 3/5). In other words, if we set
1 1 =2

flap)
&(f, ) ==R(HDR), R(f)=| f(a)
fa3)

for a continuous function f on K, the canonical Dirichlet form (€, F) on L2(K, 1)
is given by

] 5 m . .
E(f f)= lim > (5) EoWn S i f)-
weWy,
Here, the limit is an increasing limit, and F is the space of all f such that the
limit above is finite. (£, F) has the self-similarity (A3) for s = (5/3,5/3,5/3).
For a harmonic function &, E(h, h) = &Ey(h, h) holds, and for each j € S,

Yih(ar) h(ay)
Vrih(@) | = Aj | ha) | .
Vih(a3) h(a3)
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where
500 (221 (212
Ar=-221]. 4,=2{050]. 43==-[122
212 S\122 5\005

See Examples 3.1.5 and 3.2.6 in [17] for further details. Using these data, we
can calculate the value E(y;5 h, - h) explicitly for any harmonic function ~# and
w € W,. For any ¢ € A, we can check that every harmonic function / satisfies
O (h) # ¢@, particularly © (h) # q. Here, we used the same terminology as that
in the proof of Theorem 2.1. Therefore, this concludes that sy L u, for every
f € Fandevery g € A.

5.2. Sierpinski carpets

As typical infinitely ramified self-similar sets, we consider Sierpinski carpets. Let
d > 2,1 > 3,and S be a finite set whose cardinality M is less than 19, Assume
that we are given a family {;};cs of contractive affine transformations on R? of
type ¥i(x) = a;x + b; for some a; € Ry and b; € R? such that each Y¥; maps
Fy = [0, 114 onto H?zl[kj/l, (kj +1)/1] for some k; = 0,1,...,/ — 1, and
Vi # Y ifi # i’ Let Fy = Uyew,, Yuw(Fo) form € Nand K = (e Fin-
Then, (K, S, {¥;}ies) is a self-similar structure and K is called a Sierpinski carpet.
We assume the following:

e (Symmetry) F| is preserved by all the isometries of the unit cube Fjy.

e (Connectedness) Int(F7) is connected and contains a path connecting the hyper-
plane {x; = 0} and {x; = 1}.

e (Nondiagonality) Let B be a cube in Fy with length 2// and with vertices on
[~17Z. Then, if Int(F; N B) is nonempty, it is connected.

e (Borders included) F contains the line segment {x = (x, ... ,xq) € R |0 <
x1 <1, xp=---=x4=0}.

Above, Int(A) denotes the interior of A in R4. Barlow and Bass [3] constructed

nondegenerate symmetric diffusions on K when d = 2 for the first time by taking

a limit of the Brownian motions on Lipschitz domains of R? converging to K.

An analogous construction was devised in [6] for higher dimensions. On the other

hand, Kusuoka and Zhou [21] provided symmetric diffusions on K when d = 2

using a limit of random walks on graphs. Such a method was generalized in [12]

for higher dimensional spaces.

Here, we briefly review the method of construction by graph approximations
for later convenience. We set p = {p;}ies by pi = M~ ' andlet u = p» which is
simply the normalized Hausdorff measure on K. Form € N, let &, be a symmetric
bilinear form in C(W,,) defined by

En(fi)= Y ai(fw) — f@)Ew) —g@), f geC(Wn),
w,zeW,
where ¢\ = 1 if the Hausdorff dimension of v, (Fo) N ¥ (Fo) is d — 1, and
g™ = 0 otherwise. Let By = {w € Wy, | ¥ (Fo) N ({0} x [0, 11971) 3 ¢} and
By = {w € Wi | Yo (Fo) N ({1} x [0, 1197") # ¢}, Let
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Ry =min{E,(f, )| f € C(Wy), f=00nB, f=10nB?P}"1.

According to the result in [24], there exist some c5.g, ¢5.9, and p such that c5.gp™ <
Ry < c59p™ foreverym € N. Set T, = RyM™ form ¢ Nand T = pM. We
define the operator P, : L' (K, u) — C(W,,) form € N by

P f(w) = u(Ky) ™! ; f)yudx), feL (K, ), we Wy.

Let £ m € N, be a Dirichlet form on L2(K , ) defined by
EM(f,8) = Rnén(Puf. Pug). f. g€ L*(K, ).

Let (X(¢); Plf,m), w € W,,) denote the Markov process on W,, associated with
the Dirichlet form (&, L*(Wy, M™™ Y, .y 8u)). Fix x € K. Let Q™ denote
the law of the process {¥'x (7,1 (x)};eq, on K with the initial law of {X ()} being

M™"Y ew, PI™. Note that Q™ is a probability measure on K@+, For any
cluster point 0 of {Q™},, cn, we have the following theorem.

Theorem 5.2 ([21, 12]). There exists a strongly continuous symmetric Markovian
semigroup {T;};~0 on LZ(K, ) such that

f1<@+ fo@@)) fi(@)) - fa(w(tn)) O(dw)

_ /K o T Gt (T a2 (T fo) <)) dit

forany 0 < tgp <ty < -+ <t, € Qpand fy,..., fn € C(K). Each T;
has an integral kernel p(t,x,y) and the Aronson type estimate (5.1) holds with
dy =2logM/logT, dy, =logT/logl, and the Euclidean distance d(-, -). More-
over; the Dirichlet form (€, F) associated with {T;} satisfies the following:

e (&, F)islocal

o F={feL*K., 1) |sup, EM(f. f) < oo}.

We will attempt to prove that every energy measure ji sy of (£, F) is singular to

w. Since it is unknown whether (£, F) has the self-similarity (A3), we require
additional arguments. For each m € Z, define

En(fo0) =Y P"EWLL Use), fg€T,

weW,,

Then, by the result presented in section 6 of [21], each (S_m, JF) is a Dirichlet form
equivalent to (£, F) in the sense that there exist constants c¢s.19 and cs.1; indepen-
dent of m satisfying

s 10E(f, ) < En(f, ) < esi€(f, ), feF.

Moreover, there exifts a divergent sequence {my} such that m,?l Zjﬁ 1 I3 ()
converges to some E(f, f) for any f € F, and (after the polarization procedure)
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&, F) becomes a regular Dirichlet form ([16]). In addition, (A1)-(A6) and (R) are
true for this £ with K? = [0, 119\ (0, 1)? and 5; = p fori € S. Let i(fy denote
the energy measure of f € F associated with (£, F). Since

cs 108 ) <E ) <esullf. f),  feF,

Proposition 1.5.5(b) in [22] implies that ¢5 100y < f(fy < cs5.11M1(s) for every
f € F.(See also [25, p. 389] for simpler proof.) Therefore, it is sufficient to prove
that ji(s) L pg in order to prove that p(sy L pg. In order to apply Theorem 2.1 to
(€, F), it is necessary to check COIldlthIl (C). The Harnack inequality is accepted
for (£, F) for a general d > 2 ([6, 12]); unfortunately, the author is unable to
determine whether (é_’ , F) satisfies (C) (see, however, Remark 5.1 below). At pres-
ent, the case d = 2 will have to suffice. In this case, the following strong property
holds: F is continuously imbedded in C (K) ([21]). In particular, (D) holds and (O)
is satisfied according to Lemma 5.1. The walk dimension d,, is greater than 2; see
e.g. Remark 5.4 in [6]. Regarding the distance-like function defined in (2.7), we
have the following estimate: there exists a constant c¢s_ 12 such that

dp(x,y) < cs12l™, meN, x,yeK.

This is proved by the same idea as that used to prove Lemma 7.3 in [5]. Therefore,
combining Theorems 2.1 and 2.4, we have the following theorem.

Theorem 5.3. If ¢ = {gi}ies € A satisfies max;cs q; < p/1>, then mify Lopg
and w(fy L g forevery f € F.

Note that p/I> > 1/M since d,, > 2, and we can always take g = p.

For another class of symmetric diffusions on K due to Barlow and Bass [3,
6], it is also unknown whether the associated Dirichlet forms satisfy the self-
similarity (A3). However, they have a transition estimate (5.1) with the same d;
and dy, ([5, 6]). Therefore, at least when d = 2, we can prove the same singularity
as Theorem 5.3 for these Dirichlet forms by the following proposition.

Proposition 5.1. Suppose that {T;};~0 and {’ft}t>0 are symmetric and conserva-
tive Markovian semigroups on L*(w) having transition semigroups p(t, x, y) and

p(t, x, y), respectively, and that both have the Aronson-type estimate (5. 1) with the
same ds and dy, and possibly other different constants. Let (£, F) and (8 F ) be
the Dirichlet forms associated with {T;};~o and {T,},>0, respectively. Then, F = F
and there exist cs.13 and c5.14 such that

C5.13M(f) < (fy < C5.14M(f) fer,

where I4(f y (resp. [L(ry) is the energy measure of f € F with respect to (€, F)
(resp. (5 f )). In partlcular w(ry and (L ry are mutually absolutely continuous.

Proof. From the estimates of transition densities, there exist ¢s.15, ... , ¢5.18 such
that

p(t,x,y) <csi5p(esaet, x,y), pt,x,y) <csi17p(csast,x,y), x,y €K,
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when ¢, c5.16t, and c5.13¢f belong to (0, 1]. Combining these estimates with the fact
that f € F if and only if

00 > Iim = (1 72, = 1Ti/2f 172,
— lim(2r)! / (f() = FON2p(t, x. y) wdx)u(dy),
=0 KxK

and the same fact for F , we obtain F = F.
For f € Fp and g € Fp 4, let

1
Ih(g) = —/ g (f(x) — f)? @, x, y) pdx)udy), t>0;
I JKkxk

f}(g) is similarly obtained. Then, I}(g) < cs,15C5_161A;5'161(g) for small ¢. Letting
t — 0, we obtain

/ gdusy < CS.]SCS.lé/ gdjiigs).
K K
Therefore, (fy < ¢5.15¢5.16/1(r). Similarly, we have the converse inequality. O

Remark 5.1. After submitting this paper, the author was informed that the elliptic
Harnack inequality of the averaged Dirichlet form (€, F) was proved for higher
dimensional Sierpinski carpets in [8] by means of stability results for the parabolic
Harnack inequality. Therefore, singularity of energy measures to the Hausdorff
measure is now true for d-dimensional Sierpinski carpets with d > 2. For further
details, see [8].

Remark 5.2. The notion of singularity of the energy measure is stable under a
product in the following manner. Suppose that (£;, F;) is a regular Dirichlet form
on L*(X;, i) for a measure space (X;, u;) such that u;(X;) = 1, 1 € F,
and £(1,1) = 0, fori = 1,...,n. Let £; be a nonpositive self-adjoint opera-
tor on L?(X;, u;i) with domain Dom(L;) associated with (&§;, F;). Define X =
[T, Xi and n = @Q’_; pi. Let ®7_, Dom(L;) denote the set of all finite linear
combinations of vectors f| ® --- ® f,, where f; € Dom(L;). A linear oper-
ator (37, Li, ®i_, Dom(L;)) on Q:_, L*(X;, ui) ~ L?*(X,p) is given by
L L)i® @ f) =21 i® ®fi1®Lifi ® fi+x1® @ fu.
It is known that this operator is essentially self-adjoint (see e.g. [27, p. 301, Corol-
lary]). Let its closure be denoted by (£, Dom(£)). Let (£, F) be a Dirichlet form
on (X, p) associated with £ and assume that it is regular. For f = f1 ® --- ®
fo € Qj_;Dom(L;) and g = g1 ® --- ® g € X Dom(L;), E(f. 8) =
Y &S &) [T (S 8j)12(.;)- This expression implies that the energy mea-
sure (s for such f is equal to

n
Zf]zﬂl ®-~-®fi2,1,ui—1 ® Ui () @ f,-2+1M+1 ®-~-®fnz,un,

i=1

where (; () is an energy measure of f; with respect to (£;, F;). Let us assume that
for some j, the energy measure (4 () is singular to j forall 2 € F ;. By the above
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expression, (i (r is singular to u for any f € ®’_ Dom(L;). Since Dom(L;) is
dense in F, by (2.5) and by a usual approximation argument we can conclude that
iy L pforall feF.
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