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Abstract. In this paper we show the existence of a solution for the BSDE with two reflect-
ing barriers when those latter are completely separated. Neither Mokobodzki’s condition
nor the regularity of the barriers are supposed. The main tool is the notion of local solution
of reflected BSDEs. Applications related to Dynkin games and double obstacle variational
inequality are given.

0. Introduction

A solution for a backward stochastic differential equation (BSDE in short) with two
reflecting barriers L := (L;);<r and U := (U;);<7 (L < U) and whose coefficient
and terminal value are respectively f and & is a quadruple of adapted processes
(Y,Z,K*, K7):= (Y, Z;, K;", K )< with values in R'*+1*+! which mainly
satisfies:

K are continuous non-decreasing processes
—dY, = f(t,w, Y, Z)+dK;" —dK; — Z;dB,, t <T and Y7 = &

T T
Vi<T, L; <Y, <U, and / (Y, — L)dK;" = / (U, — Y1)dK; = 0.
0 0
)

Here B := (B;):;<r is a Brownian motion and £ is Fr-measurable where for any
t < T, F; =0{By,s <t} ;the adaptation is with respect to (F;);<7.

BSDEs with two reflecting barriers have been first introduced by J.Cvitanic &
[.Karatzas [CK]. Their work generalizes the one of El-Karoui et al. [EKal] related
to reflected BSDEs with just one barrier. Since then the interest to those equations
grows steadily because they are an important tool in many mathematical fields
especially in stochastic games ([HL],[H]) and mathematical finance ([MC], [H]).

However the known results which provide a solution for (1) are not very satisfac-
tory and are of two types. Actually authors suppose either Mokobodzki’s assumption
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([CK], [HL]), which means the existence of a difference of non-negative super-
martingales between L and U, or the regularity of one of the barriers L and U
([CK],[HLM]), which roughly speaking has to be a semi-martingale.

Mokobodzki’s condition is a bit troublesome since it is difficult to verify in
practice. On the other hand, the regularity of one of the barriers is somewhat
restrictive.

So the main objective of this work is to investigate under which conditions on
the barriers, as weak as possible and easy to verify, the BSDE (1) has a solution.
Indeed, we show that if the barriers are completely separated,i.e., L; < U;,Vt < T,
then a solution for (1) exits. In addition it is unique when the function f is Lips-
chitz with respect to (y, z). As a by-product we deduce that the value function of
a Dynkin game is a semi-martingale when the barriers are completely separated.
On the other hand, under the same assumption, we deduce also the existence of a
semi-martingale which passes between L and U. This latter result has an important
application in mathematical finance in connection with the problem of the existence
of an optimal investment strategy in real options ([HJ]).

This paper is organized as follows:

In Section 1 we set up accurately the problem and we give some preliminary
results related to BSDEs with one or two barriers (existence and comparison). In
Section 2, we deal with the notion of local solution of the BSDE (1) which is a
solution of that equation but just between two comparable stopping times. Some
properties of local solutions are given, especially comparison, uniqueness and repre-
sentation as a value function of a Dynkin game. Section 3 is devoted to the existence
of some useful local solutions. Therefore step-by-step we construct a solution for
the BSDE (1). This is the main result of this paper. The solution is unique when
f is Lipschitz. In Section 4, we study some properties of the solution of (1) and
we show, once again, the existence of a solution when f is just continuous with
at most linear growth. Finally in Section 5, we assume that the randomness stems
from a diffusion process and we study the connection of the solution of (1) with its
related double obstacle variational inequality. A solution in viscosity sense for this
latter is proved.

1. Setting of the problem. Preliminary results

Throughout this paper (2, F, P) is a fixed probability space on which is defined a
standard d-dimensional Brownian motion B = (B;);<r whose natural filtration is
(F,O := 0 {By, s < t});<7.On the other hand let (F;); <7 be the completed filtration
of (F,O)tST with the P-null sets of F, hence (F;);<r satisfies the usual conditions,
i.e., it is right continuous and complete. Now let :

— P be the o-algebra on [0, T'] x 2 of F;-progressively measurable sets

— for any stopping time 7 € [0, T'], 7; denotes the set of all stopping times 6 such
thatt <6 <T

— M2k be the set of P-measurable and R¥-valued processes w = (w;);<r which
belong to L2([0, T] x 2, dP ® dt)
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— M the set of P-measurable processes Z = (Z;);<r with values in R4 such that
T
f |Zs|?ds < 0o, P-a.s..
0

- S? the set of P-measurable and continuous processes W = (wy):<T such that
E[sup, .7 [w]*] < o0

- S.i (resp. Sczl.) the set of continuous P-measurable non-decreasing processes
K = (K;):<r such that Ko = 0 (resp. and E[(K7)?] < 00).

Now we are given four objects :

(i) a terminal value & which is a random variable Fr-measurable such that

E[£%] < 00

(i7) two processes U := (U;);<r and L := (L;);<7 which belong to S? and
satisfy L; < U;,Vt < T,and Lt <& < Ur

(iii) afunction f: [0, T1x Q2 x R'*? —s Rsuchthatforany (y, z) € R'*?, the
process (f (¢, w, ¥, 2)):<r is P-measurable and ( f (¢, w, 0, 0)),<r belongs to
M?>! In addition, it is uniformly Lipschitz with respect to (y, z) uniformly
in (t, w),i.e:

[H1] : there exists a constant C > 0 such that

P—as., |f(t,y,z)— f@,,2)l
<C(y—yI+lz—2], foranyt,y,y', zand 20

A solution for the two reflecting barrier BSDE associated with (f, &, L, U) is
a quadruple of P-measurable processes (Y, Z, K™, K™) := (Y;, Z;, K;L, K )<t
with values in R!+4+1+1 gych that :

YeS?, ZeMandK*, K~ €S,

T T
Y,:éj—f—/ fGs, YT,ZS)ds—i—(K;Y—Kf)—(K;—K;)—f ZdB;, vVt <T
t t

T T
L, <Y, <U, VYVt <T and / (Y, — LydK = / (Us — YdK. =0.
0 0
2

In our setting, with respect to the ones of [CK] or [HLM], we do not require strong
integrability assumptions on Z and K* since in many applications, especially in
stochastic games or mathematical finance, we do not need such properties for those
processes. However, as we will show it later, there exits a solution for (2) for which
we can construct a sequence of stopping times (7,,),>0 which is “almost indepen-
dent” of (Y, Z, K+, K™) such that for any n > 0 the processes (Z1{4<¢,))i<T and
(K irn) ;< belong respectively to M>¢ and Sc2i~

It is well known that the backward equation (2) has a unique solution under
either one of the following conditions. The first is the regularity of one of the barri-
ers which, roughly speaking, has to be a semi-martingale ([CK],[HLM]). The other
one is Mokobodzki’s hypothesis which turns into the existence of a difference of
non-negative super-martingales between L and U . Also, without those assumptions
we do not have any result which provides a solution for (2). On the other hand, this
equation may not have a solution for general processes L and U. Indeed, assume
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that P-a.s. and for any s € [0, T'] we have Ly = Uj. Therefore if the process L is
not a semi-martingale then obviously the BSDE (2) cannot have a solution.

So the main objective of this work is to study under which conditions, especially
on L and U, as weak as possible and easier to verify in practice, the BSDE (2) has
a solution. Mainly we show that if L; < U;, Vt < T then it has a solution. |

A. Preliminary results

First let us give the following result, established in [EKal], related to reflected
BSDEs with just one upper barrier .

1.1. Theorem. There exists a unique P-measurable process (Y,Z,K™) =
Yy, Zs, K; )<t with values in R+ solution of the single upper barrier re-
flected BSDE associated with (f, &, U), i.e., which satisfies

YeS&ZeM*and K~ € S
T T

Y, =& +/ f(s,Ys, Zs)ds — (K; -K;) —/ ZdBs, Yt <T 3)
t t

T
Y <Up, Vi <T and/ (Us —Yy)dK; =0 O
0

1.2. Remark. The existence and uniqueness of a solution for equation (3) still valid
if instead of a deterministic terminal time 7" we have a bounded stopping time .

B. Comparison of solutions of BSDEs with two reflecting barriers

Assume now that the reflected BSDE associated with (f, &, L, U) has a solution
(Y, Z, Kt, K7) (inthe sense of (2)). On the otherhand let ( f/(¢, w, y, z), €', L', U")
be another quadruple which satisfies :

— the process (f’(#,0,0));<7 belongs to M?1 and for any (y,z2) € R'*4,
(f'(t,y,2))i<r is P-measurable
- L’ and U’ belong to S?, L <U/,Vt <T ;¢ € L%(Q, Fr,dP) and satisfies
L, <& <Uj.
Suppose now that the two barrier reflected BSDE associated with (f7, &', L', U")
has a solution (Y’, Z’, K+, K 7). The following result allows us to compare ¥ and

Y/, K* and K'*, and finally K~ and K '~ since we can compare the quadruples
(f,& L,U)and (f',&', L', U’). Namely we have :

1.3. Theorem. Assume that & < & and foranyt < T, L, < L}, U, < U],
F@ Y, zZ) < f'(t,Y/,Z)), then P-a.s. Y <Y'. In addition if :

(i) ft,y,2) < f'(t,y,2) forany (t,y, 2)
(i) Vi <T, L, =L, U, =U and L, < U,
(iii) the function f' is uniformly Lipschitz with respect to (y, z) uniformly in (¢, o).

Then we have also, Vt < T, K; < K,,_ and K,+ > K,/+.
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Proof. First let us point out that if (X;);<7 is an R-valued continuous semimartin-
gale and if X;’ := max{X,, 0} then

d(X)? =2X;dX; + l|x,~0d < X, X >, t <T. 4)
Actually using Tanaka’s formula we obtain
1
dx;' = lix,-0dX, + Est,t <T

where (L;);<7 is an increasing adapted process such that fé X¢dLy =0,Vt <T.
Now it order to deduce the result it is enough to remark that (X;")> = X,.X;" and
to use Itd’s formula.

Let us show that Y < Y’. For k > 0, let 7; be the stopping time defined as

follows : t
7 = inf{t > o,/ (1Zs| 4+ 1Z.)%ds =k} AT
0

(we always assume that inf{(J} = o0).

Next relation (4) with Y — Y/ yields: Vi < T,

Tk
Finm — Vi) 2+ / Loyl Zs — Z,Pds
IATE
Tk
= 2/ Ly, =yn(Ys = YD T (f (s, Y5, Zs) — f(s. Y], Z)))ds
IAT
Tk
+2/ Ly, =y (Ys = Y) T (dKs — dK})
INT

7
- f Loy (Vs — Y)Y (Zy — Z)dBy + (Yo — Y1)
t

ATk

Tk
= 2/ 1[YY>YY/](YS - Ys/)+(f(sv YS? ZS) - f(s9 Ys/v Z;))ds
1

ATk

T
12 / lyoyn (Y — Y @K, — dK))
t

ATk

7
-2 / Loy (Ys = YD (Zs — ZL)dBy + (Yo — Y}) 2.
t

ATk
1
since f(t,Y/,Z)) < f'(t,Y/, Z)). But/ 1[yS>yA{](YS — YS’)+(dKS — dK;) =
0
1
/ liy,=y(Ys =Y (=dK; —dK") < Osince when ¥; > ¥/ wehave ¥; > L,
0 ,
and U/ > Y/. Henceforth

Tk

(Yl/\rk - Y/mrk)-‘rz +/ 1[YJ>Y’X]|ZS - Z/S|2ds

INT

T
<2 / Hyoyy (Vs — YO (F5. Yo, Z0) — £(5. Vs, ZU)ds
t

ATk

Tk
-2 f Ly, >y (Ys — Y)T(Zs — Z))dBs + (Yo, — Y[ )2, Ve < T.
t

ATk
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As f is Lipschitz then we can write f(t,Y:, Zy) — f(t, Y/, Z})) = ar(Yy —
Y))+b(Z, — Z}),t < T, where (a;);<7 and (b;);<T are bounded P-measurable
processes. Therefore forany ¢t < T,

Tk

Ying — ,Mk)+2 / Ly,svalZs — Z!|%ds

ATk

173
=< 2/ Ly, =y (Ys = Y) Has(Ys — Y)) 4+ by(Zs — Z))}ds
t

ATk

Tk

-2 f Ly, >y (Ys — YD) (Zs — Z)dBs + (Yo, — Y] )
INT

Now using the inequality |x.y| < elx|>+€e1y|?, Ve > 0and x, y € R we obtain,

Tk

Finey = Vo) < (V= Y1) 4 C / (¥, — Y))*2ds

INT

Tk
-2 f Liy,>yn(Ys — YD (Z; — Z})d By
t

ATk

where C is a constant. But for any ¢t < T we have,

Tk Tk
f (Y, — Y)T2ds = 1[t5fk,/ (Y, — Y)"2ds
t t

ATk
T T
= l[fffk]/ Ysng — Y;Ark)+2ds = / Ysnz, — YS//\‘[]()J’_ZdS'
' '

Therefore for any ¢+ < T we have
T
Yinge = Yiug) T2 < (= YO+ C / Yopr, = Ying) T 2ds
t

Tk
—2/ Ly, =y (Ys = YD) (Zs — Z})d B.
t

ATk
ATk
But the process (/ Liy,>y(Ys — YS’)JF(ZS — Z!)d Bs); <7 is a martingale, then
taking the expectation in both sides, and using Gronwall’s inequality implies that
E[(Ying — mu)H] < CE[(Y — Yr’k)”], Vt < T. Finally taking the limit in
both sides as k — oo we get (¥; — t’)Jr2 =0andthenY <Y’.

The proof of the second point is given in [BHM]. However for the reader’s
convenience we give it again.

Let us prove that K- > K~.Lett = inf{t > 0, K, > K;_} A T. We are
going to show that P[t < T] = 0 which implies that K,” < K,,_, Vt < T and then
K- <K~ by continuity.

Suppose that P[t < T] > 0. Since K~ and K'~ are continuous processes we
have K = K;_ on the set {t < T}. On the other hand we have Y, = Y/ = U,
on the set {t < T'}. Indeed, let w € {t < T} ; if Yr(y) (@) # Uz (w)(w), then there
exists a real number 1(w) > 0 such that V¢ €]t (w) — n(w), T(w) + n(w)[ we have
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Y,() < Us(w) which implies that K (@) = K, (0) = K (&) < K, (),
Vt € [t(w), T(w) + n(w)[. But this contradicts the definition of 7 (w), henceforth
Yi(w) (@) = Urw)(w) = YT’@)(a)) sinceY <Y <U.

Now let§ = inf{t > 7,Y;, = L;} AT.We have {t < T} C {§ > t}. Indeed,
if @ is such that 7(w) < T then Y;(y)(w) = Urw)(w). Now if §(w) = t(w)
then Y5y (@) = Lsw) (@) = Urw)(®) = Le(y)(w) which is absurd since U; >
L, Vt <T.Hence{r < T} C {§ > t}and then P[§ > 7] > 0.

For ¢ € [r,8] we have K, = K;' and K,/+ = K(;+ since the processes K
(resp. K "+) moves only when Y (resp. Y') reaches the obstacle L and ¥ < Y’. It
follows that, Vt € [z, §],

) S
Y, =Y +/ f(s, Yy, Zo)ds — (Ky — K;7) — / Z,d B, and
t t

s H)
Y =Y ~|—/ (s, Y, Zpds — (Ky — K,™) —/ Z.dB.
t t
Now let (Y;, Z;, K;);<s (resp. (Y], Z;, IE;),SS) be the unique solution on [0, §] of
the BSDE whose coefficient is f (resp. f'), the terminal value Y5 (resp. Yy) and
reflected in the upper obstacle U, i.e.,

) 8
Y =Y8+/ f(s, Y, Zs)ds_(Kg__Kt_)_f Zsd By
t t

B B
(resp. Y] = Yg+/ (s, Yy, Zpyds — (Kg~ — K, ™) —/ Z.dB, Vt <96).
t t
The comparison theorem for one upper barrier reflected BSDEs (see e.g. [HLM],
Prop.2.3)impliesthat ¥ < ¥’ and K, —K; < IE,_TIE‘;_, Vs <t < 4.Since f and
S are Lipschitz in (y, z) then V¢ € [t,8] wehave Y; = Y,, Y/ =Y/, Z, = Z; and
Z, = Z;.Itfollows that K —,sz =K; —K; andK'y —K', = K(;f—Klf*, Vi €
[z, 8]. Henceforth we have K,” — K™ > K, — K forany 7(w) < s <t < §(w).
Ason {t < T}, K;’ = K[ then K;_(a)) > K; (w), Vt € [t(w), 5(w)]. But this
contradicts the definition of 7, hence P[t < T] = 0 and then K~ < K '~.In the
same way we show that P-a.s., K+ > K "+ The proof is now complete O

BSDEs with one upper reflecting barrier is a particular case of (2) when we
assume that L = —oo and then K+ = 0. Therefore we can deduce from The-
orem 1.3, a comparison result for the solutions of BSDEs with one upper bar-
rier. Actually, let & be a random variable of L*(2, Fr,dP), f'(t,w,y,z) be
another function such that ( (¢, , 0, 0)),<7 € M>!and (f'(t, w, y, 2));<r is P-
measurable and finally U’ another process of S? such that U, > &’. Assume now
that the one upper barrier reflected BSDE associated with ( /7, £/, U’) has a solution
(Y’, Z', K’). Then we have,

1.4. Corollary. Assume that :

(i) § <& and U < U/, ¥Vt <T

(ii) Vt < T, f(t,Y/,Z)) < f'(t, Y/, Z)).

Then P-a.s. VNt <T,Y; <Y/ O
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2. Local solutions

Let 7 and y be two stopping times such thatt < y,P-a.s..Let (Y;, Z;, K;r, K; i<t
be a P-measurable process with values in R1T4+1+1,

2.1. Definition. The process (Yy, Z;, K,+, K. )i<7 is called a local solution on
[z, y] for the two barrier reflected BSDE associated with (f, &, L, U) if :

Y e M*1, Z e M*, Kt e S
Y
Vo=, [V Z0ds 4 (K] - KD - (K, ~ KD
t
4 5
—/ ZdBs, Yt e[t,y]; Yr =& )
1

Y Y
L <Y <U, Vt e[, V] and / Y5 — Lv)dK:r = f (Ur - YY)dK; =0

T

The notion of a local solution is in way a solution for (2) but just between two
stopping times and Y = & O

2.2. Connection with Dynkin games

Let us consider a process g := (gs)s<r Which belongs to M?>! and t a stopping
time. The Dynkin game on [z, T] associated with (g, &, L, U) is a zero-sum game
on stopping times where the payoff after t is given by:

. VAG
(v, 0):= E[/ gsds + Lol[U§v<T]
T
+Uv1[v<a] +‘§1[U:G:T]|F‘L’]v Yv, o0 € T;.

Dynkin games arise naturally when two agents c¢; and ¢, whose advantages are
antagonistic, act on a system up to the time when one of them decides to stop its
intervention (see e.g. [H] for more details on this subject).

The value function of the Dynkin game on [z, T] is an (F;);<7-adapted process
(Y))seq0.7) such that P—a.s.,

Vvt €[z, T], f/t = essinf,,ETtesssupUGTt f‘,(v, o) = esssupgezessinfvey; f‘,(v, o).

In that case, the random variable Y; is just called the value of the game on [z, T].
On the other hand a pair of stopping times (v, o) which belongs to 7; x 7; and
which satisfies

fr(”r»a) =< fr(”r»ar) =< l:‘1'(‘% o7),Yv,0 € T,

is called a saddle-point for the Dynkin game on [z, T].

Let (Y;, Z;, K,+, K, ):i<r be alocal solution on [z, y] for the BSDE with two
reflecting barriers associated with (f, &, L, U). Let v;, o, be the stopping times
defined as:

vei=inf{s > 1, Yy =Ug} AT ando; :=inf{s > 7, Yy = L} A T.

On the other hand let I'; (v, o) be the payoff associated with the Dynkin game on
[t, T'] associated with ((f (¢, Y;, Z;))r>0, &, L, U). Then we have :
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2.2.1. Proposition. If P-a.s. max{v;,o;} <y then:
(@) Yo =T¢(vr,00)

(ii) Tr(ve,0) <Yy <T¢(v,0¢) foranyv,o € T;.

Therefore Y is the value of the Dynkin game on [t, T'| and (v, 0¢) is a saddle-point
for the game.

Proof. SinceY iscontinuous on [, y]and P-a.s. max{v;, o} < y thenY, =U,,
on[v; < T]and Y,, = Ly, on [0, < T]. On the other hand we have :

Ve A0
Y‘[ = YVrAO'r +/ f(S, YS, Zs)ds + (KI;I;AO'I — Kj)
T
Ve AOT
_(I<v_,/\(rr - KT_) - / ZsdBy.
T

Y
But/ (Ys — L)dK] =
T

and K,_,, —

(6)

/y(US — Yy)dK; = 0 therefore K::Mr - K =0
K; =0.In adrdition we have
Yo noe = Yo lor<ve <71 + Yo, L{v, <0r] + &1, =0, =T
= Lo Loy <v, <11 + Un Ly, <00 ] + =0, =17
since P-a.s., Y, = U, on[v; < T]and Y,, = L, on[o; < T]. It follows that

Vr AOt
Y = E[/ F (s, Y5, Zo)ds + Lo, lor <o <11 + Un, Ly, <0,
T
+§1[UT=61—=T]|FT] =T:(vz, 07)
after taking the conditional expectation in (6).
Now let v be a stopping time of 7;. Since v A o; < y then
VAOT
Y: = Yv/\xrI +/ f(s5 Yy, Zg)ds + (Kj_mfr - K:r)
T

VAO
~(Kyhg, — K —/ Z,dB;.
T

But K,TMr — K =0and Kyno, — K7 > 0 therefore we have :

VAO VAOT
Y: < Yv/\a, +/ f(s,Ys, Zs)ds _/ Zsd By.
T T

Yoro, = Yo, ligo<v<1] + Yolv<o,] + Elv=0,=7]
<

Laf l[af§v<T] + le[v<z71] + SI[V:O’-[:T]a
then, after taking the conditional expectation, we obtain

VAOT
Y; < E[/ f(s, Y, Zs)ds+Lafl[aT§u<T]
T

+Uv1[v<af] + 51[v=af=T]|Fr] =T (v, 07).
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In the same way we can show that Y; > T';(v;,0), Vo € 7. It follows that
' (v;,0) <Y, <T;(v, o) which implies

Y, = essinfveyfesssupgeg—r I':(v,o) = esssupad-ressinf,,efr Ir';(v,o). @)

Therefore Y; is the value of the Dynkin game on [z, T'] |

2.3. Comparison of local solutions and uniqueness

Let (f/,&', L', U’) be another quadruple where f” is a function from [0, 7] x € x
R'*? into R which is P ® B(R'*%)-measurable and (f'(¢, w, 0, 0)),<7 belongs to
M?1 & arandom variable of L?(2, Fy,dP; R) and finally L’ and U’ processes
of 8% such that L, < U/ for any ¢t < T and L) <& < U, P-as.

Assume now that there exist a stopping time y’ such P-a.s., T < y’ and a qua-
druple (Y/, Z/, K"}, K, )i<r of P-measurable process with values in R'*T4+1+1
which is a local solution on [, y’] for the two barrier reflected BSDE associated
with (f', &', L', U’). Let us set

v, :=inf{s > 7,Y, =U} AT and o] :=inf{s > 7,Y, = L} A T.

The following result gives conditions under which we can compare local solutions.
Recall here that (Y;, Z,, K,+, K, )<t is a local solution on [z, y] for the BSDE
associated with (f, &, L, U).

2.3.1. Proposition. Assume that :

(i) P-a.s.wehaveor Av, <y Ay, Yo, = Lo, onloy < TlandY), = U/, on
v, <T]
@ii) P-as. f@t,Y,Z) < f'@, Y, Z) fort € [t,y Ay
(iii) E <&, Ly < Lg and Uy < U‘;, Vs <T.

Then we have Y, < Y., P —a.s..

Proof. First we have :

Yo’,AUé = YU'{ I[UTSV-/[] + YUQI[UQ<UT]
= Yo, Lo, <v10l07 <71 + Yor Loy <vf1nfor =11 + Yo 1) <o

IA

Lo, 1o, <v10(0r <71 F & Lo <v10l0r =71 + Uy 1y <o)

< Lo Lo, <op1noe <71 + § Loy <v10100=71 + ¥y 1y <o)

= Yz;,m/'
Therefore applying formula (4) with ((¥; — Y/ YH2 for t € [, 00 A v.] we can
argue as in Theorem 1.3, to obtain that E[((Y(;vr)ro, av. — Y/ yH21=0

(tVT)AOT AV
for any + < T which implies Y, < Y/ ]
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As a by-product we deduce the following result related to uniqueness of the
local solution.

Let T < T be a stopping time and y, ¥’ two other stopping times such that
P-a.s. y > 7 and y’ > 7. Assume now that the BSDE associated with (f, &, L, U)
has a local solution (Y;, Z, K;*, K; )i<1 (resp. (Y/, Z, K’;r, K'i<r)on|t, vl
(resp. [t, ¥']). Therefore we have:

2.3.2. Proposition. Uniqueness of the local solution.

If (0: Avp)V (0, Ave) S Yy AY, Ye, = Lo, onfor < T1Y,, = Ly on o] <T1,
Y,, =U,, on[v; <Tland Y/, = U, on[v; < T]thenP-as. Y, =Y.

Proof. tis just enough to remark that o; AV, <y Ay’ ando Av; < y Ay there-
fore, in combination with the other properties and Prop.2.3.1, we have Y; < YT’
and Y/ < Y, then Y, = Y/, P-a.s. O

3. Existence of useful local solutions and main result

In this section we are going to show that for any stopping time 7 there exists another
stopping time 6; > t such that the reflected BSDE associated with (f, &, L, U)
has a local solution on [z, 6;]. In addition we have 6; > o, Vv v;. Therefore using
a concatenation procedure we will prove that the reflected BSDE (2) has a global
solution in the case when the barriers are completely separated, i.e., L < U.
Soforn > 0, let f, be the function from [0, T'] x Q x R!*" into R which with
(t,w,y, z) associates f,(t,w,y,z) = f(t,w,y,z) +n(L; — y)*. The function
fn 1s uniformly Lipschitz with respect to (y, z) then, according to Theorem 1.1,
there exists a process (Y, Z", K~") solution of the reflected BSDE associated

(fn:§,U),le.,

Y"eS8* Z"e M K" e 82
T T T
Yr=¢ +/ f(s, Y, ZMds + nf (Ly — Y™t ds — (Kp" — K7™") — / Z"d B,
t I3 t
T
Y'<U;, Vt <T and / U; —YHdK " =0.
0
3)

Since f;, < fu+1, then Corollary 1.4 implies that for any n > 0, Y" < y"tl <y
and then the sequence of processes (¥Y"), >0 converges in M?1to alower semi-con-
tinuous process ¥ = (¥;);<7 which satisfies E[sup;_r |Ys|2] <oocand Y; < Uy,
vi<T. -

First let us show that we have also Y > L.

3.1. Proposition. P-a.s., YVt < T we have Y; > L;.
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Proof. For any n > 0 and any stopping time t < T, the process Y" satisfies (see
e.g. [EKal])

v
Y] = essinf,¢7; E[/ fs, Y, Zhds
T
v
n f (Ls — Y'Y rds + Unlpyog) + Elpyery | o,
T

Letv! =inf{s > 7, Y = Ug} AT, then

: o
YTn = E[/ fs, st, Z:‘)ds—l—n/. (LS—Y_?)+dS+UV¥ 1[v¥<T]+§1[V¥=T]|Fr]«
T T

Since Y < Y"*! the sequence of stopping times is decreasing and then converges
to a stopping time v; := lim,_, », V. Therefore we have

vy
Y > E[—/ | £ (s, Y”,Z")|ds+nf (Ls — Y tds
T
+Uu;'1[v’1’<T] +$1[v’1'=T]|Fr]- (9)

Now since the process K™~ moves only when Y” reaches the barrier U, then for
any s € [t, v?] we have (from (8)),

4 v v
Y =Y +/ fa Y Zhdr + n/ (L, —Y"tdr — / Z"'dB,.
N s s

Therefore basic calculations imply the existence of a constant C depending only
on T and || f|Lip, the Lipschitz constant of f, such that

vy vy
El / \f (s, Y2, 2 Pds] + E / 12" Pdr]
T T

T
< CElsup (IL,P + U} + / £ (s, 0, 0)2ds], (10)
0

t<T

since Y”n is uniformly bounded in L?(2, F, P). As Y* < Y" < U, f is Lipschitz
and ﬁnally taking into account (10), we deduce from (9), in taking expectation, that

Vr
/ (L, —Y)Tdr =0,P—a.s. (1)
T
On the other hand for any s € [7, v;] we have,
Vr Vr
=Y + f f@r, Y, ZMdr +n/ (L, —Y"tdr —/ Z"dB,
N s
which implies

S N N
—/ fo Y, Zf)dr—n/ (L, —Yr”)+dr+/ Z'dBy, Vs € [t, ve].
T T

T
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Since Y" < Y"t! and taking into account (10), we can deduce from a result by
S.Peng ([P], Theorem 2.1) that Y is right continuous on [z, v;]. Henceforth from
(11) we obtain Y; > L, on the set [t < v;]. Finally by (9) and (10) we obtain

Y;=U;on[t =v, <TJ]. (12)

It implies that for any stopping time t we have Y; > L. Therefore using the
optional section theorem ([DM], pp.220) we have P-a.s., Y > L O

Now for a stopping time T < T andn > 0, let §7 =inf{s > 7, Y = U} AT
(87 is the same as v} of the proof of Prop.3.1). The random variable 67 is a stopping
time with respect to (£;);<r, moreover since for any n > 0, Y < Y™t we have
87 > 5;‘“ > 1. Let us denote §; = lim,_, o 87 ; 8, is also a stopping time with
respect to (F;);<r and 6; > 7, P-a.s..

First let us show that the reflected BSDE (2) has a local solution on [7, §;].

3.2. Proposition. There exist two P-measurable processes (K H s<r and (Zy) s<T
with values respectively in Rt and R? such that the process (Y, Z, K, 0)s<r is
a local solution for (2) on [1, 6], i.e.,

ZeM> KteS?
8¢ _ _ _ S
YS=Y51+ f(uaYLu Zu)ds"i_(K;;_Kj)_‘/‘ ZudBLu VSE[T787:]; YT=§
s

s

8¢ B
Us = Ys = st Vs € [t7 61] and / (Yv - Lr)dl(j+ =0.
' (13)
Proof. Foranyn > 0 and s € [7, §;] we have

Sz d¢
Y;’:str%— f@, Y, Z)du+n

s §

8
(L, — YT du —/ Zl'dB,,
S

since the process K " moves only when Y” reaches the barrier U and then K" =
K 87[ " On the other hand, for n > 0, let (Y", Z'):<s, be the P-measurable process
with values in R'*¢ such that:

S

Elsup,, 177 + [ 1ZFds) < o0
B 0

~ 5 L 52

st:YanT‘F f, Y, Z)du+n

s

8t _
(L, — Y")*du —f Z'dB,, Vs < 6..
(14)

N

The process (Y7, Z}’) (<5, 1is the unique solution of the standard BSDE associated
with the coefficient f (¢, y,z) +n(L; — y)™, the terminal value Y, 8”1 and bounded
terminal time ;.

We have (Y(S"T),,Zo S Ys,

gence theorem we get E[|Y, (;1{ —Ys, |2] = 0 as n — oo. Therefore the sequence of

< Us,, hence from the Lebesgue dominated conver-

N
processes ((Y)', Z1, [ n(L, — Yu”)"’du)sggr)nzo converges in 532r X M?;d X 552r
0
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(852r and M?;d are the same as S2 and M?¢ except for that T is replaced by the

stopping time 8, ) to (Y,, Z,, K,);<s, a P-measurable process with values in R!+4+!
such that:

8t
E[sup,_;, 1Y, +/ |Z,|*ds] < 00 (K,)s<s, is continuous non-decreasing and K,=0
0
8¢ 8¢
X& = Ysr + f(u’Xu’ Zu)du +K§, _Ex - ZudBu’ Vs = 5T

s s
3¢

Y, >L, Vs<8 and | (L,-Y,)dK,=0.
0

Since Ys, > Ls, (Prop.3.1), then the sketch of the proof of the existence and unique-
ness of the process (Y,, Z,, K,)/<s, is similar to the one which has been done in
El-Karoui et al.’s paper [EKal] in the part related to the penalization method, except
for that there the terminal time is deterministic and it is a stopping time in our frame.
However the difference is irrelevant since §; is bounded.

Now uniqueness of the solution of (14) on [, 6, ] implies that forany s € [z, 6;],
Y" = Y" and Z" = Z". Therefore Y; =Y, for any s € [, §;] and

8

E[Superr 5.1 |Y$\2+/ |Z,|ds] < o0; (K,),<s, is continuous non-decreasing and K,=0

8 ’

3z
Y, = Yér + f(uv Y., Zu)du +K§r _K\y _/ ZudBuv Vs € [T, 81]

K 5

Ug>Y, > L, Vs €[1,§;] and (L, —Y,)dK, =0.

T

Forany s < T, letus set K7 = (K5, — K)1[szr) and Zs = Z 1j;<s<s,). we

=ty
deduce that (Y;, Z,, K S+ , 0)s<r is alocal solution for the equation (5) on [, §;] O

Now, let 6 = inf{s > &;,Y] < Lg} AT ;0] is a stopping time and P-a.s.,
or < O?H since Y < Y™t Letussetd; := limy,_ oo 07, then 6, is also a stopping
time.

On the other hand, let v} = inf{s > 7, Y; = U;}AT.Soforanyn > 0, 7} < §”
and then t; < §;. In other respects when 8, (w) < T, for n large enough, we have
Usn () = Yi(w) < Ysn(w) < Usn(w), therefore we have lim, oo Ysr (@) =
Us. (w) on {8, < T}.

3.3. Proposition.

(i) There exists a P-measurable process (Zt, Izzi)tsT with values in R4 such
that (Y;, Z,, 0, Igt_)lfr is a local solution for the reflected BSDE (5) on 6, 6].
(ii) P-a.s. we have Ys, = Us,_ on [6; < T]and Ys, = Lg, on [0 < T].

Proof. Let us show (7). First let us recall that, from (8), for any n > 0 we have
T T
Y/ =§+/ fs, YS”,Z;’)ds—i—n/ (Ly —YMtds
t t

T
—(K;" — K™ —/ Z'dB,,t <T.
t
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Then for any s € [§;, 6]'] we have,

o o7
Y! =Y} + f@;Yf,Zfﬁk-—(Ké”——K;”)—l/ Z"d By
N s

S

since either 0 = 6, or 67 > §; and then Y' > L, for s € [6;, 6]']. Let us set

Y= Yone 2§ = Z{ s, <s<op) and K" o= (K — K5 ") sz, s < T

n
SAG!

It follows that (17", 7" K ") is a solution on [§;, 6;] for a single upper obstacle
reflected BSDE and satisfies: Vs € [§¢, 0;],

0 L B B T _
YSn = éi,} —|—/ l[ng;l]f(s’ Y;l, Z:’)ds — (Kg_r’n — K:’n) —/ Z:ldBS

s

(i
wgm;/(w—mmqﬂ=o
be

(15)
Standard calculations yield

O, 5 5

E[/ Z'2ds + sup [RP] < O 1L ip)
81’ 56[51—,9r]
T
X Elsup (ILi|? + U ) + /0 £ (s, 0, 0)[2ds]. (16)
t<T

Now let us focus on the pointwise convergence of (17;’)”20 for s € [6;,60;]. If
s € [6; (w), O (w)[, then for n large enough we have

Y} =Y! - Yyasn — oo.

If s = 6;(w), then once again for n large enough we have
Yj =Y}
= Lor s, <o, <11 + Y5 115, =0,1 + Lor Ls, <on <0, =11 + & 1[5, <6r=0,=T]
= Lor 115, <0, <11 + Y§. L[5, =0,1 + & 1[5, <0,=11 + (Lor — ) 1[5, <0n<0,=T]-

It implies that

lim Y} = Ly, 1(s, <6, <17 + & (s, <6,=T]
n—>0oo
+Ys, 1s,=0,1 + (LT — &) 1§n, 2018, <07 <6,=T1}-
But foranyn > 0, Y" < yntl Y7 =& andt — Y/ is continuous then

(Lt — &) in,=0ls. <tr<6,=17} = 0 as..

Indeed if £ (w) > Ly (w) then we cannot have §; (w) < 67 (w) < 6. (w) =T, at
least for n large enough.
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So, we have shown, P-a.s., forany s € [§;, 6;], the sequence (17;1),,20 converges
to

Yy :=Ys15<0,1 + lis=0,1(Lo, 115, <6, <11 + & 115, <0,=11 + Vs, 1[5, =6,1). (A7)

Now let us use Itd’s formula with (17" — 17’”)2 and s € [§;, 6;]. It yields that
5 ) 5 52 2
B -T2 [ 2= Zdu = g - g
s

0 _ o o
+2/ Yy =Y ) Mpu<on [, Y Zy) — lpu<omy f(u, Y, Z)')}du
N
0 _ _ _ 0 o B
-2 ) -YHhdK,;" — K, "™ =2 Y, —=Y"(Z, —Z"dB,.
N N
But E[(Y}, —Y/m)?] — Oasn, m — oosince (Y, )n>0 convergesto (Lo, 15, <o, <11
+ &15, <6,=1] + Y5, 1{5,=6,1)- On the other hand for any n < m and s € [§,, 6;]
we have

O _ 5 - -
(P2 = VAR " = Ry™ = = sup (Ly = Y)™ x K™

K selor,0r]

Therefore taking the supremum, using the Burkholder-Davis-Gundy inequality,
Gronwall’s one and finally the estimates (16) we obtain

0 B
E[ sup |Y"— Y;"|2+f |Z" — Z™*du
s€[8z,6:] 8
+ sup |K;"—K™P?] = Oasn,m — oo. (18)
5€[8¢,6:]

It implies that Y is continuous on [6<, 6:].
Now let us show that Yy = Yy forall s € [6;, 6;]. From (17) we have

Y = Y on the sets [6¢,6:[, [6¢,0:1N[0; = T]and [§; = 6;]. (19)

Now let w be such that §;(w) < 6;(w) < T and consider a sequence s, of
[6; (), 6; (w)[ which converges to 6;(w). Since Y is continuous on [6¢,0:] we
have lim;,_ oo Yin(w) = lim;,— oo 175(»13 (w) = ?91 (w) = Lg, (w). As Y is lower semi-
continuous then lim;,— oo Ysn (0) > Yy, (@), i.e., Ly, (w) > Yp (w). ButY > L
then Yp, = f’@r on [§; < 6; < T]. Thereby, in combination with (19), we have

Y, =Y, foralls e [5;,6;].

Now let Z := M>? — limy_00 Z" and K~ := S2 — lim,_ o K" Since
b
Yy — Ug)dK ;" = 0 then through Helly’s theorem ([KF], pp. 370) we have
33
also

0, _
/ (Y, — Uy)dK; =0, 20)
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Therefore (Y, Zs, 0, Ies_)sfr is a local solution for (5) in [§;, 0;]. Indeed Y7 = &,
Y > L and for any s € [§;, 6;] we have, in taking the limit in (15),

6, » » - 0; -
Y ZYQT"F/ f(s, Y, Zs)ds_(ng _K;)_/ Zsd By ; (21)
s s

the integrability properties for Y, Z and K ~ are obviously satisfied.
Now let us show (ii). As it is underlined previously we have

Y, = fv on the set [§;, 6]

which implies in particular that Yy, = Ly, on the set [6; < 6; < T] and since
8% N\ &7, Y is continuous on [, 6-] and lim,,_, Ysn = Us, we have also Y5, =
Us, ontheset[§; < T1N[§; < O]

In order to finish the proof of (i7) it is enough to show that Y5, = Us, = Ls, on
[6; = 6 < T]. First observe that for all n > 0, 8 = §., hence Y5, = lim, Yg? <
Ls_, on the set [6; = 6; < T]. On the other hand, we have:

87 o7
Vn >0, Y;{ =Y3’ir1 —{—/ fw, Y, Z)du+n (Lu—Y,f)"'du
dr

5
s
—(Ky" = K5 —/5 Z'dB,.

o7
Asn(L,—Y)" = 0,K;" =K " andsup, E[/ | f(s, YT, ZM)*ds] < o0
T T - 51—

(e.g. from (10)) then
Ells, =9, <11 Y51 = Ells, =9, <11 ¥5n] — CV/E[87 — 8], (22)

for some constant C which does not depend on n. So, taking the limit in (22), we
get E[1s, =0, <71Ls, 1 > E[15,=6, <71Us,]. But Lo, < Uy, then Ly, = Uy, on the
set[6; =60; < T].

As a consequence of Propositions 3.2 and 3.3, the reflected BSDE (5) has a
local solution on [, 6;].

3.4. Theorem. The double obstacle reflected BSDE associated with (f,&, L, U)
has a local solution (Y, Zg, KS"', K )s<r on [z, 0;]

Proof. Let (Yy, Zy, K, 0)y<7 (resp. (Y;, Z;, 0, K, );<7) be alocal solution of (5)
on [t, 8;] (resp. [8, 6;]) which_ exists accor~ding to Prop.3.2 (resp_. Prop.3.3).
Now fors < T, let Zs = Z1[y<s,] + Zs1js,<s<6,, K = K5 and K =

s SASr

K l[s>s,]. For any s € [z, 6;] we have,

SAO;

o, or
Yo=Yo, + | f(s.Ys. Z)ds + (K — K) = (Ky — K] —/ Z,dB;.
s

K (23)
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Indeed, if s € [4;, 6] then Két — K7 = 0 and (23) is satisfied from (21). On the
other hand if s € [, §;], then from (5) we have,

8z 8¢
Yo=Ys, + | flu, Yy, Z)ds + (Ki — K) —/ ZudB,.
N

S

0; B B 0 _
Yﬁr = YQT + f(s, Y, Zs)ds — Kg_r _/ Z;d By
St 3¢

then (23) is also satisfied since Kt = Kg; and IES_ =0.

2% o7
Now for any s € [1,0,], Ly < Y; < U, and (Ys — Ly)dK} = / Y5 —
T T
0 0

Ly)dKf =0and | (U;—Y)dK; = | (Us—Y,)dK; =0.
T Sz
Finally Y7 = & and the integrability properties are satisfied. Henceforth the

process (Ys, Zs, K;“, KS )s<r is a local solution for (5) on [z, 6;] O

3.5. Remark. The construction of Y does not depend on t but the ones of Z, K™
and K~ do m|
As a consequence we have :

3.6. Proposition. There exists a unique continuous P-measurable process (Y);<T
such that:

(i)Yt <T,L; <Yy <UpandYr =&

(ii) for any stopping time t, there exist another stopping time 0; > t and a
triple of P-measurable processes (Z], Kf’t, K, ")i<r suchthaton [z, 0;] the pro-
cess (Y;, ZF, K7, K; %) <7 is a local solution for the reflected BSDE associated
(f,§,L,U)

(iii)Ifve =inf{s > 1, Ys = U} AT and o, = inf{s > 1, Yy = Ly} AT then
veVor <0, Yy =Ls, onlor <TlandY, =L, onlv, <T].

Proof. The existence of the process (¥;);<7, 0 and the triple (Z7, K77, K, ""),<r
such that (i) — (iii) are satisfied stems from Thm. 3.4 and Prop. (3.3). It remains to
show that (¥;);<r is unique and continuous. But uniqueness is a direct consequence
of Prop.2.3.2. Let us focus on the continuity.

In the construction of the process (¥;); <7 we have chosen an increasing scheme.
Had we chosen a decreasing scheme, which is possible in making the penalization
on the upper barrier U, we would have constructed in a symmetric way a process
Y = (Yt)t <1 which is P-measurable and upper semi-continuous such that:

(WYt <T,L; <Y, <Uand Y7 =&

(i7) for any stopping time 7, there exist another stoppmg time f; > T such
that on [z, 91] there exists a triple (Z’ K, K+ 'K ),<T such that the process
(Y,, Zf, K[+ v ~, )tsT is a local solution for the reﬂected BSDE associated with
(f.§,L,U) .

(iii) if vy = mf{s >, Y, =U}AT and 6; = inf{s > 7, ¥s = L;} A T then
by V6 <6,,7, ;,T =Ls on[o; < T]ande =Ly on[i <T].
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Therefore using the uniqueness result of Prop. 2.3.2, we have Y; = ¥; which
implies that Y is lower and upper semi-continuous in the same time and then is
continuous O

We are now ready to give the main result of this section.

3.7. Theorem. Assume that ¥Vt < T, L; < U;. Then there exists a unique pro-

cess (Y, Z;, K,+, K. i<t P-measurable with values in RFHIHL solution of the
reflected BSDE (2), i.e.,

YeS*, ZeMand K+, K~ € S,

T T
Y,:é;‘—i—/ fGs, YS,Zx)ds—i—(K;r—K;)—(K;—K;)—/ ZdB;, vVt <T
t t

T T
L, <Y, <U, VYt <T and / (Y, — LydK = / Uy, — Y)dK =0.
0 0
(24)

Proof. Let (Y;);<t be the continuous process defined in Prop.3.6. Therefore Y is
continuous and satisfies L; <Y, < U;, and Y7 = &.

Now let 79 = 0 and for n > 0, 1,41 = inf{s > ©,, Yy = Us} AT and
Topy2 = Inf{s > 1,41, Ys = Ls} A T. Henceforth, for any n > 0 there exists
a triple (Z", K;™", K]"~),<r of P-measurable processes with values in R4*!1+1
such that the process (Y;, Z, K,+" Kf’_)tST is a local solution for the reflected
BSDE associated with (f, &, L, U) on the set [12,,, T2,42]-

On the other hand we have P-a.s., T, < t,41 on the set [t,+1 < T],Vn >0
since Y, L and U are continuous processes and L < U. In addition the sequence
(tw)n>o0 is of stationary type i.e. P-a.s. for w € 2 there exists no(w) > 0 such that
Tyo(w) = T'. Actually let us show that P[t, < T,Vn > 0] = 0.

Indeed let us set A = {w : t,(w) < T, VYn > 0} and assume that P(A) > 0.
Therefore for w € A, we have forany n > 0, Yy,,,, = Uy, and Y, = Lo,,.
Since the sequence of stopping times (7,),>0 is non-decreasing then it converges
to another stopping time 7. It follows that Y; = L; = U; on A which is a con-
tradiction since L; < U, Vt < T. Thereby we deduce P(A) = 0 i.e. P-a.s. for
w € L2, there exists ng(w) > 0 such that 7, (w) = T.

Now let us set forany r < T,

K} =K 4+ (K" — K" ift €]tn, anga] (K = 0)

T2n

K~ =K, + (K" = K" if t €]t an42] (Kg = 0)
Zi = Z{ 10, (1) + Z Z{ e, tag2] (0)-

n>1

Therefore K* = (K ti) (<7 are continuous non-decreasing processes and since the
T2n

sequence (T,),>0 is P-a.s. of stationary type and for any n >0, E[/ | Zs |2ds] <00
0

T
then/ |ZS|2ds < 00, P-a.s..

0
Now let w € Q and ¢t < T. Then there exits nj(w) such that ¢ €], (w),
Ton142 (w)] and
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72n1+2(w)
N = Yo+ [ F T Z0ds + (K, (@) - K7)
t

T2ny+2

Tny+2

f2n1+2(w)
(K= (w)—K;)—/ Z.dBs.
t

But there exists ng(w) such that for n > ng we have v, = T, therefore step by
step we obviously have

T
Yoy 1o = € +/ fs. Yy, Zoyds + (Kf — K3 )
T2ny+2
T

—(K; — K';2n1+2) —[ ZsdBs.
T

2n+2

It follows that :

T T
Yi(w) =& +/ (s, Yy, Zods + (K — K;") — (K7 —K;) — / ZdBs.
t t

T T

Finally the processes K+ and Y satisfy/ (Y —Ls)dK;' =/ (Us—Y5)dK; =0
0 0

since on the intervals [12,, T2,42] those properties are satisfied and the sequence

(tn)n>0 1s P-a.s. of stationary type. Henceforth the process (Y, Z, Kt, K )isa

solution for the BSDE with two reflecting barriers associated with (f, &, L, U) in

the sense of (2). Uniqueness is a direct consequence of the comparison theorem
(1.3) ]

Now let us consider a process g := (gs)s<r Which belongs to M2 and let
t € [0, T']. Let us recall that the Dynkin game on [#, T'] associated with (g, &, L, U)
is a zero-sum game on stopping times where the payoff is given by:

Yv,o0 € 7;, Ty (v, 0)
VAG
= E[f gst + Lal[o§v<T] + le[v<n] + El[v=a=T]|Ft]-
t

In the following result we give some feature, which is fairly not known, of the value
function of the Dynkin game. The proof is a direct consequence of Thm.3.7 and
Prop. 2.2.1, therefore we skip it.

3.8. Theorem. Assume that for any t < T we have L, < U; and let
Yy, Z;, Kl+, K. )i<T be the solution of the BSDE with two reflecting barriers
associated with (g, &, L, U), then (Y;),<t, which is a continuous semimartingale,
is the value function of the Dynkin game on [t, T]. O

4. Further properties of the solution of the BSDE (24)

T
In Thm.3.7 we just know that K;f + K, + / |Zs|2ds < 00 P-a.s. We are
0

going to show the existence of a sequence of stopping times (y,)>0, P-a.s. of
stationary type and whose limit is 7', which depends only on L, U, the process
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(f(t,w,0,0));<r and the constant of linear growth of f, such that E[(K;;l)2 +
¥n
(K};)2 +f |Zs|2ds] < oo forany n > 0.
0

4.1. Proposition. Assume that L; < U;, Vt < T, then there exists an increasing
sequence of stopping times (y,)>0 such that :

(i) P-a.s. the sequence is of stationary type and converges to T
(ii) the sequence depends only on L, U, the process (f(t, ,0,0));<r and C
(iii) ¥ n = 0 we have

+12 —\2 vr 2
E[(K})* + (K,,) +/0 1Z|2ds] < oo.

Proof. As L < U then there exists a quadruple of processes (17 , Z , K +, K ~) solu-
tion of the reflected BSDE associated with (| f (¢, @, 0, 0)|4+C(|y|+z]), Uz, L, U),
ie.,

YeS*, ZeMand K+, K~ €S,

T
Y, =Ur +f {lf(s,®,0,0) + C(|Ys| + | Zs|)}ds
t
T
+<15T+—Kt+)—(1<;—1€;>—/ 7.dBy. Vi <T
t

T T
L, <Y, <U, Vt <Tand / (Y, — Ly)dK =/ (Us = Yo)dK{ =0.
0 0

On the other hand there exists a stationary sequence of stopping times (y)»>0 such
that E[(K})? + (K;)?] < oc.

Now the comparison theorem (1.3) implies that P-a.s.forany s < T, K, < K .
and then E[(K o )?] < oo. Henceforth standard calculations in (24) imply also that

Vn
E[(K);:)2 +/ |Zs|2ds] < 00, whence the desired result m|
0

5. Reflected BSDEs with continuous coefficient

Suppose now that the function f is no longer Lipschitz but just continuous. We are
going to show, once again, that the reflected BSDE associated with (f, &, L, U)
has a solution in the sense of Theorem.3.7.

So namely assume that the function (¢, w, y, z) —> f (¢, ®, y, z) is continuous
with respect to (y, z) and is at most with linear growth, i.e., there exists a constant
C such that | f (¢, w, y,2)| < C(1 4+ |y| + |z|). Then we have the following result:

5.1. Theorem. There exists aquadruple (Y, Z, K™, K™) := (Y;, Z;, K,Jr, K i<t
solution of the double barrier reflected BSDE associated with (f, &, L, U).

Proof. There exists a sequence of functions ( f,)»>0, obtained via inf-convolution,
such thatforanyn > 0, f,, < f,+1, f» is Lipschitz with respect to (y, z) and finally
|fut, 0, v, 2| < C(L+]y|+1z]), V(t, y,2) € [0, T] x R (see e.g. [HLM]).
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Now forn > 0,let (Y", Z", K™*, K™ ™) be the solution of the reflected BSDE
associated with (f,, &, L, U) and (}_’, Z. Kt K ~) the solution of the reflected
BSDE associated with (C(1 + |y|+1z|), &, L, U). Therefore using the comparison
theorem (1.3) we have forany n > 0, Y” < Y"t! < U, K~ < K"t < K~
and K™+ > K"l > K+ So forany t < T let us set Y; (resp. K, ; resp. K,;")
the pointwise limit of the sequence (¥/*),>0 (resp. (K, )u=0; resp. (K;"Jr),,zo).

Now let (¥ )x>0 be the stationary sequence of stopping times such that E[(K ; )?

_ Yko_
+(K,, 2+ / |Zs |2ds] < ooforany k > 0. Using standard calculations we obtain
0

for any fixed k > 0,

1
E[sup|YSm—YS”|2+/ |Z™ — Z"?ds] —> Oasn,m — 0.
0

S<Vk

It follows that the process (¥4, ):<7 is continuous for any k > 0. As (yx)r>0 is a
stationary sequence then the process (Y;);<7 is continuous. On the other hand the
sequence ((Z}'1{s<y,)r<T)n=0 converges in M>4 o a process which we denote
(Zf),ST. In addition it satisfies, for any p > 1 and k > 0, Zf;ryi = ZfAyk,
dt ® dP — a.s. Therefore for any k > 0 we have,

Yk
Yiny = Yy + [ 6 ZHds + (K — K5.,)
Yk

Yk
—(K;, — K5 —f Z%dBy, Vi <T (25)
INYk

Yk
since E[/ | fals, Y Z8) — f(s, Ys, Zf)|ds] — 0 asn — 0. Now (25) implies
0
also that

I AYk INYk
Yiny = Yo — /O [, Y5, Zds — K5, + K;y, +/0 Z*dBy, Vi <T.

As K~ is lower semi-continuous and K™ is upper semi-continuous then the pro-
cesses (Kt—;yk)lST and (K, )< are continuous. Henceforth KT and K~ are
continuous since (yx)i>o is of stationary type. In addition, from Dini’s theorem,
the sequences (K™ ),>0 and (K™ ™), >0 converge P-a.s. uniformly to K+ and K ~
respectively.

Now forany t < T, letusset Z; = Z?l[o,yo](t) + 2 k0 Z:‘H Liyeyie1(8). As

Yk
E[/ |Zf|2ds] < oo forany k > 0 and the sequence (i )x>o is of stationary type
0

T
then / |Zs |2ds < 00, P-a.s.. On the other hand, with the definition of Z and (25)

0
we have,

Yk

Yiry = Yy + [, Y5, Zods + (K — K% )
INYk
_ _ Yk
—(K,, — K — / ZsdBs, Vt < T. (26)
INYk
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Now taking k great enough in (26) yields

T T
Y, = §+/ f(s, Yy, Zods +(KF — K —(Ky —K,—)—/ ZdBg, Yt <T.
t t

T T
Finally it remains to show that/ (Ys —UpdK; = / (Ys — Ly)dK; = 0. But
0 0

this is a direct consequence of the P-a.s. uniform convergence of Y" (resp. KT

T
resp. K™ 7)to Y (resp. K; resp. K~) and the facts thatf X! —UypdK, ™ =
0

T
/ (Y — Ly)dK!" " = 0 (see e.g. the Helly’s Theorem in [KF], pp.370). The proof
0

is now complete O

6. Relation with double obstacle variational inequality

Letb : [0,T] x R¥ - R*¥and o : [0, T] x R* — R¥*4 be continuous map-
pings and Lipschitz with respect to the second variable, uniformly with respect to
t € [0, T]. For (t,x) € [0, T] x R¥, let (X?x)se[o,ﬂ be the unique R*-valued
process solution of the following standard SDE :

Xt =x+ [Tbr, XpNdr + [ o, Xp)dB,, t <s < T

t,x
Xy =x, s <t.

Now let us consider the functions g : x — g(x), f : (r,x, y,2) +—> f(r,x, Y, 2),
h:(r,x) —> h(r,x)and &' : (r, x) —> K'(r,x), (r,x,y,2) € [0, T] x R+,
We assume that they are continuous and satisfy : forany r € [0, T], x € R¥, y,y' €
R,z,7 eR?

g+ 1 f(r,x,0,0)| + |h(r, x)| + |1 (r, x)| < C(1 + |x|P),
If(r,x, Y, Z) - f(r,x, y/7 Z/)| =< C(|y - y/| + |Z _Z/Dv
h(r,x) < W (r,x)and h(T, x) < g(x) < W' (T, x)

where C and p are some positive constants.

Now let (Y{*, Zb*, K+, Ks"")s<r be the unique solution of the BSDE
with two reflecting barriers associated with (f(r, X;*, v, 2), g(X75), h(r, X},
R'(r, X2*)). On the other hand for n > 0, let ("Y{")s<7 (resp. ("¥{™")s<1)
be the first component of the unique solution of the BSDE with one reflect-
ing lower (resp. upper) barrier associated with (f (r, Xﬁ’x, v,z) — n(h(r, Xﬁ’x) —
V7 g(XF), h(r X)) (resp. (f(r, X", v, 2) + n(h(r, X7°) = »F, (X3,
R (r, X5))) (*Y and Y exist through Theorem 1.1). It has been shown in [EKal]
that, for any n > 0 there exist functions "u (¢, x) and "ii(z, x), (¢, x) € [0, T x R¥,
such that

Vs € [t, T1, "Y' ="u(s, X'*) and "Y"* ="ii(s, X'). (27)
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In addition "u (resp. ") is continuous and is a viscosity solution for the following
obstacle problem :
min{v(r, x) — h(z, x), —=32(, x) — L;v(7, x)

—f(t,x,v(t, x), Voo (t,x)) +n(h'(t,x) —v(t,x))"} =0, (28)
u(T, x) = g(x),
(resp.
max{v(t, x) — h'(t, x), =3 (¢, x) — Lyv(t, x)

_f(t, X, U(t7 X), VUO'(I, X)) - n(h(ts )C) - U(t, -x))+} = 07 (29)
u(T, x) =g(x),)

where
2 k

1 & ) 9
Li=3 Z (co*(t, x)),,,-m + Zbi(t, x)a_xl-'
i,j=1 i=1
Now the comparison result (Corollary 1.4.) allows us to infer that ("Y**),,> (resp.
("Y"¥),=0) is a decreasing (resp. an increasing) sequence. Moreover they converge
in 82 to Y"*. Therefore for any (t,x) € [0, T] x R¥, the sequence ("u(t, x))n>0
(resp. ("u(t, x))n>0) converges decreasingly (resp. increasingly) to the same limit
u(t, x) == Y/ which satisfies ¥{"* = u(s, X;'*) for any s € [¢, T']. Now since "u
and "u are continuous then u is, in the same time, lower and upper semicontinuous
therefore it is continuous. It implies that the convergence of ("u),>0 and ("it),>0
to u are uniform on compact subsets of [0, 7] x R¥.
Consider now the following obstacle problem :

min{v(t, x) — h(t, x), max[— 32 (¢, x) — L,v(t, x)
—f@t, x,v(, x), Vo (t, x)), (v — k), x)]} =0, (30)
u(T,x) = gx).
First we start by the definition of the viscosity solution for (30).

6.1. Definition. Let v be a function which belongs to C([0, T] x R¥). It is called
a viscosity :

(i) subsolution of (30) if v(T, x) < g(x) and for any ¢ € C*((0, T) x R*) and
any local maximum point (¢, x) € (0, T) x R*¥ of v — ¢, we have

min{(v — h)(¢, x), max[—z;—(f(t, x)— Lio(t, x)

_f(ts X, U(l, -x)s V¢G(tv -x))v (U - h/)(t, .X)]} S 0
(ii) supersolution of (30) if v(T, x) > g(x) and for any ¢ € Cch2((0, T) x Rk) and

any local minimum point (t, x) € (0, T) x R¥ of v — ¢, we have

min{(v — h)(¢, x), max[—g—(f(t, x)— Lo (2, x)

_f(tv X, v(ta .X), V¢G(ta .X)), ('U - h/)(lv )C)]} Z O

(iii) solution of (30) if it is both a viscosity subsolution and supersolution O
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6.2. Theorem. The function u defined above is a viscosity solution of (30) and for
any (t,x) € [0, T] x R* we have,

u(t,x) = infve’];supge’]; Jt,x (v,0) = Supge?}infl)e']} Jt,x (v,0) = Jt,x(at,)m 9[,){)7
(€29)

where for any stopping times v and o in 7;,

VAO
E[/ f(s, XX ¥ Z0Yds + h(o, X5 g <v<T)
t
(v, X591 X e
Jix(v,0) = O u‘Xa) <ol + 8D w=o=11]
if E[/ |f(s, X5, ¥YY, Z0%)ds] < oo
t

+oo else ;

here 8; ¢ = inf{s > t, Y = h'(s, X;y™)} A T and 6, ; := inf{s > t, V"
h(s, Xe)}AT.

Proof. Let us show that u is a viscosity subsolution of (30). Since u(7T, x) =
g(x) and h(t,x) < u(t,x) < h'(t,x), it is sufficient to prove that for any ¢ €
C12((0, T) x R¥) and for any local maximum point (¢, x) € (0, T) x R* of u — ¢
such that u(¢, x) > h(t, x), we have

_aa_qf(t, x) = Lip(t,x) — f(t, x,u(t, x), Voo (t,x)) < 0.

So let (t,,, x,) be a sequence of local maximum points of "u — ¢ such that (¢,, x,,)
converges to (¢, x) (the existence of such a sequence follows from the uniform
convergence of "u to u (see e.g.[KM], pp.117)). Note that for n large enough we
have "u(t,, x,) > h(t,, x,) then, using the fact that "u is a viscosity solution of
(28) we have,

_%(l},, Xp) — Ll,,d)(tn, Xn) — f(ta, X, u(ty, Xn), Voo (tn, xn))

=< —I’l(h/([n, Xn) =" u(ty, x,))~ <0.

Now the continuity of the functions and the uniform convergence yields the desired
result. In a similar way we can show that u is also a viscosity supersolution.

The second part of the theorem follows from Proposition 2.2.1 and the fact that
for all (¢, x) € [0, T] x R¥ we have

8¢ x VO x
E[f |Z1¥2ds] < oo
t

as mentioned in Proposition 3.6 O

We now deal with the issue of uniqueness of the viscosity solution of (30). So
assume furthermore that f satisfies the following assumption:
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[H2] For each R > 0, there is a continuous function ¢g such that ¢z (0) = 0 and

lf @t x,y,2)— ft.x",y, 2] < or(( + |zD]x — x'])
forallr € (0, T), |x],|x'|,|y] < Rand z € R?.

6.3. Proposition. Uniqueness of the viscosity solution of (30)
If v (resp. u) is a viscosity supersolution (resp. subsolution) of (30) then for all
(t,x) e[0,T] x R* we have u(t,x) < v, x).

Proof. Note that v > h and u < h' then v/ := v A K (resp. u' := u v h)isa
viscosity supersolution (resp. subsolution) of (30). Therefore it is enough to show
that u’ < v’.

In the same spirit as in [EKal], one can suppose that y — f (¢, x, y, z) is strictly
decreasing for all £, x, z and | (z, x)| + |A'(t, x)| < C(1 + |x|*)~!. Otherwise one
can take, instead of u’, v, g, ..., the following functions u, v,... defined by :

At x) == u(t, x)eMc(x), 0(t, x) == v'(t, x)e* ¢ (x),

h(t, x) == h(t,x)e" ¢ (x), B (1, x) == h' (¢, x)e*' ¢ (x),

8(x) = gx)e* ¢(x), L.:= L.+ (co*n; V.) and
ftx,y,2) = ) ft,x, e M o)y, e Mooz

1
+e MV (xX)o(t, x)y) + [Etrace(aa*/c) +(b; n) — Aly
where £ (x) 1= (1 +[x[)P*2, n(x) 1= £(0) 7' VE(x), k() := ¢ (x) "' V2L (x) and
A is large enough such that the mapping y — f (¢, x, y, z) is strictly decreasing for

allz, x, z.
Using the same arguments as in [EKal], we have for any ¢ and R > 0

/ / e 4 / / &€ 4
sup W, x)—vt,x)y—-)" < sup (u (t,x)—v(t,x)—;) .

1€[0,T1,Jx|<R ! 1€[0,T1,|x|=R
(32)
Indeed, assume that
&
§:= sup ('t x)—v(t,x)— )T
t€[0,T],Ix|<R 4
, , € 4
> sup (' (t,x) —v(t,x)—=)" =>0.
1€[0,T1,Ix|=R !

Hence from ([EKal] pp.733) we have the existence of a sequence
(tns Xns Yns Pns Xns Ya) € (0, T) x Bg x R x (R™9)?

such that:

(i) nlx, — yp|> = 0asn — oo

1) 1 (t, Xn) = V(0. yo) + [3 +8
({i1) (Ppsn(Xn — V), Xn) € P2 (ty, x0))
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(V) (a1 Gin — V). Ya) € P2~ (g, ya) + ti)

(v)
Xy O\ _, (1 —I
0 —v,)=""\ -1 1

where Bg := {x € R* : |x| < R} and P>*(u(t, x)), P>~ (u(t, x)) are defined in
(IEKal], pp.728).

On the other hand, since /& and &’ are uniformly continuous on compact subsets
we have from (ii), for n large enough, u'(t,, x,) > h(t,, x,) and V'(t,, x,) <
I (ty, xn). Hence since u’ (resp. v’) is a subsolution (resp. supersolution) and,

1
—Pn — Etrace(w*(tn, X)) Xn) — (b; n(xp — yn))

—f(tu, xn, L{/(Z‘n, Xp), n(xy — yn)) <0,

1
—Pn — Etrace(aa*(tn’ Y)Yn) — (b; n(x, — yu))

& &
— [ (s Y, V't yn) + t—,n(xn — ) = )
n

n

then,

£ 1
) Ay =: Etrace(ag*(tizs X)Xy _00*(tn’ yu)Yn)

t

n

IA

&
+f(tn, X, u/(tns Xn), 1(Xy — Yn)) — f(ta, Y, U/(tny n) + I_’ n(xp — yn)).
n

Now arguing as in ([EKal] pp. 734), we obtain that lim inf,,_, oo A, < 0 and then
& < 0 which is contradictory. Finally taking the limits in (32), first when R — oo
then € — 0, we obtain 1’ < v'.

It implies that if # is another solution for (30), then u < & and & < u, therefore
u=1u O
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