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Abstract. In this paper we consider a standard Brownian motion in R¢, starting at 0 and
observed until time 7. The Brownian motion takes place in the presence of a Poisson random
field of traps, whose centers have intensity v, and whose shapes are drawn randomly and
independently according to a probability distribution IT, on the set of closed subsets of R¢,
subject to appropriate conditions. The Brownian motion is killed as soon as it hits one of the
traps. With the help of a large deviation technique developed in an earlier paper, we find the
tail of the probability S, that the Brownian motion survives up to time ¢ when

b= ™4, d >3,
"T et logtt, d =2,

where ¢ € (0, 0o) is a parameter. This choice of intensity corresponds to a critical scaling.
We give a detailed analysis of the rate constant in the tail of S; as a function of ¢, including
its limiting behaviour as ¢ — oo or ¢ | 0. For d > 3, we find that there are two regimes,
depending on the choice of I1. In one of the regimes there is a collapse transition at a critical
value ¢* € (0, oo), where the optimal survival strategy changes from being diffusive to being
subdiffusive. At c*, the slope of the rate constant is discontinuous. For d = 2, there is again
a collapse transition, but the rate constant is independent of I and its slope at ¢ = ¢* is
continuous.

1. Introduction and main results
1.1. Motivation

The model studied in this paper has two random ingredients:

1. Let 8 = {B(s): s > 0} be the standard Brownian motion in R¢ — the Markov
process with generator A /2 — starting at 0. We write P, E to denote probability
and expectation with respect to §.
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2. Fort >0, let

K = Jx+ A (1.1.1)

XEw;

where w; is a Poisson point process with intensity

—2/d

t d>3

e S (1.1.2)
ct” log“t,d =2,

c € (0, o0) is a parameter and, given wy,
Ax’ X € wy, (1.1.3)

are i.i.d. random sets drawn fromC = {A C R?: A closed} according to a prob-
ability distribution IT. We write P, [E, to denote probability and expectation with
respect to K;.

Formally, C is endowed with the topology generated by the Hausdorff metric
o : C xC — [0, oo] given by
pH (A1, A2) =inf{e > 0: A C A5, Ay C AS}, (1.1.4)

where A€ = Uyca Be(x) is the e-environment of A (with B, (x) the closed ball of
radius € centred at x). The probability distribution IT lives on the Borel sigma-alge-
bra generated by pg.

Throughout the paper, we assume that IT satisfies the following two conditions:

(C1) TI(Q) = 1 with
0= {A C R A compact, A = cl(int(A)), A # (Z)} , (1.1.5)

where cl(A) denotes the closure of A and int(A) the interior of A.
(C2) limys 00 6y = 0 with

[(A+ By)N B/‘{,,|
o | By

Sy = M(dA), (1.1.6)

where By = [—M /2, M/2]?, B§, = RY\ By; and A+ By = Uyep,, [x +Al

Condition (C1) is a regularity property for A, while condition (C2) allows us to
control large A.
Let

g, = inf{s > 0: B(s) € K;} (1.1.7)
and

S; = (B x P)(tg, > ). (1.1.8)
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In other words, we view K; as a collection of randomly located and randomly
shaped traps, Tk, as the trapping time for the Brownian motion, and S; as the prob-
ability of survival up to time ¢. The goal of the present paper is to identify the
asymptotic behaviour of S; for large ¢. As will become clear later on, the choice
of intensity in (1.1.2) corresponds to a critical scaling. Our main results show that
the tail of S; has an interesting dependence on the parameter ¢, with two regimes
for d > 3, depending on the choice of I1, and one regime for d = 2. The proof
of these results relies on a large deviation technique developed in van den Berg,
Bolthausen and den Hollander [2]. For each of the regimes we provide a detailed
analysis of the rate constant controlling the tail behaviour of S;, including its scal-
ing as ¢ — oo or ¢ | 0. We show that for d > 3, in one of the regimes, the rate
constant exhibits a collapse transition in the optimal survival strategy at a critical
value ¢* € (0, 0o). We analyse the behaviour of the rate constant near ¢* and show
that a slope discontinuity occurs. For d = 2 there is a collapse transition too, but
no slope discontinuity at ¢ = ¢*.

1.2. Representation in terms of Wiener sausages

The starting point of our analysis is a representation formula expressing S; as an
exponential functional of a family of Wiener sausages with varying shape. This
formula is the analogue of the well-known formula for the fixed shape case.

The Wiener sausage with shape A € Q is the random process defined by

wAn = (J IB&)+ AL =0 (1.2.1)
0<s<t
Proposition 1.2.1. Foranyd > 1,1 € MT(Q) andt > 0,
S, =E (exp [—u,/ M(dA) |WA(t)|:|>. (1.2.2)
Q

Proof. The trap field is a marked Poisson point process: the points x € w; carry ran-
dom labels A, . Consider those points whose label is in d A, an infinitesimally small
subset of Q. These points form a Poisson point process with intensity v, TT1(dA).
The probability, under the law IP;, that up to time ¢ these traps avoid a given Brown-
ian path B equals exp[—v,I1(dA) |WA (t)|]. The probability that up to time ¢ all
the traps avoid the given § therefore equals exp[—v; f o [1(dA) |[WA(t)|]. Average
over  to get the claim. O

Since fQ [T(dA)|A| < |Bm|(1 4 8pr) for all M > 0, condition (C2) implies
that fQ [T(dA)|A| < oo. The integral in the right-hand side of (1.2.2) is finite P-a.s.
for all # > 0. Indeed, let M (¢t) = inf{M > 0: B(s) € By forall0 <s < t}. Then

IWAD] < 1Byl + 1(A + Byran) 0 By, (1.2.3)
and hence

/Q M(dA) IWAD)] < By (1 +m(), (1.2.4)

with M (t) < oo P-a.s.
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1.3. Survival theorems

This section contains our main results for the tail behaviour of S; as t — oo.
For d > 3, let k (A) be the Newtonian capacity of A associated with the Green
function of (—A /2)~ 1.

Theorem 1.3.1. Let d > 3 and let 11 satisfy (C1) and (C2). For every ¢ > 0,

tl_i)rgot(d_;z)/dlog Sy =—JJe) (1.3.1)
with
Il () =inf {3Vl +cFJl(¢?): ¢ € H'RD), 13 =1}, (132
where

Fll@¢? = /Rd dx /QH(dA) (1 —e—K<A>¢2<X>). (13.3)

Theorem 1.3.1 identifies the tail of S; for d > 3 in terms of a variational problem
involving IT. Since the dependence on IT enters only via the capacity of the random
set A, we may rewrite (1.3.3) as

Fll(¢?) = fRd dx fooo@)(dx) (1 —e_K¢2(x)) (13.4)

with ® = IT o x~! the probability distribution on (0, o) induced from IT by «.
Therefore actually FIT = F and JIT = J . Nevertheless, we prefer to keep IT in
the notation. Note that k (A) € (0, oo) forall A € Q.

A similar result holds for d = 2, but without a role for IT.

Theorem 1.3.2. Let d = 2 and let 11 satisfy (C1) and (C2). For every ¢ > 0,

1
lim —log S, = —Ja(c) (1.3.5)
t—00 logt
with
(o) =inf [1|Vel3 + cFa(¢?): ¢ € H'(RY), |I¢]3 =1}, (1.3.6)
where
F>(¢%) :/ dx (1 —e*2”¢’2<)f>). (1.3.7)
R2

The scale of the large deviation in Theorem 1.3.2 is different from that in Theorem
1.3.1. This is due to the different choice of intensity in (1.1.2). However, the vari-
ational formula has the same structure. The difference is that x (A) is replaced by
2, so that the dependence on IT drops out. This fact turns out to be related to the
recurrence of planar Brownian motion.



Brownian survival among Poissonian traps with random shapes at critical intensity 167

1.4. Analysis of the variational problems

In this section we give a detailed analysis of ¢ Jc}_l (¢)in(1.3.2) and ¢ — Jr(c)
in (1.3.6). We first note the following.

Proposition 1.4.1. Let d > 3 and let T1 satisfy (C1) and (C2). Then
(k) = / [M(dA)x(A) < 0. (1.4.1)
Q

The variational problem in (1.3.2) certainly makes sense also when (x) = oo, but
apparently this regime is not caught by our conditions (C1) and (C2).
Let (-) denote expectation over ®. For d > 3 there are two regimes:

(I) There exists ¢* € (0, 0o) such that

J‘}-I(C) = c{k), for0 < ¢ < c*,

< c¢{k), forc > c*. (1.42)
(1D (1.4.2) with ¢* = 0.
We consider two subclasses for ©:
S = {@: there exist 0 < k9 < o0 and 0 < K < oo such that
Odk) < K~ '=“F di forall k > Ko},
(1.4.3)

Sir = {G): there exist 0 < x; < ooand L: (k1, 00) — (0, 00)
non-decreasing with lim,_, », L(x) = 0o such that

O(di) = L)~ dic forall i > k1 }.

Note that the separation between the classes S; and Sy is thin, and is very close
to where (k@+2)/4) diverges.

Theorem 1.4.2. Let d > 3.
(i) For every I1, ¢ — J dn (c) is continuous, strictly increasing and concave on
(0, 00), with JJ1(0) = 0.
(ii) If©® € Sy, then Jdnfalls in regime (I). Moreover, if (k") < oo for somen > ddiz,
then

L] (e ) < (k). (1.4.4)
(iii) If ® € Syy, then J)! falls in regime (1), and

[T (0+) = (). (14.5)
(iv) The variational problem in (1.3.2) has a minimiser with full support for

c>c* when® € Sy,

¢ >0, when® e Sy, (1.4.6)

¢ = c*, when (k") < oo for some n > %.



168 M. van den Berg et al.

Theorem 1.4.3. Letd > 3.
(i) For every I1,

I e) < M@+ . ce(0,00), (1.4.7)

d+2 (1)@
2 \d

and

L 2/(d42) TT N
Jim ¢ Ja () ==

d+2 [ d/(d+2)
4+ ( dd > , (1.4.8)

where A4 is the principal Dirichlet eigenvalue of — A on the ball of unit volume.
(ii) For ® € Sy, let ©(dk) = 0(k)dk with0(k) = Kk 17 [1+0(1)] as k — oo

andl<y<%,O<K<oo.Then

1%1 QRKT(—y)e}) /0= ey — 1N (e)] = IMa(y), (1.4.9)
where

Ma(y) = —inf{nwn%—/w% v e H'RY, Iy13 = 1} € (0, 00).
(1.4.10)

The analogous results for d = 2 read as follows.

Theorem 1.4.4. Let d = 2.

(i) ¢ — Ja(c) is continuous, strictly increasing and concave on (0, 00), with
J2(0) =0.

(ii) There exists a number c* € (0, 00), given by

1 [1vel3 L2 )
¢* = — inf Lo e H'RY, o2 =1}, (1.4.11)
4 { oI} 2
such that
J(c) =2me, for0 < ¢ < c*,
< 2me, for ¢ > c*, (1.4.12)
and
(] (c*4) = 2. (1.4.13)

(iii) Equations (1.4.7-1.4.8) hold with d = 2.
(iv) The variational problem in (1.3.6) has a minimiser if and only if ¢ > c*. This
minimiser has full support.

The qualitative behaviour of ¢ — J dn (c¢) found in Theorems 1.4.2, 1.4.3 and
1.4.4 is summarised as follows:
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d>3( d > 3D

0 c* 0 0 c*

Fig. 1. Qualitative picture of ¢ Jd”(c) for d > 3, regimes (I) and (II), and d = 2,
respectively.

1.5. Discussion

The idea behind Theorem 1.3.1 is that for d > 3 the optimal strategy for the Brown-
ian motion to survive the traps is to behave like a Brownian motion in a drift field
xt/4 — (V¢ /$)(x) for some smooth ¢: R? > [0, 00). The cost, under the law
P, of adopting this drift during a time ¢ is

exp [—t x fz/dl/ dx |v¢>(x)|2] (1.5.1)
2 Jra

The effect of the drift is to push the Brownian motion towards the origin, so that it
lives on space scale t14 which is well below the diffusive scale. Conditioned on
adopting the drift, the Brownian motion spends time ¢2(x) per unit volume in the
neighbourhood of xtY/4 Tt turns out that, for each A, the Wiener sausage with shape
A associated with the Brownian motion covers a fraction 1 — exp[—« (A)¢2(x)] of
that unit volume. The cost, under the law [P;, of the traps avoiding the Brownian
motion is

exp |:—ct_2/d x t/ dx/ M(dA) (1 —e—K(AWW)} (1.5.2)
R4 Q

(recall the proof of Proposition 1.2.1). Combining (1.5.1) and (1.5.2), we see that
the best choice of the drift field is therefore given by a minimiser of the variational
problem in (1.3.2), or by a minimising sequence.

Theorem 1.3.2 shows that for d = 2 the survival probability decays polynomi-
ally rather than exponentially fast. The optimal survival strategy is of the same type
as for d > 3, but now the Brownian motion lives on space scale /7/logf, which
is only slightly below the diffusive scale. The limiting behaviour does not depend
on I1. Apparently, the Brownian motion manages to stay far away from the traps.

Theorems 1.4.2 and 1.4.3 show that for d > 3 there are two regimes: 1

! Even though we interpret our results in terms of an optimal survival strategy, we have
no pathwise statements to offer. More work would be needed to prove that, conditional
on survival, the Brownian motion and the trap field indeed behave as suggested. Thus, all
interpretations in this section remain to be proved.
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(I) There is a critical threshold (¢* > 0). For ¢ < c¢*, the Brownian motion
prefers to ignore the survival strategies parametrised by ¢ and to move on
space scale /7. In doing so, it behaves like a typical Brownian motion and
sees the average trap capacity, i.e., also the trap field is typical. For ¢ > ¢*, on
the other hand, the Brownian motion prefers to follow the survival strategy
parametrised by a minimiser ¢ and to move on space scale '/, In doing
80, it does a large deviation and sees less than the average trap capacity.
Also the trap field does a large deviation, because it keeps traps out of the
“spongy structure” that is formed by the Brownian motion. Since ¢ has full
support, the Brownian motion “sneaks around the traps and moves about”
rather than “finds a large trap free hole and stays there”. At ¢ = ¢* there is
a collapse transition from diffusive behavior to subdiffusive behavior. This
collapse transition is discontinuous because a minimiser persists at the critical
threshold, which leads to a slope discontinuity of J dn atc = c*.

(II) There is no critical threshold (¢* = 0). There is a minimiser ¢ for all ¢ > 0,
meaning that the optimal survival strategy is always subdiffusive. As ¢ | 0,
this minimiser flattens out, the Brownian motion gradually covers more space
and gradually sees the average trap capacity. The thinner the tail of IT (i.e.,
the closer I to the boundary with regime (I)), the faster J d“ approaches the
line with slope (x).

Theorem 1.4.4 shows that for d = 2 the behaviour is similar to that for d > 3
in regime (I). There is again a collapse transition, associated with a crossover in
the optimal strategy. This collapse transition is continuous because no minimiser
persists as ¢ | c*.

The high intensity limit ¢ — oo corresponds to the minimiser contracting to
a high and narrow peak. This corresponds to the optimal survival strategy looking
more and more like “find a large trap free hole and stay there”. This is the optimal
survival strategy for all intensities that are larger than the one in (1.1.2), which is
why the choice in (1.1.2) is critical.

Finally, the results in the present paper belong to a regime of critical scaling. A
related reference is Merkl and Wiithrich [7], [8], [9]. Here, the principal eigenvalue
of the Schrodinger operator —A + V; on a box of size ¢t with Dirichlet boundary
conditions is considered, with V; a potential consisting of a Poisson field of obsta-
cles with a fixed shape but with a height that shrinks to zero in a critical manner
with ¢. A critical threshold similar to the one in our regime (I) is found. Another
related reference is van den Berg, Bolthausen and den Hollander [3], where the
large deviation behaviour of the volume of the intersection of two Wiener sau-
sages is identified. A critical threshold appears in the time horizon up to which the
intersection volume is observed.

1.6. Examples

In this section we give examples of discrete IT for which regimes (I) and (II) hold.
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Letd > 3, choose o, B,y witha > 1land 0 < 8 <y A %,and, forn € N,
define

An=Bys +C, with C,={kn?: keZ |kl <n}. (1.6.1)

Then A, consists of (2n + 1)¢ cubes of volume n?? that are disjoint for all n > 2
because y > . Let I1 be given by

1 —a
M(A,) = Tt e N, (1.6.2)

where ¢ is the Riemann function. For this IT, condition (C1) trivially holds, while it
is easily checked that condition (C2) holds if and only if @ > d 4 8d 4 1. Moreover,
for y sufficiently large, « (A,) is asymptotically subadditive, i.e.,

K(Ap) = kg Cn+ D44 D1 +0o(1)]  asn— oo, (1.6.3)

where k is the capacity of the unit cube in R¢. Combining (1.6.2—1.6.3), we see
that

((@*D/dy < 500 € (,3% +d+3,00),

(1.6.4)
(@) — 00 o € (d+ pd + 1, BLE +d +3].

The latter interval is non-empty since 0 < 8 < %
1.7. Outline

Theorems 1.3.1 and 1.3.2 are proved in Section 2. The proof closely follows Sec-
tions 2, 3 and 4 in van den Berg, Bolthausen and den Hollander [2] (henceforth
referred to as vdBBdH). We sketch the main line of the argument, so that the pres-
ent paper can be read almost independently. Proposition 1.4.1 and Theorems 1.4.2,
1.4.3 and 1.4.4 are proved in Section 3 and rely on variational calculus and Sobolev
inequalities.

2. Proof of Theorems 1.3.1 and 1.3.2
2.1. Scaling, compactifying and coarse-graining

Recalling (1.1.2), we have from Proposition 1.2.1 that

E (exp[—t“=2/4 x cVI(1)]), d = 3,
S = (2.1.1)
E (exp [— logt x CVH(t)]), d=2,

where we define

Lon@A) (WA@I. d =3,
Vi = 2.12)
logt [ TIA) WA, d = 2.
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It follows from Spitzer [10] that, for every A € Q,

Kk (A)t, d>3,
E|WA@®)| = [1 1 t . 2.1.3
[W2(@)| [+0()]X{2nt/logt,d=2, — 00 (2.1.3)
Hence
lim EvI(y = | - d23 (2.1.4)
1—00 27, d = 2.

(Condition (C2) allows us to interchange limit and integral. For d > 3, by subad-
ditivity, we have E|WA(1)|/t < E|WA(1)| for r > 1, while, by (1.2.4) and (C2),
this bound is integrable. Recall also Proposition 1.4.1.) Thus, in (2.1.1), the large
deviations of V(¢) driving Theorems 1.3.1 and 1.3.2 take place on the scale of its
mean.

2.1.1. Scaling

By Brownian scaling,

1 _
SIWA@| = WA D) g = 3,
o tt 2.1.5)
WA @) = (WAYRET log ), d = 2.
where = denotes equality in distribution. Hence, abbreviating
t(d—2)/d d>3 2/(d-2) d>3
T = Pa=2 7,=1° 4= (2.1.6)
logt, d=2, et /1, d=2,
we find from (2.1.1) and (2.1.2) that
Si = E (exp[—ct VI (D)]) (2.1.7)
with
vile) = / (dA) [WAYT (7). (2.1.8)
Q

The right-hand side involves Wiener sausages at time 7 with a shape that shrinks
with 1/4/T;. We are aiming for the large deviations of Vrn (7).

2.1.2. Compactifying

We will obtain upper and lower bounds on S; by wrapping the scaled Brownian
motion around a finite torus, respectively, by killing it at the boundary of this torus.
This compactification will be exploited in Sections 2.2 and 2.3, where we prove a
large deviation principle (LDP) for (Vrn(t))wo restricted to the torus and use it
to compute asymptotics of exponential moments. This LDP will lead to a lower,
respectively, upper bound on the variational characterisation of the rate functions
J d“ and J, in Theorems 1.3.1 and 1.3.2. By letting the torus tend to R? after-
wards, we will obtain the variational characterisation as claimed. We will do the
compactification for IT with finite support and remove this restriction afterwards.
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2.1.3. Coarse-graining

The proof of the LDP for the Brownian motion on the torus consists of three steps,
taken from vdBBdH:

e Step 1: For € > 0, we chop the Brownian motion into excursions of length ¢,
and define

Xre = {lgN(ie)}lfiSt/ea (2.1.9)

which is the collection of the endpoints of the excursions. The lower index
N refers to the restriction to the torus of size N, and for notational conve-
nience we assume that 7/€ is integer. Let V ~ () be the analogue of (2.1.8)
for the Brownian motion on the torus of size N We approximate V. N(r) by
Ere(V, N(‘L’)) where E; . denotes the conditional expectation given X; .. We
prove that the difference between V n(T) and E G(V ~ (7)) is negligible in
the limit as 7 — oo followed by € ¢ 0. This is done by an application of a
concentration inequality of Talagrand
o Step 2: We represent i (V N(r)) as a functional of the bivariate empirical
measure

T/€

€
Lre=< Z S(ﬁN«i—l)e),ﬁN(ie))' (2.1.10)

i=1

According to Donsker and Varadhan, (L ¢).~¢ satisfies an LDP. We need some
further approximations to get the dependence of E; . (VTITIN (r)) on L ¢ in asuit-
able form. Based on just this LDP we get an LDP for (Er,e(VTITIN(T)))r>O via a
contraction principle.

e Step 3: We take the limit € | 0. By Step 2, we already know that VHN (r) is

well approximated by E; (V. N(‘L’)) It therefore suffices to have an appropriate
approximation for the variational formula in the LDP for (E; ¢ (V; N(T)))r>0

These three steps were used in vdBBdH to derive an LDP for the quantity in
(2.1.8) when IT = §p,(), the point measure on the ball of radius a € (0, c0)
centred at 0. In the present context, the integral over I1 represents an additional
ingredient, and we have to see how this can be incorporated and carried along. The
argument in vdBBdH is rather delicate, involving various estimates on Brownian
motion and hitting times of shrinking balls. We need to check that these estimates
can be handled when the balls are replaced by sets with a random shape. Therefore
we provide a sketch of the main ingredients.

2.1.4. Outline

In Sections 2.2 and 2.3 we give the proof for d > 3 when IT has finite support, i.e.,

n n
M= ansa, D am=1,ay>0 AyeQ neN. (2.1.11)

m=1
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In Section 2.4 we explain why the proof for arbitrary IT follows from that for finite
IT via a sandwiching argument in combination with a truncation argument. Here
conditions (C1) and (C2) in Section 1.1 will play a crucial role. In Section 2.5 we
briefly indicate how to amend the proof for d = 2, taking (2.1.6), (2.1.7) and (2.1.8)
into account.

2.2. Upper boundind > 3

Write A y to denote the torus of size N,i.e.,[-N/2, N/ 2]" with periodic boundary
conditions. Let Sy (s), s > 0, be the Brownian motion wrapped around A y. Let

wiVT (5, s> 0, 2.2.1)
denote its Wiener sausage with shape A scaled down by /77, and let
A/NTx
Vi) = /Q @A) (wa¥ (o). (2.2.2)
The wrapping lowers the volume of the Wiener sausages, and so we have, recalling
(2.1.7) and (2.1.8),
S < E (exp[—ct V] (D)]). (2.2.3)
The desired upper bound on S; will therefore come out of the following LDP:
Theorem 2.2.1. (VTI?N(I))T>0 satisfies the LDP on (0, c0) with rate T and with
rate function | dr,IN given by
Ijy®b) =inf {5IVe[3: ¢ € H'(An). 915 =1, F((¢D) =b}  (224)
with F) given by (1.3.3).

Proof. We assume that IT has the form (2.1.11) and follow the three steps indicated
in Section 2.1.3.

Step 1:

Proposition 2.2.2. Forany § > 0,
. . l I _ I _
lim lim sup — log P (|Vr N@) —Er (V. y(@)] = 8) = —00. (2.2.5)
€ T—oo T ’ ’

Proof. For IT of the form (2.1.11), we decompose (2.2.2) as

Vi@ =Y anwar VT @), (2.2.6)

m=1

The proof of Proposition 4 in vdBBdH (p. 366), which consists of a series of
estimates, can be copied to show that, forany 6 > Oand 1 <m <n,

1
lim lim sup — log P (‘ (WA VT (1) By (|W,*V""/V T (‘L’)|> ‘ > 5) = —o0,
€l 1500 T
2.2.7)
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which yields the claim. The only property we need to check for (2.2.7) is the ana-
logue of Equation (2.23) in vdBBdH (p. 367), which plays a pivotal role in the
proof and which reads here

sup E (exp [1|WAm(T)|D < 0. (2.2.8)
T>1 T
Now, the left-hand side is bounded above by the same expression with A,, replaced
by Br(0), where R = maxi<m<n R(A) with R(A,,) the radius of the smallest
ball containing A,, centred at 0. But for a ball with an arbitrary finite radius the
bound in (2.2.8) is known to be true (see van den Berg and Bolthausen [1]). m|

Step 2: Let 16(2) : MT(AN x Ay) — [0, oo] be the entropy function
h(ulpr ® me), if py = pa,
SIE { ‘ . (2.2.9)
00, otherwise,

where h(-|-) denotes relative entropy between measures, (| and p» are the two
marginals of u, and 7 (x, dy) = pe(y — x)dy is the Brownian transition kernel on
Ay associated with an e-excursion. Furthermore, let <I>11_I/€: MT(A N X Ay) —
[0, 00) be the function

<le/€(#)=/ MdA) | dx
Q AN

x (1 — exp [—K(EA) ey —x,z—x)pu(dy, dz)i|>

ANXAN

(2.2.10)
with
f()E ds ps(—y) pe—s(2)
Pe(z—y) '

Proposition 2.2.3. (Ef,g(VTr_IN(r)))wo satisfies the LDP on (0, co) with rate T
and with rate function '

@e(y,2) = (2.2.11)

1
b+ inf {215”(“): 1e ME(Ay x Ay), &) (1) = b} ) (2.2.12)

Proof. The claim is the analogue of Proposition 5 in vdBBdH (p. 371). We indicate
how the proof is adapted.

First, we fix K > 0 and cut out holes of radius K //T; around the endpoints
of the e-excursions. To that end, we define

WA = WA [ By (BN (G = DY U By (Butien]|  22.13)
with

wiv="U [po+aT]. (2.2.14)

(i—1)e<s<ie
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and we put

T/€

ViR (o) = f @A) || wh|. 2.2.15)
i=1

which is Vrlle(T) in (2.2.2) but with the holes cut out. Note that

0=V, N(r) V.. N (1’) < (t/e + Dwa(K/JT)? <2Klwy/eT, (2.2.16)
(recall (2.1.6); wy is the volume of the ball with unit radius). The right-hand side
tends to zero as T — oo for any K < 00, so the cutting is harmless when we let
K — oo afterwards.

Next, we express E; ¢ (V. N (‘L’)) in terms of the empirical measure L . defined
in (2.1.10):

Eee (V@)
Z/Qn(dA) N dx |[1-Prc|x¢ UW?I’VK
o/e
=/Ql‘[(dA) ANdx ]:[{1— fe(xGW,N)]

=/ MdA) | dx (1 —exp[E/ Lee(dy, dz)
Q AN € ANXAN

x log (1 — gt (y—x,7—x) 1{y_X,Z_X¢BK/m(O)}) ]) (2.2.17)
Here,
g2 (y,2) = Pey. (GA/ﬁ < e) (2.2.18)

with o4 IJTe the first time the Brownian motion enters A/+/ T, and

Pey ()= P(BN(0,€]) € - | Bn(0) =y, Bn(e) =z) (2.2.19)

the probability law of the Brownian bridge of length € from y to z.
The key property of the quantity in (2.2.18) needed in the proof is the following
analogue of Lemma 2 in vdBBdH (p. 372):

(a) 11m lim sup sup qm(y, z)=0forall A e Q, € >0,
k=00 1500 y, Z¢Bg/m(0)
(b) lim sup |Tq-[,g(y1 Z) - K(A)(pf (yv Z)' =0 (2220)
T y.2¢B,(0)

forall0 < p < N/4and A € Q, € > 0.
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Property (2.2.20)(a) is immediate, since qf‘, <(y, 2) is non-decreasing in A and for
A = Bg(0) the proof is in vdBBdH. For property (2.2.20)(b) the key ingredient is
the analogue of Equation (2.64) in vdBBdH (p. 374), which reads

lim
b0 k(bA)

t
Py (0pa < 1) =[ ps(—y)ds forallyeR?Y t+>0, AeQ
0
(2.2.21)

with Py(-) = Py(B([0,00)) € - | B(0) = y) (see Le Gall [5]). It is through this
relation that k (A) appears on the stage.

Next, (2.2.20) allows us to linearise the logarithm in the last line of (2.2.17)
and to replace it by —« (A)@e(y — x, z — x) /T, which brings us to the expression
in (2.2.10) with u = L. To do this properly we need some continuity properties,
which are the analogues of Lemmas 3 and 4 in vdBBdH (pp. 375-376) and which
rely on (2.2.20)(b). Since IT has finite support, this part of the extension is again
straightforward.

The combination of (2.2.16), (2.2.17) and (2.2.20) leads us to the conclusion
that

: 1 I
tim [ (v () = @ (Lro)

=0 foralle > 0. (2.2.22)
oo

Finally, we note the following:

1 u— <I>1 /e (w) is continuous in the total variation norm.
(2) (L1.¢)r>o0 satisfies the LDP on MT(AN x Ap) with rate T and with rate

function 17

Therefore the claim in Proposition 2.2.3 now follows by using the contraction prin-
ciple in combination with (2.2.22). |

Step 3: This step consists of two approximation lemmas.

elLet Wl : MT(AN) — [0, co) be the function

1/e"
(A)
1/5(”) H(dA) dx — exp ds pr(x — y)v(dy)
(2.2.23)
Lemma 2.2.4. Forany K > 0,
lim  sup ‘cb}“/e (w) — W), (m)‘ =0. (2.2.24)

€l0 2
w: LI <k

Proof. For I1 of the form (2.1.11), we decompose (2.2.10) and (2.2.23) as

O () = Zam Y, W)=Y avire).  (2225)
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The proof of Lemma 6 in vdBBdH (p. 379) can be copied to show that, for any
K>0and1 <m <n,

. 8
lim  sup ‘ V() — Wi )| = o, (2.2.26)
40, L®w<k

which yields the claim. The only property needed for the proof of (2.2.26) is
K(A,y) < 00. |

elet/: MT(A ~) > [0, oo] be the standard large deviation rate function for the
empirical distribution of the Brownian motion, given by

I(v) = %fAN Vo[> (x)dx, if & = ¢* with ¢ € H' (Ap),
= 00, otherwise.

(2.2.27)
Let I.: MT(AN) > [0, co] be the projection of 16(2) onto MT(AN), given by
L) =inf{16(2)(,u): = v]. (2.2.28)
Then
13?8 éle(v) =1(v) forallve M](Ap) (2.2.29)
(see Lemma 5 in vdBBdH (p. 378)).

Lemma 2.2.5. Forany K > 0,

lim  sup \Ill/e ) — (Z;)
€0 v élg(u)gl(

-0 (2.2.30)

with Fdn given by (1.3.3). (Note that if I (v) < 0o, thendv K dx because vQm, K
dx @ dy by (2.2.9) and (2.2.28)).

Proof. For I1 of the form (2.1.11), we decompose (2.2.23) and (1.3.3) as

W)= an¥ir o). FR@H =Y anF) @Y. (2231

m=1 m=1

The proof of Lemma 7 in vdBBdH (p. 380) can be copied to show that, for any
K>0and1 <m <n,

. B 3

lim ‘\1/1;‘;"( )= F2 (42)] = o, (2.2.32)
€0 v 1 2 le (v)<K

which yields the claim. The only property needed for the proof of (2.2.32) is
K(Ay) < 00. |
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Having completed Steps 1-3, the proof of Theorem 2.2.1 now follows easily.
Indeed, for any f: (0, o0) + R bounded and continuous we have

1
hm —logE(exp [tf( N(T))])

1
=lim lim —log E (exp [tf (Er,c(V. N(T)))])

gi/O T—>00 T

= lim sup {f(<1>1/e (w) — 2152)(10}

1
= lim lim  sup {f(<1>1/6(u))——16(2)(u)}
Koo dd L@ w=k €

. . 1
Khm hn(} sup {f(‘lﬁr}e(ul)) - _IéZ)(M)} (2.2.33)
T L L=k ¢

1
= lim lim su vl )y — (v
pmt g ool

dv 1
= lim lim su Fl —=I.(v
K lld 1,5><K{f< (@)ool

ol (2(2)) 10

1
sup {f(F[?(¢2)) -~ Env@su%} .

peH(AN): ll9l3=1

Here, the first equality uses Proposition 2.2.2, the second equality Proposition
2.2.3, the fourth equality Lemma 2.2.4, the fifth equality (2.2.29), the sixth equality
Lemma 2.2.5, while the last equality comes from (2.2.27). The claim in Theorem
2.2.1 follows by applying to (2.2.33) the inverse of Varadhan’s lemma due to Bryc
[4]. ]

It follows from (2.2.3) and Theorem 2.2.1 that

1
lim sup — log §; < —J'y (c) (2.2.34)

t—>o0 T

with
Iy (@) = inf {cb + 1], b): b e 0,00

=inf {1IVol3+cF@?): ¢ € H (AN), 9]} =1}.

(2.2.35)

This is the same as (1.3.2), but with R replaced by Ay. Thus, to complete the
proof of the upper bound for IT with finite support it suffices to show that

lim JJ'(c) = J] (o). (2.2.36)
N—o0 ’
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The latter is a standard exercise, for which the reader is referred to vdBBdH Section
2.6. There a proof was given for IT = §p,_ (o), which easily extends to IT with finite
(or countable) support.

2.3. Lower boundind > 3

We again assume that IT has the form (2.1.11). Let
R=inf{M >0: A, CByform=1,...,n}. (2.3.1)

Fix N. Consider the event Cy g(t) that the Brownian motion does not hit
aAN—R/ﬁ until time 7. Then, recalling (2.1.7) and (2.1.8), we have

S = E (exp[—ct V(D] Loy xm) - (2.3.2)
On the event Cy gr(7), recalling (2.2.2), we have
Vi@ = vi). (2.3.3)

Hence

1 1
liminf —log $; > —Any + lim —log E (exp [—C‘L'VTHN(‘L')] | CN,R(I))
T—>00 T T—>00 T ’
= =iy — Iy, (0),
(2.3.4)

where
1
—Ay = lim —log P(Cn r(7)) (2.3.5)
T—00 T

is minus the principal Dirichlet eigenvalue of —A /2 on Ay, and J dr" n.x(€) is given
by (2.2.4), except that ¢ has the additional restriction supp(¢) N dAy = @. Here,
note that the dependence on R drops out with the limit T — oo, because Cy  r keeps
the Brownian motion a distance R/+/T; away from d A y, while lim;_, o, Ty = 00.
Let N — oo and use that limy_, o Ay = 0, to see that it suffices to show that

lim JJ'y . (0) = J](). (2.3.6)
N—>oo [

The latter is again a standard exercise, for which the reader is referred to vdBBdH
Section 2.6.

2.4. Continuum limit of T

In Sections 2.2 and 2.3 we proved Theorem 1.3.1 for IT with finite support. It remains
to show that the result can be extended to arbitrary IT subject to the conditions (C1)
and (C2) in Section 1.1. For this we need the notion of stochastic ordering by
inclusion, namely, IT; is stochastically smaller than I, written

n' <2, (2.4.1)
if there exists a coupling IT"2 of IT' and IT? such that IT"2(A4; C A;) = 1.

We begin by noting the following continuity property of the variational problem
in (1.3.2).
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Lemma 2.4.1. Suppose that (I1,,) and I1 satisfy (C1) and (C2). If

(i) I, < foralln,

(if) [y T (dA) k(A) — [ TI(dA) K(A) as n — oo, (2.4.2)
then J;I"(c) — Jdn(c) asn — oo forall c € (0, 00).
Proof. Note that
(A, A€ Q, pu(An, A) = 0) = {k(A,) — «(A)}. (2.4.3)
Consequently, under condition (C1),
I, =1 — (©,=0) (2.4.4)

with ® = ITo«~!. Hence it suffices to prove continuity of the variational problem
in®=TIox "

Since A — k(A) is non-decreasing in the partial order induced by inclusion,
(2.4.2)(1) implies that ®, < © for all n. It therefore follows from (1.3.4) that

F ;I "< F f for all n. For a reverse estimate, write
0 < Fl¢? — F)"(¢%)
o0 2

_ / dx/ [O(dk) — ©,(dK)] (1 e (”)

R4 0
o0

< f dx *(x) / [O(di) — O, (di)] i

R4 0

= /OO®(dK)K — /OO O, (dr) k.
0 0

The right-hand side tends to zero as n — oo by (2.4.2)(ii), where we recall from
Section 1.6 that condition (C2) implies that both integrals are finite. O

(2.4.5)

We will now prove the extension of Theorem 1.3.1 via a sandwiching argument
in combination with a truncation argument. Note that TT! < T1 implies

S > S, >0 (2.4.6)

Upper bound: Any IT satisfying conditions (C1) and (C2) can be approximated
from below, as in (2.4.2), by a sequence (I1,) with finite support. By (2.4.6), we
have S;(IT) < S;(I1,), t > 0, for each n. Since Theorem 1.3.1 holds for IT,,, we
therefore have

1 1
lim sup — log S, (TT) < lim sup — log S, (T1,) = —J, " (¢). (2.4.7)

T—o0 T 700 T

Lemma 2.4.1 now gives us the desired upper bound.
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Lower bound: If IT has unbounded support, then it cannot be approximated from
above, as in (2.4.2), by a sequence (I1,) with finite support. However, we can use
the following truncation argument based on (C2). Fix N and R. Let

Or={A e Q: AC Bgr}. (2.4.8)

On the event Cy g(7) defined in Section 2.3, we have

(WA (o) + |(A/ /T + By) N B,

, A € Qg,
(WANT (2)] <

|Bn|+ |(A/VT; + By) N B,

, Ae 9\ Qp.
(2.4.9)

Therefore, on the event C g(7), we get the bound

Vi) = /Q [(dA) WA (1)

< VI 2@ + Byl pr + fQ @A) |(A/VT: +By) N By
(2.4.10)

with

Vil r(0) = f @A) (Wa/¥T (1),

o (2.4.11)

PR =/ I(dA).
O\Qr

The third term in the right-hand side of (2.4.10) equals | By |8y JT: (recall (1.1.6))
and tends to zero as T — oo for fixed N by (C2). The key observation now is that I1
can be approximated from above, as in (2.4.2), by a sequence (I1,,) with countable
support such that IT,, 1 9, has finite support for each R. By (2.4.10-2.4.11), we have

Si(IT) > E (exp[—ct VI ()] ley p(n)

_ m,1 (2.4.12)
>e cIByIlPr+8y /77 ] E (exp [_CTVI,N,I%R ('L')] 1CN_R('L’)> ]
We can now apply the argument in Section 2.3 to the expectation in the right-hand
side of (2.4.12), for fixed N and R, and take the limit T — o0, to obtain

I,

1 lo
liminf ~ log §,(T) > —c|By| pr — Ay — Jg . 2%
im inf —log t(II) = —c|BNIpr = AN — Jy " (©) (2.4.13)

v

I,
—clBy| pr — An — I3 ().

Note that J ‘}_[ % (c) depends on IT, only via ®, = IT, o «~L. Therefore no harm
was done in the last inequality of (2.4.13), which removes the truncation in (2.4.8)
on the finite torus. We can now let R — oo and use that limg_, o pr = 0, to get

1
lim inf = log §;(T1) > —Ay — JJ%, . (€. (2.4.14)
T—00 T (A
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Let N — 00, use that limy_, -, Ay = 0 and recall (2.3.6), to get
1
lim inf — log S, (T)) > —J,;"" (¢). (2.4.15)
T—>00 T
Finally, use Lemma 2.4.1 to arrive at the desired lower bound.
2.5. Extensiontod =2
The extension to d = 2 is minor and follows vdBBdH Section 4. The ingredients
(2.2.8), (2.2.20) and (2.2.21) need to be properly modified, so as to adapt them
to the different scaling (recall (2.1.6)). We refer to Equation (4.8), Lemma 8 and

Equation (4.14) in vdBBdH (pp. 385-386). The rest of the argument is the same:
the formulas in terms of T and T; are unaltered. We leave the details to the reader.

3. Proof of Proposition 1.4.1 and of Theorems 1.4.2, 1.4.3 and 1.4.4
3.1. Proof of Proposition 1.4.1
Proof. By Lieb and Loss [6], p. 255, for A € Q we have
K(A) = %inf{||V¢||%: ¢ € D'RHNCORY), ¢ > 1 on A}. (3.1.1)

For A € Q, define ps: R? — [0, 00) by pa(x) = inf{|y — x|: y € A} and, for
M > 0, put

2
bam(x) = (1 - p;;”) v 0. (3.1.2)

Then ¢4y € D' (RY) N CO(RY), pa.pr = 1 0n A, and

2 M
<. when 0 < x) < &,
Voam@ol =1 ¥ < Palx) <3 (3.13)
0, otherwise.
Hence
2
k(A) = — Hx eR?: 0 < palx) < %H
]Vé ) (3.1.9)
SW|A+BM| =< m(|BM|+|(A+BM)mBX,1).
By (1.1.6),

<K>=/ n(dA)K(A)g%|BM|(1+5M)=2M"*2(1+8M), (3.1.5)
o M

which is finite for M large enough by (C2). O
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3.2. Proof of Theorem 1.4.2(i) and Theorem 1.4.4(i)

According to (1.3.2) and (1.3.6), ¢ — JdrI (¢) and ¢ — J,(c) are infima over func-
tions that are linear. Consequently, both are concave, and therefore also continuous
except possibly at the boundary point ¢ = 0. It is obvious that J L}_[ (0) = J2(0) =0.
From the general upper bound in Theorems 1.4.3(i) and 1.4.4(iii), it follows that
limg o J (}_[ (¢) = lim¢ g J2(c) = 0. Therefore continuity extends to the boundary. It
is further obvious from (1.3.2) and (1.3.6) that J C}_I (c) and J>(c) are non-decreasing
in c¢. By concavity, both are strictly increasing in ¢ unless they are constant from
some finite ¢ onwards. But this is ruled out by the asymptotics for ¢ — oo in
Theorems 1.4.3(i) and 1.4.4(iii).

3.3. Proof of Theorem 1.4.2(ii)

Lemma 3.3.1. Letd > 3. Then J‘F (c) <clk) forallc = 0.

Proof. Since 1 —e™ < x,x > 0, we have from (1.3.3) that F1(¢?) < («)|I#ll3.
Hence the claim follows from (1.3.2), since inf{||V¢||%: ||¢||% =1}=0. ]

The critical value c¢* is the unique threshold such that J 0}1 (c) < c{k) if and only
if ¢ > ¢*. It follows from Theorem 1.4.3(i) that ¢c* < oco. In Lemma 3.3.2 below
we derive a lower bound on ¢* in regime (I). To do so, we first rewrite (1.3.2) as

clk) — Jj'(e) = —inf {}IV[3 — c G (@?): l4l3 =1, ¢ RSNI}, (3.3.1)

where RSNI means radially symmetric and non-increasing (see Lemma 10 in
vdBBdH (p. 387)), and

0
Gl(¢?) = / dx f O (d) (e—“ﬁz(” 1+ K¢2(x)) . (3.3.2)
R4 0
From (3.3.1) we see that
1 2
. 51IVell3
c*=inf { Z—2: |||l =1,¢ RSNI} . (3.3.3)
{ Gl
Lemma 3.3.2. Letd > 3. If ©® € S;, then
) S
> 8y <4K§/ @0 d_2) (3.3.4)

with Sy the Sobolev constant in (3.3.15) below.

Proof. We estimate the contribution to the double integral in (3.3.2) as follows.
First, let A < oo. The contribution of the rectangle (0, ko) x {x € R?: ¢2 x) <
A} is bounded from above by

Ko
/ O (dx) dx 1c2¢*(x) < kA2 d=2/d f dx 24D/ (%), (3.3.5)
0 {¢2<A} R4
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where we use that e™* — 1 + x < x2, x > 0. On the other hand, the contribution
of the rectangle (0, kg) x {x € R?: $%(x) > A} is bounded from above by

KQ ) ) ¢2(X) 2/d
f O (dk) dx k¢~ (x) < Ko/ dx ¢~ (x) <—) (3.3.6)
0 {9224} (92> A} A

< /coAfz/d/ddx P2d+2)/d ()
R

We choose A =k, 4/2d=D) get from (3.3.5) and (3.3.6) that the contribution of

(0, ko) is bounded from above by
24D / dx p2d+2/d (. (3.3.7)
R4

Next, the contribution of the rectangle [ko, 00) x {x € R?: ¢?(x) < 1/ko} is
bounded from above by

1/¢%(x)
/ dx/ O(dk) kK*p* (x)
{2 <1/x0} K0
o0
+ f dx / O(dk) kp*(x)
@2<1/io)  J1/$2(x)

1/¢%(x)
§K/ dx/ dKK_Z/d¢4()C)
{92 <1/K0) Ko

0
+K/ dx/ dKK_(d+2)/d¢2(x)
{¢p?<1/x0} 1/¢2(x)

1/¢*(x)
< K/ dx¢4(x)[ di k=24
{¢2<1/K0) 0

o
+ K/ dx ¢2(x)/ dic ~@d+2/d
{¢?<1/Ko} 1/¢%(x)

d*K
dx >/ (x), (3.3.8)

B 2(d - 2) {92 <1/Ko}
where we use the upper bound on ®(dk) that defines S;. On the other hand, the

contribution of the rectangle [k, 00) x {x € R?: ¢2(x) > 1/ko} is bounded from
above by

o0 o0
/ dxf O(dk) kp*(x) < K dx¢2(x)/ dic k—@+2)/d
{$2>1/k0} K0 {$2>1/k0} 0
dK ~
=— dx >0k (33.9)
2 Jig2=1/x0)
< d_K dx ¢2(d+2)/d(x)'

2 Jig2=1/k0)
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Combining (3.3.7), (3.3.8) and (3.3.9), we arrive at

_ d*K
Gl@? < (2Kg/<d Dy m) /Rd dx p2@+D/d (), (3.3.10)

Next, for any 0 < @ < 1 and conjugate exponents p, g > 1, we estimate

I/p 1/q
f FEAEII ( / ¢[2(d+2)/d]ap) ( / ¢[2(d+2>/d1(1—a>q) . (331l

Choosing a, p, g such that
[2(d +2)/dlep =2d/(d —2), [2(d+2)/dl(1 —a)g=2,  (3.3.12)

ie.,
p=d/(d-2), q=d/2, a=d/d+2), (3.3.13)

and using that ||¢||% = 1, we obtain

d-2)/d
/¢2(d+2)/d < (/ ¢2d/(d—2)) = 11613402 (3.3.14)
Together with the Sobolev inequality (see Lieb and Loss [6], p. 190)
||V¢||% > Sq ”‘P”%d/(d—Z) (3.3.15)
this gives
1
/ $> I < —|[Vol3. (3.3.16)
Sa
We obtain the claim in (3.3.3) by combining (3.3.10) and (3.3.16). O

Lemma 3.3.3. Letd > 3. For ©® € Sy, if (k") < oo for some n > ddiz, then
limey e+ [JJ1(0) =TI/ (c = ¢*) < (k).

Proof. Let ¥+ be any minimiser for (1.3.2) at ¢ = ¢*, the existence of which we
prove in Lemma 3.5.2 below under the condition stated. Then

I = 31IVYer 3+ ¢* F(y2). (3.3.17)
But, for any § > 0, we have
TN +8) < MVye 13+ + O FN w2). (3.3.18)

Combining this with (3.3.17), we get

[J](c* +8) — Jj(eM] < Fil(wd) < Ci*Jd“(c*) = (k). (3.3.19)

| =

O
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3.4. Proof of Theorem 1.4.2(iii)

Lemma 3.4.1. Letd > 3. If ® € Sy, then c¢* = 0.

Proof. By (3.3.2) and the lower bound on ®(d«) that defines Sy, we have
o0 2
Gl (% > / dx f dic L)1 —@+2/d (e_K¢ © 4 K¢2(x)) (341
R4 K1
Hence we get, for all ¢ € H'(RY) that are RSNI with [|¢ |13 = 1 and k142(0) < 1,
o0 2
Gl ¢?) > / dx / dic L)~ =@+2)/d (e*”q’ ® 14 K¢2(x))
R4 1/¢%(x)
> L ( ! ) / dx foo dic k~1—@+2)/d (e_’“”z(x) —1 —I—K¢2(x))
- $2(0) ) Jra 1/¢2(x)

00 2
zL( I )/ dx/ i o~ 1-@+2/d <M> (3.4.2)
920 ) Jra " Jijp200) ¢

_4 1 2d+2)/d
- 2eL(¢>2<0>)fRd drom:

where we have used that e™ — 1 + x > x /e, x > 1. Inserting (3.4.2) into (3.3.3),
we find

& <%in 1 IVoll;  l¢ll3 =1, ¢ RSNI, x1¢%(0) < 1}.
—d L(1/¢%(0)) [¢*d+d/d -
(3.4.3)
The choice
p(x) = el W2 o2, (3.4.4)
. —1/d
yields that, for all 0 < € < k, R
em 1
*< —[(d+2)/d]V*——. 345
¢ = S+ /A (3.4.5)
We obtain the claim by letting € | 0 and using that lim,_, oo L(k) = o0. |

Lemma 34.2. Letd > 3. If ® € Sy, then lim o 2 111 (c) = (k).

Proof. As shown in Lemma 3.5.1 below, for all ¢ > 0 we have the existence of a
minimiser for (1.3.2), say .. Hence

1 1 00
~Ie) = —||wc||§+f dx/ O (d) (1 —e—“/ffm). (3.4.6)
Cc c R4 0



188 M. van den Berg et al.

Lete > 0and R < o0. Then, sincee™ — 1 +x < %xz, x > 0, we have

1
—J3'(©) 2/ dx/ O(dk) (1 _emug(x))
¢ w2z Ji=m)

>/ dx/ O (dk) (wz(x)— 1K2w4(x)) (3.4.7)
“Jwica  Jws<n) ‘ 2 e

1
> f dx Y2 (x) O(dk) k — — R,
fy2<e) (k<R) :
where we use that ||, ||% = 1. We will show that, for any € > 0,

lim dx y2(x) =0. (3.4.8)
A0 J{y2>e)

Combining this with (3.4.7) and again using that ||, ||% = 1, we obtain

1 1
liminf = JM (¢ >/ O(dk) k — - R2e. 3.4.9
minf 0z | Ok (3.4.9)

By letting € | 0 and then letting R — oo, we arrive at
li ‘f11“()><> (3.4.10)
iminf —J; (c K). 4.
cl0 ¢ d -

This proves the claim, since we already know from Lemma 3.3.1 that % J L}_I (c) < (k).
It remains to prove (3.4.8). We have

2 2/(d-2)
/ dxwfms/ dxxv()(‘“))
{T//p,2>€} { 3>e

- 3.4.11
< E—Z/(d—Z)/ dx p 242 () ( )
R4

_ —_ —d/(d-2 2d/(d—-2
€ 2/d Z)Sd /( )”VWLHZ /( )7

where we use the Sobolev inequality (3.3.15). But lim¢ ¢ J. dn (c) = 0 by Lemma
3.3.1, and therefore lim, ||V¢C||% = 0. Consequently, (3.4.11) implies (3.4.8). O

3.5. Proof of Theorem 1.4.2(iv)

Lemma 3.5.1. Letd > 3. In regimes (1) and (I1), (1.3.2) has a minimiser with full
support for all ¢ > ¢* (with ¢* = 0 in regime (II)).
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Proof. By the definition of ¢*, we have Jdn (¢) < c{k) forc > ¢*. Forc > 0, define
I : 1 2 *
K, (¢) = inf §||V¢||2 —c O(dxk)
0

x/ dx (e—“/’zm —1+mp2(x)): iR =1, v RSNI},
R4

= | 1 2 *
K, (¢) =inf §||Vw||2 —c A O(dk)

x / dx (V0 — 14 eyP@) I < 1 v RSNI}.
) (35.1)
Then, for ¢ > ¢*,
Ko < k) <. (3.5.2)

Let () be a minimising sequence of the variational problem for K ‘li_[ (c). Then, by
a compactness argument along the lines of the proof of Lemma 13 in vdBBdH (pp.
390-391), we may extract a subsequence, also denoted by (), such that yr; — ¢
as j — oo for some ¥, almost everywhere and in D! (R?). It follows that ¥, is
RSNI and a minimiser for I?(l;[ (c). Moreover, ||1//C||% > ( (because ||1ﬂc||% =0
would imply ¥, = 0 almost everywhere, which in turn would imply I’(\ﬂll_I (c) =0,
in contradiction with (3.5.2)). Suppose that ||1pc||% =1—pwith0O < p < 1. Define

d(x) = }]wc(qxx (3.5.3)
where we choose ¢ > 0 such that ||¢||§ =1,1ie.,
g=(1—p)l/@rd, (3.5.4)
Then
V9113 = (1 — o)~ 2| Vye|3 (3.5.5)
and

cf @(d/c)/ (e_K¢2(X)—1+K¢2(x)>
0 R4

o0
=c(l— p)_d/(d+2)f O(dx) | dx
0 R4

5 (e—x(l—p)‘y(“”)'/ff(x) —14k(l— p)—z/(d+2)¢2(x))
C

o0
> c(l— p)*d/“’“)/ @(d/c)/ dx (7D — 1412 (@)
0 R4

(3.5.6)
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Inserting (3.5.5) and (3.5.6) into the definition of Kal,_I (c), and using the definition
of K};I (c), we get

KNe) < (1 = p)y~ /@D ), (3.5.7)

By (3.5.2) and (3.5.7), we conclude that p = 0. Hence ||1ﬂc||% = 1, and v, is a
minimiser for Ka],_[ (c)=1J d“ (c) — c{«). The fact that ¥, has full support follows
from the analogue of Lemma 11 in vdBBdH (p. 388): v, satisfies the Euler-Lag-
range equation associated with the variational problem, from which it follows that
Y. is smooth and strictly decreasing in the radial component. O

Lemma 3.5.2. Let d > 3. For ©® € Sy, if (k") < oo for some n > ‘1% then

(1.3.2) has a minimiser for ¢ = c*.

Proof. Define

[ Livel’ 5
¢ = inf m: 0<|¢l5<1, ¢ RSNI;. (3.5.8)
d

We begrn by showing that ¢ = ¢* - Trivially, by comparing (3.3.3) and (3.5.8), we
get¢ < ¢*. To prove the converse, let (d) ;) be a minimising sequence for (3.5.8).
Put0 <a; = ||¢,||2<1 and

6)(x) = 1/(d+2) ¢]( 1/(d+2) ) (3.5.9)
Then ||¢j||§ =1, and

S {271 A { A1 PR { A1 P
Gg(qsf) G“( —2/(d+2)¢]) Ggl(quz)

(3.5.10)

But the right-hand side of (3.5.10) converges to c as j — o0o. Hence, ¢* < c

By extracting a subsequence, also denoted by (q§ ), we may assume that q) i —> ¢
as j — oo for some qb almost everywhere and weakly in D (Rd) It follows that
¢> is RSNI. Below we will show that ||¢>||% > 0.If ||¢||2 = 1, then d) is a minimiser
of (3.3.3). If, on the other hand, 0 < ||¢]|5 =1 — p < 1, then define, as in (3.5.3),

1~
¢*(x) = gcb(qx), (3.5.11)

where ¢ is given by (3.5.4). Then ||¢*||% = 1 and, as in (3.5.10),

1 *|2 Lival2
v v

c* < 2”11 ’ |2|2 < ZHH f!z =C=c" (3.5.12)
Gy (@*%) — G, (97)

It follows that ¢* is a minimiser of (3.3.3). It then obviously also is a minimiser
of (1.3.2) for ¢ = ¢* (recall (3.3.1), (3.3.2) and (3.3.3)). The fact that ¥* has full
support again follows from the analogue of Lemma 11 in vdBBdH (p. 388).
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It remains to prove that ||<])||2 > 0. For this it sufﬁces to show that there exist
8, € > 0 such that, for any minimising sequence (¢> ;) of (3.5.8),

{x e RY: d)j (x) =€} =6 for all j. (3.5.13)
Indeed, (3.5.13) implies that ||$j ||§ > €6 for all j, and hence that
115 > €s. (35.14)

To prove (3.5.13), we argue by contradiction. Suppose that there exists a mini-
mising sequence (¢;) of (3.5.8) with the property that, for all € > 0,

lim |{x e RY: $7(x) > €}| = 0. (3.5.15)
j—o0
Then, for all € > 0, there exists an L1 (¢) € N such that, for all j > L(e€),
lx e RY: §2(x) = e}| < I @TD/I2, (3.5.16)
We already know that there exists an L, € N such that, for all j > L,,
Lo, 2
= V .
% <2C. (3.5.17)
Gl @)

To arrive at a contradiction, we will show that the left-hand side of (3.5.17) is at
least 5¢/2 for j > Li(eg) Vv L, for some €y > 0.
By the Sobolev inequality (3.3.15), we have

||V¢]||2 Sd||¢]||2d/(d 2 (3.5.18)

Since (K’7 ) < oo implies that (k") < oo for n < n’, we may assume that dd <
n < 2. To estimate the contribution of the strip {¢ jz < €} to the integral in G d (¢ ] ),
we use thate™ + 1 — x < x", x > 0, to obtain, via (3.3.14),

o0
/ ©dr) dx (k¢ ()" = (k") /A dx§7 ()
0 {¢ <€} {¢/2<g}
< (Kn>6nf(d+2)/d/ dx qb2(d+2)/d( )
{p7<e)
< (kM DG, gy (35.19)

Furthermore, by Holder’s inequality and (3.5.16) we have, for j > L(¢),

o
=2 )
: = : 1,~
/(; O (dk) @ >€}abc K (x) <K>/]Rd dx ¢ (x) @2zl

~2d /(d—2 (@=2d
< () (/ dx§; ””(x))
R4

2/d
x (fRd dx 1{$,?<x>ze})

< () 161134 gy~ P (3.5.20)
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Combining (3.5.18), (3.5.19) and (3.5.20) we have, for j > L{(¢€),

GI@7) < (k) + (k™)) Side"—“’“)/dnva,n%, (35.21)
or
—%Cg;g;? > %Sde_[”_(d“)/d] () + (™) ™" (3.5.22)
Now choose € = ¢ with ¢ the root of
%sdeg["*d””‘” (GEIGHE ;5 (3.5.23)
to get that (3.5.22) contradicts (3.5.17) for all j > Lj(ep) V L». ]

3.6. Proof of Theorem 1.4.3(i) and Theorem 1.4.4(iii)

We give the proof for d > 3. The proof for d = 2 is the same but uses (1.3.7)
instead of (1.3.4).
From (1.3.4) we have

FJ'(¢?) < supp(9)]. (3.6.1)
and so (1.3.2) gives
T (c) <inf {5 V@13 + c [supp(¢)]: llplI3 = 1}. (3.6.2)

We get an upper bound on the infimum by restricting supp(¢) to a ball B with
volume | B|. Therefore

11IVel3
2 lol3

Jie) < inf{ + ¢ |B|: supp(¢) C B} =L(B)+¢c|B|, (3.6.3)

with A4(B) the principal Dirichlet eigenvalue of —A on B. By scaling B, we have

Aa(B) = |B| 7%y, (3.6.4)

Substituting this into (3.6.3) and taking the infimum over | B|, we arrive at

1 d 2 /A d/(d+2)
Je) < %{ {Exdwrz/d + c|B|} = % <7d> D (3.6.5)

This proves the upper bound in (1.4.8).
To prove the lower bound, we first scale ¢ to obtain

1
¢ 2@ () = inf {— Vo3 +/ dx
2 Rd

o
y / 0K (1 3 e_KCd/(d+2)¢2(x)) Cleli =1, ¢ RSNI}.
0

(3.6.6)
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We know that this variational problem has a minimiser when ¢ > c¢*. Call this
minimiser . Pick 0 < 8 < 1/(2 V Ag), and let

Bs = {x eR: Yx) > 5} . (3.6.7)

Restricting the x-integration to Bs, we get
1 2 o _cd/(d+2) 52
rhs (3.6.6) > — dx |V (x)|” + | Bs| — dx Odk)e .
2 Bs Bs 0
(3.6.8)

By Lebesgue’s dominated convergence theorem, for every € > 0 there exists a
C = C(6, €, ®) such that

o0
f dx / OWdk) e ¥ < ¢ vescC (3.6.9)
Bs 0

Hence
ths (3.6.8) > %fa; dx |V (x)|* + |Bs| — €. (3.6.10)
Next, define ¢ by

¥ (x) — 8, x € Bs,

3.6.11
0, x € R\ B;. ( )

¢(x) = {

Then ¢ is RSNI and satisfies the Dirichlet boundary condition on dBjs. Since
I3 = 1, we have

/ o= [ v —s1Bs| < Bs|"> - 51Bsl. (36.12)
Bs Bs
Hence

1=f y? = (¢+3)2=52|33|+26/ o+ | ¢°
R4 Bs Bs

Bs

< —8%|Bs| +26|Bs|'* + | ¢* <28(Bs|'"* + |6l (3.6.13)
Bs

By (3.6.11) and the Rayleigh-Ritz variational characterisation of A;(Bs), we have

/ Iy = / Vo2 = a(Bs) IB12. (3.6.14)
Bs Bs
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Combining (3.6.6), (3.6.8), (3.6.10), (3.6.13) and (3.6.14), we obtain for ¢ > C,

c—2/(d+2) Jal,’_l (¢)

v

1 _ 12 _
Zld(Bs)l 26| Bs| + |Bs| — €

-
= SralBs 7/ (1= 261B5]"%) + 1Bs| — ¢

v

1 _
5kl Bs| LA =28 +IBs|(1=8ha) =€ (3615

\%

1 ~2/d _ _
> z)xdlBal +IBs| ) [1 =62V Ag)] —€

d+2 /r,\4/6d+2)
> % (j’) [1—8Q2 Vi) —e.

where the second line uses (3.6.4) and the fifth line uses (3.6.5). Now let ¢ — o0,
and subsequently let 8, € | 0, to get the lower bound in (1.4.8).

3.7. Proof of Theorems 1.4.3(ii)
Fix € € (0, K/2). Then there exists an R, € (0, co) such that
(K- 77 <0k) < (K +e) 177, K > Re. (3.7.1)
By (3.3.1) and (3.3.2),
clie) = I ()
i 1
= —inf { JIVHI3 - c G @)1 19113 = 1}
. 1 2 o0
> —inf { =||V@|l5 — ¢ dx dik 0(k)
2 R4 R.

x (700 — 14 k¢2)) ¢ 1913 = 1)

1 o0
> _inf | = VI3 _c/ dx/ dic (K — e 177
2 R4 Re
« (e—K¢2(x) -1 _|_K¢2(x)) L lgls = 1}

: 1 2
= —inf E||Vq>||2 —c(K —¢€)

o0
x/ dx |¢(x)|2y/ dick™7V (e = 14«) : ||¢||§=1},

R4 Red?(x)
(3.7.2)

where the second inequality uses the lower bound in (3.7.1). Inserting the scaling
¢(x) = 82y (6x), § > 0, we obtain



Brownian survival among Poissonian traps with random shapes at critical intensity 195

] _
cl) = Jf1(@) = —inf {362 VY13 — e(K — 3"V fR dx [y ()Y
oo
x/ dick ™7V (e7 = 14«) ||1p||%=1}_
87 Ry (x)
(3.7.3)

We choose § to be the root of %82 = ¢(K — €)89=D_ Since this root is at least
(cK)1/@=dy=1) we obtain

1 K —2/Q=d(y=1)
QeK)7/C= D etk) = I )] = = ( )

2\K —¢€
xinf{nwng—/ dxlw(x)|27/ dick™ 77 (e —1+«) : ||1p||§=1}.
R (cK)d/C=dy=D) R 2 (x)
(3.7.4)
Next, we note that
o
f dikk™7V (e = 14«) =T(=y) € (0, 00). (3.7.5)
0
LetB e (y,2].Sincee™ — 14+« < kP k>0, we may estimate
(CK)d/(Z—d(y—l))Re wZ(x)
/ de k™'Y (ef" -1+ K)
0
1 d/C—dy-1) p 1200\
< 5 (cK) Rceyr”(x) . (3.7.6)
-V

By (3.7.4), (3.7.5) and (3.7.6), we obtain that

2/Q—d(y—1) 1 1 K O\ Y@-dy=1)
2 - —ar= J > — —
(2¢K) [C(K) pi (c)] z -3 < e>

x inf { VY13 = T(=) fR dx )P + Eg (6, 91 Y13 = 1}
(3.7.7)

with an error term

1
Eg, (e, c;9%) = ERE—V(cK)<ﬁ‘V>/<2—d<V—1” /R JAxly@?. (378)

Furthermore, for 0 < o < 1 and conjugate exponents p, g > 1, we estimate

28 2afp v 2(1-)Bq a
1™ < ¥ ¥ : (3.7.9)
R4 R4 Rd

Choosing «, B, p, g such that

20Bp =2d/(d—2), p=d/d—2), 20-a)g=2, (3.7.10)
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ie.,

a=d/d+2), p=@+2)/d, p=d/d-2), q=4d/2,
(3.7.11)

we obtain from (3.7.9), using ||1ﬁ||% = 1 and the Sobolev inequality (3.3.15), that

2/(2—d(y—1) n 1/ Kk \ Y@dr=D)
2cK) 2/ C—dly= _J 5 _ 1
(2¢K) [clk) — ;' (©)] = Z(K—e>

 inf {(1 + Ey(e.0) VY15 = T(=y) /R dx [y )P vl = 1}
(3.7.12)

with an error term

d
C
S4(2—d(y — 1)

E,(e,c) = RE~4r=D)/d K. (3.7.13)

Finally, we insert the scaling ¢ (x) = n¢/>y¥(nx), n > 0, and choose 7 to be
the root of n2(1—|— E, (e, 0) = F(—y)nd(y_l), to arrive at

(2eKT (=)} @00 [y — J1(0)] = %

K 1 ~2/Q@—d(y—1))
M , 3.7.14
X(K—e 1+Ey(e,c)> a) ( )

where we have used the definition of M;(y) in (1.4.10). Now let ¢ | 0 and use that
lim¢ o E,(e,c) =0forall e > 0. Thenlete | 0, to get

Mi(y),  (37.15)

N =

lim inf (2K T (=)}~ [ete) — 471 (©)] =
C

which is the desired lower bound.
The proof of the upper bound runs as follows. Let € and R, be as before. We
estimate, similarly as in (3.7.2),
el = J3'(e)
ol 0
< —1nf[—||V¢||2—c dx dk 0(k)
2 Rd R.
" (e_mz(x) it K¢2(x)> — Eye,c:d): 15 = 1} (3.7.16)

with an error term

R N
Eg(e, c; %) =c/ dx/ dk 6(x) (e_'“p @ _1 +K¢2(x)>. (3.7.17)
R4 0
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Sincee ™ — 1 +x < x@+D/d_ 5 >0, we may use the Sobolev inequality (3.3.15)
to estimate

R
Eo(e,c; %) < c / dx f dic 0() (K> ()1 < emg(e) ST IV,
R4 0
(3.7.18)

where we abbreviate my(e) = fORe dk G(K)K(d“)/d. Combining (3.7.16) and
(3.7.18), we obtain for ¢ small enough,

clk) — J;(C)
. 1 —1 2
< —1nf{ (E —cmg(€) S, ) IVeli;

o0 2
— (K +6) dx/ dic k=17 (e—“” ® _q +K¢2(x)>l )2 = 1]
]Rzr' Re
(3.7.19)

1
< _inf [ (5 - cmg(E)Sdl) IVol3

— (K +€)r(_y)/Rd dx |p()?Y — E, (e, ¢; 7)1 |93 = 1},

where in the second inequality we use the upper bound (3.7.1) and the identity
(3.7.5), and introduce an error term

Re )
Ey, (€, c; %) = c(K + e)f dx/ di k™77 (e_'(¢ 1 +K¢2(x)) .
R4 0
(3.7.20)

The integral in (3.7.20) can be estimated from above along the lines of the argu-
ment connecting (3.7.7), (3.7.8) with (3.7.12), (3.7.13). After some computation,
this leads to

clicy — JjNe)

1
< —inf | (5 ~ By (e c)) 19915 — c(K + T (=)

x/ dx g 913 =1} (3.721)
]Rd

with an error term
d
Sa2—d(y — 1)’
Via the scaling ¢ (x) = §¢/2(8x), 8 > 0, with § the root of 82(3 — cE, (€, ¢)) =
c(K + e)I'(—=y)82=D  we arrive at
2K (=)} HE =D o) — I (0)]
1 /K +¢ 1 2/Q2—d(y—1))
< —
-2 < K 1—2Ey(e,c)>

Ey (€, ¢) = cmg(e) + c(K + e)RE~y=1/d (3.7.22)

Ma(y). (3.7.23)



198 M. van den Berg et al.

Now let ¢ | 0 and use that lim. o E, (¢, ¢) = O forall € > 0. Thenlete | 0, to get

lim sup{2K c['(—y)} =>4 =D [e(e) — J(e)] <
cl0

My(y), (3.7.24)

| =

which is the desired upper bound.
It remains to prove that My (y) € (0, 00) forall y € (1, (d +2)/d). By scaling
we have, for any € > 0,

Ma(y) = —€*inf { V|3 — e Car=D) f W vl = 1} . (3723
We get a strictly positive lower bound by choosing for ¢ the function
Y(x) =g Y4 P2 (3.7.26)

and by subsequently choosing € sufficiently small.
To prove that M, (y) is finite for y € (1, ddiz), we apply the Sobolev inequality
(3.3.15) to (1.4.10). This gives

Ma(y) < —inf{sdnwn%d/(d_2> —[W: lwli3 = 1}. (3.7.27)

Since ||1//||% =land y € (1,d/(d — 2)), Holder’s inequality gives

d-2)(y—1)/2
/ iR < f |w|2d/<d—2>> : (3.7.28)

Inserting this into (3.7.27), we get

d(y—1
Ma(y) = sup {10155 = Sal v 34— 1013 =1]

< sup {de*l)—sdpz}. (3.7.29)
p€(0,00)

The supremum in the right-hand side is finite because d(y — 1) < 2.
3.8. Proof of Theorem 1.4.4(ii) and Theorem 1.4.4(iv)

In d = 2 the analogue of (3.3.3) reads (recall that « is replaced by 2m)

1 2
« . o2Vl
with
G2(¢?) = / dx (e‘2”¢2("> -1 +27T¢2(x)>. (3.8.2)
R2

Lemma 3.8.1. (3.8.1) has no minimiser. If (¢,,) is a minimising sequence that is
RSNI, then lim,— oo f{¢n>6} dx =0 forany§ > 0.
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Proof. Suppose that the variational problem in the right-hand side of (3.8.1) has a
minimiser, say ¥ *. Then

1 %112
v
o= 2Vl (383)
Go(Y*)
For € > 0, put
V(x) = eyP™(ex). (3.8.4)
Since [|}|13 = 1, we have
_ 2IVVEIE _ SIVYRIs 355
T Gy e tGa(ePyrR)’ =
Next, we claim that
1o
yr = (e l+«ky), y>0, (3.8.6)

y

is strictly decreasing on (0, oo) for any « > 0. Indeed, its derivative at y equals

% [(1-5) - (1+2)e]. (3.8.7)

Abbreviate z = ky/2 and note that z — (1 + z)e_2Z +z,z = 0, is strictly
increasing on [0, 00), and equal to 1 at z = 0, to get the claim. Finally, using that
(3.8.6) is strictly decreasing, we get from (3.8.2) that€ €_4G2(621//*2) is strictly
decreasing, which clearly contradicts (3.8.3) and (3.8.5) when € < 1.

To prove the last claim, let (¢,) be a minimising sequence for (3.8.1). Then, for
any § > 0,

lim dx =0. (3.8.8)

00 Jig>)

Indeed, if (3.8.8) fails, then there exists an > 0 and a subsequence (¢, ;) such
that

/ dx > . (3.8.9)
{¢nj >4}
But now the above argument shows that the sequence (¢y5; ; ) with ¢5,- (x) = €¢n; (€x)

yields a strictly lower infimum when € < 1, which is a contradiction. O

Lemma 3.8.2. Letd = 2. Then

1 Vo3
¢* = — inf | d’!?; lpll3 = 1 (3.8.10)
4 lpllg

and c* € [%, %]
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Proof. Sincee™ <1 —x+ %xz, x > 0, we get from (3.8.2) that
G2 (%) < 27%(1p1l5. (3.8.11)
Substituting (3.8.11) into (3.8.1), we obtain the desired lower bound

1 Vol
¢* > — inf I ¢|Jf: lpl3=1¢. (3.8.12)
4m ol

To prove the converse of (3.8.12), let (¢,,) be a minimising sequence for (3.8.10)
that is RSNI. Then (¢;) with ¢;(x) = €¢,(ex) is a minimising sequence too.
Replacing € by €/¢,(0), we may assume that ¢, (0) = 1. It suffices to show that

Vo€ 2 "I
lim sup lim sup Vs ”22 _ Ve, ”24 <0. (3.8.13)
o n—oo \G2(95%)  2m2l¢5 g

Since (¢y,) is a minimising sequence, there exists an N such that forn > N,
¢ () =€, [VS5I3/IIg5lI3 < o0, lggl = 1. (3.8.14)

Since e — 1 +x — 3x2 > —4x%, x > 0, it follows from (3.8.2) that

2
Ga(¢5?) > f B(zm,izﬂ — é(sz)ﬂ > 27’ [1 - 2”76} / oct,
(3.8.15)

where we have used that ¢, < ¢,,(0) = €. Hence, forn > N,

-1
771 S P [1_27%2} ) Ivesiz

(3.8.16)

As n — o0, the quotient in the right-hand side converges to 2¢*. Now let € | 0, to
get the claim in (3.8.13).

Finally, the numerical bounds on ¢* are obtained as follows. First note that in
d = 2 we have the Sobolev inequality

IVeI3 = S5 31015 — 6113 (3.8.17)

(see Lieb and Loss [6] page 190). With the substitution ¢, (x) = ¢(x/p), p > 0,
this inequality transforms into

IVel5 = S35 pll¢l; — p* lol5. (3.8.18)

After optimisation over p this yields the Sobolev inequality

IVel3 = £S5 50013 lel5> (3.8.19)
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Substituting (3.8.19) into (3.8.12), we find the lower bound

s L g 3.8.20

c = @ 2.4 ( .0. )

This implies that ¢* > 27/64m, because S5 j = 27m /4. To obtain the upper bound
on c¢*, we pick ¢ as in (3.7.26) with d = 2. Since ||V1//||% =1, ||1p||§ = 1 and
||1p||j = %, substitution into (3.8.10) yields that ¢* < 1/27. |

Lemma 3.8.3. Let d = 2. Then lim.c+[J2(c) — J2(c*)]/(c — c*) = 2m.

Proof. By the concavity of ¢ + Jz(c) stated in Theorem 1.4.4(i), it suffices to
prove that

J _ *
liming 229 =2 50
clc* c—c*

(3.8.21)

Since J; does not depend on I1, it is given by the expression we obtained in Theo-
rem 2 (p. 358) and Corollary 2 (p. 363) in vdBBdH, for the case where IT = §3, (o)
with a > 0 arbitrary, namely,

Ja(c) = 0<11§1§f2n[bc + L(b)] (3.8.22)
with
1
L(b) = {Enwnﬁz ¢ € H' R, 915 =1, /(1 — 2 =b} (3.8.23)

(see also Lemma 9 (p. 387) and Lemma 12 (p. 389) in vdBBdH). Now, from The-
orems 3(i) and 4(ii) in vdBBdH (pp. 359-360) we know that

I>(b)
2mr —b

b > (3.8.24)

is strictly decreasing on (0, 27), with

. bk 1 2. 12 2 _ 4_ 1] _
Jim SE = it {19613 g € H'®). o3 =1, ol =1] =
(3.8.25)
(compare with (3.8.10)). Put
I (b)
Ab) = —c*. 3.8.26
(b) = 5= —c (3.8.26)
Using (3.8.22), we may then write
J: — Jo(c* 2r —b)A(Db
Li(c) — inf [b + M] ] (3.8.27)
c—c 0<b<2rw c—c*

Since A(b) > 0 for all 0 < b < 2w, the minimiser in the right-hand side tends to
27 as ¢ | ¢*, which yields (3.8.21). O
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Lemma 3.8.4. Let d = 2. Then (1.3.6) has a minimiser if and only if ¢ > c¢*. This
minimiser has full support.

Proof. The fact that there is no minimiser for ¢ = ¢* is a direct consequence of the
first claim in Lemma 3.8.1. The proof that there is a minimiser for ¢ > ¢* is the
same as that of Lemma 3.5.1. The fact that this minimiser has full support again
follows from the analogue of Lemma 11 in vdBBdH (p. 388). O
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