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Abstract. An extensible beam equation with a stochastic force of a white noise type is stud-
ied, Lyapunov functions techniques being used to prove existence of global mild solutions
and asymptotic stability of the zero solution.

0. Introduction

The nonlinear beam equation
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was proposed by S. Woinowsky-Krieger [34] as a model for the transversal deflec-
tion of an extensible beam of natural length /, having the ends fixed at the support,
under an axial force. In [11] it was shown that the properties of solutions to (0.1)
may be related to the phenomenon of dynamic buckling. An equation in two space
variables, analogous to (0.1), has been discussed as a model of nonlinear oscilla-
tions of a plate in a supersonic flow of gas (see [9], Chapter 4, and the references
therein). (For the physical background, the papers [14], [29] or [18] may be also
consulted.) It is not obvious that solutions to (0.1) do not blow up at finite time,
however, the equation (0.1) as well as its abstract version discussed below have
already attracted considerable attention and their properties are rather well under-
stood nowadays. Let us quote at least the papers [1], [24], [16], [32], [20] and [33],
in which nonexplosion results and further references may be found.

Motivated by problems arising in aeroelasticity (the description of large ampli-
tude vibrations of an elastic panel excited by aerodynamic forces), Chow and Me-
naldi in [8] considered a beam described by the equation (0.1) and subjected to
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a force including random fluctuations. Namely, they studied a stochastic partial
differential equation
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where wy are independent standard Brownian motions, and they established exis-
tence and uniqueness of global solutions. The goal of our paper is threefold. First,
we shall treat a wide class of abstract stochastic beam equations with a nonlocal
term and nonlinear damping

e + A%u + g(u, ug) +m(|BY*ul|®) Bu = o (u, u)) W (0.3)

in a Hilbert space H, where the operators A and B are positive selfadjoint and W is
an (infinite-dimensional) Wiener process (see the next section for details), showing
that results concerning the problem (0.3) apply to (0.2) under reasonable assump-
tions. Secondly, we prove nonexplosion of mild solutions to (0.3) by a relatively
straightforward method based on a choice of a suitable Lyapunov function (which
may be interpreted as energy). Thirdly, by modifying the Lyapunov function, the
same argument will be adapted to yield stability of solutions to (0.3). It should be
noted, however, that whilst our nonexplosion results are fully comparable with the
deterministic ones, the stability results in the deterministic and stochastic cases are
rather different. In particular, to establish asymptotic stability we have to assume
that the damping term g is of the form g(u, u;) = Bu;, p > 0. If 0 = 0, many
results on the stabilizing effect of nonlinear damping terms are available (see e.g.
[71, [9], [13], [15], [20], [33] for various stability results). Stability of the zero solu-
tion of stochastic evolution equations has been studied recently in many papers, but
mainly in the parabolic case (see e.g. [5], [21] or the survey [22] and the references
therein). Stochastic hyperbolic equations were treated in [23], however, the results
are not applicable to the equation (0.3). In fact, the stability conditions proposed in
the present paper utilize in a substantial way the specific form of the problem (0.3).

The paper is organized as follows: In the next section, the problem is intro-
duced precisely and main results are stated, their proofs being deferred to Sections
2 (existence of global solutions) and 3 (stability of the zero solution). In Section 4
we show that the abstract model we study covers in particular problems of the type
(0.2) and in Appendix we provide a lemma justifying the definition of a local mild
solution we use.

1. Main results

Let H be a separable Hilbert space, the norm and inner product of which will be
denoted by || - || and (-, -), respectively. Suppose that
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(A1) A : Dom(A) — H and B : Dom(B) —> H are self-adjoint oper-
ators in H, B > 0, A > wl for some u > 0, Dom(B) 2 Dom(A)
and B € £ (Dom(A), H), Dom(A) being endowed with the graph norm
I IDomca) = | Ax]l

(A2) W is a (possibly cylindrical) Wiener process in another real separable Hil-
bert space U with a covariance operator Q, defined on a stochastic basis
(2, F,(F,), P) such that ¥ contains all P-null sets.

A3) me¥ ! ([0, ool) is a nonnegative function, m > 0.
We shall investigate an equation, written symbolically
uyy + APu+ g, up) +m(| B u)Bu = o (u, u) W,
u(0) = wuo, ur(0) = uy. (1.1)

To interpret (1.1) rigorously and to state hypotheses upon the coefficients g and o,
we rewrite (1.1) as a first order system in a standard way. Let the space RngQ'/?
be endowed with its natural Hilbert space structure (see [10], Section 4.2), and let
%, denote the space of Hilbert-Schmidt operators. Set

= llAx]? + Iy 1%,

GIL.

Dom(2) = Dom(A?%) x Dom(4), A= <_(1)42 (I)> )

. x 0
Foo— 7, <y> — (—m(nBl/zxnz)Bx —g(x,y)>'

Assume that

2
¢ =Dom(A) x H,

Ad) o H — &L Z(Rnng/ 2 H) is Lipschitz continuous on bounded sets in
F€ and of a linear growth, that is

AL, < coVyr e H ||a(1c)Q1/2HHS < Lo (1 + llell),
VN € N3Ls(N) < 0o Vr.p € A, [l Il e < N
[lo @ — o1 4s < La(N)ix — vlls2;

by || - [lus we denote the norm of both ., (U, H) and . ,(U, 7). Obviously, this
implies that the mapping

X — fz(Rnng/z, ), <);> — (O()? y))

is Lipschitz on bounded subsets of .77’ and of a linear growth (with the same con-
stants). Further, suppose that g satisfies the following growth estimate:

(AS) g : € —> H is Lipschitz on bounded subsets of 5¢ and there exists a
Lg €10, oo such that

(v, g(x, ) = —Lg(1 4 1lxl1%,) (1.2)

foranyr = (x,y)" € A.
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Finally, set 1y = (1o, 1) . In this notation, (1.1) reads as

du = (Au+ Fw)dr + X (w)dw, (1.3)
u(0) = up. (1.4)

The components of the solution u will be denoted by u = (u, u)'.

The operator 2 is densely defined and skew-symmetric, hence both 2 and —
are dissipative. To show that 2( is m-dissipative it suffices to check that Rng(/ s»—
2) = . For this we take (1, v)| € 7 and we want to find (x, y)T € Dom(2l)
such that x — y = u, y + A%x = v. This system is equivalent to x — y = u,
x 4+ A%x = u + v which has a solution as —1 does not belong to the spectrum of
A?.We can verify in an analogous way that —2{ is m-dissipative, hence the operator
2 is skew-adjoint and generates a Cp-group of unitary operators on JZ (see e.g.
[6], Corollary 2.4.11 and Theorem 3.2.3). It is easy to check that F : 5 —> 57
is Lipschitz continuous on bounded sets (hence also bounded on bounded sets).
Let ug : 2 —> ¢ be .# ,-measurable. Under the above assumptions, it is pos-
sible to find a unique maximal local mild solution u to (1.3), (1.4) with lifespan
¢ by proceeding in a standard way (compare, for example, [30], Theorem 1.5, or
[2], Theorem 4.10). That is, ¢ is a stopping time, strictly positive P-almost surely,
(u(r), t < ¢) is a progressively measurable process satisfying

lim sup ||u(?)|| #= 400 P-almost surely on {¢ < oo},
t/¢

and
ATk
w(t A 1) = 2 (0) + / AN B (u(r))dr + I ()@ A )
0

forall #+ > 0 and k € N, where we define
T = inf{r > 0; |lu(®)| > k},

t
I, (2)(1) =/ 1002, (Ne* ™ S (u(r A 7)dW (r).
0

(The choice of the process I, (X) is explained in Appendix, see Lemma A.1.) Note
that t, ' ¢ as k — oo. The process u has continuous paths, u € ¢ ([0, {[; )
P-almost surely.

Now we are ready to state our first main result:

Theorem 1.1. Suppose thatthe hypotheses (A1)—-(AS5) are satisfiedandug : 2 —
A is F-measurable. Let u be the unique maximal local mild solution to (1.3)—
(1.4) with lifespan ¢. Then { = 400 P-almost surely, i.e. there exists a unique mild
solution u to (1.3)—(1.4) on [0, oo[ and u € € ([0, oo ; F) P-almost surely.

Set
A
M(s) :/ m(r)ydr, s>0,
0
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and define a mapping & from the set of all random variables b = (v,z) " : 2 —
¢ into [0, +00] by

& @) = E{ o3+ M(IB' vl |.
In the course of the proof of Theorem 1.1 we arrive at
Corollary 1.2. Let the hypotheses (A1)—(AS) be satisfied. If we set
C=2(Lg+L2),
then
&) < e (2+ & (w)) (1.5)

holds for all t > 0 whenever u is a solution to (1.3)—(1.4) the initial datum ugy of
which satisfies & (up) < 00.

Remark 1.1. Theorem 1.1 implies, in particular, that there is a unique global mild
solution to (1.3) (with continuous trajectories) for every deterministic initial con-
dition u(0) = ¢ € 7 and it follows from [26], Theorem 27, that (1.3) defines a
Markov process (u, P;) on JZ.

Corollary 1.3. Assume (A1)—(AS). Then the Markov process (u, Py) associated
with (1.3) is Feller, the function

t— Exo(u()) (1.6)

being continuous on FC for every bounded continuous function ¢ : 7 — R and
forallt > 0.

Let us turn to stability results now. The problem (1.1) with the damping term g
of the form

g(t) =By forsomeB >0andallx = (x,y) €7 (1.7)
will be considered. In addition, we strengthen the linear growth hypothesis on o to
IR, <coVre A lo®Q"*lus < R ll¥ll.ze (1.8)

This implies, in particular, that (1.3) admits a trivial solution u = 0.

Theorem 1.4. Suppose that (A1)-(A4), (1.7), (1.8) are satisfied, and
R2 < B. (1.9)
Let there exist « > 0 such that

ym(y) > aM(y) forally > 0. (1.10)
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Then the zero solution to (1.3) is exponentially mean-square stable and exponen-
tially stable with probability one: there exist constants C < 0o, A > 0 such that if
wis a solution to (1.3)—(1.4) satisfying & (ug) < 00, then we have:

(i) Ellu@®’, < Ce™ & (wo) forallt = 0,

and
(ii) for every A* € 10, L[ a P-almost surely finite function ty : 2 — [0, o] may
be found such that

||u(t)||?;f§ Ce & (ug) forallt > to P-almost surely.
Besides exponential stability our method yields stability in probability.

Theorem 1.5. Under the hypotheses of Theorem 1.4, the zero solution of (1.3) is
stable in probability: for every ¢ > 0 there exists a 8 > 0 such that for any solution
u to (1.3)—(1.4) with & (up) < 09,

>0

P{|w(0)|| s> 8} < & implies P {sup () || s > 8} <e.

Remark 1.2. Note that if m(r) = a + br for some a, b > 0 and all r > 0, as in the
equation (0.2), then the condition (1.10) is always satisfied (with ¢ = 1).

Remark 1.3. Let u be a solution to (1.3) with an arbitrary .% -measurable initial
condition. Set 2, = {w € £2; ||[u(0, w)||s# < n},n > 1, by Theorem 1.1 there
exists a solution u,, to (1.3) with the initial condition u, (0) = 1, u(0). By pathwise
uniqueness, u,(#) = u(t) for all # > 0 P-almost surely on £2,. Suppose that the
hypotheses of Theorem 1.4 are satisfied and A* € ]0, A[ is chosen. Since 15, 1(0)
is bounded, & (1, u(0)) < oo and there exist almost surely finite random times
t, such that ||u(t)||2%, = ||un(t)||L2%0 < Cexp(—A*1)& (1o,u(0)) for all r > ¢, P-
almost everywhere on £2,,. Define rp = t,, K = C& (1,u(0)) on £2, \ £2,—; for
n > 1, setting 29 = . Then #p and K are almost surely finite random functions
and ||u(t)||29f < K exp(—A*t) for all t > t9 P-almost surely. Therefore, under the
assumptions of Theorem 1.4 the zero solution to (1.3) is exponentially stable with
probability one in the class of all solutions of (1.3).

Remark 1.4. A simple analysis of the proof of Theorem 1.4 shows that we may
study equations with a more general damping term using exactly the same proce-
dure, if we are interested in ultimate boundedness of solutions instead of in stability.
Let us consider the problem (1.1) with g(x) = g(x) + By, t = (x,y)| € 2, for
some B > 0 and a bounded function g : J# — J# Lipschitz continuous on
bounded sets. If Lg < B and the condition (1.10) is satisfied, then solutions to (1.3)
are exponentially ultimately bounded in mean square: there exist constants C < 0o
and A > 0 such that

Elu®)|3,< C(1 + e ™€ (O))) forall >0

holds for any solution ut of (1.3) satisfying & (u(0)) < oo.
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2. Proofs: Nonexplosion

Proof of Theorem 1.1. First, solutions u to (1.3) satisfying & (1(0)) < oo will be
considered. Let u be such solution, denote by ¢ its lifespan and define

7 ={r=0; lu@®)le=k}, keN,

as above. According to Khas’minskii’s test for nonexplosions (see [19], Theorem
II1.4.1, for the finite-dimensional case), to prove that { = +oo P-almost surely it
suffices to find a Lyapunov function V : 5# — R satisfying

V >0on 2, 2.1

= inf V +o0, 2.2
qR IIxIIIEsz 63) oot (2.2)
EV (u(0)) < oo (2.3)

and
t
EVu(i A1) <EV@0))+ C/ (1 +EV(u(s A rk)))ds 2.4)
0

for a constant C < oo and all + > 0, k € N. Let us recall the simple argument:
Once a function V satisfying (2.1)—(2.4) is found, we get

EV(u( At)) < eC’(l +EV(u(0))), t >0, (2.5)
by the Gronwall lemma, which implies easily
1
P{Tk < t} = q_kEl{rk<t}V(u(t A k)

ieC’(l +EV (u(0))),
Gk

IA

SO

lim P{‘L’k < t} =0
k— 00

for each fixed r > 0, and P{¢ < t} = 0 follows.
Set

1 1 X
V) = zuxnéﬁ 5M(||B”2x||2>, r= <y) €.

Obviously, V € ‘52(% ), V is uniformly continuous on bounded sets and satisfies
(2.1), (2.2). Moreover, (2.3) is equivalent to & (1(0)) < oo. To verify (2.4) we use
the It6 formula. Although the underlying idea is lucid and simple, the computations
are involved and bit cumbersome, so to explain the argument we first derive the
estimate (2.4) assuming that there exists a global strong solution u of (2.1). Let us
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denote by DV and D?V the first and second Fréchet derivative of the function V,
respectively. In a straightforward way we may obtain
DV (®bh = (. b)se+m(|B'*x||*)(B'x, B'hy),
D>V (@)(h, &) = (b, &)+ m(| B x|*) (B *ky, B'hy)
+2m'(IB"2x)*)(B'x, BY?h1)(B'?x, B' ),

wheneverr = (x,y) ", h = (h1,h2) T, € = (ki,kz) | € J#, that is, representing
DV (¢) as an element in .7 and D?V (x) as an operator in . (%) we have

)
DV(®) = ¢ +m(|B" x| (A OBX>, 2.6)
-2
DAV () = Lyt m(B"x ) (A 0" 0)
-2 )
+2m' (1B ) (A on> ® (A on> )

forr = (x,y)" € . In particular, the functions DV and D?V are uniformly
continuous on bounded subsets of .7#. From (2.6) and (2.7) we get

(DV (x), Ax) o= m(| B"*x|*)(Bx, y)
foranyr = (x, y)" € Dom(2), and
(DV(v), F()) e = —m(| B2 x|))(y, Bx) — (y, g(x, y))
forany r = (x,y)| € J#, whence also
(DV@®), A+ FO))oe=—(y,g@), r= (;C) € Dom(2).

Indeed,
(DV (), Ar) o7

A{0)- (), mamen (o). (),

= (Ax, Ay) — (y, A%x) + m(|B'*x|>)(AA™% Bx, Ay)
= m(||B'2x|1*)(Bx, y),

and

(DV @), FO)

_ _m(||31/2x||2)<(;c> : <L?x>>%
s (U (9
- <F’ <g(()x))>%_ m(| B ) <<ASBX> ’ <g8€)>>jf

= —m(|Bx|*){y, Bx) — (y, g(x, y)).
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Further, we have

(02 Z@* D’ VR Z®0'?) = 1Z® 0" IIfs, w3 . (28)

To check this identity, let us first realize that
>@)*: # —> RngQ'"?, (Zl> — o (1) hs.
2

The operator X (r) Q'/? is Hilbert-Schmidt, so Q'/2 X (t)*D*V (3) £ (r) Q'/? is nu-
clear, its trace is well defined and does not depend on the choice of an orthonormal

basis. Hence take an arbitrary orthonormal basis {¢;};c; in U and z, 3 = (w, Z)T €
€. By definition,

(0 Z®* D’VE Z®Q'?)
=Y (0’2 D’V Z® 0 e, 0,

iel

- Z<2(x)*D2V(3) (am 81/26,) : Ql/zei>
! %

iel

_ % 0 /2. 12 A"2B 0 0
= Z<2(2ﬁ) [(G(;)Ql/zel) +m(||B“w]| )< 0 O) (U(X)Ql/2€i>

iel

’ /2. 12 A_sz> ( 0 )> <A_sz>] 1/2 >
+2m (”B w” ) << 0 ) U(;)Ql/2ei » 0 5 Q € g

= Z<2(x)* (0(;)31/261') ; Ql/2€i> = Z(a(?)*U(F)QI/Zei, Ql/zei)U

iel U el
=Yoo = > | zwe e,
iel iel

= 1Z@®) 0" ?I}s.
Finally,

-2
T®DVE) = 2@ (’f) +m( B w]?) = ()* (A OB“’>

=0z (2.9
forally,3 = (w,z)" € H.

Were u a global strong solution to (1.3), an application of the Itd formula (see
e.g. [10], Theorem 4.17) would yield

AT
V(@ A ) — V() = /0 {(DV @), 2us) + Fus) .

+%Tr(Ql/ZE(u(S))*DZV(u(S))E(u(s))Ql/z)}ds
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AT
+ / | S @) DY () AW )
t/(\)Tn 1
_ fo [~ (0), ) + 515 w6 Qs |ds

AT,
—}—/ o (u(s))*u, (s)dW (s).
0
So

AT,
EV@(t A1) = EV(@u(©) + E /0 [, g
1
+SIZwE)Q s fas
t
< EV@O) + (Lo + L2 [ (14 Eluts A )P )ds
0

t
<EVu(0)) +2(L, + Lg)/ (1+EV(u(s A 1y)))ds
0

and (2.4) holds.

To justify the above considerations, we have to overcome two difficulties: first,
the solution u may have only a finite lifespan, and second, the It6 formula cannot
be applied to mild solutions directly. To treat the first problem, fix k € N arbitrarily
for a while and set

J@) =g (OF @A), «@) =1pgO)ZuAw), =0.

Then f: Ry x 2 — S andk : Ry x 2 — fz(Rnng/z,j‘f) are progres-
sively measurable processes, bounded by the very definition of tz, thus

E/OT{IIf(t)II;er 0 Q"5 far < oo
for every T > 0 and the linear problem
dv(?) = (le(t) + f(t))dt +x(@)dW(@), v(0) =u(0) (2.10)
has a unique (global) mild solution. We have
vt Atr) =u( A1) forallt > 0 P-almost surely. 2.11)
Indeed,

INATE
vt A i) = e20AW(0) + / 2NN £ (1)dr + I () (1 A7)
0

for all ¢+ > 0O, where

t
Iy () (1) = / 100,51 (N)e* ke (r)dW (r)
0

t
= f 10,5, (NP S (ur A 7))dW (r)
0

= I (X)) (@),
so (2.11) follows.
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As the next step, we approximate (2.10) by equations having strong solutions.
Towards this end, let us consider the Yosida approximations ,,, n > 1, to 2l:

Ay =nAnl — X~ =n’>ml =)~ —nl.

Recall that 2,,’s are dissipative if 2 is dissipative. The operator 2, being bounded
on ¢, the equation

dvy (1) = (Rnva (1) + f(©)dt + (AW (1), v,(0) = u(0),

has a unique strong solution. Obviously,

t
(1) — v(t) = [ — e ]u(0) + [ [0 — =D F(rydr
0

t
+ / [ (=) — A=D1 dW (r).
0

T
E/ ”K(S)Ql/zuﬁsds < 00
0

for any p € ]2, oo[ and every T > 0, Proposition 7.3 in [10] implies

' p
E sup / [em"(’”) — eml*r)]/c(r)dW(r) —>0, T>0,
0<t<T IIJO g N
therefore
E sup [[v(t) —v,()l5 — 0, T >0, (2.12)
OflfT n—od

by properties of the Yosida approximations (see e.g. [27], Section 1.3).
Since v;,’s are strong solutions, we may compute V (v,) using the Itd formula
arriving, for any bounded stopping time o, at

e
V(vn (@) — Vv, (0)) = /O (DV (vn(5)), Anvn(s) + f(5)) seds
+% /QTr{Ql/zk(s)*D2V(vn(s))/<(s)Ql/z}ds
0
+/QK(S)*DV(vn(S))dW(S).
0

We want to pass n — o0; as the first step, we simplify the integrand of the first
integral on the right hand side. Let us introduce the canonical projections

my : 2 —> Dom(A) — H, <§> — X,

my: H — H, <§)|—>y
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Using (2.6), dissipativity of 2, and the obvious fact 1 f = 0 we get

(DV (04(5)), v (s) + £(8))
= (U (8), AV (8)) ot (Ua(s), £(9)) e
+m (B 2710, ()2 (Brr1va (5), w120 (8) + 71 £(5))
< (Un(9), F($)) e+ m(IB 2710, () 1) (Briva(s), 71250 (5)).

To proceed further, we show that

lim E sup |mA,v,(#) — J'rﬂlv(t)H2 =0, T=>0. (2.13)

n—00  g<<T

Note that 7 A((x, y)T) = y, so 12l 22y = 1. Plainly, (2.13) will eas-
ily follow from (2.12), if we prove that 7%, n > 1, are uniformly bounded as
operators from 7 to H. To see it, we find an explicit formula for 7r;%,. Since
A, =n*(nl —A)~! — nl, we have to compute (n — 2A)~!. We claim that

(o) (n*1 + AH (g + ¥) ¢
(nl —2A) <W) B (—Az(nZI + A g2+ Ay ) \y) € 7
By definition,

(nl —2A)~! (:Z) = (;‘) if and only if <fZ> =l —) (ch) = (Aré))cc:-z))’

i.e. componentwise
nx—y=gq, A2x+ny=1ﬂ.
Solving this system of equations we get (n>] + A%)x = n¢g + ¥, consequently
y=nx—¢ = [nz(nzl + A7 = I]go +nnl + A2)71¢
= —A2n21 + A2 o+’ + AHy
and our claim follows. Taking into account that ¢ € Dom(A) we obtain
1A, (:Z) = —ne+ n?(n*l + A2)_1(n<p + )
= n[n*(n*1 + A7 = I + 21 + AH 'y
= —nA’’I + A Yo + 0?1 + AH Ny
= —nAM’I + A2 "Ap + n?(n*1 + A1y
and
A, (f;) = —n2 AT + AD TAg — nAX(m2 + Ay,

Let E()) be the spectral measure associated with the positive self-adjoint operator
A, by the spectral theorem

AM2T + A% /OO " EG)

n n = —_— s
0 n*+a?

2,2 2\—1 > n?
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SO
sup [nA (I + A*) ™" 2y < sup sup 2”—/\2 <
n>1 n>1 >0 =+ A 2
2
sup |n>(n1 + A%) ™|l ) < sup sup ——— < 1,
n>1 n>1 >0 B~ + A
which yields
sup 712, | e my < V2. (2.14)
n>1

As the Yosida approximations satisfy 2(,r — 2dr asn — oo forevery r € Dom(%),
(2.14) implies m;A,x — 1Ay for all x € JZ, the convergence being uniform on
compact subsets of 7, hence

sup || (12, — 11Wv (@) —> 0 P-almost surely

(note that the set {v(z, w); 0 <t < T} is compact for almost all w by continuity
of trajectories). Then

E sup ”(le,, - mEZl)v(t)”znjo)oO

0<t<T

follows by the dominated convergence theorem and, as

E sup ||JT1an(vn(t) — v(t))||2 — 0
OflfT n—od

is an immediate consequence of (2.12) and (2.14), the proof of (2.13) is completed.
Further, by (2.8) and the definition of ¥ we obtain

Tr{ 02k (5)* D?V (0 () () 02} = k() Q"2 7.

Analogously, (2.9) yields

k(s)*DV (0,(5)) = 110, 5[ (8)0 (u(s A Tp))* 20 (5).
Since 110, (s) (o (u(s A 7)) Q!/?)" is bounded and ¢ is a bounded stopping time,

0 0 2

E‘/ k($)*DV (v, (s))dW (s) — / k($)*DV (v(s)dW (s)
0 0
)

—F /0 10,005) | (05 A 7 @"2) maun(s) — vs) ]|

— 0
n—>oo

by (2.12), whence

/Q k($)*DV (v (5))dW (s) N /Q k(s)*DV (v(s))dW (s). (2.15)
0 n—oo 0
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Finally, note that applying (2.12) we may find a subsequence {v,, } of {v,} such
that v, (-, ) — v(-, ) uniformly on [0, o(w)] as k — oo for P-almost every w.
Accordingly,
e
V(vn(0)) = V(u(0)) +/0 (Vn(s), f(s))wds
¢ 1/2 2
+f m(| B 2710, () %) (B1va (5), 71200 (s))ds
0
1 re
+5 [ 110" ysds
2 Jo
0
+ [ k@ DY@ enaws)
0
and using (2.12), (2.13), (2.15) and continuity of B on Dom(A) we get
0
V(v(e)) = V(w0)) +/O (v(s), f(s))eds
¢ 1/2 2
+/ m(|| B2 myv(s)II*)(Bryv(s), m1Av(s))ds
0
1 re
+ f llc () Q"2 Iy ds
2 Jo
0
+/ k($)*DV (v(s)dW (s)
0
P-almost surely. Hence
o
EV(v(0)) < EV(u(0)) +E/0 (v(s), f(s))eds
e
+E / m (|| B'*71v(s)II?) (Briv(s), m12Av(s))ds
0
1 ¢ /22
+-E | lk(s)Q 7 llisds,
2 Jo
taking o = t A 1% and recalling v(¢) = u(¢) for t < 7x we arrive at

EV(u(t A1)
IAT
<EV(©0)+E / u(s), Fu(s))eds
0

AT
+E / (1B 2u(s) 1) (Bu(s), uy(5))ds
0
1 ATk 1722
+3E [ 1500 Psds

AT 1 12,2
—EV@O)E [ (o). 26 + 51 20 s as.
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Since k > 1 was arbitrary, the proof of (2.4) may be completed in an obvious way,
as we have already shown above.

Therefore, we see that Theorem 1.1 holds under an additional hypothesis
& (u(0)) < oo. In particular, a unique global mild solution to (1.3) may be found
for every deterministic initial condition u(0) = ¢ € JZ. (Pathwise uniqueness
obviously holds for (1.3) owing to the Lipschitz continuity of F' and X' on bounded
sets.) Consequently, for any Borel probability measure u on J# there exists a mar-
tingale solution (as defined in [10], Chapter 8) to (1.3) with the initial condition
wu by [26], Corollary 22. Using pathwise uniqueness and a suitable version of the
Yamada-Watanabe theory (see [25], Theorem 2) we find a (unique) global mild
solution to (1.3), defined on the given stochastic basis, for every .7 ,-measurable
initial condition u(0) : 2 — 7. O

Remark 2.1. One may avoid the Yamada-Watanabe theory by considering first trun-
cated initial conditions and then passing to the limit, which is possible due to path-
wise uniqueness. (Such a procedure was used in Remark 1.3.)

Proof of Corollary 1.2. We know that 7, / +oo P-almost surely. Consequently,
(2.5), continuity of trajectories of u and the Fatou lemma yield

EV(u()) < e (1+EVu(0))), >0.

This estimate implies (1.5) immediately due to our choice of V'; the computations
above show that C = 2(L, + Lg). |

Proof of Corollary 1.3. Tt suffices to check that the function (1.6) is continuous for
every bounded Lipschitz function ¢ (see e.g. [12], Theorem 11.3.3). So, let us fix
an arbitrary ¢ > 0, a bounded Lipschitz continuous function ¢ : 5 — R, and a
convergent sequence {g,} in 57, r, — ro as n — oo. We aim at proving that

Jim By, ¢(u(n) = Exgpu(t)).

Let us denote by u; the solution to (1.3) with the initial condition u;(0) = ;,
J = 0. Since {r;} is a bounded sequence, there exists a constant H < 0o such that
24 & (u;(0)) < H forall j > 0, therefore

sup & (uj(1)) < e“'H
j=0

by Corollary 1.2. Let k > 1 Vv H be fixed for a while, set
oj =inf{v > 0; lu;(W) =k} Ainf{v > 0; lup)le>=k}, j=1.
In the first part of the proof of Theorem 1.1 we have already shown that

2¢°'H
supP{o; <t} < :
Jj=0 9k
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The function ¢ being Lipschitz, there exists a constant L, < oo such that |¢(y) —
©(3)| < Lylly — 3llsefor all v, 3 € I set |l¢llo = supy |el|. Fix an arbitrary
p € 12, oo[, we may estimate

|Ez,p(u(t)) — Exyp(u(t))| = |E@(u, (1)) — Eg(uo(t))|
< E|pu, () — p(up(1))|
= Eljy, <1y |o(ua (1) — o uo(1)| + Elyg, =1 |0 (un (1)) — @ (uo(1))]
< 2P{Qn < t}”‘!’”oo + L(pEl{gnzt}Hun(l) - uo(l)”%

eCt

H
” + LyE||u,(t A 0n) —uo(t A Qn)”%

< 4ol

e“'H »\I/P
< 41glloo™_ = + Lo (Euntt A 0w — ot new]5)

(Note that |Ju, (v A 0,) — ug(v A 0,) || s is bounded, hence in L7 (§2), forallv > 0
by the definition of o,.) We have

E|u,(v A on) —uo(v Aon)I?

< 3P| eM0e) @, —10)|) 7,
14
+377E

VAQn
' / ’ AN F (u,(5)) — F(uo(s))]ds
0

I
+3771E|| Jp, (v A 0],

where

Jo, () = /0 10,0, [ ()€™ [ (5)) — Z(utp(5) JdW (s).

Let us denote by 4; generic constants (that may depend on k and ¢). By the maximal
inequality for stochastic convolutions (see e.g. [10], Proposition 7.3),

E|[Jo, (v n o) |5 < E sup |Jo, ()5
< hiE fo 10,0,[9) ] Z @ () Q"2 — £ (uo(s)) Q"2 | ds

< hlEvaz(un(s A o) Q'? — Z(ug(s A ) Q3| ] ds.
0

Taking into account that 1, (s), 1o (s) remain in the ball with radius k and center at
0 for s < o, and using Lipschitz continuity of F and X on this ball we obtain

Eu,(v A on) —uwo(w A an)||’,
v
< hallen — pollly+ thf J1tn (5 A 0n) — wo(s A o) 7 s
0
for 0 < v < t. The Gronwall lemma yields

E|lun(t A o) —uo(t A on) |5y < halltn — xoll%y .
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thus

eCt

H
+ hs |ty — voll
qk

The constant 45 depends on k in general, so given ¢ > 0 we first realize that
qxr /' oo and find k such that the first term on right hand side is less than ¢/2; the
second term is then less than /2 for all n sufficiently large as r, — ro. O

|Ex, o(u(t)) — Exypu(0)] < 4llglloo

3. Proofs: Stability

Define an operator P by
242 -2
P — I, ) BATx +2x + BATTy ,
y Bx +2y

that is,
P B2AT2 21 BA™?
o BI 21 )°
The properties of P needed in the sequel are summarized in the following lemma.

Lemma 3.1. The operator P is a self-adjoint linear isomorphism of 7€. Moreover,

1P 1 ey (PR0, 1) 32 < [[10]3 < (P10, 10) 3.1)
0 _ a2 B 2
<(_ﬂy) : Pm>ﬂ— B x, y) — 2Byl (3.2)
forallvo = (x,y)" € 4, and
(Ao, Pro) o= —BllAx|* + B*(y, x) + Bllyl* 3.3)

for everyto = (x,y)" € Dom().

Proof. Tt is easy to see that P € £ (J¢) and for tv; = (x;, yi)T e, i=1,2,
we have

(Proy, 102) s = BZ(x1, x2) + 2(Ax1, Ax2) + B(y1, x2) + Blx1, y2) + 2(y1, y2)
= (1, Prog)»
so P = P*. Obviously,
(Pro, 1) s = 2] Ax || + [Iy]1* + [l Bx + yII?
and (3.1) follows. Similar straightforward computations yield (3.2) and (3.3). O
The Lyapunov function @: 5 — R, which plays a key role in the proofs of both
Theorem 1.4 and 1.5 is defined in terms of the operator P by setting

@ () = %(m, Pro) o+ M(|BY?x|1?), w = (;‘) c . (3.4)

Let us note that a Lyapunov function tv > (Ptv, 1) s appeared for the first time
in the paper [28] in connection with a stability analysis of linear deterministic
hyperbolic equations and was applied to stochastic hyperbolic problems in [23].
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Lemma 3.2. Suppose that the hypotheses of Theorem 1.4 are satisfied. Then there
exists a constant A > 0 such that if u is a solution of (1.3) with & (u(0)) < oo, then

the process (eM ) (u(t))) />0 IS a nonnegative continuous supermartingale.

Unlike other proofs in this section, the proof of Lemma 3.2 is rather technical,
so it is deferred to the end of the section.

Proof of Theorem 1.4. Lemma 3.2 yields
E®u(t)) < e ME® (u(0)) (3.5)

for all # > 0, so using (3.1) and nonnegativity of M we obtain
1 2 Y
EEIIu(t)II%S e "E®u(0))

for all + > 0, and (i) follows, since plainly

1
E®u(0)) < <§||P||9zﬂ+ 1)£(u(0)).
Further, taking an arbitrary A* € 0, A[ and setting ¢ = 1 — A* > 0 we have
P{ sup T Du(r)) > Ecp(u(O))}
relk,k+1]

§P{ sup M (u(r)) zeskEdﬁ(u(O))} (3.6)
relk,k+1]

for any k € N. We may assume that E® (u(0)) > 0, otherwise there is nothing to
prove. In view of Lemma 3.2 we may use Doob’s supermartingale inequality and
(3.5) to obtain

Ak
E® (u(k
P{ sup o) = FEQwO0) Y < e Edu) e~k <7tk (3.7)
relk,k+1] E®(u(0))
thus
x
Pl sup Hown) > Ecp(u(O))} < o0
=0 telkk+1]
by (3.6) and (3.7), hence (ii) follows by the Borel-Cantelli lemma. O

Proof of Theorem 1.5. Owing to the Markov property of solutions to (1.3), we may
suppose that u is a solution with a deterministic initial condition u(0) € 7. For a
given ¢ > 0 denote by o, the first exit time of u from the ball in .5 centered at the
origin with radius ¢,

oe =inf{r > 0; [lu@®)|lr=> ¢}.
By Lemma 3.2 and the optional sampling theorem we have

E®(u(t A og)) < @(u(0))
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forr € R4, and hence in view of (3.1)

2
?P{Us <1} = 2u0))

forall t € Ry. Since {0, < t} 1 {0, < 00} ast — 0o we get

- 20 (u(0))
=72

P{o. < o0}
or equivalently

} < 220O) (3.8)

Plsup [u)lle= o] = =5

>0
Now we use the fact that @(0) = 0 and &: S — R is continuous. Taking

8 > 0 such that &(z) < %83 for z € J2, ||zl < §, the proof is completed by
(3.9). |

Remark 3.1. From the proof of Theorem 1.4 it is easily seen that a slightly stron-
ger version of (i), (ii) has been proven: In fact, @ (u(¢)) decays exponentially fast
to zero (in L2 and almost surely). In view of (3.1) we have V < &, where V is
the Lyapunov function introduced in Section 2, which may be interpreted as the
energy of the system. So we have proved exponential dissipation of the energy in
the respective sense.

The rest of the present section is devoted to proving Lemma 3.2. Recall that 2,
is the Yosida approximation of the operator 2, introduced in Section 2.

Lemma 3.3. There exists a constant C < o0 such that

sup (A, 10, Pro) 7 < Cllw|%, (3.9)

n>1

for each vo € 7. Moreover,
lim sup (A, 10,, Pro,) < —BlIlAx)? + B2(y, x) + Byl (3.10)

n—od
for every sequence vo,, € S such that w, — 10 = (x,y)| € H.
Proof. SetR, = (n*I+A%~'and J, = n®R,. The computations following (2.13)

show that
o — -nA’R,  Jy
"=\ —A%J, —nA%R,)’
hence foraw = (x, y) | € J we get
(A0, Pro) = —B*n(A’Rux, x) — 2n{A3R,x, Ax) — Bn(A*R,x, y)
FBH Iy, X) + 2(A% Ty, x) + By, ¥)
—B(A% Jx, x) — 2(A%J,x, )
—Bn(A’Ryy, x) — 2n({A*R,y, y)
,32

2
= —7(A2Jnx,x) 'B(Aanx,y)

2, 9
(A“J, Ax, Ax) — —
n

n

2 2
- ;(A Jnyv y)?

+B2(Jny, x) + Blduy, ¥) — BIA2Tux, x)
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because (A%2J,y,x) = (A2J,x,y) due to self-adjointness of A. The operators
—A2J, are dissipative as the Yosida approximations to the operator —AZ, thus we
obtain

(a0, P10} < ~ 2 (Adyy, A%) + B2y, x) + By, )
—B(JnAx, Ax). (3.11)

The norms || J, || ¢y are obviously bounded uniformly in # and
1

1
—AJ, -,
o H n Mleaw T s 2

n>1

= sup [[nAMR2T + AY) | gy <

(3.12)

as it was verified in Section 2. Therefore,
(A0, Pro) e < C(|Ax ] + [[y]%) = Cllwll%,

for a constant C < oo and each to = (x, y)—r € ¢, which proves (3.9).
Further, let to,, = (x,, yn)T € J¢ be a sequence converging to a to = (x, y)T
in 7. By (3.11) we have

2
(A0, Pro,) » < _7ﬂ<AJnAxns Yn) + IBZ(Jnyn» Xn) + B{JuYns Yn)
—B{JnAxy, Axy). (3.13)

Obviously, J,z, — zin H if z,,z € H, z, — z. Moreover, if z € Dom(A),
z=Alvthenn'AJ,z = n"'J,v = 0, which together with (3.12) and density
of Dom(A) in H yields n~1AJ,z > Oforallz € H.Son"'AJ,z, — 0 whenever
Zn — zin H and (3.13) implies

lim sup (A, 10,,, Pro,) < B2y, x) + BllylI* — BllAx|*.

n—oo

The proof of (3.10) is completed. O

Proof of Lemma 3.2. Obviously we have @ € € () and

D®(w)h = (Pro, b) s+ 2m(| B2 x|*) (B ?x, BY?hy),
D>® (0)(h, €) = (Ph, &) s+ 4m' (| B *x)1*)(B"*x, B2k )(B"?x, B'hy)
+2m(|[B'2x|*)(B' k1, B' 1)

forallto = (x, y) T, b = (h1, h2) ", ¢ = (k1, ko) T € . The derivative D>® may
be also written in the form

A"ZB A"’B
D2<1§(m)=P+4m/(||Bl/2x||2)< 0 x)@( 0 x)

A"’B o)

1722
+2m(|| B x||)< 0 0



Stochastic nonlinear beam equations 139

for v = (x,y)' € . Now we compute the terms that would appear in the Itd
formula for @ (u(r)), were u(t) a strong solution of the equation. Using (3.2) and
(3.3) we have

(Ao, DO (1)) = —BlIAx|I* + B*(y, x) + BlyI?
+2m(|| B"%x|*)(y, Bx)

forall w = (x, y)| € Dom(2), and

(F (1), D® (1)) 5= —p(x, y) — 2BlIyII* — Bm (|| B'*x||*)(Bx, x)
—2m(||B"?x|*)(Bx, y),

forall w = (x, y)| € 4. Note that, consequently, (At + F(10), D®(0)) s <
—BIro ||éf since 8 > Oand m > 0. The term containing the second order derivative
may be computed in a similar manner as (2.8). Namely:

Tr(Q'2 2 (10)*D*® (3) ¥ (0) 0'/?)

= Z<Ql/22(m)*D2¢(ﬁ) <a(m)0Ql/zek> ; Ql/zek>

kel

0 12
= Z Z‘(m) P <U(W)Ql/2€k> , 0 €k>

kel<
* ﬂA_ZG(m)Q1/2€k> 12 >
ke,<2(“’) (Pomare) 0

=Y (20(0)*0(0)Q"?ex, 0'ex)

kel
=2| 2 Q2|3

for all to, 3 € 7. For the “stochastic” term we have
Y(3)*D®(w) =0 (3)*mDP () =0 (3)"(Bx +2y)

for 3,0 = (x, y)—r € . The Itd formula cannot be applied directly to @ (u(t))
and we make use of the approximating strong solution v, defined in Section 2
changing, however, slightly the definition of the stopping times 7;. Given s > 0, let
7 = inf{t > s; |Ju(®)| s> k},k € N.(The definition from Section 1 corresponds
tothecase s = 0; from Theorem 1.1 we already know that the solution u(#) is defined
globally, so we may consider any s > 0 now.) Set f(¢) = 1o, [(#) F(u(® A 7)),
k() = 1[0, (1) X' (u(t A 7r)), t = 0. For k € N fixed we consider the equations

dv(t) = Rv(®) + f(@©)dt +k(©)dW (), v(0) =u(0),
dv, (1) = pva (1) + f(@)dt + k(AW (1), v,(0) = u(0).
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Since v, are strong solutions we may apply the Itd6 formula on an interval [s, 7],
t > s, to the process e*” ® (v, (r)) (where A > 0 will be specified later) to obtain

(v (1))eM = D (vy(s))e™
+ / e [0 @) + @ava(r), DD wa ()
0. D))
F3TH(Q k() D20 () () Q) Jar

t
+/ i (r) DD (v, (r))dW (r).
Hence

t
D (v (1))e™ = D (vy(s))e™ + / e“[m(vn(r>>+ (v (r), Puy(r)) s

s

-2
+2m<IIB”2mvn(r>||2><9tnvn(r)’ (A Bmvn(r)»
0 g
+(f(r), Pva(r)) e
-2
+2m<||B”2mvn(r)||2><f(r>v (A Bmvn(r)»
0 g

e (r) 0"y Jar

'
+/ eArK(r)*Dcp(vn(r))dW(r)
N
and it follows that

t
@ (un(0)e™ = P (a(s)e™ + / & 10 (0 (1) + @ (1), Pa ()0

s

+2m (|| B2 710, () I1?) (7112000 (r), Br1 v, (r))
(w2 f (1), B10n(r) + 2200} + e () Q2 s o

!
—i—/ e)‘rK(r)*Dqﬁ(v,,(r))dW(r). (3.14)

Now we pass to the limit for » — o0. Recall the convergence (2.12) (so, possibly
for a subsequence, we have v, — v in % ([s, t]; 2Z°) almost surely). In virtue of
Lemma 3.3 and the Fatou lemma we thus have

n—oo

t
lim sup / " Uy v (), Pua(r) pedr
S

t
< / M (=Bl ATIV()I* + B (v (r), mu(r)) + Bllmav(r)||?)dr.
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The limit passage in the other terms of (3.14) is justified as in the similar case in
the proof of Theorem 1.1 (in particular, cf. (2.13)), so we arrive at

t
Pn)e" < @(v(s)e™ + / [0 - plATILE)I?

+8%(mav(r), T () + Bllmv ()|
+2m(| B0 () 1) (Brryv(r), mav(r))

+B(T2f (1), T0() + 22 f (), w20() + e (r) 0y [

t
+/ i (r) D@ (v(r)dW (r).
S
Since v(r) = u(r) for r < 1, it follows that

INAT
DUt A 1)) < D (u(s))e + / ' e [kdﬁ(u(r))

—BlIlAu)II* + B*u(r), us (r)) + Bllus ()|

+2m (|| BV 2u(r) ) (Bu(r), u (r)) + B(—PBuy (r), u(r))
+2(—Bus (r), uy (r)) = 2m (|| B 2u(e) 1) (Bu(r), u, (r))
—Bm (B 2u(r) 1) (Bu(r), u(r))

o ) 0" Jdr
INT
[ e Bue) + 2u0nawe)
* INAT
— o)+ [ o) - plueid,

—Bm (1B u(r)I)(Bu(r), u(r))
+ llo () 0 s [

AT,
+/ k ™o (u(r)* (Bu(r) + 2u; (r)dW (r)

for all + > s P-almost surely. Taking into account (3.4), (3.1), (1.8), (1.10) and
setting for brevity cp = || P|| 4 .») we obtain

@(u(t A Tk))ek(t/\tk) < @(u(s))e)»x

ATk 1
[ e (gher + 8~ B) I3,
H(Z = BYmUB a8 2ur) P ar
o

AT
+ / C O (W) (Bu(r) + 2y (7)) AW ().
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Choosing 0 < A < ZC;I(ﬂ — Rg) A af3, which is possible by (1.9), we arrive at
Bt A 7)) < B(uls))e

IAT
. / "o (W) (Bu(r) + 2uy (r)AW ()

for all # > s P-almost surely. Passing k — oo we have in view of Theorem 1.1
D) < P (u(s)e

t
+ / o (W(r))* (Bu(r) + 2us (M)W (r),

for t > s, P-almost surely, and Lemma 3.2 easily follows by taking into account
Corollary 1.2. O

4. Stochastic beam equations

The purpose of this section is to show that results we obtained about the equation
(1.3) are applicable to problems like (0.2). Let D € R" be a bounded domain
with a € *°-boundary dD. Let W be a Wiener process in L(D) with a nuclear
covariance operator Q. Let G, IT : D x R x R" x R — R be Borel functions,
m € ‘51([0, oo[) a nonnegative function, y > 0 a positive constant. We shall
consider an equation

O /|v 2dx ) Au + y A2 +G( v a“)
— —m ul“dx ) Au u x,u, Vu, —
012 D 4 ot
0 .
:H(x,u,Vu,—u>W 4.1)
ot
with either the clamped boundary conditions
ou
u=—=0 ondD “4.2)
av

(by 9/0v we denote the outer normal derivative) or the hinged boundary conditions
u=Au=0 onaD. (4.3)

First, we have to show that (4.1) may be turned in the form (1.3). To simplify nota-
tion, we set y = 1. Let H = L?(D) and let B be the Laplacian with Dirichlet
boundary conditions, i.e.

Dom(B) = W>2(D) N Wy*(D), By = —Ay for § € Dom(B).
Note that
1B 241172 ) = (BY, ¥) p2p) = — fD Au-udx = fD Vyl*dx, ¥ € Dom(B),

since ¥ =0onaD.
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For the boundary conditions (4.2) we set A = C 172 where

Dom(C) = {w e WD) ¢ = 2—‘5 —0 on aD],

Cy = A%y for ¥ € Dom(C).

Then 5
Dom(A) = [w c W2A(D): ¢ = % —0on aD},

as follows e.g. by combining Theorems 4.3.3 and 1.15.3 in [31]. For the bound-
ary conditions (4.3) we set A = B. In both cases, the hypotheses on A and B,
adopted in Section 1, are satisfied. The only assumption that might require a proof
is the uniform positivity of the operator C. Take u € Dom(C), then the Green for-

mula yields (Cu, u) = ”A””i%D)' By [17], Lemma 9.17, we have [|v|ly22py <

hl|Av]l L2y forany v € WZ’Z(D) N Wol’z(D), for a constant 2 > 0 dependent only
on D. Since Dom(C) € W>2(D)N W01’2(D), we obtain in particular || Au ||

h—2||u||§2(D) for all u € Dom(C).
Further, we have to find assumptions on G and IT so that the hypotheses on

nonlinear terms in (1.3) may be verified. Set

g :Dom(A) x L*(D) — L*(D), (¥, ¢) —> G(, ¥ (), V¥ (), p()).
“4.4)

2
LZ(D) Z

If G(-,0,0,0) € L?>(D) and G(x, -, -, -) is Lipschitz continuous uniformly in (al-
most every) x € D, then g is well defined, takes values in L>(D) and is globally
Lipschitz on Dom(A) x L2(D). Global Lipschitz continuity of G is, however, a
rather restrictive hypothesis. Suppose instead that G is globally Lipschitz only in
the last variable and locally Lipschitz in the second and third ones: there exists
L < oo and for each N > 0 there exists Ly < oo such that for almost every x € D
andallr,7,z,Z € Rand s, s € R" we have

|G(x,r,5,2) — G(x, 7,5, D> < Lylr —F]* + Lyls — 51> + L|z — Z?

whenever |r|, |F], |s], 5] < N.Let G(-,0,0,0) € Lf(D). Assume moreover that
the space dimension n = 1. Since W22(D) < ¢ (D) by the Sobolev embedding
theorem, there exists a constant K < oo such that

IEllLoo(py + IVEl LoDy < KlElw22py. & € WHA(D). (4.5)

Now we may check easily that the function g defined by (4.4) maps Dom(A) x
L?(D) into L%(D) and is Lipschitz on bounded sets: Fix N > 0 and take arbitrary
Y1, Y2 € Dom(A), g1, 2 € LA(D), |Yillw22(py < N. Then

ls@r. o1 — W2, 02| 72
= /D |G (x, Y1(x), Vi1 (1), 91 () — G(x, Y2 (x), Vo (x), 92(x))|dx

< Lgnl¥1 = Vol o py + LrnIIV¥1 = VYallts ) + Lier = @2172 -
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If, in addition, G does not depend on the third variable, we may replace the assump-
tion n = 1 by n < 3 and use the embedding W22(D) < % (D) (which is valid
for n < 3) to prove in a similar way that g : (Y, ¢) — G(, ¥(-), ¢(-)) maps
Dom(A) x L?(D) to L?(D) and is Lipschitz on bounded sets.

To establish (1.2), it suffices to suppose

G(x,r,8,2)7 > —LG(I + |z|2)

forsome Lg > 0,allr, z € R, s € R"” and almost every x € D.
Finally, we have to discuss the stochastic term. Again, we set

o, @) = Y(), VY (), ¢(), (¥, ¢) € Dom(A) x L*(D).
If IT is bounded, then o (¥, ) acts as a multiplication operator on L?(D) and
HCT(W» (0) ’|$(L2(D)) = Hn(’ w()’ Vl[’(), 90())” L>®(D)"

For the Lipschitz continuity of the mapping (¥, ¢) +— o (¥, ¢) to hold additional
restrictions on [T and the space dimension n are needed, as the considerations above
indicate. If IT does not depend on the last variable, n = 1 and

[T, r,s) = I (x, 7, 8)| < L(Jr = 7| + |s = 5])

for some L < oo, almostevery x € D and all , 7, s, § € R, then

lo W) =@ | 2y = €55 sup| 7 (x. (), V() ~ M (x, V@), VI ()|

IA

Less sup{[(0) = F (0l + V9 (0) = Vi)

xeD
< KLY — ¥llw22(py

forall ¥, ¥ € Dom(A), the last estimate following from (4.5). Analogously we may
proceed if IT depends only on the first and second variable, o (Y) = I1(-, ¥ (-)),
n < 3 and

[[T(x,r)—H(x,7)| < Llr —r|

for some L < oo, almost all x € D and every r, 7 € R. Also the locally Lipschitz
case may be handled in a similar manner.

The hypotheses on I7, and in particular the boundedness, may be relaxed if we
know more about the covariance operator Q. Assume that Q has a representation
0= Z,fil Lie; ® e; for some A; > 0 and an orthonormal basis {e;} such that

sup le; || Lo (py < o0.
i>1
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Then Rnng/2 C L*®(D), since for each ¢ € L%(D) we have

oo
1/2
10" plliepy = | Y4 g eibes
i=1

L*(D)

o0
< Y 1. en|lleille )
i=1

00 12 /0o 1/2
< (Z xi) (Z (g, e,->|2) sup llei (o)
i=1 i=1 =

= VTR0 (sup il ) 9l 2 < 0.

i>1

Assume that o (¥, ¢) € L%(D) for (¥, ¢) € Dom(A) x L%(D), then o (¥, @) acts
as a bounded multiplication operator from L> (D) into L*(D) and

HU(W ‘P) H.,?(LOO(D),LZ(D)) = ”H(’ 1/’(), VI/f()v (0())HL2(D)

Hence o (¥, 9) 0'/? € £ (L*(D)) and

low. )05 = Y low. )0 ei |2,

i=1

> 2

Z )"i ||O'('(/f, (p)ei ”LZ(D)

i=1

f TrQ (Suli) ||€i ||i°0(D)> ”0(1% §0) ||;(LOO(D),L2(D))‘
1>

Just as in the case of the coefficient g we may find easily hypotheses on /T implying
that (v, ¢) — o (¥, ) is amapping from Dom(A) x L?(D) into L%(D), Lipschitz
on bounded sets.

Appendix: Stopped stochastic convolutions

In this Appendix we aim at justifying the definition of a local mild solution we
adopted in this paper. The approach we follow was used implicitly in several papers
(cf., in particular, the paper [3]), but it seems to have been discussed explicitly for
the first time only in [4], §4.3 (in a way different from the one presented below).

Let H, U be real separable Hilbert spaces, (S;) a Co-semigroup on H, and
(2, 7, (%;), P) a stochastic basis such that .% contains all P-null sets. Let W
be a Q-Wiener process in U defined on this stochastic basis, where Q € .Z (U) is
nonnegative and self-adjoint. In this section, by || - ||gs the Hilbert-Schmidt norm
on.Z (RngQ'/?, H) will be denoted. Assume that v is a progressively measurable
2 (RngQ'/?, H)-valued process such that

t
/ IS —s 1//s||%sds < oo forall t > 0 P-almost surely, (A.1)
0
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then the stochastic convolution
t
1) = f Si—atdWs, 130, A2)
0

is well defined. Let t be a stopping time, one often needs to consider the stopped
process I (t A 7) and is tempted to write

INT
ItAT)= A Sl/\r—sl/fdes-

This formula, unfortunately, need not make sense since on the right hand side we
integrate a process which is not even adapted. To overcome this difficulty, let us set

t
Ir(t) 2/0 Stfs(l[O,r[(S)l/fs/\r)dWSa t = 0. (A-3)

We shall prove

Lemma A.1. Let y be a progressively measurable £ (RngQ'/?, H)-valued pro-
cess satisfying (A.1). Let T be an arbitrary stopping time, define processes I and
I by (A.2) and (A.3), respectively. Suppose that both processes I and I. have
continuous paths almost surely. Then

St—int [t ANT) = I:(t) forallt > 0 P-almost surely. (A4)
In particular,
It AT)=1.(t AT) forallt > 0 P-almost surely.

Remark A.1. Obviously, 1jo.-[¥ = 1j0.-[¥ (- A T). We have chosen a definition of
I that makes sense also for processes ¥ with a finite lifespan ¢ > 7. Moreover, if
we are interested in behaviour of the process I only on the stochastic interval [0, t[
we may use also the identity

ItAT)= f, (t A1) forallt € Ry P-almost surely, (A.5)
where
I(t) = /O[ Si—sPsardWs.
The proof of (A.5) remains the same as that of (A.4).

Remark A.2. Many sufficient conditions are known for the processes I and I,
to have continuous modifications, see [10] for basic results in this direction. For

example, it suffices to assume that ||y ||gs € le0 c (R4) P-almost surely and (S;)
P

is quasi-contractive, or that ||V ||gs € Ll oc (R4) P-almost surely for some p > 2.
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Proof. Let us start with recalling the following fact: if £, ¢ are progressively mea-
surable processes, ||€||us, ll¢llus € LIZOC(R+) P-almost surely and there exists
20 € F suchthat& = g on Ry x £2p, then

t t
/ EdW = / edW  for all r > 0 P-almost everywhere on £2y. (A.6)
0 0

First, we consider the case T = a € R . If t < a then

t

t
It Aa) = 1) = / Sy Yy dW, = / 10,0 (5) Sy—s s nad Wi = I (0).
0 0

If t > a then

a t
I,(1) = St—a/ l[O,a[(S)Sa—sWsAadWs +/ l[O,a[(S)SI—SWadWs
0 a
=S8i_gl(a) = S;_.1(t A a).

Hence we see that (A.4) holds in this particular case. Consequently, (A.4) holds
whenever 7 is a stopping time with a discrete range in [0, o] owing to (A.6).

Finally, let T be arbitrary. Then there exist stopping times 7 having discrete
ranges and such that 7y N\ T as k — oo on £2. From the continuity of trajectories
of the process I we infer that I (t A tx) — I(t A T) for all # > 0 almost surely.
Further, it is easy to check that

t
2
/(; Hl[O,rk[(S)Stfsl/fs/\tk - 1[0,r[(S)Stfs¢sAt ”Hsds kjo)oo

almost surely, which yields I, () — I;(¢) in probability as k — oo for any ¢ > 0.
The proof may be completed in an obvious way. O

Acknowledgements. We are indebted to M. Ondrejat who offered valuable comments con-
cerning, in particular, the proof of Lemma A.1.
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