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Abstract. The paper combines two objects rather different at first glance: spaces of stochas-
tic processes having weighted bounded mean oscillation (weighted BMO) and the approxi-
mation of certain stochastic integrals, driven by the geometric Brownian motion, by integrals
over piece-wise constant integrands. The consideration of the approximation error with
respect to weighted BMO implies L, and uniform distributional estimates for the approxi-
mation error by a John-Nirenberg type theorem. The general results about weighted BMO
are given in the first part of the paper and applied to our approximation problem in the second
one.

1. Introduction

The approximation of stochastic integrals by integrals over piece-wise constant
integrands has, for example, in stochastic finance a natural interpretation: the pay-
off of a continuously re-balanced portfolio is replaced by the pay-off of a portfolio,
re-balanced at finitely many trading dates only. The approximation error between
the stochastic integral, we are starting from, and its approximation can be inter-
preted as risk.

Usually, the approximation error is measured in a distributional way by limit
distributions, like for example in [20], or with respect to L;. The latter L,-approach
has some drawbacks: the resulting distributional tail-estimates are rather weak. Sec-
ondly, if one considers a sequence of time-nets realizing the asymptotically optimal
L,-approximation rate, where the n-th net consists of n 4 1 time-knots, then there
are very different such sequences in general (cf. [13]). Hence it might not be clear
what sequence of time-nets one should really take.

The present paper approaches both problems. In order to replace the L-crite-
rion by a stronger one, one would use L ,-spaces with2 < p < ooina firstinstance.
However, spaces of weighted bounded mean oscillation (weighted BMO) provide
much more information for our purpose, while getting the same upper bound for
the asymptotics as in the Ly-case. The BMO-spaces are of advantage because of the
following two reasons: in general estimates with respect to the used BMO-spaces
imply L ,-estimates (see Theorem 9) and secondly, by a weighted John-Nirenberg
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type theorem we obtain significant better tail-estimates than we would get from L-
estimates (see Theorem 10). Moreover, Theorem 7 gives an example how to single
out those time-nets from the asymptotically L;-optimal ones which are optimal
with respect to the stronger weighted BMO-condition as well.

The paper is divided into two rather different parts. Section 2 deals with the
weighted BMO-spaces. In Section 3 we apply these results to our approximation
problem for stochastic integrals.

2. Weighted BMO-spaces

In this section we consider some basic properties of the weighted BMO-spaces
used later in Section 3. At the same time we introduce a concept of measuring the
mean-oscillation of a stochastic process in a pure distributional way which seems
to be the right approach in our situation and might be of interest in other situations
as well. Parts of this section are the final outline of some results announced in the
discrete time setting without proofs in the preprints [9] and [11].

Let (2, F, IP) be a complete probability space and F = (F;);¢[0,7] be a right-
continuous filtration with 77 € F such that Fy contains all F-null sets. By CL(F)
we denote the set of all F-adapted processes A = (A;):e[o,7] such that all paths
are right-continuous and have finite left-hand side limits. The symbol CL™ (F)
stands for the subclass of these processes such that A;(w) > 0 on [0, T] x €,
whereas CLy(F) stands for the A € CL(F) with Ag = 0. Given a stopping time

o0 :Q —> [0,T]and A € CLy(F) we let As_ = lim, 00 A (o—l)vo)' For a
stochastic process X = (X;)/e[o0,7] We let X; := SUP,e[0.1] |Xy|. Fora,b > 0
and ¢ > 0, the expression a ~. b will stand for a/c < b < ca. Finally, we use

Pp(-) :=P(B N -)/P(B) for B € F of positive measure and
S:={0:Q2— [0,T]] o stopping time} .
Definition 1. For 0 € (0,1), p € (0,00), A € CLy(F), and ® € CLT(F) we

define
1
|Ar — Ag—|P v
IAllgvo® @y = sup IE|:— F ,
mop@) = 2 o 17l
1
SUPycio.7] |Au — Ag—|? »
A gy @5y 2= SUP HE[ Fe ,
BVO,TE T s p |7 Lo
Ar — Ay
Al gvo2 . ) :=inf{c>0:”P[M>c ’fgi| 59,068],
0,6 o, Le
d A * =
and | Al )
su Ay — Ay
inf[c>0:HP[ Pueto. 1114 "|>c}f0} se,aes},
O Lo

with inf ) := oo and where the defined quantities are allowed to be infinite.
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If we are working under P and there is no risk of confusion we drop the depen-
dence on P in the notation of the BMO-spaces (and the L ,-spaces as well). The
definition of || - ||BMof; and || - ||BMO;<;,* models a classical approach to weighted BMO
in the probabilistic setting connected to the Garsia-Neveu lemma and related results
of Garsia, Stroock, and many others (see for example [7], [19], [18], [17], [1], [5],
and [2]). The approach to exploit || - ||BMO<1> and || - ||BMO<1> « has at least two sources:

firstly, Stromberg [22] measured the mean- oscﬂlatlon of complex valued functions
defined on R” in a distributional way by the sharp function Mgﬁ ;f - Secondly, in the
non-weighted probabilistic setting, which means here ®; = 1, the distributional
approach can be found in Emery [6] and in [10].

Our results about the spaces introduced in Definition 1 follow immediately from
Theorem 1 below. One motivation of this theorem is a result proved by Lépingle
[18] (Theorem 1) in the discrete time setting: assuming a filtration (F,)%° e an inte-
grable predictable increasing process (A,);2 , starting in zero such that A, + A
a.s. with Ay, € L1, one has

P(As > A+ uv) <2 TP(As > 1) + P(Z* > v)

where A, u, v > Oand Z,, := E(Ax—A,|Fy) is the potential. For instance, in order
to get assertions about || - ||BMO2> with p € (0, 1) the usage of the potential (Z,);2,
yields to an assumption too strong for our purpose. In the following we replace
this assumption by a distributional assumption as weak as possible. In this way we
transfer Emery [6] (Proposition 2) and [10] (Theorem 4.6) to the weighted case and
Stromberg [22] (Lemma 3.4) from the classical setting of functions defined on R"
to the setting of stochastic processes. What is an appropriate replacement for the
potential (Z,);2,? For example, taking a path-wise continuous A € CLy(IF), we
are interested in the distribution of sup, ¢(,. 77 |Au — Ao | given B € F, equivalent
to sup,, yeo.77 1 Au — Ay| by a factor 2, and look for upper bounds of

u,velo,T]

WA(B,A;U):zlP’(Bﬂ{ sup |Au—AU|>A}> for 1 >0.

What are the abstract properties of W4? Given 0 < o <17 < T, B C D, both
belonging to F,, and 0 < A < u < oo we get that Wy (B, u; t) < Wa(D, A; 0).
This is exactly the inequality we are starting from.

Definition 2. A family W(-, A;0) : Fo — [0,00), 0 € S, A € [0, 00), belongs to
the class VV provided that

W(B, u;t) < W(D, %; 0)
forall0 <o <t <T,0<A<pu<ooand B, D € F; with B C D.
Theorem 1. Let A € CLy(F), 8 € (0,1/2), and W € W. Assume that

W(B,v; o)
P (|Ar — As—| > v) §9+W (D
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forallv > 0,0 € S, and B € F, of positive measure. Then there are constants
o, a > 0, depending on 0 only, such that

Pp| sup |A, — As—| > A +apv
uelo,T]
W (B,v;0)

P(B) 2

< PP sup |Au—Ag_| > A )+«
uelo,T]

forallx, u,v > 0,0 €8, and B € F, of positive measure. Consequently, for all
p € (0,00) and B € F, one has that

1

1
p o) -
f sup |A, — As_|PdP) <c, (f pAPIW (B, A; 0)dA>p (3)
B u€lo,T] 0

where the right-hand side or both sides may be infinite, ¢, > 0 depends on (p, a, a)
only, and sup; -, .o, (¢cp/p) < 00.

Proof. Before we start we extend W (-, X; o) to F by
W(B, A 0):=inf {(W(A,A;0): AD B, A e Fy}
for B € F. We get that W(B, M o) = W(B,A; o) for B € F, and that
W(B, ;1) < W(D, A:0) < W(Q, A 0) < 00

forall0 <o <7t < Z,O <A <pu<oo,and B, D € F with B C D. After
having this we denote W again by W and start with the proof.

(a) We fix a stopping time 0 € S and B € F, of positive measure. For > > 0 we
let

op:=inf{t € [0, T]| |A; — Ag—| > A} AT
with inf ¢} := oo and
B, :=BnN i sup |A, —Ao—| > A € Fyy.
uelo,T]
Given A, v > 0 it is known and standard to derive that
P(Bitv) < P (B N {|Acy,, — Ac,—| = v})
so that

P(B;+.)
< ]}D(BA N {|A% — A > %}) —HP’(BA n {|AT — A, | > %})

< liminf P (B, 1 {(AT—A((%%)AT)_‘ > %})m (B0 {lAr—A,,-

v
=31)
. . v 1 v
< liminf [Q]P’(Bk) W (BA, S+ ) A T)] +OP(B,) + W (B-A, o ak)

< 20P(B;) 4 2W (BA, g; a) .
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(b)

(©

Define g := sup,¢(.7)|1Au — Ao—|, s := 260 € (0, 1), and

BNC.v/3:
V(C.v) =2 W BOCV/E0) o ce
P(BNC)

where V(C, v) := 0if P(B N C) = 0. Step (a) implies that

Pp(g>Ar+v) < [s+V(g>A,v)]]P’B(g>A) for A,v>0.

Now we iterate this estimate (in the non-weighted case iterations can be found,
for example, in [21] (p. 154), [6], and [10]). Exploiting the monotonicity
V(Ci,v)Pp(C1) < V(Ca, v)Pg(C)) for C; C Cy we deduce

N
Pg (g > A+ Nv) < [sN +V(g> 1) (Zsk—lﬂ Py (g > 1)

k=1

fork,v > 0and N = 1, 2, ... by induction over N. Hence
1
Pp(g >+ +Nv) <s"Pp(g>A)+ l—V(Q, V).
-5
For b :=1V (—logs)~!and A, s, v > 0 this implies

1
Pp(g > A+ puv) < e "WOPp(g > 1) + V@
— S

2 W(B,v/3;0)
1—s P(B)
so that Formula (2) follows with & :=2/(1 — s) and a := 3b.
The consequently-part: Since A — W (B, X; o) is monotone it is measurable
so that the right-hand side of Formula (3) makes sense. To prove the inequality
we proceed like in [4] (Lemma 7.1): for §, A, u > 0 and B € F, of positive
measure, Formula (2) (with A replaced by aX/§ and v by A) implies

a+aud - ai W(B, \;0)
P A —— < np — _—
B(g> ( 5 ))‘e B(g>8 M)

Letting ¢ > 0, we integrate the inequality with respect to pA?~!dx, where we
integrate the left-hand side over (0, ¢d/(a + aud)), the first term on the right-
hand side over (0, ¢4/a), and the remaining one over (0, co). After a change
of variables we get

() = Q) [ [ v mmra
a+aud ¢ a 0 Bi& =P

- ® W(B, A;0)
a —_—
—Jo P(B)

=" WDPL(g > ) +

pAP T .

Choosing u = p+ 1,8 = (e —1)/((e + 1)(p + 1)), and sending ¢ 1 oo
concludes the proof. O
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Remark 1. (i) Given n € (0, 1) and analyzing the proof of Theorem 1 one real-
izes that one can replace Formula (1) by

P Ay — Ag_| > v) <+ (B Vi0) @)
g | sup —Ag_|>v]) <n+ ——2-=.
welo. Tl 7 P(B)

(i1) In view of [6] it might be of interest to investigate 6 € [1/2, 1) in Formula
(1) and in Corollary 1 below.

Example 1. For ® e CLY(F), B e F,, A >0,ando € S we set

Wo(B,A;0):=P(BNJy sup &, >xr; ).
uelo,T]

For ||A||BMO3>9 < 1, B € F, of positive measure, and v, ¢ > 0 this implies via

Pp(|Ar — Ag—| > (1 + )V)<P(JAT — As—| > (1 + &) Dy) + Pp(Ps > v)
<0 +Py(d, > v)

Formula (1) with W = Wg. In the same way || A ||BMO® « < 1 gives (4) and Theorem
1 applies in both cases. For 6 € (0, 1/2), A € CEO(]F) and i, v > 0 we deduce

P (Ai; > apy ||A||M3>9) <M pa P@F > v) (5)

where a, @ > 0 depend at most on 6. Finally, for p € (0, 00) and ®} € L, the
right-hand side of Formula (3) can be computed by

o0
/ pkp_1W¢(B,A;U)dA=/ sup ®LdP
0 B uelo,T)

so that
1AL, < c(p, OIPTIL, IIAIIBMogfe. (6)

We come back to the introduced BMO-spaces and need

Definition 3. Given p,d € (0, 00) and ® € CLT (F) with &g € L ,(Q, F,P), we
let & € SM (P, d) provided that

]E( sup <I>5|.7-"g> < dP ®F as. forall o €S.
uelo,T]

It is clear that SM,(P,d) € SM,(P,d) for 0 < r < p. Typical elements of
SM, (P, d) are given by

Example 2. Taking a martingale (M,);c0.1] € CLT(F),0 < p < g < 00, and
o, = Mtl/q gives (®1)refo,17 € SM,(P, d) for some d > 0. To verify this we
use ||supk:0 < ¢y IIN()IIL?7 for a non-negative martingale (Ny)}_, and
n € (0, 1).

..... n NkHL,7
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Corollary 1. Let 6 € (0,1/2), 1 € (0,1), p € (0, 0), and ® € SM,(P, d).

(i) There is a constant ¢ = c(0, n, p,d) > 0 such that
I levog, ~e ||-|IM$;7* ~e lllavoe ~e lI-ligyoe - (7

(i1) Given A € CLy(F), the finiteness of the quantities in (7) is equivalent to each
of the following conditions:
(C1) There are constants B, b > 0 such that
Wo (B, v; o)

Pp(|Ar — Ao—| > bv) <0 + B P(B)

forallv > 0,0 € S, and B € F, of positive measure.
(C2) There are constants a, a > 0 such that

Wo(B, v; o)

P(B)

Pg| sup |Ay —Ag_|>auv| < ' +a
uelo,T]

forall w,v > 0,0 €S, and B € F, of positive measure.

Proof. (a) One easily has that

1 1
07 Ilavog, < Ilavos < Ilpyoes and 07 Ilgges < I-lpypes
and that conditions (C1) and (C2) are equivalent because of Theorem 1.
(b) If ”A”BMOS’Q < b with b € (0, 00), then (C1) holds with § = 1 by the

argument given in Example 1. Continuing here with Theorem 1 and using
D e SM, (P, d), we get IA/bllgyoe+ < cay(p,6) d and
p

I e < (P, 6) d I - g, -
Remark 1 (i) yields, via the same route,
I lavogs < iy (P d I+ g
(c) The argument from (b) also shows [|A[| g e < 00 if (C1) is true. |
P

Remark 2. In Corollary 1 one cannot replace SM , (P, d) by SM, (P, d) for 0 <
r < p. This follows from adapting a discrete time example, formulated in [11]
without proof, to the continuous time case. Since the proof of this example would
exceed the scope of this paper and since this result is not needed here, the example
will be presented in a forthcoming paper [8].

Part (ii) of Corollary 1 can be viewed as a John-Nirenberg-type theorem. Next
we show that @ is determined by || - ||g® up to a multiplicative constant under
4

the condition SM , (P, d).

Theorem 2. For p € (0,00), ® € SM,(P,d), and ¥ € SM,(P,d’) the fol-
lowing assertions are equivalent:
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@ - ||BMo;f’ ~e Il ||BMO$/ for some c1 > 1.

(ii) There is some ¢y > 1 such that ®; ~, <I>; fort €[0,T]a.s.
Proof. We have to prove (i) = (ii) only because the converse is obvious. For
to € (0, T] we define A € CLy(IF) by A; := 0if t € [0,1)) and A; := Py if
t € [tg, T]. Then

E(IAr — Ae—|?|Fs) = E (Xio<i) @), | Fo) < dP P2 as.
for a stopping time o : & — [0, T']. Hence
IIAIIBMoff = c1llAllpvor = cd.
But this gives
o =E(|Ar — AP | Fy) < (1d)P(D7)P ass.

and ®; < ¢1d®, fort € [0, T'] a.s. The opposite inequality follows in the same
way. O

Finally, we show that we can change the underlying measure in a moderate
way. We would like to note that, while changing the measure, we keep the whole
process. This is different from other settings (see for example [16] (Chapters 3.1
and 3.3)). We recall

Definition 4 (cf. [15]). Let Q be a probability measure on (2, F) with Q ~ P
and L(w) = (dQ/dP)(w) > 0 for all w € Q. Given v € (1, 00) and ¢ > 0, we let
0 € RHy(P, ¢) ! provided that L € L,(, F,P) and
”E(L” | .7-}) < cIE(L ’ ]-}) as. forall o €S.

Theorem 3. For p € (0,00), 8 € (0, 1), and Q € RH(P, ¢) there is a constant
d=4d(p,0,v,c) > 0 such that

”'”BMO(?G(Q) <d ”'”BND;?(P) .
Proof. Assuming ”A”BMO“’(IP) < 00, B € F, of positive measure for some o € S,

P
and A > 0, we get that

|AT - A0—| 1
Pg (T > )»||A||B1\/D§I;([p) = v

Since for 1 = (1/u) + (1/v), Q € RH,(P, ¢), and D € F one knows (cf. [3])

0p(D) < c|P(DIFo)lb

|AT_A(77| )\' A < u 1
OB T> I ”BMO;‘,’(]P’) = oo

Taking Ao > 0 with 8 := ckap/" we arrive at ||'”BMO§’9(Q) <X ||'||BMOg>(]p)- o

we conclude

Having an estimate for ||- ||BMOg>9( ©) One can continue with Theorem 1 because
of Example 1 or with Corollary 1.

' R*H stands for reverse Holder inequality.
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3. Approximation error for discretizations of certain stochastic integrals
3.1. Setting

We consider a Black-Scholes option pricing model with time-horizon 7 > 0 and
constant volatility o (for simplicity, we let 0 = 1) after discounting under the
martingale measure. This means, we take S = (S;);¢[0,7] With

t
S; :=exp (W, — 5)

as price-process, where W = (W;);¢[0,7] is a standard Brownian motion defined
on a probability space (2, F, IP) with Wy = 0 and continuous paths for all w € €.
Having W we agree that F is the completion of o(W; : t € [0, T]) and that
(Ft)refo,1) 1s the augmentation of the natural filtration of W. Assume a Borel-func-
tion f : (0, 00) — R with E f(S7)? < oo (for example the pay-off of an European
contingent claim). To obtain the stochastic integral representation of f(S7) we find
an ¢ > 0 (see for example [13]) such that

F(t,y) :=Ef(ySr—;) gives F € C®((—¢, T) x (0, 00)) ®)

(we may think for a moment that S; is given on [0, T + ¢]) and

8F(t )+y282F(t Y0
or YTy Y =

1t6’s formula implies that

FU,&)=Ef67%+/

oF
—(u, S,)dS, for tre]0,T) as.
©,1] 9y

Since limyyr [|F (2, S;) — f(ST) 1z, = 0, and (for example) with %(T, y):=0
for y > 0, we end up with the desired representation

fmn=Eﬂ&o+/

oF
—(u, S)dS, a.s.
©o,71 9y

To formulate the approximation problem, we are interested in, we introduce the
error-processes C(t) and C(t, v).

Definition 5. (i) We define
T:={t)ly|0=t0<- <t,=T,n=1,2,..}

and Ty = {(t,-);‘:O eT } n< N}forN > 1.
(i) Fort = (t))7_, € T welet ||T|loc := sup; |t; — t;—1| and
|2

P(r) = {v = (vl-)?;ol | vi 1 Q > R F;-measurable, E |viSl,. < oo] .
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(iii) Givent € T and v € P(t), we define C(z, v) = (C;(t, v))se[0,T] t0 be

Ci(r,v) :=E(f(SDIF) —Ef(ST) — Z Vi—1 (Siae = Siine) 5

i=1
where all paths of C(t, v) are assumed to be continuous, Co(-, -) = 0, and

n—1

dF
C(t):=C(r,v") with 0 := (a—(t,-,st,,)>
y i=0

In the definition above we used that E(St%—;:(t, S )2 < oo fort € [0, T) (see for

example [13]). The definition of C(7) gives

n

oF oF
Ci(1) = /( o Ty e S0S0 = 3 G0 8 (S = Sicie) s

i=1

which is the error-process of a simple approximation of a stochastic integral. There
are two results we would like to start from. The first one is due to Zhang and can
be formulated in our setting as follows:

Theorem 4 ([23]). Let K : [0, 00) — R be a Borel-function and assume that
sup,o(1 +x)™"|K(x)| < oo for some m > 1. If

y
£O) :=/0 K(x)dx, y = 0,

is not linear and if v, := (iT/n)}_, then there is a constant ¢ = c¢(K,T) > 1
such that, forn =1, 2, ...,

L c
< inf HC 2, 0™ H < Cr(t < <
c/n T ueP(ey,) 7 ) Ly — ICr(le, =< NG

Next, it was shown by Gobet and Temam [14] that certain irregular pay-off func-
tions f do not give the approximation rate 1/4/n for equidistant nets. After that, in
[13] the considerations have been extended to general, not necessarily equidistant,
time-nets, which yields to the second result we want to mention explicitly:

Theorem 5 ([13]). Let f : (0, 00) — R be a Borel function with f(St) € Ly and
let F be given by formula (8).

(i) There is an increasing function c : [0, c0) — [1, 00) such that

1
c(T)

a(f(St);t) < inf |ICr(z, V), < ICr (DL,
veP(r)
<c(T)a(f(Sr); T)
forallT >0, f,and v = (t;)}_, € T where

n f
a(f(Sp); T 1= (Z [ a-we
j=1 Vli-1

1
28F2 2 2
SMW(M’SM) du .
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(ii) If there are no constants co, c1 € R such that f(St) = co + c1ST a.s., then

inf  inf ﬁa(f(ST); 7) > 0.
e 1€Ty

n=1,2,...

Item (i) follows from [13] (Theorem 4.4) and item (ii) from the same paper if one
uses there Lemma A.3, Theorem 4.6, and the arguments of the proof of Theorem
6.2.In[13] only non-negative f : (0, co) — [0, 0o) are considered because of their
interpretation as pay-off functions, however the proofs are valid for f : (0, co) —
R as well without modification. Applying Theorem 5 to f(y) = (y—Ko)*, Ko > 0,
gives

1
1 g — ?
—a((Sr = Ko)* 1) < (;/t \;T__uudu) < ca((Sr— Ko 0),
©)

where ¢ = ¢(T, Kg) > 1 (see [13] (Section 5)). Formula (9) shows that in this case
there are time nets, quite different from the equidistant ones, realizing the optimal
rate 1/4/n in Theorem 4. For instance, exploiting [13] (proof of Theorem 6.2) one

could use
) e\ n 2
¢ = (T—T(n l) ) for ¢ ¢ <—,1} (10)

in order to get

inf a((St — Ko)"5 1) ~ a((St — Ko) ™3 7;) ~o (1)

1
= ﬁ
for some ¢’ = ¢/(T, Ko, ¢) > 1. From the above, two problems naturally arise:
firstly, is it possible to replace in Theorem 4 the L,-norm by a stronger quantity?
This is of particular interest if one wants to control uniformly the distribution of
Cr (7). Up to now, Theorem 4 only implies that

A cw)?
P<|CT(rn)| > ﬁ) < <T> CA>0, (12)

which is far from being optimal in general, as we shall see later. Secondly, it is not
clear which of the time-nets, giving the order 1/4/n in Formula (9), is the best one in
a certain sense. Both problems are connected to each other and will be approached
now.

3.2. The basic technical estimate

We provide the main technical upper estimate for the expected quadratic error in
Theorem 6, which will be used later on.
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Theorem 6. Assume a Borel-function K : [0, 00) — R, which is integrable over
compact intervals, and define

y
FO) = /O K()dx and W(y):=yK(y) for y=0.  (13)

Assume that
2

St
E‘/ |K (x)|dx| +EW(Sr)* < oo, (14)
0

T =)}y €7, anda € [tij—1, t;iy) for some iy € {1, ..., n}. Then

i=

E(ICr(0) = Cal? | 7o)
< 7l [IE (wesr? | 7))+ (Sa/st,.o_l)2 (B (vesn | 5’-',,-0_1>)2} as.

where ¢ > 0 depends on T only.

Let us turn to the proof. Through the whole Section 3.2 we assume that Formu-
las (13) and (14) are satisfied and that F is given by (8), that means F(¢,y) =
E f(ySt—:). We shall use the Gaussian measure

dy (x) := (27)" 2 exp (—x2/2> dx.
Lemma 1. Foru € [0, T) and y > 0 one has
) Y3y = fpw (yeV™ =5 ) dy G,
i) 5w, y) = fp ¥ (v [ A — 1] av .
Proof. Foru* :=T —u € (0, T] we have (see for example [13] (Lemma A.2))
W,

u*

OF
ya—(u,y) =Ef(ySu)
y

02F W2 W, 1
yza—yz(u, M) =Ef(ySu) <u;‘2 - 7*) : (15)

We restrict ourself to assertion (ii), the first one can be verified in the same way.
We get
_82F W2 o W 1
y2 2 (u,y) = ]E/ X[U,OO)(ySu*)K(n)dn < u2 W _)
Y (0,00)

u*

“72* W« 1
= Sux w4
/(O’ )K(n)]E |:X[r;,oo)(y u*) (u*2 — u*>] n

__/ KO)— ex _1<log(y/n)—u*/2)2
— Jo.o) " V2 P2 Vu*

X<1+10g(y/n)—u*/2> dn
u* Ju*
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where the last equality can be checked by using Formula (15). Substituting

1. _ logy/m)—(u*/2)

n - , assertion (ii) follows. |

Giveno > 0, (u,x) € [0, 1) x R,and ¢ € Ly(y), we let

(Ag¥)(at, 2) :=/Rw(ﬁx+¢1—un)[J;’Tu—ﬁ]dm).

The operator is related to the Ornstein-Uhlenbeck semi-group and satisfies

Lemma 2. ||A01/f||L2([0,1)xR,Axy) < (1+ /o) ||1/f||L2(R,y) where A is the Lebes-
gue measure on [0, 1).

Proof. Let (h;,);,_, be the orthonormal basis of Hermite polynomials in Ly (R, y).

It is easy to check that

(Aghu) (1t x) = /M u"T By (X) — Jou? iy (x)

form = 1,2, ... with 0° := 1 and (Agho)(u, x) = —/oho(x) so that the claim
follows since the functions g, (u, x) := ~/m + lum/2hm(x), m=20,1, ..., form an
orthonormal system in L,([0, 1) x R, A x y). O

u—a

7, x € R,

Lemma3. Let0 <a<u<T,v:= ?:Z € [0,1), y = eVi—4~

and yo > 0, where yo = 1 in case of a = 0. Then

3’F (Ar—a¥) (v, %)

(yoy)za—yz(u, y0y) = S with () = W (ypeV T =15

where W is given in (13).

Proof. Because of EW(S7)? < oo one gets v € La(y). The rest follows by a
computation and Lemma 1 (ii). |

Proof of Theorem 6. We recall thata € [t;,—1, t;,) for some iy € {1, ..., n}. Letting
rip—1 = a and r 1= t forip < k < n, we obtain, a.s.,

ICr (1) — Ca(7)]

oF oF
< / —(u, S,)dS, — E g(rk—lﬁ Sre_1) (Srk - Srk—l)
(

1] 9y —

oF oF
|| Gy @ 80 = 5 Gt S0 (i = 50)

=11 + Db,.

We first consider /. From the proof of [13] (Corollary 4.1) we know that
E ((0F/ay)(t, S,)S,)2 < oo forall ¢ € [0, T) (this was shown for f(S7) > 0, but
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the proof remains the same) so that E ((d F/9dy) (¢, S)Sp)? <oofor0<r<b<T
with t < T. Consequently, E122 < 00. Moreover, a.s.,

E(13 | %)
dF oF 2
|:]E S[, —a — 1‘ i| S2 [ y ( > Sa) - g (ti()—la Stio_])i|
r dF 2
<2e |ti0 —al Saa(a» Sa)
aF 2
+<Sa/stl-0_1>2[s,,.0_l % (no_l, s)} }

2
=2¢" |tiy — [E (W) | Fa)® + (Saf Sy B (WD) | Fiy ) }

where we have used Lemma 1 (i). Now let us consider /;. Take yo > 0 where
yo = 1l in case of a = 0. Defining f(y) = f(hoy), T =T —a,and F(t y) =
Ef(yST ,) for (¢, y) € [0, T) x (0, 00), we get f(ST) € L, and F(t y) =
F(t 4 a, yoy). Applying [13] (Theorem 4.4) (see Theorem 5 of this paper) gives
that

2
~ ~ " 9F
E [f(ST) - Ef(ST)] - Z g(rk—l —a, Sy_1—a) (Srk—a - Srk,l—a)
k=ig
0°F g
< ()2 Z/ (re —a — wE sga—yz(u, S| du

klo”kl’Z

2> 2

d°F
2
Sua_yz(uy Su)| du.

T
< (P ||r||oo/ E
0

Substituting ]7, f, and T, noticing 1 < c(f) < ¢(T), letting S;(x) := eV =3 for
t > 0and x € R, and using Lemmas 3 and 2, gives that

E|[£G0Sr-a) = F(a@. y0)]

dF 2
- Z _(Vk 1, yOSrk 1— —a) (yOSrk —a — yOSrk,l—a)
k=i
2
) T ,3°F
<c(M) ||T||oo E|(voSu—a) —Z(M,YOSu—a) du

2
= c(T)*| Iflloo/ / |:()’OSM a(X)) (u Yo Su— a(x))] dy (x)du
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=c(T)? 7l

_ 2 (u—
/[a T)AA& T —a <AT_”w(yOST_“('))) (T -

5 2
=c(T) IITIIoo/ /(Ar_a‘lf(yoST_a(~))> (v, x)dy (x)dv
[0,1) /R

a , x) dy (x)du
a

< (T el (1 + VTY? /R W (50ST_a () dy (x).

But this gives, a.s.,

E (112|]-"a)
2
2 OF
=E | |[f(57) — F(a, Sl — ) Ty (1 S (S —Sny)| | Fa
k=i
< (1) 7lloe (1 + VB (W(SD)? | 7).
Combining the estimates for £ (I lzlfa) and E (122|Fa) we are done. |

3.3. The case f being a Lipschitz function

Now we start to measure the size of the error processes C(t, v) and C(t) from
Section 3.1 with respect to the BMO-spaces || - ||BND;>. Motivated by the pay-off
functions of the European Call- and Put-Option, f(y) = (y — Ko)* and f(y) =
(Ko — )™, we first consider the case of Lipschitz functions f. What is the weight
process @, we take? As pointed out by Example 4 below we cannot use ® = 1 so
that BND?; becomes the usual BMO ,-space. Instead of ® = 1 we shall take ® = §,
the geometric Brownian motion, which is natural in view of Theorem 6. Taking this

weight we are allowed to change the underlying measure PP in a moderate way: let
dQ = LdP with

[ — oMr—3(M)r

where M = (M;):¢[0,1] 1S a (path-wise continuous) L,-martingale starting in zero
such that [{M)r|l;. @) < oo. Itis standard to check that

SeSMyP,d,) NSM,(Q, d;,) (16)
for all p € (0, 00) and appropriate d, d; > 0 and that

Q0 € RHy(P,cy) and P e RH,(Q,c,)

for all v € (1, 00) and appropriate ¢y, ¢, > 0. Corollary 1 and Theorem 3 imply
that

Il- ”BMOIS,(]P’) ~- ”BI\/Dg(Q)
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for all p, g € (0, o). Moreover,
<
||CT(T)”L,,(Q) = ”C(T)”BNDg(Q)

so that measuring ||C (7) ||BMO§ (p) 1s more restrictive than [|C7 (7)., (@), for exam-
ple. In the following we restrict ourself to the measure [P and drop, as done earlier, the
dependence on IP in the notation of the BMO and L ,-spaces. The following result
should be compared with the equivalence proved for the Ly-error in Theorem 5.

Theorem 7. Let K : [0,00) — R be a Borel function, sup, o [K(x)| < o0,
fly) = fO} K(x)dx, y = 0, and assume that f is non-linear. Then there is a
constant ¢ = ¢(T, K) > 1 such that for all t € T one has

1 .
“Viltleo = Inf IC(7,V)lgyos = 1€ (Dlgyos = ¢V IlITlloo-
C veP(r) 2 2

For the situation of Theorem 7 it turns out that an asymptotically optimal sequence
of time nets 0, € 7, is characterized by sup,_; ;. nllonllec < 00 or in other
words: the nets have to be uniformly dense like the equidistant nets. One might ask
whether it is necessary that f is a Lipschitz function in Theorem 7. This is clarified
by the second result we prove in this section:

Theorem 8. Ler f : (0,00) — R be a Borel-function such that f(St) € Lo,
0 € (0,1/2), and v, := (iT/n)}_, forn = 1,2, ... Then the following assertions
are equivalent:

(1) There is a constant ¢ > 0 such that, forn =1, 2, ...,

inf |c@, o] <
v eP(z,) BMO%

c

Vi

(ii) There is a constant ¢ > O such that for alln = 1, 2, ... there are v € P(z,)
with

|CT(Tna V™) — Co (T, v(n))| c
P({ S, >ﬁ N B | <60P(B)

for all stopping times o : Q2 — [0, T]and B € Fy.

(iii) There is a Borel function K : [0, 00) — R with sup,,|K(x)| < oo and
d € Rsuch that f(y) =d+ f(; K (x)dx for A-almost all y > 0, where X\ is
the Lebesgue measure.

In Stochastic Finance Theorem 8 (ii) can be interpreted as upper bound for the
shortfall probability that the expected path-wise error, conditioned on B € F, and
weighted by Sy, exceeds ¢/+/n at time T. Before we turn to the proof of Theorem 8
let us compare Theorems 5 and 7 by an example already mentioned in Section 3.1.
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Example 3. Let fx,(y) := (y — Ko)* with Koy > 0 and ¢ € (2/3, 1]. Combining
Formula (9), Theorems 5 and 7, and using the nets t° from Formula (10) together
with Formula (11), we can compare the approximation with respect to Ly and
BMO‘Z9 and get, fort = (#;)}_, € 7,

1

n t 2
t i —u
ICr ()L, ~ / a)
ICE g ~a v/ Too:

. 1
012% ICT (@)L, ~¢ ICT(T) L, ~er 7

—_—

1 ~ 37 1 ~ 3] —
om% 1€ @) llavos ~a 1€ @) Igvos ~a N

for some c¢,d,d" > 1 depending at most on (T, Ko) and ¢’ > 1 on (T, K, ¢).
However, the nets 7, with ¢ € (2/3, 1) are not optimal for BMO‘Zg since

JT
ICE@) Ivos ~a VT lloo = —
n

~

[N

Proof of Theorem 7 and Theorem 8.

(a) The upper bound for ||C (7)|| BVOS in Theorem 7 follows by Theorem 6 since
E(ICr(0) = Ca | Fo) = g Tl sup |K (x) *(ESF +1)S; as.
X=

and since we can replace in this inequality a by a stopping time.

(b) The implication (iii) = (i) in Theorem 8 is evident because of step (a).

(c) The equivalence (i) < (ii) in Theorem 8 follows from Formula (16) and
Corollary 1 (i).

(d) Assume that f : (0, 00) — R is a general Borel function with f(St) € L,
and that T = (;));_, € 7 and a € (tj,—1, tiy). As in the proof of Theorem 6
we let yo > O with yo = 1ifa = 0, f(y) = f(oy), T; =T —a, and
F(t,y) = Ef(yS7_,) = F(@ + a,yoy) for (t,y) € [0,T) x (0, c0). Let
& € R. Applying [13] (Corollary 3.3) (which is justified by f(S;) € L and
the arguments given in the proof of [13] (Corollary 4.1), where t;, —a =T in
Corollary 3.3 is a straightforward limit case) gives

2

tig—a 3F
E f (—(u, S0 — yos) S2du
0 dy

IF ?
=E / (_(u, Su)—)’of) dsy
O,tg—a] \ Y
OF 2
> W(% —a) <5(07 1) — yOf)
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(e)

with 1 < C(T) < ¢(T). Consequently,

o (OF 2 5
E / o y0Suc) = &) (0Sua) du
a dy

> ;(,. )(3_F( ) )2 2
Z (o=@ ayado—é Yo-

Forv = (vi)?;()l € P(r) and B € F, this implies

[ IC7 (7, v) — Ca(z, v)[* dP

2
// <—(u S,) — vio_l) S2dudP
— io — 2 — 2
:/IE/ (a—(u,SaSu_a)—v,-o_1> (SaSu—a)” dudP

2
c(T)Z/(’° a)( (a, Sq) — v,-o_l) S2dP

and

2
(i, —a)/ ( (a, S;) — v,-01> Sfd[P < c(T)2||C(t, v)||2BNDg/BS3dIP’.
Consequently,

a.s.

oF
E(a, Sa) — Vip—1

IC (, U)”EMog > —

c(T)

and, by considering an appropriate product measure P x P,

IC (. V)llgvos = (T)‘/ ’ (@, Spy 1 (@0)Sa—r, 1) — Vig—1(@o)
an

PP-almost surely for some wg € 2 via Fubini’s theorem. By the triangle inequal-
ity and the continuity of (d F/dy)(a, -) we conclude that

1
IC (z, U)”BMog > m\/tio—a sup

y1,2>0

(18)

a, a, .
3y V1 3 »2

Implication (i) = (iii) of Theorem 8: Assuming n € {1,2,...}, t := 1,
ip:=n,anda, ;=T — %, Formula (18) and our assumption imply

v

C
e )
Vi T wmeP@,) " BVOS

1 | T oF
= — sup |—
2c(T) Y 2n g, y,50

ay

19)

oF
(@n, y1) — —(an, y2)| .
dy
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We know that for all @ € (0, T') there is a y, > 0 such that (d F'/dy)(a, y,) =
(0 F/dy)(0, 1). For instance, this follows from the continuity of (d F'/dy)(a, -)
and the martingale property of

oF oF oF
<Sl—(t, S,)> sothat ES, ( (a, S,) — —(0 1))
dy +[0,T)

(for the martingale property use ((8/31‘) + (y2/2)(82/3y2)) (y(0F/dy)) =0
and K sup, (o 51 1S:(0F /3y)(t, S)I? < oo for b € [0,T) coming from the
arguments used for example in [13] (Corollary 4.1)). From Formula (19) we
may conclude that

F oOF 22¢e(T)
sup  sup |—(an, y1) — —— (0, 1)’ < —F
n=12..y=0] 3y dy JT
and
oF
L:= sup sup|—-(an,y)| < oo.
n=1,2,... y>0 ay

Now let A be the set of all y > 0 such that there are z1, z2,... > 0 with
|F(an, zn) — f )| +1zn — y| = 0. The set is Borel measurable and by almost
sure martingale convergence we have that P(w : St(w) € A) = 1. Hence
ur((0,00)\A) = 0, where pr is the law of St. Consequently, (0, c0)\A is
of Lebesgue measure zero and for all y1, y» € A there are positive zf,l) —n Vi
with

[F 1) = fODI =1im [Fan, 27) = Fan. ;)| < Llim [z — 22|
= Lly1 =yl

Properly redefining f in (0, 00)\ A and extending to [0, co) gives a Lipschitz
function f: [0, o0) — R with Lipschitz-constant L for that a representation
like in (iii) is known.

(f) Lower bound for ||C (z, v)||BMO§ in Theorem 7: Again we fix iy € {1,..., n}
and a € (tj,—1, ti,). Formula (18) and Lemma 1 imply

1€, 0) o
2c:T) myls;lzf;O]EST a (K(1S7—a) — K(y257-4))
2c(T)\/7 aE S, }]S;EOEST a (K(318aS1—a) — K (328457-4))
2c:T) \/7_61”5;12110 ESt (K(y1S1) — K(»2571))

so that

1
1€, Vllgwos = 5=V IITlloo sup ES7 (K(y1S7) — K(y257)) -
2c (T) y1,y2>0
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It remains to verify that

sup ES7 (K(y1S7) — K(y257)) > 0. (20)
y1,y2>0

Assuming the contrary implies
EW(ySt) = yEST K (yS1) = ay ey

for some a € R and all y > 0. Representing W (eﬁg—g) =3 o Umhm(§)

in La(y), where (hy,);,_, are the normalized Hermite polynomials and where
Y% ,a2 < oo, a short computation yields to

fF

T
~vm!

sothat o, =a

o m

aeVTs = By (eﬁxS ) = O e
T mX:;J m \/l’l?

and 3% @b (x) = aexp(+/Tx — (T/2)). This implies that W (S7) = aSt
a.s. and that K is A-a.s. constant on (0, co) with A being the Lebesgue mea-
sure. But this is a contradiction to our assumption that f is non-linear. Hence
Formula (21) cannot be true and we get Formula (20). ]

Remark 3. The paper in its early preprint-form only considered Theorem 7 for
frko(») = (v — Ko)*, Ko > 0, for which the proof can be done more directly.
As an application of this, [12] was showing: given one knows the upper estimate
for |C (r)||BMO§ for all fk,, one can deduce estimates when K in Theorem 7 is
non-negative, bounded, and monotone. However, this argument does not apply to
Theorem 7 in our meanwhile general form (the estimate on ||C(7) ||BMO§ for fx,
is not shown in [12], but taken from this paper). Moreover, if we know a-priori
that f(y) = foy K (x)dx with a monotone K, then the reader can find a further
equivalence in [12] which can be added to Theorem 8.

We conclude this section by two examples showing that we cannot use the
non-weighted BMO-spaces in our considerations.

Example 4. We let
BMO, := BMOS with &, =1

be the non-weighted BMO-space. Given a Borel function f : (0, c0) — R with
f(St)ely,teT,v= (v,~)l’.’:_01 € P(zr),and a € (tj,—1, ti,), the arguments used
for Formula (17) imply that

oF

’5@’ Sig-1 @ Sa-sy 1 @) —vio1<w>’S,iol(w>§czfiol(w> <d @

P x P-a.s., where d := (tiy — a)_%c(T) 1C(z, v)llgvo, € [0, oc]. On this estimate
the following two examples are based:
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®

(i)

For f(y) := (y — Ko)*, Ko > 0, one has ||C(, v)||gvo, < oo if and only if
Pwi_i=1)=1 for i =1,...,n. (23)
If-part: We let g(y) := f(y) — y so that |g(y)| < K¢ and obtain

Ci(v) = [E(f(SDIF) —Ef (ST =[S — 1]
= E(g(S7)|F1) —Eg(S7) as.

Only if-part: Assume P(v;)—1 = 1) < 1 for some iy € {1,...,n} and that
|C(z, v)llgmo, is finite. Again by Fubini’s theorem there is some wy € 2
such that v;,—1(wp) # 1 and, P-as.,

oF

. (a’ Sti0,1 (wo)gaft,'(),]) — Vip—1 (C()())

8_)’ Sti0,1 (wO)Eaft,-o,l <d.

Hence )%(d, y) — vio_l(wo)‘ y < dforally > Osince (0 F/dy)(a, ) iscon-

tinuous. But this contradicts to the known fact limy_, oo %—F(a, y) = 1, which
can be checked by Lemma 1. Obviously, the case described by Formula (23)
is irrelevant for the purpose of this paper.

For a general Borel function f : (0, o00) — R with f(S7) € L; and a time
net T with 7 # {0, T'} one has ||C(7)||pvo, < oo if and only if

f(ST) =co+ c1St as. forsome cg, c; € R.

If-part: This follows trivially since C;(t) = 0 a.s. fort € [0, T'].
Only if-part: We use v; := (0F/3y)(t;, S;) and fix ig > 2 so that t;,_| €
(0, T). Formula (22) implies

IF _ IF _
W (CRR W (ti-1 Stg-1 )| Stg-1 Samips = d
P x P-a.s. and
aF aF
7 (a, — — (tig-1 <d 24
‘8y (a, yoy1) 5 (tig—1. y0) | Yoy1 (24)

for all yo, y1 > O (here we use t;,—1 > 0 and again the continuity of 0 F/dy).
If sup,-, [(@F/dy)(a, y)| = oo, then we get immediately a contradiction.

The contrary gives the existence of y™ > 1 with lim,, y™ = oo and
oF
lim — (a, y™) = ¢; € R.
n QJy

Letting yoy; = y", Formula (24) implies (3 F/dy)(ti,—1, yo) = c; for all
yo > 0 and F(tjj—1,y) = co + c1y for some ¢y € R. Now it is known that
this implies that f(y) = co + c¢1y for A-almost all y > O (for a probabilistic
argument see [13] (Lemma 4.8)).
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3.4. The case K(ST) € Lq

In this section we extend by Theorem 9 the error estimate of Theorem 4 from L, to
L, and we improve Formula (12) by Theorem 10. We shall work under the measure
P only. Letting p € (0, c0) and ® € C£+((‘7-",),e[0,r]), we define

aS™(f(Sr) | Lp) :

ay" (f(St) | Lp) == inf inf NCr@ v,

teT, veP(t

inf ||C ,
inf ICr @,

ai™(f(Sr) | BMOY) : él; I€@ llavog -

Tl

a™ (f(St) | BMOY) :

inf inf ||C(t,v .
e 1€ (7, v)llpyoe

The superscripts sim and opt are standing for simple approximation and optimal
approximation, respectively. Throughout the whole subsection we again assume
that K : [0, co) — R is a Borel function, integrable over compact intervals, and

FO) = / "Kdx for y =0,
0

Theorem 9. Let2 < p < g < oo and assume that

St
E |:‘/ |K (x)|dx
0

where M; := 1+ E (|K(S7)|"|F;) 2 for some r € (p, q). If the function f is not
linear and if E € {Lp, BMO;ID }, then one has that

2

+ IK(ST)|q] <00 and @, = S,(M¥)7,

1 O] sim c
7S a (f(S) | E) < ai™(f(Sp) | E) < NG

forn = 1,2, ..., wherec > 1depends at moston (T, K, p, r). To obtain the optimal
asymptotic approximation rate 1//n, equidistant nets can be used.

Proof. (a) Using Holder’s inequality and Doob’s maximal inequality one quickly
checks that 7 € L.

(b) Recall ¥(y) = yK(y). Letting 0 < ¢t < a < T, the conditional Holder
inequality yields to

E(WS? | Fa) + Sa/$0? B (WD) | 7)) = Go2 as.
where ¢1 = c¢1(T, r) > 0. By Theorem 6 we get

E(ICr@ - C@P | £) = g It 02 as. (25)

2 For convenience we assume that all paths of the martingale (M,),¢o,7; are continuous
and strictly positive.
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fort € 7 and a € [0, T']. We can replace in the last inequality a by a stopping
time to deduce that

sim ] T
ay™(f(St) | BMOY) < ICT)lIpvor = coel Py

with 7, := (iT/n)?_, being the equidistant net.

(c) Since our assumption and the continuity of f imply that there are no cg, ¢ € R
with f(S7) = co +c1 St a.s., Theorem 5 gives, for some ¢; = (T, K) > 0,
that

L. a” (F(ST) | L2) < a™(f(St) | Lp)
Czﬁ = dp —= “n p/

(d) To conclude the proof we observe that, for t € 7 and v € P(1),

ICr (T, v)lL, <c 7L, IC(E Vlgpe, <2¢ 171z, ICT v)gpe
0.7

where ¢ = ¢(p, 1/4) > 0 comes from Formula (6) and the factor 2 from
Corollary 1, so that

ICr (. L, = e lCE Vlgpe

with ¢3 = c3(T, K, p,r) > 0. (In order to get the last inequality one can also
take classical results without using BNDSI> 0-) O

Remark 4. Letting2 <q < oo, T =1,

f(y) = ez(logﬁj) —liy=e2 " and K(x) = f(x) >0

Nl—  N—

O:y<e”

yields to K(S1) € Ly, f(S1) € Lo, but f(81) ¢ L. The latter implies for instance
that afpt(f(Sl) | L) = oo. Hence one cannot take p = g in Theorem 9.

Theorem 10. Let y > 0, ¢ > 0, and assume that |K (x)| < c[1 + x¥] for x > 0.
Then

1
log [sup,eTP’(C;(r) > Tl A)] 1
lim sup <

LY [log ]° T 2Ty + DY

For all y > 0 there are K such that one has equality.

The theorem improves Formula (12) since the assertion of the theorem is equivalent
to: for all § > O there is a A9 > e such that

1 1
P (C?(r) > ||r||éox> <l ee 26)

forallA > Apandt € 7.
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Proof. Theorem 10. Fix r = 4 and let ® be defined as in Theorem 9. We get that
®, < c1(SHT! as.

fort € [0, T] and some ¢1 = ¢1(T, ¢, y) > 0. Using Formula (25) gives

E(1Cr@) = G | Fo) = ey Itlo 3D as.

for all T € 7 and stopping times o : Q —>~[O, T],and a c; = (T, c,y) > 0.
Using Formula (5) with the weight process @, := (5¥)7*+!, exploiting

2 1 2
Il IIBM,gW =2l s and P(S7 > n) < ,/;e ar (logm)

for n > exp(+/T) (for the latter we used the reflection principle for the Brownian
motion), we continue to

1
P (C?(r) > 2¢@c2 17l Mv> e taP((s5)" > 2)

2 1 _(los¥)?
<e™Hta /e o7 (02 7)
T

foru > 0and v > aexp((y + 1)\/7), where o, a > 0 are the absolute constants
from Formula (5). Given ¢ € (0, 1), we choose v := aA!™¢ and u := A%/a to
arrive at

! e 7 092 (oeny?
P (c;(r) > 2cger Tl x) <o fa ) S e 08
T

whenever A > exp((y + 1)\/7 /(1 — €)). Now the first assertion of our theorem
1 1

follows with |||, replaced by 2c@yc2 It 2 by & | O after having estimated the
lim sup. To end up, one quickly checks that the factor 2c(g)c, does not change the
limit on the left hand side so that we obtain our assertion as stated.

The examples for equality are given by f(y) = (Ko — y)* with Ko > 0 for
y =0and f(y) = y’*! for y > 0. To check this we take T = {0, T} so that

Cr(t) = f(S7) —Ef(S7) —vo(ST — 1) as.

with vg := (8F/3y)(0, 1) and assume A > 1/Q2T(y + 1)?) such that (compare
Formula (26))

P(|Cr(1)] > VTh) < e~ Aloe»?

for A > Ay > e. Knowing this distributional estimate, a straightforward computa-
tion yields

_r
sup e 4 ||Cr (7)1, < oo.
PE[l,00)
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On the other hand, from the definition of C7(t) we may deduce directly that

lim e~ 3O+ =0HDT or(n))l,,, € (0, 00)
pA)OO

where we use ||S$ Iz, = f:xp((T/2)(pB2 — B)) for B > 0 and vy # 0 in case of
y = 0. But this gives a contradiction. O

3.5. Concluding remark

In view of [14] and [13] it might be of interest to investigate more irregular pay-off
functions f than considered here. This is supported by the fact that the basic ingre-
dients taken from [13], in order to handle the error-processes C(t, v), are available
for all Borel-functions f such that f(St) € L.
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