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Abstract. We investigate the random continuous trees called Lévy trees, which are obtained
as scaling limits of discrete Galton-Watson trees. We give a mathematically precise definition
of these random trees as random variables taking values in the set of equivalence classes of
compact rooted R-trees, which is equipped with the Gromov-Hausdorff distance. To con-
struct Lévy trees, we make use of the coding by the height process which was studied in
detail in previous work. We then investigate various probabilistic properties of Lévy trees. In
particular we establish a branching property analogous to the well-known property for Gal-
ton-Watson trees: Conditionally given the tree below level a, the subtrees originating from
that level are distributed as the atoms of a Poisson point measure whose intensity involves a
local time measure supported on the vertices at distance a from the root. We study regularity
properties of local times in the space variable, and prove that the support of local time is the
full level set, except for certain exceptional values of a corresponding to local extinctions.
We also compute several fractal dimensions of Lévy trees, including Hausdorff and pack-
ing dimensions, in terms of lower and upper indices for the branching mechanism function
¥ which characterizes the distribution of the tree. We finally discuss some applications to
super-Brownian motion with a general branching mechanism.

1. Introduction

This work is devoted to the study of various properties of the so-called Lévy trees,
which are continuous analogues of the discrete Galton-Watson trees. Our main
contributions to the probabilistic analysis of Lévy trees include the construction of
local time measures supported on level sets of the tree, the use of these local times
to formulate and establish a branching property analogous to a well-known result in
the discrete setting, and the proof of a “subtree” decomposition along the ancestral
line of a typical vertex in the tree. Additionally, we study the fractal properties of
Lévy trees and compute their Hausdorff and packing dimensions as well as that
of particular subsets such as level sets, under broad assumptions on the branching
mechanism characterizing the tree.

One major originality of the present article compared to our previous work
[91,[20],[21] is to view Lévy trees as random variables taking values in the space of
compact rooted R-trees. The precise definition of an R-tree is recalled in Section 2
below. Informally an R-tree is a metric space (7, d) such that for any two points
o and ¢’ in 7 there is a unique arc with endpoints o and o’ and furthermore this
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arc is isometric to a compact interval of the real line. A rooted R-tree is an R-tree
with a distinguished vertex called the root. We write (7") for the height of 7, that
is the maximal distance from the root to a vertex in 7. Say that two rooted R-trees
are equivalent if there is a root-preserving isometry that maps one onto the other.
It was noted in [13] that the set of equivalence classes of compact rooted R-trees,
equipped with the Gromov-Hausdorff distance [15] is a Polish space.

The study of R-trees has been motivated by algebraic and geometric purposes.
See in particular [26] and the survey [6]. One of our goals is to initiate a probabilis-
tic theory of R-trees, by starting with the fundamental case of Lévy trees. See [13]
for another probabilistic application of R-trees. We also mention the recent article
[3], which discusses a different class of continuum random trees obtained as weak
limits of birthday trees (instead of the Galton-Watson trees considered here), using
ideas related to the present work.

To motivate our definition of Lévy trees, let us describe a simple approxima-
tion result, which is a special case of Theorem 4.1 below. Let u be a probability
measure on Z, with u(1) < 1. Assume that 4 has mean one and is in the domain
of attraction of a stable distribution with index y € (1, 2]. When y = 2, this holds
as soon as p has finite variance, and when y € (1, 2), it is enough to assume that
(k) ~ ck™'77 as k — oo. Denote by 6 a Galton-Watson tree with offspring
distribution w, which describes the genealogy of a (discrete-time) Galton-Watson
branching process with offspring distribution u started initially with one ancestor.
We can view 6 as a (random) finite graph and equip it with the natural graph dis-
tance. If » > 0, the scaled tree r6 is obviously defined by requiring the distance
between two neighboring vertices to be r instead of 1. Also let 2(6) stand for the
maximal generation in 6. Then there is a o -finite measure ® (d7) on the space of
(equivalence classes of) rooted compact R-trees such that for every a > 0, the con-
ditional law of the scaled tree n~'6 knowing that /() > an converges as n — 00
to the probability measure ®(d7 | h(7) > a), in the sense of weak convergence
for the Gromov-Hausdorff distance on pointed metric spaces.

In a sense, the preceding result is not really new: See [2],[8] and especially
Chapter 2 of [9] for related limit theorems with a different formalism. Still we
believe that the formalism of R-trees is useful both to formulate such results and
to analyse the limiting objects as we do in the present work.

Let us turn to a more precise description of the class of random trees that will
be considered here. A Lévy tree can be interpreted as the genealogical tree of a
continuous-state branching process, whose law is characterized by a real function
Y defined on [0, 00), which is called the branching mechanism. Here we restrict
our attention to the critical or subcritical case where i is nonnegative and of the
form

Y(h) = ar+ B2 +/ xdrye™ —14xrr), A=0,
(0,00)
where «, B > 0 and 7 is a o -finite measure on (0, co) such that f(o 00) w(dr)(r A
r?) < 00. We assume throughout this work the condition
*© du
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which is equivalent to the a.s. extinction of the continuous-state branching process,
and thus necessary for the compactness of the associated genealogical tree. Of par-
ticular importance are the quadratic branching case ¥ (1) = ¢ A% and the stable case
Y(A) =cA¥,1 <y < 2, which both arise in the discrete approximation described
above.

The precise definition of the ¥/-Lévy tree then depends on the height process
introduced by Le Gall and Le Jan [20] (see also Chapter 1 of [9]) in view of coding
the genealogy of general continuous-state branching processes. The height pro-
cess is obtained as a functional of the spectrally positive Lévy process X with
Laplace exponent 1. An important role is played by the excursion measure N of
X above its minimum process. In the quadratic branching case ¥ (1) = cu?, X is
a (scaled) Brownian motion, the height process H is a reflected Brownian motion
and the “law” of H under N is just the [td measure of positive excursions of linear
Brownian motion: This is related to the fact that the contour process of Aldous’
Continuum Random Tree is given by a normalized Brownian excursion (see [1]
and [2]), or to the Brownian snake construction of superprocesses with quadratic
branching mechanism (see e.g. [19]). In our more general setting, the height process
can be defined informally as follows. For every ¢ > 0, H; measures the size of the
set {s <t : Xy = inf[5 ;) X,}. A precise definition of H; is recalled in Section 3
below. Under our assumptions, the process H has a continuous modification.

The claim is now that the sample path of H under N codes a random continuous
tree called the y-Lévy tree. The precise meaning of the coding is explained in Sec-
tion 2 in a deterministic setting, but let us immediately outline the construction of
the tree. We write ¢ for the duration of the excursion under N and define a random
function dg on [0, {]2 by setting

dH(Sﬂt) = HS +Ht _2mH(Sat) )

where we have set mpy (s, t) = infyr,<,<svs Hr. We introduce an associated equiv-
alence relation by setting s ~ g ¢ if and only if dg (s, t) = 0. In particular, 0 ~g ¢.
The function dy obviously extends to the quotient set 7y := [0, ¢]/ ~p and
defines a distance on this set. It is not hard to verify that (7y, dy) is a compact
R-tree, and its root is by definition the equivalence class of 0. Informally, each real
number s € [0, ¢] corresponds to a vertex at level H; in the tree, and dy (s, t) is
the distance between vertices corresponding to s and ¢ (in particular s and ¢ corre-
spond to the same vertex if and only if dg (s, ) = 0). The quantity m g (s, t) can
be interpreted as the generation of the most recent common ancestor to s and ¢.

The law of the Lévy tree is by definition the distribution ® (d7) of the compact
rooted R-tree (7y, dg) under the measure N. Notice that N is an infinite measure,
and so is ®. However, for every a > 0, v(a) := @(h(7) > a) < oo, and more
precisely v(a) is determined by the equation

/OO du —y
v(a) ¥ (u) -

Section 4 contains the proof of several important properties of Lévy trees. In par-
ticular, for every a > 0, we construct the local time ¢¢ at level a, which is a finite
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measure supported on the level set
T@):={ceT:dp(T),o)=a}

where p(7") denotes the root of 7. We then prove the fundamental “branching
property”: If (T@° i e T) denote the connected components of the open set
{0 € T :d(p(T),0) > a}, the closure T of each 7@)-° is a compact rooted
R-tree with root o; € 7 (a) and, conditionally on £¢, the point measure

280,70,

iel

is Poisson with intensity £ (do) ®(d7T) (see Theorem 4.2 for a slightly more pre-
cise result stating that this point measure is also independent of the part of the tree
“below level a”). Up to some point, the branching property follows from a result of
[9] (Proposition 1.3.1 or Proposition 4.2.3) showing that excursions of the height
process above level a are distributed as the atoms of a Poisson point measure whose
intensity is (a random multiple of) the law of H under N. In this form, the branch-
ing property has been recently used by Miermont [25] to investigate self-similar
fragmentations of the stable tree.

Using the branching property, we investigate the regularity properties of local
times. We show that the mapping a —> ¢ has a cadlag modification and that,
except for a countable set of values of a (corresponding to local extinctions of the
tree) the support of €¢ is the full level set 7 (a). This is used in Section 6 to extend
to superprocesses with a general branching mechanism a continuity property of the
support process that had been derived by Perkins [28] in the quadratic case.

In the final part of Section 4 we prove a Palm-like decomposition of the tree
along the ancestor line of a typical vertex at level a (Theorem 4.5). This decom-
position plays an important role in Section 5. We use it in Section 4 to analyse the
multiplicity of vertices of the tree. By definition, the multiplicity n(c) of o € 7 is
the number of connected components of 7\ {o }. We prove that ® a.e. n(c) takes val-
uesintheset {1, 2, 3, oo}. We also characterize the branching mechanism functions
Y for which there exist binary (n(o') = 3) or infinite (n (o) = 00) branching points.
We then observe that infinite branching points are related to discontinuities of local
times: Precisely, for any level b such that the mapping a — £¢ is discontinuous
at b, there is a (unique) infinite branching point oy, such that £ = ¢/~ 4 4, 3ay,
for some A, > 0. As a last application of our Palm decomposition, we prove an
invariance property of the measure ® under uniform re-rooting (Proposition 4.8).

Section 5 is mostly devoted to the computation of the Hausdorff and packing
dimensions of various subsets of 7 . For any subset A of 7, we denote by dimj (A)
the Hausdorff dimension of A and by dim, (A) its packing dimension. Following
[14], Section 3.1, we also consider the lower and upper box counting dimensions
of A:

log(V(A,8) — . log (N(A, 8))
————, dim(A) =limsup ——
log(1/6) 5§50 log(1/6)

)

dim(A) = liminf
§—0
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where A/ (A, 8) is the minimal number of open balls with radius § that are necessary
to cover A. In order to state our main results, we need to introduce the lower and
upper indices of i at infinity:

y =supl{a >0 : Alim A7 (L) = 4o},
—> 00
n=inf{a >0 : lim A7 %) (1) =0}
A—00
Note that 1 < y < n and that n = y if ¢ is regularly varying at infinity. Let £
be a nonempty compact subset of the interval (0, co) and assume that E is reg-
ular in the sense that its Hausdorff and upper box counting dimensions coincide:

dimy, (E) = dim(E) = d(E) € [0, 1] (here dim, and dim obviously refer to the
usual metric on the real line). Set a = sup E and

T(E) = Ldjy‘a).
leE
Theorem 5.5 asserts that under the assumption y > 1, we have ®-a.e. on {h(7) >
a}’

dim(7 (E)) = dim;, (7 (E)) = d(E) + ﬁ and

EﬂT@»:dmﬂTw»=dwy+;éT

In particular, we have ®-a.e.

dimy,(T) = —— , dim,(T) = ——
n—1 y —1
and, ®-a.e. on {h(7) > a},
1 1
dim,(7 (@) = — , dim,(7(a)) = —.
n—1 y —1

Note that in the stable branching case ¥ (1) = u”, the Hausdorff dimension of 7°
has been computed by Haas and Miermont [16] independently of the present work.

The proofs rely on the classical results linking upper and lower densities of a
measure with the Hausdorff and packing dimensions of its support. Another useful
ingredient is the following estimate for covering numbers of 7 (Proposition 5.2).
We have ®-a.e. for all sufficiently small &,

v(28)
45

In Section 6, we give an application of Theorem 5.5 to the range of a superprocess
Z = (Z;,1 = 0) with branching mechanism y», whose spatial motion is standard
Brownian motion in R¥. To this end, we introduce the notion of a spatial tree,
which allows us to combine the genealogical structure of 7 with independent spa-
tial Brownian motions. Of course, this is more or less equivalent to the Lévy snake
approach of [21] and Chapter 4 of [9]. Still the formalism of R-trees makes this

¢ <N(T,$) <

12v(8/6)
5



558 T. Duquesne, J.-F. Le Gall

construction more tractable and more efficient for applications. Roughly speaking,
spatial trees allow us to express the superprocess Z in terms of the occupation
measure of a Gaussian process indexed by 7. It is therefore possible to use soft
arguments to lift fractal properties of the index set 7 to the range of Z. We prove
the following result (Theorem 6.3). Let E C (0, o0) and a = sup E be as above.
Denote by Rg the range of Z over the time set E, defined by

Rg =|Jsupp z
leE

where supp Z; stands for the topological support of Z;. If y > 1, then a.s. on
{{(Za, 1) # 0},

dimy, (Rg) = <2d(E) + %) Nk. (1)

In the quadratic branching case, this result was obtained earlier by Tribe [30] (see
also Serlet [29]). For more general superprocesses, closely related results can be
found in Theorem 2.1 of Delmas [7], whose proof depends on a subordination
method which requires certain restrictions on the branching mechanism function
. See Dawson [4] for more references and results in the stable branching case.

This paper is intended to be as self-contained as possible. However, it is clear
that many of our results depend on properties of the height process H that were
derived in the monograph [9]. For the reader’s convenience, we have recalled most
of the needed results in Section 3 below.

The paper is organized as follows. Section 2 explains the coding of trees by
continuous functions in a deterministic setting, and also includes a brief discussion
of the convergence of trees in the Gromov-Hausdorff metric. Section 3 recalls the
basic facts about the height process and establishes an important preliminary result
that is needed for the ancestral line decomposition of subsection 4.3. Section 4 is the
core of this paper. It first contains the precise definition of the Lévy tree as the tree
coded by the excursion of H under N, in the framework of Section 2. This definition
is justified by limit theorems relating discrete and continuous trees. Section 4 then
presents the basic probabilitic properties of Lévy trees, in particular the branching
property, the existence and regularity of local times and the decomposition along
an ancestral line. Fractal properties of Lévy trees are studied in Section 5. Finally,
Section 6 discusses applications to superprocesses.

2. Deterministic trees
2.1. The R-tree coded by a continuous function

We start with a basic definition (see e.g. [6]).

Definition 2.1. A metric space (T, d) is an R-tree if the following two properties
hold for every 01,02 € T.

(i) There is a unique isometric map fy, 5, from [0, d(o1, 02)] into T such that
Jo1.0,(0) = o1 and f5, ,(d(01, 02)) = 02
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(ii) If q is a continuous injective map from [0, 1] into T, such that q(0) = o1 and
q(1) = 02, we have

q([0, 1)) = f5,,0,([0, d (01, 02)]).

A rooted R-tree is an R-tree (T, d) with a distinguished vertex p = p(7T) called
the root.

In what follows, R-trees will always be rooted, even if this is not mentioned
explicitly.

Let us consider a rooted R-tree (7', d). The range of the mapping f, 4, in (i) is
denoted by [[o7, 02]] (this is the line segment between o and o7 in the tree). In par-
ticular, forevery o € 7, [[p, o]] is the path going from the root to o, which we will
interpret as the ancestral line of vertex o. More precisely we define a partial order
on the tree by setting o < o’ (o is an ancestor of ¢’) if and only if o € [[p, o']).

If 0,0’ € T, there is a unique n € 7 such that [[p, 1 N [[p, o'l = [[e, n]l.
We write = o A ¢’ and call  the most recent common ancestor to o and ¢”.

By definition, the multiplicity of a vertex o € 7 is the number of connected
components of 7\{o}. Vertices of 7\{p} which have multiplicity 1 are called
leaves.

Our main goal in this section is to describe a method for constructing R-trees,
which is particularly well-suited to our forthcoming applications to random trees.
We consider a (deterministic) continuous function g : [0, o0) —> [0, o0) with
compact support and such that g(0) = 0. To avoid trivialities, we will also assume
that g is not identically zero. For every s, t > 0, we set

mge(s,t) = inf g(r),

re[sat,svt]
and
dg(s, 1) = g(s) + g(t) — 2mg(s, 1).
Clearly dg(s, 1) = dg(t, s) and it is also easy to verify the triangle inequality

de(s,u) < dg(s,t) +dg(t,u)

forevery s, t, u > 0. We then introduce the equivalence relation s ~ ¢ iff d, (s, 1) =
0 (or equivalently iff g(s) = g(t) = m4(s, 1)). Let T, be the quotient space

T, = [0,00)/ ~ .

Obviously the function d,, induces a distance on 7, and we keep the notation d,, for
this distance. We denote by p, : [0, 00) — 7, the canonical projection. Clearly
Dg is continuous (when [0, 00) is equipped with the Euclidean metric and 7, with
the metric d).

Theorem 2.1. The metric space (1g, d) is an R-tree.

We will view (7, d;) as a rooted R-tree with root p = p,(0). If £ > 0 is the
supremum of the support of g, we have p¢(t) = p for every ¢t > ¢. In particular,
T, = pg([0, £]) is compact. We will call 7, the R-tree coded by g.

Before proceeding to the proof of the theorem, we state and prove the following
root change lemma.
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Lemma 2.2. Let sg € [0, ¢). For any real r > 0, denote by r the unique element
of [0, ¢) such that r — 7 is an integer multiple of ¢. Set

g'(s) = g(s0) + g(s0 +5) — 2mg(s0, 50 + 5),

for everys € [0,¢], and g'(s) = 0 for s > . Then, the function g’ is continuous
with compact support and satisfies g'(0) = 0, so that we can define the metric
space (1y, dg). Furthermore, for every s, t € [0, ¢], we have

dg(s,t) =dg(so+ 5,50+ 1) (2)
and there exists a unique isometry R from T, onto Ty such that, for every s € [0, ¢],
R(pg(s)) = pglso+ ). 3)

Proof. 1tis immediately checked that g’ satisfies the same assumptions as g, so that
we can make sense of the tree 7,/. Then the key step is to verify the relation (2).
Consider first the case where s, ¢t € [0, ¢ — so). Then two possibilities may occur.

If mg(so+s,s0+1) > mg(so, so+s), then mg(so, so +7) = mg(so, S0 +5) =
mg(so, so + t) for every r € [s, ], and so

mgi(s,t) = g(so) +mg(so+ 5,50 +1) — 2mg(so, 5o + ).
It follows that

dg (s, t) = g +4@) — 2mg(s, 1)
= g(s0 +5) — 2mg(s0, s0 +5) + g(s0 + 1) — 2mg(s0, 50 + 1)
—2(mg(so + s, 80 +1) — 2mg(so, 50 + 5))
= g(so + ) + g(so + 1) — 2mg(so + s, S0 + 1)
=dg(so + 5,50 +1).
If mg(so + 5,50 +1) < mg(so, so + ), then the minimum in the definition
of mg (s, t) is attained at r| defined as the first r € [s, f] such that g(so + r) =

mg(so, So + 5) (because for r € [ry, t] we will have g(so +r) — 2m4(sg, so +7) >
—mg(s0, S0 +7) = —mg(so, so + r1)). Therefore,

mgi (s, 1) = g(so) — mg(s0, 50 +5),
and

dgr(s, 1) = g(so + ) — 2mg(s0, 50 + ) + g(so + 1)
—2mg (0, S0 + 1) + 2mg(s0, so + )
=dg(so+ 5,50 +1).

The other cases are treated in a similar way and are left to the reader.

By (2),ifs, 1 € [0, ¢]aresuchthatdy (s, 1) = 0,wehaved,(so + 5,50 + 1) =0
so that pg(so +5) = pg(so + ¢). Noting that ’];,/ = pg([0, ¢1) (the supremum of
the support of g’ is less than or equal to ¢), we can define R in a unique way by the
relation (3). From (2), R is an isometry, and it is also immediate that R takes 7y
onto 7Tg. O
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Proof of Theorem 2.1. Let us start with some preliminaries. For o, ¢’ € Tg, we
set 0 < o’ if and only if dg(0, 0") = dg(p,0") — dg(p,0). If 0 = pg(s) and
o' = pg(1), it follows from our definitions that 0 < o’ iff mg(s, 1) = g(s). Itis
immediate to verify that this defines a partial order on 7.

For any 09, 0 € T, we set

[[oo, o1l = {0 € T : dg(00, 0) = dg(00, 0') + dg(0', o)}

If 0 = pe(s) and 0’ = p, (1), then it is easy to verify that [p, o]l N [[p, o]l =
[lo, v1l, where y = pg(r), if r is any time which achieves the minimum of g
between s and t. We thenput y = o A c’'.

WesetTglo]:={0' € Ty 10 < 0'}.If Tylo] # {o}and o # p,then Ty\ T, [o]
and 7, [0 ]\{o} are two nonempty disjoint open sets. To see that 7,\7,[c] is open,
let s be such that p,(s) = o and note that 7,[o] is the image under p, of the
compact set {u € [0, ] : my(s, u) = g(s)}. The set Ty[o]\{o} is open because if
o' € Ty[o] and ¢’ # o, it easily follows from our definitions that the open ball
centered at o’ with radius d, (o, 0”) is contained in Zg[o]\{o}.

We now prove property (i) of the definition of an R-tree. By using Lemma 2.2
with so such that p,(so) = o1, we may assume that oy = p = p,(0). If 0 € 7,
is fixed, we have to prove that there exists a unique isometry f from [0, d¢ (0, 0)]
into 7, such that f(0) = p and f(dy,(p,0)) = 0. Lets € pgl({o}), so that
g(s) =dg(p, o). Then, for every a € [0, dg(p, 0)], we set

w(a) =inf{r € [0, s] : mg(r,s) = a}.

Note that g(w(a)) = a. We put f(a) = pg(w(a)). We have f(0) = p and
fdg(p,0)) = o,thelatterbecause mg (w(g(s)), s) = g(s) implies pg (w(g(s))) =
Pg(s) = o. It is also easy to verify that f is an isometry: If a, b € [0, d, (0, 0)]
with a < b, it is immediate that mg(w(a), w(b)) = a, and so

dy(f(a), f(b)) = g(w(a)) + g(w(b)) —2a =b —a.

To get uniqueness, suppose that f is an isometry satisfying the property in (i).
Then, if a € [0, dg(p, 0)],

do(f(a),0) =dy(p,0) —a =dy(p,0) — dg(p, f(a)).

Therefore, f (a) < o.Recallthato = pg(s), and choose ¢ such that p () = f (a).
Note that g(¢) = dg(p, pg(t)) = a. Since f(a) < o we have g(t) = myg(t, s).
On the other hand, we also know that a = g(w(a)) = mg(w(a), s). It follows that
we have a = g(t) = g(w(a)) = mg(w(a), t) and thus d, (¢, w(a)) = 0, so that
f(a) = pg(t) = pg(w(a)) = f(a). This completes the proof of (i).

As a by-product of the preceding argument, we see that f ([0, dg(p,0)]) =
[[o, o]l: Indeed, we have seen that for every a € [0, dy(p, 0)], we have f(a) < o
and, on the other hand, if n < o, the end of the proof of (i) just shows that
n = fdg(p,n).

We turn to the proof of (ii). We let ¢ be a continuous injective mapping from
[0, 1]into 7, and we aim at proving that ¢ ([0, 11) = f;(0),4(1) ([0, dg (g (0), g(1))]).
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From Lemma 2.2 again, we may assume that ¢g(0) = p, and we seto = ¢g(1). Then
we have just noticed that fy » ([0, dg(p, 0)]) = [[p, o]l

We first argue by contradiction to prove that [[p,o]] C ¢([0, 1]). Suppose
that n € [[p, o]l\g([0, 1]), and in particular, n # p, o. Then ¢([0, 1]) is con-
tained in the union of the two disjoint open sets 7,\7,[n] and Z,[n]\{n}, with
q(0) = p € T\T,[n] and g(1) = o € T[n]\{n}. This contradicts the fact that
q ([0, 1]) is connected.

Conversely, suppose that there exists a € (0, 1) such that g(a) ¢ [[p, o]]. Set
n =gq(a)andlety = o A n.Note that y € [[p, n]l N [[n, o]l (from the definition
of o A 7, it is immediate to verify that d¢(n,0) = d;(n, ) + dg(y, 0)). From
the first part of the proof of (ii), ¥ € ¢([0, a]) and, via a root change argument,
y € ¢q([a, 1]). Since q is injective, this is only possible if y = g(a) = n, which
contradicts the fact that n ¢ [[p, o]]. O

Once we know that (7, dg) is an R-tree, it is straightforward to verify that the
notation o < o/, [0, 0']l, 0 A ¢’ introduced in the preceding proof is consistent
with the definitions stated for a general R-tree at the beginning of this section.

Let us briefly discuss multiplicities of vertices in the tree 7,. If 0 € 7, isnot a
leaf then we must have ¢(0) < r(o), where

t(o) = sup py (o). r(o) =inf p;'({o})

are respectively the smallest and the largest element in the equivalence class of o
in [0, ¢]. Note that m,(£(0),r(0)) = g(l(0)) = g(r (o)) = dg(p, o). Denote
by (ai, bj),i € T the connected components of the open set (£(o),r(0)) N{t €
[0, 00) : g(t) > dg(p, o)} (the index set 7 is empty if o is a leaf). Then we claim
that the connected components of the open set T,\{o} are the sets py((a;, b;)),
i € Z and T \T,[o] (the latter only if o is not the root). We have already noticed
that 7,\7;[o] is open, and the argument used above for ;[0 ]\{o} also shows
that the sets p,((a;, b;)), i € I are open. Finally the sets pg((a;, b;)) are con-
nected as continuous images of intervals, and 7,\7,[c] is also connected because
if o', 0" € T\ Tglo], [[p, o' U [[p, 0”1l is a connected closed set contained in
T\ Tglo].

2.2. Convergence of trees

Two rooted R-trees 7(1y and 7y are called equivalent if there is a root-preserv-
ing isometry that maps 7(1y onto 7). We denote by T the set of all equivalence
classes of rooted compact R-trees. The set T can be equipped with the (pointed)
Gromov-Hausdorff distance, which is defined as follows.

If (E, ) is a metric space, we use the notation 8p4,s(K, K') for the usual
Hausdorff metric between compact subsets of E. Then, if 7 and 7" are two rooted
compact R-trees with respective roots p and p’, we define the distance dg gy (7, 7")
as

Ao (T, T') = inf (8r1aus (@(T), ¢/ (TN V 8(p(0), ¢' (9D

where the infimum is over all isometric embeddings ¢ : 7 —> Eand ¢’ : 7/ —>
E of T and 7’ into a common metric space (E, §). Obviously dgg (7, T’) only
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depends on the equivalence classes of 7 and 7”. Furthermore d¢ g defines a metric
on T (cf[15] and [13]).

According to Theorem 2 of [13], the metric space (T, dgp) is complete and
separable. Furthermore, the distance dgy can often be evaluated in the following
way. First recall that if (E1,d;) and (E», d2) are two compact metric spaces, a
correspondence between E| and E; is a subset R of E| x E» such that for every
x1 € Ej there exists at least one x, € Ej such that (x1, x2) € R and conversely
for every y, € Ej there exists at least one y; € Ej such that (yq, y2) € R. The
distorsion of the correspondence R is defined by

dis(R) = sup{ldi (x1, y1) — d2(x2, y2)| : (x1, x2), (y1,y2) € R}.

Then, if 7 and 7" are two rooted R-trees with respective roots p and p’, we have

dou(T,T') = dis(R), “4)

1
— inf
2 ReC(T, T, (p,p))eR

where C(7,7") denotes the set of all correspondences between 7 and 7" (see
Lemma 2.3 in [13]).

Lemma 2.3. Let g and g’ be two continuous functions with compact support from
[0, 00) into [0, 00), such that g(0) = g’'(0) = 0. Then,

don (T3, Ty) < 2llg = ¢'ll,
where ||g — g'|| stands for the uniform norm of g — g’
Proof. We can construct a correspondence between 7, and 7, by setting
R ={(0,0") : 0 = pg(t) and 6" = py (¢) for some 1 > 0}.

In order to bound the distortion of R, let (o, ¢’) € R and (n, ") € R. By our defi-
nition of R we can find s, > 0 such that p,(s) = o, pg(s) = o’ and pe(t) =,
Py (t) = n'. Now recall that

dg(o,n) = g(s) + g(t) — 2my(s, 1),
dy (o', 1) = g'(s) +g'(t) = 2my (s, 1),

so that
ldg(o,m) —dg (o', )| < 4llg — &'l

Thus we have dis(R) < 4||g — ¢’|| and the desired result follows from (4). m|
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3. The height process
3.1. The definition of the height process

We will now introduce the random process which codes, in the sense of subsection
2.1, the genealogical structure of a continuous-state branching process. Recall that
a continuous-state branching process is a Markov process (Y;, t > 0) with values
in the positive half-line [0, co), with a Feller semigroup (Q;, t > 0) satisfying the
following additivity (or branching) property: For every ¢ > 0 and x, x’ > 0,

0r(x, ) % 0 (¥, ) = Qr(x + X, ).

Informally, this is just saying that the union of two independent populations started
respectively at x and x” will evolve like a single population started at x + x’.

We will consider only the critical or subcritical case, meaning that
f[o’ 00y Y Q(x,dy) < x forevery t > 0 and x > 0. Then the Laplace functional of
the semigroup can be written in the following form:

| e 0ty = exp(-xu . )
[0,00)
where the function (u;(A), r > 0, A > 0) is determined by the differential equation
du; (1)
=) u() =4, 6)

and v is a function of the type

U (L) = ak + BA? +/ (e =1+ rr)m(dr),
(0,00)

where o, 8 > 0 and 7 is a o-finite measure on (0, co) such that f(o ) r A

r?) (dr) < oo. Conversely, for any function v of this type, there exists a (unique
in law) continuous-state branching process Y whose transition kernel is determined
from ¢ by the preceding formulas. The process Y is called the i-continuous-state
branching process (¥-CSBP in short). It is well known that ¥ has only positive
jumps (indeed Y can be obtained as a time change of a spectrally positive Lévy
process, see Lamperti [17]).

In the present work, we will consider only the case where the ¢/ -CSBP becomes
extinct almost surely, which is equivalent to the condition

* du

A

Note that this implies that at least one of the following two conditions holds:

< 0. @)

B>0 or / rm(dr) = oo. ®)
0,
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(8) is necessary and sufficient for the paths of Y to be of infinite variation a.s. The
coding of the genealogy that is presented below remains valid under (8) even if (7)
fails to hold, but the resulting tree is no longer compact (see Theorem 4.7 in [20]).
On the other hand, if (8) is not satisfied (that is in the finite variation case), the
underlying branching structure is basically discrete: See Section 3 of [20] and also
[23] for a discussion with applications to queuing processes).

Special cases that satisfy our assumptions are the quadratic branching case
¥ (1) = c u? and the stable branching case ¥ (#) = cu?, for some 1 < y < 2.

It has been argued in [20] and [9] that the genealogy of the ¥»-CSBP is coded by
the so-called height process, which is itself a functional of the Lévy process with
Laplace exponent {. We denote by X a (spectrally positive) Lévy process with
Laplace exponent v, defined under the probability measure P:

Elexp(—1X,)] = exp(ty(A) , 1,1 =0.

The subcriticality assumption on Y and condition (8) are equivalent to saying
respectively that X does no drift to 400 and has paths of infinite variation.

The height process H = (H;; t > 0) associated with X is defined in such a
way that, for every ¢+ > 0, H; measures the size of the set

{s€[0,¢] : X,_ < inf X,}. )
s<r<t

This is motivated by a discrete analogue for Galton-Watson trees (see Section 0.2
in [9]). To make the preceding definition precise, we use a time-reversal argument:
For any ¢ > 0, we define the Lévy process reversed at time ¢ by

)A(E =X, —Xq-5-, 0<s<t and )?f = X,.
Then X' is distributed as X up to time 7. Let us set

S;=supX, and S =supX’.
r<s r<s
The set (9) is the image of
{se€l0,7] : S'=X'}.

under the time reversal operation s — ¢ — s. Recall that S — X is a strong Markov
process for which 0 is a regular point. So, we can consider its local time process at
0, which is denoted by I'(X) = (I';(X), t > 0). We define the height process by

H =Ti(X"), =0, (10)
To complete the definition, we still need to specify the normalization of the
local time I'(X). This can be done through the following approximation:
1 t
H; =lim—- | ds1 S el
! glf(} e Jo S UXs<IP+e)

where I} = inf;<,<; X, and the convergence holds in probability (this approxima-
tion follows from Lemma 1.1.3 in [9]). Thanks to condition (7), we know that the
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process H has a modification with continuous sample paths (Theorem 4.7 in [9]).
From now on we consider only this modification. When § > 0, it is not hard to see
that, for any ¢ > 0,

1 <t
H = ELeb({Ss 1 0<s<1}),

where Leb stands for the Lebesgue measure on the real line. In particular when
V(1) = Bu? (X is a scaled Brownian motion), we see that H; = B~(S; — X,) is
distributed as a (scaled) reflected Brownian motion.

For our purposes it will be crucial to define the height process also under the
so-called excursion measure N. Set I; = infy<; X and recall that X — I is a strong
Markov process. Then for any ¢t > 0, H; only depends on the values taken by X — I
on the excursion interval that straddles ¢ (at least informally this is obvious if we
think of H, as measuring the size of the set (9)). Under our assumptions, O is a
regular point for X — I, and the process —/ can be chosen as the local time of
X — I atlevel 0. We denote by N the associated excursion measure, which plays a
fundamental role throughout this work (as was already the case in [9]). The dura-
tion of the excursion under N is denoted by ¢. Let (g;, d;), i € Z be the excursion
intervals of X — I above 0. One easily verifies that P a.s.,

Jid)=1{s=0: X;— I, >0} ={s >0 : H, >0}

ieZ
Denote by H;(s) = Hg, 15,0 < s < ¢ =d; — gi,i €1 the excursions of H away
from 0. Then, each H; can be written as a functional of the excursion of X — I away
from O corresponding to the interval (g;, d;). Consequently, if C ([0, o0)) denotes
the space of all nonnegative continuous functions on [0, c0), the point measure

> 81y, (dldw) (11)
ieZ
is a Poisson point measure on Ry x C, ([0, 0o)) with intensity d¢A(dw), where
A(dw) is the o-finite measure on C4 ([0, 00)) defined as the law of H under N.
Note that in the Brownian case, A is the classical Itd measure of positive excursions
of linear Brownian motion (up to a normalizing constant).

3.2. Local times of the height process

Let us start by the defining the local times under P. For every a > 0, the local time
of the height process at level a is the continuous increasing process (L{,s > 0)
which can be characterized via the approximation

} - 0

(see Section 1.3 of [9]). It is then easy to see that the support of the measure d L¢
is contained in the closed set {s > 0 : H; = a}. When a > 0, we have also

}o.

1 7
- / drl{a<Hr§a+s} - L?
0

lim E |: sup
e—0 &

0<s<t

&

1 N
lim E | sup —/ drlg_e<H,<ay — L$
e=>0 | o<s<t 0 -
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Let us recall the “Ray-Knight theorem” for H ([9] Theorem 1.4.1, see also [20],
Theorem 4.2), which can be viewed as a generalization of famous results about lin-
ear Brownian motion. For any r > 0, set: T, = inf{s > 0 : X; = —r}. Then, the
process (L”r ; a > 0)1is a -CSBP started at r. In particular, this process has a
cadlag modification.

The local time at level a can also be used to describe the distribution of excur-
sions of the height process above level a, and this will be very important for our
applications. Let us fix @ > 0 and denote by («;, B;), j € J the connected com-
ponents of the open set {s > 0 : Hy; > a}. For any j € J, denote by H/ the
corresponding excursion of H defined by:

HYJ = H(Otj-l—S)Aﬁj —a, s = 0.

Also set ﬁf = H;‘g, where for every s > 0,
t
"E? =inf{t > 0: / dr l{Hrfa} > s}.
0

Informally, He corresponds to the evolution of H “below level a”.
The next result is a straightforward consequence of Proposition 1.3.1 in [9].

Proposition 3.1. Under the probability P, the point measure

> Sg miy(dtdw)

jeg
is independent of H® and is a Poisson point measure on Ry x C([0, c0)) with
intensity d¢A(dw).

It will be important to define local times under the excursion measure N. This
creates no additional difficulty thanks to the following simple remark. If r > 0,
then for any 6 > 0, there is a positive probability under P that exactly one excursion
of H away from zero hits level § before time 7. It easily follows that we can define
for every a > 0 a continuous increasing process (A, s > 0), such that, for every

e (0,a)andr > 0,
) =0. (12)

(see Section 1.3 in [9]). Again the support of the measure dA¢ is contained in
{s : H; = a}, N a.e. From the above-mentioned Ray-Knight theorem and elemen-
tary excursion theory for X — I we get, for any a > 0 and any A > O,

N (1 - exp(—AA’Z)) — ug(V), (13)

lim N <l{supH>5} sup

=0 0<s<IAL

1 [
- / drl{a—s<Hr§a} - A?
€Jo

where u,()) is as in (5). We set v(a) = limj _, o U4 (A). By writing (6) in the form
of an integral equation and passing to the limit A — oo using (7), we see that the
function v is finite on (0, co) and determined by the equation

/OO du
a = .
v(a) Y (u)
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Moreover, for every a > 0, we have

v(a) =N (Ag > 0) - N <sup H, > a) . (14)

§<¢

The first equality follows from the definition of v. The second one can be deduced
from Proposition 3.1, which implies that inf{s > 0: L{ > 0} = inf{s > 0: H; >
a}, P as.

We will need an analogue of Proposition 3.1 under the excursion measure N.
To state it, fix a > 0 and denote by («;, B;), j € J the excursion intervals of H
above level a (just as before, but we are now arguing under N) and for every j € J
let H/ be the corresponding excursion. Let the process H* be defined as previously
and let H* be the o -field generated by H and the class of N -negligible measurable
sets. From our approximation (12) it follows that A? is measurable with respect to

He.

Corollary 3.2. Under the probability measure N (- | sup H > a) and conditionally
on 'H%, the point measure

Z 8(Agj,Hj)(d£ da))

jed
is distributed as a Poisson point measure on Ry x C1 ([0, 00)) with intensity
l[O,A?](E)dEA(dw).

This is really an immediate consequence of Proposition 3.1 if we notice that
the law under P of the first excursion of H that hits level a is N(- | sup H > a).
Alternatively, the statement of Corollary 3.2 also appears as an intermediate result
in the proof of Proposition 4.2.3 in [9].

We will need one additional property related to Corollary 3.2. First denote by
(A%, s > 0) the local time of H“ at level a, which may be defined either by an
approximation similar to (12) or directly by the formula 1~\‘; = A%,. Then we have
N a.e.on {sup H > a} '

~ aj
inf{s > 0: Al > Agj} :/ ds 1{p,<ay , forevery j € J. (15)
0

For a proof, see pages 108-109 of [9].

We conclude this section with an important regularity property of local times.
Recall that a cadlag process Y is said to have no fixed discontinuities if for every
fixed ¢ > 0, the sample path of Y is continuous at 7 outside a set of zero probability.

Lemma 3.3. Set A? = 0 for every s > 0. Then the process (Ag, a > 0) has a
cadlag modification under N, and this modification has no fixed discontinuities.

Proof. Letr > 0. Since the process (L”r, a > 0) is a ¥-CSBP and thus a Feller
process, it has a cadlag modification with no fixed discontinuities under P. Let H;,
i € T be the excursions of H away from 0, as in (11), and for every i € 7 let ;
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be the duration of H;. From our approximation of local times, it is easy to see that,
for every a > 0,

L = > AL(H). Nae (16)

zeZ,Ig,. >—r

Using a previous remark about the existence of exactly one excursion of H hit-
ting level § before time 7,, we easily deduce from the previous formula and the
cadlag property of (L“r, a > 0) that the process (A‘C‘, a > 0) must have a cadlag
modification with no fixed discontinuities under N. Furthermore, if we use this
modification in the right side of (16), for every a > 0, we will obviously obtain the
cadlag modification of the process (L“r, a > 0).

It remains to verify that A‘g converges to 0, N a.e. as a | 0 (we now consider
the modification that has just been introduced). For this, we need a different argu-
ment. Let § > 0 and let H;, be the first excursion of H that reaches level §. From
properties of Poisson measures, the law under P of the point measure

Yo Sy, (drdw)

ie\{io} Ig;>—r

is absolutely continuous with respect to that of

> Sy mp(drdw).

iEI,Igl.>—r

In particular, the function

a —> Z AL (H;)

i€T\{io}.Ig;>—r

must converge P a.s. to 7 as @ | 0. Now note that, on the event {_Igi() > —r} =
{supo,7,; H > 8}, we have for every a > 0

NG, (Hi) = 3 AGH) = 3 AG(H)

i€l Iy >—r i€Z\{io} Ig;>—r

and use the fact that the distribution of H;;, under P(- | supyo, 7,1 H > §) coincides
with the law of H under N (- | sup H > &) to complete the proof. O

From now on, we assume that have chosen a modification of the collection
(A%, a > 0) in such a way that the process (Ag, a > 0) is cadlag. This will be
important in the applications developed in Section 4 below.

Let us finally briefly comment on the use of the measures P and N for our
purposes. As will be made precise in the next section, the height process under N
codes a single (compact rooted) R-tree, whereas under P it codes a Poissonnian
collection of such trees, each excursion of H away from O corresponding to one
tree.
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3.3. A key lemma

In this subsection, we prove a basic preliminary lemma, which is a consequence
of the results in [9]. We need to introduce some notation. Denote by M y the space
of all finite measures on [0, 00). If © € My, we denote by H(u) € [0, 0o] the
supremum of the (topological) support of . We also introduce a “killing operator”
on measures defined as follows. For every x > 0, kyp is the element of My such
that k, ([0, t]) = w ([0, t]) A (u([0, 00)) — x)+ for every t > 0. Let M;f- stand for
the set of all measures u € My such that H () < oo and the topological support
of wis [0, H(w)]. If w € M, we denote by Q,, the law under P of the process H*
defined by

H}' = H(k-,) + H , ift < Ty y

H[“ =0, ift > Ty,

where T, 1y = inf{r > 0 : X; = —(u, 1)}. Our assumption pu € M;’Z guarantees
that H* has continuous sample paths, and we can therefore view Q,, as a prob-
ability measure on the space C4 ([0, 00)) of nonnegative continuous functions on
[0, 00).

Finally, let ¥*(u) = ¥ (u) — a u, and let (U', U?) be a two-dimensional sub-
ordinator with Laplace functional

_M)

Elexp(—AU! — J'U?)] = exp ( —

(alternatively, (U Ly 2) can be characterized by its drift and Lévy measure, see
[9], p. 80). When A = 1/, the ratio W%}W should obviously be interpreted as
¥’ (L) — a, so that we see that U 4+ U? is a subordinator with Laplace exponent
Y’ — a. For every a > 0, we let M, be the probability measure on (M ;i)z which is

the distribution of (1j0.4)() AU}, 1j0.4)(¢) dU?).

Lemma 3.4. For any nonnegative measurable function F on C, ([0, 00))?,

¢
N( /0 ds F((Hs—1y, 1 2 0), (.1 2 0)))
=/ dae_aa/Mu(dudv)/Qu(dh)Qv(dh’)F(h,h/).
0

Remark. In the Brownian case ¥ (1) = u?, this lemma reduces to the well-known
Bismut decomposition of the Brownian excursion.

Proof. We start by recalling some results from [9] (see Chapter 1 and Section 3.1
in [9]). We can define both under P and under N a cadlag process (o, 1r);>0 taking
values in (M *12)2 such that the following properties hold:

(i) We have H(p;) = H; = H(n;) foreveryt > 0, N a.e. and P a.e.
(i1) The process (pr, n;) is adapted with respect to the filtration (F;),>0 generated
by the Lévy process X. Furthermore, if G is any nonnegative measurable
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functional on C4 ([0, 00)), we have for every s > 0, N a.e. on the event

{s <¢h
N(GH(ps4in) 1 2 0) | Fy) = 0,,(G), (17)
(iii) Theprocess (n(;—s)_, P(c—s)_)0<s<¢ has the same distribution as (oy, 15 )0<s<¢

under N.
(iv) For any nonnegative measurable function  on (M;’Z)z,

¢ 00
V([ ds@eng) = [ dae 1,6, as)
0 0
To make sense of the conditional expectation in (17), note that the event {s < ¢}
has finite N-measure. We refer to [9] for a proof of properties (i) — (iv) above:
See in particular Propositions 1.2.3 and 1.2.6 for (17), Corollary 3.1.6 for (iii) and
Proposition 3.1.3 for (iv).

We now proceed to the proof of the lemma. We may and will assume that F' is
of the form F(h, h’) = Fi(h) F>(h’). Using (i) and then (ii), we have

¢
N(/ ds F (H(sfm, t> O)FZ(H(A'+I)/\§’I > 0))
0
¢
= N( [ ds Fi(Hpen.t 2 0)Fa(Hipirno).t = 0))
0
¢
- N(/ ds Fi (H(p(s_l>+),r > 0) pr(Fz)).
0
From the time-reversal property (iii) we see that the last quantity is equal to
¢
V([ ds 0P Fi(HGprono) 12 0))
0

¢
=N ([ ds .m0, r).
using (17) once again. The formula of the lemma now follows from (18). |

Corollary 3.5. Let a > 0. Then, for any nonnegative measurable function F on
C+(10, 00))?,

¢
V([ ans F((Hent = 0. (Hicrne,t = 0))
= [ Maanav) [ 0@ Q) Fih i)

Proof. This is a straightforward consequence of Lemma 3.4 and the approximation
of local time given in (12). |

Remark. The case F = 1 of Corollary 3.5 gives N (A‘g) = e % foreverya > 0.
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4. The Lévy tree

We have seen that N a.e. the function s — H, satisfies the properties stated at
the beginning of subsection 2.1, namely it is continuous with compact support and
such that Hy = 0.

Definition 4.1. The vr-Lévy tree is the tree (Ty, dy) coded by the function s — Hj
under the measure N.

We will say the Lévy tree rather than the y-Lévy tree if there is no risk of
confusion.

We denote by ©(d7) the o-finite measure on T which is the law of the Lévy
tree, that is the law of the tree 7y under N. Note that the measurability of the
random variable 7y follows from Lemma 2.3.

4.1. From discrete to continuous trees

In this subsection, we will state a result which justifies the definition of the yr-Lévy
tree by showing that it arises as the limit in the Gromov-Hausdorff distance of
suitably rescaled discrete Galton-Watson trees.

We start by introducing some formalism for discrete trees. Let

o0
u=Jn
n=0
where N = (1,2, ...} and by convention N’ = {@}. If u = (u1,...u,) and
v = (vq,...,vy) belong to U, we write uv = (u1,..., Uy, vy, ..., vy,) for the

concatenation of u and v. In particular u@ = Gu = u.
A (finite) rooted ordered tree O is a finite subset of I/ such that:

1) o e€6.
(i) Ifvefandv =uj forsomeu € U and j € N, thenu € 6.
(iii) For every u € 6, there exists a number &, (9) > O such thatuj € 6 if and only
if 1 <j <ku(0).

We denote by T the set of all rooted ordered trees. In what follows, we see each
vertex of the tree 0 as an individual of a population whose 6 is the family tree.

If0isatree and u € 6, we define the shift of 6 atu by 7,60 = {v € U : uv € 6}.
Note that 7,6 € T. We also denote by i(6) the height of 7, that is the maximal
generation of a vertex in 6.

For our purposes it will be convenient to view 6 as an R-tree: To this end,
embed 6 in the plane, in such a way that each edge corresponds to a line segment
of length one, in the way suggested by the left part of Fig. 1. Denote by 7 the
union of all these line segments and equip 7¢ with the obvious metric such that
the distance between o and o is the length of the shortest path from o to o’ in 7.
This construction leads to a (compact rooted) R-tree whose equivalence class does
not depend on the particular embedding.
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Fig. 1

To define now the contour function of 77, consider a particle that starts from
the root and visits continuously all edges at speed one, going backwards as less as
possible and respecting the lexicographical order of vertices. Then let C? () denote
the distance to the root of the position of the particle at time ¢ (for r > 2(]0] — 1),
we take C?(r) = 0 by convention). Fig.1 explains the definition of the contour
function better than a formal definition. Note that in the notation of Section 2, we
have 7% = 7.0, meaning that 7% coincides with the tree coded by the function
ct.

Now let us turn to Galton-Watson trees. Let u be a critical or subcritical off-
spring distribution. This means that u is a probability measure on Z, such that
thio ku(k) < 1. We exclude the trivial case where (1) = 1. Then, there is a
unique probability distribution IT, on T such that

D) Mutkg =Jj) =n(j), JE€Zy.

(ii) Forevery j > 1 with u(j) > 0, the shifted trees 710, ... , 7;0 are indepen-
dent under the conditional probability I, (- | kg = j) and their conditional
distribution is IT,.

A random tree with distribution IT, is called a Galton-Watson tree with off-
spring distribution u, or in short a p-Galton-Watson tree. Obviously it describes
the genealogy of the Galton-Watson process with offspring distribution p started
initially with one individual.

We can now state our result relating discrete and continuous trees. If 7 is a
(compact rooted) R-tree with metric d, and if r > 0, we slightly abuse notation
by writing r7 for the “same” tree equipped with the distance r d. Recall that the
height of 7 is

hWT) = sup{d(p(T),0) 10 € T},

where p (7)) denotes the root of 7. For every real number x, [x] denotes the integer
part of x.
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Theorem 4.1. Let (1)) p>1 be a sequence of critical or subcritical offspring dis-
tributions. For every p > 1 denote by Y? a Galton-Watson branching process with
offspring distribution |, started at Y(f = p. Assume that there exists a nonde-
creasing sequence (mp) p>1 of positive integers converging to +00 such that

—lyp @
(p Yim,io 12 0) Pyl (Yr,1=0) (19)
where the limiting process Y is a y-CSBP. Assume furthermore that for every § > 0,

lipm_) iogf P[Y[;p 5 =01>0. (20)
Then, for every a > 0, the law of the R-tree m;lTe under T1,,,(d6 | h(0) >
lam,]) converges as p — o0 to the probability measure ©(d7T | h(T) > a), in
the sense of weak convergence of measures in the space T.

Proof. We noted that the tree 77 is the tree coded by the function C?, in the sense of
Section 2. Lemma 2.3 then shows that the convergence of the theorem follows from
the weak convergence of the scaled contour function (m;lc % (pm pt), t = 0) under
I1,,,(d6 | h(0) = [amp]) towards the height process H under N(- | sup H > a).
But this is precisely the contents of Proposition 2.5.2 in [9], which is itself a con-
sequence of Theorem 2.3.1 in the same work. O

The technical assumption (20) guarantees that the Galton-Watson process Y7
dies out at a time of order m p,, as one expects from the convergence (19) (recall that
Y dies out in finite time). See Chapter 2 of [9] for a discussion of this assumption,
and note that it is always true in the case when ), = p for every p (Theorem 2.3.2
in [9]). In particular, the approximation result stated in the introduction above is
easily seen to be a consequence of Theorem 4.1.

4.2. Local times and the branching property of Lévy trees

Let us start with a few simple observations. We recall that the generic element of
T is denoted by (7, d). Then, for every a > 0,

OM(T) >a)=N(GsupH > a) =v(a),

where the function v is determined by f 5(2) 1//(u)_1du =a.
The truncation of the tree 7 at level a > 0 is the new tree

trg(T) ={o €T :d(p(T),0) <a},

which is obviously equipped with the restriction of the distance d. It is easy to
verify that the mapping 7 — tr,(7") from T into itself is measurable.
Let 7 € Tand a > 0. Denote by 7/)-°, i € T the connected components of
the open set
T({(a, ) ={oc €T :d(p(T),0) > a}.

Notice that the index set Z may be empty (if #(7) < a), finite or countable. Let
i € Z. Then the ancestor of o at level @ must be the same for every ¢ € T@)°,
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We denote by o; this common ancestor and set 7@ = 7@-° U {o;}. Then 71 is
a compact rooted R-tree with root o;. The trees T® i e I are called the subtrees
of 7 originating from level a.

We set ;
Na = Z(S(Gij—(i)),
ieZ
which is a point measure on 7 (a) x T. Also, for every § > 0, we let

Z(a,8) =i €Z:h(TD) > 5}
be the number of subtrees of 7 originating from level a that hit level a + §.

Theorem 4.2. Foreverya > 0andfor ® a.e. T € T we can define a finite measure
€% on T, in such a way that the following properties hold:

(i) £° = 0 and, for every a > 0, £% is supported on T (a), O(dT) a.e.
(ii) Foreverya > 0, {£* #£ 0} = {h(7) > a}, OWT) a.e.
(iii) Foreverya > 0, we have ©(d7T) a.e. for every bounded continuous function
oonT,

. 1
(e, 9) = lim — / NT (dodT") ¢(0) Lperyse,

. T
=i we fNa—g(dadT’) 9(0) Lyn(1)2e) @n

Furthermore, for every a > 0, the conditional distribution of the point measure
M,T(dad’]'/), under the probability measure ©(d7T | h(T) > a) and giventry(7T),
is that of a Poisson point measure on T (a) x T with intensity £ (do)®(dT").

The last property is the most important one. It will be called the branching prop-
erty of the Lévy tree as it is exactly analogous to the classical branching property
for Galton-Watson trees (cf Property (ii) in the definition of Galton-Watson trees
in subsection 4.1). The random measure £¢ will be called the local time of T at
level a.

Remark. The reader may be a little puzzled by the mathematical meaning of the
branching property as stated in the theorem, since our trees 7 are defined as equiv-
alent classes of isometric objects, and 7 (a) does not seem to be a well-defined
object. In the proof below, we will circumvent this difficulty by dealing with the
tree 7y under N. A more intrinsinc way to state the branching property in a math-
ematically precise way is as follows. Consider first a fixed real tree 7, and assume
that the local time measure €% of 7 can be defined via formula (21). Then let

2 o700

jed
be a Poisson point measure on 7 (a) x T with intensity £*(dn)©(dT "). Construct
another real tree 7 as the disjoint union

T =D || (L] T\@)
jed
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equipped with the obvious appropriate distance so that the sets (7 )\ {p(Z7Y}) U
{n;} become the subtrees of T originating from level a. Note that the distribution
of T only depends on the equivalence class of 7 in T, and that this distribution is a
measurable function of 7. The branching property can be restated by saying that if
T is chosen according to the distribution ® (d7 | h(T) > a), then T has the same
distribution as 7.

Proof. From the definition of the measure @, it is enough to construct the measures
£ and to verify the properties stated in the theorem, for the tree 7 associated with
the height process H under the measure N. For every a > 0, we define the finite
measure £¢ on 7y by setting

¢
(£, ¢) =/O dAS 9(pH(9)).

In other words, £¢ is the image of the measure d A¢ under the mapping pg. The
support property of local times guarantees that £4 is N a.e. supported on pg ({s :
Hs = a}) = Ty (a).

Similarly we have seen that {A’; > 0} = {supH > a}, N a.e., which gives
property (ii). Before proving property (iii), we will discuss the branching property
of the Lévy tree, which is basically a consequence of Corollary 3.2.

Recall the notation H¢ for the process H truncated at level a, and note the easy
identification

T = tra(Tir). 22)

Indeed, if A := fos dr 1{p, <q), there is a (unique) isometry mapping tr, (7y) onto
TFI“ such that, for every s > 0 with Hy < a, py(s) is mapped to P fja (AD).

Recall the notation H* for the o-field generated by H® augmented with the
class of N-negligible sets.

Claim. The conditional distribution of the point measure i\/'aT H under the proba-
bility measure N(- | sup H > a) and given the o-field H, is that of a Poisson
point measure on 7 (a) x T with intensity £*(do)®(d7T).

The claim is very close to the branching property (for the tree 7p) as stated in
the theorem, with the minor difference that we are conditioning with respect to the
o-field H* rather than with respect to the truncated tree Tga (which contains less
information). We will see later that £¢ is N a.e. equal to a measurable function of
the tree 7, 7a» and then the branching property will follow from the claim.

Let us first prove the claim. We recall the notation of Corollary 3.2: («;, /),
Jj € J are the connected components of the open set {s : H; > a} and, for every
jedJd, HS] = H(ajﬂ)wj —a.Wealsoset[; = Agj. Corollary 3.2 asserts that,

conditionally on H, the point measure

D 8q,. iy (dtde)
jed
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is Poisson on Ry x C4 ([0, 00)) with intensity 1[0,1\?) (£) d¢ A(dw). On the other
hand, it is immediate from the construction of the tree 7y that

T
NI =" 8puan.T, -
jeJ

To complete the proof of the claim, we will argue that conditionally given HY, each
pair (py (), Ty;) is a function (not depending on j) of the pair (/;, HY). This is
obvious for the second coordinate 7. Then, recalling the identification (22), we
have for every j € J,

PH(A}) = P ja (Aff[j).
From (15), we get for every j € 7,

pr(@)) = pga(infis : A > 1;}). (23)

This is the formula we were aiming at. In view of applying Corollary 3.2, we
still need to determine the image of the measure 1, Ac{z)(l)dl under the mapping
l~—> Pjja(inf{s : 1~\§’ > [}). Write y = inf{r : A? > s} and )7S“~= inf{r :
Af > s}, forevery s € [0, A). From the relation between Af and A{, we see
that y* = A‘;;l for every s € [0, A‘g). Hence, via the identification (22), we have
also pp(y{) = p ga(%“) for every s € [0, Azf). Therefore, for any nonnegative
measurable function ¢ on 7y,

(£, o) =/dA§‘ ¢(pH(S))=/[ a)dwp(pH(Vr”)) =/ a)drw(pga(%"))-

0,A¢ [0, A
Thus £¢ is the image of the measure 1o, A% (D)dl under the mapping! — p g, (inf{s :

K;ﬁ‘ > [}). Using (23) and recalling that ® is the image of A(dh) under the mapping
h —> Ty, we see that the claim follows from Corollary 3.2.

We now turn to the proof of (iii). Consider first the case ¢ = 1, where we have

to prove
(€%, 1) = lim L Z(a —¢,¢) =lim L Z(a,¢),
el0 v(e) el0 v(e)

where Z refers to the tree 7. This easily follows from the preceding claim: To get
the first equality, note that conditionally on (£47¢, 1), Z(a — &, ¢) is Poisson with
parameter v(e)(£*~¢, 1), and recall from subsection 3.2 that (£¢7¢, 1) = A?_E con-
verges N a.e.to (¢4, 1) = A?. Standard estimates for Poisson variables, together
with the (obvious) monotonicity of the mapping ¢ — Z(a — ¢, ¢) then give the
desired result. The case of the second equality is treated in a similar way.

Consider then a Lipschitz function ¢ on 7y, with Lipschitz constant K. Let
8§ > 0 be a rational number in (0, a). Write 7 (l), [ € L for the subtrees of 7y
originating from level a — §, and (o, B;) for the excursion interval of H above
level a — & that corresponds to 7). Again thanks to the claim, we can apply the
case ¢ = 1 of (iii) to each tree 7O, and we get that for every [ € L,

1 o . / a a
@N‘ST‘S (@' T :h(T) > &) —> Af — AL,
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We have then

1
lim inf ) Ng”g(da’dT’) P(p(T) Lin(T)>e)

e—0 v(e

— lim inf —— NI do'dT’ T Lz
imin v()Z/ ! (do’dT") (o (T) Lirn=e)

> liminf Y (—NZV (@', T) : h(T') > €}) _inf
> limin g(v@ V(@' T h(T') = &}) T({)([O’a])w)

=Y (g —as) _inf g(pu(s))

el s€lay,pil, Hs<a

>Z / dng (¢(pu(s) —2K9)
:(@a, @) — 2K8(€%, 1).

The fourth line in the previous calculation is an equality because the sum is in fact
finite. In the last inequality, we used the Lipschitz property of ¢, together with the
fact that the distance between py (s) and pgy (s’) is bounded above by 28 whenever
there exists [ € £ such that s, s’ € [0y, Bi] and Hy v Hy < a.

Since § was arbitrary we get

1 T
lim inf = N2 do'dT") o(p(T") Lyn(ryzey = (€%, @).
The same method gives the analogous bound for the limsup behavior, and a similar
argument applies to the other part of (iii). This completes the proof of properties
(1)—(iii).

Finally, observing that for every ¢ > 0

/NT (do’dT") @(p(TH) Lin(1y5e) = /N (do'dT") (p(T) 1n(12e)

we deduce from (iii) that £ coincides N a.e. with a measurable function of the
truncated tree tr,(7y) = 7 ;.. Consequently in the claim above we may condition
on tr, (7 ) rather than on the o-field H. This gives the branching property for 7
and completes the proof of the theorem. O

Remark. Although our contruction of the measure £ for the tree 7z makes use
of the coding via the height process, part (iii) of the theorem shows that £¢ is a
function of the tree and does not depend on the particular coding that is used.

Theorem 4.3. We can choose a modification of the collection (£¢, a > 0) in such
a way that the mapping a —> £% is ©(d7T) a.e. cadlag for the weak topology on
finite measures on T . We have then

infla>0:0“=0}=sup{a>0:0#40}=h(7T), Oae
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Proof. Again, it is enough to prove this for the tree 7y under N. For every rational
g > 0,denoteby 70, i € 7, the subtrees of 7y originating from level g (the index
sets Z,, are disjoint when g varies). Denote by (¢4), a > 0) the local times of 7V,
which are well defined thanks to the branching property. Using the approximations
of local time given in Theorem 4.2(iii), it is immediately checked that, for every
b > g, we have

=40 Nae. (24)

i€l

Note that (24) holds for every rationals b, g with 0 < g < b outside a single set of
zero N-measure. In addition, by Lemma 3.3, we can assume that outside the same
set of zero N-measure, the mapping

QN(0,00)3b —> (£>D 1) = ¢b-OTD)

has a cadlag extension to [0, 00), for every rational g > 0 and every i € Z,.
We then show that the limit

' := lim ¢°
Q3bla

exists for every a € [0, 00). When a = 0, the result is immediate, with ZO =0,
since we already know that (b, 1) — 0asb | 0, N a.e. (Lemma 3.3). Then, if
a > 0and if ¢ : Ty —> R is Lipschitz with constant K, we get from (24) that for
every b, b’ € (a,00)NQand g € (0,a) NQ

b p) > =e®O 1y inf g, 25

G )yt e (25)
i€l

(€ ) <Y @Oy sup g (26)
i<z, TO®'~g)

Moreover, we have for every i € Z,,

sup o< inf @+ KbB+b —2q), 27
TOW —q) TOb—q)

because any point of 7@ (u) is at distance u from the root of 7).
From the remarks of the beginning of the proof, we know that for every i € Z,,,

N S e

tendstoOas b, b’ | awithb, b’ € QN[a, 00). Also note that in the sums appearing
in (25) and (26) only finitely many terms can give a nonzero contribution, namely
those for which #(7¥) > a — g. Combining these facts with (25), (26) and (27)
leads to

lim sup ((z”’, o) — (Zb,gp)) <2K(a—gq) sup (£ 1).
Q3b,b'la xeQN(0,00)
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Since ¢ can be taken arbitrarily close to a, this is enough to get the convergence of
(Zb ,@)asb | a, b € Q, thus proving the existence of the right limit .

A similar argument gives the existence of left limits along rationals. The process
(Za, a € [0, 00)) is thus cadlag. In addition, it is easy to see that =0 N a.e., for
every a € [0, 00): If a > 0 is fixed, note that (26) will hold with 5" replaced by a
(outside a set of zero N-measure depending on @) and use the preceding argument
to verify that the measures £ and 7" coincide N a.e.

It remains to prove that

infla>0:0"=0=supla>0:0"#0}=h(Ty), Nae.  (28)

We know that for every § > 0 the (cadlag) process ((ZSH, 1), r > 0) is distributed
under N (- | sup H > §) as a yy-CSBP. The strong Markov property of the 1»-CSBP
then shows that if T = inf{a > § : = 0} we have Zb =0 foreveryb > a, N
a.e. This gives the first equality in (28). The second one is immediate from the fact
that {sup H > g} = {AZ.’ # 0}, N a.e., for every rational g. |

Remark. We already noticed that the ¥ -CSBP has only positive jumps, and the
same holds for the total local time process (£, 1) under ®. A careful inspection
of the previous proof then shows that ® a.e. for every jump time b of the process
a — ¢* we must have ¢” > ¢°~. As a consequence b is a jump time of the process
a —> ¢% if and only is it is a jump time of the total mass process a —> (£4, 1).
More information about these jumps will be given in Theorem 4.7.

From now on we consider only the cadlag modification of the collection (¢4, a >
0) obtained in Theorem 4.3. By combining the right-continuity of the mapping
a — {* with Theorem 4.2 (i), we get that ® a.e. for every a > 0, £ is supported
on the level set 7 (a). A more precise result will be derived below (Theorem 4.4).
We put

o0
m:/ da (29)
0

which defines a finite measure on the tree 7. When 7 = 7y is the tree coded by
the height process under N, the measure m coincides with the image of Lebesgue
measure on [0, ¢] under the mapping s — ppg(s) (see formula (32) in [9]). How-
ever, formula (29) makes it clear that the measure m only depends on the tree 7 and
not on a particular coding. We will write ¢ for the total mass of m, in agreement
with the case of the tree 7. The next theorem will imply in particular that the
topological support of mis 7, © a.e.

Foreveryo € 7 and ¢ > 0, denote by B(o, ¢) the open ball of radius ¢ centered
at 0. We say that a vertex o of 7 is an extinction point if there exists € > 0 such
that

d(p(T),0) = sup d(p(7), 7).
T€B(0,¢)
Note that py (s) is an extinction point of 7y iff s € [0, ¢]is a local maximum of H.
As a consequence there are at most countably many extinction points. We denote
by £ the set of all extinction levels, that is levels a such that a = d(p(7), o) for
some extinction point o.
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Theorem 4.4. The following holds ®(dT) a.e.:

(1) Foreverya € (0, h(T)]\E, the topological support of £ is equal to the level
set T (a).

(ii) For every a € &, the topological support of €% is T (a)\{0,}, where o, is the
(unique) extinction point at level a.

Proof. First observe that if ¢ is an extinction point at level b, the right-continuity
of the mapping a — ¢¢, together with the fact that supp £ C 7 (a), for every
a > 0 implies that £°(B(0, €)) = 0 for some ¢ > 0. Therefore o ¢ supp £°.

The proof of the theorem will then be complete if we can prove that © a.e.:

(1) Extinction levels of two distinct extinction points are different.
(ii) Foreverya > Oando € 7 (a) which is not an extinction point, £4(B(o, €)) >
0 for every ¢ > 0.

Recall the notation before Theorem 4.2: For every rational g > 0,

T
NT =3 8.1

i€l

is the point measure associated with subtrees originating from level g (the index
sets Z,, are disjoint). Set h; = h(T @) for every i € 1, and every rational g > 0.
Then it is easy to verify that

E={q+hiqeQyicl}

Suppose that o and o’ are two distinct extinction points such that d(o(7), o) =
d(p(T),0’) = a. Then by choosing arational ¢ < a and sufficiently close to a, we
see that there exist two distinct indices i, i’ € Z, such that h(T®) = h(T). This
is impossible by the branching property and the fact that the law of 4(7") under ®
has no atoms. This proves (i).

Then, if (Zb’(i), b > 0) denote the local times associated with the tree 7@
(again this makes sense by the branching property), we get from Theorem 4.3 that
DT @y > 0 for every b € (0, h;). Note that these properties hold simulta-
neously for all rationals ¢ > 0 and i € 7, outside a single set of zero ®-measure.
Furthermore, from the approximation of local time given in Theorem 4.2 (iii), we
see that © a.e. for every a > 0 and every rational g € (0, a) we have

=), (30)

i€l,

Note that in the preceding sum only finitely many terms can be nonzero. To derive
this identity consider first the case when a is also rational and then use the right-
continuity of the mapping a —> ¢“ (Theorem 4.3).

Finally, let @ > 0 and o € 7 (a). Assume that o is not an extinction point.
Then for every rational ¢ < a, the subtree 7 originating from level ¢ and con-
taining o is such that /(7)) > a — g. Therefore £¢~4-® (T@) > 0 and by (30),
(TDNT(a) = 4TD) > 0. To complete the proof of (ii), simply note that
T N T (a) is contained in B(o, ¢) if 2(a — q) < «. O
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4.3. Decomposing the tree along an ancestral line

We shall need one more subtree decomposition under ®, which is a consequence
of Corollary 3.5. Before stating it, we introduce the relevant notation. Let 7 € T
and o € 7. Denote by 7U)°, j € J the connected components of the open set
T\[[p(T), o]l, and note that for every j € 7, oj := o A t does not depend on
the choice of t € 7U)-°. Furthermore, 7)) := TW-2 U {0 7} is a (compact rooted)
R-tree with root 0. The trees T, J € J can be interpreted as the subtrees of 7°
originating from the segment [[o (7)), o ]]. We put

Mo = Z 8d(p(T).0), T!)>
jed

thus defining a point measure on [0, o) x T.

Theorem 4.5. For every a > 0 and every nonnegative measurable function ® on
[0, 00) x T,

@(/ea(da) exp—(MG,QD)) =exp(—/0adt w’(®(1 —exp—®(t, -)))).

Proof. As previously, we argue on the tree 7y under N, and we abuse notation
by writing M, and £¢ for the corresponding objects attached to the tree 7. If
s € [0, ¢], we also set

I:Its = H(s+f)/\§ 5 ! Z O ’
I:Its =Hg-n,, t>0.

Then we observe that if 0 = pg(s), we have
My =PH 4 pH 31)

where for any continuous function % : [0, 0c0) —> [0, co) with compact support,
the point measure P" is defined as follows.

Let h(¢) = infjp ;) h and let (o4, B;), i € Z be the excursion intervals of 1 —
away from O (that is, the connected components of the set {4 — & > 0}). For every
i €7, weset

hi(t)y=(h—h(a; +1)AB), t>0
and

PP =" St T)-
ieZ

The identity (31) is then a simple consequence of our definitions and the construc-
tion of the tree 7, in Section 2.
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Using (31) and Corollary 3.5, we get
@( / ¢9(do) exp—(M,, q>>)
¢ 7S 7S
= N(/ dA¢ exp— (P 4+ pH ,‘b))
0

= o / M (dpv)( / 0,.(dhy e~ P ( / 0. (dhy e~ P")).

From Lemma 4.2.4 in [9], we immediately get
/ 0, (dh) e~ P"® = exp — / /L(dt)N(l —exp—0(1, TH))

- exp—/u(dt)@(l —exp—0(1, -)).
Hence,
@(/za(da) exp — (M, q>>)
— e / M, (dudv) exp ( — /(M +v)(dr) @(1 —exp—d(1, )))

Recall from subsection 3.3 that the distribution of & + v under Ml, (dudv) is the
law of 1j¢,4)(t)dU;, where U is a subordinator with Laplace exponent ¥’ — «.
Therefore,

@(/Z“(do) exp —(M,, <I>>) — oo E[exp—/(;adUt(@(l —exp—0(t, .))]

— exp ( — foa dt W(@(l —exp—d(, .)))).
O

Remark. Combining the genealogical structure of the tree 7 with an independent
spatial motion leads to a construction of superprocesses which will be explained in
Section 6 below. In this setting, Theorem 4.5 is closely related to the representation
for the historical Palm measure of superprocesses, which appears in Section 4.1 of
[5] in the stable branching case.

We will now give a first application of Theorem 4.5 to properties of the Lévy
tree. Recall from Section 2 that for every vertex o of the tree 7, n(o) denotes the
multiplicity of o, defined as the number of connected components of 7 \{c}. We
write L = {0 € T\{p(7)} : n(c) = 1} for the set of leaves of 7.

Theorem 4.6. We have:

(i) Foreverya > 0, £*(T\L) =0, © a.e. Hence, m(7\L) =0, O a.e.
(i) n(o) € {1,2,3, 00} foralloc € T, © a.e.
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(iii) The set {o € T : n(o) = 3} of binary branching points is empty © a.e. if
B = 0. If B > 0, the set of binary branching points is a countable dense
subset of T, © a.e.

(iv) The set {o € T : n(o) = oo} of infinite branching points is nonempty with
positive @-measure iff 1 # 0. If (w, 1) = oo, it is ® a.e. a countable dense
subset of T. If (mr, 1) < oo it is © a.e. a finite (possibly empty) subset of T .

Proof. We can reinterpret the result of Theorem 4.5 in the following way. Let
U = (U, t = 0) be a subordinator with Laplace exponent

U'(A) = o+ 281+ / a(dr)r(l —e ).

Note in particular that U is killed at a time £ which is exponentially distributed
with parameter «. Write P for the probability measure under which U is defined.
Let a > 0, and note that the formula

5(4) = 0 / £ (do) 14(M))

defines a (finite) measure on the set of point measures on [0, a] x T. Then Theorem
4.5 says that ¥ is the law under P(- N {a < &}) of a point measure M*(dtdT)
which conditionally given U is Poisson with intensity

l[o’a](t) du; @(dT).

Since the measure dU; a.s. gives no mass to the singleton {a}, M™* can have no
atom of the form (a, 7’) for 7' € T. It follows that ® a.e., £*(do) a.e., the point
measure M, has no atom of this form. This means that £-almost every o is a leaf,
and (i) follows.

Recalling that ® is an infinite measure and using standard properties of Poisson
measures, we see that only two possibilities may occur for instants ¢ € [0, a):

e Either ¢ is a time of jump of U and then the point measure M™* has infinitely
many atoms of the form (¢,77), 7’ € T.

e Or ¢ isnot atime of jump of U and then the point measure M™* has at most one
atom of the form (¢, 7'), 7’ € T, and may have one only if 8 > 0.

Using this and the relation between M™ and M,;, we see that for £4-almost every
o € T,theset ]]p(7), o[[ only contains vertices T such that n(t) € {2, 3, oo}, and
the value n(r) = 3 is only possible if B8 > 0. This property holds simultaneously
for all rationals a, outside a single set of zero ®-measure.

Now let o be any vertex in the tree 7. If n(o’) > 1, then the set of descendants
of ¢ is not empty and by Theorem 4.4 we can find a rational a > d(p(7), o) such
that this set has positive £-measure. From the preceding property we deduce that
n(o) € {2, 3, oo}. This proves property (ii).

If B = 0, then we already noticed that the value n(t) = 3 is not achieved by
any ancestor 7 of o, for £*-almost every o € 7. The same argument as in the proof
of (ii) now shows that there is no vertex t such that n(t) = 3, ® a.e. This gives the
first part of (iii).
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On the contrary, if 8 > 0, we get from the relation between M, and M* that
the set of vertices t with n(r) = 3 is dense in [|p(7), o[, for £¢-almost every
o € 7. 1f we apply this to all rationals a, we get the second part of (iii).

It remains to prove (iv). To prove this property it is convenient to argue on the
tree 7y under N. If 7 = 0, then H is distributed under N as a (scaled) reflected
Brownian motion with drift, and the fact that there are only binary branching points
is clear since local minima of this process are distinct (alternatively, one can also use
Theorem 4.5 in the same way as above). Suppose then that 7 # 0. We can then note
that for every s such that X; — X, > 0, pg (s) is an infinite branching point of 7.
Indeed, if T is a stopping time such that X7 — X7_ > 0,and X ") denotes the shifted
process X s(T) = X745 — X7, with associated minimum process /. S(T) , any excursion
interval of X — 1D away from 0 before timeinf{s > 0: X\ = —(X7—X7_)}
will correspond to an excursion of H above level Hr, and will be associated under
pu with a connected component of 7y \{py (T)} (recall the discussion at the end
of subsection 2.1). Since there are infinitely many such excursions, we see that
pu (T) is an infinite branching point. When (r, 1) = oo, the set of all jump times
of X isdensein [0, ¢], N a.e., and it follows that the set of infinite branching points
is dense in 7. On the other hand, when (7, 1) < oo, X has discrete jumps and
between jumps behaves like a (scaled) Brownian motion with drift. By analysing the
behavior of the process H in that case, one easily obtains that the infinite branching
points of 7y exactly correspond to jump times of X, so that the number of infinite
branching points is finite N a.e. O

Remark. By using Theorem 4.5 as in the preceding proof, one easily gets the
following additional property. If [ r 7(dr) = oo, then © a.e. for any vertex o of
T\{p(7)}, the “ancestral line” [[p(7"), o ]| contains infinitely many infinite branch-
ing points. On the other hand, if f r mw(dr) < oo, then for every a > 0, the ancestral
line of £¢-almost every vertex contains finitely many infinite branching points.

We state another theorem relating discontinuities of local time to branching
points of infinite multiplicity.

Theorem 4.7. Let T(T) = {0 € T : n(oc) = oo}. Then, ® a.e. {d(p(T),0) :
o € I(7T)} coincides with the set of discontinuity times of the mapping a —> £°.
Moreover, ® a.e., for every discontinuity time b of the mapping a — £, there
exists a unique op € Z(T) NT (b), and we have

€ =" 4255,

where Lp > 0 can be obtained via the approximation

1
Ap = 1 - ) )
b SE)I}) U(S) I’l(O‘b 8)

if n(op, €) denotes the number of subtrees originating from op, with height greater
than e.
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The number 1, may be called the local time of the infinite branching point op.
As the proof will show, if the tree 7 is constructed as 7 = 7y under the excursion
measure N, then Z(7) exactly consists of the vertices pg (s), where s varies in the
set of discontinuity times of X. For any such s, the local time of the branching point
pH(s) is just the jump AX; of X ats.

Proof. We only sketch arguments. We assume that 7 = 7 is the tree constructed
from the height process H under N. First suppose that ¢ € Z(7) and let b =
d(p(T), o). Recall the discussion at the end of subsection 2.1. From the connec-
tion betwen the height process and the so-called exploration process (cf Chapter 1
of [9]) one easily sees that there must exist r > 0 with py(r) = o and AX, > 0.
In a way similar to the end of the preceding proof, we may consider the path of
X between r and inf{r > r : X, = X,_}, and obtain that £* > ¢*~ + (AX,) 8,
(recall that we already know that > Eb’).

Conversely, suppose that b is a discontinuity time of the mapping a —> £¢.
Let r < b be a rational and write (7, i € Z) for the subtrees originating from
level . For every i € Z, denote by (£-¥, a > 0) the local times of 7. From
the branching property and the fact that the {-CSBP has no fixed discontinuities,
we get that at most one (in fact exactly one) of the processes a —> £%@) can be
discontinuous at b — r. It easily follows that there exists o}, with b =eb— 4, 863>
for some A, > 0. Using the branching property at level r,,, for a sequence of ratio-
nals (r,,) decreasing to b, we get that b must be a point of infinite multiplicity, and
that the approximation formula of the theorem holds for A;,. We leave details to the
reader. O

As alast application of Theorem 4.5, we give a remarkable invariance property
of the measure ®(d7) under uniform re-rooting. If 7 € T and o € 7, we write
7191 for the “same” tree 7 with root o

Proposition 4.8. The law of the tree T') under the measure ©(dT) %d”)l coin-
cides with ©(dT).

Proof. Tt is enough to verify that, for any nonnegative measurable functional F on
T,

@( / m(do) F(T["])) - @(m(T) F(T)). (32)

Recall the notation M, before Theorem 4.5. We can easily find an explicit “recon-
struction” functional I" such that 7 = I'(d(p(7), o), M) for every 7 € T and
o € 7. For this functional I", we have also

Tl = T d(p(T), 0), My),

provided we set

Mo =" 8to(T).0)-d(p(T) 0, T):
jed
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with the notation preceding Theorem 4.5. Now Theorem 4.5 implies that for any
a > 0 and any nonnegative measurable functional G,

@(/Z“(do)G(Mg)) - @(/z“(da)c(ﬂg)).

Apply thisto G(M,) = F(I'(a, M,)) and then integrate with respect to da to get
(32). |

5. Fractal properties of 7~
5.1. Covering numbers and box counting dimensions

Recall that for any subset A of 7 and any § > 0, we have set

n
N8 =inf{n>1:30,...,0,€T st ACUB(U,-,S)].
i=1

The following propositions give precise rates of growth for N (7', §) and N (7 (a), §).
Proposition 5.1. For any a > 0, ®-a.e. on {h(7T) > a},

NT@.8) _
§—0 v(3)

Proposition 5.2. We have ®-a.e. for all 5 > 0 sufficiently small

v(26) 12v(8/6)
48 3 ¢

{ <N(T,$) <

We immediately deduce the following corollary.
Corollary 5.3. Forany a > 0, ®-a.e. on {h(T) > a},

log v ()

dim(7) = 1 +dim(7 (@) = 1 + lim inf (=70

and

_ _ I _ . log v(8)
dm(7) = 1+dim(7 (@) =1+ 111611_)8(1)1p —log(l/(S)'

Proof of Proposition 5.1. Leta > Oandr € (0, a). Following Section 4, we denote
by 7@, i € T the subtrees of 7 originating from level a — r, and we set

Ty ={i €T:h(TD)>r)

so that |Z¢y| = Z(a — r, r), with the notation introduced before Theorem 4.2. We
then observe that, for every r’ > r,

Twc J (T9nT@)c |J Bea®.nc J Bead®,,

iEI(r) iEI(r) iGZ(,)
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so that
N(T (), r) < Z@a—r,r). (33)

On the other hand, if o and o are two vertices in 7 (@) that belong respectively
to 7@ and T for distinct indices i and i’, we have d(o,o’) > 2r. Therefore,
o and o’ must belong to distinct balls of any covering of 7 (a) by open balls with
radius r. From this observation, we get

N(T (), r)>Z(a—r,7). (34)

By combining (33) and (34), we see that Proposition 5.1 follows from the case
¢ = 1 in Theorem 4.2(iii). |

Proof of Proposition 5.2. We start by proving the following lemma.

Lemma 5.4. ©-a.e. we can find a sequence (Dy; n > 1) of finite subsets of T such
that

(1) D, C Dn—i—l ,n>1

(ii) Foreveryn > lando € 7T, there exists o' € D, suchthatd(o,o’) < 3.27".
(iii) For every n > 1 and every distinct 0,0’ € D, we have d(o,0') > 27",

D,
(v)  lim 27" Dul - _
n—00 v(27")

Proof of the lemma. For any n > 1 set K, = [2"h(7)] — 1. Let n > 1 and
ke{0,1,..., K,}. Denote by

TrRO << z@k2 ™", 27

the subtrees of 7 originating from level k27" that hit level (k 4+ 1)27". We can
now use induction on 7 to select for every n > 1,k € {0,1,... ,K,} andi €
{I,...,Zk27", 27}, avertex o) ; € T"* D (27") C T((k+1)27"), in such a
way that the following holds:

(P)Letk € {0,1,... Ky andi € {1,...,Z(k27", 27} If j < Z((2k +

1)27"=1 27"=1) is the unique index such that ol; € THL2HL0) | then

n+1 _n
Ook+1,j = Ok,i

We then set
Dyi={0f; 10 <k <Ky 1<i<Z(k2" 27U {pD).

Property (i) is clear from (P). To prove (ii), let 0 € 7. If d(p(7),0) < 27" the
desired result is obvious since p(7) € D,. So suppose that d(p(7),0) > 27"
andletk € {0, 1, ..., K,,} be such that (k + 1)27" < d(p(7),0) < (k+2)27".
Clearly the ancestor of o at generation k2~ must be the root of 7% @ for some
i. Then simply write

d(o,of}) <d(p(T"* D), o) +d(p(T" D), of ) <2.27"+27" =327"

The proof of (iii) is even simpler and is left to the reader.
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It remains to prove (iv). For any x > 0, set

[x2"] —n H—n

Let k > 1. We know from Theorem 4.2 that conditionally on the truncated tree
tryy-n(T), Z(k2~",27") is Poisson with mean v(2 )€k (7). In particular,

o (M — (D) |t (T >) =0 53
v(271)
and
Zk2" 27" o | _®m
(‘T - - m) Ten

(In both cases the conditional expectation should be understood with respect to
the probability measure O (- | h(7) > k27").) It is also immediate to see that
Z(k27",27") is a measurable function of trg 1),-» (7). It easily follows that for
any k' > k,

o ((_Z<k2"% 27" e m) (z<k 27,27 e m)) —0. (37)
v(27") v(2™")
The combination of (37) and (36) gives

-2 2] - x27"
O (A, (x)?) = e (" 1)) < ——,
( n(x) ) U(27”) 1{2:; ( ( )) - U(zfn)
since @ (£%(7)) = N(A?) = e % < 1, for every a > 0 (cf the end of Section 3).

Clearly the preceding estimate implies that ano O(A,(x)?) < oo and thus, for
any x > 0,

®—ae. lim A,(x)=0. (38)
n—o00

Since the mapping b — £°(T) is cadlag, we have ©-a.e.
[x2"]

lim 27" Y " (7)) = /X db e°(T).
0

n— 00
k=1

Together with (38), this implies that for any x > 0, ®-a.e.

_n [x27] X
Z Z(k27", 277 —/ db e°(T).
0

lim ——
n— 00 U(2 )

Since the height i (7) is finite, we can take x = oo in the preceding limit, which
gives (iv) since fooo db e’ (T) =r¢. ]
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Proposition 5.2 is a simple consequence of Lemma 5.4. Let § € (0, 1/2) and

n > 1such that 27"~! < § < 27", From property (iii) in Lemma 5.4, we get that
if § is sufficiently small,

¢ v@2™)

—n—1 2 EU
N(T,8) = N(T,2 )lenlz2 7= 23

Similarly, if 3.27" < § < 3.27"*!, we get from property (ii) in Lemma 5.4 that
for § sufficiently small,

v(2™) <2 v(8/6)

N(T.8) < 1Dnl =20 — == < 3/6

This completes the proof of Proposition 5.2. O
5.2. Hausdorff and packing dimensions of subsets of T

We first recall the well-known inequalities
dim,(B) < dim(B) and dim,(B) < dim,(B) < dim(B), (39)

for any subset B of 7 (see e.g. Chapter 3 of [14]).

Let E be a compact subset of (0, 00), and set A = sup E. We assume that
the Hausdorff dimension and upper box counting dimension of E are equal and let
d(E) € [0, 1]be their common value. Recall also the notation 7 (E) = |,z 7 (b).
The lower and upper indices y and n were defined in the introduction above. The
aim of this subsection is to prove the following theorem.

Theorem 5.5. Assume that y > 1. Then, © a.e. on {h(T) > A},

dim(T(E)) = dimy(T(E)) = d(E) + ﬁ
and

dim(T(E)) = dim (T (E)) = d(E) + ﬁ

Proof. We first get upper bounds for the box counting dimensions of 7 (E). Let
8 > 0. Analogously to the above, we use the notation A/ (E, §) for the minimal
number of open intervals of length 2§ that are needed to cover E. We can find real
numbers g;, 1 <i < N(E, §) such that
N(E.5)
Ec | (@—8a+5).

i=1

Observe that
T(EN[0,38)) C 7([0,38)) C B(p(7),39d). (40)

On the other hand, E N [36, co) is contained in the union of those intervals (a; —
8, a; + &) for which a; > 26.
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Now let b > 26. Denote by 7(;), 1| < j < Z(b — 26, §) the subtrees of 7
originating from level b — 2§ that reach level b — § and for every j, let o(;) be the
root of 7 ;). Clearly any vertex in 7 ((b — &, b + §)) belongs to 7 ) for some index
J and thus lies within distance 3§ from o). Consequently,

N(T((b—8,b+6)),38) < Z(b —25,5).
Now recall that @ (Z(b — 26, 8)) = v(8)®(£2=25(T)) < v(8). Hence,
OW(T ((b—8,b+8)),38) < v(d).

We apply this to b = a; for all indices i such that @; > 2§. By summing over i, we
get

OWN(T(EN[38,0)),38)) < v N(E,SI). 41)
At this point, we need the following lemma.

Lemma 5.6. Assume that y > 1. Then,

. . log v(8) 1
(i) limsup < ;
s—0 log(1/3) y —1
1 ) 1
(i) liminf 28V _
§—0

log(1/8) — n—1"

Proof of the lemma. Assertion (i) is easy from the definition of v and y. Let us
prove @ii). If n = y, (ii) is a trivial consequence of (i). So, we assume that y < 7.
Let ' € (y n) and y’ € (1,y). There exists a sequence u, 1 oo such that

V(up) > u, , n > 1. Moreover, for all sufficiently large u, we have ¥ (1) > ne
Since i is convex, we get for n large enough and for any u > u,,

u / ’
¥ (1) > max <—u2 ,u? ) .
Up

Set F(a) = [, aoo du /v (u). The previous inequality gives, for n large,

o / '\ 1
F(uy) < / (max(uu,’z - )) du
Up

n'—1
7

y'—1
/’“" du n /‘O? | du
= _— n'— —_
/—1 =1 ’
Uy uu,) w ~hou¥

<C (u,i_”/ logu, + u},_"/>

for some positive constant C. Hence,

logv(8)\ ™! log 1/F
lim inf 0gv(®) = limsupM >n -
s—0 logl/é

a— 00 oga

and (ii) follows by letting " go to n. O
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We deduce from the previous lemma that for any & > 0,

1 1

lim inf 8T Tu(8) = limsup 8° T 7T (8) = 0. (42)
- §—0

Since d(E) = dim(E), we also know that §E)*¢ A/(E, §) tends to 0 as § — 0.

Thus, if (8,) is any sequence of positive reals decreasing to 0, it follows from (41),

(42) and Fatou’s lemma that

1

2e+d —
C] <lim inf 6n8+ (0 "' N(T (E N [38,, 00)), 38,,)) =0.

n—>oo
Hence,

1
]Hiiélf 83£+d(E)+"_1N(T(E N [36,,00)),38,) =0, O ae.
From (40) we have N (7 (E), 38,) < 1 + N (T (E N[38,, o)), 38,) and so we
getdim(7 (E)) < d(E)+ 1/(n — 1) + 2¢. Since ¢ was arbitrary we conclude that
dim(7(E)) <d(E) +1/(n—1), 0 ae.
To obtain an analogous upper bound for dim(7 (E)), we set 8, = 27" and
deduce from (41) and (42) that

oo TN (@B N 135,000, 30,)) < oo.

n>1
Hence,

3e+d(E)+-1-
tim 8 T N (T (E N [36,.00)).36,) = 0. ©ae.

n—oo

and the bound N (7 (E), 38,) < 1+N (T (E N [38,, 00)), 38,,) allows us to replace
T (E N[368,, c0)) with 7 (E). Then, a simple monotonicity argument implies that

1
lim 8> MO N(T(E), 8) =0, © ae.
5—0
It follows that dim(7 (E)) < d(E) + 1/(y — 1), ® ae.
The proof of the theorem will be complete if we verify that for any ¢ > 0 we
have ® a.e.on {h(7) > A},

dim (7 (E)) = d(E) + m —2¢
and ) 1

We may assume that ¢ is small enough sothat 1 /(y —14¢) > 1/(n—14¢) > 2e.
Let us prove (43). Since dimj,(E) > d(E) — ¢, Frostman’s lemma (see Corollary
4.12 in [14]) gives the existence of a non-trivial finite measure v supported on E,
such that

Vx e E, V6 €[0,1] : v([x — &8, x +8]) < Cs9E)—# (44)
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where C is a positive constant independent of x and §. Define the measure x on 7°
by

k(do) =/v(da)£“(do).

Then « is supported on 7 (E). Moreover « is finite and non-trivial ® a.e. on
{sup H > A}. We will prove that ®-a.e. on {h(7) > A}, we have

1
limsup§ 12" k (B(0,8)) <00,  k(do) ae. (45)
§—0
and
1
lim inf § U2 1 (B(0,8)) <00,  k(do) ae. (46)
—

Then the lower bounds (43) will follow from classical density results for packing
and Hausdorff dimensions: See e.g. Theorems 6.9 and 6.11 in Mattila [24] ([24]
deals with subsets of Euclidean space, but the arguments are easily adapted to our
setting).

The proof of (45) and (46) will depend on a lower bound for the quantities

Esap =0 (/ Zb(da)e_)"‘(B("’a))) . Ab>0,8¢€(01]

We will apply Theorem 4.5 in order to get this bound. To this end, let us first fix
b > 0 and o € 7 (b), and use the notation introduced before Theorem 4.5: T ),
J € J are the subtrees originating from the ancestral line [[p(7'), o ]], and for every
jeJ,o; €llp(T),ollis the root of T, Also set dj =d(p(T), o;) to simplify
notation.

If t € 7Y for some J € J,wehaved(o,t) =b—d;+d(oj, 7). It follows
that .

Bo.o\lp(D).oll= | TY0.8+d;—b)).
jeJ.dj>b—5

Notice that the union in the right side is disjoint. Also observe that, for every fixed
a > 0, ®© a.e. the measure ¢ has no atoms. Indeed, if T € 7 (a) were an atom of £¢,
the branching property of the Lévy tree would imply that t is not a leaf, contradict-
ing the fact that £¢ almost every vertex is a leaf (Theorem 4.6(i)). From this we get
that ® a.e., v(da) a.e. £% has no atoms and since the set [[p(7), o ]] has at most one
point of intersection with each level set 7 (a) it follows that « ([[0(7), o]) = 0.
Thus,

K(B(0.8) =k(B@.O\[p(T).ol = Y.  «(TD.8+d; b))
jeJ.dj>b—3

Now,ifa < b—§ora > b+3, the support property of £¢ implies that £¢ (TW0, 5+
dj — b))) = 0 for every j € J such that d; > b — §. On the other hand, if
b — 3§ < a < b+ 4, the approximations of local time easily give

(TP, 84 dj — b)) = Voca—d;<s+d;—b) (£947U 1),
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where £ q > 0 obviously denote the local time measures associated with the
tree 7). We conclude that

k(B(o,8)) = Z La;>p—s) / v(da) la; <a<2d;+s—b) (¢)-a=dj 1y,
jed

In this form, we can apply the formula of Theorem 4.5 to get

b
Es b = €Xp ( - / V' (Ps,5.5(1)) dt>,
0
where

D555 = @<1 — exp —)»/ v(da) Ly <q<aiys—py (€77, 1)).

Now set 1;()») '/’O‘) and note that for every A > 0,

W) < M <27, 47)

Ift € [0, b — §] we have @5 () = 0. On the other hand, if € (b — §, b] then
(t,64+2t—b)C[b—5,b+ 5] and

Ds () < )\/ v(da) @(K”ft(T)) <xv([b—-36,b+ ).
[(b—8)Vt,b+8]

Using this bound together with (47) we have

b
/ W' (D555 (1)) dt <28 Y (2av([b — 8, b+ 8])).
0

and it follows that
Esap =1 =289 Q2a(b— 68, b+ 8)])). (48)

This is the lower bound we were aiming at.
If r > 0, (48) gives, for every § € (0, 1],

S </ K(dG)l{K(B(a,a))>r}) < —@ (/ k(do)(1l — e_r"‘(B("s‘”))>

= —/v(db)(e ab —&5.1/r.b)

IA

e—IS/v(db)w(Zv([b—(S b+31)/r)

and by (44),

) < / x(da)l{K<B<a,a)>>r}) < '8y csd®=¢ ) (49)
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where C' is a positive constant depending on v. By the definition of 7, for all suffi-
ciently large A > 0, ¥/ (1) < A"~1%¢_ Then, take r =r(8) =2C§¢(E)~2e+(1/(n=1+¢))
in (49) to get, for all sufficiently small § > 0

C) (/K(dU)I{K(B(a,a))>r(5)}> < ¢'sE=re),

Set &, = 27". Since n > 1 we deduce from the previous inequality that

@</K(dff)Zl{uB(o,sn»w(sn)}) <0

n>1

and this yields the estimate (45) for the upper density of «.
It remains to prove (46). By the definition of y, there exists an increasing
~ y—l+e¢ _ e—(1/(y—1+e))
sequence u, 1 oo such that ¥ (u,) < u; . Define 6, by u, = 8,
and take r(8,) = 2C84 B2V =IT) 4n (49) 1o get

—1
® (/K(d0>1{K<B(a,5,1)>>r<5n)}> < s

Applying Fatou’s lemma, we get that ®-a.e. for k-a.a. o,
lim inf L (5(0,6,))>rs0) = 0

which implies the estimate (46) and completes the proof of the theorem. O
5.3. Further results and open problems

In this section, we briefly discuss some extensions of the preceding results. For
simplicity we restrict our attention to Hausdorff dimensions and measures. We start
by weakening the condition y > 1 in Theorem 5.5. As in Theorem 5.5 we let E
be a (nonempty) compact subset of (0, co) such that dim,(E) = dim(E) = d(E),
and we put A = sup E. We use the standard convention (]—) = 00.

Proposition 5.7. Suppose that for every integer k > 1,

fa"" % = o((loga)™) asa — co. (50

Then, © a.e. on {h(T) > A},
1

Indeed, the proof of the estimate (45) does not depend on the assumption y > 1,
and this immediately gives the lower bound dimy, (7 (E)) > d(E) + %1 When
n = 1, there is nothing more to prove. When n > 1, a slight modification of the
proof of Lemma 5.6 shows that part (ii) of this lemma still holds under the condition
(50). The first part of the proof of Theorem 5.5 then goes through without change.

Let us consider now the general case. From the preceding remarks, one easily
gets the following statement.
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Proposition 5.8. We have © a.e. on {h(T) > A},

log v(8)

1
d(E) + —— < dimy, (7 (E)) < d(E) + liminf —————.
( )+n—1_ imy (7 (E)) < d( )+1?1_)1(1)1 Toe(1/9)
In particular, if n = y = 1, we have dimy, (7 (E)) = 0o, ® a.e. on {h(7T) > A}.

This leaves open the following question. Suppose that | = y < 7 (and that
(50) does not hold). Can one compute dimy (7 (E)), or simply dim(7) ?

Finally, let us discuss the stable case where more precise results are available.
For any suitable function g, we write H$ for the associated Hausdorff measure.
The following theorem is proved in [10].

Theorem 5.9. (i) Suppose that ¥ (u) = u>. Set
g1(r) = rloglog(1/r) . g(r) =r’loglog(1/r).
There exist positive constants C1 and Co such that © a.e.
Ci1¢ <H¥(T) < Ca¢
and for every a > 0, ® a.e. on {h(T) > a},
Ci (e, 1) < H8(T(a)) < C2 (€9, 1).

(i1) Suppose that W (u) = u? for some y € (1,2). For every s > 0 set

1
hy(r) = r77 (log(1/r) 71 (loglog(1/r))".
Then, there exists a real number & such that, ® a.e.,

H(T) = o0 if s > ﬁ,
HES(T) =0 ifs <E&.

The construction of superprocesses that will be developed in the next section
shows that Theorem 5.9(i) is related to the very precise estimates which have been
obtained for the Hausdorff measure of super-Brownian motion (see [27], [5], [22]
and the references therein).

Theorem 5.9(ii) leaves open the question of determining the correct Hausdorff
measure function for 7 in the stable case.

6. Some applications to super-Brownian motion

Denote by My (R¥) the set of all finite measures on R* and by Cj, (R¥) the space
of all nonnegative bounded continuous functions on R¥. We also write ( Py)s>0 for
the semigroup of standard Brownian motion in R¥. Note that for every t > 0, P,
maps Cp (R¥) into itself.

The super-Brownian motion with branching mechanism 4 (in short the -
super-Brownian motion) is the (time-homogeneous) Markov process (Z;,t > 0)
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with values in M ¢ (R¥) whose transition kernels can be characterized as follows.
For every u € Mf(Rk) and ¢ € Cpy (RF),

Elexp(—=(Z, ¢)) | Zo = p] = exp(=(u, us)),

where the function (u,(x): ¢ > 0, x € R¥) is bounded and continuous and is the
unique nonnegative solution of the integral equation

t
uz (x) +/0 Prs (Y (ug)) (x) dx = Prp(x).

We will now explain how the genealogical structure given by the tree 7 under
® can be combined with a spatial motion to give a construction of the ¥ -super-
Brownian motion. To present this construction in a way suitable for applications,
it is convenient to introduce the notion of a spatial tree.

Informally, a (k-dimensional) spatial tree is a pair (7, W) where 7 € T and W
is a continuous mapping from 7 into R¥. Since we defined T as a space of equiva-
lence classes of trees, we should be a little more precise at this point. If 7 and 7" are
two (rooted compact) R-trees and W and W’ are R¥-valued continuous mappings
defined respectively on 7 and 7, we say that the pairs (7, W) and (7, W') are
equivalent if there exists a root-preserving isometry ® from 7 onto 7" such that
Wy o) = Wo for every o € 7. A spatial tree is then defined as an equivalent class
for the preceding equivalence relation, and we denote by Ty, the space of all spatial
trees. Needless to say we will often abuse notation and identify a spatial tree with
an element of the corresponding equivalent class.

We denote by T;), the set of all spatial trees. Recall the notation of subsection
2.2. We define a distance on T;,, by setting

|
dyy (T, W), (T', W')) = = inf (dis(R)+ sup  |W, —W’/|>,
7 2 ReC(T.T').(p.p)eR g S e

where p and p’ obviously denote the respective roots of 7 and 7. It is easy to
verify that (T, dyp) is a Polish space.

Let us fix x € R¥. Also let 7 € T be a compact rooted R-tree with root & and
metric d. We may consider the R¥-valued Gaussian process (Y, o € 7) whose
distribution is characterized by

ElYs]=x,
cov(¥y,Yy) =d(@,0 Ao')1d,

where Id denotes the k-dimensional identity matrix. Note that
cov(Yy — Yy, Yy — Yyr) = d(o,0') 1d.

From Theorem 11.17 in [18], we know that under the condition

1
/ (log N (T, e*)/? de < o0, (51)
0
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the process (Yo, 0 € 7) has a continuous modification. We keep the notation Y
for this modification. Assuming that (51) holds, we denote by Q7 the law on T,
of (T, Yy,0 €T)).

As a consequence of Proposition 5.2, condition (51) holds ®(d7) a.e. if we
assume that

1
fo (logv(e?)'/? de < . (52)

From now on, we assume that (52) holds (this is automatic if y > 1, by Lemma
5.6 (1)). The definition of Q"T then makes sense ®(d7) a.e., and we may set

Ny = f ©W7) 07,
which defines a o-finite measure on T,,. We leave it to the reader to verify the
needed measurability properties of the mapping 7 — Q7.

Remark. As aconsequence of Theorem 4.5.2 in [9], a necessary and sufficient con-
dition for the existence of a continuous modification of the process (Y, 0 € 7),
for ® a.e. 7, should be

- t (u) du _1/2dt<oo.
, (Jy vwa)

Note that this condition is stronger than (7). The proof of Theorem 4.5.2 in [9]
strongly depends on connections between super-Brownian motion and partial differ-
ential equations. Condition (52) will be sufficient for our purposes in the present
work.

We can now turn to connections with superprocesses. Under the measure N,
we may for every a > 0 define a measure Z, = Z,(7, W) on R¥ by setting

e
(Za, 9) 2/0 t(do) p(Wo).

The next proposition reformulates a special case of Theorem 4.2.1 in [9].
Proposition 6.1. Let i € M (R¥) and let

2w

i€l

be a Poisson point measure on Ty, with intensity [ u(dx)Ny. Then the process
(Za4,a = 0) defined by

Zo =,
Zo=) ZT' W), a>0,
i€l

is a W-super-Brownian motion started at L.
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In the formula for Z,, only finitely many terms can be nonzero, simply because
finitely many trees in the collection (77, i € T) are such that #(7?) > a. From
Theorem 4.3, we see that the version of Z defined in the proposition is cadlag on
(0, 0o) for the weak topology on finite measures on R¥. By the known regularity
properties of superprocesses (see e.g. the more general Theorem 2.1.3 in [5]), it
must indeed be cadlag on [0, co). The fact that we obtain the “good” version of the
superprocess is a nice feature of our construction in contrast with the Lévy snake
approach of [21] or [9], where regularity properties of the resulting measure-valued
process were not immediately apparent.

In view of Proposition 6.1, the measures N, (or rather the distribution under
N, of the measure-valued process (Z,, a > 0)) are called the excursion measures
of the y-super-Brownian motion. In the quadratic branching case, these measures
play an important role in the study of connections between superprocesses and par-
tial differential equations: See in particular [19]. In the case of a general branching
branching mechanism, excursion measures are constructed via the Lévy snake in
Chapter 4 of [9], and a different approach has been proposed recently by Dynkin
and Kuznetsov [11].

As a simple application of the representation of Proposition 6.1, we use Theo-
rem 4.4 to extend a result due to Perkins [28] in the case of the quadratic branching
mechanism.

Proposition 6.2. Let Z = (Z,, a > 0) be a \-super-Brownian motion in R¥, and
for every a > 0 let S, denote the topological support of the random measure Z,.
Then the mapping a — S, is cadlag from (0, 00) into the set of all compact
subsets of R* equipped with the Hausdorff metric. Moreover, if a is a discontinuity
time of this mapping there is a point z, € R such that S,— = S, U {z4).

Remark. If we assume that the support of Zy is compact, it is also easy to prove
that the mapping a —> &, is right-continuous at a = 0 for the Hausdorff metric.

Proof. We may assume that Z is given by the formula of Proposition 6.1. For every
i € T, let & stand for the set of extinction times of 7°. Then each set & is count-
able, and by arguments similar to the proof of Theorem 4.4 it is easy to prove that
the sets & are pairwise disjoint. If @ € &, write o) for the extinction point of 7"
corresponding to the extinction time a. It now follows from Theorem 4.4 that a.s.
for every a > 0:

o Su= W o eT@) if a¢|]J&:
iel ) iel
o S,={Wi:0eT/(a)\loJ}}U U (Wi:oeT'(a) if aeé&forsome
i€T\(j}
jel.

As a straightforward consequence of these formulas, one can now verify that the
mapping a —> S, is cadlag on (0, o0), with

Su— = U{W(f, co € T(a)} for every a > 0.
ieZ
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Furthermore the set of discontinuity times is contained in the union of the sets &;
overi € Z,and if a € £; we have

Si- =8, U {W;({.}.
We leave details to the reader. O

We can also apply Theorem 4.7 in connection with our construction of super-
processes. We recover the fact that for every discontinuity time s of Z there is a
positive real number Ay and a point wg € RF suchthat Z; = Zs_ +As ., Precisely,
there is anindex i € 7 and an infinite branching point o of 7* at height s, such that
ws = Wi(oy) and A is the local time of the infinite branching point o;. We omit
details since the preceding fact is known to hold in great generality: See Théoréme
7 in [12].

We now proceed to investigate the Hausdorff dimension of the support of Z,,.
From Proposition 6.1, it is enough to consider the random measures Z, under N,.
For every a > 0, we set

Ry = supp(Z,)

and, if E is a subset of R,
Re = | supp(Z.).
acE

Theorem 6.3. Assume that y > 1. Let E be a compact subset of (0, 00) whose
Hausdorff dimension and upper box dimension are equal to d(E) € [0, 1], and set
A = sup E. Then, we have

2
dim;, Rr = dimRg = (Zd(E) + —1) Ak,
-

No a.e. on {Z4 # 0}.
We first state a simple continuity lemma.
Lemma 6.4. Let T € T be such that
. log N (T, €)
limsup ———— < o0
e—0 log 1 /¢
Then Q7 a.s., the mapping o — Wy is Holder continuous with exponent % — 34

1
forany § € (0, 3).

Proof. Standard chaining arguments show that, for every integer m > 1 and every
u >0,

QXT< sup W, — W0/|> < k(ul/z\/log(l N (T, 2-2m)2)

d(o,0")<u

+16 Y 2_p\/10g(1 +N(T, 2—2P))).

p=m+1
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See e.g. formula (11.6) in [18] and note that a correct choice of the distance on 7 in
order to apply this formula is d’(c, ¢’) = 24/d(0, 6’) (see the comments on page
320 of [18]).

From the assumption of the lemma we now get the existence of a constant C (7")
such that, for every m > 1 and u € (0, 1),

Qi}( sup Wy — W,,/|) < kC(T) @"Pm'? 4 m2—™m).
d(o,0")<u

r

Choosing m so that w2 < m <2u" we get, for every r € (0, 1/2),

Qi}( sup  |Wy — W0,|) <C'rk, THud".
d(o,0")<u

An application of the Borel-Cantelli lemma now completes the proof. O

Proof of Theorem 6.3. From the support properties of the measures £, we have N
a.e. for every a > 0,

supp Z, C {Wy : 0 € T(a)}.

Therefore,
R Cc{Ws:0e€eT(E)}

(note that {W,, : 0 € T(E)} is closed as the image of the compact set 7 (E) under
the continuous mapping ¢ — W, ). The upper bound

2
dimRg < 2d(E) + p—]
n—

is then an immediate consequence of Theorem 5.5 and Lemma 6.4. Note that the
assumption of Lemma 6.4 holds ®(d7) a.e. by Proposition 5.2 and Lemma 5.6.

Since the bound dim;, Rg < dimRp is always true, the proof of Theorem 6.3
will be complete if we can verify that

2

dim, Rg > <2d(E) + —1> Ak, (53)

n—
Ny a.e. on {Z4 # 0}. To this end, let ¢ > 0 and

b(e) =d(E) —2 _

(6) = d(E) =26 4

As in the proof of Theorem 5.5 we can consider a finite measure v supported on £
such that, if ¥ denotes the measure

k(do) =/v(da)€“(da),

we have

limsupx (B(c, 8)) 8 "® < 00, k(do) a.e.
§—0
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Furthermore « is nonzero ® a.e. on {h(7) > A} = {Z4 # 0}. Notice that the
measure M defined as the image of x under the mapping 0 — Wj, is supported on
RE, simply because

M:/v(da)Za

and v is supported on E.
Now, for any positive integer ¢, set

F,={o e T(E) : V8 €(0,1/q], k(B(a,8)) < qs*®)

On the event {A(7) > A}, we can find go such that x (F;,) > 0. We denote by k¥
the restriction of k to Fy,. It is then immediate to verify that, for any b < b(¢),

/ K(do) / K(do")d(o,0") " < c0. (54)

Finally, if M denotes the image of K undero — W,, we haveforany b < k/2Ab(g)

0y (/ H (dz) / Myl - yl‘y’) -~ o (/ W")/ Ko - W""_Zh>

= /E(do)/E(do’)Q"T (IWs — Wor|72)
= C/z(da)/z(do’)d(o,a’)*b,

where C is a finite constant. The latter integral is finite by (54). Therefore, ® (d7)
a.e.on {h(7) > A} we have Q7 ass.

/M(dz)[ﬂ(dynz — 3% < .

Furthermore M is supported on R because M < M.Frostman’s lemma now yields
the desired result (53). |
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