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Abstract. This paper deals with a generalization of a result due to Brascamp and Lieb which
states that in the space of probabilities with log-concave density with respect to a Gaussian
measure on R”, this Gaussian measure is the one which has strongest moments. We show that
this theorem remains true if we replace x* by a general convex function. Then, we deduce a
correlation inequality for convex functions quite better than the one already known. Finally,
we prove results concerning stochastic analysis on abstract Wiener spaces through the notion
of approximate limit.
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1. Introduction

Recall that a function f : R” — R™ is called log-concave if for x, y € R" and
O<r<1:

fOx+ A =1y = fF@ F' ™
One of the main results of this paper is the following:

Theorem 1.1. Let g be a convex function on R" and f a log-concave function on
R”". Let v be a Gaussian measure on R"(not necessarily centered or with density
with respect to Lebesgue measure). We suppose that all of the following integrals
are well defined, then:
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fg(x+z—m>%s/gdy

where

l:/xdy m= xw.
’ [ fdy

This theorem generalizes theorem 5.1 of Brascamp and Lieb [6], theorem 7 of
Hargé [15] and corollary 6 of Caffarelli [7].

As in corollary 6 of [7], the proof is based on a result of [7] concerning optimal
transport of measure. To obtain the general case, we use here the Ornstein-Uhlen-
beck semigroup to construct and to study an appropriate function which gives the
result. We deduce from theorem 1.1:

Theorem 1.2. Let f and g be two convex functions on R". Let | be the standard
Gaussian measure on R"(centered and normalized). We suppose that all of the
following integrals are well defined, then:

/meZ(LHm@Lm(ﬂD/fﬁﬁ/gW

where

nﬂf%:/xf@ﬂww) ’n@%:/ngMMQ)
[fan [ gdu

({, ) is the usual scalar product on R").

This result generalizes theorem 6.1 of Hu [17] which proves, under the addi-
tional hypothesis m (g) = 0 or m (f) = 0, that:

/meE/fW/gW-

Nevertheless, we have to notice it is possible to prove theorem 1.2 by rewriting
Hu’s proof.

The inequality obtained in this theorem can be compared to the Poincaré
inequality which states that:

/f2d“‘</fdﬂ)25/wf||2 i

Let choose f = g in theorem 1.2 and note that we have in most cases: f xfdu =
[V f di. Then, we obtain for a convex function f:

‘/Vfdu 2§/f2du—(/fdu)2-

Other correlation inequalities concerning log-concave functions or “decreasing”
functions could be found in the papers of Pitt [27], Bakry and Michel [1], Schecht-
man , Schlumprecht and Zinn [30], Hargé [15], Szarek and Werner [35], Cordero-
Erausquin [11] (see those papers for further references).
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The first part of this paper is devoted to the proof of theorems 1.1 and 1.2. The
second part deals with regularity results for variables on abstract Wiener spaces
which are consequences of theorem 1.1. More precisely, let W be an abstract Wiener
space and denote by P the Gaussian measure on W. Let H be the Cameron-Martin
space of W.

We denote by N the extension on W of a measurable seminorm N on H (as
defined by Gross [13, 14] ; remark that being measurable for a seminorm does not
only mean N is measurable with respect to the o -algebra of W , see further for the
right definition). Then, we obtain in the second part of this paper regularity results
as in the following theorem.

Theorem 1.3. For all measurable seminorm N and measurable norm N> on H,

~ 15
lim E ( exp (le) —_M=n )y,
10 P (N2 <)

This theorem generalizes results of Mayer-Wolf and Zeitouni ([22], lemma 2.5)
and of Hargé [16].

2. Proof of theorems 1.1 and 1.2

We will use the Brenier map [5] which gives the optimal mass transport on R". Let
us recall some terminology. If v; and v, are two Borel probability measures on R”
,aBorel map T : R" — R” is said to transport v{ on vy if v, is the image of v| by
T . It means that for every non-negative Borel function A:

/honvlthdvz.

The result of Brenier, as improved by McCann [23] is the following:

Theorem 2.1. Let vi and vy be two Borel probability measures on R" and suppose
v1 vanishes on subsets of R" having Hausdorff dimension n — 1. Then, a convex
function ¢ on R" whose gradient V¢ transports vy on vy exists. The map Vo is
uniquely determined vi almost everywhere.

Caffarelli [7] proves the following result:
Theorem 2.2. If vy is a gaussian measure and if dvy = fdvy where f is a log-
concave function (such that [ fdvi = 1) then Vg is a contraction with respect to

the euclidian norm.

We can now prove theorem 1.1.
It is possible to find an integer k < n such that for each integrable function #:

/hdy:/ h(Lx +1)dp
n Rk
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where £ : R — R” is a linear map and p is the standard Gaussian measure on R¥.
So, it is sufficient to show the result when y = u (the standard Gaussian measure
on R") and [ = 0. With:

_ 1
f @)= f(x+m)exp (—5 Il — (x, m>) :

we can assume that m = 0.
Then, it is possible to assume:

f(x) =exp(—=F)1p,r)

where F is arbitrarily often differentiable and convex. Then, using a result of Caffar-

elli 8, 9], if we denote by V¢ the Brenier map which transports p on 7 fgﬂ, we
obtain p € C 2% foran o € 10, 1[ . The result of Caffarelli [7] is:
llx 12
(p:——tp and 0 < Hessy < 1.

It is possible to assume that g is smooth and Vg is bounded. This last point is
obtained with the following approximation of g:

gn(x) = sup (y,x)—g*(y),
yeB(0,n)

where g* is the Fenchel-Legendre transform of g.
With the optimal transportation, we can write:

/ () LX) f(x)du(x)
[ f)du(x)

Now, let P;h be the Ornstein-Uhlenbeck semigroup given by:

/g (x = Vi (x)) du (x) .

Ph(x) = /h (e_%x ++1 - e"y) du(y).

P;h is the solution of:

{ 4(Pi(h)) = L(P:(h))
Py(h) =h

where L is given by:
L(h) = %(Ah — {(x, Vh)).
Moreover, we have the following integration by parts formula:
/hlL(hz) du = —% /(Vhl, Vhy)du.
Let 6 be the function:

0 (1) = /g (x = P (V) (x)) dpu (x)
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0x1 0xy,

With the following inequality (see for example the proof of proposition 3.1.25 of
[29]):

and using the fact that Vg is bounded, we obtain:

where

P (V) (x) — / Vipdu

< Ke 'l / I — yllde ()

‘g (x— P (V) (x) — g (x — / vw) <Ke'? / lx — ylldu (y) .

Furthermore:

S )du(x)

[ovan=—[ @-vv @ ae == [+ =

So, 6 (1) is well defined for each ¢ . Moreover:
lim 6(r) = /g (x)du(x) and 6 (0) = /g (x = VY (x))du (x) .
t—+00
Then, it is sufficient to show that 6 is an increasing function. Working on L P; (V)

with the same understanding as the one used for P; (Vi), we obtain with an inte-
gration by parts:

0'(t) = — f(Vg (x = P (V) (x)), LP (VV)) du

1 *
S [Hessg (x — Py (V) (x) (I — M*) M] du,
where M; i = 2P (—Blp) It is easy to see that:

1] x; t ij . y .

M = e 1P, (Hessy).
So:
M=M*" and 0<M <.

Therefore, (I — M*) M is a symmetric, positive matrix and consequently 6 (¢) >
0. o

Remark 1. We could rewrite the result of theorem 1.1 in the following way. Con-
sider a centered Gaussian measure y, denote by N a general norm on R", by f a
log-concave function such that [ xf dy = 0 and by Vg the Brenier map which

transports y on fff% : then we have:



420 G. Hargé

/N(V(p)dy < /Ndy. 2.1

The result of Caffarelli says that Vg is a contraction with respect to the euclidian
norm. Inequality (2.1) says that V¢ is globally (on average) a contraction with
respect to every norm N.

Now, we will deduce from theorem 1.1 the correlation inequality for convex
functions given in theorem 1.2.

Proof of theorem 1.2. Recall that u denotes the standard Gaussian measure on R”.
We define a function & (¢) for t > 0O by:

(1) = /g(x —my)exp (—tf) du—/ng/eXp(—tf) du

where m; = fx exp (1) dp
"7 [exp(—tf) du

We know from theorem 1.1 that & (#) < 0, furthermore & (0) = 0 . So, we have
£’ (0) < 0. We obtain:

E/(0)=—</ngu,m’o)—/fgdu+/fdufgdu,
m6=—m(f)/fdu and /nguzm(g)/gdﬂ-

We deduce from this the desired inequality. O

Remark 2. Ttis possible to obtain a more general inequality if we consider a general
Gaussian measure y. With the same method, we can write in most cases :

/ fgdy 2 (1 +<Kffvffd6jxy’ ffvggdffy >) / / dy/ gdy

where K is the covariance matrix of y.

3. Approximate limits on abstract Wiener spaces
3.1. Preliminaries

We consider here an abstract Wiener space (W, H, P) as in the introduction. We
denote {, ) and || || the scalar product and the norm on H and F the Borel o
-algebra on W. Let us recall some definitions concerning measurable seminorms
in the sense of Gross (see Gross [13], [14] and also Kuo [21]) .

Let Q : H — H be an orthogonal projection such thatdim Q H < co.We have:

n

Qh =Y (i, h)h;

i=1

where (hy, ..., hy) is an orthonormal basis of QH.
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Recall that a canonical isometry exists between H and a subspace of L2(W) (which
is the first Wiener Chaos). If 1 € H, we denote by 4 its image in L?(W). Then we
define:

n
Qw=2i7ih,- for weW.
i=1

A sequence of orthogonal projections Q, is called an approximating sequence of
projections if:

dim Q,H < o0, Q,H increases withn and
0, (h) goesto h in H for each h in H.

In view of corollaries 4.5 and 5.2 of [13], an equivalent definition to that of
Gross for measurable seminorm is the following:

Definition 3.1. A seminorm N on H is said to be measurable if a random variable
]V(w) exists such that for each n > 0, P(IV < n) > 0 and for all approximating
sequence of projections Qn, the sequence N (Q, (w)) converges in probability to
N. If, in addition, N is a norm on H, N is called a measurable norm.

For example, on the standard Wiener space Wy = { f e C(0,1],RY), f(0)= 0},
the supremum norm on Wy defined by:

J }
| £ loo=sup (Zﬁ <s>2>
i=1

s€(0,1]

comes from a measurable norm. This is also the case for Holder norms with index
smaller than % ([13], paragraph 5).

For a measurable norm N on H, itis possible to consider the completion (£, N)
of (H, N) and to construct a Gaussian measure y on (E, N), but this is not our
point here. We are only interested in the “extension ” N of N on W and we would
like to compare the behaviour of extensions on W of two measurable seminorms
on H. Nevertheless, it is important to notice that the image of y by N is equal to
the image of P by N.

Let N be a measurable seminorm on H. According to Cameron-Martin’s for-
mula, P(ﬁ(w —h) <n) > 0ifh € H ; soitis possible to define:

Definition 3.2. Let N be a measurable seminorm on H. For F € LY (W), A €
F,he Handn > 0 let:

P(A,Nw—h) <n)
P(]V(w—h) <17)

11\~/(w—h)<n
P(N(w —h) <n)

E,’Xh(F)=E<F ) and P, (A) =

If h = 0, we will omit the subscript h.
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Definition 3.3. Let F € LI(W), N be a measurable seminorm on H, h € H and
p € [1, +0o[. We say that F possesses an LY, respectively LY, approximate limit
at h if there exists a real | such that:

Ve>0 , %%P;Yh(w—zbg):o

respectively:

lim B (1 F = 117) =0

l is denoted by F (h).

It is easy to see that if F possesses an L@ approximate limit then F possesses
L', approximate limit for r < p.

The existence of approximate limit may be used to prove existence of Onsager-
Machlup functionnals for tubes around every element in H (see for example [19]
in the case of the standard Wiener space) or to obtain support theorems for the law
of some random variables.

Perhaps the first work on this subject is the one of Stroock and Varadhan [32].
Later, several authors have worked on this notion for particular seminorms ([2],
[3], [10], [12], [24], [31], [34], [22]). In the case of the supremum norm on the
standard Wiener space, we could in general prove the existence of a limit at 4 from
the existence of a limit at O by use of a result of Millet and Nualart ([24]) which
is based on a paper of Shepp and Zeitouni [31]. Sugita ([34]) also gave a similar
method for general measurable norms. We will use those ideas here.

Furthermore, the notion of approximate limit with respect to N is very sensitive
to the choice of N. For example, if F' possesses an approximate limit with respect
to N, we can say nothing about the existence for F of an approximate limit with
respect to another norm equivalent to N. Moreover, Sugita showed in [34] that, if
F is the Lévy stochastic area defined on the standard Wiener space, there exists
a dense subset A of R such that for all a in A, we could find a measurable norm
N, such that Fy, (0) = a (where Fy,(0) is the approximate limit of F at 0 with
respect to N,) .

A great number of results concerning approximate limit use correlation inequalities
like FX.G. inequalities or the ’strip” version of the Gaussian correlation conjec-
ture. Here, we will use theorem 1.1 instead of those inequalities and we will see that
theorem 1.1 is sufficient to prove existence of approximate limits even though it is
a weaker result than the Gaussian correlation inequality (which is still a conjecture
in the general case). In this part, we will prove that for every measurable seminorm
N1 and measurable norm N, and for some functions g, F = g (]V]) possesses
an approximate limit with respect to N> which does not depend on the choice of
N3. This result is not in contradiction with the result of Sugita because the Lévy
stochastic area can not be related to a measurable seminorm.
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3.2. General results

Theorem 1.1 allows us to obtain:

Theorem 3.4. Let N1 and N, be two measurable seminorms on H. Let h belong
to H.Ifg: Ry — Risan increasing and convex function such that:

E(|g (Ni +Ni(m)]) < 400

then:
v =0, E(g(Wi¢+m)lge,) = E@ N ¢+m) PR =),

Proof. Tt is possible to assume g(0) = 0.
Denoteby B = (e,,) acomplete orthonormal systemon H suchthate; = h/ ||h||
@if h # 0). Let Q,, be the sequence of projections defined by:

n

0, = Z <l,e; >e¢; where e H.
i=1

We have Q, (h) = h. _
Using subsequences, we obtain (because if N> # 0, P (N2 = 17) = 0 for each
real n, see [16], corollary 4):

kLiIJIrloo N (an(w)) =JF\71 a.s. and kLiIJIrloo INZ(an (w))<n= 1,725” as..
We deduce from the Cameron-Martin’s formula:
Jim g (N1 (Quy(w + 1)) = g (N1 (- +h) as.
With theorem 5 of [13], we see that:
Ve >0, P (N1 (Q,,k(w)) > 8) <P (171 > S).
We deduce:

Vx>0, P(g[N (Qn(w+h)]>x) < P(g[N(Qn(w) + Ni(h)] > x)
P(g [1’\71 + Ni(h)] > x).

= E (g [N (Qn(w + )] lg[Nl(an(w+h))]>a)

+00
[ P (g [N1 (Qu(w + 1))] > max (a. 1)) dt

IA

/ N1 + Ni(h)] > max (a, 1)) dt

( [N+ Mm] 1 [N1+N1(h>]>a>-
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Consequently:
g [N1 (Qne(w + 1))] 8 (Ni ¢-+m) in L.
So, we obtain:
E (g (N ¢ +m) 15;,) < liminf £ (g [N (Que @) +1)] Ly 0y, )=1)
i E (g [N (00 )+ 1)]) = E (2 (% ¢+ )

Jim P (N2 (Qu w) <m) = P (No <)

Finally, it is sufficient to prove:

E (g [N1 (Qn W) + 1)1 L, (0, (w))=n)
< E (g[N1 (Qn (W) + 1)]) P (N2 (Qn (w)) < 1) .

n
The map: x € R" — N, (Z xjej> is even and convex and the map
j=1

n

x € R" > g[Ni| > xjej +h)i| is convex. Furthermore (e7,...,é,) is a
j=1

Gaussian vector. We use theorem 1.1 to conclude. 0O

Remark 3. This theorem remains true if we assume E (|g ((1 + ¢) ],\71) ) < 400

for some ¢ > 0 instead of E (|g (N1 + Ny (h)) |) < 4o0. It is sufficient to notice

that:

1+e¢

~ 1 ~ 1
N Ni(h)y=——(1 N ]— —— Ni(h
1+ Ni(h) 1+8(—i-é9) 1+< 1+€> 1(h)

and to use the convexity of g.

Remark 4. Inthis theorem, we can write 1 57, _, instead of 1, ., because P (]Vz =n)
=0ifn > 0.

Example 3.5. Let N1 be a measurable seminorm on H. We know from Fernique’s
theorem that there exists « such that E (exp (aﬁz)) < +o0. So, we can apply
theorem 3.4 to g(x) = exp (ax?) if = 0 (g(x) = exp ((@ — &) x?) if h # 0).

Example 3.6. If Ny is a measurable seminorm on H, using Fernique’s theorem, we
see that N1 € L? for every p > 1. So, we can apply theorem 3.4 to g(x) = x?.

This result is essential to study the existence of approximate limits because it
gives an uniform bound with respect to n of quantities which will occur:

sup ) [g (N1 + )] = E[g (M- + )]
n>

First, let us give a generalization of lemma 1 of [16]. This lemma allows us
to construct an approximating sequence of projections well-adapted to a given
seminorm.



A convex/log-concave correlation inequality for Gaussian measure 425

Lemma 3.7. Let N be a measurable seminorm on H. There exists a complete
orthonormal system (&;) in H such that, for each n in N\{0}:

I, >0, N(Qn(w)) <cuN a.s.
where Qn(h) =37 <& ,h > §&.

Proof. Let F = {x, N(x) = O}J‘ (with respect to the scalar product in (H, || |))),
{x, N(x) = 0} is a closed subspace of H because c exists such that N(x) < ¢ |x]||
for each x in H (see for example [21] lemma 4.2) .
Let IT be the orthogonal projection on F. We have: Vx € H, N (x) = N (Ilx).
Denote Nj (x) = N (x) for x € F and (E, Ny) the completion of (F, Ny). E’
isdense in (F, || |)) = (F, || ||) . We choose (&;), a complete orthonormal system
in F such that &; belongs to E’.
Denote (éi/ ) a complete orthonormal system in F. Define:

n

0n(®) =) (<g.& > &+ <g.&>8) for geH

i=1
Qn(x) = Z(x, E)ep & for xekE
i=1

(Qy, is an approximating sequence of projections for H) .
There exists ¢, > 0 such that:

Vx € E, N(Qn(x) < calNi(x).
Consequently, for g € H :

N (Qn(8)) = N (I1Q4(g)) = N(Qn(T1g)) < c,N (Ig) = c,N () .
= Vg >n, N(Qn(w)) < ¢uN(Qq(w)) as.
= N(Qy(w)) < e,N(w) as..

O

Remark 5. The idea of the proof of this lemma appeared in a paper of Sugita ([34],
lemma 2).

Now, we study the existence of a limit at O for variables defined with a convex
function.

Theorem 3.8. Let Ny be a measurable seminorm on H and Ny be a measurable
normon H. If g : Ry — R is an increasing and convex function such that:

3e >0, E(|g(1+e)N)|) <+oo
then

lim 1% (3 (1)) = 50
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Proof. First, it is possible to assume that g(0) = 0. Let Q,, be the approximating
sequence of projections given in lemma 3.7 for N,. We have:

~

M to M-~ @)+ (1- ——) N (0 )
14 " 14+¢ £ "

= )" (¢(M))

1 _
< B @A +o) [N =N @ @n]])

1 1+¢
+ (1 - m) E)? (g [ —Ni(Qn (w))D :

For the second term, we have to study the behaviour of Ny (Q,,(w)) when N> (Q, (w))
< ¢, 0. Because of the comparison of norms on spaces of finite dimension and be-
cause N is a norm, we have:

N1(Qn(w)) < kyn  when  N2(Qu(w)) < cun.

Consequently, we obtain:

1 1
E)" <g[ jgNl(Qn(w»DSg( :%m).

For the first term, using a subsequence, we obtain:

EY (s[4 +e) [N = N1 (Qn w)]])
= liminf £,° (¢ [(1 + &) [N1 (Qn () = N1 (0 w))]])

< lim inf £ (g [(1 + &) [ N1 (Qn () = O (w))[]) (3.1)
Moreover ([13], corollary 5.2 and theorem 5):
N1 (Qpm (w) — Qp () n’m—_>)000 in probability,
Vx>0, P (Ni(Qum(w)—Qyw)>x)<P(N >x).
So, we obtain:

Vx>0, P@l(1+& N (Qnw)—0,w)]l>x)=<P(g[ +€)N~|] > x)
= sup E (g [(1 + &) Ny (O (W) — Ou (W] Lg((156)V, (0 (w)—0n (w)1>a)

<E (g [(1+2) V1] 1g[<1+5)ﬁ1]>a)-
Consequently (because E (g [(1 + &) ]V]]) < 400):
g LA +&) N (@ (w) = @ (W] nj+000 in L.

Using theorem 3.4 and the factthat £ (g [(1 + &) N1 (O (w) — Oy (w))]) < 400,
we write:
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E? (g [(1+ &) N1 (Qm (w) — Qn (w))])

< EQI(1+£) Nt (Qn () — @y w)))). (32)
= liminf sup £ (¢ [(1 +) M (Qn, () = 0w W)]) =

]

Remark 6. Tt is an open question whether it is essential for Nj to be a measurable
seminorm or not.

Example 3.9. Let f € H and define Ny (h) = [(f, h)|, Ni is a measurable semi-
norm and N 1= | f | Furthermore, since f is a Gaussian variable:

Ve >0, E(exp((1+¢) ],\71)) < +o00.
So, we obtain:
lim EN? ) =
tim £ (exp (1 71)
This result implies a result of Borell [4] which is:
lim EN? =1.
nf}) n’ (exp (f»
For similar results and improvements on norms N, which are not necessarily mea-
surable norms but which verify other hypothesis, see [3], [31].

Corollary 3.10. For each and every measurable seminorm N1 and norm N> on H,

vpz 1, limE): <N1 ) —0
7’4)

and consequently:

Ve >0, lim PN2 (N1 > 8) =0.
n—0

Proof. Using Fernique’s theorem, we see that £ (]f\\flp ) <4oc0. O

Remark 7. We cannot use theorem 3.8 to obtain lim,_,¢ E,],v 2 (exp <]~\712>) =1
because E (exp <M2)> may be infinite. We shall address this problem later.

Now, we are able to give two corollaries of corollary 3.10 which allow us to
prove the existence of approximate limits for some variables.

Corollary 3.11. Let Ny, ..., N, be measurable seminorms and N be ameasurable
norm.Leth € Hand f : R" — Rbeacontinuous functionat (N1 (h), ..., Ny (h)) .
Then f (N] Ve .,Nr)possesses an L?v approximate limit at h which is f (N1 (h) ,. ..,
Ny (h)).
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Proof. Using Cameron-Martin’s theorem, we write:
P f (Nt N = fF (N () o N, () |> €)
E} (exP () L (R W) - vy (h>,...,N,-(h>)|>s)
£ (exp (1)
_EY (e (20)
~ EY (exp(=h))

P (N R M= (N (). N () > ).

Furthermore, there exists « such that:

DTINiC+h) = Ni () |
i=1

<a=|f(N,... . N)CHh) = F(N (h), ..., Ny () |<e.

Moreover, with an approximating sequence of projections Q,, such that Q, (h) = h,
we obtain:

[Ni (w+h) = Ni()| = 1im_[N; (Quew + 1) = Ni()| - as.

Jlim |N; (Qn (W) + h) — Ni(h)|

< klim Ni (Qn (w))
< ﬁ,-(w) a.s..

Consequently,

Using a result of Borell [4] (see example 3.9),we have:

%i_l;[}) E} (exp (~h)) =1 and %E)rb E}” (exp (—2h)) = 1.

We conclude with corollary 3.10. O

The following result shows the usefulness of theorem 3.4 to obtain existence of
approximate limits.

Corollary 3.12. Let Ny, ..., N, be measurable seminorms and N be ameasurable
norm.Leth € H and f : R” — R be a continuous functionat (N1 (h) ,. .., N, (h)) .
If there exists p > 1 such that:

sup BN (£ (Wi ¢+ m) .o NG+ m)|”) < oo

n€l0,1]
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then, for every q € [1, p[, f (171 RN 17,) possesses an L’,IV approximate limit at
h whichis f (N1 (h), ..., N, (h)).
In particular:

lim 3 (f (N1 ND) = f (NE ) Ne ().

Proof. For ¢ > 0, there exists « such that > ;_, [x; — Nj(h)| < a =
|f (x) = f(Ni(h),...,Ny(h)| <e.Forq €[l, p[:
EN (L fF(Nieo oo (N = f L) N, () 1)
CEN (exp (<R) | £ (N1 N G = F N ), N () 19)
E} (exp (=F))"*
EY (exp (=h) If (N1, ... . N) ()= f (N1 (h), ..., Ny () |9

_ 1/q
12§:1|Ni<-+h)—Ni<h)|>a)

<e+ —
EY (exp (<))

The second term is smaller than:

EY (oxo (~20)) ™ EX (17 (R W) G
—f (N1 (B), ..., N, (b)) |P)!/P
EN (exp (—ﬁ))l/”

r 2pq
x <ZP,,N (1N C+m =N 1> %))

i=1

and
PY(IN C+m =N 1= 2) = PV (R = 2).
r r
We conclude as in the previous corollary. O

Remark 8. We could deduce from this corollary a theorem like theorem 3.8 where
the hypothesis

de > 0, E(‘g((1+£)]f\71)|)<+oo
is replaced by
dp > 1, E(|g(1f\71)|p)<+oo

To do this, combine corollary 3.12 (at # = 0 and r = 1) with theorem 3.4 (at
h =0).
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Corollary 3.13. Let Ny be a measurable seminorm and N, be a measurable norm
on H. Then:

Vp>1,YheH, Ni possesses an Lﬁ,z — approximate limit at h and
Ni(h) = Ni(h).

Proof. We know from theorem 3.4 that, for every p > 1:
N (15 p = p N p
sup B3 ([N ¢+ ") = E(INi ¢+ 1)) < B (W7 + Mn)”) < +o0.
n>0
O

3.3. Approximate limits for some particular functions

The following theorems are essentially useful for functions which can be com-
pared with the function x + exp x2. More precisely, we will consider a function
g : Ry — R such that

for every measurable seminorm N, 3o > 0, E (| g (aﬁ ) |) < +00. (H)

Theorem 3.14. Let g : Ry — R be an increasing and convex function such that
(H) is verified. For every measurable seminorm N1 and norm N> on H, there exist
two positive constants c1 and cy such that:

~ 1
vn > 0, E,]]V2 (g (Nl)) =c+ 58 (c2m).

=2 ~2
Remark 9. Thus, although E (eN ! ) may be infinite, we obtain Ef,v 2 (eN ! ) < t+oo
(using Fernique’s theorem).

Proof. Let (&;) be the complete orthonormal system given in lemma 3.7 for N5.

Here, denote R, (h) = Z?:l < &, h > &;. Inthe proof of lemma 1 in [14], it is
possible to choose for P, a subsequence of R, (in fact, to use this lemma, we have
to assume that Ny is a norm ; actually, this hypothesis is unnecessary, see lemma
4.4 of [21]). With this lemma, we see that the following quantity is a measurable
seminorm on H:

oo
N(h) = 2"Ni(Quh) where Q,=Pyy1—P, and Qi =Py

n=1

Moreover: N(w) =Y, 2"Ni(Quw). _
For N, there exists « > 0 such that E (| g (aN )|) < 00. Choose n such that
271 < a2,
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Ifm > n:

m—1

Ni(Ppw) <Y Ni(Qiw) + Ni(Pyw)
1_m 1
2 2 2" N1(Qiw) + Ni(Pyw)

i=n

IA

IA

1 ~
2_nN+N1(in)

=< %]V + N1 (P,w).

If ]’\72 < n then Np(P,w) < c,,]’\‘fz < ¢un. So, because of the comparison of
norms on spaces of finite dimension, we have: Ni(P,w) < k,n. Consequently:
N1 < N+knn We deduce :

1 ~ 1
E,évz( (Nl)) 2EN2( (ozN))—i—Eg 2kyn) .
Then, we apply theorem 3.4 to g (ox). O

Theorem 3.15. Let p > 1. Let g : Ry — R be a continuous function and assume
that there exists an increasing and convex function f : Ry — Ry such that f
verifies (H) and |g (x)|? < f (x) for all x. Then, for every measurable seminorm
N1 and norm N, on H:

Yhe H Vg e[l,pl, g (]F\lvl) possesses an L(II\,2 approximate limit at h

which is g(N1(h)).
In particular,

;?i‘bE 3 (g (N1)) =g (N1 ().

Proof. f(2x) is an increasing and convex function such that () is verified. So,
we obtain with theorem 3.14:

sup E)? (f2ND)) < +oo.
nelo,1]

Moreover:

—~ ~ 1 ~
FNiC+R) < F(NT+N ) <= (f(2N1) + f 2Ny (h))).
= sup E) (f (N1 (- +h))) < +o0.

n€lo,

We conclude with corollary 3.12 applied to g. O

Example 3.16. We can apply the previous result to g(x) = exp(ax?) witha € R
and B € [0, 2] because:
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g @17 < exp (plal x¥) < exp (plal) +exp (p lal2?)

So, Vli, > 1, exp (aI\NJﬂ) possesses an LZz—approximate limit at & and
exp (aNﬁ) (h) = exp (aN (h)ﬁ).
In particular, we obtain theorem 1.3.

3.4. Consequences for Wiener chaos

In this section, we assume that H = L2 (T, A, m) where (T, A, m) is an atomeless
separable o-finite measurable space. It is well-known that the nth Wiener chaos
is isomorphic to H®", the Hilbert space of symmetric n-tensors over H (see for
example [25]).

For f € H' On_denote by 8" (f) the n-tuple Wiener integral of f (forh € H, we
have § (h) = h) We will use the notion of k-th limiting trace of f , denote by Trk f
( € HOn2% ) introduced by Johnson and Kallianpur [20]. There are many defini-
tions of traces (see for example [20]). Here, we choose this particular definition
because of the equivalence between the existence of Trk ffor0 <k <[n/2] and

the existence of a limit in L? for ( £ (Q pw )® > where (Q p) is any approximating

sequence of projections (theorem 10.2 of [20]). More precisely, let us recall the
definition of Johnson and Kallianpur of a £ lifting associated to an f in H®".

Definition 3.17. Let f belong to HO". The associated n-form V (f) given by
W (f)(h) = (f, h®"), for h in H, possesses a L lifting if for every approximating
sequence of projections (Qp), v (f) (pr) is a Cauchy sequence in L. In that
case, there exists a random variable X in L* such that, for every approximating
sequence of projections (Qp), W (f) (Q,,w) converges to X in L?. X is called the

L2 lifting of W (f) .
The main theorem of this section is the following.

Theorem 3.18. Let f € H®?" such that W (f) possesses a L?* lifting and such

that

VYhi,...,h,) € H", <f,h?2®~--®hf?2>20. (3.3)
Then there exist measurable seminorms Ny, ..., N, on H and there exist real
numbers ay, ... , 041 and even natural numbers ki, . .. , k, such that:

r Nki
8(f) =Y aiNi" + e
i=1
(maxk; = 2n and |{i, k; =2n}| =1 = |{i, k; = 2n — 2}|).
Furthermore, under condition (3.3), the existence of a L? lifting for W (f) is
equivalent to:

sup Kf, ef?z R ® e§2>‘ < 00. (3.4)

(e;) CONS of H i sin=1
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Remark 10. Johnson and Kallianpur use the notion of £ lifting to prove the Hu-
Meyer formula ([18]) in the context of abstract Wiener spaces. The lifting of W (/)
corresponds to the Stratonovitch integral of f even if, on abstract Wiener space, it is
not really an integral. As we will see later in the proof, the formula in theorem 3.18
is simply the statement that the inverse Hu-Meyer formula is valid (in the standard
Wiener space, this is the formula which gives an expression of 2*( f) in terms of
the Stratonovitch integrals of the iterated traces of f).

We begin with a lemma. Let IT denote the set of orthogonal projections of H
of finite dimension.

Lemma 3.19. Let f € HO% such that (3.4) is verified and such that:
Vh e H, <f, h®2"> >0
then
Ve>0,300 €M, VO e, QL1 Qy= P ((f (Qw)®2"> > e) <e.

Proof. Define

= sup Z ‘(f,ef?2®--~®e§2>‘.

(e;) CONS of H i in=1

For ¢ > 0, there exist a CONS (¢;) of H and a natural number R such that

R
[ — Z ‘(f,ef?2®--~®e§2>) <&

i1,...,ip=1

Denote by Qg the orthogonal projection on span (ey, ... , eg). Let O € IT such that
O L Qq:itispossible to find a CONS (u;) of H suchthatu; =ey,... ,ugr = ep
and (4R41, ..., up) is an orthonormal basis of Q H. Define:
R/
Q®2nf= Z <f»ui1®"'®Mi2n>ui1®"'®ui2n~
i1,...,i2p=R+1

Trk (Q®2" f ) exists for every k (proposition 3.2 of [20]) and we can apply lemma
4.3 of [20] to obtain:

n

<f, (Qw)®2n> _ 1; %Sh—% (ﬁ,k <Q®2nf)> '

We deduce:
E (<f (Qw)®2n>> _ e, <Q®2nf> .

T onp)

= P ((7.0Qwe) > o) < 120 (o),

& 2'n!
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Furthermore (propositions 3.1 and 3.2 of [20]):

R/

7. ®2 _ ®2 ®2
(o) 3 (e s
i1yee,in=R+1
R/

®2 ®2
= 2 ‘('f’ui1®“.®uin>)
i1,...,ip=R+1
R

]

Corollary 3.20. Ler f € HO?such that (3.4) is verified and such that:

Y (hi,ha) € H?, <f, @ hg@z””} > 0. (3.5)

Then Ny (h) = (f, h®2”>1/2n is a measurable seminorm on H.

Proof. We know from lemma 3.3 of [13] that (3.5) is equivalent to the fact that
Ny is a seminorm. Then, with the original definition of Gross for measurable se-
minorm ([13] ), we see, by using the previous lemma, that Ny is a measurable
seminorm. 0O

Remark 11. For f € H®?", define an operator K (f) from H®" into H®" by:
Y (u,v) € HO" x HO", (K(f)u,v) = (f,u @ v).

If we assume that K (f) is of trace class, we obtain:

w3 <

(1) CONS of HO" i —{

e¢]

= sup Z ‘<f,e®2®~-~®e§’2>’<oo.

il
(e;) CONS of H i in=1

Consequently, we see that corollary 3.20 generalizes theorem 3 of [13] where the
result is proved when K ( f) is of trace class.

Remark 12. 1f f € H®?"*1 itis possible to show that /7t > (f, h®*"+1)is the (2n+
I)th power of a seminorm if and only if, forall 41, hy in H, <f, h‘?z ® h§92”71> > 0.
Butin that case, itimplies Vi € H, (f, h%2"™!) = 0. So, we obtain, for any approx-
imating sequence of projections (Qy) : ﬁ}znﬂ = limg_ (f, (ka)®2”+1) =0.
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Corollary 3.21. Let f € HO?" such that (3.4) and (3.5) are verified then Trk )
exists for every k (W (f) possesses a L lifting) and

n

o (2n)! 2n-2k (Fok
Nyo = ];0 K an — 20 k1 (T’ (f)> :

Proof. For every approximating sequence of projections (Q,), Ny (Qpw) con-
verges in probability to 1(/7 (corollary 3.20). Therefore, N ¢ (Q ,,w)zn converges in

probability to ﬁ}zn. Furthermore, we know from theorem 5 of [13] that:
Ve >0, P(Ns(Qpw) >¢) < P(Ns>e)

and from Fernique’s theorem that £ ([\7} 4") < 00. S0, weobtainthat N¢ (Q, w)zn
converges to ﬁ}zn in L?. That means that ¥ (f) = N %” possesses a £ lifting and
this lifting is ]V}zn. Now, the corollary is nothing else but theorem 10.2 of [20]. O

Proof of theorem 3.18. Firstly, for f € H 021 we will prove that, under condition
(3.3), we have:

(3.4) < W (f) possesses a £ lifting.

For =, this is given by corollary 3.21.

For <, if we assume that W ( f) possesses a £ lifting, then, for every k, Trk H
exists (theorem 10.2 in [20]). In that case, Tr (f) is given by the following formula
(formula 3.20 in [20]), for every CONS (e;) of H:

?r”(f): i (f,e§’2®---®e§’2>.

i,...,ip=1
Using condition (3.3), we see that:

sup Z Kf,e.®2®-~®e?2>‘<oo.
(i) CONSof H "

seesin=1

Now, let us prove theorem 3.18. Forn = 1,if f € H©®? verifies (3.3)and (3.4),
we know from corollary 3.21 that:

N =82 +Trf  (TrfeR).

Now, assume that the theorem is true for 1 < k < n — 1. With corollary 3.21, we
write, for f € H®?" such that (3.3) and (3.4) are verified:

n

Mmoo 2 N~ @) ok (o
=Ny Z;zk @n — 201’ (77 ).
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To obtain the result, it is sufficient to prove that Trk f) (e HOM—2k ) verifies (3.3)

and (3.4). For this, we use the expression of Trk (f) given by formula (3.20) in
[20]. For every CONS (e;) of H,

o0 o0

Tk _ ®2 ®2 ) .
(= Z Z <f’ej1 ®---®e; ®ell®.'.®812n—2k>
i1y si2n—2k=1 \J1s-e, k=1
X e & Qe _y-

With this formula, (3.4) is obvious for Trk (f).Lethy,..., h,_ belong to h. We
choose a CONS (e;) of H such that span (hy, ..., h,—x) C span(eq, ... ,en—i),
then:

(T h§2 e @ h$?)
o0
= > (f,eﬁ2®-~-®eﬁ2®h?2®---®hf§’3k>zo.
Jisees Jike=1

So, (3.3) is verified for 77 (f). O

Remark 13. For a given f , it is possible to compute oy, ... , &+1, k1, ... , k- by
using corollary 3.21 but values of those numbers are not easy to write because in

general Trk (]T)r‘f (f )) #+ Trk+a (f) (see [20]). However, it is an open question
whether the assumptions imposed on f intheorem 3.18 imply that Trk (T;)fq f )) =

Trk+4a (£) or not.
Remark 14. Let f € H®?(n = 1) and define K (f) as in remark 11, then:

(3.4) & K(f) is of trace class.
In that case, we know there exists a CONS (¢;) of H such that

o o0

f=) rei®e with Y |n| < oc.

i=1 i=1
Define f| = Z?il.x,>0 rie; @ e and fr = _Z?il,)\[<0 Aie; ® e;. For every i,
fi € H®? and K (f;) is of trace class. Furthermore:

Vh € H, (f,-,h®2> > 0.

So, if f verifies (3.4) then f; verifies (3.3) and (3.4). Consequently, since 82 ( )=
82 (f1) — 82 (f2), we see, when n = 1, that condition (3.4) is sufficient to obtain
the conclusion in theorem 3.18. The question is open for n > 2.

Now, we can apply results of sections 3.2 and 3.3 to Wiener chaos. For example,
theorem 3.18 with corollary 3.12 allows us to obtain:
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Corollary 3.22. Let f € HO*"such that (3.3) and (3.4) are verified, then, for every
measurable norm N, Vp > 1, Yh € H, §*" (f) possesses an Lllz,—approximate
limit at h which is, with the notations of theorem 3.18, Zle o; Nj (h)ki + a4
(this limit is independent of the choice of N ).

Concerning the existence of a limit with the exponential function, we can use
theorem 3.15 (example 3.16) and corollary 3.20 to obtain:

Corollary 3.23. Let f € H®*such that (3.4) and (3.5) are verified, then, for
every measurable norm N, Vh € H,Vp > 1,Va € R, Vg € [0, 2], exp (alf\;}ﬁ>

possesses an Lf, approximate limit at h which is exp (a Ny (h)? ) In particular, we
have:

Jim EY, (exp (aﬁfﬂ)) = exp (aN; (W)F). (3.6)
Example 3.24. Let g € H and define f = g ® g . (3.4) and (3.5) are verified.
Moreover, [\7}2 = §(g)2. In that case, we obtain (8 = 1,a = 1 and & = 0in (3.6)):
lim E,7 (exp (1)) = 1,
which is once again example 3.9.

It is not possible to generalize this method for g € H®" (with n > 2) without
an additional hypothesis because in general, f = g Q% g does not verify (3.4) and
(3.5) (where g (}% g is the projection on H®?" of g ® g).

Now, we will obtain a similar result for §2* ( f) under conditions (3.3) and (3.4).

Theorem 3.25. Let f € H®%" and assume that f verifies (3.3) and (3.4). With
notations of theorem 3.18, for every measurable norm N,Yh € H,Vp>1,V (a, b)

e R%, VB € [0,2], exp (a |82” (fH+ b|ﬂ/2n) possesses an Lﬁ, approximate limit
at h which is exp (a |Zf:1 ;i N; (ki + or41 + b|ﬁ/2n). In particular, we have:

B/2n
) . (37

Proof of the theorem. We will use corollary 3.12. It is sufficient to prove:
B/2n

lim £, (exp (al6™ () +6]"")) =exp (a Z o Ny (W) + ety + b
i=1

r
Zaiﬁi +mN +a+b

i=1

sup E,gv exp | pa
1n€]0,1]

< 400.

Because k; % € [0, 2], we have:

, B/on
SN (W g +b

i=1

)
<Ey (exp (Z plalal N; (- + 42 4 plal (@41 + b)ﬁ/z"))

i=1

N
E) | exp | pa
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and

kiB/2n

N ¢+ WP < (N + Ni () <1 +2(17,-2+Ni (h)z).

Consequently,

r B/2n
Za,-N- (M 4o +b

ot [o (Za, )
y

<cl_[EN (exp(ra, f )

N
E) |exp | pa

B/2n

~

@iNi (- + W5 + a1 +b

i=1

= sup E exp | pa
n€lo, 1]

< 400 (theorem 3.14).

O

Remark 15. If n = 1, theorem 3.25 remains true under the only condition (3.4),
see remark 14.

Example 3.26. Let f € H®? such that (3.4) is verified, we have: 8% (f) = @2 -
Trf.1f we choose in (3.7) B =2,a = 1,b = Trf,h = 0 and for N a quadratic
norm (that is a norm defined by N (h) = ((¢, h®2>)1/2, where ¢ € H®2, K(¢) is
of trace class, injective and positive), we obtain:

Jim EY (exp (‘32 f) + 7_‘)rfD) -1
So, we recover a result of Mayer-Wolf and Zeitouni ([22], lemma 2.5) which is:
%ig})EéV (exp (52 f) + T?f)) —1

If we choose B =2,a=1,b= 7—‘>rf, h = 0 and for N a general measurable
norm, we recover a result of [16] (theorem 8).

In those papers, the result is obtained, for the first one, with a EK.G. inequality
and for the second one, with a particular case of the Gaussian correlation conjecture.
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