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Abstract. We consider an interface above an attractive hard wall in the complete wetting
regime, and submitted to the action of an external increasing, convex potential, and study its
delocalization as the intensity of this potential vanishes. Our main motivation is the analysis
of critical prewetting, which corresponds to the choice of a linear external potential. We also
present partial results on critical prewetting in the two dimensional Ising model, as well as a
few (weak) results on pathwise estimates for the pure wetting problem for effective interface
models.

1. Introduction and results
1.1. Effective interface models

There has been a lot of interest recently in the properties of effective interface
models in the presence of an attractive hard wall, and the associated wetting phase
transition [7, 12, 24], as well as the related problems of entropic repulsion [9, 6,
14, 5, 15, 16, 3, 2] and pinning by a local potential [20, 4, 17, 23, 8].

In the present work, we consider d-dimensional effective interface models with
convex interactions. That is, the interface is described by a collection of non-neg-
ative real numbers X;,i € Ay = {—N,...,N }d, representing the height of the
interface above site i. The probability measure is given by

Py aw(@X) = (Znsaw) exp|= Y UGG —X)— YAV}
(L, ))NANFD i€AN
< [T @xi +véo@x) [ sdodx). (1.1

ieAy ieZd\Ay

where &g is the Dirac mass at 0, X is a strictly positive real number, v > 0 and the
function U is even and satisfies ¢ < U” < 1/c¢ for some ¢ > 0. We are mostly
interested in the case V(x) = |x|, but we allow for general V : R™ — R™, which
are convex, increasing, and satisfy V(0) = 0 and the following growth condition:
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There exists f : Rt — R7 such that, for all &« > 0,
(o)
)

lim sup
X—> 00

< f(a) < o0.

(Obviously any convex polynomial is fine.) The parameter v corresponds to the
strength of the pinning potential locally attracting the interface to the wall.

Remark 1. Our results and proofs can be extended straightforwardly to the case of
a square-well potential of the form —b1x, <4, b > 0,a > 0.

When the pinning potential is absent (i.e. v = (), we simply omit the corresponding
subscript. We denote by v, the critical value of the pinning parameter,

z
SNA0Y o} . (1.2)

ve=suplv : lim |[Ay|" 1o
c p{ N—>oo| Nl g ZN 4.0

This corresponds to the value of the pinning parameter at which the wetting transi-
tion takes place. In the case U(x) = x2, it is known that v, > 0 when d < 2 [12],
while v, = Owhend > 3 [7]. (The situation is different when one drops the assump-
tion of strict convexity of U, see [12].) We write CW = {v >0 : v < v} U{0} to
denote the region of complete wetting; for these values of the pinning parameter,
the interface is delocalized when A = 0. Indeed, it is well-known, see e.g. [16], that

En.+.0.0(X0) ~ (log N)* @, (1.3)

where v(2) = 1 and v(d) = 1/2 when d > 3. This is expected to be the case for all
v € CW; see Theorem 3 below for some results in that direction. Our main result,
Theorem 1, shows that in the presence of an external field, i.e. when A > 0, the inter-
face becomes localized and gives some estimates concerning its growth as A N\ 0.
Heuristically, these results can be understood as follows (in the case V(x) = |x|
to simplify): Suppose that the typical height of the interface is . The associated
energetical cost is of order A |A y|. To estimate the entropic cost notice that (1.3)
shows that as long as (log N)"(?) remains small compared to 7, the interface should
not feel the constraint that it has to lie at a height at most H. Therefore the effect
of this constraint is only felt on length-scales large compared to exp(H'/*(®). This
means that the entropic cost should be of order exp(—dH!/"@)|A y|. Balancing
these energetic and entropic effects yields 7 ~ |log A|"®. These ideas are made
precise in the proof of Theorem 1.
Let H;. 4 = | log A|"¥). Then our main result can be stated as

Theorem 1. Let v € CW. There exist dimension-dependent, strictly positive con-
stants 8, Lo, r, and ¢ such that: For all . < Ag and N > .™",

Py (AN D Xi & (Haa. 87 M) < exp{—c AV (Haa) 1ANI} -
i€EAN
Actually, the upper bound can be strengthened as

Pr.tro (AN DD X1 267 H.0) exp|—cd™ AV (10) AN}

ieAn
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Remark 2. We do not state and prove here the corresponding results in dimension
1. The reason is that, in that case, much more detailed informations, valid for an
immensely larger class of interactions U can be obtained. This is of interest, since
one would like to understand the degree of universality in the behavior found here.
These results will appear elsewhere [22]. Let us just mention that, when d = 1, the
interface is repelled to a height of order H, the unique solution of the equation

AHAVQRH) = 1.

The previous theorem only yields estimates on the height of the field averaged over
the box. It is however very easy to derive from it the following local estimates.

Corollary 1. Let v € CW and fix 0 < € < 1. There exist § > 0 and Ay > 0 such
that, for all A < Ao and N > No(X),

sup En 4.0 (Xi) <87 VH, 4,
ieAN

cinf En ya0(Xy) =06Haa-
IEAeN

Our main motivation for studying this model comes from the physical phe-
nomenon of critical prewetting. Consider some substance in the regime of phase
coexistence; let us call the two equilibrium phases A and B. Suppose that phase
A occupies the bulk of the vessel, while the boundary of the latter favors phase
B. As a result, a film of B phase is generated along the walls. It is well-known
that by increasing the temperature, the system may undergo a surface phase transi-
tion, the wetting transition, reflected in the behavior of this film: Below the wetting
temperature the film has a microscopic width (partial wetting), while above it its
width becomes macroscopic (complete wetting), in the sense that it diverges in the
thermodynamic limit.

Suppose now that, starting from the complete wetting regime, the system is
pulled away from phase coexistence and only phase A remains thermodynamically
stable. The film of (now unstable) B phase, though still present, cannot occupy a
macroscopic region and therefore its width stays microscopic (i.e. remains finite
in the thermodynamic limit). Critical prewetting corresponds to the (continuous)
divergence of the film thickness as the system nears the phase coexistence mani-
fold. If we denote by A the free energy difference between phase B and phase A,
then one is interested in the behavior of the average film width as a function of A.

The Gibbs measures (1.1) provide a natural modelization of this phenomenon.
Indeed, when the external potential is chosen as V(x) = x, these measures intro-
duce a penalization of the form “A x the volume of the wet layer”, which correspond
to the free energetic cost for creating such a layer. In that case, the averaged width
of the layer is of order A~!/3 when d = 1 [22].

In the Subsection 1.3, we introduce another, more realistic modelization of this
phenomenon in a lattice gas, the two-dimensional Ising model, and prove some
partial results indicating that this model has the same type of critical behavior, in
particular that the critical exponent is also 1/3.
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1.2. Some additional results about effective interface models

In this section, we present some new results about effective interface models, not
directly related to the main problem investigated in the paper. Some turn out to be
useful in the proof of Theorem 1, other are just of independent interest.

The first problem concerns the probability that an interface stays inside a fixed
horizontal slab. This problem was first investigated in [9] in the Gaussian case. Our
first result in an extension to the case of strictly convex interactions; our proof is
also completely different. Let Py denote the Gibbs measure with 0-b.c. without the
positivity constraint and with A = v = 0.

Theorem 2. There exist strictly positive constants c_(d), c4+(d), ¢ and £y < 0o
such that, for any £ > £ the following holds:

o Ifd =2, forall N > e,
e T = Py (X < 0, Vi€ Ay) = e 1AM
o Ifd >3, forall N > ecgz,

e ? . _pct?
UMD S Py(1X; <€, Vie Ay) = e 1AV

We have not been able to extend the results on the variance and the mass proved
in [9] in the Gaussian setting. The corresponding results in dimension 1, valid for
a much larger class of models will appear in [22]

All other results concern the (pure) wetting transition in effective interface
models. We start with results giving more informations on pathwise properties.

Theorem 3. /. Let v € CW. For all € > 0, there exist No(v, €) and c(v) > 0
such that, for all N > Ny,
Py 1 00(ANITH D Tixim0) = €) < e ¢
iEAN
2. Letd =2 and v € CW.
; -1 ) —
Jim By 10.0(AN] _Z X;) =00,
iEAN
Moreover, for all v small enough, there exists C > 0 such that
En.+00(ANIT" Y Xi) = ClogN.
ieEAN

3. We consider the Gaussian case U(x) = x?/2. Let d = 2 and v be large enough.
Then there exists C < 0o such that,

sup sup En 400(X;) <C.
N icAy

Moreover; there exists C € (0, 00) such that, for all i, j € 72,

IJiianOVN,+,o,v(Xi, Xj) < Cexp(—|i — jl/O).
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Finally, a long-term goal would be to control quantitatively the divergence of the
interface as the wetting transition is approached from the partial wetting regime,
i.e. the limit v N\ v.. This seems far from what can be achieved with today’s
techniques, but at least we can show (easily), in the d > 3 Gaussian case, that the
transition is second order, in the sense that the average height does indeed diverge
as v \( U¢ = 0, and not stay finite and jump at the transition.

Theorem 4. Let d > 3 and suppose that v. = 0 (this is the case, e.g., when
U(x) = x2/2). Then, for anyi € 74,

lim lim E X)) =o00.
UggCNglloo N0 (X))

1.3. The two-dimensional Ising model

It would of course be very interesting to obtain results similar to those of
Theorem 1 also in the case of lattice gases. However, such systems do not always
display critical prewetting. In particular, below the roughening temperature, e.g. in
the low-temperature 3-dimensional Ising model, or in subcritical Ising models in
dimensions d > 4, it is expected that the continuous divergence of the width of
the wet layer is replaced by an infinite sequence of first order phase transitions, the
layering transitions, at which the interface jumps up one microscopic unit. This has
never been established for the Ising model, though that should follow from a rather
straightforward, but technically involved, Pirogov-Sinai analysis. This problem was
studied in detail in the series of papers [18, 13, 25] in the case of the discrete SOS
model.

On the other hand, critical prewetting is expected to occur in the rough phase
of such models. In particular, it should occur for any subcritical temperatures in the
case of the two-dimensional Ising model. This is what we analyze in this section.

Let Nbeevenandset Ay = {—N/2+1,...,N/2}x{0,...,N—1},0T Ay =
xe Ay : Ay € AN, x —y| =1,y» >0}and 0 Ay = {x € Ay : Iy &
AN, |x =yl=1, y2 = —1}.

We define the following Hamiltonian acting on configurations o € {—1, 1}A¥,

Hy pay(o) =— Z Gxoy—)»Zax— Z oy + h Z Oy .

(x,y)CAN XeAyN xedtAy X€d~ Ay

A > 0 is the bulk magnetic field, while the boundary field 2 > 0 serves to model

the preference of the bottom wall toward — spins. The Gibbs measure in A y is the

probability measure on o € {—1, 1}V given by
g ny (@) = (Zgsnny) ' e P Hunay@)

Let 8 > B, and A = 0. Because of our choice of boundary conditions, the
bulk of the system is occupied, with probability asymptotically 1, by the + phase,
while the introduction of the boundary field /4 results in the creation of a layer of —
phase along the bottom wall. It is well-known [1, 21] that there is a critical value
hy(B) > 0 of h at which a wetting transition occurs. For i < h,,(8), the layer has
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Fig. 1. Part of the open contour y (¢) (bold line), and the set A~ (o) (shaded).

a finite thickness (see [26]), while for 4 > h,,(8), the width of the film of — phase
becomes macroscopic (of order N 1/2y (this can be proved, for example, along the
lines of the argument leading to (2.10) below). It is actually expected that in this
regime, once suitably rescaled, the microscopic interface converges to Brownian
excursion; the sketch proof of such a result in the case 7 = 1 can be found in [19].

Let us now choose some & > h,,(f) and let A > 0. Our second result describes
the behavior of the film of — phase as A — 0T. There is no canonical way of
measuring the width of the film of — phase in the Ising model, or, for that matter,
even to define the film itself. We proceed as follows.

Given a configuration o in the box Ay, construct its extension & to Z> by
setting, for x € Ay, 0y = —1 if x < 0 and 6, = 1 otherwise. Then in the con-
figuration o there is a single (infinite) open Peierls contour. This Peierls contour
can intersect itself, and we use the deformation rule given in Fig. 5 to turn it into a
simple curve. We call the resulting open contour y (o). This contour splits Z into
two components. We denote by A~ (o) the set of all sites of Ay lying “below”
y (o), see Fig. 1. The volume of A~ (o) is one of the measures of the size of the
layer we use. The other one is |C ™ (0)|, where C ™ (o) is the set of all sites in A~ (o)
connected to the bottom wall by a path of — spins in o.

Our result is the following

Theorem 5. Let 8 > B. and h > hy(B). There exist \g > 0, K < 00, and C, > 0
such that, for all0 < A < Ay and N > KA_2/3| 10g)»|3,

1panay (AT < [logh| 3 a1 N) < g=Collog? RN (1.4)
and
gy (ICT] > K [Tog A2 A7 13 Ny < e~ ClloedP2PN (g 5

We expect that the two quantities |A ™ (0)| and |C ™ (0)] are typically the same, up
to a multiplicative constant:

Conjecture 1. There exists a constant ¢ > 0 such that

lim g nay(CTI>clAT])=1.
N—oo
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(Of course | A~ (0)| > |C~(0)]| for all 0.) We were unable to prove this conjecture.
The difficulty is that the system can create big droplets of + phase inside the layer
of — phase, and it seems that a rather complicated metastability analysis is required.
Such an analysis is well understood in the case of regular macroscopic boxes, see
e.g. [28]. However, we are here in a situation where the box is random, and very
anisotropic.

Remark 3. The logarithmic corrections present in Theorem 5 are artificial and
should be removed. The reason of their appearance is the lack of local CLT type
results for Ising random-lines in the vicinity of the boundary of the system. Such
estimates have been proved in [11] in the case of random-lines in the bulk but their
extension seems delicate.

2. Proofs
2.1. Proof of Theorem I and its corollary
2.1.1. Proof of Theorem 1

Remember that v(2) = 1 and v(d) = 1/2 when d > 3. Theorem 1 is a rather
simple corollary of Theorem 2 and the following result.

Lemma 1 ([16], Lemma 2.9). There exists K > 0 such that, for all ¢ > 0,
lim Py 4.0 (Hl € A ¢ Xi < K(logN)”(d)” > e|A[N/2]|) =0. (26)
N—o0

We first prove a lower bound on the partition function.

Lemma 2. There exist .y > 0, r > 0 and C > 0 such that, for all . < \y and
N > A™", and any nonnegative v,

—CAV([log Al"@) |A
ZN 4w >e ([log A|"'9) | N‘ZN;'"O’U'

Proof of Lemma 2. First observe that it is enough to prove the corresponding claim
without pinning. Indeed, by FKG,

—ZN’+’)"U — (e—AZi V(Xi))N .

ZN,+,0,U Y

ZN 42
Zn4o

> (e MmOy Lo =
Let now
o) v(d)
H = ‘log ()\vq log A| )) /c,(d)( ,

where ¢_(d) has been introduced in Theorem 2 and v(d) is defined above.

Zy s = e MMV 7 0 Py o(0 < X; < 2H, Vi€ Ay).
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Obviously, shifting the boundary condition from 0 to 7{ and changing variables,
we can write, thanks to the convexity of U, and the fact that U” < 1/¢,

Prno(0 < X; < 2H, Vi € Ax) = e NPy 0(1X, < H, Vi € Ay).
Applying Theorem 2, we get that

e /@

~(V@H)+e +HINTDIANT 7,0

ZN,-l—,)n z e
Making use of the growth condition on V, the claim follows. O

Using the convexity of U, the lemma immediately implies that

Pyiow | D Xi=8 " [loga"@ |Ay]

ieAn

< Pria | D0 VO 2 V(57 11ogal"@) Ay]

ieAy
Sexp[—AV (5*‘|1ogx|“(d>) |AN|} 7
,+,Av

< exp {—x (v (3—1|1og,\|”<d>) —cV (| 1og,\|”<d>)) |AN|}
< exp {=2V(llog ") (' = O)) IAn} .

and one half of Theorem 1 is proved.
Let us consider the second half. We first apply Lemma 2 to remove the external
field,

Py (Y Xi <8]loga|"@)

ieAN

ZN,+.0,v

v(d
< OV DAy o (3 X; < 8llog A" @) .

ieAN

Let R = Ro - (AV( logk|”(d)))_l/d, with Ry > 0 some small enough real
number to be chosen below. Let also
Ar={xeZ: x;=0 mod2(R+1), forsomei € ({1,...,d}}.

Using the usual expansion on the pinned sites (see e.g. [8]) and FKG inequalities,
we can write

Py 00( Y Xi <8llogr"@[Ay])
ieAy
= Y vt @Pae o D Xi < 8[logr|"@|Ay])
ACApN IEAN

D v w@Pac o D Xi < 8loghl"P|Ay| | X = 00n Ag),
ACAN ieAn

IA

where vy 4, is the induced probability measure on the subsets of Ay .
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The grid Ag splits Ay into M = |An|/2R + 2)? cubic cells of sidelength
2R+1. (To simplify the notation, we suppose that this splitting can be done exactly.)
Given a realization A of the random set of the pinned sites, we declare a cell clean
if it does not contain any site of A; otherwise it is dirty. We need to ensure that,
for all v € CW, at least half of the cells of the grid are clean. This follows easily
from the first claim of Theorem 3 with € = %M /IA |, which implies that at least
one half of the cells are clean once N is large enough, up to an event of probability
e~M 1In the rest of this proof, we suppose N is at least that large.

Let us number the clean cells as Cq,...,Ck, K > %M, and let Yy, k =
1,..., K, be the indicator function of the event

> Xi < 48]1og A" |Gl .

ieCy
We clearly have the inclusion (for all A small enough)
K
{D° Xi <sllogal" Ay} C Z > 1K}
ieAN k=1

Now, under P4 4 o(-| X = 0 on Ag), the ¥; are i.i.d. Bernoulli random variables.
Let us denote their common law by Qg. Using (2.6), we see that

Qr(Y; =1) <Pr 4o (“l € Ay - Xi < 2d+35|10g)»|v(d)H > %IA[R/z]I)
= 1/10,
provided §, and then A, are chosen small enough. Consequently,

M
RLIQr(DY Vi = M) <e M,
k=1

and the conclusion follows, provided we take Ry small enough.

2.1.2. Proof of Corollary 1

Notice first that it is enough to prove the result for Xg. Indeed, by FKG,
EN +.1.0(Xi) < Ean 4.2,0(X0),

foralli € Ay, while fori € A¢cy (0 < € < 1) we have that
EN+0,0(Xi) = Een +2,0(Xo0)

Theorem 1 implies that

En+ov(ANITN Y Xi) € (a1,a0)Haa s

ieAn
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for some constants 0 < a; < ay < oo provided A is small enough and N large
enough. Using FKG inequalities, we deduce that

IANITY Y Enaw(X) < [ANIT" D Eavgaw(Xo) = Ean .0 (X0)
ieAN ieAn

from which it follows that Exy 4+ x ., (X0) > a1’Hj 4 for N large enough. The com-
plementary bound is also a trivial consequence of FKG:

IANITY Y Envpaw(X) = IANTTY D Engaw(X0)
ieAN IEAN/2]

|AnI™! Z Einv/21,4.0.0(X0)
i€EAN/2]

v

= 1 Evy2r40.0(Xo) -
This shows that Ey 4+ 5, (X0) < 4a2 Hy. 4.

2.2. Proof of Theorems 2, 3 and 4

Proof of Theorem 2. We first establish the lower bound. We write
Py(IXil <€, Vie An) 2Py +(X; <€, Vie AN)PNy(X; 20, Vi€ Ay).

By [16, Theorem 3.1], Py (X; > 0, Vi € Ay) = e~<N""' forsome ¢ > 0ifd > 2,
and can thus be neglected. Let us consider the other one. We introduce R = ¢* ¢ if

d=2,and R = €* e if d > 3, where « is a small number to be chosen later, and
the grid

Ag={xeZ%:x;=0 mod2(R+1), forsomei €{1,...,d}}.

This grid splits Ay into M = |Ay|/(2R+ 2)4 cubic cells of sidelength2R + 1. (To
simplify the notation, we suppose that this splitting can be done exactly.) Denoting
by Pﬁv, o the measure with # boundary conditions, FKG inequalities then imply that

Py (X; <€ VieAy) =Py (X <¢, YieAy|X ="LonAg)
= Pr(X; >0,VieAg|X; <, Vie Ap)M .
Now,

Pr(X; >0,Vie Ar|X; <¢, Vi € AR)
>Pr+(Xi <€, Vi€ Ap)Pr(X; >0, Vi € AR).

As above,
PR(X; = 0,Vie Ag) = e K"
while, using [16, Corollary 2.6],

Pry(X; <€, Vi€ Ag) > 1—|Ag| sup Py (X; > 0) >3,
ieAR
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provided that k is chosen small enough, and then ¢ large enough (actually the above
reference does not give explicitly a rate of convergence, but a glance at the proof
shows that sup; ¢ , Pr.+(X; > £) < R™¢Y).

Collecting all the estimates proves the lower bound.

Let us now turn to the upper bound. A is the same grid as above (for an R to
be chosen later). Then it follows from convexity of U and FKG inequalities that

Py(IXi| <€, Vie Ay) <Py (X; <2¢,ViecAy) S|
<Py (X; <2¢,Vie Ay|X =0o0n Ag )ec£2|aAN|
= (Pr+(X; <2¢, Vi€ AR))M oL 1OAN]

We choose R as follows: If d = 2, then R = eP*, while in the case d > 3, we
choose R = e”*", with p large enough. Then

Pr4(X; <2¢,Vie Ag) <1/2,

by the results of [16] (since the typical height of the repelled field is proportional
to (log R)"@ = p¥@¢). This completes the proof. O

Proof of Theorem 3. First statement. Let A be the (random) set of pinned sites.
The crucial observation is that

t| A 1A A
En+.00 (8' ') = Z MU Z4e 4 0.0/ZN 40,0
ACApN

_ ZN,+,0,e’U
ZN+,0,v

Therefore an application of the exponential Chebyshev inequality yields

Py.+oo (Al > C]AN]) < e EIANIFI02(Zy 1 0 o1y /ZN.+,0)=108ZN +.0,0/ZN.+.0)

Choosing ¢ such that e’v = %(U + v,) and using (1.2), we get the conclusion, for
all N > Ny(v, ¢).

Second statement. Since A = 0 in all the proof, we omit it from the notations. It is
proved in [12] that the condition v € CW implies that

lim [Ay|"'En4.o(on]1=0,
N—00

where pn(X) = ZieAN 1(x;=0}- So there exists a sequence cy, with limcy = 0,
such that EN,+,U [on] < en |AN]. LetEy = {X : pn(X) < 2cn |AN]}- Using
again the expansion on pinned sites, we have the following
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Exgw| Y. Xi| ZEvio| Y Xilg,

ieAN ieAy
= > unw(d) Eaepo( Y Xp)
ACAN ieAN
|A|<2cn|AN|
> Z VN, +.v(A) Z Ep _|/4(i),+,0(Xi)
c
ACApN i€AN "
|AI<2en|AN] (i, Ayzcy'*

> Cllogen| |AN],

where B, (x) = {y : |y — x| < r}, and we used positivity of the field and FKG
inequalities; the last inequality follows from Markov inequality and the usual entro-
pic repulsion estimate for a square box of radius c&l/ * with 0 b.c., see [16].

Since, when v is sufficiently small, we can even choose cy ~ N -1 [12], in that
case one has the stronger result

Ey° ZX,- > C log N |An|.

ieAN

Third statement. Since A = 0 in all the proof, we omit it from the notations. Our
proof is based on the following estimate: There exist vy and ¢ > 0 such that, for
all B C A and all v > v,

VN 4+.0(AN B =) < e cllosvIIBl Q2.7)

Let us first assume that (2.7) holds and prove the two statements of the Theorem.
The first statement is very easy: By the usual decomposition over pinned sites, and
FKG inequalities,

En 00X =Y > vn1w(A)Eacy00(X)
R>1 ACAy
d(A,i)=R
= Z Z VN, +u(A) sup Epa\;y 4 0.0(Xi) .
R>1 ACAp lj—il=R
d(A,hH=R
Since Ez2\ () 4.0,0(Xi) = Clog R uniformly in j such that |j —i| = R [20], the
first bound is proved.
Let us now establish the positivity of the mass. Decomposing again according
to the pinned sites, we get

Env+00XiX;) = Z VN, +,0(A) Bae 4 0,0(Xi X;) ,
ACAN
i%
+ Y N+u(A) Bae 00X X)),
ACAN

AC
ivj
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. AC . . .. .
where i <> j means that i and j are connected by a path containing only sites of
An\A,and i é» Jj is the complementary event.

Suppose i ;k) J occurs. Let y; be the innermost closed path of pinned sites

surrounding i (possibly using sites outside from A ), and let y; be the analogous
object for j. If y; does not surround j, then let y = y;, otherwise let y = ;.

Observe that under i ;g J» v surrounds only one of the two sites, and is the inner-
most path with this property. Suppose, for definiteness, that it surrounds i. We then
bound the first term as follows, writing int(y) for the set of sites surrounded by y
or along y,

En,+.0,0(Xi X 1¥) < Eapinty),+,0,0(X ;) Einty)\y,+.0,0(X7)
< Ean,+.0,0(X;) Eintp)\y,+,0,0(Xi) .

Since averaging the last expectation over y yields Ey 4 0., (X;, i ;L Js Y =i,
we see that

> oy w(A) Eac 400X X)) = En 400 (X)EN 1.0.0(X)) <0.
ACAN

i%
Therefore, it only remains to prove that

> N w(A) Exe 00(Xi X))

ACAN
AC
i<j

is exponentially small in |i — j|. This follows from (2.7). Indeed, this expression
is bounded above by

Z Z VN +,0(A) Ege 1 00(XiX;).

R;>0,R>>0 LAS
ACAN, i<
d(A,i)=R1,d(A,j)=R»

Now, proceeding as above,

1/2
Eac 1.00(XiX;) < (EAc,+,o,o<X?>EAc,+,o,o(Xf)) < ClogRilogR;.
Moreover, it follows from (2.7) that

3 VN0 (A) < e~ ClIogvlli=jl,~Cllogul (RI*+R2?)

C
ACAy,i% ]
d(A,)=R1,d(A, )=R;

provided v is chosen large enough. The statement follows.
Let us turn now to the proof of (2.7). The control of the distribution of pinned
sites is done similarly as in [17, 23, 8]. Let B C An. We set Bg = B, and define

Biyi = By U{x € Z% : d(x, By) = 1}.
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‘We then have

W (ANB=0) <Y vy 4 o(AN By =0 AN Biy1 #9).
k>0

where A = A U (Ay)C. It is therefore enough to prove that
N, +0(AN By = 0| AN Byt # 0) < e~clloevliBil

We then write, as in [17, 23, 8],

A - Z(AUC),+,0
VN (ANBe =01 AN By #0) < Y vl¢ nf ) (z )+
k= A¢,4,0
CcBe ANBj 179
-1
. V4 c
< JulBd jpp  ZAUBUET0
ANB=0  Zpc 40
ANByy1#0
Let us number the sites of By = {t1, ..., #;g,} in such a way that #; is a neighbor

of a site of A N Bi41, and each #, k > 1, is a neighbor of at least one ¢;, j < k.
We write the last fraction as a telescoping product:

| B
Z(AUB)S,+,0 _ l—[ Z(AU{t1, ... tk])E,+,0

ZAe 4,0 Z (AUt ... tr—1))°+.0

k=1
The conclusion follows once we prove that there exists ¢ > 0 such that

Z(cufiye,+,0 -

>c,
Zce, 1.0

uniformly in C C Ay, and i neighboring C.

Z(cuipe,+,0

1 1
= lim ~Pce+,0(X;| <€) > lim —P Xil<elX;=0),
ZC°,+,0 e\0 € ¢ ’+’0(| il=e)= N0 € ZZ,+,0(| il <e€| j )

where j in the last probability is a site of C which is nearest neighbor to i (the
last inequality follows from FKG). Let us estimate this probability. By the Markov
property, we have (1 ~ v meaning u and v nearest neighbors)

A

Py o(Xil <€l X; =0)

v

/PZZ,Jr,o(dX | Xj =0) 1{maka,- Xk<h|}P{i},+,X(Xi <€)

> /PZZA-,O(dX | Xj =0) l{maka,- Xk<h1}P?il}’+’0(Xi <e€)

=Py o(max Xp < hi | X; = 0) P, ((Xi <),
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where we used Pﬁ.l}’ 4o to denote the measure on {i} with positivity constraint and
b.c. h1. Now, this last probability can easily be bounded from below:

h
P{il},_h()(xi <e€)>ci€,

while the other probability can be bounded below by 1/2 if hj is chosen large
enough. Indeed, since

Ez yoXk| X =0) < c2,
when k ~ i ~ j, Markov inequality yields
P72 omax Xy = hy | Xj =0) <4 c2/hy.
O

Proof of Theorem 4. The main observation is that va 4 ,, is strongly stochastically
dominated by the Bernoulli site percolation process with intensity cv, for some
¢ < oo and all v small enough, in the sense that, forany i € A andany D C A\ {i},

VA 4+0(A3i|A\{i}=D) <cv. (2.8)

Indeed, simple algebra shows that the left-hand side is equal to

1z -
(1 L A\D,+ ) ’
U ZA\DU(i).+
and the ratio of partition functions satisfy

ZA\D,+ v o U(x 1
P o e B VXTI gy ) s 2
Z A\(DULiY),+ 0 c

uniformly in A, D and i, the last inequality following from Taylor expansion, the
fact that both X ; and y are positive and the assumption U” < 1/c.
Let now B(i, R) be the box of radius R centered at i.

EZd,+,0,U(Xi) z EZd,+,0,u(Xi |-Am B(i, R) = 1) PZd,-‘r,O,U(A NB(@{,R)=0).
Using (2.8), we can easily estimate the last probability:
Pz 4 0,0(ANBG R) =) > 3,

provided R? = ¢’ /v, for some ¢’ > 0 small enough. The conclusion now follows
easily from FKG inequalities and standard entropic repulsion estimates, since

Eza +0.0(Xi |ANB(i, R) =) = Eg 4 0(Xo) = C\/log R = C'\/|logv] .
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2.3. Proof of Theorem 5
2.3.1. Preliminaries

Let us first introduce our notations; note that, for reasons of convenience, the nota-
tions we use here differ slightly from those used in the introduction.
Let A € Z2, h € R, and let, for each bond ¢ = (x,y),x,y € 72,

() h  if min(xy, y») = 0 and max(x;, y») = 1;
e) =
1 otherwise.

We define the following Hamiltonian acting on configurations o € {—1, 1}2,

Hina@)=— Y JUx,y) (00, =D —1) oy

(x.y)cA xeA

A and h are respectively the bulk and boundary magnetic fields. Let 0A = {x € A :
dy ¢ A, |x — y| = 1}. We define three Gibbs measures in A; all are probability
measures on o € {—1, l}A. Lets = &£1;

(Zs.pann) e PHna@ ifg =5 Vx € dA;

(o) = i
s, p.rh A (0) {0 otherwise.

and

Ui gona(o)= (Z:I:,ﬂ,)»,h,A)_l e~ B Hina(o) if o, = sign(xy), Vx € A ;
- 0 otherwise,

where we set sign(0) = —1.

Let 8 > B.. We denote by h,,(8) > 0 the value of the boundary field at which
wetting takes place when A = 0. Since § > B, and h > h,,(B) are kept fixed, we
often lighten the notations by omitting the corresponding subscripts.

For N even, consider the square box

Ay ={=N/2+1,...,N/2} x {0,...,N — 1}.

We start by proving a counterpart to Lemma 2, which we used in the case of effective
interface models.

Lemma 3. Forall B > B. and h > hy(B), there exist C > 0, Ao > 0and K > 0
such that, for all 0 < A < Ag and N > K173 log 1>,

Zep0nAN _ L panAy _ C32P0ghPN ZE.B.0.0 A
Z1 B0 Ay L+ AN Z+ .0,k Ay
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Remark 4. In the complete wetting regime i > hy,(8), when A = 0 the wall free
energy is given by the surface tension in the horizontal direction. In the presence
of a bulk field A > 0, the latter does not make sense anymore since the — phase
isn’t stable, however the former remains meaningful since in the vicinity of the
wall the — phase is stabilized by the boundary conditions. We therefore define the
(finite-volume) wall free energy by the usual formula,

1 Z
Tod(B, h, A, N) = N logM

Zi B h Ay

The physical content of Lemma 3 is then that the effect of the bulk field A on the
surface tension is to increase the latter by an amount of order at most A2/3+0(D:

5a(B, h, 0, N) < t5a(B, h, h, N) < 1oa(B, h, 0, N) + CA**|log A|*.

Proof of Lemma 3. The first inequality of the lemma can be rewritten in the fol-
lowing form:

(F))4.8,0,0, A8 = {F0)+.8,0,8,Ap »

where F (o) = o Lxeny o Since this is a direct consequence of FKG inequalities,
we only have to prove the second inequality of the lemma.

Let H = A~!3|loga|? and Syy = {x € Ay : xo < H} be the strip of width
‘H along the bottom wall.

According to the discussion in Appendix A,

Zi gahAy = Z W) Zy gaa+() Z— Boh A= (y) -
yCSH

To simplify somewhat the notations we omit, in the rest of the proof, the subscripts
B and h, and write simply A* and A~

Our first task is to remove the A-dependence in the last equation. Indeed our
main tool, the random-line representation briefly described in Appendix A, only
applies in the absence of bulk field.

20 |A— ()
Zognt Zogn- = Zognr Zo a0

o ZiaatZo—ha-
Zy oAt 240,

—2AHN
ZioatZion-e .

Writing x ~ y if x is one the sites whose value is completely determined by y, we
can estimate the ratio

ZiantZo oy n- M ay(ox =1, Vx~y) Zy; ay
Zioa+ Zyo.n- 0,8y (0x =1, VX ~y) Zi oAy
Z
- +.A,AN

T Zy0.Ay
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R

ap a a am

Fig. 2. The restricted family of open contours.

Here, the identity follows from the +/— symmetry of the model, and the last
inequality is a consequence of FKG inequalities. Collecting all these estimates
together, we get, see (A.14),

—2
Zijay =€ HNZ+,A,AN Z qn(v),
yCSH

which is precisely what we were after. At this stage, it is possible to use the tools
discussed in Appendix A in order to control the last sum.

Let K be a sufficiently large integer. We split the slab S3; into M disjoint rect-
angles, R1, ..., Ry, with height H and basis of length [H?/(K log H)], except
possibly for the rightmost one which may have a shorter basis. We also introduce
the dual sites ag, k =0, ..., M, defined by

ar = (—(N — 1)/2 4+ k[H*/(K log H)] A (N — 1)/2,1/2).

(ak—1 and ay are thus the bottom corners of the rectangle Ry).
We further restrict the summation to the set of open contours y satisfying the
following conditions (see Fig. 2):

e y=nUnl---ny.
e The piece nx, k = 1,..., M, use only inner edges of the kth rectangle, and
connects a_1 and ay.

By (A.17) and (A.16),

M
an () = [ | geim) .

k=1

where we used the shorthand notation gs ;. = gg n,s.i.(= q;* n* si) Therefore

M
Yoavn =[] Y asitmw:

yCSn k=1 n CRy

the last summation runs over contours satisfying the condition above. It is controlled
thanks to (A.19), which implies that

D g =" DY i),

Mk C Ry Srag—1—ax
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provided K is big enough. We then combine (A.21) and (A.24) to obtain

Z 45 (0) = Clag_y — ax| 3/ e7mEDlar-1-al

Crag—1—>ak

>C H_3 e_T/S(el) |ak—1—ar| ,

where 14(e;) is the surface tension in the horizontal direction. Since, by subaddi-
tivity,
e*fﬁ(e|) N > Z:I:,O,AN

’

T Z10.Ay

the conclusion follows. O

2.3.2. Proof of the lower bound

We turn now to the proof of (1.4). As before, we omit reference to 8 and 4 in
the notations, write simply A™ and A, and also set C; y = A3 1ogA| 3N
Applying Lemma 3 yields

_ C323 1 los ARN Z+.,0,A Zygoat ZojoAn-
B ay([AT <Gy ) <O 0PN SO0 g7y ) T AT T

Zioay 5 Zia AN

[A=|<Ci N

Our first task is again to get rid of the bulk field. This is the content of the following

Lemmad. Forall B > B, there exists C1 < 0o and Co > 0 such that, for any set
C of open contours,

Zy0,A Zyan+rZ_j A
Z+0AN Z (y) =287 2o A

Z10,Ay Zi Ay
Z
C1 AN +,0, AN Cy N
< E gn(y) + e~ . (2.9)
Z1 0. Ay
Proof of Lemma 4. By symmetry,
ZoaatZ_pn- _ Lo in-

- M+,)~,A (U = 17 VX ~ V)
Zya Ay Zya - A
S Mgaay(ox =1, ¥x ~y),

where as before x ~ y if its value is completely determined by y, and we used

Zy A~
J“—’_exp Z/ (Ox) 4, —s. - — (O’x>+sA)dS <.
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Now,
Haaay(ox =1, ¥Vx ~y) = pyoay(oxr =1, Vx ~y)

A
xexpi Y / (fox loy =1, ¥y ~ ¥)psay — (0x)15.ay) ds
0

XEAN

The difference in the exponent can easily be bounded using (A.27): There exists
C < oo such that, uniformly in s > 0,

(Gx |U)’ = 11 Vy ~ y)+,S,AN - <Gx>+,s,AN =< C Ze—\X—ZVC s
=~y
and therefore
A
Z/ ((ox Loy = 1. ¥y ~ ¥) s soay — (Ox)rsay) ds < Ca#{z 0 2~ ).
0
XeEA

We are almost done. Observe now that #{z : z ~ y} < 4|y|. Let K be a large
number, which will be chosen below. In the case |y| < K N, we get

4C'K L N

Hipayoxr=1,Vx~y)<e Ha0,ay(ox =1, ¥x ~y).

This yields the first term in (2.9). The second term takes care of the remaining open
contours. Indeed,

(K+k+1) N—1
CC'A CC' A (K+k+1) N
D an(y) T <Ny COM KD Yoo D avy)
V: k>0 I=(K+k)N V-
ly|=KN lyl=l
—C"(K+k) N
=D e
k>0
< e_c///KN

= )

where we used (A.23). Consequently, since

Z+0Ay _ C N3/2 e N
Zioay

we see that

Zi0Ay Zys A+ Z_ A —-CN
SERAN N w(y) R R <

Z10,A ZiA B ’
s AN VIVIEKN +. A AN

provided K is chosen large enough. O
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Ql Q4

R S A R ok T T S S S
R S A R ok T T S S S
R S A R ok T T S S S
R S A R ok T T S S S
+4++++++++ A+
+4++++++++ A+
R I it Sk T e S S S
R I it Sk T e S S S
R S A R ok T T S S S

Fig. 3. The box € is obtained by splitting Ay into strips of width [AA~%|log A|72] by
forcing all the spins on the corresponding vertical half-lines to take the value 41.

Applying the lemma, we have

_ 2/3 2N Z+0,A —aN
fapay(AT] < Can) < eCHTIToRA N Ziony > av(y) +e
]/Z
AT |<Cy N
CA23|logA? N - —aN
=e mt0ay (AT < Can) +e ,

forsome a > 0, and so we are left with estimating the probability that |A™| < Cy n
in the absence of bulk magnetic field, a purely entropic problem.

The next step is to observe that the event {|A™| < C)_y} is increasing. So, by
FKG inequalities,

mt0,Ay (AT < Can) S pux00(A7] < CiN)
where €2 is the set (see Fig. 3)
Q=An\{z: 21 =—N/2+1+k[AL"23|logr| %], k € N},

A being a small number to be chosen later. Let us denote by A, the component of
A~ contained in the kth slice Q; of Q. Let K = A~!|log A|~%/2. We are going to
show that

nt0.0 (Al < Ky) <7/8. (2.10)
From this and a standard large deviations estimate, we get that
_ 15 N —1,2/3 2
#lk: Al < K} > — < e CAT P logiP N |
Mﬂ:,O,Q( k1ALl < Ky} > 6 [AA—2/3|10gA|—2]) =e

(Notice that the events {|A; | < K} are independent under w4 o,2). The proposi-
tion easily follows from this, provided X is chosen small enough (for a fixed small
A). Indeed, on the complementary event, i.e.

N

Bk AT > Ko} > — ,
e 1Al > K3 > e a2 log A2

we have
AT > & N/[AA3|logA| 21K, > Con

for small A. Let us now prove (2.10).
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Denote by x’ and x” the dual sites which are the bottom left and bottom right
corners of ] (so these are the endpoints of the open path in Q7F, see Fig. 4). Let
a' = xb + (4 — A% loga|71) AL =23 log A|~2] and
a” = xj — [(5 — A%|log A|~1) AA~%/3| log | ~2]. We introduce the following sets
of dual sites:

A ={xeZ: x =d, % <x3 < A "Bloga ™l

Ar={xeZ: x1=d", % < x2 < A 3 1oga ™}

A=AUA,

B={xeZ**:d <xi <d, % <x < %A)»_l/3|logk|_l}.
We are going to show that

Y aer() = g louon)ar @.11)

yuxl>x"
yNB=y

which readily implies (2.10) since |B| > K, (when A is small). To prove (2.11),
we first show that the open contour typically does not hit A. This is equivalent to
saying that A contains the set A. But this is a decreasing event. Therefore, if we
introduce the new box

Q= f{x = (x1,x) 1 (1, lx2)) € i},
and the new set
A={x=(x,x): (x,|x)) €A},
then by FKG inequalities,
10,2, (AT DA) > uy g5 (A7 DA > py o5, (A] D A),

where in the last expression A has been enlarged to contain all sites “below” y.
The latter probability is easily bounded. Indeed, by symmetry it is larger than

1 —1 -
lowowg D da ).
yw&»ﬂ
yNA=0

and the latter expression is larger than 1/4 since, by (A.18) and (A.25),
Y 4m () = ) (ouow)g: (ouox) g

yw&»ﬂ' uel
yNA#D
efrmfﬂ) e*T@r*W
<C
= |u — x|V |x, —ul'/?
A
Sy I
T e = V2 —xg|1/2
1
=5 <0x10xr)§T )
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X1
Fig. 4. The settings for the proof of (2.10).

provided A is chosen small enough. We have thus shown that
nro00 (A DA)=1/4. (2.12)

We now restrict our attention to open paths y in €] not intersecting A, but
intersecting B. To each such paths we associate three dual sites: the first visit to the
set {x : x; = a, x &g A}, the last visit to {x : x; = a”, x € A,}, and the first
visit to B. We denote these dual sites by ', b and b™ respectively. Using (A.18),
we then have

D e (v) < Xy (000p)r (040 ) (Opmow)ar (o 0w )as

We first observe that
—Cc!
E (opop)or < e L (oox)qr

bl >t

and similarly for b”, so that we can restrict the sum over these points to those
with second component smaller than A ~!. We now use the sharp triangle inequal-
ity (A.26) to get

(B = by + k(" =B+ b =" — B = b))
(0" — b))+ CA " |loghl,

" — b))+t — b

v

v

and therefore, using (A.25),

(opropm)Qr (Opmopr)qr < (0p1opm) (Opmopr)
1 A—1
e*CA [log A (O'b[O'br>|br—bl|

_" A1
e—C"A™ | logh <UblUbV>QT-
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Using this and
(01041 )@t (Op0br )@t (OprOxr )@t < (0,10xr )
which follows from GKS inequalities, we finally get

_" a1
Y ger(y) e AT (5 0 gr < § (oo )ar
yuxl—sx"
yNA=§
yNB#)
We deduce from the latter bound and (2.12) that
Y ga:(n) < (G + D) (ouow)ar
yuxl>x”

yNB+#Y

and (2.11) is proved.

2.3.3. Proof of the upper bound

Letus write V = K |log A|>A~!/3 N, where K will be chosen sufficiently large later
on. We want to bound from above the following probability:

panay (ICT(HI=V),

where C™ (o) is the set of all sites in A y that are connected to the bottom wall by
a path of — spins in o. Our aim is to show that this probability goes to zero with
N, provided K has been chosen large enough.

We start with the following obvious upper bound:

Zigay (ICT ()= V) - Zigoay (ICT(DI=V) Zioay
Zis Ay T Z1oay (ICT(DI = V) Zasay

By Lemma 3,

Zeoay _ (Cllog 222N Z1,0,Ax

Zi Ay Zi Ay

Now observe that we can write

Z40,A
J0,AN
e A d/\ E (Ox) 07 Ay ( >
A AN xeAy

and, similarly,

Zisay (IC7()I= V) /
d)\ X C >V ' Ay
Z:tOAN(|C ()|>V ZU 1IC™ ()l V£ A

XEAN



Entropic repulsion of an interface in an external field 107

We estimate the product of these two expressions using a coupling argument. Recall
that we say that a measure p stochastically dominates a measure v, u > v, if
w(f) = v(f) for all increasing functions f. Since, by FKG inequalities and the
fact that {|C™ (-)| > V} is non-increasing,

M Ay = Mt ayCHC ()= V),
there exists a coupling vys of 4 0 Ay and 4 a, (- 11C™(-)] = V) such that
v({o =o' =1.

In fact, it is well-known that one can construct this coupling explicitly. We quickly
sketch this, because we’ll need some non-degeneracy property below. First, we
order all the sites in Ay, say i1, ... ,ija,|. Then we introduce a family (X,-k)}:;"{l
of iid random variables, with uniform distribution over [0, 1]. Now we set o;, = 1
(resp. al./l =Dif gy ay(oiy =1) = X;) (resp.if w7 ay(0i = 1[[CT(-)] =
V) > X;,); otherwise it is set to —1. Suppose we have already constructed the first
k — 1 spins. Then we set 0;, = 1if uy y ap(0;, = 110y, 1 < k) > X, and
similarly for ol.’k . Just observe that, by FKG inequalities,

Map Ay (i =10y, I <k) > pa o ay(oy =1[1ICT () =V, 04, I <k).
Using this notation, we are left with estimating ), . (vx' (o) — 0y)) . Since

vy (o > o’) = 1, we can write

v)d( Z (o, — O’x)) < I))L/(erc_(a_,)(o'; - gx)).

xeAy

Now observe that ercf(a’) o, = —|C~(¢")|. Moreover, from the above con-
struction, we see that the coupling satisfies
iI}\f v;\/(ox | oy, Vy € Ay \ {x},azl, Vz e AN) > —1—eg,
XENN

with €g depending only on the parameter B, for all A small enough. Therefore,
putting everything together, we obtain

ptaay (ICT(H=2V) < o~ (Kep=0)llog A2 N

and the conclusion follows once K is taken large enough.
A. Some tools

In this section we collect several results from [26, 29, 27] which we are using in the
paper. This is not supposed to be an introduction to the random-line representation,
and we refer the reader to the latter works for detailed explanations.

Let £* be the set of all dual bonds of the infinite lattice. One of the basic objects
in this paper is the partition function Z4 g3 » Ay- To any configuration o with
non-zero weight under p+ g n, Ay» WE can associate a subset n(o) of

Ey=1{e" €& : e*dualtoe C Ay, e ¢ AN}
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+ - -

Fig. 5. Deformation rule.

composed of all dual edges e* such thate = (x, y) ¢ d Ay with o, # o,. We then
split this subset into a collection of contours, by applying the rule given in Fig. 5
each time more than two bonds are incident on a given vertex; contours are the
families of edges remaining connected after these operations. Among all the con-
tours, there is a unique open contour connecting the dual sites (—(N — 1)/2, 1/2)
and (N — 1)/2,1/2); we call it y.

We want to expand the partition functions in terms of the open contour y.
Notice that once y is fixed, some spins in the box Ay become frozen (i.e. in any
configuration with positive weight having y as open contour, these spins take the
same values). We denote by A1 (y) the set of all non-frozen spins located inside
a component surrounded by + spins. Similarly, we write A~ (y) for the set of all
non-frozen spins located inside a component surrounded by — spins.

We then have

Zi Ay = Z W) Zy g, A+ () Z— B, A= (y) > (A.13)

Y
where Z g3 aA+() and Z_ g5 n A-(y) are the two partition functions associated
to the restriction of our system to A1 (y) and A~ (y), and w(y) = e 2PVl where

V1= ey J (@)
We introduce the weight (notice that it is computed at zero bulk field, and that
the b.c. in the denominator are +, and not =)

2y 0,A%(y) Z—,B,0,h,A ()
Z4 B.0.h AN

qp.n.N(y) = w(y) (A.14)

Let B*, h* and J*(e*) be such that tanh(8*) = exp(—2p8), tanh(B8*h*) =
exp(—2Bh) and tanh(B*J*(e*)) = exp(—28J (¢)).
The Gibbs measure in £}, with free b.c. is defined by

Mﬂ*,h*,N(O—) — (Zﬂ*,h*,N)_l 1_[ eﬂ J (E )O’x(fy .

e*=(x,y)efy

A basic duality argument, see e.g. Lemma 6.2 in [27], shows that

Z qg.n,N(V) = (O(—(N—1)/2,1/2)0((N—1)/2,1/2)) B* ,h* N - (A.15)
y

One has in fact a deeper relation between high and low temperature models. To
each subset of £y which remains connected after applying the rule of Fig. 5, we
can associate a weight qg*, ey (see (6.8) of [27] for a definition) such that

25N V) = 2N -



Entropic repulsion of an interface in an external field 109

However, q;*’ s+ being defined for much more general subsets of &y thangg j, n,

it is a much more useful quantity. We’ll state its properties for arbitrary E € £*,

and will denote the corresponding weight by qg*’ n+, £+ We list now the properties of

these weights that we are using in the proof. Let us denote by £, = Uy_, o EX-

e ([27], Lemma 6.3) The limiting weights qg*’h* =limgyg= qg*’h*’E and CIE*,h*,S.i. =
lim EAEX, q;*’ n+, g are well-defined quantities. Moreover, for any y C E,

Qe EWV) = Qg g i (V) = Qe e (V) - (A.106)

e ([27], Lemma 6.4) If y = y; LI y» (LI is a concatenation operation, see [27] for
a definition), then

T £ V) = T g VD Do e £ (72) - (A.17)
e ([27], Lemma 6.5) Let tq, ..., t, be distinct dual sites in E. Then
n—1
oG =[] D @ (A.18)
Yitp—>-—1ly k=1 vy tk—>1try1

e ([29], Lemma 4.4.6, and [27], Lemma 6.10) Let R be a rectangular subset of
£* having length R?/(K log R) and height R, with basis contained inside {e* =
(x,y) € & : xp = y» = 1/2}. We denote by u and v the dual sites at the
bottom left and bottom right corners of R. Then, for K large enough, there exists
C < oo such that

D M 2R Y gk ). (A.19)
y:u72v yiu—v
yC

e ([27], (6.9) and Lemma 6.9) For any vertices x, y € E,

> G ) = (00 gk (A.20)
yix—y
Moreover
Z Qg e 0. (V) = (0x0y) g s A.21)
Yix—>y
and
Z q;*,h*(y) = (0x0y) = h* » (A.22)
yix—=y

where (-)g+ 5+ and (- )g+ p* 5. denote expectation w.r.t. the infinite and semi-
infinite volume Gibbs measures.
e There exists ¢ > 0 and [y < oo such that, for all /,

> apan(y) el (A23)

v
ly|=l
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Proof of Lemma (A.23). The proof is similar to that of Lemma 5.6 in [26]; we only
sketch it. Let R be some big positive number. We make a coarse-graining of the path
y on the scale R, i.e. we set 7] to be the left endpoint of y, # to be the first point of
y after 1 which is outside the square of sidelength R centered on #;_1, and the
procedure stops when one reaches the other endpoint of y. One then first sum over
these sites fg, f1, . . . , f1, (observing that, given #; there are at most C R choices for
tx+1, and that the total length of the piece of y between two consecutive points is at
most R?, so that L > [/R?) and uses (A.16), (A.20), and the upper bound in (A.25)
below. The conclusion follows since g is uniformly strictly positive when 8 > B.

m]

We also use the following results about the asymptotic behavior of the bound-
ary 2-point function (0, 0y)g+ p*si.: Suppose that & > hy(B); then there exist
constants K1 and K7 such that, for any x, y with x, = y, = 1/2,

Kilx —y|7Rem BN > (50 ) g g i = Ko x — y| 7 2em 0
(A.24)

where 7g(e;) is the surface tension in the horizontal direction.
We also need the corresponding result for the bulk 2-point. There exists K < 0o
such that, for any & > h,,(8), and any pair of dual sites x, y in E such that the set

Sk(x,y) ={u € Z* : |x —ulla+ lly —ul2 < Ix — ylla+ K loglx — yll2},

satisfies Sk (x,y) C {x € E : xp > 3/2}, the following holds: There exist
constants K1 and K7 such that ([29], Proposition 4.6.1.)

_ XYy —v _ Ay _
Kilx — y|71/2€ 78 (=) =yl > (0,0y) pr a5 > Ko |x — y|71/2€ 8 (=) X yl'
(A.25)

An important property of surface tension is that it satisfies the following sharp
triangle inequality ([27], Theorem 2.1): There exists k > 0 such that, for any x, y,

tp(x) +7p(y) = Tp(x + ) +ac(fx| + [yl =[x +yD). (A.26)

Finally, we also need the following estimate on the relaxation of correlation
functions ([10]): Suppose that /2 and X are non-negative; then there exists C(8) > 0
and K < oo such that, forany A1, Ay C Z*and A C AU Ao,

oa) 4 pinrs = (OA)tpoanay| S K Y e €O (A.27)

teA
t'eAN AN,

where 04 = [[,c4 0x-
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