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Abstract. We explore the exact packing dimension of certain random recursive construc-
tions. In case of polynomial decay at O of the distribution function of random variable X,
associated with the construction, we prove that it does not exist, and in case of exponential
decay it is %|log | log t||#, where « is the fractal dimension of the limit set and 1/8 is the
rate of exponential decay.

1. Introduction

o0
Letn € N,n > 2, A = {1,2,...,n}, A* = |J A/ is the set of all finite
j=0
sequences of numbers 1, ..., n, and AN is the set of all infinite sequences of such
numbers. The result of concatenation of two finite sequences o and T from A* is
denoted by o * 7. For a finite sequence o its length will be denoted by |o|. For
k € Nando € A*suchthat|o| > k, o]y is a sequence consisting of first k numbers
in 0. There is a natural partial order on the n-ary tree A* : 0 < t if and only if the
sequence T starts with o.

The random recursive construction was first defined by Mauldin and Williams
in [15] with n being not necessarily finite. Suppose that J is a compact subset of
R? such that J/ = Cl(Int(J)), without loss of generality its diameter is 1. A random
recursive construction is a probability space (€2, ¥, P) and a collection of random
subsets of R? {J, (w)|w € €, 0 € A*} such that

G) Jg=J as.,
(ii)) The maps w — J, (w) are measurable with respect to X,
(iii) The sets J,, if not empty, are geometrically similar to J,
(iv) Jy4 is a proper subset of J, forall o € A* and i € A provided J, # @,

A. Berlinkov: Matematiikan Laitos, Jyviskylidn Yliopisto, PL 35, Jyviskyld, 40014,
Finland. e-mail: artemiberlinkov@pochtamt.ru

Research supported by the Department of Mathematics and Statistics (Mathematics) at
University of Jyvéskyla.

Mathematics Subject Classification (2000): Primary 28A78, 28 A80; Secondary 60DO05,
60J80

Key words or phrases: Exact packing dimension — Packing measure — Random strong open
set condition — Random fractal



478 A. Berlinkov

(v) The construction satisfies the random open set condition: if o and t are two
sequences of the same length, then Int(J,) N Int(J7) = ), and finally
(vi) There is a collection of random i.i.d. vectors T, = (Tyx1, ..., T5sn) 1 Q —
[0, 11", o € A™* such that diam(Jy;) = diam(J,)T,4; provided J, # @.
o
The object of study is the random limit set, or fractal, K (w) = [ U Jo(w).
k=1geAk
Note that this setting does not account for placement of the sets J,.; within

Jo. Thus these constructions include as a special case the random self-similar sets
defined independently by Graf in [6] and by Mauldin and Williams in [15]. Random
self-similar sets can be obtained by choosing the similarity mappings according to
some probability distribution and thus may be regarded as random iterated function
systems.
n
Ifu=~F |:Z Tl.o] < 1 (by convention, 0% = 0), then K (w) is almost surely an
i=1
empty set or a point, and we exclude that case from further consideration. Mauldin
and Williams in [15] have found the Hausdorff dimension, ¢, of the limit set K (w),
n

provided K (w) # 0, o = inf{B|E |:Z T[’3:| < 1} a.s.Incase n < oo, « is the

i=1
n

solution of equation E |:Z Tl‘"i| = 1. Berlinkov and Mauldin in [3] proved that
the packing, upper and lé)wler Minkowski (box-counting) dimensions of the limit
set almost surely equal the Hausdorff dimension. For the definitions of Hausdorff
and packing measures and dimensions, as well as definitions of upper and lower
Minkowski dimensions, the reader is referred to the book of Mattila ([14]).

Graf'etal. in [7] have found under certain conditions the exact Hausdorff dimen-
sion of the limit set, that is a gauge function ¢(#) (a non-decreasing function such
that ¢(04) = 0), so that the p-Hausdorff measure of K (w) is positive and finite
almost surely given K (w) # .

In [3] Berlinkov and Mauldin have found an upper bound on exact packing
dimension. In this paper we prove that this upper bound is the best under the
random strong open set condition and certain other conditions. Let K, (w) =

oo
U N Jy(w) C Je(w) N K(w).

nEAN i=1
Nljo|=0
Definition. The construction satisfies the random strong open set condition if there
exist po, po > 0 and sy € N U {0} such that for every o € A*, there is an event
Iég in the o-algebra generated by the maps w — Ty (W) with 0 < |T| < 50,
P(Iég |K, # @) > po, such that for every w € Iég N{Ky # O} there exists x € K,
with dist(x, 0J5) > pols.

This condition for random recursive constructions was introduced in [3]. Though
it did not mention that the event of obtaining a point of the limit set far enough
from the boundary of a cell must be determined by the first few generations of
reduction ratios, this was silently assumed in the proof of theorem 5. The connec-
tion between random open set condition and random strong open set condition for
random self-similar sets was studied by Patzschke in [17].
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Before proceeding with the proofs, let us introduce more notation. For o € A*,
lo]

let I (w) = diam(J,(w)) = [] T»
i=1

=

lis

T
and consider the sequence{ > H Tc?*rl,- },
reAki=1

k € N. It has been proved in [6], [7], [15], that this sequence forms an L”-bounded
martingale for all p > 1, and if we denote the limit of this sequence by X, or X
in case 0 = J, then all X, ’s will have the same distribution with expectation 1,
finite moments of all orders and moreover, for o and T € A* such that o 4 t and
T £ 0, X, and X, are independent. In [15] it has been proved that X (w) = 0 if
and only if K (w) = ¢ for a.e. w.

We call' C A* an antichainifforallt,0 € ' 0 £ t and T £ o.An antichain
I is maximal, if for all n € AN there exists a unique k € N such that 5|; € I. By

equation (1.9) in [7], with probability 1, for every maximal antichain I" and every
7]

ceAN X =Y ]I T(f‘Ml,_XMr =Y XowrlSr /12,
telli=l1 tel
Graf et al. in [7] have demonstrated that with each construction one can associ-

ate 3 measures, denoted v,, (the construction measure), ., and Q as follows. First,
vy, is determined by setting for a compact set K € R?

vw(K) = Jim ) 7 15 w) Xy (w).
ek
JoNK £

Second, it,,, a measure on AN, is determined from each set A(0) = {ne AN | o <
n}, a clopen subset of AN, by

pw(A(0)) = Iz (W) Xq (w)

and p,, is extended to a Borel measure on AN, Finally, Q is a measure on the
product space AN x Q. If for a Borel set B, we let B, = {n e AN | (n, w) € B},
then

Q(B) Z/Mw(Bw)dP(w)~

Expectations with respect to measures P and Q are connected in the follow-
ing way: if I' is a map from 2 into the countable set of all maximal antichains
in A* such that for each maximal antichain Y, I ~!(Y) is in the o-algebra gen-
erated by {J;lo < YT} and Y : AN x @ — R is a random variable such that
Y(n, w) = Y(n', w) provided n|r@w) = n'Irw) then

EglY]= E[Z 1°X, Y (o, -)}.
el
In particular, if A C AN x © and there exists k € N such that 14(n, w) =147, w)

whenever 1|, = 1’|, then

Q(A) = Eglla] = E[ D EXo 140, ~)].

lo|=k
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For k € N and (n, w) € AN x Q denote Xie(n, w) = Xy, (w), Tr(n, w) =
Ty (W), e (m, w) = Iy (w). Thusforall p > Oandk € N, Eg[X}] = E[XP*!] <
00. We denote Ry = {(n, w) € AN x Q|w € Ry} = U A(o) x R, .
lo|=k
The exact Hausdorff dimension was determined in [7] by considering the

behaviour of the distribution function of the random variable X at infinity. As
it turns out, the exact packing dimension is determined by the behaviour of the
same distribution function at 0. Berlinkov and Mauldin in [3] proved (under certain
conditions) that if P(O < X < a) < CaP, a € (0,1), then for the function

o(t) =1%g(1), f0+ s £ Wgs < 0o implies P?(K) = 0 a.s., where P? denotes the
packing measure with respect to the gauge function ¢. Later in the text we refer to
this situation as the case of polynomial decay (with parameter 8). Assuming that
for some C1,Cy > 0, Cia? < P(0 < X < a) < Craf foralla € (0, 1), we
prove in theorem 2 the conjecture about the lower bound, namely, if for the function
(1) = 19g(1), [y 220 ds = o0, then P¥(K) = 00 a.s. provided K # #. Thus,
the exact packing dimension does not exist in this case.

Ifrp = lim —x~/#log P(0 < X < x) = sup{r > O|E [e’XW] < oo} >0

x—0

for some B € R, it has been proved in [3], that for ¢(t) = 1%| logllogtllﬂ,
P?(K) < oo a.s. We call this situation the case of exponential decay (with param-
eter B). In this case B < 0, and the "add-on function", g(r) = |log|logz||?.
Assuming that for some C1, C> > 0, Ci1a/t < —logP(0 < X <a) < Cral/B
for all a € (0, 1), we prove in theorem 2 that P?(K) > 0 a.s. provided K # @.
When this paper was being refereed, the author was informed that in the case of
Galton-Watson tree (example 4) the problem has been solved independently by
Watanabe in [21].

2. Results

In many previous papers (see, e.g. [5],[11], [22]) concerning the exact packing

dimension of stochastic processes, the authors proved its non-existence only for

the gauge functions of the type ¢(¢) = t“g(¢) where g(¢) is monotone, right-con-

tinuous and satisfies the doubling condition, tli_ng) g(21)/g(t) < oo. Whether the
—

packing measure with gauge function ¢(#) was infinite or zero was determined first

oo .
by looking at an integral, and then deciding from that whether the series > g(27")

i=1
converges or diverges. We show in lemma 1 that these restrictions on g(z) are
unnecessary.

Lemma 1. [f o(1) = t*g(¢) is a gauge function, B > 0, then [ il md +00
0+

o
if and only if for every N > 1and0 < p < 1, > gP (PN = +00.
k=1
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Proof. Fix0 < p < 1, N > 1. Let g1(x) = g#T1(pN~¥), then [ wgls =
0+

o0
+o00 if and only if f g1(x)dx = +o00. Using that ¢(¢) is non-decreasing, we obtain

gitk+y) = gP T (pNTINT) < T (oNTF) NTYEETD = gy () NY*FTD

o0
forall0 <y <1, and if [ g1(x)dx = oo, then

o o0
Y &1t = NP0 “supfgi(x)lk < x <k + 1} = oo.
k=1 k=1

o0
In the opposite direction, suppose thatforsome0 < p < 1, N > 1, Y gi(k) =
k=1
00. Since ¢(t) is non-decreasing, for every 0 < y < 1 and k € N, we have
gilk+1—y) =gl (pNT*INY) = N72BED Pt (p N =hTy
= N7k + 1),

and therefore
o0

o0 o
/g1(x)dx > Y inflgi()lk <x <k 41} = N*FD N g1k + 1) = 000

The following two lemmas interpret the conditions given to us with respect to
probability measure P, in terms of probability measure Q, which is the main tool we

work with. In exponential case denote 7p = lim —x~"/#log P(0 < X < x) < oo.
x—0

Lemma 2. In case of exponential decay with parameter B, for all t > ty and
1/8
all k € N, Eg[e'®« ] = E[XeX""] = 0. For all 0 < p <1, N> 1and

o0
C > to‘ﬁ, 3> O(X1 < Cg(pNF) = oo, where g(t) = |log|logt||?. More-
k=1

over, lim i Q(X; < Cg(pN~") — Dlogk = oo for any D > 0 and
X j=[logk]

C > (31p) .

Proof. Take C > to_ﬂ, then C~ VP =t > 19. Letz = (t —19) /2, ¢ = (|B]/e2)?. It

is easy to see that for all x > 0, xex'”? > c. Hence,xe”‘w = xett' " plota)x'/P >

ce@+0x'"? Therefore

1/8 1/
Egle'™ 1= E[ Z 19X 5e'Xo ] =F [Xelxl/ﬂ] > cE [e(m“)xl/ﬁ] = 0.
o=k

o0
Let h(x) = Q™" > x), by [14], theorem 1.15, [ h(x)dx = oco. Since h(x)
0

o0
is non-increasing, we obtain that forall0 < p < land N > 1, Y h(|logp| +
k=1

KlogN) = 3> 0 (X; = Cg(poN~5)) = oo.
k=1
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Take C > (319) # and let h(x) = Q (eC*”’"X”’*/3 > x JTog V) . By the argu-

o0
ment above, f h(x)dx = oo. By lemma 3.2 in [7],
0

Ir
lim / h(x)x*dx — Dlogk = oo.
k— 00

YMogk]

The result now follows by easy computation. O
Part of the next lemma can be also found in [12] or [22].

Lemma 3. In case of polynomial decay with parameter B, there exists K; > 0
such that forallk e N, Q(Xy <a)=E [XI{XSQ}] > Klaﬂ“foralla e (0,1).
In case of exponential decay with parameter B there exists K1 > 0 such that
0X <a)=>e X9 foralla e (0, 1).

Proof. Let z € (0, 1), then

Q(Xx =a) = E[ > Z?Xol{xasa}] = E[X1{x<q)]
|o|=k

>E [Xl{az<X§a}] >az(PO< X <a)— P00 < X <az)).

In case of polynomial decay, take z < (C1/C2)'/f. Then Q(X) < a) >
az(CraP — CraPzP) = aPt1z(C) — CazP).

In case of exponential decay choose 0 < z < min{1/2, (3C;/2C>)?}. Then
0X <a) > aze‘clal/ﬂ(l - e“l/ﬂ(cl_cﬂl/ﬁ)) > K3ae_c”ll/ﬁ for some K3 > 0
for all @ € (0, 1). Thus there exists K; > 0 such that Q(X < a) > e~ K1 gor all
ae (0,1). m]

Theorem 1. Fix ¢ > Egl[|logTi|] and let N = e°. There are My, My > 0 such
that MiN** < E[card{c|N*"! < I, < N7¥}] < MoN*® for all k € N. In
o0

particular, lim Y~ Q(N~*1 <1; < N7%) > 0.

k—o00 j=1

Proof. Fix k € N. The upper bound was proved in [3], lemma 2. To make the lower
estimate we also begin as in that lemma:

o
N7*Efcard{o|N ¥ <l; < N =N N Ellyio1o, <y-1)]
j=llo|=j

) o
— N ke Z E[ Z lgxalgal{Nkl<laSNk}i| > Z Eg [1{N7k71<1j51v*k}]

j=1 lol=Jj Jj=l1

o0
= Z OINTF1 <1, < N7%) = Eglcard{j € N: ke < |logl;| < (k + 1)c}]
j=1
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o0
= Z O(card{j € N: ke < |logl;| < (k + 1)c} > m)
m=1

> 1— Q(card{j € N: kc < |logl;| < (k+ 1)c} =0).

Let T = sup{j: |logl;| < kc} + 1. Itis easy to see that Eg[r] < co. Now
using Markov’s inequality and Wald’s identity, we obtain

QO(card{j € N: kc < |loglj| < (k+ 1)c} =0) = O(|logl;| = (k + 1)c)
< O(llogl;| — |loglr—1]| > ¢) < Eglllogl| — |logl:—i[l/c
Epl[t]lEp[llogTi|] — Eglt — 11Ep[|log T1 1]

= " = EglllogTh|]/c < 1.

O

oo
Proposition 1. The series > QO (lgxk+so < C(p(lkp)) diverges for all C > 0 in
k=1

polynomial case, and for all C > p~%e*EelllogT “to_ B in exponential case.

Proof. Inexponential case we can find N > efellloeTill guch that C > N p~— t(;ﬂ.
Conditioning on the value of /i, we obtain

o0

YO Xkssy < Collip))

M
WK

QU Xpt5o <CoUkp)INI™H <y < NTHQINTI™ <y < N7Y)

~
Il

—
~.
I

—_

M
]2

OINT*Xi5y < CONTI L) Q(INTITH < 1 < N7

~
Il
-

~
I
-

e
WK

O(X; < CN*p%g(N/ 1 p) QN1 <l < N7)

~
I

<
~
I

<

QX1 < CN~“pg(N"/~1p)) Yy 0N/~ <l < N7/)
k=1

L
~

I
—

> M) QX1 <CN %p%g(N~71p)) =0

J
where M| is taken from theorem 1, and the latter sum diverges in case of polyno-
mial decay by lemmas 1 and 3, and in case of exponential decay by lemma 2 and

by the choice of C. O

Lemmad. Forallk € Nandm > k + so, X, is independent of Iék.
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Proof. Let B C R be a Borel set.

O({Xn € BYN Ry) = E[ Y 6Xe 1{XaeB}11%(,k}

lo|=m

Y E[Xolix,en] E [lglﬁa\k]

lo|=m

= E[Xl{xeg}]E[ Z ngaléak:|

lo|=m

= Q(Xy € B)Q(Ry). o

Suppose further that the following assumption holds. For random self-similar
sets instead of reduction ratios in the assumption we use corresponding similarity
maps and their Lipschitz constants.

Assumption 1. There exist pg, p > 0, so > 0 and a collection of events R in the
o-algebra generated by random vectors (Tyx1, ..., Trsn), 0 < T, |T| < |o] + S0,
such that Re N{Kys # @} # @, for every w € Ry N {K, # B} there exists x € K,
S0
with dist(x, 8Jy) > ply, and [ Y T[] T(f‘*rl,dP = po.
R, |Tl=spi=1 !

Proposition 2. Random self-similar sets satisfy assumption I under random strong
open set condition.

Proof. Denote by 3‘0 = (Soxls Sos2s -+ -» Sgxn), 0 € A* a sequence of i.i.d. ran-
dom vectors of similarity maps, such that for j = 1,2,...,n, Ssxj(Js) = Joxj

provided J, # #. Let S5 : @ — [0, 17"t " be a random vector consisting
of all vectors S; with o < T, || < |o| + sp listed in lexicographical order of
7. The random strong open set condition for random self-similar sets says that
there exists B C [0, 1177t such that P(Sy € B|K # ¥) > 0 and for ev-
ery w € S'QTI(B) N {K # @} there exists x € K(w) such that dist(x, dJ) > pop.
Denote the Lipschitz constant of a similarity map S by |S|, let Ry = S‘; 1(B),
and pg = f > IS:|4dP > 0. Since the random vectors S‘G have the same
36](3) |T|=s0
distribution, we have

50 50
E[Z 1"[|Sg*f|l.|“1Rg}= [ X s rear

=50 j=1 ~ =50 j=1
IT|=s0 J 571 Itl=s0 J

50
- / SIS "dP = po. O

~ =3 .:1
SM_](B) [tl=s0j

Let Ry = {(n,w) € AN x Qw € Ry} = U A(0) x Ry C Ry. Fix p 50
lo|=k
that assumption 1 holds, fix an arbitrary C > 0 in case of polynomial decay and
C > (3tg) P p~2eEolllogTill in case of exponential decay.
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Lemma 5. Foreveryo € A*, E [XGIRU] = po. Foreveryk € N, Q(Ry) = po

Proof.
[X lRa = [ Z l_[ o*T|; Xoarl :| / Z l_[ *r|dP Po-
[t]=s0 i=1 R, ITI=s0i=1
Finally, Q(Ry) = E|: Z ngglRa] = poE[ Z lg:| = po. O
lo|=k lo|=k

Lemma 6. For j < k, l; is independent of Ry.

Proof. Suppose B C R, then

Q({lj € BYN Ry) = E[ > lf;xalRol{lajeB}}

|o|=k

= > E[leXo 1y, em | E[Xo1r,] = po0U; € B).

o=k

O
Fork € N, let B, = {IJ?X/(+S() < Co(lkp)} N Rg. Since Ry is independent of [

o0

and Xy y,, we have Q(Bi) = poQ(If Xyt < Co(rp)), and ) Q(Bi) = oo by
k=1

proposition 1. We would like to prove that By occurs i.0. Q-almost surely. To do

that in polynomial case, we use Borel-Cantelli lemma generalised by Ortega and
Wschebor in [16]. The exponential case requires another version of Borel-Cantelli
lemma by Talagrand ([20]). For the latest results and a thorough review of what has
been done in this direction the reader is referred to an article of Petrov ([19]).

Extended Borel-Cantelli lemmas. 1. Let { By} | be a sequence of events in a

o
probability space such that Y Q(By) = oo, and
k=1

1 2 k(Q(BiBj) — Q(B)Q(B)))
<i<j=<

kli_n;o o (Zf:] Q(Bi))2 =" v

then Q (lim By) = 1.
2. Let{By};2 | be asequence of events in a probability space. If there exist positive
constants M, &, and positive integers ko, J such that forkg < j < J,

J J
> 0BiNB)<0B) [M++e) D 0B 2)

i=j+1 i=j+1
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and
J

Y 0B = (1+2M)/e, 3)

i=ko
then

J
Q( U B,») > 1/(1 4 2¢).
i=ko

Let 8 be a positive number. Fork < mandv € N, let Ny, = {(n, w) € AN x
Qlcard{t € A"\ (Nln}: nlk < 7,1y > 3"’”‘1,7‘,{ and X; > 0} = v}. Foro € A™,
let N,;”U = {w|card{r € A"\ {o}: 0l < 7,l; > Sm_klg‘k and X; > 0} = v}.
Lemma7. Q(N{,) = Q(N§,,_o)-

Proof.
QN ,) = E[ > lf,‘XUINka”] = E[ > zglNka
lo|=m lo|=m
= E [ Z l—[ U*f‘l ka*r:|
lo|=k |t|l=m—k i=1
= E[lg]E[ > lﬂ‘lNgT}
o |=k [t|=m—k '
= E [lg] Q(N(T)J,mfk) = Q(N(;)mfk) a
lo|=k
Now consider a function v: N — N and denote Ny, = {(n,w) € AN x

Qlcard{t € A"\ (N|m}: nlk < t,1; > (Sm_klmk and X; > 0} < v(m — k)}, and

foro € A™,let Ny o = {w|card{t € A" \{o}: ok < 7,l; > Sm’klﬂk and X; >

0} <v(m —Kk)}.

Lemma 8. If there exists § > 0 such that P(T; > §|T; # 0) = 1 for all i and
o0

v(m) < pg' for some o < w, then there exists M' > 0 such that ) Q(No.m) <

m=1

M.
Proof.

QNow) = E| Y l;“X{,lNO‘a]

= lo|l=m

=E Zlgqupmlunzsm) Z 1—[11r >5™ X >0} 1_[ Ly, <smor x.=0 }

= |o|=m ACA™\{o} TEA TeAM\A
card(A)<v(m)

= E— Z 2 Z 1_[1(1,35M)1(xr>0) l_[ 1(/l=00rxf=0)i|

= lo|l=m ocACA” TeA TEAM™\A
card(A)<v(m)+1
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v(m)+1
< Z Z JP(K #0,VT €A, I, >8", andVr € A" \ A, [, =0o0r X, =0)
j=1  AcA™

card(A)=
< (wim)+ 1P <card{t € A"|l, > 0} < v(m)+ 1 and K # )
+@w(@m) + 1)P(card{r € A™|X, =0} > n" —v(m) — 1)
< (wm)+ 1DHP(K #@)P(1 < card{t € A"|l; > 0} < v(m) + 1|K # ?)
n"P(X =0)P(X > 0)
n"P(X >0)—v(m) —1)2
(wim)+ 1)E [(card{r e A"l > 0} — u’”)z]

+(@@m) + 1)

<P(K#Y
=rEZD (u™ = v(m) —1)*
n"P(X =0P(X > 0) _ v(im) + 1 v(im) + 1
O+ D P X =0 v — 1 T am
as we know from [1]. The result follows. O

Later we will choose pg < w and put v(m) = g . To start the proof that
conditions of extended Borel-Cantelli lemmas hold in our case, we represent Q (BN
By) = Q(Brx N By, N Niysg,m) + Q(Bk N By N Nig59,m) - Suppose that the second
assumption holds. Note that it implies Q (lx = 8") =1.

Assumption 2. There exists § > 0 such that P(T; = 8|T; # 0) = 1 forall i.
Lemma9. Q(By N B, N Nitsom) < OBm) O(Niysg,m)-
Proof. Fix b > 0, then

Q({Xm+s() =< b} N Rm N Nk+s0,m)

ZE[ Z lgxol{xo<h}1vam1Nk+-ro,am}

|o|=m+so
S0
= 00t =0 Y et e Xt 0
lo|=m |T|=s0 i=1
= Q(Xm+s0 = b)POE|: Z ngUINk+S0_U:|
lo|=m

= QU Xmtsy < b} N Ru) Q(Nictsoum)- -

Remark. If the function g is monotone, lemma 9 can be proven in the form Q (B; N

By N Niysg,m) < Q(Byr) Q(Nisy,m) without assumption 2, and that is enough for
the purposes of the extended Borel-Cantelli lemma.

m

For natural numbers k + 5o < m, let Yy, = Xg459 — X [[ T¢%. Fora
Jj=k+so+1
m
code o of length at least m, let Yy o = Xy, — Xol, I T;‘lj. Then it is
J=k+so+1

easy to see that Y; » and X, with o|,, < T < o are P-independent, which results
in Q-independence of Y ,, and X,,,.
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Lemma 10. Q(Bk N Bm N Nk+s0,m) = pOQ(Bm)Q({Yk,m < Cpag(lkp)} N
Nk+s0,m)-

Proof. Fixa,b > 0, then

Q({Yk,m <a}lNRgN {Xm—ﬁ—so <b}INR,N Nk+so,m)

= E[ Z ngUl{Yk,afa}l{Xafb}lRalklRa\m 1Nk+5(),0m}

|o|=m+sg

= Q({Xm+s() S b} N Rm)E[ Z lngal{Yk,afa}lRﬂle]

lo|=m

= Q({Xm+so =< b} N Rm)

m—k—sq
x Z E I:lglRU‘kiI E[ Z Xa*tl{ykﬂ*rfa}l]vk-%—so‘a*r 1_[ T:[*Tll]

|o|=k+s0 |T|=m—k—so i=1

=poQUXmtsy < b} N Rm)E[ Z ngol{Yk,am}lAW}

lo|=m
= pOQ({Xm+SO =< b} N Rm)Q({Yk,m < a} N Nk+so,m)- o

Lemma 11. In case of polynomial decay for every ¢ € (0, 1) there exists M, €
O, 1) sothat Q(X <a(l4+ M) < (1+&)Q(X <a)foralla € (0,1/2). In
case of exponential decay there exists W > 0 such that for every ¢ € (0, 1), if we
let Moy = eW=LeK10"" then Q(X < a(14+ Mep)) < (1 +6)Q(X < a) forall
a € (0,1/2).

a
Proof. Bylemma3, Q(X <a) = ftP(X € dt). From [1] we know that P-density

of X, wp(t), is continuous on (0, (i].

In polynomial case by theorem 1 in [4], Ci1tB=1! < wp@t) < CptP~! for all
t € (0, 1). Suppose that M € (0, 1), then there exists y, € [a,a(l + M)] such
that O(X < a(l + M)) — Q(X < a) = aMy,wp(ys) < MCy(2a)P*!. Thus by
lemma 3 it is enough to choose M, < min{e2 #~1K/C>, 1}.

In exponential case we know from [1] that w p (¢) is uniformly continuous. Thus
the Q-density of X, wg(z), is bounded on [0, 1]. Denoting W = sup{wg(?)|t €
[0, 1]} < oo, we can estimate

a\/B

O(X <a(l+Mue)) — QX <a) <aMy W < ee X197 < e0(X < a).

m}

Proposition 3. In case of polynomial decay, for an appropriate choice of o for
any ¢ € (0, 1) there exists a finite set A, C N such that the inequality Q({Yi,m <
a} N Nigsom) < (1 +6)0(Xy < a) holds for all a € (0,1/2) and all m > k,
where m — k & Ag. In case of exponential decay for any ¢ € (0,1), Q(Yk.m <

a) < (14+&)Q(Xk < a) forallm —k > max{so,

|loga|+|log(Me/3,.qa¢/3) |+ log E[X?]| }
o|logd| :
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Proof. We will consider only m > k + sg, thus 1,...,s0 € A;. Take an ¢ > 0.
In case of polynomial decay we choose M = M, /3 by lemma 11. In case of expo-
nential decay we let M = M3 , using the same lemma. Suppose that m — k >

|logal+]log(Me/3)| +1log ELXIl pen
allogd|

O({Yk,m = a} N Nigsom) = QYem = @)

= Q(Wem <a, 8™ PX, <aM)+ QWi m < a, 8" PX, > aM)

< 0(Xx <a(l+ M)+ QWim < @) Q@* " VX, > aM)

< (1+¢/3)0(Xk < @) + QWi < @) EQ[X18*" N jam

<(1+¢/3)0Xx <a) + Q(Yi,m < a)e/3.
Thus Q(Yem < a) < O(Xk < a)(1+2/3)/(1 —£/3) < (1 + ) Q(Xy < a).

To perform the estimate whenm — k < ol|l ?fgaall in polynomial case, assume that

m — k is large enough so that v(m — k) = ug’_k > max{4,4/p}. Let {X/};cn be a
sequence of i.i.d.r.v. distributed as X. Let j = m — k — 509 and note that

<a ﬂ Nk—i—v() m)

m
= [Zl Xo 1{Yo,o<a}lzvo,g}
lol=j

v(m—k)

@
< E[ |§=:j lalNo.al{a(m7k>a vmz— e IH l{X/>0}i|
v(m—Fk)
< P(O < Y X< a/s‘*(’"—"))
i=1
< P(0 < X < q/smRyvim=h), @)
Now take r > 48 + 4, and assume that (1o has been chosen to satisfy the inequal-
ity 2w <o < Suppose that m — k < 2L1|01ig‘3| - |]°g4§m1g°§|’(l|. From

inequality (4) we see that
Q{Yem < a} N Nigggm) < PO < X < a/s*"=0)rim=h)
< C2aﬂv(m7k)afaﬁ(mfk)v(mfk) < Klaﬁ+l < 0(X <a).

Now denote by @ the distribution function of standard normal random variable
and by ¢ the P-variance of X. Again by inequality (4) we obtain

P({Yk,m <ajn Nk+so,m)

v(m—k) v(m—k)
< P(O < Y X ga/(s“(’”’”) < P( > X< 1)
i=1 i=1
v(m—k)
Z X! —v(m —k)

1= v(im — k)
c/v(m — k) T cuv(m —k)
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Since X has finite moment of order r, we can apply a theorem about non-uniform
estimate of speed of convergence in central limit theorem (see, e.g. [18]). Using
that v(m — k) > 2, we continue

—(m—k)r/2 —(m—k)r/2

= (=g /26) + Cangg < Cantg 5)

for some constants C3, C4 > 0 that depend only on distribution of X and r and all
m — k large enough. Since log g > # log i by the choice of o and log u =

o|log §|, we see that the last term in inequality (5) does not exceed K 1aP*1 and thus
. _ 2(B+1)|logal 2|log C4— logKﬂ |logal 2|log C4—log K|
Q(X Sa)’lfm k z rlog 1o + rlog uo - 2a|]0g8| + rlog 1o :

The result follows.

Remark. Boundedness of the Q-density of X in a neighbourhood of 0 is sufficient
for the proofs of lemma 11 and proposition 3.

Lemma 12. Under assumption 2 Q(lim By) = 1.

Proof. In case of polynomial decay without loss of generality we may assume that
limg4 g = 0. Thus there exists kg € N such that in any case Cp“g(lxp) < 1/2 for
all k > kg. Take ¢ > 0.

o

Suppose that we are in case of polynomial decay. Since > Q(B;) = oo, it
i=1

suffices to prove inequality (1) when summation starts with ky. Denote by s the
cardinality of set A;/, from proposition 3. By lemmas 9, 7 and 8,

Yk = Z Q(Bi N Bj N Niyyg,j)

ko<i<j<k
i+so<j
k j—so—1
< > 0B) Y Q(N,m,><M’ZQ<B>
Jj=ko+so+1 i=ko Jj=ko

By proposition 3 and lemma 10,

Sok= Y. (QBiNB;NNiy,) — Q(B)Q(B)))
ko<i<j<k
J—igAe 2

=3 Y 0BeB) =<3 ZQ(B)

ko<i<j<k Jj=ko
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k
Obviously, X3 = ». Q(B;NBj) <s1 ) Q(Bj).Thus
ko<i<j<k J=ko
J—i€Agp2
> Q(B;B;j) — Q(Bi)Q(B;))
k05i<j§k( ! ») - g+ 2ok + T3k
P 2 = P 2
(Xh, 08)) (Xh, 08))

—1

k
<e2+@+M)[ Y 0By <e

i=ko

for all sufficiently large k by proposition 1, and thus condition (1) of the first
extended Borel-Cantelli lemma is satisfied.

Now suppose that we are in case of exponential decay, ko > |log p|. By prop-
osition 3 and lemma 10, there exist constants Dy = Di(¢g, p, C) > sg and Dy =
D> (e, p, C) such that forall j,i > ko, j —i > Dy + Dy logi implies that Q(B; N
BN Niyy,j) < (1+¢)Q(B;)Q(B;). By lemma 2 and observation after lemma 6,

k
for any k; > e*0 there exists k > X! such that > 0B — 2%logk >
i=[logk]
(242D +2M’)/¢. By remark after lemma 9, for every [logk] < j < k

k k
Y. Q(B;NB) < QB)) | D1+ M + Dylogk+(1+2) Y 0B,
i=j+1 i=j+1

and we see that conditions (2) and (3) of the second extended Borel-Cantelli lemma

o] k
are satisfied, thus Q( U Bi) > Q( U B,-) > 1/(1 + 2¢). The result fol-
i=kq i=[logk]
lows. |
Lemma 13~. Assume {hat O(lim By) = 1, then there exists a sequence of natural
numbers {J(k)},fil, J(k) = k + s, such that if we define for k € N and w € Q2
Avw) = {o € ANV forall j =k + 50, ..., J(k)
X0'|j > pacg(plo'b',so) orw ¢ RU‘]',SO or K0'|j750 = Q}v

then there exists a sequence of natural numbers {k;}° | such that

lim E I$Xs =0as.
i—00
UEAh

Proof. For j € N, let Rj = {(n, w) € AN x Q|Ky|,(w) # #}. We see that

Q(R)) = E[ > lzxalm,#m]

lol=Jj

- E[ > 13X01{10>0}1{XU>0}} = E[ > lgxg} = 1.

lo|=j lol=j
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It is enough to show that lim E[ » nggj| = 0. Indeed,

k—o00 o€AL

E|: Z ngo'] = E|: Z ngal{JeAk}j|

o €Ak lor|=J (k)
J (k)
= E[ Z 5 X5 . 1_[ l{Xa‘j(w)>p"‘Cg(pla‘j_x0) or wgRs|;_ or Koo —(/)}:|
lo|=7 (k) J=k+so
J (k)
=Ep 1_[ l{xj>pan(pla\j,So) or (n,w)gRj_g, or (7. w)ER; g}
Jj=k+s0
J(k)—s0 J(k)—so J(k)—so
=Q< N B,-ij>=1—Q( U BjﬂRj>=1—Q< U B,-).
j=k j=k j=k
. T (k)=s0
Therefore it suffices to choose J (k) so that O U Bj|=1-1/k |
j=k

Theorem 2. Suppose Q(lim By) = 1 and that the construction satisfies assump-
tion 1, then

1. IfCia? < P(0 < X < a) < CadP foralla € (0,1) and ¢(t) = tg(t) is
1
a function, then f wds = 400 implies P(P?(K (w)) = 400|K (w) #
0+
?) = 1.
2. If Cra'’? < —logP(0 < X < a) < C2a'P forall a € (0, 1), then for
o(1) = 1g(1) = 1%|log|log1||f, P(PY(K (w)) > O|K (w) # @) = 1.

Proof. Suppose that the conclusion of the theorem is false for the ¢-packing pre-
measure, which we denote by ’P{f . Then in case 1 we can find M > 0 such that
p= P(Pg’(K(w)) < M|K(w) # ) > 0, and in the second case we let p =
P(Pg(K(w)) = 0|K(w) # @) > 0. Since es{%i;[g}X = 0, there exists £ > 0 such
that P(X > ¢|K # @) > 1 — p/4. In case 1 choose C < &/(2Mn*°), and in

case 2 choose C > (319) Pe*EclllogTill =« Fix 4 such that the following three
conditions hold:

Vo € AN 1im I, (w) =0,
k— 00

for every maximal antichain I' C A*, ¢ < X(w) = Z IZ(w) X (w) < 00,
oel

and_lim > I (w)* X, (w) =0,

o’EAki

where k; and Ay, are from lemma 13.
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Take an arbitrary y > 0. Then there exists ko € N such that for all o €
AN and all j > ko Iy, (w) < y. Next we choose i € N such that k; > ko,
> 1% (w)Xo(w) < &/2. Let

UEAki

A={oeAN|forall j =k +s0,...,J (k)
Xo|; > p*CgUs|;_, p) 0T w & Ro|;_ OF Ko, =0} (6)

For 0 € AN\ A, let k(c) = min{jlki +so < j < J(k;) and condition in
line (6) fails}. Set 'y = {o|k): 0 € AN \ A}, I, = {(T|J~(k’_): o € A}. Then
I'y U I'y is a maximal antichain. For o € I'[, there exists x, € KUHaHo such
that dist(xo, 8J5|,_y)) = lo|js)_s, - Thus we can produce a packing of K by
B(x,, l(,“UHO,o), o € TI'1. Since for each 09 = 0||s|—s,, there can be no more
than n°0 elements in I'; extending code o, we obtain with probability greater than
1 — p/4forevery y > 0:

Py, (K(w)) = n™* Z @o|jy_gyP) =n"0p% Z 161010 8 Uolio o P)

oel'] oel’]
>n0C Y X, > nsoc‘(ZngU -> lf;Xg>
oely oel’ oel
— o] (X - Z lg‘X0> - M in ca?e | '
oely n=0C~'¢/2 > 0in case 2

This is a contradiction. Now using Baire’s category theorem we can spread the
result obtained for ¢-packing premeasure onto p-packing measure. O

Remark. The proofs of theorem 2 and theorem 6 in [3] go through for random
recursive constructions in any complete separable metric space. Proposition 1 and
theorem 2 suggest that the result remains valid without assumption 2.

3. Examples

Example 1. Mandelbrot percolation.

Suppose the square is divided into n? equal subsquares and each survives with
probability p. Inside each square that survives the procedure repeats. The fractal
dimensionin this caseis & = 2+ (log p/ log n). The exact Hausdorff gauge function
is 1% (| log | log #])! (/2 as determined in [7], example 6.2. By theorem 1 from the
article of Dubuc ([4]), we are in case of polynomial decay with parameter 8, where 8
is the solution of equation pyuf =1, p; = P(3'i: T; #0) = nzp(l—p)”z_1 and

2 . . _ log(lfp)"27l
® = n~p is the expected number of offspring. In this case § = —1 — “lognp
Without loss of generality n > 3. The random strong open set condition is satisfied
with 5o = 1 because with positive probability all offspring touching the bound-

ary of the parent "die out." According to [3], example 1, for the gauge function
1
o(t) = t“g(t) such that f0+ %ds < 00, P?(K) = 0 a.s. By theorem 2 and
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lemma 12, f0+ g(‘?iﬁds = oo implies P(P?(K) = oo|K # ) = 1, i.e. the exact
packing dimension does not exist.

Example 2. Modified Mandelbrot percolation.

Fix n € N (without loss of generality n > 3) and a probability measure v
on the power set of {I, ..., nz}. Let Ji, ..., J,2 be a labelling of the partition of
[0, 1] x [0, 1] into congruent subsquares. If the square J, has been constructed,
then choose A C {1, ..., nz} according to v and let J,4i, i € A be the subsquares
of J, obtained by scaling J; into J, via the natural map.

This construction clearly satisfies the random strong open set condition with
so = 1, if we can get with positive probability an offspring that does not touch
the boundary of the parent. If all offspring touch the boundary but there is positive
probability of them touching different sides of the square, then the random strong
open set condition is satisfied with so = 2. Finally, if all offspring touch only one
side of the square almost surely, then the limit set can be realised as a random
self-similar set on the line with J = [0, 1] that satisfies our condition.

If w, the essential infimum of the number of offspring, is at least 2, then accord-
ing to Biggins and Bingham([2], proposition 7) we are in the case of exponential
decay with parameter 8 = 1 — log 1t/ log 1, and according to example 4 in [3],
for the gauge function ¢ () = t*|log |log?| |#, we have P?(K) < oo a.s. By theo-
rem 2 and lemma 12, P(P¥(K) > O|K # ) = 1 and thus ¢ is the exact packing
dimension.

If u = 1, the picture is the same as in example 1, i.e. there is no exact packing
dimension.

Example 3. Self-avoiding stochastic process on the Sierpinski gasket.

This process was introduced in [10], and its almost sure exact Hausdorff dimen-
sion was found in [9]. Here we give an alternative definition, which allows to apply
already known theorems about random recursive constructions.

Let J be an equilateral triangle of diameter 1 with one vertex O at the origin
and another vertex B at a point with coordinates (1,0). By A we denote the third
vertex of this triangle. Jy, J», J3 are those three equilateral triangles of diameter 1/2
out of 4 partitioning J that have as one of their vertices O, A or B correspondingly.
Then the process is iterated, and we obtain a (non-random) self-similar set which

o

is called the Sierpinski Gasket, G = [\ U Jo.
n=1oe{l,2,3}"
Fix 1 > p > 0. Let f,(x) : [0, 1] — U Jo be a collection of random
oefl,2,31
maps such that for all o € {1,2,3}", J; N f,([0, 1]) coincides with a side of
triangle J; or is empty in the following way:

(i) Forn =0, fo(0) = O, fo(l) = A, and the map fy is linear.

(ii) Suppose that the random function f, has been defined. For a fixed o €
{1,2, 3} let [ay, by ] = fn_l(J(, N f,([0, 1])). Let m € {1, 2, 3} be such that
JoxmNIsN fr ([0, 1]) =@, k € {1, 2, 3} suchthat f(ay) € Js« and [ such that
f(bs) € Joy. Define f, 11 so that fr,11(as) = fulas), fut1(bs) = fn(bs).
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With probability p, we let f,,+1((as + bs)/2) = Joxk N Jy41, and with prob-
ability 1 — p, fuy1((as +b5)/3) = Josk N Jowm and f,11(2(as + bs)/3) =
Joxm N Jox1. Then the map f, 41 is extended by linearity. Inside all J,;’s, the
process of refining of f, to f,+1 is independent.

Finally we define arandommap f : [0, 1] — G by setting f(x) = lim f,(x).
n—o0

Itis easy to see that the map f is well defined, continuous, one-to-one and f ([0, 1])
is a random arc that coincides with the limit set of the random recursive construc-
tion obtained by redefining the triangles J, so that for each o, if only two triangles
out of Jy41, Jox2, Jox3 intersect fi541([0, 1]) along an edge, these two triangles
are denoted by J;«1 and Jy 42, and J;43 = @. For each o in this random recursive
construction, the random vector of reduction ratios is (1/2, 1/2, 0) with probabil-
ity p, and (1/2, 1/2, 1/2) with probability 1 — p. Note that this is not a random
self-similar set.

By theorem 1 in [3] the Hausdorff, packing and Minkowski dimensions of
f(0, 1]), « = log, (3 — p) almost surely. Assumption 1 is satisfied with so = 2,
Ry = {T5:3 # 0, Ty433 = 0}, assumption 2 is satisfied with § = 1/2. By [2], prop-
osition 7, we are in case of exponential decay with parameter 8 = 1 —log, (3 — p).
Thus by lemma 12, theorem 2 and theorem 6 from [3], for the gauge function
@) = 1%|log|logt||?, P(0 < P?(f[0,1]) < 00) = 1.

Example 4. Boundary of a Galton-Watson tree.

Let Ny, o0 € A*, be asequence of i.i.d.r.v., N, € NU{0}, E[Nylog Nyg] < oc.
The Galton-Watson tree T corresponding to this sequence is a subset of A* such
that ) e Tando € T <= o i € T forall 1 <i < N,. The boundary, a7,
of the random tree is the set of all infinite paths through the tree. The tree metric
on 3T is defined by setting for o, 7 € 8T, dy (0, 7) = cl°* when o # © and
dr(o,7) = 0if o = 7, where ¢ € (0, 1) and o A 7 denotes the largest common
subsequence of o and 7. We require that E[X?] < oo.

Assumption 1 is satisfied with s9 = 0 and R, = 2. Note that because of
so = 0 the proof of theorem 2 still holds in case of polynomial decay with param-
eter B if the number of offspring is unbounded and X has finite moment of order
r > 48 +44. The proof of theorem 6 in [3] holds for unbounded number of offspring
under assumption 2.

If the probability of N, = 1 is positive, we are in the case of polynomial decay,
and there exists no exact packing dimension. In case the number of offspring has
geometric distribution, P(Ny = k) = p(1 — p)¥ for k € N, by a result of Hawkes
in [8] P(0 < X <x) =1— ¢ for x > 0. The rate of polynomial decay 8 = 1,
and we obtain the result of Xiao from [22] because X has moments of all orders.

If N, > 2 almost surely, then we are in the case of exponential decay with
parameter B = 1 — log u/log p. Thus, by theorem 2 and lemma 12 the exact
packing dimension function is given by ¢(r) = t%|log |log¢||#. This proves the
conjecture of Liu in [13] who has studied the exact packing dimension of 97 in
case of exponential decay and made a mistake in the proof of the lower bound as it
was pointed out in [3], theorem 7.
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