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Abstract. We consider boundary roughness for the “droplet” created when supercritical
two-dimensional Bernoulli percolation is conditioned to have an open dual circuit surround-
ing the origin and enclosing an area at least /2, for large /. The maximum local roughness is
the maximum inward deviation of the droplet boundary from the boundary of its own convex
hull; we show that for large [ this maximum is at least of order /!/3(log /)~2/3. This comple-
ments the upper bound of order [!/3 (log 1)*/3 proved in [A13] for the average local roughness.
The exponent 1/3 on [ here is in keeping with predictions from the physics literature for
interfaces in two dimensions.

1. Introduction

We consider Bernoulli bond percolation on the square lattice at supercritical den-
sity, conditioned to have a large dual circuit enclosing the origin; we denote the
outermost such circuit by I'g. (Complete definitions and the basic properties of the
model will be given in the next section.) The supercritical, or percolating, regime of
Bernoulli percolation is the analog of the low-temperature phase of a spin system,
and the region enclosed by the dual circuit is the analog of the droplet that occurs
with high probability in the Ising magnet below the critical temperature in a finite
box with minus boundary condition, when it is conditioned to have a number of
plus spins somewhat larger than is typical [DKS]. In fact, the droplet boundary
in the Ising magnet appears as a circuit of open dual bonds in the corresponding
Fortuin-Kastelyn random cluster model (briefly, the FK model) of [FK], in view of
the construction given in [ES]. One can gain information for the study of the Ising
droplet by studying the FK model conditioned on I'y enclosing at least a given area
12, as is done in [A13]. The droplet boundary in this FK model thus corresponds to
an interface; the heuristics in the case of Bernoulli percolation are the same, but
the mathematics is more tractable. We therefore refer to I'g and its interior as a
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droplet. Our main result is a lower bound on the maximum local roughness of the
droplet, that is, the maximum inward deviation of the boundary of the droplet from
the boundary of its convex hull. Related upper bounds were proved in [Al3].

The study of the shapes of such droplets is related to a classical problem: When
a fixed volume of one phase is immersed in another, what is the equilibrium shape
of the droplet, or crystal, having minimal surface tension? When the surface ten-
sion is known, this is an isoperimetric problem. The solution of the continuum
version of the problem is given by Wulff [Wu]: Let t(n) be the surface tension of
a flat interface orthogonal to the outward normal n. For a fixed crystal volume, the
equilibrium shape is given by the convex set

W={xeR?|x-n<t(n), foralln}. (1.1)

In the two-dimensional Ising model, say with minus boundary condition and condi-
tioned to have an excess of pluses, a rigorous justification of the Wulff construction
has been given for the resulting droplet of plus phase. Minlos and Sinai consid-
ered an instance in which the temperature T tends to zero as the volume grows
to infinity, and proved that most of the excess plus spins form a single droplet of
essentially square shape ([MS1], [MS2]); the Wulff shape W also tends to a square
as T — 0. Dobrushin, Kotecky and Shlosman [DKS] then provided a justification
of the Wulff construction at very low fixed temperatures. Moreover, they showed
that the Hausdorff distance between the droplet boundary y and the boundary of
the Wulff shape W is bounded by a power of the linear scale of the droplet. This
Hausdorff distance is related but not equivalent to local roughness; see [Al3]. The
very-low-temperature restriction was removed by loffe and Schonmann [IS], who
proved Dobrushin-Kotecky-Schlosman theorem up to the critical temperature. For
Bernoulli percolation the Wulff construction was justified in [ACC], and for the FK
model this was done in [Al3]. For these models the surface tension is given by the
inverse of the exponential rate of decay of the dual connectivity.

Boundary roughness has been a topic of considerable interest in the physics
literature (see e.g. [KS]). The heuristics for the local roughness of I'g, described in
[AI3], are related to the boundary-roughness heuristics for two-dimensional growth
models such as first-passage percolation that are believed to be governed by the
“KPZ” theory ([KPZ], [LNP], [NP]), to polymers in two-dimensional random envi-
ronments [Pi], and, as noted in [Al3], to the heuristics of rigorously proved results
on longest increasing subsequences of random permutations [BDJ], which in turn
are related to the fluctuations of eigenvalues of random matrices (see [Jo]). In all
cases for an object of linear scale / there is known or believed to be roughness
of order I'/3 and a longitudinal correlation length of order /?/3. In the percola-
tion droplet this correlation length should appear as the typical separation between
adjacent extreme points of the convex hull of T'y.

In [AI3] the average local roughness, denoted ALR(I"p), for the percolation
droplet was defined as the area between the droplet and its convex hull boundary,
divided by the Euclidean length of the convex hull boundary. It was proved there
that with high probability, for a droplet conditioned to have area at least />, ALR(T')
is0('/3 (log 1)2/3). The main feature of interest is the exponent 1/3 matching the
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KPZ heuristic; the power of log/ may be considered an artifact of the proof. Here
we consider not average but maximum local roughness, denoted MLR(I"g) and
defined as the maximum distance from any point of I'g to the convex hull bound-
ary, and we show that for the Bernoulli percolation droplet, for some ¢y > 0, with
high probability it is at least o/ /3 (log 1) ~2/3. It was proved in [A13] that with high
probability MLR(I'p) is OJ(REE: (log 11/3), but this is a presumably a very crude
bound, lacking the right power of /; it is more reasonable to compare the lower
bound here on MLR(Tp) to the upper bound for ALR(I"p), as the two should differ
by at most a multiplicative factor that is a power of log/, as we explain next.

One way to obtain more-detailed heuristics for the droplet boundary is to view
it as having Gaussian fluctuations about a fixed Wulff shape of area /2, a point of
view justified in part by the results in [DH] and [Hr]. This point of view suggests
that if we take a Brownian bridge on [0,1], rescale it by 27/ horizontally and /!/?
vertically, and wrap it around a circle of radius /, joining (0, 0) and (271, 0), the
result should resemble the droplet boundary. In [Uz] it was proved that for this
wrapped Brownian bridge the maximum local roughness is with high probability
bounded between clll/3(log 1?/3 and czll/3(log 12/3 forsome 0 < ¢] < ¢z < 0.
The exponent 2/3 on log! here is related to the Lévy modulus of continuity for
Brownian motion. The wrapped-Brownian-bridge heuristic suggests that ALR(I"g)
should be of order /'/3, without a power of log /, supporting the idea that ALR(I')
and MLR(I"p) differ by only a multiplicative factor that is roughly a power of log .
The circle provides a reasonable heuristic here because loffe and Schonmann [IS]
showed that for fixed p the curvature of the boundary of the unit-area Wulff shape
is bounded away from 0 and co.

2. Definitions, preliminaries, statement of main result

A bond, denoted (xy), is an unordered pair of nearest neighbor sites x, y € 72.
The set of all bonds between the nearest neighbor sites of 72, will be denoted
by B,. Let {w(b), b € By} be an i.i.d. family of Bernoulli random variables with
P(w(b) = 1) = p. Given a realization of w, a bond b € B, is said to be open if
w(b) = 1 and closed if w(b) = 0. Consider the random graph containing the ver-
tex set of Z? and the open bonds only; the connected components of this graph are
called open clusters. For p below the critical probability p. = 1/2 [Ke] all open
clusters are finite with probability one and when p > p., there exists a unique
infinite cluster of open bonds with probability one.

Forx € Z?letx* denote x+(1/2, 1/2). The lattice with vertex set {x* : x € Z?}
and all nearest neighbor bonds is called the dual lattice. Each bond b has a unique
dual bond, denoted b*, which is its perpendicular bisector; b* is defined to be open
precisely when b is closed, so that the dual configuration is Bernoulli percolation
at density 1 — p. A (dual) path is a sequence (xg, (X0X1), X1, , (Xp—1, Xn)) of
alternating (dual) sites and bonds. A (dual) circuit is a path with x, = xo which has
all bonds distinct and does not cross itself (in the obvious sense). Note we allow
a circuit to touch itself without crossing, i.e. nondistinct sites are not restricted to
Xp = Xo.Fora(dual) circuit y, the interior Int(y ) is the union of the bounded compo-
nents of the complement of y in R?. An open dual circuit y is called an exterior dual
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circuit in a configuration w if ¥ U Int(y) is maximal among all open dual circuits
in w. A site x is surrounded by at most one exterior dual circuit; when this circuit
exits, it is denoted by I'y. |-| denotes the Euclidean norm for vectors, cardinality
for finite sets and Lebesgue measure for regions in R?, depending on the context.
For x,y € R2, let dist(-, -) and diam(-) denote Euclidean distance and Euclidean
diameter, respectively. Let B, (x), denote the open Euclidean ball of radius r about
x. For A, B C R2, define dist(A, B) = inf{dist(x,y) : x € A,y € B} and
dist(x, A) =dist({x}, A). We define the average local roughness of a circuit y by

ALR(y) = |Co(y) \Int()/)l’
10Co(y)|

where Co(-) denotes the convex hull. The maximum localroughness is
MLR(y) = sup{dist(x, dCo(y)) : x € ¥}

Throughout the paper, K1, K3, ... represent constants which depend only on p.
Our main result is the following.

Theorem 2.1. Let 1/2 < p < 1. There exists K1 > 0 such that, under the measure
P( . ’ | Int(Tg)| > 12), with probability approaching 1 as | — oo we have

MLR(I'g) > K13 (log)~%/3 2.1)

The main ingredients of the proof will be coarse graining concepts, the renewal
structure of long dual connections in the supercritical regime and exchangeabil-
ity of the increments between regeneration points, all of which will be discussed
below. The basic idea is that MLR(I'g) < 1(111/3(10gl)’2/3 implies that [y stays
in a narrow tube along its own convex hull, which is a highly unlikely event,
due to the Gaussian fluctuations of connectivities. More precisely, if w and w’
are extreme points of the convex hull Co(I'g) separated by a distance of order
12/3(10gl)_1/3, then MLR(T"p) < I('lll/*z(logl)_z/3 requires that I'g stay confined
within O (I'/3(log1)=%/3) of the straight line from w to w’. Gaussian fluctuations,
though, would say that the typical deviation from the straight line is of order
1'/3(log 1)~1/6, which is the square root of the length of the line. Thus the con-
finement for the segment between w and w’ is analogous to keeping the maximum
magnitude of a Brownian bridge below O ((log/)~'/?), and such confinement along
the entire boundary of I is very unlikely. The Brownian bridge analogy is an under-
lying heuristic but does not enter directly into our proofs.

We use some notation, results and techniques introduced in [AlI3]. For a fam-
ily of bond percolation models including Bernoulli percolation and the FK model,
upper bounds have been established in [Al3] for ALR(I"g), MLR(I'g) and the devi-
ation between I and Wulff shape. We denote the unit Wulff shape (i.e. the set W
of (1.1), normalized to have area 1) by K. There exists constants K; such that the
following hold with probability approaching to 1, as / — oo, under the measure
P(- | | Int(To)| = I?):

ALR(Ig) < Kal'3(log1)?/?, (2.2)
inf disty (3Co(o), x + d(Ky)) < K31*(log))'73, (2.3)
X

MLR(Tp) < K4/?*(log)'/3, (2.4)
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where disty denotes Hausdorff distance. Together, (2.1) and (2.2) suggest that
local roughness is of order /'/3, up to a possible logarithmic correction factor, for
sufficiently large /.

We will use two standard inequalities for percolation: the Harris-FKG inequal-
ity [Ha] and the BK inequality [vdBK]. Let D C B; and w, @ € {0, I}D. We write
@ > w if all open bonds in w are also open in @. Anevent A C {0, I}D is increasing
(decreasing) if its indicator function § 4 is nondecreasing (nonincreasing) according
to this partial order.

Harris-FKG inequality. For Bernoulli percolation, if Ay, Aa,---, A, are all
increasing, or all decreasing, events, then

P(AiNA2N---NAy) = P(AP(A2) -+ P(Ay).

For sets S C B,, we will denote by wg the restriction of w to S. The event A is
said to occur on the set S in the configuration w if w; = wg implies ' € A. Two
events A and A» occur disjointly in w, denoted by A o A», if there exist disjoint
sets S1, > (depending on w) such that Aj occurs on S, and A» occurs on Sy, in .
The event that A and A, occur disjointly is denoted A o Aj.

BK inequality. If Ay, --- , A, are all increasing, or all decreasing, events then

P(A1oAzo---0A,) = P(A)P(A2)--- P(Ap).

Two points x, y € (Z?)* are connected, an event written { x <—> y }, if there
exists a path of open dual bonds leading from x to y. The Harris-FKG inequality
implies that — log P (0 <> x) is a subadditive function of x, and therefore the limit

1
T(x) = nh»n;o - log P(0* < (nx)*),

exists for x € Q2, where the limit is taken through the values of n satisfying
nx € Z2. This definition extends to R? by continuity (see [ACC]). T is a strictly
convex norm on RZ; the strict convexity is shown in [CI]. The 7-norm for unit
vectors serves as the surface tension for our context. Let S denote the unit circle in
R2. It is known ([Al12],[Me]) that for 1/2<p<1,

0< miél‘t(x) < maéu(x) < 00, 2.5)
Bilx| ™ exp(—1(x)) < P(0* < x*) < exp(—7(x)) (2.6)
for some constants 81, 8> > 0 and
t(e) 1(x)
—— < —= 2 , 2.7
7 < ] < T(e) 2.7

where e is a coordinate vector.

For x,y € R2, let disty (-, -) and diam,(-) denote the r-distance and the t-
diameter, respectively. Some of the properties of connectivities and geometry of
Waulff shapes will be given next. Denote the unit t-unit ball by Uy:

U={xeR?* : t(x) < 1}
and the Wulff shape by Wy:
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Wi={r e R? : (1,2)2 < () forall z € S},

so that 0 € Int(W7) and K; = W;/|Wi|. Here (-, -)2 denotes the Euclidean inner
product. We also refer to multiples of W as Wulff shapes. For the functional

W()/)Z/f(vx) dx,
14

K/ minimizes YW(dV) over all regions V with piecewise C' boundary, subject to
the constraint |V | = 1; here v, is the unit forward tangent vector at x and dx is arc
length. (A class larger than the regions with piecewise C' boundary can be used
here, but is not relevant for our purposes; for specifics see [Tal], [Ta2].) We define
the Wulff constant W, = W(dKj). For every t € dW| and x € dUj, we have

1 = max(z, y)2 = max (s, x)2.
yeUy sedWy

Definition 2.2. Given x € R*\{0}, a point t € W is polar to x if

(t,x)2 = 7(x) = max (s, x)2
seoWq

3. Renewal structure of connectivities

For the remainder of the paper we assume we have fixed 1/2 < p < 1.
This section will follow Section 4 of [CI]. For x, y € (ZH* and t € IW1, we
define the line

’}-[; ={z € R? | (t,2)2 = (¢, x)2}
and the slab
Sty ={zeR*|(t,x)2 < (t.2)2 < (t.y)a).

When x and y are connected in the restriction of the percolation configuration to
the slab Sy | (excluding the bonds that are only partially in Sy ), C}; , denotes the
set of sites in the corresponding common cluster inside S)’C,y. Lete = e(t) be a unit
vector in the direction of one of the axes such that the scalar product of e with ¢ is
maximal.

hy
Definition 3.1. For x,y € (Z*)* satisfying (t,x)> < (t,y)2, let { X <>y }
denote the event that x and y are h;-connected, meaning x and y are connected

. h
by an open dual path in S)’C’ y- Let { x <ts y } denote the event that x and y are
h;-connected, meaning x and y are connected inside S )’C y and

CoyNSype=1tx,x+e} and C, NS,  ={y—e )

y

. h
Let { X <i> y } denote the event that x and y are f-connected, meaning x <— y

h hy
and for no z € Int(S; ) do both x < zand z < y.
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Definition 3.2. Given a configuration and given x, y with x <> y, we say that 7 €
(Zz)* is a regeneration point if (t, x)2 < (t,2)2 < (¢, y)2 and Cﬁw N Sé,e’we
{z—e z,z+e).

Let R!, , denote the random set of regeneration points of C}; . Next, a probabi-

listic bound on the size of R , will be given. For our purposes, we need a different

. h . h
formulation of Lemma 4.1 of [CI]: we use { x <— y } instead of { x <> y } to
state the lemma, but the proof is same with minor changes.

Lemma 3.3. For every € € (0, %), there exists A > 0, § > 0 and v > 0 such that
foralltg € oW1, t € B, (ty) and all x satisfying (t, x)2 > (1 — €)t(x) we have

h
P(|R8x| < §|x|; OA)x)S exp{—(t, x)2 — v|x|}. 3.D
4. Coarse graining and related preliminaries

We will use the coarse graining setup and results of [Al3]. For s > 0, and any
contour with a t-diameter of at least 2s, the coarse graining algorithm selects a
subset {wq, w1, - -+, wy+1} of the extreme points of Co(y), with wy,+1 = wo,
called the s-hull skeleton of y and denoted HSkel; (y). The points w; of HSkelg (y)
appear in order as one traces y in the direction of positive orientation. We denote
the polygonal path wy — w; — - — wy41 by HPathg(y). The specifics of the
algorithm for choosing the s-hull skeleton are not important to us here; we refer
the reader to [Al3]. What we need are the following properties, also from [Al3].

Lemma 4.1. There exist constants K5, K¢, K7, Kg > 0 such that for every s > 0
and every circuit y having t-diameter at least 2s, the s-hull skeleton HSkel; (y) =
{w()a wi, =, wm+l} Satisﬁes

K5 diam(y)
< —,

m+1 “4.1n
s
| Int(y) \ Int(HPaths(y))| < Kgs?, 4.2)
. K7S2
sup dist(x, Int(HPaths(y)) < ———, 4.3)
xeCo(y) dlam()/)
Kgs2
W( Co(y)) < W(HPaths(y)) + —. 4.4)
diam(y)

For 0 < 6 < 1 a small constant to be specified later, our choice of s is

0 172
s = (ﬁ) 12/3(logl)71/3.
2K7
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Suppose HSkel; (I'g) = {wo, wi, ..., Wy+1} With w41 = wo. We define
. s/
L= {l Swipr —wil| = %}

Fori € L, we call the side between w; and w; 1| long. The next lemma gives a lower
bound on the sum of the lengths of long sides when diam(I"g) is not abnormally
large. From [Al3], for some K9, K19, K11 > 0, for T > 0,

P(diam,(T) > T) < KoT"e ™"
and
P(|Int(I'g)| > 12) > Kigexp (— Wil — K1111/3(10gl)2/3), 4.5)
so that for large /,
P(diam, (To) = 21 | |Int(Tp)| > 1) < e Wi1/2,

Also using (2.7), we have
2 42
diam(Ig) < 2 diam, (Ty) < 42 diam, (T'g)
T(e) Wi

where in the second inequality we use WW; < 4t (e), which follows from the fact
that the unit square encloses the unit area. Therefore

P(diam(To) > 8v/27 | [Int(Tp)| > %) < e”M1/2, (4.6)

so to prove Theorem 2.1 we need only consider configurations with diam(I"g) <
8+/2 1. We say that {wy, .., Wp41} is [-regular if there exists a configuration in
which | Int(Ig)| > /2, diam(I'g) < 8+/2 [ and HSkely(I'g) = {wo, .., Wi+1}-

Lemma 4.2. If {wg, wy, ..., Wy+t1} is [-regular and [ is sufficiently large, then
i
D wipn —wil =[S (4.7)
iel

Proof. (4.2) implies that for some K17, and ' as in the definition of /-regular,

12
|Int(HPath ()| > 12— K1214/3(log1)’2/3 > 5

where the last inequality is satisfied for sufficiently large /. By the standard isoperi-
metric inequality, it follows that

D i —wil+ Y lwig —wil = V27
iel ieLe

Using (4.1), the total number of sides can be bounded above:

- K5 diam(Tg) - 8v2 K 1_
S

m—+1
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Fig. 1. A section of A, and a connection from w; to w;;; which includes a cylinder con-
nection from a; to b;

Therefore
Z'|w,~+1 —wil < (m+ 1)16—K < ,/
iele
and the lemma follows. O

We next need to specify the vector #; which will be used to define slabs and
regeneration points for the connection from w; to w;4. The natural choice is to
take #; polar to w;;+1 — w;, but in order to avoid some technicalities in upcoming
proofs we will choose ¢; to be close to the polar value, but having rational slope. Let
V C R? denote the wedge consisting of those vectors x such that the angle from
the positive horizontal axis to x is in [0, 7 /4]. Due to lattice symmetries we may
assume that w;+1 —w; € V. Let 1; € 9K; NV be such that 7; is polar to w;4+1 —
Then the angular difference between 7; and wi41 —w; is at most 7 /4. The existence
of a polar point with such properties is guaranteed by symmetries of Kj. Let us fix
€ € (0,1/2), and let A = A(e) asin (3.1). We choose t; € V N By (%;) N dK; so
that the slope of t; is /g, withq = [1/A] + 1 and r € Z. Choosing ¢; this way will
allow us to use (3.1), with the parameters fy and # chosen as ¢; and 7;, respectively.
Note that e(#;) = (1, 0), which we denote by e;.

By (4.3) for our chosen s, the deviation between Co(I'g) and Int(HPathg(I'g))
inside it does not exceed 911/3 (logl) —2/3 Letl; be the line through w; and w;11. We
setd = 201/ 3(log l )’2/ 3, and define Ay, the annular tube of diameter 2d around
HSkels(I'g), as follows. Denote the line parallel to /; which is d units outside of
HSkels(I'g) by l+ and the line parallel to /; which is d units in the opposite direction
by [;". Let Hj; be the half space bounded by /; that contains HSkel; (I'), let Hl[_:t be

the halfspaces bounded by lii such that H,- C Hj; C H;+ and let
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Ag = Ayg(wo, .., Wpnt1) = (ﬂ H,[+> \ (ﬂ H1i>

i=1 i=1

(see Figure 1.) Let T; denote the (infinite) tube with diameter 2d, bounded by l,.Jr
and /7. Let w; and w; be the points on /; such that SZ){ v 18 the largest slab

satisfying

ti i _Qli i
Sw;,w;’ N Td NA; = Sw;,w;’ N Td'

Let B; be the event that there exist ¢; € S”, NTiand b; € ", , NTi
w),w+e; d w!—e;,w] d

I{ +e
such that the event

hy, .
{w; <— a;} o {a; PN biinT;} o{b; <— wiy1}

occurs. For configurations in {w; «<— wj41 in Ag}\B;, every open path from w;
to w;+1 must go “the long way around A,”’; presuming [ is large and {wy, .., W41}

is [-regular, for some K3 this implies that w; <> z for some z € Sful_ wi+e; With

dist(z, w;) > K13/. By ([Al13], Lemma 7.1) we then have for some K4, K15,
P(B{ | wi «— wj41) < Kige K5l (4.8)

Lemma 4.3. There exists constants K14, K15 > 0 such that for {wy, .., Wy+1}
l-regular and €, t; as in the preceeding, we have

P(w; < w1 in Ag |wi < wit1)

. s,
< Kisexp (—Ksl) + Z P(a; <> b; in T} | a; <> by) (4.9)

a;,b;

. 1;
where the sum is over all a; € Su’ﬂ
L

(Z%)*.

i 2 ti i
w4 NT; N (Z7)* and b; € Sw{'»w,f'—ei nNT;N

Proof. By (4.8) we can bound P (w; <> w;41 in Ay) by

Kiae K5I P(w; < wig)

y, o
+ 3 P({wi < ai}o{ai < by in Tj}o {b; < wiyi}),
a;,b;

. 1 1 t; 1
where the sum is over all a; € Sw;,w;+e,- nNT; N (Z3)* and b; € Sw;/,w,//—e,- nNT;N

(Z*)*. We now apply the BK and FKG inequalities:
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W
Zai»bi P({w,- < a;j} o {a; <> bjin Ty} o {b; <~ wi+1}>

i A
< > Pwi <) Pl < biin Tj) P(bi < wip),

ai,b;

I P R
= Y P(w; < a) P(a; <> by) P(a; <> by in T} | a; <> by) P(by <> wig1)

ai,b;
T
< D P < wig) Plai < b in Ty | a; < by),
a;,b;
and (4.9) follows. O

hy, .

In order to bound the probability of the event {ai PN b; in Té} using the
renewal structure of cylinder connectivities, we need control of the size of |b; — ;|
to apply (3.1). The parallelogram S;’;{ tew/—e " T} has 2 short sides (the sides not
parallel to w; 1 — w;), one near w; and the other near w;41 (see Figure 1). It follows
easily from the fact that w;11 — wj, #; are in the wedge V that for every a in the

short side near w; we have |w; —a| < 2d /2, and analogously for w; 1. Therefore

lwi —a;| <2dv2 + 1, lwis1 — bi| <2dv2+1,
and hence
(Wit — wi) — (b — ;)| < 4dV/2 + 2. (4.10)
Since
T(wit1 — wi) = (@, wiy1 — w2, 4.11)

provided [ is large we have
(i, bi —ai)a = (1 =€)t (bi — a;) (4.12)
for our chosen €.

Lemma 4.4. Given ¢, t;, a;, b; as in the preceeding and § as in (3.1), there exists
V' > 0 such that provided | is sufficiently large,

, i
P(IR , | <8lbi —ai| | ai <> b;) < exp(—v'|b; — a;]). (4.13)

Proof. From ([Al3] equation (7.6)), for some K16, K17 > 0, we have

hy,
P(a; < bi) > Kiglbi — ail K7 exp (= t(b; — ). 4.14)

By (4.12), Lemma 3.3 applies; with (4.14) this shows that for some v > 0,
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1 h’i
P(IR; ;| < 8lbi —ail | ai <> b)
1 ~
< K_16|bi —a;|"exp (= (&, bi —ai)o + t(bi —a;) —v|b; —a;]).  (4.15)

By (4.10) and (4.11), we have
— (i, bi — ai)2 + t(bi —a;) — v|b; — aj|
<2t(wiy1 — w; — b +a;) —v|b; —a;l
< K13(4dv2 +2) — v|b; — a|

for some K13 > 0. Since d is small compared to |b; —a;|, using this bound in (4.15),
for some constant v/ < v we have (4.13). O

Next, we will define orthogonal increments between adjacent regeneration
points. There is no canonical choice of direction relative to which increments are
defined; we will use the direction orthogonal to the line joining w; and w;41.

Definition 4.5. For any x € Sfj}l.,wiﬂ, define f : S;"){ w — Roas follows:

) dist(x, l;), if x is above the line l;, joining w; and wi1,
X) =

—dist(x, l;), ifx is on or below the line l;.

. . .. hfi . .
For the following definitions assume a; <> b;. The regeneration points between
a; and b; have a natural ordering according to their distance from Hgi.

Definition 4.6. Forr' € SZ, b, define A : S;"’_’ b, — Ras follows:

fah, if v’ is the first regeneration point,
Ay = f(") = f(F), ifF,r are successive regeneration points,
0 if v’ is not a regeneration point.

Definition 4.7. For H{ C S , define

A(r') ifthere is a regeneration point r' € H?,
0 otherwise.

A(HY) ={

We will refer to the values A(r) as increments. We need to show that, given

a; iﬁ) b, there are unlikely to be too many small increments. This will be proved
by showing that a positive proportion of increments have magnitude greater than
equal to 1/2, with high probability. This result will be used to bound the variance
of sums of increments from below.

For § as in Lemma 3.3, and q;, b; fixed, let N = |§|b; — a;|],and R = | N/8].
Let U be the collection of all (z1, - - - , zg) such that for j =1, --- , R, we have

) zj € Sgl_ bis 2 is on the line through w;, parallel to #;,
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(ii) (tz,Zl)z <(i,z2)2 << (chR)Z’
(iii) (IntS der.zj e ) and (Int SZk de; zptde;) ATE disjoint for j # k.

By property (i), there is a bijection pairing {z1, 22, - - - , Zr} € U and the set of lines
Hé"_/ passing through the points {z1, z2, - - - , Zg}- SupposeRa b = ={ri,r,---,r1},
with I > N. Next, we define in‘bi = {o1,..,0r} C Réisbi according to the fol-
lowing algorithm:

(1) o1 = ry,, where kj is the smallest integer satisfying (t;, a; +4e;)2 < (i, ri;)2,
(2) oj = ri;, where k; is the smallest integer satisfying (z;, 01 + 8e;)2 <
(ti,ri; )2, for j =2,3,--- | R

For j > 2, this algorithm can skip at most 7 regeneration points after ;_ before it
selects o j; under the assumption that there are at least N regeneration points, it will
successfully choose exactly R regeneration points. (Qla"i’ by is undefined when there
are fewer than N regeneration points, so |QZ[_’ b,»| = R whenever Qta"’_’ by is defined.)
Notice that, for some (z1, z2, --- , zg) € U, the regeneration point o; occurs on
H?,, for j =1,2,---, R. Also, since the slope of ¢ is rational, the line ng con-
tains other lattice points, which are also possible locations for the jth regeneration
point, when only Hi ; 1s specified.

Lemma 4.8. Given ¢, t;, a;, b; as in the preceeding, for § > 0 from (3.1), there
exist y, ¢ > 0 such that

3 1 hr
P\ D 8yacoi=d) < Ibi —ail s IRG, 4, 1 > 8lbi — ail | a; < bi
k=2
< exp (— ¢lbi — ajl). (4.16)
Proof. For some y > 0 to be specified later, we write
3 iy,
, ;
P<Z‘S{|A<n€>>;} < vlbi —ail; IRZ,_,,,J > N|a; < bi>
k=2
i,
ti ’
E Z P<Q \b; CUH Z {\A(r )|>2}<y|b ai' al-(_)bi>
(z1,+.zR)EU j=1
by,
ti . iy |
< Z P<Qa,,b - UH Z(s{lA(,Ht, =l = <yl|bi —ai| | a; < bl)
(z1,++.zR)EU
- | om
= Z P<QZ,~,bi - U H?,- a; <> bi)
(z1,-+,zr)EU j=1
R

CUH ;a,<—>b>

4.17)

: P(Z;S{Z(H?j)lzé} <ylbi —
]:
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We will bound the second probability in the last sum. In order to do this, we will

ti hy
; a; < b},

describe a “renewal shifting” procedure. For w € {QZI_ b C Uf: 1 Hz s

satisfying |Z(H;"j)| < % for some fixed j > 2, this procedure will produce a

. ~ i i h’i .
configuration @ € {in.bi C Uleﬁé’j ; a; < b;}, which has at most a bounded

number of bonds different from w, and which satisfies |Z(H?j)| > % Moreover,
this procedure maps at most 2" configurations to the same @, where m is the num-
ber of possibly-adjusted bonds. Once this procedure is described, for constants
€1, €2, - ,Cj—1 We get

PlI& 121 o R . f’fvib.zti_ L <k < i
| (H7])| < / Qaisbi C UHZj s adjp <= 0, (sz) = Ck, < <]
j=1
< p<|Z(HQj)| > 1/2 ‘ Ql
i li ﬁ\’: N (i .
CUHZ’,: ai <> bi; A(Hi)=cr, 1 <k<j|, (4.18)
j=1

where A’ = A’'(p) > 0. This yields

R ~
P(|Z(Hg'/,)| >1/2 ‘ O nC UM a & by AME) = ¢k, forl <k < j)
j=1
1
14

=

which is sufficient to bound the last probability in (4.17) by P(X < y|b; — ajl),

where X is binomially distributed with parameters R — 1 and p* = ﬁ Taking
y < p* and using a bound from [Ho] we have

(R — D(p* —y)?
2

P(X < yl|b; — ai|) < exp(— ) <exp(—e¢|b; — ai|),
for some ¢ > 0. Using this in the right side of (4.17) and observing that the
events {QZi.b,- C Ulle H;’j} are disjoint for distinct (z1, 22, ,2R) € U, we
obtain (4.16), after summing over all (z1,22,--- ,zZg) €U .

The proof will be completed by description of the “renewal shifting” procedure.

. , Iy,
For a given configuration w € {in,bi C Ule H;’j ;aj 4 b;} and a fixed j < R,
let us assume |K(Hg/)| < %, for some j. We will define @ by modifying some

P 1
dual bonds inside Sz,- deiz

+4,;- Since 1; has slope g, there exists infinitely many
equally spaced lattice points on the line 7 ;- We will use one of the two lattice
points on HQJ. closest to the regeneration point o;. Call these locations u; and v},
withu; = o; +(—r,q) and v; = 0 + (r, —g). The configuration w has open dual

bonds (0j —ei, 0j) and (0j,0j +e;).
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There exists a path )/].L from o; — 2e; to uj — e; in S i having all

j—3ei.zj—e;

steps upward or leftward, with y = N Hf; —e; = fuj —eil, and similarly a path ij

fromo; + 2e; tou; + ¢; in SZ’ Fernzi43e;
ﬂ H(T jtei —

= {uj +e;). Let A be the closed region bounded by y [, y* and the
horlzontal lines through o; and u ;. To make our choice of yL yR unique let us

having all steps upward or leftward with

specify that A; be maximal under the constraints we have imposed on vk f yR Let
D be the set of all dual bonds having one endpointin d A ; and the other out51de Aj.
Note there are at most 12¢ dual bonds contained in A, and at most 2r 4 2q + 10
dual bonds in D;. Let @ be such that

(1) all dual bonds in dA;\{{c; — e;, 0}), (0,0 + e;)} are open;
(2) all other dual bonds contained in A are closed;

(3) all dual bonds in D; N CZ by (w) are open;

(4) all dual bonds in D; \C i p, () are closed,

(5) all other dual bonds retain thelr state from w.

In the altered configuration @, the regeneration point is still on H ; but shifted
from o to u;. After these alterations, if IZ(H?]-N > % then we are done. It is
possible that |Z(Ht" )| < %, for the following reason. Let k be such that z; = ry.
If there are other regeneration points in S Berzj43e; in w, shifting the regenera-
tion point to u; will destroy these regeneratlon points; any regeneration points in
1 ti . .
Szj_ dei 2 e \Sz,~—3e,-, 2;+3¢; IN @ May or may not be destroyed, depending on the
exact geometry of the situation. At any rate, if ry_; is destroyed, the new “pre-

ceding regeneration point” for z; will be outside the slab S 3.2 307 equal to

rk—2 Or ryg—3, and we may have |A(HZ j)l < j in @, dependlng on the location
of this new preceding regeneration point relative to /;. If this is the case we shift
the regeneration point from o to v; instead of u ;. For this we use paths y jL from

0j —2eitov; —e; and )7].R from o + 2e; to vj + ¢; in place of ij and ij, under
an analogous maximality constraint. Let ij (respectively xf) be the site in ij

(respectively Y; Ry closest to H" 5i—3ei (respectively H" o+3e; ). Due to the maximality
constralnts we have 1mposed s1nce all our slabs have boundaries with slope —¢q /7,

x + (r, —q) is the site in 7 closest to HU _32 , and xf + (r, —q) is the site in

y R closest to H Thls means that y ; Land L f intersect the same slabs orthog-

oj+3e;
onal to #;, and similarly for y X and 7. As a consequence, the same regeneration
points are destroyed, regardless of whether we shift to u ; or v;, so  has the same
preceding regeneration point either way. It follows that if shifting to u ; results in
|K(ng)| < %, then shifting to v; results in IZ(H%N > 1, ie. there is always a
shift (the one we choose to create @) which results in IZ(H?J.)I > %

Note that only a bounded number of different configurations may map to the
same configuration @. In any case, @ and o yield the same value of Q" i by and
the probabilities of w and @ are within a bounded factor (depending on p) which
yields (4.18), completing the proof. O
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5. Exchangeability of increments

The core idea in our proof of (2.1) is to make use of the renewal structure of connec-
tivities, for connections between any two consecutive extreme points w;, w;41 in
the s-hull skeleton with i € £, to see that the increments A(r;), 2 < j < N, form
an exchangeable sequence under certain conditioning, that is, the joint distribution
is permutation invariant. The partial sums of this sequence behave like those of an
i.i.d. sequence, and from this we can show that with high probability, the path of
open dual bonds will not stay in the “narrow tube” from w; to w;4; with diame-
ter 2d = 461'/3(log1)~2/3. In this section we will prove this exchangeability. Let
€, 1;, a;, b; be as in the preceeding, § as in (3.1) and y as in (4.16). Define the event
E = E(ai, bi. ti,y, ) by

b i ‘
E = aj <= bi t N1IRG 1= 86 —ail § 01D 8 agzly = ¥Ibi —ail .
k=2

Forv, w € Té N SZ_,b’_ N (Zz)*, define the sets
Vv, w) = { ¢ =0, in) €RNT 0] = g

N
> = ovl ) G =f(w)—f(v)}.
k=2

For given ¢’ € V (v, w), let F = F(v, w, ¢’) denote the event that the following
all hold:

hr,
(i) ai < b; ,
(i1) the first and N-th regeneration points are at v and w, respectively,
(iii) for some permutation 7w : {2,--- , N} — {2,---, N}, we have

A(r2) = C;;(z)ﬁ A(r3) = §7;(3)a L Alry) = Q/T(N)-

Observe that condition (iii) determines the values of the A (r¢)’s up to an ordering,
and (ii) and (iii) imply I, A(rx) = f(w) — f(v).

Lemma 5.1. For fixed a;, b, t;,y,8,v,w, ¢, E,F as in the preceding,
A(rp), - -+, A(rn) are exchangeable under the measure P(- | EN F).

Proof. E N F determines the location of first and N-th regeneration points, and
values of increments in between them, up to an ordering. We will first show how
to exchange any two adjacent increments. Consider a configuration w € EN F,
with A(r2) = &5, A(r3) = &3, -+, A(ry) = ¢ For fixed k > 2, let us consider
increments A(ry) and A (ri+1). By definition of regeneration points, the bonds that
are only partially in the slab Sﬁ’k .ri+1 Or have exactly one endpoint in the within-slab
cluster containing ry and ry are all vacant. We construct a configuration @ such

that outside Sy, ,,,, we have & = w. We obtain & by interchanging the relative
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positions of the configurations w ; and o and moving the bonds cross-
S’k*lvrk Srk~rk+l
li

ing Hi’k so that they cross H”k—l (=) instead. The latter move is done in such a
way that the relative positions of the bonds remain the same, with the old position
relative to ry becoming the new position relative to ry_1 + (rx+1 — r¢). More pre-
cisely, the configuration in Sﬁi,l,rk is translated by ry — rr_1, the configuration
in S;j(,rk 41 1s translated by ry — r41, and each bond touching or crossing Hﬁ’k is
translated by ry—1 + (rx4+1 — 2rk). This moves the k-th regeneration point from ry
to rp—1 + (rx+1 — rx), without altering the locations of other regeneration points.

The configuration @ is in E N F and the increments of @ satisfy
A(re) = gy Alrig1) = ¢, and A(ry) = ¢, for2 <m < N, k#m,m+1.

Moreover, replacing w with @ does not affect probability under the measure P(-| EN
F), due to shift invariance. We can repeat the exchanging of adjacent increments
until we achieve the desired permutation of {2,3.--, N}, and the lemma
follows. O

6. Staying in the narrow tube

In this section, we will show that there is an extra probabilistic cost associated to
the event that I stays in the narrow tube 7'}, between a; and b; . The proof involves
randomization of the order of the increments, using exchangeability.

Lemma 6.1. Let i € L and let €,t;,a;, b; be as in the preceeding. Let § be as
in (3.1) and y as in (4.16). There exists k = k(y) > 0 such that for all v, w €
TN S;"i’bi N@ZH* and ¢’ € V(v, w) N [=2d,2d1N, for E = E(a;, b;, t;, v, ),
F = F(v,w,{’), provided l is large we have

EmF) §2exp(W). 6.1)

hy; .
P<a,- < by in T}

hy . i . i
Proof. Observe that when a; <— b; in Té, every open path from g; to b; in Té
must pass through all regeneration points. Thus

hy, . : _
P(aj <= biinTj| ENF) < P({ri,r2,--,rN} CTyNS, , | ENF).
(6.2)
We can relate the last probability to an event involving increments. If 1 < k; <
ky < N and | lez:—kll A(r j+1)| > 2d, then the ki-th or k-th regeneration point
must lie outside of Tdi. Therefore,

P({ri,r - v} € TN S, | ENF)

o

ky—1

> A@rj4)

Jj=ki

< 2d, fora111§k1<k2§N‘EﬂF>. (6.3)
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Instead of looking at partial sums for all possible values of ki, k2, we will con-

sider disjoint blocks of increments with random lengths X1, X», - - - , X p satisfying
Xi+---+Xp <N, forsome BeN.LetS, =) ;_, Xg,forn=1,---, B, and
let So = 0. Then (6.3) is bounded by
B Sk—1+m
P A(r; <2 ENF 4
(m{lsr?nixxk 4 2. Ali|= d” ) 4
k=1 Jj=Sk—1+1

where we define Xy = 0. If we take X, for 1 < k < B, to be deterministic, the
increments on these disjoint blocks will not be independent of the increments on
other blocks. In order to reduce the dependence between these disjoint blocks, we
will take the X} ’s to be (non-independent) binomially distributed random variables.
Next, we use exchangeability of increments to write (6.4) in an equivalent form. For
binomially distributed X | with parameters, N — 1 and pg, with pg to be specified
later,

X141 N

PORNIED Iy

j=2 j=2
where the §;1, j = 2, .., N are i.i.d. Bernoulli random variables with parameter
po- That is, the sum of first X'| increments have the same distribution as the sum of
increments randomly selected according to the §;1’s. Continuing this way, for each
following random block, we replace the sum of increments corresponding to that
block with a sum of increments that are randomly selected from those increments
remaining after the earlier steps of the increment—selection process. More precisely,
we do the following. Define py and the number of blocks by

K19d2

po=—""—"—",
w1 — wi|

1
B=[—1,
2po

where K19 = Kj9(y) is sufficiently large constant, to be specified later. Observe
that pg = 0((logl)_1). Forall 2 < j < N, define

0 with probability py = ——kP0__
Sjk = . .- - l)p[())o 6.5)
1 with probability 1 — py = T=G=Dpg°
with {§jx, j = 2,---N , k = 1,---, B} independent random variables. Also

define Yie=»0-=68;1)d—38;2)---(1 —Sjk),forj =2,.,N, k=1, .., B. Then
we have

(6.6)

Yo — 0  with probability kpg
711 with probability 1 — kpo

The random variable Y;; = 1 says that the j-th increment is not selected for the
first k blocks, and Y;—1)8x = 1 says that the j-th increment is selected for the
k-th block. We define the length of the k-th block X as
N
Xk:ZYj(k—l)(Sjkv fork=1,2,---,B.
j=2
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It can be easily seen from (6.5) and (6.6) that the X;’s are binomially distributed
(but not independent) with parameters N — 1 and pg. By exchangeability, we can
rewrite (6.4) as

B
P max
(N,

since Zf: 1 Xk < N, which holds because no j can be chosen for more than one
block. We let

m
Z Yi-1)8klj| < Zd} ' EN F), 6.7)
=2

Dkz{a): max §2d}.

2<m<N

m
Y Yic-ndjig;
j=2

j=

We need to control the number of increments |¢;| > 1/2 which remain after some
blocks have been selected. By definition of E, there are at least |y |b; — a;|] such
increments before the first block is selected. Let g = /By |b; — a;l], let G| =
ENF,andfork =2, ---, B define

o)

Let I = {j : Yj4—1y = 1,1 < j < N — 1}, be the random set of remaining
increment indices before the k-th block is selected. Then Gi_1 provides control
over |Ik N{1,2,---, ylb; — a;ll}|, the number of remaining increments that are
greater than or equal to 1/2; here we use the monotonicity of the |¢;|’s, and the fact
that at least | y|b; — a;|] increments are greater than or equal to 1/2. By (6.2)—(6.4)
we have

Ly Ibi—ail]
Gy = {w: '( > Yj<k_1>) — (= (k= Dpo)LyIbi — ail]

Jj=2

i ,
P(aj < b;inT) | ENF)
B

§P<ﬂ(DkﬂGk)‘EOF)+P<|:]éGkT

k=1

EN F> (6.8)

First we bound the probability in (6.8) of a large deviation for some block for the
number of available large increments, using a bound from [Ho]:

(0]

B
EﬂF)sZP(GﬂEﬂF)

k=2
- Ly 1bi — ail]
= 2Bexp(—2B)

< exp(—B), (6.9)
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where the last inequality holds for / sufficiently large. Next, we consider the prob-
ability the probability of staying in the narrow tube in the absence of such a large
deviation. This probability from (6.8) can be written

k—1

B
P(Di | ENF) xHP(DkﬂGk EﬂFﬂﬂ(DjﬂGj))
k=2 j=1
k—1
5P(D1|EOF)XHP(Dk EﬂFﬁﬂ(DjﬂGj)>. (6.10)
k=2 j=1
We will conclude by showing
k—1
P(Dk EﬂFﬂm(DjﬁGj)>§2/3, (6.11)
j=1

for k > 2. The proof that P(D1 | ENF ) < 2/3 follows by the same technique.
Let us fix k > 2. We define a family of sets of indices:

LyIbi—ail]

Y dyem

T :{Tc{z,...,N—l}:
j=2
o]

—(I = (k= Dpo)ly|bi —ail]

For Y € Zy,and n < N — 1, define
T, =7TN{2,3,.--,n}

Observe that if G;_; occurs then I € 7. It follows that

k—1

P(Dk EﬂFﬂm(DjﬁGj))
j=1
k—1
=Y P(Dkﬁ{lk:T}‘EﬂFﬂm(DjﬁGj)). (6.12)
YeZy j=1

Fix Y € Z; and define the event Hy = [Ix = YIN ENF NZ{(D; NG)).
Define

1/ po(l = kpo) ) / 2]1/2
kYY) =|- —m—— f ,
0wt =5 (T2 6 2@

so that

Var( Z 8jkt;

J€Tn

Hk> =2[Q(k, T,

For any index set Y € Zj, one of three possibilities has to hold:
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(1) foralln =2,3,...,. N
JET,
(2) forsome ng,2 <ng <N

E(Z&

J€Y ng

Po
2 TG =

jeYTn

<2d+ Q(k, Yp);

Hk) > 2d + Q(k, Tny);

(3) forsomeng,2 <nyg <N

—E( Z Sjké';

Hk> > 2d + Q(k, Tny).

J€Tug
In case (2),
P(Dy | Hy)
SP(—2d§ Z 8jk¢; EZd‘Hk>
J€Tn,
< P( 3 [ajkg; - I_(kp—il)pog’-] < =00k, Tuy) Hk>

J€Tng

By Chebyshev’s inequality, the last probability is bounded by

1 2
kTP 3
L+ oa TP

In case (3), similarly, P(Dy | Hy) < 2/3. Case (1) requires some extra work. Using
Kolmogorov’s inequality we get
Hj, )

P(Dy | Hy)

<2213§N‘ Z < ]kg“] (k——l)pgl> ‘ <4d + Qk, Tn)

- [6d + Q(k, TN)]
T 200k, TV
The proof of (6.11) will be concluded by showing

d? <1
2[Q(k, Yy)]? ~ 98’

since this implies

[6d + Ok, T3)]° 5
200k, YW~

2/3.
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Since Y € Zj; we have

/N2 1
26" =g Z‘S{w;el/z}
jex

jer

v

1
1 Iy 1bi—ai) |

v

1
Z((l — (k= Dpo)lylbi —ail] - 8>

1
> §<|_V|bi —a;l] —28)

1
= Eﬂbi — a;l
since % <1 —kpo < 1, for sufficiently large /. Therefore,
d? 6 (A —k—Dpo)®) _ 324> 32w — wil
200k, N))I> = po(l —kpo)y|bj —ai| ~— poylbi —ail  Kioyl|bi — ajl

By (4.10), we can choose K19 = Kj9(y) (from the definition of pg) sufficiently
large so that the last expression is less than 1/98, for large /. Under each case (1)-
(3) we have shown P(Dy | Hy) < 2/3, for arbitrary T € Zy. With (6.12) this
proves (6.11). Using (6.8)—(6.10) we get

i .
Pla; < binT) |ENF) <2/ +e7F
—K|wip1 — w
<2exp (—d2 )
for some k > 0, which concludes the proof of the lemma. O

Lemma 6.2. Let €, t;, a;, b; be as in the preceeding, with i € L. Let § be as in
(3.1), y asin (4.16) and « as in (6.1). Provided | is sufficiently large we have

—K|wip1 — w;|

i : iy
P<al~<i>b,~ inT;|ai<_'>bi>§3exp( e

>. (6.13)

Proof. Letv' beasin (4.13) and ¢ as in (4.16). We will consider intersections of the

Iy, )
event {a; PHLN b; in TL}} with the events E = E(a;, b;, t;, §, y) and E€, separately.
First we have

i
Pl EC|a; < b;
t }T’:
< P |Rai,bi| < §|bj — aj ’a,’ <«~—> b;

i,
a; <—>bl‘

< exp(—V'|b; — a;|) + exp(—¢|b; — a;l), (6.14)

N
+ P(Z 8{|A(rj)|2%} < ylbl _ai| 5 |Rtaii,bl.| > 5|bl - ai|
j=1
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by (4.13) and (4.16). Since i € L, this bound is small compared to the right side
of (6.13). Next, we have

hy; ; hy;
P({ai <5 bhinTHNE |4 < b,)g Z (6.15)

. )
v,weT‘;ﬂSa’iHei'biﬁ(Z )*

i . hy;
><|: Z P({a,' < binT)NENF,w,¢)|a <—'>bi>i|,

’eV(v,w)

where the first sum is over all possible locations of first and N-th regeneration
points, and the second sum is over all possible sets of increments between v and w.
If the magnitude of one of these increments is greater than 2d, this implies at least
one regeneration point must be outside the tube Tj. Therefore, we can restrict the
second sum to ¢’ € V (v, w) N [—2d, 2d1V, and the last sum is bounded by

> | =

-t ) — N
VweTINS! L, N@2y  EEVNI=2d.2d)

i . i
X P({ai & biin THNENF w,¢)|a &4 bi):|. (6.16)

. [ ti
For the remainder of the proof, our sums are over v, w € T; NS, 5,
1 L

and ¢’ € V(v, w) N[-2d, 2d1N. We can write the last expression as

b 0 @y

hy; i, .
> [Z P(ENF,w, ¢ a; <> b;) Pa; <> biinTh | ENF(v, w, g’))]

v,w I

—k| Wi — w; i,
< 2exp(w>zzp(bﬂ NFw. )l a < by).
vw ¢/

using (6.1). Taking the double sum over the probabilities of disjoint events, in view
of (6.15) and (6.16) we get
d?

hy; . I .
P({ai <« b inT)}NE | a; < b,~>§ 2exp<M).

Combining this with (6.14) completes the proof. O
7. Assembling the segments

In the last section, we proved that on every long facet of the dHSkel; (I'p), there is
an extra probabilistic cost for staying in the narrow tube. In this section, we will
bring the pieces in the preceding sections together to deduce that, there is an extra
probabilistic cost of staying in the annular region A, (with diameter 2d), throughout
the boundary of the HSkel; (I'g). We will show that in light of the inequality (4.3),
leaving the annular region A4 implies that MLR(To) > 61'/3(log1)~2/3. Then by
bounding the number of possible skeletons, we will prove (2.1).
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Lemma 7.1. There exists Koo = K20 (8, v) such that for sufficiently large I, for all
l-regular s-hull skeletons {wo, .., W41},

P({wo <~ wl} 0--+0 {u)m <~ wm+1} in Ad)
< exp(-Wil — %11/3(1%1)4/3). (7.1)

Proof. Using the BK-inequality, we have
m
P({wo < wl} 0---0 {wm < wm+1} in Ad) < l_[P(w,- < wit1 in Ay).
i=0
(7.2)
This last product can be written as products over long and short sides separately.

We will bound the product over long sides further. As before for i € L, let g;

S;’J e N T’ and b; € 8 vl —e; N Té, note there are at most 2d choices each for

a; and b;. Using (4.9), (6. 13) andl -regularity we have

[]Pwi < wiyiinAg)
iel

< l_[ P(w; < w,+1)|:K14exp( Kisl) + 4d? max P(a; <> b; in Td|a, <—> b; )]

a;,b;
iel

< H P(w; < wi+1)[K14 exp (—Kisl) + 12d* exp (W)]
iel

<[] Pwi < w1~+1)|:13d2 exp <_K|w’+—21_w’|>] (1.3)
iel d

Now we place a condition on the as-yet-unspecified constant 6; recall that

1/2
0
s = (%) PRogh™B3, d=201"Fog )23,
7

For some 8 = B(Ks, K7, k), provided 6 is sufficiently small we have

—Kk|witr —w

134>
P ( 242

2 —k w1 — wi| —K|wiy1 — w;l
13d exp (T) < exp (T .

Therefore, using Lemma 4.2, the right side of (7.3) is bounded by
K
exp (—ﬁ Z lwiy1 — Wi|> : l_[ P(w; < wiy1)
iel iel

KT 4/3)
<exp| ———=1"/"(ogl) . | | P(w; < wjyy).
p( 862./2 s A

i') < 2002123 (log 1)~/ exp(— B % 1og 1) < 1,

so that
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Using (7.3) and (2.6) we then obtain

m Kﬁ m
P(w; < wit] in Ag) < ex (——11/3(10 1)4/3> P(w; < wit))
il:([) i i+1 p 89%/5 g E) i i+1

KT =z
<exp| ——X— 1"3ogH*? =Y "t (wiy — w-)).
< p( N g ; i+ — Wi

(7.4)
By [-regularity there exists a dual circuit yp with | Int(yp)| >/ 2 diam(yp) < 8v21
and HSkels (y9) = {wo, .., wy+1}. The first condition implies diam(yp) > [, and

by definition of W; we have W(dCo(yp) > Wl. Therefore by (4.4), for some
K1,

m

D twist — wi) = Wil — K61'/(log ).
i=0
The lemma now follows from this together with (7.2) and (7.4). O

Proof of Theorem 2.1. By (4.6),

P( MLR(I'g) < 61" (log)™*" | | Int(T)| > I*)
< P({MLR(Ip) < 61'3(log 1)~} N {diam(I"p) < 8v/21} |
| Int(T'sp2 ) + exp(=Wil/2). (1.5)

This means we need only consider /-regular skeletons {wy, - - - , w41} for Tp.
When | Int(Tg)| > 12 we have diam(Tp) > [ and therefore

K7S2
— <d
diam(T"g)

Presuming HSkel;(I'g) = {wo, - -+ , wy+1}, this implies dCo(I'g) C Ag4. This
means that in order to have MLR(Tp) < 67!/3 (logl)’2/3, I'p must be entirely
inside A,4. Thus

P({MLR(I0) < 61'3(logl)™>/*} N {diam(T'p) < 8+/21} N {| Int()| > 1*})

< Z P( {HSkel; (o) = {wo, -+, w}}

{wo, -, w11}
ﬂ{ {wo <~ wl} 0---0 {wm pRs me} in Ag(wo, .., Wn+1 }}), (7.6)

where the sum is over all /-regular skeletons. By (4.1) the number of [-regular
skeletons is at most

(Kai2y Ko7 IR0 < exp(K 460213 (log 1)*%),

for some K77, K23, K24. This together with (7.1) and (7.6) gives
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P({MLR(I'p) < 61'3(log)~*/*} N {diam(I'p) < 8+/21} N {| Int(To)| > I%})

Ky Koy
< exp ( - Wil — (0—2 — m)ll/3(logl)4/3)

which with (4.5) and (7.5) yields

P( MLR(I'g) < 01" (log)~* | | Int(T)| > )

Ko K4
< exp ( — (0—2 — m)11/3(10g1)4/3 + K1111/3(1og1)2/3)

(%)
+ exp _T .

For 6 > 0, sufficiently small, the last bound tends to 0, as [ — oo. O
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