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Abstract. Let W be the sum of dependent random variables, and /(x) be a function. This
paper provides an Edgeworth expansion of an arbitrary “length” for E{h(W)} in terms of
certain characteristics of dependency, and of the smoothness of & and/or the distribution
of W. The core of the class of dependency structures for which these characteristics are
meaningful is the local dependency, but in fact, the class is essentially wider. The remainder
is estimated in terms of Lyapunov’s ratios. The proof is based on a Stein’s method.

1. Introduction and results
1.1. Background and motivations

This paper concerns the Edgeworth expansion for E{h (W)}, where # is a function,
W =X+ --4+ X, and X;’s are random variables (r.v.’s).

There are numerous papers on the subject for various types of dependency; see,
e.g., papers (in the chronological order) by Statulevichius [41], Hipp [19], Jensen
[22], and Malinovskii [31], where Markov chains are considered; Gotze and Hipp
[13], and Lahiri [25], concerning mixing summands; Rhee [37] on m-dependent
r.v.’s; Heinrich [14], [15], [16] on m-dependent r.v.’s and random fields; Mykland
[33] on expansions for martingales; Jensen [23] on expansions for random fields.
There are many further references in these articles. There has been also a great deal
of interest in the expansions for U-statistics; see, e.g., Korolyuk and Borovskikh
[24], Bickel, Gotze and van Zwet [6], Loh [27], Maesono [28], Bloznelis and Gotze

Y. Rinott: Department of Mathematics, University of California, San Diego and Department
of Statistics, Hebrew University. e-mail: rinott@pluto.mscc.huji.ac.1il

Supported in part by NSF grant DMS-98-03623

V. Rotar: Department of Mathematics, San Diego State University and the Central Econom-
ics and Mathematics Institute of Russian Academy of Sciences
e-mail: vrotar@euclid.ucsd. edu

Supported in part by the Russian Foundation of Basic Research, grant # 00-01-00194, and
by NSF grant DMS-98-03623

Mathematics Subject Classification (2000): Primary 62E20; Secondary 60E05

Key words or phrases: Edgeworth expansion — Local dependency — Stein’s method — Non-
complete U-statistics



On Edgeworth expansions for dependency-neighborhoods chain structures 529

[7], Bening [3]; and references therein. The paper by Bentkus, G6tze and van Zwet
[4] on symmetric statistics does not deal with sums but contains relevant ideas.

The results of Gotze and Hipp [13] and Lahiri [25] are probably the closest to
the present paper. They concern, in particular, an expansion for E{h(W)} when h
is sufficiently smooth, and X;’s are weakly dependent. The weakest condition on
smoothness of & was established in [25]: for the Edgeworth expansion involving
the first d moments in the main term (that is, the expansion has “length” d — 2), the
function % should have d — 1 continuous derivatives. For m-dependent summands
Lahiri requires only the existence of the derivative of order d — 2.

For non-smooth functions [25] gives the expansion under a conditional Cramer
condition and strong mixing with an exponential rate.

In the present paper we consider a different and rather broad class of dependency
structures. For the remainder in the expansions below we provide not only asymp-
totic rates but give explicit bounds for the remainder in terms of Lyapunov’s ratios
and some characteristics of the dependence. The method of this paper is based on
the Stein approach. Expansions for independent summands by Stein’s method were
studied by Barbour [1], and we use below several facts and ideas from this paper.

A typical example of the dependency structure under consideration is that spec-
ified in terms of dependency neighborhoods by indicating for every term in the
sum, a set of other terms on which it “essentially” depends. More precisely, for
each summand X we introduce a chain of collections of summands N,..., Ny such
that X € My € ... € Ny. (Writing N7 € N, we mean that all r.v.’s from the
collection N belong to the collection N .) We assume that X may depend in a
strong way only on terms from A7, and weakly in some sense on terms not in N7;
the collection 7 essentially depends only on terms from A/, and weakly on terms
outside of A>; and so on. Note that in the case of independent summands we would
set all s to contain only X. The notion of weak dependence mentioned above will
be quantified by conditions close to mixing, with an arbitrary rate. In particular, we
may assume the rate to be less restrictive than the exponential rate which appears
in most of the literature.

Note that we have ordered the summands by X;, i = 1,...,n, only for con-
venience: in fact, the above dependency structure need not be associated with an
ordering of the summands, which may be compared with more “classical” CLT’s
where the dependence is specified in terms of an ordering (Markov chains, martin-
gales, mixing, etc.).

The core of the class of dependencies which may be described in this way is the
so called local dependency when X does not depend at all on the terms not involved
in NV, the collection V] does not depend on the terms not in N>, and so on. The
simplest example is m-dependence. In introducing such structures we follow Stein
[43].

However, the class of dependencies we deal with is essentially wider. A certain
flexibility is due in particular to the fact that the sequence NVi,..., Ny considered
in the theorems below is arbitrary, and for each particular dependency structure
one can specify the most apt sequence of A/’s for which the error of approxima-
tion would be small. For related decompositions see also Barbour, Karonski and
Rucinski [2], Rinott and Rotar [39], and references therein.
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Concerning the remainder, we show that, as in the case of independence, if the
main term in the approximation involves d first moments of the summands, and
the moments of order (d + 1) are also finite, then under some natural conditions,
the remainder has, roughly speaking, the order O (n~¢~1/2)_ (On the desirability
of such a setup see, e.g., a discussion in Bentkus, Gotze and van Zwet [4]). To this
end we assume that / has a bounded derivative of the order d — 1.

Comparing it with the paper of Lahiri [25] concerning mixing, it is worth noting
that the goal of the mentioned paper is to obtain an error of o(n~@=2/2)  which
requires just E{|X|¢(In(1 4+ |X|))?} < oo for some p. If one wants to obtain the
remainder of a higher order, say, O (n_(d -b/ 2), then a higher order, namely d + 1,
of the finite moment is needed. We, however, have managed to maintain in this
situation the same order (d — 1) of the derivative of A.

In general, to obtain, by the method of this paper, a remainder of the order
O (n~@=2+9/2) for an & € (0, 1], one should assume %29~ where 1) denotes
the /-th derivative of #, to satisfy the Lipschits condition of the order «, and the
(d + a)-th moments of X’s to exist.

In the case of local dependency the smoothness condition on derivatives may
be weakened if one requires the distribution of the sum itself to be smooth enough
(in the usual statement of the problem for sufficiently large n). Say, if we assume
that the distribution mentioned has a density whose m-th derivative exists and is
absolutely integrable, then we need just #?~") to be bounded.

The condition on the smoothness of the distribution of W is certainly not mild,
though for large 7 it is not so restrictive as it might seem. Say, in the independency
case, as is well known, the distribution mentioned may be non-smooth for small ,
and sufficiently smooth when 7 is large, due to the convolution effect. In the case
of dependency one can expect a similar effect at least when the dependency is not
too strong.

In this section we formulate general theorems; some particular schemes are
considered in Section 2. The most typical example for the results of this paper
is mixing on graphs, that is when the parameter indexing the summands, which
is usually thought of as a “time” or “space” parameter, has values which may be
identified with vertices of a graph. If the graph is a usual integer valued lattice in
7k, with edges connecting only nearest vertices, we deal with the usual mixing
scheme for random fields, and for k = 1 — with a process on a line. If the graph is
arbitrary, the scheme is more complicated. This is especially true when the graph is
random, and its structure may depend on the values of summands. In this case the
above dependency neighborhoods may be random too. Stein’s method works well
in the case of graph related dependencies because it allows to reduce the whole
dependency structure to the dependence of each separate variable on the others,
which simplifies consideration.

However it is worth emphasizing that the results of this paper do not completely
cover all known results for mixing. The bounds for the remainder below have aright
order typically in the case of local dependency (though not only); for example, in the
case of m-dependence on graphs (though m may be random, may depend on X’s,
etc.) However, in the classical mixing framework with exponentially decreasing
mixing coefficients, the bounds below would have an order of O ([Inn]? n—@=1/2)
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for some p (see Section 2.4.1), which is a bit worse than the results for classical
mixing for random processes or fields (see, e.g., [13], [25], [23]).

One can say that the method enables us to investigate more general situations,
in particular more general dependency neighborhoods, but possibly at a cost of Inn
in the numerator. The dependency neighborhoods should be viewed as a part of the
parameters determining the dependency, which is in fact quite general. In the case
of dependency expressed with graph-related neighborhoods, our approach allows
in principle to write bound for arbitrary graphs, in terms of certain parameters,
which include the neighborhoods.

1.2. Method

We study the following representation, the possibility of which was first pointed
out and justified in a certain case in Barbour [1]. Let f be an r times differentiable
function, and W be a r.v. with finite first » + 1 moments. Then

E(Wf (W)} = 3 PELE(f (W) + R. (L.1)
m=0 ’

where ¥, is the m-th cumulant of W, and R is a remainder which may be small
under suitable conditions; see [1] and below for details. If E{W} = 0, E{W?} =1,
it follows from (1.1) that

E(WSW)) = E(f W)} = Y PHLE(F D W)y +R. (12)
m=2 ’

For a given function £, denote by S(h) the Stein function f solving the differ-
ential equation f'(w) — wf(w) = h(w) — ®(h) (see, e.g., Stein [42], [43]), that
is,

1 X
Sh)(x) = —/ [A(2) — ®(h)]p()dt,
o(x) J_0o

where ¢ is the standard normal density, and ®(h) = ffooo h(t)p(t)dt. For f =
S(h), from (1.2) it follows that

E{h(W)} — ®(h) =— %E{f”’”(vv)} —R. (1.3)
=2 '

The main termin (1.3) specifies the proximity to normality in terms of cumulants
which are small under very mild requirements, provided W is close to normal. Thus
the main conditions to be imposed should concern the remainder. The essential dif-
ficulty, however, lies in the fact that it is hardly possible to estimate R efficiently in
terms of cumulants or some other characteristics of W itself as a non-decomposable
L.V.

Considering independent summands, Barbour [1] wrote down the representa-
tions (1.1) for each summand separately, and then combined them adroitly, pro-
ceeding in the spirit of Stein’s approach, and using independence in a crucial way.
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The main idea of this paper is to derive (1.1) or a representation close to it
taking into account the structure of the r.v. W from the very beginning; see the key
Proposition 12 in Section 3. The way in which we suggest to do this is not short,
but leads to a proper remainder for certain dependency structures.

1.3. Results

We fix an integer d > 2, and assume that EX; = 0, and E|Xl-|‘]l"’1 < oo for
alli = 1,...,n. We fix also a function £, set hy4(x) = SUP|y|<¢ h(x + y), and
he—(x) :=inf|y|<¢ h(x + y), and suppose that

w(e; h) = sup/ (hex(x +2) —he—(x +2)) (1 + |x|3d) p(x)dx — 0,
as ¢ —> 0. (1.4)

If & is the indicator of an interval, or if A(D is uniformly bounded, which will be
one of the possible conditions below, (1.4) is clearly satisfied.

Consider a summand X = X;. Henceforth we often suppress the index i in
notations when it does not cause a misunderstanding. For each X we introduce d
decompositions

W =W, + Wy, k=1,..,.d. (1.5)

One can view Wy as a partial sum of summands defined by Wy, = ) X;eN, X,
with X € N7 € N, ... as above, but it is not necessary. Formally the decom-
positions introduced are arbitrary. In particular, Wy may be the sum of a random
number of summands, as in the example in Sections 2.2 and 2.4 below.

In order to provide a language in which the dependency will be described, we
introduce the notations Wy = 0, and Uy = Wy — W1 for 1 < s < d. Then
Wy = Uy + ... 4+ Us, and Wy = Uy + Wy fors = 1,...,d — 1. So, in the
situation of the previous example, U; = X eNAN, X ;. In the independence
case we set all W, = X.

Let

w = E{(X|+ U1 + ... + |UaD'}. (1.6)

We now characterize the dependency structure. Let o = o{X}, Fs =
o{X, Uy, Uy, ..., U}, the o -algebra generated by the variables { X, Uy, U>, ..., Uy},
and Fy = o{Usq1, ... Ug, Wa}, s =0,1,....d —1;  Fy = o{Wy)}. Thus,
between F; and fs+1 there is a “gap” Us41. Recalling that X = X;, we may
sometimes write F;; for Fj, and similarly for other quantities in which the index i
is usually suppressed.

The term local dependency is used if Fj; and .7:'S+1, ; are independent for all
s=1,...,.d—1landi =1,...,n.

Next, using standard notations (see, e.g., Bradley [8], [9]), for two o -algebras
A and B we set

¢ (A, B) :=sup{|P(B|A) — P(B)|]; A€ A, BelB, P(A)>0}. (1.7
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Below it will be important for us that ¢ (A, B) admits also the representation

1
¢(A,B) =

. 1.8
3 sup (1.8)

Y1€L1(A), T2eLoo(B) Y111 11Y2 0o

{ |E{Y1Y2} — E{Y,}E{Y}|

(See, e.g., Bradley [9]. For the fact that the r.-h.s. of (1.8) does not exceed the r.-h.s.
of (1.7) see, Bradley [9], also Iosifescu and Theodorescu[21, Lemma 1.1.9]; one
can come arbitrarily close to achieving equality taking indicators as r.v.’s under
consideration).

We define the characteristic of dependence

T =sup ¢ (Fui, Fy1,0)- (1.9)
S,

In the local dependency case, T = 0. In general, T is a counterpart of a well
known quantity in the mixing framework; see, e.g., Bradley [8], [9], Doukhan [11],
Ibragimov [20], Peligrad [34].

Now we turn to smoothness conditions. In the general case T # 0, we will
assume that at least

1R | < 0. (1.10)

In the local dependency case, that is, when 7 = 0, conditions on smoothness of &
may be weakened if we assume the distributions of W’s to be sufficiently smooth.
More precisely, denote by ¢, (-, w) the conditional density of W, with respect to F;
(provided that it exists for a.e. w in the probability space. We omit obvious issues
of non-uniqueness and regularity.) If for some m, 1 < m < d — 1, the density
qs(x, ) is m times differentiable in x, set

= max Esssu max ©O w max K. w )
VYm nax wp{k—o _1||613( )||oo+k:0 mllqs( )1

s=0,....d o [|k=0,..., m

.....

Set Yo = 1. (In this case we do not need the density g to exist.) We will see
that, if v, < oo for an m > 1, then the order of the highest finite derivative of A
needed, may be reduced.

Recall that in all quantities above, the index i of the summand X = X; was
suppressed. So in fact Wy = Wy;, Uy = Ui, Fs = Fsis Ym = Ymi, M1 = Wi
We define:

1<i<n

n k
Wy = Max Y, =) i, Mk=06= Y Wi
i=1 1=1

n k k
= ma (=) A, k=) (1.11)
i=1 =1 =2

To clarify the order of the quantities in (1.11), assume for a moment that W
has already been normalized in some way, and suppose, as an example, that after a
normalization | X;| < Y/./n (in distribution), where Y is a positive r.v. with (d +1)
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finite moments. Also suppose that the U;’s are sums of a bounded number of X’s.
Then it is easy to show that fi;12 = O(n~'?), and zx = O(1), or in other words,
it is a bounded quantity. As to 7, it involves the first absolute moment i1, so this
quantity is “large”, having in the above situation the order O (/7). In the remainder
it will be multiplied by T which is supposed to be “small”.

Below, by convention, we set the quantities Wy, ||h(k) ||, and so on, to equal
infinity, not only when these quantities are infinite but when they do not exist. It
will not cause a misunderstanding. Also, by convention, oo -0 = 0.

In order to formulate first results, define as usual (see, e.g., Petrov [35]), the
signed measure

Quldx) =), PrvLvtas(dx), (1.12)

where L,,(dx) = (—1)"¢" (x)dx,

Vv

po =[] (L2 )" 01
Y A k! \(m+2)1) ’

s = s(k) = ki + ... + ky, and the summation in Z(U) is over all vectors of nonneg-
ative integers k = (ky, ..., ky) such that k1 + 2k + ... + vk, = v.

For the coefficients §; in (1.13), we consider below two types of quantities.
Either traditionally

(1) B; = y; where y; denotes the [-th cumulant of the sum W;
or

(ii) B; equals another characteristic, &, which is defined in detail later in (3.3),
and which coincides with the /th cumulant of W in the case of local dependency,
that is, when 7 = 0. In particular, oy = Z?Zl ap;, where ap; = E{X;Uy;}. It
is easy to see that in the case of local dependence, @ = Var{W}. The other «’s
are certain combinations of the expectations of higher order products of X;, and
Uii, ..., Ug;, while a’s are obtained by summing over i. The formal representation
for ¢ coincides with that in the case of the local dependency (see (3.3) for de-
tail). Note also that under some mild conditions the characteristics y and « are
asymptotically close which is reflected below in Proposition 4.

When dealing with the characteristics « in the first theorem below, we suppose
oy > 0, which is a rather mild condition in the case of normal convergence. If
az > 0, we can “normalize” W by dividing it by &;/ 2, which amounts to assuming
a> = 1. When choosing a normalization, we in fact choose the normal distribution
by which we approximate the distribution of the original sum. So, setting &, = 1,
we approximate the original sum by the normal distribution with the variance not
equal to the variance of the sum but to a;. We will see that such a choice of the
approximating normal and «;, [ > 2, for coefficients in (1.13), leads not only to
explicit coefficients in the expansion but to weaker conditions on dependency and
a better remainder. Also @’s may work when the traditional setup does not. The
following very simple
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Example shows that the choice of the characteristics mentioned is not just an artifact
of the above approach but can reflect the essence of the matter. Let Z;, Z,, ... be in-
dependentr.v.’s with the same distribution as ar.v. Z for which EZ =0, EZ 21,
and for a fixed n the vector

(Zy, ..., Z,) with probability 1 — 1/n

(YI”’“"Y””)Z{ (Z, ... Z)  with probability 1/n

(we skip formalities of defining all r.v.’s above in one space). Let S, = Y1, +
... + Yun. Obviously, ES, = 0, Var{S,} = 2n — 1, and the normalization by
/Var{S,} is not proper since (S,/+/n) converges in distribution to a standard
normal r.v. On the other hand, if we set X; = X;, = Y;,/+/n, and choose in
ASWy =Wy = X; forallk =1,....,d; i = 1,...,n,then U;; = X;, and as is
easy to see, ap = n! Z?:l E {an} = 1, that is, gives a correct normalization. It
is easy to verify that in this case 7 = 1/n, and Proposition 1 below will imply that
Eh(W) — ®(h) = O(1/+/n), that is, the right rate in the CLT. The derivation of
examples for asymptotic expansions is a bit cumbersome, so we restrict ourselves
to the above example.

Returning to o; in the general case note that it admits an explicit (though com-
plicated) representation involving a smaller number of mixed moments of the r.v.’s
X; in comparison with y’s ( see (3.3) in Section 3 for detail); and they have a
desirable order: for!/ =2, ...,d

log| < C(Dpy, (1.14)

where here and below the symbol C (/) denotes a constant, perhaps different in
different formulas, depending only on /.

If again | X;| < Y/\/n, as will follow from (3.3), we have a; = O(l), @12 =
O(n='/%), for I > 0, and all coefficients in Q, in (1.12) have the order O (n~"/?).

We turn to the first result which uses quantities o;, relegating their formal def-
inition through mixed moments of X’s to (3.3) of Section 3.

Set

,,,,,

Before presenting the main theorem consider, for ease of reading, a special case
of it.

Proposition 1. Let in (1.13) Br = &y defined in (3.3). Assume that EX; = 0 and
oy = 1. Then there exists a constant C(d) such that

d-2
ER(W) — ®&(h) = Z/h(x)Qv(dx) + Ry, (1.15)
v=1

where

IRl < C(ha—1(1 +Z)* 7 [Ras1 + 7aT] .
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(For a definition of Z; see (1.11).) Note that the term (1 + Z4)9 72 is typically
bounded and close to (1 + ji2)?~2 due to normalization, and since fi is “small”
for k > 3. The above proposition is a corollary of

Theorem 2. Let (1.4) hold, and in (1.13) let By = &y, defined in (3.3). Assume that
EX; = 0 and &y = 1. Then there exists a constant C(d) such that the expansion
(1.15) holds with a remainder Ry satisfying foranym =0, ... ,d — 1

IRal = C@ + 2007 [ham1-m Wit + ha—2iaT | (1.16)
Clearly, one can take the minimum of the r.-h.s. of (1.16) in m.
Remarks. (1) In the case of local dependency T = 0, and we have for any m
Ral = C@ A +20)ha—1-mWmia+-

In particular, if ¥;_; < oo, the expansion can be considered for any bounded A
satisfying (1.4), and in this case

IRal < C(d)(1 4 2" 2|1 hllcoYa—1/iat1-

(2) Letagain T = 0, each Wy; be the sum of some number of summands X, and
let M be the maximum number of summands in all Wy;’s. Suppose || X;|l4+1 < A
for all i. Then w; < (MA), and

R4l < C(@)[1 +n(MA 14 *nhy_1(MAH. (1.17)

If, as before, |X;| < Y/./n (in distribution), where Y is a positive r.v. with
(d + 1) finite moments, then A = O(1/+/n) and the r.-h.s. of (1.17) has the order
0(n7(d71)/2).

Now we turn to expansions in terms of cumulants of W, and with the normali-
zation Var{W} = 1. The resulting theorem is rather a tribute to tradition: from a
certain point of view Theorem 2 is better.

Using again standard notations (see, e.g., Bradley [8], [9]), for two o -algebras
A and B we set

Y (A, B) :=sup{|P(AB) — P(A)P(B)|/|P(A)P(B)I;
A€ A, BeB, P(A), P(B)>0}. (1.18)

Below we will use the fact that, provided that v (A, B) is finite,
|E{Y1Y2} — E{Y1}E{Y2}]|

V(A B) = sup ) (1.19)
YieL1(A), Y2eli(B) NY1lll1Y211

(See, e.g., [9]. For the fact that the r.-h.s. of (1.19) is less or equal than that of
(1.18) see, e.g., Philipp [36, Lemma 3, page 157 ]; one can come arbitrarily close
to achieving equality taking indicators as r.v.’s under consideration).
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Now we define the characteristic of dependence

T’ = sup ¥ (Fyiv Fror)- (1.20)
s,

Again in the case of local dependency one may set 7/ = 0, and 7" also has
its counterpart in the mixing framework; see, e.g., again Bradley [8], [9], Doukhan
[11], Peligrad [34].

As we mentioned before, &, = ¥, when T’ = 0, so it makes sense to consider
Theorem 3 only when T’ # 0. But in this case, as will be seen from the formulation
of Theorem 3, we require fqu to be bounded, so the introduction of characteristics
W’s in this situation is superfluous.

Also, to avoid a cumbersome formulation, we introduce the condition

7aT' <1/2%, and T’ <1. (1.21)

Since the bound on the remainder below contains the term 7,7, and since 7 typi-
cally is “large” [see also a remark after (1.11)], condition (1.21) does not “make the
theorem below worse”: if (1.21) is not true, the bound mentioned is not small in
any case.

Theorem 3. Let(1.4)and (1.21) hold, andin (1.13) set Bx = yk , the k-th cumulant
of W, k=2,...,d. Assume that EX; = 0 and Var{W} = 1. Then there exists a
constant C(d) such that the expansion (1.15) holds with

IRyl < C(dha—1(1 +Z)*“" D [tgs1 + 7aT'] - (1.22)

Remarks similar to those following Theorem 2 apply here too.
Finally we indicate the relation between the two expansions by showing that
the quantities o; and the cumulants y; are close under suitable conditions:

Proposition 4. Let jiy < 0o, T' < 1and iyT' < 1/2F. Then
vk — axl < CU(1 + z)* D21, (1.23)

2. Some particular schemes

The aim of this section is not to consider schemes below in full generality but rather
to illustrate possibilities and restrictions of the above approach. In particular, in all
examples below we do not calculate explicitly coefficients in expansions: formally
it may be done with use of (1.13) and (3.3), but leads to cumbersome formulas as in
any complex enough scheme with dependent summands. For the same reason we
consider in this section a smooth 4. Our goal is to justify, for particular examples
below, the validity of the expansion and to give bounds for remainders. While now-
adays the computer may calculate coefficients well enough, the remainder could
be still a hard problem for it.

We first consider a corollary from Theorem 2 concerning dependency neigh-
borhoods. We use this corollary first for two relatively simple particular examples
of random directed graphs, and next - for a general scheme based on undirected
graphs.
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2.1. A corollary for dependency neighborhoods

As usual, C and C(-) below indicate constants, absolute or depending only on ar-
guments in parentheses, and possibly varying between equations and even in the
same equation.

We assume now that the decompositions (1.5) are specified in terms of “real”
neighborhoods as was mentioned in Section 1.1. Identifying the sets As from
Section 1.1 with the corresponding sets of indices, we consider for each sum-
mand X;, a chain of sets {\;, ..., Ny} where all \’s are subsets of {1, ..., n}, and
i € N1 € ... C Ny;. The sets N’s may be random. Let

Wi = ZjeM; Xj, and Uy; = Zje/\fs;\/\/(km Xj, for s =1,..,d.

Denoting by || the cardinality of A/, and keeping in mind that i € Nj;, we
get from (1.6) that

I i !
wii = EX(IXi| + Uil + ... + [Uai)'} < 2°F {(Zje/\/d,- IX,/I) }
<2'E [|Ndi|lil Zje./\/'d- |Xj|l] <2 yE [|Ndi|l] ,
where

fi ;== max Esssup max E{X;' | Nu). 2.1)
i=l1 n jeN,

,,,,, w JENJi

Hence, for p; from (1.11)

i < COQH (),  where  Hy(n) =Y E{INal'}).

i=1

Set Nk = maxj</<k i, Zk ‘= Maxa</<k f;. Since Hj(n) is increasing in I,
for ng, zx from (1.11), we have

Zk < C(h)zkHi(n), 1k < C (k)i Hy(n).
Now it is easy to derive from Proposition 1

Proposition 5. For the scheme above and under the conditions of Proposition I,
the expansion (1.15) holds with

Ral < C(ha-111 + GaHam)* 1 Har1 (W fia+1 + 7aT, 22)
where T is defined as in Section 1.

Note that, if after a normalization, |X;| < Y/+/n (in distribution), where
Y is a positive r.v. with (d + 1) finite moments, then ; = omn=?%, 3 =
O(m™Y), fix = 0(n~'/2). So, if Hy41(n) = O(n), then if hy_; < oo, we have
Rqy= 0 (n={@=D2 4 /nT).

Next we consider two particular relatively simple examples.
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2.2. The nearest neighbor test

Consider a sample of 7 i.i.d. points from an absolutely continuous distribution F
in R¥, and the nearest neighbor graph whose n vertices are these points. This is
a directed graph such that from each vertex there is a directed edge pointing to
its nearest neighbor (with respect to Euclidean distance, say). Let each vertex be
independently assigned one of two colors, say, green or blue, with probabilities v
and 1 — v, respectively. For a vertex i, let N (i) denote its nearest neighbor, and
Y; = 1 if the vertices i and N (i) are both assigned the green, and 0 otherwise,
i=1,...,n. Then § = Z?:l Y; counts the number of vertices i for which both
i and N (i) are green (with mutual nearest neighbors counted twice, once for each
vertex).

If the color allocation is not done at random, and vertices having the same color
tend to cluster together, we should expect large values of S. This phenomenon was
used by Henze [18] (see also Henze [17], and other references there), who proposed
a non-parametric statistic similar to S for testing equality of two distributions, and
proved its asymptotic normality. Rinott and Rotar [39] provided rates considering
several distributions (more than two colors), which led to a multivariate setup.

Here we consider asymptotic expansions. Clearly, ES = nv?; for Var{S}
which depends on F, see [39]. Let X; = (Y; — v?) [/ Var{S}, W=3"_X.

From calculations in [39], it follows in particular that Var{S} > n2(1 —v),
and hence

Xil <1 [[va(wWT=7)]. (2.3)

Using the fact that the sets \j; may be random, we choose them depending on
the graph G. First, define S; to consist of i and all vertices which are connected
with 7 by an edge. Certainly S; depends on the realization of the graph mentioned.
As was proved in [39], X; does not depend on {X;; [ ¢ S;}.

We point out the reason why we cannot nevertheless choose S; as NVy;, in a

Remark. Consider, in the general framework, a random set A of indices, and X4 =
{X;: j € A}). Assume that we have managed to specify a set of vertices ADA,
such that any combination of a non-random number of r.v.’s X; with k ¢ A does
not depend on X4 . Nevertheless it does not mean that X4 and X ;. = {Xy; k ¢ A}
are independent since |A| may depend on X4 (say, through > jea X, and hence
the whole collection X ;. might depend on Xy just because the number of 1.v.’s in
X e, that is, n— |A|, may depend on X 4. It may cause problems.

[39, p. 341] contains a small gap connected with the above issue, which can be
easily fixed in the way we follow now. As is well-known, the degrees in the nearest
neighbor graph in R are bounded by some constant K (k) which depends on the
dimension k. In particular K (1) = 2, K(2) = 6, K(3) = 12, and estimates are
known for all k, see, e.g., Leech and Sloane [26]. If |S;| = K (k), we set V}; = S;.
Otherwise we add to S; nearest (K (k) — |S;|) points from the complement of
S;, and define the new set as N;. Next consider Sy; = Uje N S;. Obviously,

1S2i| < K2(k). If |Soi| = K2(k), we set Na; = Sy, otherwise we add to Sy
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any (K?(k) — |Syi|) points from outside of S»;, and so on. For Ny;, ..., Ny; so
constructed,

INsil = K* (k) (2.4)
It remains to apply (2.2). From (2.1), (2.3), and (2.4) it follows that

=1 [[aPovT=0], a1 [[novT=vf],
H;(n) = nK' (k) = C(k, 1, d)n .

Since by construction 7 = 0, the above bounds and (2.2) imply that for the
scheme under consideration the expansion (1.15) holds with

IRl < Clk, d) [0/ T= )14 gy @=D12,
2.3. A random non-complete U -statistic

Let &1, &, ... be i.i.d. r.v.’s, and for a fixed n the vector K,, = {K (1), ..., K(n)},
where K’s are independent r.v.’s which are also independent of &’s, and which take
values from {1, ..., n}. Let ¥/ (x, y) be a symmetric function, and Y; = ¥ (&, £k ()),
i =1, ..., n. For simplicity of calculations, we assume

P(K(i)=i)=0. 2.5)

Suppose E{Y;} = 0. E{|Y;}|""} = E{ly™*' (1. &)} < c0. Set § = 5, =
dim1 Vi

It is convenient to view this as a directed graph with n vertices where each
vertex is connected with one and only one vertex (a neighbor), and K, specifies
these connections; &’s are assigned to vertices, and each Y is a function of the
corresponding &, and its “neighbor”. In Section 2.4 we consider a more general
scheme, though for undirected graphs, where the number of neighbors is random
and may be greater than two, 1 may depend on the sample (i, K;), etc.

Set Nj = Y !_, I(K(i) = j), the number of vertices connected with j, and
Njp =Y ;,cp I(K(@i) = j) for D C {1,..n}. Let Ap = {K(i) € D Vi € D},
that is, D is isolated if Ap occurs.

We define a number A > 0 such that for any D, and any j € D

E{Njp| Ap} < X provided P(Ap) > 0. (2.6)

In other words, E{N;} < A for each j, and the same is true for any N;p given that
D is isolated. Formally, since the scheme is finite, such a A always exists. For the
results below to be meaningful A should not depend on n.

Let p;j = P(K(@i) = j). Then, since K’s are independent, P(Ap) =
[1jen (X kep Pjk), and (2.6) is implied by

> (Pij /ZkeD Pik) < forall D,and j e D, 2.7)

ieD

provided (0/0) = 0.
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For example, (2.7) holds if 0 < @ < (p;;/pix) < Bforalli, j # i,k # i, and
some «, B (say, each vertex “chooses a neighbor” with equal probabilities). On the

other hand, the “classical” case S = ¥ (£1,&) + ¥ (&2, &) + ... + ¥ (&—1, &) +
¥ (&, &1) is covered by (2.7) too with A = 1 since, as is easy to see, in this case the

only D for which P(Ap) > 0,is D = {1, ..., n}.
Let I; = [(K(K(i)) = i), 0% = E{y?(1. &)}, ¢ = E{Y (&1, &)V (&1 £3))

We assume o > 0, |¢| < o2. We need a simple

Lemma 6. (1) The conditional variance

n n
E{S?|K,} =n(c?+¢)+ (6> = 2¢) Z Ii+c¢ Z N?, and (2.8)
i=1 i=l1

ES* =n(o? +¢) 4 (6% = 2c)myy + cmyy, (2.9)

where my, = Y :_E{l;} = Y, Z?=1 pijpji» ma = Y i E{N}} =
Yo O A0 = X0 Yoy pys withh = E{Ni} = Y} pji-

(2) Let ©2 := LE{S2|K,}. Then
©2>0%>0, (2.10)
and under condition (2.7) for any natural |
E(@2} < c(yoX e (2.11)

(3) If the above scheme is given for an infinite sequence of natural n, and (2.7)
holds uniformly in n, that is, for the same A for all n, then for 0,% = E{@,zl}

@ -02 50 as n— o (2.12)

Proofs of this and the next lemma are given in Section 5.1.

Set X;=Y; /[O,M/ﬁ] , W =737, X, and denote by Z a standard normal
r.v. independent of all other r.v.’s. In our opinion, it is more convenient and in a
certain sense more efficient, to approximate the distribution of W not by that of
Z itself but by the distribution of the r.v. Z,, =[O, / 0, 1Z, that is, by a weighted
normal. This leads to a better accuracy of approximation: W is closer to Z,, than to
Z . The computation of the coefficients in the main terms of the approximation to Z,,
may appear cumbersome, but in fact even when approximating by Z an involved
numerical calculation would be required. Certainly, in view of (2.10) and (2.12)

L
Z, —> Z.

Let O, (dx | K;;) be measures (1.12) with the coefficients (1.13) where 8; equals
the /th cuamulant of S/ [@n ﬁ] given K. The structure of 0, (dx | K,,) is the same
as of Q,(dx): the dependence on K, is reflected only in coefficients. Note also
that, since below we will define the dependency neighborhoods in a way that T
will vanish, the cumulants mentioned will coincide with the quantities ¢&; defined
in Section 1.
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,,,,,

d-2
Eh(W) — Eh(Zy) = Y E {/h([@n /621 )0, (dx | Kn)} + Ry (213)
v=1

where

IRa| < C(d)e D iy i (14 )4 (2.14)

pd—ny2-

Proof. 1t is straightforward. Clearly

EWW)—Eh(Zy) = E{E {1 ({04 /6,1[S /[Oa/n]])=h (10: /6,17)| K, }}
=E{E{i(s /[oavn]) - 2| K, }].

where 71(x) = h,(x) = h ([0, /6, 1x).
First, we fix K, and apply Proposition 5 to estimate the remainder R; (K, ) in
the expansion

d-2
£ (i (s /lo,val) = h@| K, | =3 [ w00u@r 1K) + RiK,).
v=1

(2.15)

To this end we should define neighborhoods N;, ..., Ny;. We take into account
(2.5), so all assertions below about N;; may be true only a.s.

Let N1; = {i}U{K@@)}U{j;: K(j) =i or K(i)}. Obviously, ¥; does not de-
pendon {Y;; j ¢ N;}. Note also that all edges emanating from points in }; end
at points from Nj; with one possible exception: the edge from K (7). In other words,
K (K (i)) may be out of NV;. In view of this, we set Np; = Nj; U {K(K(i))} U
{j: K(j) e N1;}U{j; K(j) = K(K(i))}. Again, all edges emanating from points
in AV; end at points from N; save perhaps the edge from K (K (i)), and so on.
So, setting K (i) = K(K(...K (i))) where the operation K appears s times, define
Nistni = N UK (K (D)) K(j) € N \N—ni}Uljs K(j) = K(K(i)}.
It is straightforward to verify that in this case, given K,,, we deal with local depen-
dency, and hence 7 = 0.

Lemma 8. Under condition (2.7) for any |
ENgl' < €U, dye*™. (2.16)

A combinatorial proof is given in Section 5.1. We turn to an expansion using
notations from Section 2.1. To estimate the remainder we use (2.2). It is easy to see
that in our case, given K,;, and in view of (2.10) fi; = E{|v¥ (§1, &) Iy /(@nﬁ)l <

E{|y (&, 8)|"}/n'?0!. Then py < y/n'/?, 2 <y/n.
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Thus, in view of (2.2), and since 7' = 0 given K,,,

(1+ ) [1 T‘z

k=0,..., d— n(d+1)/2 ;Hd(”)

d—1

N 1
< Cha1(1+ )" g e 017 ) (04/ 0)"
k=1

where in this case Hj(n) = > 1 |Nai ! for given K,,.
Next we compute E|R; (K, )|. By (2.16) and (2.11)

d—1 d—1 n
E i[HdH(n)]d—l > (®n/a)"} = > oY B o

k=1 k=1 i=1
d—1
< Zg—knd—22n: E NG @) £ [0 ) < ciaynd—1e@
— dl| n —_ ( )n e .
k=1 i=1
The above bounds lead to (2.13) and (2.14). |

2.4. A graph related scheme with dependency neighborhoods

In this section we write some corollaries for the case when the graph specifying
the dependency structure is non-directed, and the dependency neighborhoods are
“geographical” neighborhoods with respect to the graph.

2.4.1. Mixing on non-directed graphs

Consider an arbitrary n-vertex simple graph. Let d(i, j) denote the distance
between vertices; d(A, B) — the distance between two sets, A and B, of vertices;
A€ —the complement of A, and |A| — its cardinality; O (i; r) — the r-neighborhood
of the vertex i w.r.t. the graph.

We assign to each vertex i arandom variable X;, andset F(A) = o (X;; i € A).
The dependency structure is characterized by

T (r) = max sup ¢ (F(O(®i; x)), F(O(i; x +71))), 2.17)

where ¢ is defined in (1.7). As before we assume EX; = 0.

If the graph is, say, a usual integer valued lattice in R¥ with edges connecting
only nearest vertices, we deal with the usual mixing scheme for random fields; if
the graph is arbitrary the scheme is more complicated.

As dependency neighborhoods \;;, we take just the sequence O (i; r), O(i; 2r),
..., O(i; rd) where r is a free parameter. We again apply Proposition 5 observing
that in our case

= max E{|X;|')
1,...n

i=1,...,
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(see Section 2.1), and

Hi(n) =Y _10G; rd)|' <T'(rd)n,

i=1

where I' () = max; |O(i; r)|, a characteristic of the graph.

We fix r, and assume that the r.v. W = )| X; has been already normalized in
such a way that the characteristic @y = 1.

Setting 7y := max|</<k i, Zk ‘= Maxo</<k (i1, it is easy to derive from (2.2)

Proposition 9. In the framework of this section the expansion (1.15) holds with
Rl = C@hal1 + Gamy* AN~ n (g +RaT ()] 2.18)
Corollary 10. Assume that for some y andl < d + 1
i< Cyn™? z < Cdyn™ iy < Cdyn™? (219
(which reflects a “natural” order). Then (2.18) implies that for any r > 0
IRal = C@ha1(1+ ) Ty~ [~ @02 L p P71 (2.20)

If T(r) = 0 for r > some m (a sort of m-dependency on graphs), the bound
above has a “right” order, and R; = O(n_(d_l)/ 2) provided I'(md) is bounded
uniformly in n. (Say, for a complete graph it is not true since in this case I'(r) =
n — 1.)If I'(r) is not bounded, one can choose an optimal r = r(n) which depends
on the degree of growth of I'(r). In particular, if T'(r) < Cr! for some ¢ (as for
“usual” random fields), while 7T (r) is decreasing exponentially, as is easy to see,
R; =0 ([lnp n]n_(d_l)/z)for some p = p(d, t) which can be easily computed.
As has been already told, the method allows to consider more general situations but
possibly at a cost of In? n.

2.4.2. A random incomplete U -statistic on a undirected graph

Next we consider a particular example of the above scheme. The model below
admits an economic application, see Majumdar and Rotar [29], [30] and below
for details. Consider again a simple n-vertex graph, and assign to each vertex i a
random variable &;. The dependency below remains non-trivial if £’s are indepen-
dent, but we do not suppose that and introduce the characteristic 77 (r) which is the
counterpart of characteristic (2.17) for £’s. We define for each i a point-to-set map
A;(x, y), where x, y are numbers, and A; takes values in the set of all subsets of
{1, ..., n}. Suppose that i € A;(x, y) for all x, y, and set A; = A;(&;, n;), where
n1, ..., Iy are given r.v.’s independent between themselves and of all other r.v.’s un-
der consideration. (As a matter of fact, ’s may be random elements of an arbitrary
nature, but it would not make the scheme more general in essence.)

For example, for an integer-valued function g(x) and a fixed number &, one can
take the g(&;)-neighborhood (with respect to the graph) of the vertex i , and choose
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at random k vertices in the neighborhood chosen, provided that k is not greater than
the cardinality of the neighborhood.

Let B; = {§;; j € A;} = {&§;; j € A;(&i, ni)}. For brevity we call &’s from
E; “partners” of &;. Let {G; (x1, ..., x| ; A)},i =1, ..., n, be a given collection of
functions such that for a fixed A C {1, ..., n} the function G;(-; A) : R4l — R,
and symmetric. Set X; = G;(E;; A;); in view of symmetry of G this definition is
correct. Let W =1 X;.

One of essential differences of this scheme from that of Section 2.3 is that the
choice of a partner depends now on the value of the r.v. &.

In the economic setup mentioned (see, [29], [30] for detail) vertices are iden-
tified with “economic agents”; the graph reflects connections between agents, and
the r.v. &; characterizes the “state” of the i-th agent. Each agent chooses “partners”
from a neighborhood with respect to the graph, and the neighborhood mentioned
depends on the state of the agent. Say, more an agent is “powerful”, larger the
possibility of choice of possible partners. X’s characterize production.

One may generalize the above scheme making the set A; depending not only
on &; but other é’s; say a vertex-agent may refuse to be a partner, or an agent cannot
be a partner of too may agents simultaneously, etc. Here we restrict ourselves to
the framework defined.

Note also that formally W above may be reduced to a non-random non-complete
U -statistic of (weakly) dependent r.v.’s, though in this case the order of the statistic
is not fixed (formally it may be any, up to n); all kernels, say, U (xj,, x},,...) =
Uj(xj,, xj,, ...), that is, depend on the sample j =(ji, j2, ...), and this dependence
cannot be reflected only through weights as in weighted U -statistics; the kernels
are not assumed to be non-degenerated (so the Hoefding representation might not
work); and the structure of dependence for £’s is specified by a rather general graph.
We would not exclude nevertheless that a combination of a technique for weighted
U -statistics and some mixing technique could, in principle, work here, but it may
be hard. On the other hand, it is easy to see that Proposition 9 immediately implies
at least the following.

Proposition 11. Suppose that the dependency neighborhoods are chosen in the
same way as in Section 2.4.1 with a fixed r, and assume that the functions G
have been already normalized in a way that EX; = 0, and ap = 1. Set M; =
max{d(j,1); j € A; (&, r]i)}, and suppose that for an ro > 0

P( max M; <rp) = 1. 2.21)
1= n

.....

Then (2.18) holds with T (r) = T1(r — 2rg) if r > 2ro, and T (r) = 1 otherwise.

Again, under condition (2.19) we have the explicit bound (2.20).

Next we discuss the case when rq satisfying (2.21) either does not exist, or too
large. Anyhow, we should first define a dependency neighborhood for each X;, or
in other terms, the r.v.’s Wy; and W” from (1.5). The first that comes to mind is to
define Wy; as the sum of all X ;’s such that the vertices they correspond to, do not
have common “partners” with i. However in general case, unlike in Section 2.3, it
could lead to a problem: which vertices are partners of i depends now on the value
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of &;, and hence on the value of X;, while the fact that a vertex j does not have a
particular vertex as a partner influences the value of §;, and hence of X ;. Attempts
to fix it lead to cumbersome constructions.

Another obstacle which one should be aware of, is the same as mentioned in
Remark in Section 2.2: the randomness of the cardinality of a neighborhood may
cause problems too.

For these reasons, one can choose a simpler way, namely a truncation, which
could make bounds for the remainder somewhat less accurate, but allows to avoid
problems mentioned. More precisely we can consider r.v.’s

- X; if M; <o,
t Z,' if M,' > ro,

where ry is now a free parameter, and the r.v.’s Z; are at our choice. The simplest
way is to set Z; = 0, however if we want to maintain the smoothness of X’s (if it
is the case), we can take as Z’s independent normal variables with appropriately
chosen variances. Let W = Y 1 X;.

It is easy to see that for any &

|E{h(W)} — E{h(W)}| < 2ho ) P(M; > ro). (2.22)
i=1

For W one can apply Proposition 11 directly after a proper rescaling which
makes EW = 0, @ = 1. Note that the remainder in this case will be practically
the same as for original X s since the moments E|X;|' <E|Xi|'+ E|Z;|". Because
of lack of room, we omit concrete calculations. In particular again, if probabilities
P(M; > r) vanish exponentially, the same is true for 77 (r), while ' (r) is a power
function, then, as is easy to verify, Ry = O ([lnp n]n_(d_l)/z) for some p.

3. Proof of Theorem 2

We now define most of our notations, and one should refer to this part for notations
used later in the paper.

For the first few preliminary results it is convenient to use r = d — 1. Thus,
we consider (X, Uy, ..., Uy, Uy41), where X = X; is a particular summand in
W = X1+ -+ X,. We now fix the index i and suppress it in the notation of all
quantities defined below. For example, the terms Uy, ..., U, U,41 depend on i.

Wehave Wy = Ui+ - -+Ux, W = Wy+Wy. SetVi=(Wy, Usy1, ..., Up, Ury1),

U=Vo=Uy, ..., Uy, Uy41).

Fors +1 <r+1, p <[ we define

1 1
G, py= 3 P E(VM, and 9ia(p) = 3 P —E(XUM),

|m|=/ [m|=/

where Y (P) is the sum over allm = (my, ... ,mpy1),suchthatm; =1, ...,r+1
jm|=I
foralli < p,andm; =0forp <i <r+1,and |m| =m+---+m,4+1 =1[; also,
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U™ =[] UM, and VI = W U2 - U7 and ml = my L ompg LTt
is easy to see that

FINIEDS (”)EE{IV’”I} < —E{(|W|+|Us+1|+ A Usgia D)

|m|=I

IA

1 1
l—|E{(|U1| +- o+ U} < l—,E{(IUll +-+1UDY B

IA

E{(X| + Ui+ + U1 D'} = .
Likewise

[D14+1()] < pr+1- (3.2)
Set Yoo =1, Yjo=0for/ >1, and form > 1

lm

Yim = Tim(s) = Y Z > X (s pOXn(s + i, p2) -

li++lp=l p1=1  pyp=1
X le(s +p1+- 4 Pu—1, Pm).

For!l < r set

[1/2] [1/2]
s, 1) =Y (=D Yin(s), &s.D) =Y [Tim(s)],
m=0 m=0

(c(s,0)=1, ¢c(5,1)=0,5s>0).

Recalling that the above quantities depend on the suppressed index i, and the no-
tation in (1.11), define o, 41(= otm+1,;) and &+ by

l n
m+1 _
o= Y D el + LD, Gt = ) et m=1.r

m!
t+l=m,[>1 s=1 i=1

(3.3)
The following facts are seen easily:

Mk < i+k > and hence Y, c(s,0), ¢(s,1) < C(Dw for all [ <r,

Uyt < Cm)pm1 (3.4)
for constants C(/) depending only on /. Henceforth C (/) will indicate any such
constants, possibly varying between equations and even in the same equation.

Nextlet Fs (= Fj;) be the o -algebra generated by ther.v.’s X = X;, Uy, ..., U,
and for / < r and a sufficiently smooth function f, define

fir = maxiall fPloo,
I'(f) = max max sup Ess sup |E{ fO(Wyi + x)| Foi ().
X

I<i<ns<r+1
For now we assume that all derivatives of f which appear here and below exist.
We return to this issue later, in the proof of Theorem 2.
The next Proposition is a further development of (1.1).
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Proposition 12. (THE MAIN LEMMA) For any sufficiently smooth f,

E(WS (W)} = Y =L E(F™ (W)} + B (f).

m=1
with
1B () < COitralri1 (f) + e /T
For the proof we need some lemmas.

Lemma 13. For any sufficiently smooth f, and k <r,

k
~ 1 ~
FOV) = fW)+ 0 3 P — U W, ) + Re

p=1|m|<k

k1
~ 1 -
=f+3 3 3 VU OWp) + R, (35)

I=1 p=1 |m|=l
where
k+1
=y > ”Um/ (1 =)= fED (W, 41U, )dt.
p=1 |m|=k+1

Proof. This follows by repeated Taylor expansions. First expand f (W) in a Taylor
series of k + 1 terms about W; and a remainder containing f*+1. Next expand
f! (W) into a k term Taylor series about W, and a remainder, and f (W)
into a k — 1 term Taylor series about W, and a remainder, etc. We skip a formal
proof. O

Lemma 14. For any sufficiently smooth f, and k <r,

k

E{f(Wo)} =Y c(s, DE(f D (W)} + M (f)

=0

k
= E{f(W}+ Y _cls, DE(f W)} + M (f),  (3.6)

=2
where
|Mye ()] < CU)pks1 Tkt () + i fi T

The proof which uses (3.5) with W, and V replacing Wi, and U, is given in
Section 5.
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Proof of Proposition 12. Since E{X} = 0, it follows from (3.5), (1.9) and (1.8)
that

E{Xf(W)} = ZZ > ¢ E{XUm}E{f“)(WcH)} + E{XR:) +2T,,
I=1 s=1 |m|=l
3.7)

where

r+l1
IT:| < fr |:Z :ulj| T = finr1T, and |E{XR;}| < ptry2lrp1(f).

=1

Computing the main term in (3.7), that is, ignoring for a while all terms in which T
or R appear, and applying Lemma 14 again ignoring the remainder term My (the
notation = is used to indicate this approximation), we have for X; = X

r 1 1 _
EXFWE~ D 30 Y O — EXUME( D (W)

=1 s=1 |m|=l

_ ZZ 3 <s>_E{XUm}Zc(v + LOE(fTD W)

I=1 s=1 |m|=l

r I
=3[ X Xomeecs+10)Ermmw.

m=1 \t+l=m,l>1 s=1

Summing over i we obtain the main term in the desired result.

Denote the remainder in the latter approximation by B, (which still depends on
i). By Lemma 14 applied to the function @, the term M, ,_;(f?) appearing
below satisfies | M1, (f D) < CO)tr—141Tr41(f) + 0r—i f» T1. Therefore,
we have (again allowing C (r) to vary between equations),

|Br|

EXFW) = Y L E(f )|

m=1

r 1
< tr2Tra () + frnen T+ YD 10001 - 1My (F D)
=1 s=1

r 1
wr2Ur 1 () + fra T+ )Y 19141 (9)IC()

=1 s=1
X [ptr—i1 Dt (F) + 11 o]
< C(r)[,ur+2rr+l(f) + fr’?r—HT]-

IA

This holds for X = X;, and by summing over i, Proposition 12 follows. O
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Lemma 15. Fork,l > 2
iy < flpi—2f2, g < gl + (A2Zki—2- (3.8)

Proof. Note that if a r.v. Y has the mixture distribution % >, F; where F; denotes
the distribution of | X |4 |U; |+ |Uz|+- - - |Ur+1| with X = X;, then the first required
inequality becomes EYX¥EY! < EY**/=2EY?. For the latter inequality, see, e.g.,
[32, p.74], and references therein. The second inequality in (3.8) will follow from
the first if we write ; = 11 + z;. |

Let f = S(h) denote the Stein function for /4. The next lemma follows from
equation (41) in Lemma 5 of Barbour [1]; for k = 1, 2 it can be found in Stein [43].

Lemma 16. For any k > 1, we have || f ®||oo < C(k)||h*~V||s where the con-
stant C (k) depends only on k.

We need more sophisticated properties of f. To clarify what will follow, note
that f admits the representation (see [1]):

00 0
fx) = (‘1 (x > 0) f +I(x <0) f )e_xz‘zz/z[h(x +2) — ®(h)]dz.
0 —00

(3.9)
Differentiating (3.9), for k > 1 one can get that
k k
fP@ = =D emG(x; 15k, 0) + Z(—l)"m( )G(x; hi k—m, m),
m=0 m
(3.10)

where
o) 0 )
G(x; h;l,m) = <—I(x > 0)/ +I(x < O)f )zle_”_z 2R (x + 7)dz.
0 —00

Set also ®x(h) = [0 ZXh(2)p(z)dz (so ®(h) = ®¢(h)), and for a r.v. W
define

A(hy W) = max |[E{W'G(W; h;l+1t— 1,1}

I<r<r3,l<r3,v<r
+ max |E{G(W;h; 1, v)}| + |E{h" (W)}
I<r3,v<r

+ max |®;(h)]. (3.11)
1<r3

The complex expression in (3.11), and, in particular the term 73 above, is re-
quired for the induction in the proofs of Theorem 2, as reflected in the following
two lemmas whose proofs are given in Section 5.3. To avoid some superfluous
explanations in proofs we assume below that integrals

o, (h(k)) are finite for integers k <r, [ < 3. (3.12)
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Lemma 17. For any integer r > 2, a sufficiently smooth h, and a r.v. W,

[E{fTTV MY < COA(h: W), (3.13)
andforp=2,..,r,
Arp1—p(fP W) < Cr)A (i W). (3.14)
Lemma 18. Let W be a r.v. with a density p(x) such that for somem <r, m > 1,
P = max 1P lloc +max|[p©]]1 < oo
Then
Arh; W) < C(r)pml _ max _ ||h(k)||oo]. (3.15)

For m = 0 the bound (3.15) is always true with py = 1.

Proof of Theorem 2. Note that for a given X = X; we have from (3.3) that o, =
E{XU;}. We assume that the variables X; are normalized so that £X = 0 and that
o = 1. Also, assume that /2, and hence the Stein function f = S(h) are sufficiently
smooth so that all derivatives appearing below exist. Later we will remove the
assumption by a standard smoothing argument. By Proposition 12

ER(W) — ®(h) = E{f'(W) = Wf (W)} == %E{f@”’(w - B.(f),
m=2 ’

(3.16)

where | B, (f)| < C()[fir42Tr41(f) + fir41 frT1.

Let A, (h; W;i,s, w) be defined in a manner similar to that of the quantity
Ay (h; W) in (3.11) except that the expectation E is replaced by E{:|Fj;}. Then, by
(3.13)

I41(f) < C(r) max max sup Ess supA (h; W“ +x;i, 5, w) =: C(r)A,(h).

I<isns<r+1

(3.17)
Thus
1B ()] < COWNiarp2Ar(h) + iir 1 rT1 < COfarp2Ar(h) + fipihy 1 T1,
(3.18)
by Lemma 16.

Consider the signed measure Q,, (dx) defined in (1.12) and (1.13) with 8; = q;.

Before proving Theorem 2 we prove a more cumbersome (but stronger, as
shown later) result:

Forl <t <r,

t—1
Eh(W) —®(h) = Z/h(x)Qv(dx) + K;(h), (3.19)
v=1
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or equivalently

t—1
Eh(W) = Z/h(x)Qv(dX) + K:(h), Qo(dx) = ¢(x)dx, (3.20)
v=0

where  |K;(h)| < C(O)(1 + Ze )" " itrr2 A e (B) + g1 b1 T1.

Note that the case t = 1 is already established by (3.16) and (3.18) (withr = 1, us-
ing also the relation h(W) —®(h) = f'(W)— W f (W) and Lemma 16), and we pro-
ceed by induction to prove the case t = r assuming (3.20) holds for 1 <t <r —1.
By (3.16), then by the induction hypothesis applied to fP) withr — 1 = r — p,
and finally by (1.12),

Eh(W) — ®(h)

r=p
- Z “”“ (Z / P )00 (dx) + Kr_py (f‘f”)) — B, (f)
p=2 v=0

O‘;—'H ZZ@) Pkv / f(p)(x)Lv+2s(dX)
p=2 v=0
_ Z a;—i—l - p+l(f(P)) — B, (f) 3.21)

p=2

It is easy to see that (3.14) implies
Arp1—p(fP) < C()A(B). (3.22)

Applying (3.4), Lemma 15, Lemma 16, (3.22), and the induction hypothesis on
Kr_pa(f (P)), and again allowing C(r) to vary between equations and to depend
only on r, we obtain

r

> a1 Krpra ()

p=2

r
<C Y iipr1 (U + 2 p12) Plitr—psshrsi—p(f D) + il pra frT]
p=2
< COY(1 +Z) " *[zfir42Ar (h) + (fLpr it + fA2Zr41)hr—1 T
< COY(1 + Zr) T2 Ay (h) + Ayt by T1.

This and (3.18) complete the induction step for the remainder | K, (h)| < C,(1 +
;lz)’_l[;lr+2Ar(h) + ﬁ,_Hﬁ,_lT]. Sett+ 1 =r + 1 = d in the above and define
Ri = Ry41 = K, (h).By (3.19) R, is the remainder in (1.15), and applying Lemma
18 to bound A, (h), we easily obtain (1.16). (The role of densities p(x) in (3.15) is
played by g5 (x, »).)
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Turning to the main term from (3.21), that is, Z;Zz 6% Z;;g Z(V) DPkv
f f(p)(x)L,H_zs (dx), and using the formula (see [1])

/ fP @)Ly dx) = - / h(X) Ly p+1(dx), (3.23)

p+v+1

it is straightforward to verify that

roo- r—p
-y ZOZ(V) P / FP @) Ly1ay(dx)

p=2 P!
! @il 1
pt+
-y P [ L@, 624
Lo o ol S PG

In order to complete the proof of Theorem 2 we have to show that the latter
expression coincides with the three equal (because r — 1 = d — 2 and by (1.12))
expressions below:

d-2 r—1 r—1
> / h(x)Qy(dx) =) / h(x)Qi(dx) =) f h(0) 3 PaLigas(dx).
v=1 =1 =1

Thus we have to show (setting p = i +1in(3.24)) thatforany/ =1, ... ,r—1

%it2 1
— L = L ,
;I i+ D! &0 P (s ) D D Pl

where in the left-hand side sum 1 <i </and 0 < v <[ — 1. Fix now s¢. Then it

suffices to show that

1

Z Qs Z PRy T L2t
S, G DL st=s0-t P T2 (s(k) 4 1) T OEHD

= Lo
Z(l),s(k):so PxiLi42sg5

or equivalently

1

) _
U%; (i + 1! Z(V),S(k’):SO—l PRV 05 T Z(n,s(k):so Pl

Fixing k with s(k) = s¢ and setting k(i) = k — e; where e; is the vector with all
components equal to zero except for the ith which equals 1, the latter relation can
be seen to follow from

/

e ——— (3.25)
P i+ D! [ + 259
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We rewrite the left-hand side as

Zki(i+2) &t o
[+ 250 ki(i+2)!pk(l)’(l—1)~

i=1
Noting that

/

Qiy2
l Px(i).(—i) = Pxi, and Z
i=l1

kii +2)
ki(i +2)! -

[+ 259

’

we obtain (3.25) and the induction is complete.

This proves Theorem 2 for a smooth function A. A standard smoothing ar-
gument leads to the result for any & satisfying (1.4); see, e.g., Lemma 11.4 in
Bhattacharya and Ranga Rao [5]. We omit here standard details, and note only the
following. First, to apply the lemma mentioned one should take into account that
11 oo < 1P lloo, 1A oo < 117l for any k. Second, ||h®)||o; appearing
in the bound of (1.16) of Theorem 2 is interpreted as infinity if the kth derivative of
h does not exist. On the other hand, if ||V ||s < 00, then (1.4) clearly holds. O

4. On cumulants and Theorem 3

In this section we assume EW?2 = 1. Let D; = max; <, MaXs<q E{IWsi |l}.
First,

Dy = 27 max i + EQWI'H < 27 + EQWI'}). (.1

In particular, D> < 2(1 + 12). We have also D1 < 2(1 + 1), Do =1.

Lemma 19. Assume

n
T'<1, and T'Y E{X;[}<1/2"" 4.2)
j=l1
for an even m. Then for p = 1, ..., m/2, and some constant C(p)
Dy, < C(p)(1 +22p)7, (4.3)

where again 7 = Zf‘=2 .

Remark. In view of previous discussions, the quantity zj is typically bounded.
The bound (4.3) is quite rough, but it suffices for our purpose. Also, note that the
quantity on the left-hand side of (4.2) is smaller than 7, T".
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Proof. For p = 1 (4.3) is true. We provide the induction step from p to p + 1,
making use of (3.5) and (3.2). We apply (3.5) to the function f(w) = w2t the
remainder in this case vanishes, and we have, allowing the constant C(p) to vary
as usual,

n
E{W?+2) = 3" E(X; w2t ZE{X Wit
j=1
n 2p+l 1
w__@r+D' { UMW A2p+171}
+.Z 222 Gp+1-himl" XU Wor.j)
j=1 1=1 s=1|m|=]
2p+1 n
<T (ZE{IX D21+ (L +THCP) Y0 (Y r41.1) D21

j=1 =1 j=l1

2p+1
<T (Z E(X;DDapr1+ (L+THC(p) Y firr1Daprii.  (44)
j=1 =1

Assume that D, 4> > 1, otherwise (4.3) is trivial. By the condition of the

lemma, T’(Z/ E{|X;]}) < 1/22”+2. Then from (4.1), (4.4) it follows that

Dopi2 < 227 (jiapin + E{W2PT2Y)
2p+1

= 227" jipia + (1/2)(D2p) VOV 1 C(p) Y i Do
=1
2p+1

< 227 iy 10+ (1/2)Dapia + C(p) Y a1 Dapi-i,
=1

and hence,

2p+1

Dapia < 2272500 + C(p) Z r1D2p g1
=1

If  is odd, then by induction,

i1 Dopri—r < fur1C(p)(1 + Zopyr—)@PHI=0/2
< C(p)(1 +Zaps)" .
If [ is even, and consequently 2p + 1 — [ is odd, we write
_ - 2p+1-0)/2p+2—1
i1 Dapt1-1 < M1+1D§,,i2 / @pt2=h

< 1 C(P)YA + 22p2-) P02 < C(p)(A + Z2p12)P T

It remains to combine the above bounds. m|
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We turn to comparing y and &. For k < r we have

k

k
E(Wsy =3 (m)ymHE{W"—'"n.

m=0
This known relation is a particular case of (1.1), see also [1].
We need also a version of Proposition 12 for f(w) = w* with T’ replacing T
Going through the proof of the proposition mentioned for this particular function,
and noting that in this case [';41 = 0, one can easily see that

k

ASEDY (Z)&mﬂE{W"—'"} + R(k),

m=0

with a remainder satisfying

IR(K)| < CH)Tikr1 (maXI}la]gc E{|V~Vs’,»|}> T' = C(k)fiks1 <f}1a,3‘ Dl) T'. (45)
is I< =<
It is straightforward to verify that if
T <1, mT <172k (4.6)
then (4.5) and (4.3) imply
IR(K)| < CH)ik1 (1 + Zer )T

for k odd and even as well. Thus
k—1

_ k _ -
Vi1 — @pil < Z( >|<ym+1 — G ) E{W )]
m
m=0
~ = k)2
+ C)nk+1(1 + Zk41)"/°T". 4.7)

The last step is to derive from this and (4.3) by induction that if (4.6) holds,
then

Vit — @xp1] < CR)ikgr (14 Z) T (4.8)
To this end it suffices first to observe that the bound (4.3) is certainly true for
E{W?P} [one can, for example, write E{W?P} < 22P~V(EX %P + lelp) 1; and
second to realize that if (k — m) is even, then by induction
|t — Emp DEWE™ < COOmar (1 + Zms )T (1 + Zem)E ™72
< CER) 1 (1 + 2k )™ 2T (1 + 2k )72 < CUOT1 (1 + 2 ) 2T,
and if (k — m) is odd, then by induction
|Vt — @y 1) E{WETY]
< CR)ilm1 (1 + Zye)" 2T (EWETmH I Cmm/(Emme )
< CIR)irs1 (14 2k )" 2T (1 + Zpg) E T D/2) ko lemmtD
< COOr1 (1 + 2 ) 2T

This proves Proposition 4. O
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In general, if (4.6) holds for k = r, then
"\ Yt T\ Gt
Y TERE(fM W) = Y R E( (W)
— m! — m!

< 30 W= Gl oy

m=1

< COr1 (14 Zr1) 2T max [E(f " (W)}
< COM (L +Z40) fT. (4.9)

Proof of Theorem 3. We repeat most of the proof of Theorem 2 and highlight the
differences. We now assume EW? = 1 instead of ay = 1, the assumption that
led to (3.16). Also, assume that /4, and hence the Stein function f = S(h) are
sufficiently smooth so that all derivatives appearing below exist.

Note also that, since Theorem 2 does not involve the characteristics W’s, the
proof is simpler and does not use Lemma 17.

By (3.16), (3.18), (3.15), (4.9), (1.19), (1.20), and the facts that T < T’ and
Nr < Nry1, We have

Eh(W) — ®(h) = E{f'(W) = Wf (W)} = =) %E{ﬂm(wn — B/(f),
m=2 ’
(4.10)
where

1B, ()] < COiirs2hy + T (14 Zs)? f, T, (4.11)

In analogy to the proof of Theorem 2, we now prove the following by induction:
if

BT’ <2771 and T <1, (4.12)

thenforl <t <r

t—1
Eh(W) —®(h) = Z/h(x)QU(dx) + K;(h), (4.13)
v=I

or equivalently

t—1
Eh(W) = Z/h(x)Qv(dx) + K:(h), Qo(dx) = ¢(x)dx, (4.14)
v=0

where  [K,(h)| < C(O)(1 + Zeg ) hulitusa + i T'N.

Note that the case t = 1 is already established by (4.10) and (4.11) (withr = 1, us-
ing also the relation 1(W) —®(h) = f'(W)— W (W) and Lemma 16), and we pro-
ceed by induction to prove the case t = r assuming (4.14) holdsfor 1 <t <r —1.
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It is obvious also that (4.12) implies 77,417’ < 27/~! fort < r. Then by (4.10),
by the induction hypothesis applied to f”) with t — 1 = r — p, and finally by
(1.12),

Eh(W) — ®(h)

= ZW( [ 1Pw0u@n + Kepiacs (,,>)) o

= il ZZ( | PR f FP )Ly yas(dx)

=2 p!
- Vp+1
—Z PEKr pr1 (fP) = Bo(f).
p!
From (4.8) and (3.4) it follows that

Vpe1l < C) gt + iipar (14 2ps)? 2T} 4.15)

Applying Lemma 15, Lemma 16, (4.15) and the induction hypothesis on

Ky pa(f (), and again allowing C(r) to vary between equations and to depend
only on r, we obtain that for p =2, ..., r

Ypr1 Krpr1 (f P
< CP) [ pt + Tpe1 (1 4+ 27?7 |
x [+ 2 ps2® P foi i ps + 2T

< CA+2)° " Phy [fafiry2 + (Aps1in + 2z )T
+ CA+ 2 ) 23020, e T (= pis + ir—pi2T]
= COWy {1+ 202D (12t + Zptiir T']
+ (L4 2 )™ 7 T [t flr s + ﬁr+1ﬁrT/]}
< COWr {1+ 200 ™ [firsz + 141 7']
+ U+ 2 [ 77+ G T2}
< COYA+ 207 by [firs2 + e T'].

if T <277

This, (4.11) and Lemma 16 complete the induction step for the remainder part.
Sett 4+ 1 =r+1 = d in the above and define Ry = R,4+1 = K, (h). By (4.13) Ry
is the remainder in the 1.-h.s.. of (1.22), so we easily obtain (1.22).

The main term is treated exactly as in the proof of Theorem 2, and the proof is
complete. O
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5. Proofs of lemmas
5.1. Proofs of Lemmas 6 and 8

Proof of Lemma 6. As in Section 2.3 we set N}; = (i} U{K(@)}U{j; K(j) =i
or K(i)}. Let Vi = Y jcp, Y- Then E(S? |K,} = Y[_; E{YiVi; | Ky} It is
straight forward to verify that E{Y; V}; | K,} = 024+ (02 =2¢)I; +¢N; + cNi ).
Taking into account that }_/_| Nx () = Y r_, N2, and certainly }7_, N; = n, we
have (2.8). The representations for m1,, my,, and hence (2.9), are straightforward.
Note now that for any /

E {N,.’} <CU)E {eNi} <) {explie — 1)j2:;l7ji} <che?.  .1)

It is easy to calculate that

n n n
Var {Z Ii} <2n, Var {Z Nl»z} < Z Var {Niz} < Ce*n (5.2)
i=1 i=1 i=1

in view of (5.1).
This implies (2.12). To prove (2.10), observe that Z?:l Ni2 > n, and hence
@ﬁ > 0% +c¢—2c+c=o0?> 0. Furthermore, by (2.8), (5.1), and since ¢ < o2,

I
2.n n
21 2,0 2 21 1 21
E{®)} <E (30 +7,§_1Ni> <CW)o {1+;§ E{N; }}

i=1
< Cc(oXe*. O

Proof of Lemma 8. By construction,
l

i
E [Ni+ni| < E | INsil + Nk + Z N;
JENG \N -1y

< COEJINGl' + Ni oy + Wai \ Wil ™ Y N
JENG\N -1y

Fors <d

E{Nk ) = E{E{Ng, ¢

K (i), Ka(i), ..., Ks(D}}

l
< E{E{ <s + ) KO RO (K () = Ks(i))>

K@), K2(3), ..., Ks(i)}}

<2 [s’ + ) P(Ka(i)} = j)E{N}}] < Cd,he*
j=1
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in view of (5.1). Next we write

EJING\ Nl ™ Y N
JENG\N— )i

SEJWLIT Y BN M)
JEN \NG—1i

Asin (5.1), taking into account the structure of the sets A’s described above, and
denoting by ¢ the complement of V, it is easy to verify that for j € Ny \N—1)i

E { Nj’Nli, N} < CO)E {exp{Nj}| Mii, .o, Nii )

<ChOexpile—D Y |pj [/ D pim | =CDE*

keN; meN{_y);

in view of condition (2.7). Combining above bounds for s < d — 1 we have finally
that

E [Ngini|' < €, dye? E NI (5.3)

On the other hand, since |Nj;| = 1 + N; + Nk — I, (5.1), the inequality

n n
I . .
E|Nko| =) pij EIN;IK() = j} <) pi E{( + Np'} < Cye™,
j=1 j=1

and (5.3) imply (2.16). O
5.2. Proof of Lemma 14

Before proving the first equality in (3.6), note that the second one follows simply
from the facts (see definitions) that ¢(s, 0) = 1, c¢(s, 1) =0.

We now prove the first equality in (3.6). Replacing the vector U in (3.5) by Vg,
and Wl by WS, taking expectations, using (1.8) and E{W;} = 0 (which allows us
to start the sum below from [ = 2), we have that forany k <r + 1 —=s

k l
~ 1 ~
E(fON) = ELf W)+ D P —EVIE(S D (Weyp))
=2 p=1 |m|=I] :
+ E{Rks} + Tis

k l
= E{fW}+ Y Y xuls, P ELf D (Wepp))

=2 p=1
+ E{Ris} + Tis, (5.4)
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where
|E{Ris}
k+1 m
B Y @ PVm/( —)mr =D pEFD (W )+ Uy p—1)d)]
p=1 |m|=k+1

< k1 Trg1(f),

I
To=Y2 > "— [E{me”)(Wwp)}— E(VMEL D (Wi p)) ]

I=1 p=1|m|=1

so that

k
|Tis| < fi [Z Hl:| T = finkT.

=1

Denoting H(f) = E{Rjys}+Tis and Hos = 0, we have | His (/)| < pie1Ti41(f)
+ finkT . Thus,

E{f (W)}

k1

= E{f(W)} = His (/) = Y D xuls, pYE(f D Wy )

=2 p=1

k l
= E{f(W)} = His(f) = > xuts. pLE{f O W)} = Hip 515 (F )]

=2 p=1
k=11 I
+ Z Z X (5. pD) D D x5+ pr p) ECFD (W pyip)),
11 2p]—1 12 2]72 1

(5.5)

where the last expression was obtained by applying the first relation to f ). There-
fore,

| Hi—1.54+p (O = |E{Rk—1.54p (F O + Tht 51 p (f D)
< 41T 1 () + fimeT. (5.6)

We first treat only the main part, neglecting the remainder containing all terms
with H’s, using ~ to indicate this approximation. Repeating the above scheme we
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obtain

k k
E(f(W)}~ E(f(W)} = Y Tu@E{fO W)+ T E(f (W)

=2 =4

k
=Y M@ES W+ .

=6

k
+ DR Yy ECFO (W)}

1=2[k/2]
[k/2] k k
= =D YO EF P W)y =" cls, DE{FD (W)
m=0 [=2m =0

k
= E{f(W)}+ Y _cls, DE{f (W)},

=2

It remains to consider the remainder. Using the bounds in (5.6) it is easy to
see that the remainder in the above expression for E{ f (W)}, which we denote by
M (f), satisfies:

(k/2] &k

M (DI <1 Y Y1 Ten1 (D) + fimea T

m=01=2m
k

<Y & Dl 1-1Tes1 () + femet T,
=0

and the result follows easily using (3.4).

5.3. Proofs of Lemmas 17 and 18

We give first a
Proof of Lemma 18. Note that

E{W'G(W; h;1,v)}

oo (e.¢] 5
- _/ (/ e TR (x + z)dz) x' p(x)dx
0 0

0 0
+ / ( f e =220 (¢ 4 Z)dz) x' p(x)dx. (5.7)
—00

—00

Let firstv > r —m, t > 0, and g(x, z; t) = x'e *?p(x). Throughout this
proof, when integrating by parts, we use the boundedness of the derivatives of &
and that p(k) vanishes at infinity for k < m — 1. (This is true due to the fact that, if
for a differentiable function p(x) its derivative is Lebesgue integrable, then p(x)
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is absolutely continuous and has limits at +00; see, e.g., [10]. Therefore, since p
is a density, p(f£o0) = 0.)

Changing the order of integration in the above double integrals, and integrating
by parts s = v + m — r times in the interior integrals, one would easily get that

E{W'G(W; h;1,v)}

o0
=/ de P2 (D@00, 1)~ WP 8,055 1)+ .

o]

+ (= TR @80TV 0, 25 1) dz

s o 1 —22/2 * (v—s) (s)
- (=D Ze R (x +2)8y (x, 23 tdx | dz
0

0
0 5 0
by [ e ( | e s r)dx> daz,
—00 —0o0o
where g)(ck) = g /0x*. (The main point here is that some of the integrals fooo and

/ 0 o Can be united in one integral | fooo.)
For the first type of the above integrals, we can write that for k < s

o0
2
‘/ 2P PROR (266D, 2: 1)dz
—0o0

o0
N ‘/ W= @D 2l 2g %D (0, 21 1)dz
—00

o0
2
< 1A f DS e 26 D0, 25 1)]ldz
—00

< C(t, L,)h" ™ max | p® )]

=5—

< C(t, L) "™ max [p®(0)], (5.8)
k<m—1

sinces =v+m —r.

Regarding the second type of integrals, first note that, as a matter of fact we
should estimate expressions of the type E{W'G(W; h; [+t —1, v)} (see the defini-
tion of A, in (3.11)). So, when working with E{W'G(W; h; [, v)} we can assume
[>t—1.

Furthermore, g (x, z; 1) is a linear combination of terms x’ % z/e=*Z p@ (x),
where k + j +i =s. If /| >t — 1, noticing again that v — s = r — m, we have for
vV>r—m

o 2 o0 : .
/ 1167Z /2 (/ h(vfs)(x + z)x’kzje”p(’)(x)dx> dz
0 0
00 00 ) ) )
< ||h(v—s)||oof (/ Zl-‘rje—xze—z /2d2> xt_k|p(l)(x)|dx
0 0

Oo . .
<Cw, DI / (1 +x) 7777 =R p® () dx
0
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o0
< COL DA™ o / (140" 1p® )ldx
0

< C, DI oo - 1D 1. (5.9)

The integral fi)oo e/ fi)oo =™ (x + 2)g"™ (x, z)dxdz may be treated
similarly. Combining the above bounds we obtain for v > r — m

|E\W'G(W; h; 141 — 1, v)}|

< C(t, L) A" { max_|p® (0)| + max ||p<">||1} :
k<m—1 i<m

Similarly one can consider |E{G(W; h; [, v)}|.

The case v < r — m may be considered in the same way, but in this case one
should not integrate by parts but estimate the expression (5.7) directly in the spirit of
(5.9). Tt will lead, in particular, instead of the term ||z M) || oo to the term || ™ || so.

We turn to the last two terms in the definition (3.11). Integration by parts implies
that

o0
ERO W) < 1 oo / 1™ ()ldx.

—00

Also, obviously |®;(h)| < C(I)||h| 0, which completes the proof. |
For proving Lemma 17 we need two more lemmas which we prove in the end
of this section.

Lemma 20. For any r.v. W and sufficiently smooth h

[E{W'G(W; f:1,m)}| < C{,n)[ max |E{W' T G (W hy s, b))
I+1<s<l+n, k<n—1
+ max |E{W'G(W; hs s, )} + |®MIE(W|'/[1 + W[,
I<s<l4+n+1, k<n—1
(5.10)
Lemma 21. For any natural l, n
|D/(f")] < Clin) max | (), (5.11)
k<2n+l+1

provided that all integrals ®(h'P)) are finite for p < n,k <2n+1+ 1.
Proof of Lemma 17. Since f'(x) — xf(x) = h(x) — ®(h),fork = 1,2, ...

FO@ =0V + k= DD + ) —em1*Y. (5.12)
Note also that for & = 1

|G(x; 1, k,0)| < C(k). (5.13)
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For (3.13), we have from (5.12), (3.10), (5.13):

IE(f D W)
< |E{WfO W +r|ECFD WM+ [ERT (W)Y

< C(r) {lmax {|E{WG(W; h; 1, v)}]|

+E(GW: i v} + [ERT (W) + @}
< COIA(h: W).

We turn to (3.14), starting with the last term in the definition (3.11). Since
2<p<rbys.l)

max |®;(fP)] < C(r) max max |Di(h)]
I<(r+1-p)3 [<(r—1)3 k=2r+i+1

< C(r)max [P (h)| < C(r)As(h; W).
k<r3

For the third term in (3.11), by (3.13) which has been already proved, we have
|E{D =P fOY W)} = [E{fUTD W)Y < Cr)A,(h: W).

Turn to the first term in (3.11). Noticing that G(W; fP;1 4+t — 1,v)} =
GW; f;14+1t—1, p+v), and using (5.10) we have

max [E{W'G(W; fP: 1 +1—1,v)}]
1<t<(r+1-p)3, I<(r+1—p)3, v<r+l1—p

< C(r) max max
1<t<(r+1-p)3, I1<(r+1-p)3, prv—1<r [[+t<s<I+t—1+p+v, k<p+v—1
|E{W'™ G(W; ks s, b}

max |E{W'G(W; h; s, k)}|
[+t—1<s<l+t+p+v, k<p4+v—1

+ @M E(WI /11 + Wity

Taking into account that p > 2, and setting in the two consecutive “inside”” maxima
s =j4+t,ands = j+t — 1, respectively, we get that the last quantity is not less
than

C(r) { max

1<t<(r—13,1<(=13, p+v—1l=r

max  |E{WHGW:h:j+@+1) —1,k)}
[<j<l+4r, k<r
max |E{W'G(W: h; j +1—1,k)}]|
I<j<l+r+2, k<r

+ @M E(WI /11 + WII )]}
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gC(r){ max < max |E{W’+‘G(W;h;j+(r+1)—1,k)}|>

tH1<(r—1)34+1 \j<@r—1)34r, k<r
+ max < max |E{W’G(W;h;t+j—1,k)}|+<I>(h))}
t<(r—13 \j<r—134r+2, k<r

<C() {max max |E{WtG(W;h;t—|—j—l,k)}|+<I>(h)}

t<r3 0<j<r3, k<r

= C)A(h; W).

Similarly, one can get

max |E(G(W; fP 1,0} < Cr)A, (h; W). O
l§(r+lfp)3, v<r+l—-p

Proof of Lemma 20. 1t is straightforward to derive from (5.12) that

G(x; fil,n)
=xGx; f;lL,n—1)+Gx; f50+1L,n—1)4+m—1)G&; f;l,n—2)
+Gx;h—®h);l,n—1). (5.14)

Furthermore, it is easy to verify that for x > 0, and a function g (x)
/oo /OO tkzle_(’“)z/ze_(t“)xq(x + 1+ z)dtdz
o Jo
=Ci(, k) /OOO ul+k+le_“2/ze_”xq(x + u)du, (5.15)
where C1(l, k) =1!k!/(I + k + 1)! Similarly for x <0

)
/ / tkzlef(t+z)2/26*(’+1)xq(x + 1+ 2)dtdz
—00 J —0

0
=—Cy(, k)/ L PTCTENY (5.16)
—00
Making use of (3.10) and (5.15), it is straightforward to derive that for x > 0

e 2
/ e T2 F (x4 2)dy
0

[ ()
/ >

0
% / tnfkef(x+z)t*t2/2])k{h(x +z741)— <I>(h)}dt) dz
0

n 00 oo
S SR <Z) / / gkl x(42) =1+ 2
0 0
k=0

x DMh(x + 1 + 2) — ®(h)}dtdz (5.17)
== Cil.n. k) /00 kg2 g
k=0 0
x DM{h(x + u) — ®(h)}du, (5.18)

where Co (1, n, k) = (—=1)" () s
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Following (5.16) we get similarly “the same” for x < O:

0
/ Zle—xz—zzﬂf(n)(x +2)dz
—0oQ0

n 0
=—> C.n, k)/ A=k =2 pux ki Ly — ®(h))du.
k=0 -
(5.19)

Thus,

n
G(x; fil,n)=— ZCZ(I, n,k)Gx;h—®Mh); 1+1+n—k k). (5.20)
k=0
Below and above, as usual, C(k,[,n) or C(l,n) denote some coefficients

depending only on k, [, n, and perhaps different in different formulas.
From (5.20) and (5.14), we get that

Gx; f;0L,n)=xGx; f;l,n—1)+Gl; f30+1,n—1)
+mn—-0DGK; f;L,n—2)+Gx;h—®h);l,n—1)
n—1
=Y Clk.1.m)[xG(x; h — ®(h); [ +n — k. k)
k=0
+Gx;h—®Mh); 1+14+n—k, k)]
n—2
+ Y Ck.L.n)Gxih— ®h):l+n—1—k k)
k=0
+Gx;h—®h);l,n—1).

Note thatin the expression appearing above, G (x; h—®(h); [, k) = G(x; h; L, k)
unless k = 0. Also

00 0 )
IG(x;1,1,0)] = ‘(I(x > 0)/ —I(x < 0)/ >zle_”_z 2dz
0 —00

< (1 + |xp~I7h

Thus,
n—1
G(x; filon) =Y Clk. Lm)[xG(x: hil+n — k. k)+G(x:h: 1+ 1 +n — k. k)]
k=0
n—2
+ Y Ck.L.n)Gxih:l+n—1—k k)
k=0
+G:hln—1) 4+ CA @M O+ |x177),
where the last term above arises from terms of the form G (x; h — ®(h); [, k), with

k = 0. A straightforward derivation of (5.10) from the above completes the proof.
0



568

Y. Rinott, V. Rotar

Proof of Lemma 21. Combining (5.18) and (5.19) for x = 0, we have

1D (f™)] = | / M (@)e(2)dz
scam Y [ DG — @h)pdz)
k=0 Y~

o0
<C,n){|1®Mh)|+  max |/ zsh(k)(z)w(z)dzl}
k<n,s<l4+n+1 — o0

<CU,n){|®M)|+ max | / h(Z)Dk[zsw(z)]dzl}
k<n,s<l4+n+1 J_

0
<C(,n){|®H)|+  max max |/ z-’h(z)tp(z)dzl}
k<n,s<l+n+1 j<s+k J_~o

< Cd, @ (h)].
< C( n)jérzrmHl ()|

(It is not difficult to realize that if all integrals involved are finite, in integration by
parts above all limits at 200 vanish.)
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